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Math isn’t the art of answering mathematical questions, it is the art of
asking the right questions, the questions that give you insight, the ones
that lead you in interesting directions, the ones that connect with lots
of other interesting questions — the ones with beautiful answers.

— G. Chaitin
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Preface

What can a new book of problems in elementary mathematics possibly contri-
bute to the vast existing collection of journals, articles, and books? This was
our main concern when we decided to write this book. The inevitability of
this question does not facilitate the answer, because after five years of writing
and rewriting we still had something to add. It could be a new problem, a
comment we considered pertinent, or a solution that escaped our rationale
until this predictive moment, when we were supposed to bring it under the
scrutiny of a specialist in the field.

A mere perusal of this book should be sufficient to identify its target au-
dience: students and coaches preparing for mathematical Olympiads, national
or international. It takes more effort to realize that these are not the only
potential beneficiaries of this work. While the book is rife with problems
collected from various mathematical competitions and journals, one cannot
neglect the classical results of mathematics, which naturally exceed the le-
vel of time-constrained competitions. And no, classical does not mean easy!
These mathematical beauties are more than just proof that elementary ma-
thematics can produce jewels. They serve as an invitation to mathematics
beyond competitions, regarded by many to be the “true mathematics”. In
this context, the audience is more diverse than one might think.

Even so, as it will be easily discovered, many of the problems in this book are
very difficult. Thus, the theoretical portions are short, while the emphasis is
squarely placed on the problems. Certainly, more subtle results like quadratic
reciprocity and existence of primitive roots are related to the basic results in li-
near algebra or mathematical analysis. Whenever their proofs are particularly
useful, they are provided. We will assume of the reader a certain familiarity
with classical theorems of elementary mathematics, which we will use freely.
The selection of problems was made by weighing the need for routine exercises
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that engender familiarity with the joy of the diflicult problems in which we
find the truly beautiful ideas. We strove to select only those problems, easy
and hard, that best illustrate the ideas we wanted to exhibit.
Allow us to discuss in brief the structure of the book. What will most likely
surprise the reader when browsing just the table of contents is the absence of
any chapters on geometry. This book was not intended to be an exhaustive
treatment of elementary mathematics; if ever such a book appears, it will
be a sad day for mathematics. Rather, we tried to assemble problems that
enchanted us in order to give a sense of techniques and ideas that become
leitmotifs not just in problem solving but in all of mathematics.
Furthermore, there are excellent books on geometry, and it was not hard to
realize that it would be beyond our ability to create something new to add to
this area of study. Thus, we preferred to elaborate more on three important
fields of elementary mathematics: algebra, number theory, and combinatorics.
Even after this narrowing of focus there are many topics that are simply left
out, either in consideration of the available space or else because of the fine
existing literature on the subject. This is, for example, the fate of functional
equations, a field which can spawn extremely difficult, intriguing problems,
but one which does not have obvious recurring themes that tie everything
together.
Hoping that you have not abandoned the book because of these omissions,
which might be considered major by many who do not keep in mind the sta-
ted objectives, we continue by elaborating on the contents of the chapters.
To start out, we ordered the chapters in ascending order of difficulty of the
mathematical tools used. Thus, the exposition starts out lightly with some
classical substitution techniques in algebra, emphasizing a large number of
examples and applications. These are followed by a topic dear to us: the
Cauchy-Schwarz inequality and its variations. A sizable chapter presents ap-
plications of the Lagrange interpolation formula, which is known by most only
through rote, straightforward applications. The interested reader will find
some genuine pearls in this chapter, which should be enough to change his or
her opinion about this useful mathematical tool. Two rather difiicult chapters,
in which mathematical analysis mixes with algebra, are given at the end of
the book. One of them is quite original, showing how simple consideration
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of integral calculus can solve very difficult inequalities. The other discusses
properties of equidistribution and dense numerical series. Too many books
consider the Weyl equidistribution theorem to be “much too difficult” to in-
clude, and we cannot resist contradicting them by presenting an elementary
proof. Furthermore, the reader will quickly realize that for elementary pro—
blems we have not shied away from presenting the so-called non-elementary
solutions which use mathematical analysis or advanced algebra. It would be
a crime to consider these two types of mathematics as two different entities,
and it would be even worse to present laborious elementary solutions without
admitting the possibility of generalization for problems that have conceptual
and easy non-elementary solutions. In the end we devote a whole chapter to
discussing criteria for polynomial irreducibility. We observe that some extre-
mely efficient criteria (like those of Peron and Capelli) are virtually unknown,
even though they are more efficient than the well-known Eisenstein criterion.

The section dedicated to number theory is the largest. Some introductory
chapters related to prime numbers of the form 416 + 3 and to the order of an
element are included to provide a better understanding of fundamental results
which are used later in the book. A large chapter develops a tool which is as
simple as it is useful: the exponent of a prime in the factorization of an inte-
ger. Some mathematical diamonds belonging to Paul Erdc'is and others appear
within. And even though quadratic reciprocity is brought up in many books,
we included an entire chapter on this topic because the problems available to
us were too ingenious to exclude. Next come some difficult chapters concer-
ning arithmetic properties of polynomials, the geometry of numbers (in which
we present some arithmetic applications of the famous Minkowski’s theorem),
and the properties of algebraic numbers. A special chapter studies some ap-
plications of the extremely simple idea that a convergent series of integers
is eventually stationary! The reader will have the chance to realize that in
mathematics even simple ideas have great impact: consider, for example, the
fundamental idea that in the interval (—1,1) the only integer is 0. But how
many fantastic results concerning irrational numbers follow simply from that!
Another chapter dear to us concerns the sum of digits, a subject that always
yields unexpected and fascinating problems, but for which we could not find
a unique approach.



Finally, some words about the combinatorics section. The reader will imme-
diately observe that our presentation of this topic takes an algebraic slant,
which was, in fact, our intention. In this way we tried to present some unex-
pected applications of complex numbers in combinatorics, and a whole chapter
is dedicated to useful formal series. Another chapter shows how useful linear
algebra can be when solving problems on set combinatorics. Of course, we are
traditional in presenting applications of Turan’s theorem and of graph theory
in general, and the pigeonhole principle could not be omitted. We faced diffi-
culties here, because this topic is covered extensively in other books, though
rarely in a satisfying way. For this reason, we tried to present lesser-known
problems, because this topic is so dear to elementary mathematics lovers. At
the end, we included a chapter on special applications of polynomials in num-
ber theory and combinatorics, emphasizing the Combinatorial Nullstellensatz,
a recent and extremely useful theorem by Noga Alon.
We end our description with some remarks on the structure of the chapters.
In general, the main theoretical results are stated, and if they are sufficiently
profound or obscure, a proof is given. Following the theoretical part, we
present between ten and fifteen examples, most from mathematical contests
or from journals such as Kvant, Komal, and American Mathematical Monthly.
Others are new problems or classical results. Each chapter ends with a series
of problems, the majority of which stem from the theoretical results.
Finally, a change that will please some and scare others: the end—of—chapter
problems do not have solutions! We had several reasons for this. The first
and most practical consideration was minimizing the mass of the book. But
the second and more important factor was this: we consider solving problems
to necessarily include the inevitably lengthy process of trial and research to
which the inclusion of solutions provides perhaps too tempting of a shortcut.
Keeping this in mind, the selection of the problems was made with the goal
that the diligent reader could solve about a third of them, make some progress
in the second third and have at least the satisfaction of looking for a solution
in the remainder.
We come now to the most delicate moment, the one of saying thank you.
First and foremost, we thank Marin Tetiva and Paul Stanford, whose close
reading of the manuscript uncovered many errors that we would not have
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liked in this final version. We thank them for the great effort they put into
reviewing the book. All of the remaining mistakes are the responsibility of
the authors, who would be grateful for reports of errors so that in a future
edition they will disappear. Many thanks to Radu Sorici for giving the book
the look it has now and for the numerous suggestions for improvement. We
thank Adrian Zahariuc for his help in writing the sections on the sums of
digits and graph theory. Several solutions are either his own or the fruit
of his experience. Special thanks are due to Valentin Vornicu for creating
Mathlinks, which has generated many of the problems we have included. His
website, mathlinks.ro, hosts a treasure trove of problems, and we invite every
passionate mathematician to avail themselves of this fact. We would also
like to thank Ravi Boppana, Vesselin Dimitrov, and Richard Stong for the
excellent problems, solutions, and comments they provided. Lastly, we have
surely forgotten many others who helped throughout the writing process; our
thanks and apologies go out to them.

Titu Andreescu Gabriel Dospinescu
titu.andreescu@utdallas.edu gdospi2002©yahoo.com
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THEORY AND EXAMPLES 3

1.1 Theory and examples
We know that in most inequalities with a constraint such as abc = 1 the
substitution a = E, b = g, c = E simplifies the solution (don’t kid yourself,

not all problems of this type become easier!). The use 'of substitutions is far
from being specific to inequalities; there are many other similar substitutions
that usually make life easier. For instance, have you ever thought of other
conditions such as

xyz=w+y+z+2; my+yz+zz+2zyz=1; $2+y2+22+2xyz=1

or $2 + y2 + 22 = xyz + 4? The purpose of this chapter is to present some of
the most classical substitutions of this kind and their applications.

You will be probably surprised (unless you already know it...) when finding
out that the condition myz = a: + y + z + 2 together with z, y, z > 0 implies
the existence of positive real numbers a, b, c such that

_ b + c _ c + a a + b
ma,y b’ c.

Let us explain why. The condition wyz = a: + y + z + 2 can be written in the
following equivalent way:

1 1 1
+ — —=1.

1+3: 1+y+1+z

Proving this is just a matter of simple computations. Now take

a— 1 b— 1 c- 1
_1+a:’ _1+y’ _1+z'

1— b
Then a+b+c=1andm= aa. = —:c. Ofcourse, in the same way

we findy=c:a,z= a+b. The converse (that is, b—+-£, gig—b
c

satisfy wyz = :r + y + z + 2) is much easier and is settled again by basic
computations. Now, what about the second set of conditions, that is w, y, z > 0
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and my+yz+zx+2xyz = 1? If you look carefully, you Will see that it is closely
related to the first one. Indeed, 22,31, 2 > 0 satisfy my 4- yz + 2:1: + 2zyz = 1 if

1 1 1
and only if —, —, — verify — = — + — + — + 2, so the substitution here isw y z myz a: y 2

$_ a _ b 2— c

_b+c’ y_c+a’ _a+b'
Now, let us take a closer look at the other substitutions mentioned at the
beginning of the chapter, namely 2:2 + 3/2 + 22 + nz = 1 and 1:2 + 11/2 + 22 =
xyz + 4. Let us begin with the following question, which can be considered an
exercise, too: consider three real numbers a, b, c such that abc = 1 and let

The question is to find an algebraic relation between :3, y, 2, independent of
a, b, c. An eflicient way to answer this question (that is, without horrible
computations that result from solving the quadratic equations) is to observe
that (Hg) (H3 (fig)

= (a2+;1§)+(b2+$) +(c2+%) +2

=(32—2)+(y2——2)+(22-—2)+2.
Thus

z2+y2+zz—myz=4.
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Because Ia + %| 2 2 for all real numbers a, it is clear that not every triple
(:11, y, z) satisfying (1.2) is of the form (1.1). However, with the extra-assumption
min{|:L'|, lyl, Izl} 2 2 things get better and we do have the converse, that is if
z,y,z are real numbers with min{|a:|, lyl, Izl} 2 2 and satisfying (1.2), then
there exist real numbers a, b, c with abc = 1 satisfying (1.1). Actually, it suf-
fices to assume only that max(|:c|, |y|, |z|) > 2. Indeed, we may assume that
|a:| > 2. Thus there exists a nonzero real number ’11 such that :1: = u + l.u
Now, let us regard (1.2) as a quadratic equation with respect to z. Because
the discriminant is nonnegative, it follows that (:1:2 — 4) (y2 — 4) 2 0. But since
|x| > 2, we find that y2 > 4 and so there exist a non-zero real number 1) for

1
which y—— v +— .How do we find the corresponding z? Simply by solving the
second degree equation. We find two solutions:

1 u v
zl=uv+—, 22=—+—

av 11 u

and now we are almost done. If 2 = 1w + i we take (a, b, c) = (21,11, %)

and ifz = E + 2, then we take (a,b,c) = (1,153).1; u u 'v

Inspired by the previous equation, let us consider another one,

x2+y2+zz+xyz=4

where :13, y, z > 0. We will prove that the set of solutions of this equation is
the set of triples (2 cos A, 2cos B, 2cos C), where A, B, C are the angles of an
acute triangle. First, let us prove that all these triples are solutions. This
reduces to the identity

cos2A+cos2B+coszC+2cosAcosBcosC = 1.
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This identity can be proved readily by using the sum-to-product formulas.
For the converse, we see first that 0 < x,y,z < 2, hence there are num-
bers A,B E (0, g) such that a: = 2cos A, y = 2cos B. Solving the equa-
tion with respect to z and taking into account that z 6 (0,2) we obtain
7. = —2cos(A + B). Thus we can take 0 = 7r — A — B and we will have
(1:, y, z) = (2 cos A, 2cos B, 2cos 0).

Let us summarize: we have seen some nice substitutions, with even nicer
proofs, but we still have not seen any applications. We will see them in a
moment... and there are quite a few problems that can be solved by using
these “tricks”. First, an easy and classical problem, due to Nesbitt . It has so
many extensions and generalizations that we must discuss it first.

Prove that
a. + b + c

b+c c+a a+b
for all a, b,c > 0.

Z M
IC

»)

Solution. With the “magical” substitution, it suffices go prove that if x, y, z >

0 satisfy my + yz + 2:1: + 2atyz = 1, then a: + y + z 2 5. Let us suppose that
(:1:+y+z)23

this is not the case, i.e. :1: + y + z < 5. Because my + yz + 22 S 3 ,
3

we must have my + yz + zw < 2 and since myz S (Lg-+2) , we also have

1 1
21:31.2 _< Z. It follows that 1 = my+yz+zm+2myz < 2+2 = 1, a contradiction,
so we are done.

Let us now increase the level of difficulty and make an experiment: imagine
that you did not know about these substitutions and try to solve the following
problem. Then look at the solution provided and you will see that sometimes
a good substitution can solve a problem almost alone.
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Let x,y,z > 0 be such that my + 3/2 + 21: + 2myz = 1. Prove
that 1 1

1— — —>4 .x+y+z" (a:+y+z)

[Mircea Lascu]

Solution. With our substitution the inequality becomes

b+c+c+a+a+b (a b c )-
>

a b c ‘4 b+c+c+a+a+b

But this follows from

4a
b+c

4b
c+a

4c
a+bS S+ S +’O

lc
‘

g
le

-a
+_’

C fi
lo

(r
m2

b

Simple and efficient, these are the words that characterize this substitution.
Here is a geometric application of the previous problem.

Prove that in any acute triangle ABC the following inequality
holds

cos2 A cos2 B + cos2 B cos2 0 + cos2 0' cos2 A
1g Z(cos2 A + cos2 B + cos2 0).

[Titu Andreescu]

Solution. We observe that the desired inequality is equivalent to

cosAcosB cosBcosC' cosAcosC
cosC cosA cosB —

<1( cosA cosB cosC )
‘Z cosBcosC' cosC'cosA cosAcosB
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Setting

_cosBcosC _cosAcosC _cosAcosB
cosA ’ cosB ’ cosC' ’

the inequality reduces to

11 14 <— - —.a+y+d_$+y+z

But this is precisely the inequality in the previous example. All that remains
is to show that my + yz + 29: + 2:1;yz = 1. This is equivalent to

cos2A+coszB+cos20+2cosAcosBcosC = 1,

which we have already discussed.

The following problem is a nice characterization of the equation (1.2) by po-
lynomials and also teaches us some things about polynomials, in two or three
variables.

Find all polynomials f (m, y, z) with real coefficients such that

1 1 1
f(a+;,b+g,c+z) —0

whenever abc = 1.

[Gabriel Dospinescu]

Solution. From the introduction, it is now clear that the polynomials divisible
by $2 + 3/2 + 22 — myz — 4 are solutions to the problem. But it is not obvious
Why any desired polynomial should be of this form. To show this, we use the
classical polynomial long division. There are polynomials 9(13, y, z), h(y, z),
k(y, z) with real coefficients such that

f(maya 2) = ($2 + y2 + 22 _ myz — 4)g($aya Z) + $h(ya 2) + k(% z)



THEORY AND EXAMPLES 9

Using the hypothesis, we deduce that

0: «1+1 h b+1,c+l +k b+1,c+l
a b c b c

whenever abc = 1. Well, it seems that this is a dead end. Not exactly. Now

we take two numbers (3,3; such that min{|a:|, lyl} > 2 and we write a: = b +
:1: + «m y + W

2 ’ c = 2 '
Then it is easy to compute a + 3' It is exactly

a,

y=c+éwithb=

96y + (ac2 - 4)(3/2 - 4)-
So, we have found that

($31 + v (3:2 - 4)(y2 - 4))h($, y) + We, 3/) = 0
whenever min{|:v|, lyl} > 2. And now? The last relation suggests that we
should prove that for each y with lyl > 2, the function a: —) Va? — 4 is not
rational, that is, there are not polynomials p,q such that Va? — = 3%.

But this is easy because if such polynomials existed, than each zero of x2 — 4
should have even multiplicity, which is not the case. Consequently, for each
y with |y| > 2 we have h(ac, y) = k(:1:,y) = 0 for all :3. But this means
that h(:1:, y) = k(:v, y) = 0 for all :L',y, that is our polynomial is divisible by
22+y2+22—-$yz—4.

The level of difficulty continues to increase. When we say this, we refer again
to the proposed experiment. The reader who will try first to solve the problems
discussed without using the above substitutions will certainly understand why
we consider these problems hard.

Prove that ifm,y,z > 0 and xyz = x+y+z+2, then

2(,/:I:y + Vyz + x/zx) S :1: + y + z + 6.
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Solution. This is tricky, even with the substitution. There are two main
ideas: using some identities that transform the inequality into an easier one
and then using the substitution. Let us see. What does 2(‘/m_y + W+ M)
suggest? Clearly, it is related to

(fi+,/gj+¢2)2—(x+y+z).

Consequently, our inequality can be written as

fi+fi+fis \/2(a:+y+z+3).

The first idea that comes to mind (that is using the Cauchy-Schwarz inequality
in the form fl+fi+fi S \/3(a:+y+z) S \/2(a:+y+z+3)) does not
lead to a solution. Indeed, the last inequality is not true: setting a: +y+ z = s,
we have 33 S 2(s + 3). This is because the AM-GM inequality implies that

wyz S 37’ so -:—7 2 s + 2, which is equivalent to (s - 6)(s + 3)2 Z 0, implying
s 2 6.
Let us see how the substitution helps. The inequality becomes

\/b+c+\/c+a+\/a+bs 2 b+c+c+a+a+b+3
a. b c a b c

The last step is probably the most important. We have to change the expres-

b+c+c+a+a+b+3alittle bit.
a. c

We see that if we add 1 to each fraction, then a+b+c will appear as a common
factor, so in fact

sion

b+c b+c+a+a+

a b
+3=(a+b+c)(-(1;+%+%).

And now we have finally solved the problem, amusingly, by employing again
the Cauchy-Schwarz inequality:

\/b+c+\/c+a+\/a+bs (b+c+c+a+a+b) l+l+l.
a b c a b c
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We continue with a difficult 2003 USAMO problem. There are numerous
proofs for this inequality, none of them easy. The following solution is again
not simple, but seems natural for someone familiar with such a substitution.

Prove that for any positive real numbers a, b,c the following
inequality holds

(2a+b+c)2 (2b+c+a)2 (2c+a+b)2<8
2a2+(b+c)2 2b2+(c+a)2 2c2+(a+b)2— '

[Titu Andreescu, Zuming Feng] USAMO 2003

Solution. The desired inequality is equivalent to

2 2 2(2+b+c> (2+c+a) (2+a+b)
a b c

b+c 2+ c+a 2+ a+b 238'2 + ( ) 2 + ( ) 2 + ( )a b c

Taking our substitution into account, it suffices to prove that if wyz = a: + y +
z + 2, then

(2+x)2+(2+y)2+(2+z)2
2+x2 2+y2

This is in fact the same as

2:1:+1 2y+1+2z+1
a32+2 y2+2 zz+2

2+22 SS'

< é.
_ 2

Now, we transform this inequality into

(rc- 1)2 + (y- 1)2 (3—1)2 1>m2+2 y2+2 z2+2 ‘5'
+

This last form suggests using the Cauchy-Schwarz inequality to prove that

(m—1)2 (y—1)2 (z—1)2>(m+y+z—3)2
x2+2 y2+2 22+2 ‘m2+y2+z2+6'
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So, we are left with proving that 2(9) + y + z — 3)2 2 x2 + y2 + 22 + 6. But
this is not difficult. Indeed, this inequality is equivalent to

2(a:+y+z-3)2Z(m+y+z)2—2(my+yz+zm)+6.

Now, from myz 2 8 (recall who :13, y, z are and use the AM-GM inequality three
times), we find that my+yz+zx 2 12 and x+y+z Z 6 (by the same AM-GM
inequality). This shows that it sufiices to prove that 2(5 — 3)2 2 32 — 18 for all
s 2 6, which is equivalent to (s — 3) (s — 6) Z 0, clearly true. And this difficult
problem is solved!

The following problem is also hard. Yet there is an easy solution using the
substitutions described in this chapter.

Prove that if m,y,z Z 0 satisfy my + yz + 2:1: + wyz = 4 then
a3+y+z 2my+yz+zm.

India 1998

Solution. Let us write the given condition as

zyyzzm _
2 2+2 2+2 2+22 2 2‘1'

Hence there are positive real numbers a, b, c such that '

z_ 20. _ 2b z_ 2c
_b+c’ y_c+a’ _ a + b'

But now the solution is almost over, since the inequality

$+y+z Zmy+yz+zsc

is equivalent to

a + b + c > 2a,b + 2bc + 20a
b+c c+a a+b_(c+a)(c+b) (a+b)(a+c) (b+a)(b+c)'
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After clearing denominators, the inequality becomes

a(a + b)(a + c) + b(b + a)(b + c) + c(c + a)(c + b) 2

2 2ab(a + b) + 2bc(b + c) + 2ca(c + a).

After basic computations, it reduces to

c(a — b)(a. — c) + b(b - a)(b — c) + c(c — a)(c — b) 2 0.

But this is Schur’s inequality!

Here is a difficult problem, in which the substitution described plays a key
role, but cannot solve the problem alone.

Prove that if z, y, z > 0 satisfy zyz = a: + y + z + 2, then

wyz(:1: — 1)(y — 1)(z — 1) S 8.

[Gabriel Dospinescu]

Solution. Using the substitution

$_b+c z—
— a, y b , _ i

the inequality becomes

(a+b)(b+c)(c+ a)(a+b— c)(b+c— a)(c+a — b) S 80,2b202 (1.4)

for any positive real numbers a, b, c. It is readily seen that this form is stronger
than Schur’s inequality

(a+b—c)(b+c—a)(c+a—b) Saba.
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First, we may assume that a, b, c are the sides of a triangle ABC, since other-
wise the left-hand side in (1.4) is negative. This is true because no more than
one of the numbers a + b — c, b + c — a, c + a — b can be negative. Let R be
the center of the circumcircle of triangle ABC. It is not difficult to deduce
the following identity

(12b2c2
(a+b—c)(b+c—a)(c+a—b)=m.

Consequently, the desired inequality can be written as

(a + b)(b+ c)(c+ a).(a,+b+c)R22 8

But we know that in each triangle ABC, 9R2 2 a2 + b2 + c2. Hence it suffices
to prove that

8(a + b + c)(a2 + b2 + c2) 2 9(a + b)(b + c)(c + a).

This inequality is implied by the following ones:

8(a+b+c)(a2 +b2+c2) 2 §(¢z+b+c)3

and
9(a + b)(b+ c)(c+ (1)3201 + b+ c)3.

The first inequality reduces to

1(12+b2+c2 2 3(a+b+c)2,

while the second is a consequence of the AM-GM inequality. By combining
these two results, the desired inequality follows.

Of a different kind, the following problem and the featured solution prove that
sometimes an efficient substitution can help more than ten complicated ideas.
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Let a, b, c > 0. Find all triples (11:, y, z) of positive real numbers
such that

w+y+z=a+b+c
aza: + b2y + 622 + abc = 4wyz

[Titu Andreescu] IMO Shortlist 1995

Solution. We try to use the information given by the second equation. This
equation can be written as

a2 b2 c2
yz 2:1: my myz

abc

and we already recognize the relation

u2+v2+w2+uvw=4

b
where u = i v = — w = Law. According to example 3, we can findJyz’ t/zar’
an acute-angled triangle ABC such that

u = 2cosA, v = 20033, w = ZoosC'.

We have made use of the second condition, so we use the first one to deduce
that

z + y + z = 2‘/a:ycosC’ + 2‘/yz cosA + 2\/za: cos B.

Trying to solve this as a second degree equation infl, we find the discriminant

—4(\/§sin C — fisin B)2.

Because this discriminant is nonnegative, we infer that

fisinC = flsinB and fl = @0050 + x/ECOSB.

Combining the last two relations, we find that

«id/21¢;
sinA _ sinB _ sinC
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Now we square these relations and we use the fact that

cosA = L cosB = —L cosC =
c

2‘/gfi’ 2‘/zx’ 2,/a:y'

The conclusion is:

b+c c+a a+b
= 2 v y: 2 a Z: 2 )(I)

and it is immediate to see that this triple satisfies both conditions. Hence
there is a unique triple that is solution to the given system.

And now, we come back to an earlier problem, this time with a solution based
on geometric arguments.

Prove that if the positive real numbers m,y,z satisfy my +
yz + zm + myz = 4, then

x+y+22xy+yz+zx.

India 1998

Solution. The relation given in the hypothesis of the problem is not an im—
mediate analogue of the equation (1.3) Let us write the condition :ry + yz +
2:): + zyz = 4 in the form

‘/a:y2 + V2722 + x/zx2 + ‘/:1:y- W75- \/Z.’L‘ = 4.

Now, we can use the result from example 3 and we deduce the existence of an
acute-angled triangle ABC such that

\/y_=2cosA
\/z_z=2cosB
‘/x_y=2cosC.
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We solve the system and we find the triplet

2cosBcosC’ ZoosAcosC' 2cosAcosB
(m, y, z) = .

cos A ’ cos B ’ cos 0
Hence we need to prove that

cosBcosC cosAcosC' cosAcosB > 2 2 2 _
cos A cos B cos 0 — 2(008 A + cos B + cos 0)

This one is a. hard inequality and it follows from a more general result.

Lemma 1.1. If ABC is a triangle and w, y, z are arbitrary real numbers, then

2:2 + y2 + Z2 2 2yzcosA + 22.1:cosB + 2:1:ycosC'.

Proof. Let us consider points P, Q, R on the lines AB, BC, CA, respectively,
such that AP = BQ = OR = 1 and P, Q,R do not lie on the sides of the
triangle. Then we see that the inequality is equivalent to

(w-fi+y-E+z~fi)220,

which is obviously true.

Note that the condition

:1: + y + z = 2,/zycos0 + 2‘/yzcosA + 2\/z:1:cosB

is the equality case in the lemma. It offers another approach to Example 9.

The lemma being proved, we just have to take

55- 2cosBcosC' _ [ZeosAcosC' z— ZoosAcosB
_l/ cosA y— cosB ’ -V . cosC

in the above lemma and the problem will be solved.

And finally, an apparently intricate recursive relation.
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Let (an)n20 be a non-decreasing sequence of positive integers
such that do = a1 = 47 and a,2,_1 +a§+a,2,+1 —an_1anan+1 =
4 for n 2 1. Prove that 2 + an and 2 + \/2+—a.n are perfect
squares for all n 2 0.

[Titu Andreescu]

1
Solution. Let us write a1, = 26,, + 5—, with :0" > 1. Then the given condition

n

becomes mn+1 = xnzn_1 (we have used here explicitly that (tn > 1), which
shows that (In $n)n20 is a Fibonacci-type sequence. Since 1:0 = 931, we deduce
that am, = :35", where F0 = F1 = 1, Fn+1 = F" + F -1. Now, we have to do

v4 2 — 1
more: what is (1:0? And the answer 930 =%won’t suffice. Let us
remark that 2

1
:1: + —— = 49(“7’ «ac—o)

from where we find that 1

m + —— = 7.
930

Similarly, we obtain that
14 = .«ac—o + 4 $0 3

Solving the equation, we obtain

1 «5 2

that is $0 = A8. And so we have found the general formula (17, = /\8F" + A’SF".
And now the problem becomes easy, since

an + 2 = (A4F" + A-4Fn)2 and 2 +m= (A2Fn + A_2Fn)2.



THEORY AND EXAMPLES 19

All we are left to prove is that A2)“ +fi 6 N for-all 'k e N. But this is not
difficult, since

and

1 1 1 12k+1 2 2k 21:1)‘( )+)‘2(k 1) (A +_2)()\ +—é75)_()‘( )+W)'
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1.2
1.

Practice Problems

Find all triples (1;, y, z) of positive real numbers such that

$2+y2+22=wy2+4
my+yz+zm=2(x+y+z)

Prove that if a, b, c 2 0 satisfy the condition Ia2 +b2 +c2 — 4| = abc, then

(a—2)(b—2)+(b—2)(c—2)+(c—2)(a—2) Z 0.

Titu Andreescu, Gazeta Matematica

Prove that ifz,y,z > 0 and zyz = $+y+z+2, then

my+yz+zm2 2(a:+y+z) and fi+\/§+\/§S SW.

Let m,y,z > 0 such that my + 3/2 + 2:1: = 2(1: + y + z). Prove that
my25x+y+z+2.

Gabriel Dospinescu, Mircea Lascu

Find all triples of positive integers (k, l, m) with sum 2002 and for which
the system

+

ii
IQ II P:-

+ II
N

IH
Q

IN

|| 3

N
H

:
Q

18
BI

N +

has real solutions.

Titu Andreescu, proposed for IMO 2002
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10.

11.

Prove that if a, b, c 2 2 satisfy the condition a2 + b2 + c2 = abc + 4, then

a+b+c+ab+ac+bc22\/(a+b+c+3)(a2+b2+c2—3).

MarianTetiva

Let m,y,z>Osuch that my+yz+zz+$yz=4. Prove that

3(i+—1—+i)2>(x+2)(y+2)(z+2)x/5 «17 x/3 ' '

Gabriel Dospinescu

Prove that in any acute triangle,

2 2 2003A + COSB + 0080 +8cosAcosBcosCZ4-cosB cosC 008A

Titu Andreescu, MOSP 2000

Prove that in every acute triangle ABC,

(cosA + cos B)2 + (0083 + cos 0)2 + (cosC' + cos A)2 g 3.

Prove that if a, b, c 2 0 satisfy a.2 + b2 + 02 + abc = 4 then

0 S ab+bc+ca—abc5 2.

- Titu Andreescu, USAMO 2001

Solve in positive integers the equation

(m+2)(y+2)(z+2)=(:1:+y+z+2)2.

Titu Andreescu
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12.

13.

14.

15.

16.

Let u, v, w > 0 be real numbers such that u + v + w + x/uvw = 4. Prove
that

M; um um1/—+‘/—+‘/— ZU+v+w.w u 11

Chinese TST 2007

Consider the sequence ((110720, where 0.0 = a1 = 97 and

an+1 = Guam-1 + (‘13;— 1)(0721_1 — 1)

for all n 2 1. Prove that 2 + \/2 + 2a,. is a perfect square for all n.

Titu Andreescu

. 1 1 1
Prove that 1fa,b,c> 0 andm=a+ -, y=b+ E’ z =c+ a, then

xy+yz+zw 2 2(m+y+z).

Vasile Cartoaje

Prove that for all a, b, c > 0,

(b+c—a)2 (c+a—b)2 (a+b—c)2 E
(b+c)2+a2 (c+a)2+b2 (a+b)2+c2 — 5'

Japan 1997

Prove that in any acute triangle,

azb2 azc2 bzc2 2
7+7+729R-

Nguyen Son Ha
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17. Find all real numbers k with the following property: for all positive
numbers a, b, c the following inequality holds

a b c 1 3_ > — .
(k+b+c) (k+c+a) (k+a+b) _ (IN-2)

Vietnamese TST 2009

18. Let a1, a2, . . . , (15 be positive real numbers such that

a1a2---a5 =a1(1+a2)+a2(1+a3) +---+a5(1+a1)+2.

What is the least possible value of all + 312- + - - - + 0—15?

Gabriel Dospinescu, Mathematical Reflections
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2.1 Theory and examples
In recent years the Cauchy-Schwarz inequality has become one of the most used
results in contest mathematics, an indispensable tool of any serious problem
solver. There are countless problems that reduce readily to this inequality and
even more problems in which the Cauchy-Schwarz inequality is the key idea of
the solution. In this unit we will not focus on the theoretical results, since they
are too well-known. Yet, examples that show the Cauchy—Schwarz inequality
at work are not as readily available. This is the reason why we will see this
inequality in action in several simple examples first, gradually leading to uses
of the Cauchy-Schwarz inequality in some of the most difficult problems.
Let us begin with a very simple problem. Though it is a direct application
of the inequality, it underlines something less emphasized: the analysis of the
equality case.

‘. Prove that the finite sequence ao,a1,...,an of positive real
numbers is a geometrical progression if and only if

(a3+ai+- - -+a2_1)(ai+a§+- - -+a?.) = (aoa1+- - -+a.._1an)2.
Solution. We see that the relation given in the problem is in fact the equality
case in the Cauchy-Schwarz inequality. This is equivalent to the proportiona-
lity of the n-tuples (ao,a1, . . . ,an_1) and ((11,112, . . . ,an), that is

fl_fl_ _an—1
a1 0.2 an

But this is just actually the definition of a geometrical progression. Hence
the problem is solved. Note that Lagrange’s identity allowed us to work with
equivalences.

Another easy application of the Cauchy-Schwarz inequality is the following
problem. This time the inequality is hidden in a closed form, which suggests
using calculus. There exists a solution that uses derivatives, but it is not as
elegant as the one featured:
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Let p be a polynomial with positive real coefficients. Prove
that p(a:2)p(y2) 2 p2(my) for any positive real numbers 2:, y.

Russian Mathematical Olympiad

Solution. If we work only with the closed expression p(a:2)p(y2) 2 p2(a:y),
the chances of seeing a way to proceed are small. So, let us write p(a:) =
00 + (11:1: + - - - + aux". The desired inequality becomes

(a0 + (112:2 + - - ~ + aa")(ao + an} + - - - + anyz")

2 (ac + (my + - - - + anx"y")2-
And now the Cauchy-Schwarz inequality comes into the picture:

((10 + alwy + ' - - + anzny")2

= (Va—0‘ x/a—o+ va1x2~va1y2 + ‘ - - + x/anm‘" - «uni/")2
3 (a0 + (112:2 + - - - + anw2")(ao + (11312 + - - - + ans/2").

And the problem is solved. Moreover, we see that the conditions x,y > 0
are redundant, since we have of course p2(:z:y) S p2(|a:y[). Additionally, note
an interesting consequence of the problem: the function f : (0,00) —> (0,00),
f(x) = lnp(e”) is convex, that is why we said in the introduction to this
problem that it has a solution based on calculus. The idea of that solution is
to prove that the second derivative of this function is nonnegative. We will not
prove this here, but we note a simple consequence: the more general inequality

p($’16)p($§) - - -P(1L'II:) Z pk(z'1.'L‘2 . . . xk),

which follows from Jensen’s inequality for the convex function f(m) = lnP032)-

Here is another application of the Cauchy-Schwarz inequality, though this time
you might be surprised why the “trick” fails at a first approach:
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1 1 1
Prove that if x, y, z > 0 satisfy 5 + g + E = 2, then

x/m—1+\/y—1+x/z—lsx/E+y+z.

Iran1998

Solution. The obvious and most natural approach is to apply the Cauchy—
Schwarz inequality in the form

Vm—1+\/y—1+¢;—IS\/3(:I:+y+z—3)

and then to try to prove the inequality y/3($+y+Z—3) < ‘/a:+y+z,

which'1s equivalent to a: + y + z < 2. Unfortunately, this inequality is not

true. In fact, the reversed inequality holds, that is z + y + z _>3, since
1 1 1

2-— 3310+ - +2- > #. Thus this approach fails, so we try another, using

againxthe Cauchy-Schwarz inequality, but this time in the form

M+¢m+m=¢afi+¢a¢§+¢afi

S\/(a+b+c)($;1 y;1+z;1>.

We would like to have the last expression equal to «a: + y + z. This encourages
us to take a = m, b = y, c = 2, since in this case

56—1 —1 2—1+g-b—+
Hence this idea works and the problem is solved.

=1anda+b+c=x+y+z.

We continue with a classical result, the not so well-known inequality of Aczel.
We will also see during our trip through the world of the Cauchy-Schwarz
inequality a nice application of Aczel’s inequality.
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Let (11,02, . . . ,an, b1,b2, . . .,bn be real numbers and let A,B >
0 such that

A2 2a§+a§+m+a2L orB2 2b§+b§+---+b§,.

Then

(A2—ai—a§----—a:><Bz—b%—b§—~-—b:>
3 (AB — a1b1 — a2b2 — --- — anbn)2.

[Aczel]

Solution. We observe first that we may assume that

A2 >a§+a§+~~+a§l and 32 >b§+b§+---+b§,.
Otherwise the left-hand side of the desired inequality is less than or equal to
0 and the inequality becomes trivial. From our assumption and the Cauchy-
Schwarz inequality, we infer that

a1b1+a2b2+~-+anbn g a§+a§+---+ag-\/b§+b§+-~+b,2,<AB
Hence we can rewrite the inequality in the more appropriate form

a1b1+a2b2+---+anbn+ \/(A2 —a)(B2 —b) S AB,
where a=a%+a§+---+a% and b= b§+b§+~~+bfr Now, we can apply
the Cauchy-Schwarz inequality, first in the form

a1b1 + 0.2172 + - - - + anbn + x/(AZ — a)(B2 — b) s WE+ y/(A2 — a)(B2 — b)
and then in the form

«(17+ \/(A2 — a)(32 — b) g «a + A2 — a)(b+ B2 — b) = AB.
And by combining the last two inequalities the desired inequality follows.

As a consequence of this inequality we discuss the following problem, in which
the condition seems to be redundant. In fact, it is the key that suggests using
Aczel’s inequality.
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Let a1, a2, . . . ,an, b1, b2, . . . ,bn be real numbers such that

(a§+---+a,2,—1)(b§+---+b,2,—1) > (a1b1+~-+anbn—1)2.

Prove that a§+a§+m+afi> 1 and b§+b§+m+bi> 1.

[Titu Andreescu, Dorin Andrica] USA TST 2004

Solution. First of all, it is not difficult to observe that an indirect approach
is more efficient. Moreover, we may even assume that both numbers a? + a3 +
-- - + (1?, — 1 and b? + b3 + - - - + b3, — 1 are negative, since they have the same
sign (this follows immediately from the hypothesis of the problem). Now, we
want to prove that

(a§+---+a?,—1)(b§+---+b,2,—1)s(cL1b1+---+anbn—1)2 (2.1)

in order to obtain the desired contradiction. And all of a sudden we arrived
at the result in the previous problem. Indeed, we have now the conditions
1 > a? +a§ + - - - +03l and 1 > b? +b§ + - - - +17%, While the conclusion is (2.1).
But this is exactly Aczel’s inequality, with A = 1 and B = 1.The conclusion
follows.

The Cauchy-Schwarz inequality is extremely well hidden in the next problem.
It is also a refinement of the Cauchy—Schwarz inequality, as we can see from
the solution.

: For given n > k > 1 find in closed form the best constant
T(n, k) such that for any real numbers :31, m2, . . . , 13,, the follo-
wing inequality holds:
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Z (x,- — m,-)2 2 T(n,k) Z (x,- — rug-)2.
lsi<jsn 15i<j$k

[Gabriel Dospinescu]

Solution. In this form, we cannot make any reasonable conjecture about
T(n, k), so we need an efficient transformation. We observe that

2 (mi - 931V
15i<j5n

is nothing else than
n n 2am — (z: )i=1 i=1

and also
In In 2z (xi-maukzzz-(zmi),

1si<jgk i=1 i=1

according to Lagrange’s identity. Consequently, the inequality can be written
in the equivalent form

n n 2 k k 2
nZzg— (2:13) 2T(n,k) kf— (2:31)

i=1 i=1 i=1 1:1

And now we see that it is indeed a refinement of the Cauchy-Schwarz inequa-
lity, only if in the end it turns out that T(n, k) > 0. We also observe that in
the left-hand side there are n—k variables that do not appear in the right-hand
side and that the left-hand side is minimal when these variables are equal. So,
let us take them all to be zero. The result is

k k 2 k: k 2
12,s — (2:12;) 2 T(n,k) kZm? — (2:13;) ,

i=1i=1 i=1 i=1
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which is equivalent to

k: 2 k
(T(n, k) — 1) (Z 33,-) 2 (kT(n, k) — n) 2 93,? (2.2)

i=11:].

Now, if kT(n,k) — n > 0, we can take a k-tuple (31,1:2, . . . ,zk) such that
k k

212, = O and 22:? 75 0 and we contradict the inequality (2.2). Hence we
i=1 i=1
must have kT(n, k) — n S 0 that is T(n, k) S
converse, that is showing that

n

k: . Now, let us proceed with the

for all real numbers 921, $2, . 'h’ at”. If we manage to prove this inequality, then
it will 'follow that T(n, k) = 75' But (2.3) is of course equivalent to

n n 2 n k 2

2=k+1 1:1 i=1

11

Now, we have to apply the Cauchy-Schwarz inequality, because we need 2 33,-.
i=k+1

We find that
n n n 2

n:3?2fl(2$i)

i=k+1 i=lc+1
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and so it suffices to prove that

n

n—

2> 2_fl 2kA _(A+B) kB’

n I:
where we have taken A = Z :31; and B = 2xi. But (2.4) is straightforward,

i=k+1 i=1
since it is equivalent to

(kA — (n — k)B)2 + k(n — 1032 2 0,

which is clear. Finally, the conclusion is settled: T(n, k) = g is the best
constant.

We continue the series of diflicult inequalities with a very nice problem of
Murray Klamkin. This time, one part of the problem is obvious from the
Cauchy-Schwarz inequality, but the second one is not immediate. Let us see.

'4‘. Let a, b, c be positive real numbers. Find the extreme values
of the expression

V a2x2 + b2y2 + 0222 + x/hzccz + 023;2 + a2z2
+ 025132 + (123/2 + bzz2

where so, y, z are real numbers such that x2 + y2 + 22 = 1.

[Murray Klamkin] Crux Mathematicorum

Solution. Finding the upper bound does not seem to be too difficult, since
from the Cauchy—Schwarz inequality it follows that

\/a2x2 + b2y2 + c222 + \/b2a:2 + 621/2 + «1222 + «c2932 + a2y2 + b222 g
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S \/3(a2x2 + b21112 + c222 + 023,12 + G222 + 022:2 + azy2 + b2z2)
= \/3(a2 + b2 + c2).

We have used here the hypothesis 2:2 + 3/2 + 22 = 1. Thus, ‘/3(a.2 + b2 + c2)

is the upper bound and this value if attained for :1: = y = z = Q.
But for the lower bound things are not so easy. Investigating what happens
when xyz = 0, we conclude that the minimal value should be a+b+c, attained
when two variables are zero and the third one is 1 or —1. Hence, we should
try to prove the inequality

\/a2:1:2 + b2y2 + c222 + \/b2:1:2 + c2342 + 0.222

+ c2:1r:2+a2y2+b2z2 2 a+b+c.
Why not square it? After all, we observe that

a2m2+b2y2+0222+b2x2+c2y2+a222+c2x2+a2y2+b222=a2+b2+c2,

so the new inequality cannot have a very complicated form. It becomes

\/a2x2 + b2y2 + 0222 . \/b2a:2 + 02y? + a2z2

+\/b2ac2 + 023/2 + a2z2 - \/c2:1:2 + a2y2 + b2z2
+\/c2a:2 + (123/2 + b222 - \/a2:1:2 + b2y2 + c222 2 ab + be + ca

which has great chances to be true. And indeed, it is true and it follows from
— what else, the Cauchy-Schwarz inequality:

\/a2a:2 + b2y2 + c222 - \/b2:1:2 + c2y2 + (1222 2 (1b + bcyz + caz2

and the other two similar inequalities. This shows that the minimal value is
indeed a + b + c, attained for example when (2:, y, z) = (1,0,0).

It is now time for the champion inequalities. Do not worry if the time you
spend on them is much longer than the time spent for the other examples:
these problems are diflicult! There are inequalities where you can immedia-
tely see that you should apply the Cauchy-Schwarz inequality. Yet, applying it



36 2. ALWAYS CAUCHY-SCHWARZ...

incorrectly can be very annoying. This is the case with the following example,
where there is only one possibility to solve the problem using Cauchy-Schwarz:

Prove that for any real numbers a, b, c, x, y, z the following in—
equality holds:

ax+by+cz+x/(a2+b2+c2)(x2+y2+22)
223(a+b+c>(x+y+z>.

[Vasile Cartoaje] Kvant

Solution. It is quite clear that a direct application of the Cauchy-Schwarz
inequality for

\/(a2 + b2 + c2)(ac2 + y2 + 2,2)

has no chance to work. Instead, if we develop §(a + b + c)(:c + y + 2) we may
group a, b, c and therefore try again the same method. Let us see:

2
E(a+b+c)(a:+y+z)—(aw+by+cz)

=a_2y+2z—x+b.2x+22—y+c.2x+2y—z
3 3 3

and the latter can be bounded by Va2 + b2 + c2 - V: (W)? All we have
to do now is to prove the easy inequality 2 (@311? S x2 + y2 + 22, which
is actually an equality!

Prove that for any nonnegative numbers (11,a2,...,an such
n

that Z a,- = g, the following inequality holds:
i=1
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: aiaj < n(n - 1)
ISsn (1 —- ai)(1 — aj) " 2(2n — 1)2'

[Vasile Cartoaje]

Solution. This is a very hard problem, in which intuition is better than tech-
nique. We will concoct a solution using a combination of the Cauchy-Schwarz
inequality and Jensen’s inequality, but we warn the reader that such a solution
cannot be invented easily. Fasten your seat belts! Let us write the inequality
in the form

MU -__1)
(21—11;)2 2(1—a)2 (2'n—1)——2
i-l

We apply now the Cauchy-Schwarz inequality to find that

(1:11—a,25) (Eat) (Z(—il_ai)2)=zz:;(1—‘_‘:/:—)2.

Thus, it remains to prove the inequality

2—2—” <;——— +-"——‘"‘”(1 - a- )2 _ (1 —a:¢)2+ (2n — 1)2

The latter can be written of course in the following form:

2—a,-((1 — 2_—a,-) <2'n,('n — 1)
i=1 (1 — ai)2_<(2n — 1)2

This encourages us to study the function

_ 1 _ 93(1 — 21:)
fl:0v2:|—+Ra f($)_ (1—$)2

and to see if it is concave. This is not difficult, for a short computation shows
,, —6zthat f (:13) =

(1 - 904
plete the solution.

5 0. Hence we can apply Jensen’s inequality to com-
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We continue this discussion with a remarkable solution, found by Claudiu
Raicu, a member of the Romanian Mathematical Olympiad Committee, to
the difficult problem given in 2004 in one of the Romanian Team Selection
Tests.

Let a1, a2, . . . , an be real numbers and let S be a non-empty
subset of {1,2, . . . ,n}. Prove that

2
(:01) S 2 (ai+"'+aj)2-

£63 1999»

[Gabriel Dospinescu] Romanian TST 2004

Solution. Let us define s,- = a1 + a2 + + a,- for i Z 1 and so = 0. Now,
partition S into groups of consecutive numbers. Then 2a,; is of the form

1263
31-1 -3¢1 +85;2 —8¢2 +"'+3jk —31;k, With 0 S ’51 < i2 < < ik S n,
jl < j2 < < 3'], and also 2'1 < 31,. . . ,z'k < jk. Now, let us observe that the
left-hand side is nothing other than

n

23? + Z (32' — 802 = Z (83' - 3,)2.
i=1 1311(a ISi<a

Hence we need to prove that

2 2
(sjl ”3131 +312 _3i2+"'+5.1'k _3ik) S E: (31' _3'i) '

osi<a+1

Let us take a1 = 3,1, a2 = 8j1,..., a2k_1 = sik, 0,21, = sjk and observe the
obvious (but important) inequality

2 (32' — 802 Z Z (“i — 0:92-
Ogi<j5n ISi<jS2k
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And this is how we arrived at the inequality

(a1 - 02 + a3 — ' ' - + (1219-1 — 04202 S 2 (a; — aj)2. (2.5)
lsi<j52k

The latter inequality can be proved by using the Cauchy-Schwarz inequality
k—times:

(€11 - a2 + a3 — + (1216—1 - a2102
S k((al - a2)2 + (as — a4)2 + - - - + (azk—1 - a2102)

(01 — 02 +03 - "'+¢12k—1 - 0202
S k((a1 — a4)2 + (a3 — one)2 + - - - + (We—1 — (12)?)

(a1 - 0:2 +63 - "'+ a2k—1 - 0202
S k((01 - 0202 + (as - a2)2 +---+(¢12k—1 - 02k—2)2)

and by summing up all these inequalities. In the right-hand side we obtain
an even smaller quantity than 2 (a; — aj)2, which proves that (2.5) is

15i<j52k
correct. The solution ends here.

The following is a remarkable inequality in which the Cauchy-Schwarz inequa-
lity is extremely well hidden. We must confess that the following solution was
found after several weeks of trial and error:

' Prove that for any positive real numbers a, b, c, 3:, y, 2 such
that my + yz + za: = 3,

a b c__ _ — > .b+c(y+z)+c+a(w+z)+a+b(m+y)_3

[Titu Andreescu, Gabriel Dospinescu]
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Solution. This is probably the best example of how finding the good homo-
geneous inequality simplifies the solution. In our case, it suffices to prove the
homogeneous inequality

——-(y+ z)+c+—a(z+z)+ ai—b(x+y)2 \/‘3(sr:y+yz+za:).

And now we can assume that :1: + y + z = 1! Let us apply then the Cauchy-
Schwarz inequality:

0. b c a. 2‘/ < — '1/ 2b+cx+c+a a+bz+ 3(my+yz+za:)_v2(b+c) 2:34—

b+c

y+

\/Ha:y+yz+zm)+\/ (wy+yz+z:c)< —+Z(b+c)2.m

Therefore, the problem will be solved if we manage to prove that

3 a 2 a
§+Z(b+c) Sim,

which is the same as >3

2 (a+c)(b+c)>_
This reduces to (a + b + c) (ab + bc + ca.) 2 9abc which is clearly true.

Finally, two classical inequalities show the power of a clever application of the
Cauchy-Schwarz inequality combined with some analytic tools:

Prove that for any real numbers a1,a2, ...,an the following
inequality holds:

[Hilbert]
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Solution. Here is a unusual way to apply the Cauchy-Schwarz inequality:

2
n " aia- War (7.7“2.2?s EVE—m w—wi—ji=1j=1 z,j=1

S ENE—‘G— Z:\/_('II+])i,j=1

By rearranging terms in both sums, it is enough to prove that for any positive
integer m

Z:(—m+n)x/_<7r_n>1

Fortunately, this is not difficult, because the inequality

1 n+1

(n+m+1)\/n—-fi 3/“ (a:+m)\/§

holds as a consequence of the monotonicity of f (at) = m. By adding up
these inequalities, we deduce that

">0 (n+m+1)\/n+ 1 _ o (m+m)\/5'

With the change of variable a: = muz, a simple computation shows that the
last integral is T and this finishes the solution.

We end this chapter with a remarkable inequality due to Fritz Carlson . There
are many analytic methods of proving this result, but undoubtedly the follo-
wing one, due to Hardy, will make you say: always Cauchy-Schwarz!
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‘ For any real numbers a1, a2, ..., an we have

1r2.(a¥+a§+--~+ai)(a§+4a§+---+n2a?,)2 (a1+---+an)4.

[Fritz Carlson]

Solution. Choose some arbitrary positive numbers :3, y and use the Cauchy-
Schwarz inequality in the form

1
m+yk2'

M
:

(0.1 + a2 + + a,,)2 g (a; +yk2)a§ . Z
1 1621a:- ll

Because the function f(z) = $7 is decreasing, we have

1 °° dz
Z$+ [623 33+ z2'121 y o y

1rIt is immediate to check that the last integral equals 2m. Therefore, if we
let S = a? + (13+ + a3, and T = a? + 220,3 + + nzai, then we have for all
positive numbers 1:, y the inequality

7T2 < S T .(a1+a2+ +an) _ 2 Ty( 96+ 11)

And now, we can make a choice for x, 3/, so as to minimize the last quantity. It
is not difficult to see that a smart choice is a: =fl and y = %. All it remains
is to insert these values 'in the previous inequality and to take the square of
this relation.
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2.2

1.

Practice problems

Let a, b, c be nonnegative real numbers. Prove that

((1.772 + bx + c)(ca:2 + be: + a) 2 (a + b + c)2:t:2

for all nonnegative real numbers :0.

Titu Andreescu, Gazeta Matematica

Let p be a polynomial with positive coefl'lcients. Prove that if the in-
equality }; (i) 2 5113—) holds for m = 1, then it holds for all a: > O.

Titu Andreescu, Revista Matematica Timisoara

Prove that for any real numbers a, b, c 2 1,

x/a—1+\/b—1+\/c—ls \/a(bc+1).

For any positive integer n find the number of ordered n-tuples of integers
(a1, a2, . . . , an) such that

a1+a2+~~+an2n2 mda¥+a§+--~+G:Sn3+1.

China. 2002

. Prove that for any positive real numbers a, b, c,

1 1 1 1 > (a+b+c+\/3abc)2
a+b+b+c+c+a+2v3abc _ (a+b)(b+c)(c+a)'

Titu Andreescu, MOSP 1999
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6. Let $1,132, . . . ,9310 be real numbers between 0 and 7—; such that

2:131+sin21132+--~+sin2.17:10=1.sin

Prove that

3(sinx1 + sinxz + - - - + sinxlo) g cosxl + cosxz + - - - + cosmm.

Saint Petersburg 2001

. Let ABC be a triangle such that

A 2 B 2 0 2 65 2
(cot—i) +(2cot-5) +(3cot3) _(fi) .

Prove that ABC’ is similar to a triangle T Whose side lengths are positive
integers with no common divisor and determine these integers.

Titu Andreescu, USAMO 2002

. Let n 2 2 be an even integer. We consider all polynomials of the form
at“ + an_1m”_1 + - - - + an: + 1, with real coefficients and having at least
one real zero. Determine the least possible value of a? + (13+ - - -+ ”Ii—1-

Czech-Polish-Slovak Competition 2002

. Prove that for any positive real numbers 33,31, 2 such that myz Z 1 the
following inequality holds

5” + y + 7' <1x3+y2+z y3+22+w 23+m2+y-

Tuan Le, Komal
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10.

11.

12.

13.

Let n 2 2 and let (11,...,a,n and b1, . . .,bn be real numbers such that

fi+fi+m+fi=fi+g+m+fi=1

and «uh + a2b2 + - - - + anbn = 0. Prove that

(a1+a2+---+an)2+(b1+b2+---+bn)2Sn.

Cezar and 'I‘udorel Lupu, Romania TST 2007

Let 171,1,‘2, . . . ,3" be positive real numbers such that

1 + 1 + + 1 - 1
1+$1 1+$2 1+$n— .

Prove the inequality

fl+¢aT2+~+m>(n—1)(\/z_+‘/1_+m.+7%)

Vojtech Jarnik Competition 2002

Find the greatest real number T such that for any nonnegative real
numbers a, b, c, d, e such that a + b = c + d + e we have

x/a2+b2+c2+d2+ez2T(\/a+\/E+x/E+\/¢§+x/E)2

Iran 2007

Prove that for any real numbers 2:1, :32, . . . ,3”,

$1 132 as"
_ —— . . —.2_.— <

1+x§+1+x§+w§+ +1+m1+~ +252 f

Bogdan Enescu, IMO Shortlist 2001
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14. For n 2 2 let a1, a2, . . . , an be positive real numbers such that

1 1 1 1 2
(a1+a2+---+an) —+—+---+— s n+- .

a1 02 an 2

Prove that max(a1,a2, . . . ,an) S 4min(a1,a2, . . . ,an).

Titu Andreescu, USAMO 2009

15. Let n > 2 and 131,1:2, . . . ,xn be positive real numbers such that

1 1 1 2
(m1+$2+'--+$n) —+—+"'+— =71 +1-

$1 $2 (En

Prove that

1 1 12 2 2 2(5+3; +...+$ _+_+...+_ ’l'l +4+—_
( 1 2 n) ($21) 12% 11:31) > n(n—1)

Gabriel Dospinescu

16. Prove that if a, b, c, d are positive real numbers, then

a b c d 4
b2+c2+d2+a2+c2+d2+a2+b2+d2+a2+b2+c2 > a+b+c+d'

P.K.Hung

17. Let n 2 2 be an integer and let 3:1, 3:2, . . . ,xn be real numbers satisfying

z§+m§+m+mi+$1$2+w2$3+ ---+a:n—1$n = 1-

For a fixed 1 S k S n, find the maximum value that lmk| can take.

China 1998



PRACTICE PROBLEMS 47

18.

19.

20.

21.

22.

Let a, b, c be positive real numbers. Prove that

21 1 1 1 >7(111 1)
fi+b7+c7+(a+b+c)2—fi Z+E+Z+a+b+c

Iran 2010

Let :13, y, 2 be real numbers and let A, B, C be the angles of a triangle.
Prove that

xsinA + ysinB + zsinC S (1 + x2)(1 + y2)(1 + 22).

Let a, b, c, 53,31, 2 be real numbers and let

A=ax+by+cz,B=ay+bz+cx,0=az+bm+cy.

Assuming that

min(|A - Bl, |B — 0|, |C — Al) 2 1,

find the least possible value of (a2 + b2 + cz)(a:2 + y2 + zz).

Adrian Zahariuc, Mathematical Reflections

Let a, b, c, d, e be nonnegative real numbers such that (12+b2+c2 = d2+e2
and a4 + b4 + c4 = d4 + 64. Prove that a3 +b3 + c3 S d3 + 63.

IMC

Prove that for any real numbers :51, m2, . . . ,xn,

n 'n, 2 2(n2 _ 1) 77, n(223m- -i> sT 22m- —i2 .
12:1 13:1 i=1 j=1

IMO 2003
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23. Let a, b, c, d be real numbers such that

(a2 + 1)(b2 + 1)(c2 +1)(d2 + 1) = 16.

Prove that

—3 S ab+bc+cd+da+ac+bd—abcdg 5.

Titu Andreescu, Gabriel Dospinescu, Mathematical Reflections

24. Let a1, (12,. . . , an be positive real numbers which add up to 1. Let m- be
the number of integers k such that 21“ 2 (1;; > 2‘i. Prove that

2 \[721—7: S 4+ y/logzn.
121

L. Leindler, Miklos Schweitzer Competition

25. Let n > 2 be an integer. Find the largest real number k with the
following property: if the positive real numbers 2:1, :1:2,.. . ,xn satisfy

1 1 1
k>($1+$2+"'+$n) x—1+$—2+"'+;— ,

n

then any three of them are sides of a triangle.

Adapted after IMO 2004

26. If a,b,c,d,e are real numbers such that a+b+c+d +e=0, then

2 2 2 22 30 4 4 4 4(a +b +c2+d +e) 37m +b +c +d4+e).

Vasile Cartoaje
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27. Prove that for any positive real numbers a1,a2,...,an,a:1,:v2,...,xn
such that

z x x. — (”)1, J — 7
z<i<j<n 2

the following inequality holds

a a1 (w2+---+a:n)+---+ n

a2+...+an a1+...+an_1(1 n1)—

Vasile Cartoaje, Gabriel Dospinescu
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3.1 Theory and examples
Most of the time, proving divisibility reduces to congruences or to the famous
theorems such as those of Fermat, Euler, or Wilson. But what do we do when
we have to prove, for example, that lcm(a, b, c)2 I lcm(a, b) - lcm(b, c) -lcm(c, a)
for any positive integers a, b, c? One thing is sure: the above methods fail.
Yet, another smart idea appears: if we have to prove that alb, then it suffices
to show that the exponent of any prime number in the prime factorization of
a is at most the exponent of that prime in the prime factorization of b. For
simplicity, let us denote by vp(a.) the exponent of the prime number p in the
prime factorization of 0,. Of course, if 1) does not divide a, then vp(a) = 0.
Also, it is easy to prove the following properties of vp(a):

oem+w2msmae@}
0%ww=%@+%®

for any positive integers a and b. Now, let us rephrase the above idea in
terms of vp(a): alb if and only if for any prime p we have vp(a) S vp(b),
and a = b if and only if for any prime p, vp(a) = vp(b).

o vp(gcd(a1,a2, . . . ,an)) = min{vp(a1),vp(a2), , _ , ,vp(an)},

o vp(lcm(a1,a2, . . . ,an)) = max{vp(a1),vp(a2), . . . ,vp(a.n)}

o vp(n!)= [g] + [%J + [%J +._.= n;jp£n)_

Here, sp(n) is the sum of the digits of n when written in base 1). Observe that
the third and fourth properties are simple consequences of the definitions. Less
straightforward is the fifth property; it follows from the fact that among the

numbers 1, . . . ,n there are % multiples of p, Lg] multiples of p2 and so on.

The other equality is not difficult. Indeed, let us write 71. = ao+a1p+- - -+akp",
where ao,a1,...,a.;c E {0,1,...,p— 1} and (1;, 79 0. Then

2 + 2 +...—a + +...+ k—1+ + +...+ k—2+...+1) p2 — 1 (121? 0k? 02 mm akP aka
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and now, using the formula
pi.+1 _ 1

1 1':+P+ +P p_1,

we find exactly the fifth property.

Let a and b be positive integers such that a|b2, b3|a4, a5|b6,
b7|a8, . . . . Prove that a = b.

Solution. We will prove that vp(a) = vp(b) for any prime p. The hypothesis
alb2, b3|a4, a5|b6, b7|a8,... is the same as (z‘l""'1|b"""“"2 and b‘1""'3|a4'"'"4 for
all positive integers 11.. But the relation a4"""1|b4"+2 can be written as (4n +
1)vp(a) S (4n + 2)vp(b) for all n, so that

4n+2
4n + 1Up(b) = vP(b)'

4n+4 -implies 'vp(a) 2 'up(b) and so 'up(a) = vp(b).

w s #320
Similarly, the condition b4n+3|a
The conclusion now follows.

We have mentioned at the beginning of the discussion a nice and easy problem,
so probably it is time to solve it, although you might have already done this.

Prove that lcm(a, b, c)2|lcm(a., b) - lcm(b,c) - lcm(c,a) for any
positive integers a, b, c.

Solution. Let p be an arbitrary prime number. We have vp(lcm(a, b, c)2) =
2 max{:1:, y, z} and

vp(lcm(a, b) -lcm(b, c) -lcm(c, a)) = max{:c, y} + max{y, z} + max{z,:1:},

where a: = vp(a), y = vp(b), z = vp(c). So we need to prove that

max{z, y} + max{y, z} + max{z, cc} 2 2 max{a:, y, z}
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for any nonnegative integers x, y, 2. But this follows by symmetry: we may
assume that a: 2 y 2 z and the inequality reduces to 2:): + y 2 21:.

It is time for some difficult problems. The ones we chose to present are all
based on the observations from the beginning of the chapter.

Prove that there exists a constant c such that for any positive
integers a, b, n that satisfy a! - b!|n! we have a + b < n + cln n.

[Paul Erd6s

Solution. Of course, there is no reasonable estimation of this constant, so
we should better see what happens if a! - b!|n!. Then 02(a!) + 02(b!) S 02(nl),
which can be also written as a — 82(a) + b — 32(b) S n — 32(n) < n. So we
have found almost exactly what we needed: a + b < n + 32 (a) + 32(b). Now,
we need another observation: the sum of digits of a number A when written
in binary is at most the number of digits of A in base 2, which is 1 + [log A]
(this follows from the fact that 2’“1 S A < 2", Where k is the number of digits
of A in base 2). Hence we have the estimations

a+b<n+32(a)+sz(b) Sn+2+log2abSn+2+2log2n

(since we have of course a, b S n) And now the conclusion is immediate.

The following problem appeared in Kvant. It took quite a long time before
an Olympian, S. Konyagin, found a simple solution. We will not present his
solution here, but another one, even simpler.

s Is there an infinite set of positive integers such that no matter
how we choose some elements of this set, their sum is not a
perfect power?

Kvant



56 3. LOOK AT THE EXPONENT

Solution. Let us take A = {271-3”+1 |n Z 1} If we consider some different num-
bers from this set, their sum will be of the form 2’” - 33’"?1 ~y, where (y, 6) = 1.
This is certainly not a perfect power, since otherwise the exponent should di-
vide both :1: and a: + 1. Thus this set is actually a good choice.

The following problem shows the beauty of elementary Number Theory. It
combines diverse ideas and techniques, and the result we are about to present
is truly beautiful. You might also want to try a combinatorial approach by
counting the invertible matrices with entries in the field Z/2Z.

Prove that for any positive integer n, n! is a divisor of

n—1

HQ“ — 2k).
k=0

Solution. Let us take a prime number p. We may assume that p S n. First,
let us see what happens if p = 2. We have

122(7),!) = n — 3201) S n — 1

and also
n—1 11—1

«)2 (Han — 2’3) = 2122(2" — 2k) 2 n — 1
19:0 k=0

(since 2" — 2k is even for k 2 1). Now, let us assume that p > 2. From
Fermat’s theorem we have p|21"1 — 1, so p|2k(1”1) — 1 for all k 2 1. Now,

n—l n
Hm" — 2’“) = 24—4" "2’1 H(2k — 1)
k=0 =1

and from the above remarks we infer that

”p (film “ 2k)) = ivpmk — 1)
k=0 k=1
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> Z vp(2k(P-1) — 1) 2 card{k|1 g k(p— 1) s n}.
ISk(p—1)S_n

Because

card{k|1 s 167(1) — 1) s n} = [1%] ,
we find that

(n—l nt Hen—2a) 2 1——j.
k=0 p — 1

But 1
vp(n!) = n—3p(n) < n— < n ,

p — 1 _ p — 1 p - 1

and since vp(n!) e Z, we must have vp(n!) S [fij .
From these two inequalities, we conclude that

71—1

1),, (Han — 2’3) 2 ppm!)
k=0

and the problem is solved.
Diophantine equations can also be solved using the method described in this
chapter. Here is a difficult one, given at a Russian Olympiad.

Prove that the equation

1 _1+1+ +1
1071—711! n2! nk!

does not have integer solutions such that 1 S n1 < -- - < nk.

Tuymaada Olympiad

Solution. We have

10"((n1+1)...(nk—1)nk+~-+(nk_1+1)---(nk—1)nk+1)=nk!
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which shows that m, divides 10". Let us write 77.], = 2"” - 5”. Let

S=(n1+1)...(nk—1)nk+---+(nk_1+1)...(nk—1)nk+1.

First of all, suppose that any are positive. Thus, S is relatively prime to 10.
It follows that 212 (ml) = v5(nk!). This implies [%J = [%J for all j (because

”Itwe clearly have [2—]J 2 lgj) and so 7n, 3 3. A simple verification shows
that there is no solution in this case. Next, suppose that y = 0. Then S is
odd and thus v2(nk!) = n S v5(nk!). Again, this implies 112(nk!) = v5(nk!)
and we have seen that this yields no solution. Thus a: = 0. A crucial obser-
vation is that if nk > nk_1 + 1, then S is odd and thus we find again that
112(nk!) = n S 05(nkl), impossible. Hence n], = nk_1+1. But then, taking into
account that 174, is a power of 5, we deduce that S is congruent to 2 modulo 4
and thus 02(nk!) = n + 1 S v5(nk!) + 1. It follows that l%J S 1 + [Eg-J and
thus 11;, S 6. Because 71;, is a power of 5, we find that nk = 5, 7216.1 3 4 and
exhausting all of the possibilities shows that there are no solutions.

A tricky APMO 1997 problem asked to prove that there is a number 100 <
n < 1997 such that 'n.|2" + 2. We will invite you to verify that 2 - 11 - 43 is
a solution, and especially to find out how we arrived at this number. Yet...
small verifications show that all such numbers are even. Proving this turns
out to be a difl'icult problem and this was proved for the first time by Schinzel.

' Prove that for any n > 1 we cannot have 742”"1 + 1.

[Schinzel]

Solution. Although very short, the proof is tricky. Suppose n is a solution.
8

Let n = Hp? where p1 < p2 < < 1),; are prime numbers. The idea
i=1

is to look at v2(p,- — 1). Choose that p, which minimizes this quantity and
write p,- = 1 + 2mm, with m,- odd. Then n E 1 (mod 2”) and we can write
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n — 1 = 2"‘t. We have 22'” E —1 (mod pi), thus

-1 E 22"""1‘ E 2(P‘_1)t E 1 (mod 1);)

(the last congruence being derived from Fermat’s little theorem). Thus p,- = 2,
which is clearly impossible.

We continue with a very nice and diflicult problem, in which the idea of 100-
king at the exponents is really helpful. It seems to have appeared for the first
time in AMM, but over the last few years, it has been proposed in various
national and international contests.

» Prove that for any integers a1, a2, . . . ,an the number

H ;_,.
15i<j5n

is an integer.

[Armond E. Spencer] AMM E 2637

Solution. We consider a prime number p and prove that for each [C 2 1, there
are more numbers divisible by pk in the sequence of differences (a,- —aj)15i<j3n
than in the sequence (i — j)1s,~<j3n. Because

”p H (“i—01) =2Npk H (ai-aj) ,
lgi<jgn k2] lgi<jsn

where Npk ({(i, j)|1 S i < j 5 n}) is the number of terms in the sequence A
that are multiples of a: and

”P H (1—3.) =ZNpk H (t—j) ,
131(a 1921 ISi<a
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the problem will be solved if we prove our claim. Fix It 2 1 and suppose that
there are exactly bi indices j 6 {1,2, . . . ,n} such that a,- E i (mod pk), for
each ’4' E {0,1,...,p’c — 1}. Then

1Si<a i=0N’”( H («hr—a» 55(13)-
Let us see what happens for ai = i. If i = 0, then the number of 1 S j S n
for which j = 0 (mod 11") is [#J‘ Hi > 0 then any 1 S j S n for which

j = 2' (mod pk) has the form 'rpk +i for some 0 S r S |_%J. Thus we find

1 + [jg-1 indices in this case. Hence

By changing j = 12’“ — 1 in (3.1), we infer that

Pk-l 1:1
Npk( H (i—j)) = Z ([172 J)

1Si<a 3':

so it suffices to prove that
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pk—l
Now, observe that we need to find the minimum ofP: (2 ) when 9:1 :51: n

i=0 i=0
(it is clear from the definition of b,- that

k—l pk—l .W:m
from the definition of b,). For this, let us suppose that :co 3 :21 S 272 S

- - S mpk_1 is the pk-tuple for which the minimum is reached (such a pk-tuple
pk—l

exists since the equation 2 1:,- = n has a finite number of solutions). If
i=0

$1,164 > :60 + 1, then we consider the n—tuple (x0 + 1, x1, . . . ,$pk_2, $pk_1 — 1),
where the sum of components is n, but for which(cl)+(:1>+---+(we—.14)<(:0)+<:1)+---+<%;—2>+6124)-
The last inequality is true, since it is equivalent to :5l > 9:0 + 1. But this
contradicts the minimality of (zo,1:1,.. . ,.’L‘2, . . . ,wpk_1). So, wPLl 3 3:0 + 1,
and from here it follows that 11:,- E {xo,xo + 1} for all i 6 {0,1,2,. . .,pk — 1}.
Hence there is aj E {0,1,2,...,p’° — 1} such that 2:0 = x1 = = my and
92,41 = xj+2 = = pk_1 = x0 + 1. Because the variables 9:? add up to n,
we must have

(j+1)xo+(p"—j—1)(zo+1) =n
thus pk(:1:o + 1)—— n + j + 1. Therefore Zf_01(b2‘)2 (j + 1)($2°) + (pk —
j — 1)(z°;1). Finally, observe that for all 0 < z‘ < pk — 1 we have [$151] =
:00 + 1 + [Elf—J , and this is equal to 1:0 + 1 ifz' 2 j + 1 and to 2:0 otherwise.
Therefore

in" — 1
2(1?J)=<j+1)(”;°)+(pk—‘—1)(””°2+1).
i=0
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The next exercise is particularly difficult, but the ideas used in its solution are
extremely useful when solving some other problems.

Let a and b be two distinct positive rational numbers such that
for infinitely many integers n, a" — b" is an integer. Prove that
a and b are also integers.

[Gabriel Dospinescu] Mathlinks Contest

Solution. Let us start by writing a. = f, b = E, where x,y,z are distinct
positive integers with no common factor, and a: gé y. We are given that
z”|:1;" — y" for all positive integers n in an infinite set M. Assume that z > 1
and take p a prime divisor of 2. If p does not divide m, it follows that it cannot
divide y. Now, we have two cases:
i) If p = 2, then let n be such that 2"|m" — y”. Write n = 2”"jn, where j" is
odd. From the identity

x2unjn _ y2flnjn = ($jn __ yjn)(xjn +yjn) . . . (m2un-1jn +y2un-1jn)

it follows that

un—l

w" — y") = mm" — yin) + 23 mm + 2/2“”).
Ic=0

But :L‘jn—l +xjn‘2y+- - -+xyj"_2+yj"‘1 is clearly odd (since jn, z, y are odd),
hence . .

122(95’" - y’") = v2($ - 3/)-
Similarly, we can prove that

v2(97j" + yj") = 11205 + 3/)-
Because k. k-

132 3" + y2 3" E 2 (mod 4),
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for k > 0, we finally deduce that

2“"jn S v2(:1:" — y") S v2(a: + y) + v2(:1: — y) + u1, — 1 (3.2)

Consequently, (2% )n6M is bounded, a simple reason being the inequality 2"" S
v2(.v + y) + v2(a: — y) + un — 1. Hence (un)neM takes only a finite number of
values, and from (3.2) it follows that (jn).neM also takes a finite number of
values, that is M is finite, a contradiction.
ii) Suppose that p is odd and let d be the least positive integer k: such that
plmk — y". Then for any n in M we have p|x" - y". Let x = tn, 3; = tv, where
(u, v) = 1. Clearly, tuv is not a multiple of p. It follows that

p l (ud __ ,vd,un _ vn) = u(n,d) _ v(n,d) l m(n,d) _ y(n,d)

and by the choice of d, we must have dln. Therefore any element of M is a
multiple of d. Take now n in M and write it in the form n = md, for some
positive integer m. Let A = 3" and B = yd. Then

p’"!p”|w”—y"=Am—Bm,
and this happens for infinitely many m. Moreover, p|A — B. Let R be the
infinite set of those m. We will prove now a very useful result in this type of
problems:

Theorem 3.1. Let p be an odd prime and let A,B be positive integers, not
divisible by p and such that pIA — B. Then for all positive integers n we have

vp(A" - B") = vp(n) + vp(A — B).

Proof. The proof of this theorem is natural, even though it is quite long and
technical. Indeed, let us write n = p’c - l with gcd(l, p) = 1. We will prove the
result by induction on k. First, suppose that k = 0. Observe that vp(A” —
B”) = vp(A -— B) if and only if p does not divide A"—1 + An‘2B + +
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AB"‘2 + Bn'l. If the latter does not hold, because A = B (mod p), we infer
that plnAn‘1 and this cannot hold because k = 0 and gcd(A, p) = 1. Suppose
now that the result holds for k and take n = pk+1l with gcd(l,p) = 1. Then,
if m = pkl we can apply the inductive hypothesis and write:

vp(A" — B") = vp(A"”p — 37"?) = vp(Am — Bm)+

vp(Am(P_1) + Ain(P-2)Bm + . . . + AmBm(P-2) + Bm(P-1))

= vp(A _ B) + k + vp(Am(P—1) + Amtv-2)Bm + . .. + AmBm(P-2) + Brn(p-1))_

So, we need to prove that

vp(Am(P-1) + AMP-”3'" + - - - + NEW-2) + BW-D) = 1.

But this is not diflicult. First, note that if we put Am = a,Bm = b, it is
enough to prove that if vp(a) = vp(b) = vp(a — b) — 1 = 0, then

vp(ap‘1 + aP‘2b + - - - + ab"—2 + H“) = 1.

Now, write b = a + pc for some integer c and observe that using the binomial
formula we can write

(LP—1 + (LP—2b + - - - + ab?” + bl"—1 = a”_1 + ap‘2(a +pc) + (LP—3012 + 2apc)+

---+ (12011”-3 + (p — 3)ap’ pc) + (1((11D‘2 + (p — 2)ap'3pc) + ap‘l + (p — Hap—2pc

2 . 1:;1
2

which proves the inductive step and finishes the proof of the theorem.

= pap—1 + cap—2p = pap—1 (mod p2),

El

Let us come back to our problem. Using the theorem, we deduce that for
infinitely many m we have

m S vp(Am — B”) = 'Up(A — B) + vp(m) g vp(A — B) + |_logp m] ,
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which is clearly impossible. Hence plm and ply, in contradiction with the fact
that w, y, z are relatively prime. This shows that z = 1 and a, b are integers.

If you thought this is the last challenge on this chapter, you are wrong! The
following problems can be called The Erdos Corner. They were especially kept
for the end of the chapter, because of their beauty and difliculty.

a) Prove that for any positive integer 71. there exist positive
integers a1 < 0.2 < - -- < an such that (1) — ajlai for all i g j.
b) Prove that there exists a positive constant c such that for
any n and any sequence a1 < (12 < < an which satisfies
the conditions of a), a1 > no".

[Paul Erd6s ] Miklos Schweitzer Competition

Solution. If a) is not so difficult, b) needs culture and ingenuity. The proof
of a) is of course by induction on n. For n = 1 it is enough to take (11 =
1. Suppose that (11 < a2 < < an is a good sequence and let us take
b_ = a1a2-uan. The sequence b,b + a1,b + a2,...,b + an is also good and
shows how the inductive step works. Now, let us discuss b). Take any prime
number p S n and observe that if a, E aj (mod p) then a,- E aj E 0 (mod p).
Therefore at most p — 1 among the numbers a1, a2, ..., an are not multiples of
p. Consider the multiples of p among (11, a2, ..., an and divide them by p. We
obtain another good sequence, and the previous argument shows that this new
sequence has at most p — 1 terms not divisible by p. Repeating this argument
yields

vp<a1a2---an>2(n—(p—1»+(n—2(p—1»+---+(n— lp—f—lj (20—1)).
A small computation shows that if p S x/fl, then the last quantity exceeds g—Z.

pSW—I

n2

Therefore alaz...an > H p5. But it is clear that (11 2 an - a1, so

a "aan-an2\/12 n
0412? 2 a
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which shows that
11.: E21 p

a1>§ e 39<\/_

So, all we need now is to prove that there exists a constant c > 0 such that
21,1—2 > c- lnn. Actually, we will prove more, that
p<np

2: 1—12 = lnn + 0(1).
1151» p

The tool will be again the factorization of n!. Indeed, this gives the identity

= Z: vp(n!) -1np.
10

On the one hand, using Stirling’s formula n! z (%)”\/27rn, we deduce that
ln(n!) = n(ln'n -— 1) + 0(lnn). On the other hand, % — 1 S vp(n!) < p—_—1
Therefore

WZL2p+n -Zp(p—p1)>211p(n!--)lnp>n Eli—la.
p<n p<np p<n p<n

(3 3)

_ ln . . ln _Because the senes g 1717915 1s clearly convergent, 1t follows that mpg" p(p_1 —

0(n).

And now, we will prove the following result also due to Erd6s: H p S 4”—1 if
<

n > 1. The proof of this theorem 1s magnificent. We use induct’ioTrl. For small
values of n it is clear. Now, assume the inequality true for all values smaller
than n and let us prove that H p 3 412—1. If n is even, we have nothing to

12371
prove, since H p = H p S 4’"2 < 4"'1.

psn pSn-l
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Now, assume that n = 2k + 1 and consider the binomial coefficient

(2k+1) = (k+2)...(2k+1)
k k! '

An application of the identity 22’”1 = 21.20 (2":1) shows that (2"):1) S 4".
Thus, using the inductive hypothesis, we find

Hpsflp- H ps4’°-4’“=4"—1.
pS‘n pSk+1 k+2SpS2k+1

This result shows that In H p = 0(n), so using the previous estimations we
1191

can write
2 111—1, = lnn + 0(1).
17511

Here is a refinement and proof of the famous Bertrand’s postulate, asserting
that between 17. and 2n there is always a prime number if n > 1. Actually,
the result proved in the next example shows that much more is true for suf-
ficiently large 'n, and also gives an effectively computable constant c < 10000
for the proof of Bertrand’s postulate. Simple computations allow after that a
complete proof of this result. However, we prefer the more quantitative result
below:

For any 6 > 0 there exists an no such that for all n > no there
are at least (g — 6) E2775 primes between n and Zn.

[Paul Erdos

Solution. A very good way of obtaining interesting bounds for the counting
functions of prime numbers is to study the powers that divide the binomial
coefficient (2:) Why is this number so special? First of all, because it is
quite easy to evaluate it asymptotically. One can easily prove, for instance
using Stirling’s formula that (2:) z 7%}. There are, however, much more
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elementary estimations. For example, using the fact that (2:) is the largest
binomial coefficient and that the sum of these binomial coefficients is 4'”, we
easily infer the inequality (2n) 2 23—1—1, which is more than enough for our
modest purposes. Now, another important fact about this binomial coefficient
is that the prime powers dividing it do not have large exponents. Indeed,

vp((2:))=;(l:—ZJ-2lp%l)svow
which shows that the largest power of p dividing (it’1') does not exceed 2n.
This implies that the exponent of any prime p > x/2—rl'is at most 1. But the
remarkable observation that Erd6s had is that actually this special binomial
coefficient is not a multiple of any prime between 2—" and n, as you can im-
mediately establish using the fact that vp((2:)) = 2 ([%EJ — 2 lfij)‘ So,

k_>_1
using all these observations, we infer that

2n4:1-(2:S) H2" H p'Hp'
pS\/2n «271.35%- n<ps2n

Using the result proved in the solution of the previous example, we deduce
that H p_< 4T_1. Also, it is clear that H 2n 3 (WW/fl“, so if

\/2_n.<_pS-3-2" 1051/27:
f(n) is the number of primes between n and Zn, then

411

2n+1_<<2n>1+m 424-1 (we.
By taking logarithms, we finally deduce that

2gn—Ofi/fi-lnn)
f(n) 2 log2 n

from which the conclusion follows immediately.

But the most subtle and difficult problem of this chapter (and probably of
the whole book) is the following fascinating result, conjectured by Palfy and
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proved by Erd6s using Sylvester’s theorem on prime divisors of consecutive
numbers. The following marvelous solution by M. Szegedi was taken from the
note “a (mod p) S b (mod p) for all primes p implies a = b”, published in
the second issue of the American Mathematical Monthly, 1987:

Let a, b be positive integers such that for all prime numbers
1), a (mod p) S b (mod p). Then a = b.

[Erd65, Palfy] Miklos Schweitzer Competition 1984

Solution. This solution will not be short, but it has the merit of being com-
pletely elementary. It follows from a very subtle analysis of the prime powers
dividing (Z) (for it is clear that by taking a prime p > a + b we obtain a S b).
Hence suppose that a < b. Observe that if g < a then by letting c = b — a
we have 0 < c < % and also c (mod p) = b (mod p) — a (mod p) _<_ b (mod p)
(because 0 S b (mod p) — a (mod p) < p). Therefore it is enough to prove
that the case 0 < a s g is impossible. Let (2) = % where A = a! and
B = b(b— 1) - - - (b—a+ 1). Also, let A(pk) and B(pk) be the number of factors
of A and B respectively, that are multiples of 10’“. It is clear that A(p") = [#J
and b b

B(P’“) = til - l M -
Then, by using the fact that 0 5 [z + y] — [w] — Ly] g 1 for all real numbers
(5,1,1, we infer that B(pk) — A(p'“) is 0 or 1. Now, the crucial observation
is that A(p) Z B(p). Indeed, the first multiple of p that appears in the
product a - (a — 1) - - - 2 - 1 is a — a (mod p), while the first multiple of p in
b-(b—1)---(b—a+2)-(b—a+1) is b—b (modp). Using this remark and
the fact that the sequences 1,2,...,a and b- a+ 1,b—a+2,...,b have the
same length, we infer that A(p) 2 B(p). But, as we have already seen, this
implies A(p) = B(p) Therefore if p > a then surely A(p) = 0, so B(p) = 0
and so A(p’“) = B(pk) = 0 for all positive integers k and all p > a. Therefore

A = HpA(P)+A(P2)+-u and B = HpB(p)+B(p2)+m,

95a
1330.
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SO

b _ B _ I I B(p —A(p +B(p2 _A(p2 +...
a

psa

There is another crucial observation to be made: if m(p) is the largest k such
that B(pk) is not zero, then using the fact that A(p) = B(p) we obtain

m(p)

13(1)) - A(P) + 3002) - A(P2) + - -- = Z 03(1)")~ AW»,
j=2

B(P)—A(P)+B(P2)—A(P2)+"'Sm(P)—1
(recall that we have established the inequality B(p’°) — A(pk) S 1). Therefore
(3) is a divisor of H pm@)“1 and so

pSa

(b—a+1)-(b—a+2)---b
H pm(P)

pSa

is a divisor of fil—p. However, the last divisibility cannot hold for b 2 2a.
991

Indeed, it is clear that

a! _ (b—a+1)-(b—a+2)---b<0,“ 1r(a.)< ,

HP_ 11m
P56 pSa

because after cancellations are made in

(b—a+1)-(b—a+2)---b
H pm(P) ’

psa

we obtain a. —- 1r(a) factors all equal to at least b — a + 1 > a, a contradiction.
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3.2

1.

. Let a, b, c be positive integers such that c | (LG — be. Prove that c |

Practice problems

Prove the identity

lcm(a, b, c)2 _ gcd(a, b, c)2
lcm(a., b) -lcm(b,c) -lcm(c,a) _ gcd(a, b) - gcd(b,c) -gcd(c, a)

for all positive integers a, b, c.

USAMO 1972

Let a1, a2, . . . , 04,, b1, b2, . . . , bk be positive integers such that gcd(a,,:, bi) =
1 for all i 6 {1,2, . . .,k}. Let m = lcm(b1,b2, . . .,bk). Prove that

(11m (12m akm __
d( b1 , b2 ,..., bk )—gcd(a1,a2,...,ak).

IMO 1974 Shortlist

. Prove that if n is a positive integer and a and b are integers, then n!
divides a(a + b)(a + 2b) - - - (a + (n —— 1)b)b"‘1.

IMO 1985 Shortlist

_bc
...b '

ac

a,

I. Niven, AMM E 564

. Prove that for all integers a, b with b aé 0 there is a positive integer n
such that 12201!) = a (mod b).

Komal ‘
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10.

11.

. Prove that for any positive integer n,

(n+1) lcm((3),(711),..,<::)) =lcm(1,2,...,n+1).

Peter L. Montgomery, AMM E 2686

Let m be an integer greater than 1. Suppose that a positive integer n
satisfies n | am — 1 for all integers a relatively prime to n. Prove that
n S 4m(2m — 1). Find all cases of equality.

Gabriel Dospinescu, Marian Andronache, Romanian TST 2004

. Let n be a positive integer and let a > b > 1 be integers such that b is
odd and b" I a" — 1. Prove that (1" > %.

Chinese TST 2009

. Find all primes p and all positive integers n such that n39"1 | (p— 1)“ + 1.

After IMO 1999

Let a be a positive integer. Prove that the set of prime divisors of 22" +a
for n = 1,2, . .. is infinite.

Iranian TST 2009

Let p > 7 be a prime. Prove that p4 divides the numerator of the fraction

12—1 17—1

2 - Z i + p - Z 1%
k=1 k=1

when written in lowest terms.

Gabriel Dospinescu
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12.

13.

14.

15.

16.

17.

Let p1,p2,...,pk be distinct prime numbers and let S be the set of
numbers all of whose prime factors are among 131,132, . . . ,pk. If A is a
finite set of integers, let G(A) be the graph whose set of vertices is A,
two vertices a, b E A being connected if a —— b e S. Is it true that for any
m 2 3 we can find A with m elements such that

(a) G(A) is complete.
(b) G(A) is connected and all vertices have degree at most 2?

Miklos Schweitzer Competition 2009

2007 _ 2007 = x!Solve in positive integers a: — y!.y

Romanian TST 2007

Prove that for all positive integers n different from 3 and 5, n! is divisible
by the number of its positive divisors.

Paul Erd6s, Miklos Schweitzer Competition

Find all positive integers a, b, c such that (2“ — 1)(3b — 1) = cl.

Gabriel Dospinescu, Mathematical Reflections

bLet a be a fixed positive integer. Prove that the equation n! = a — ac
has a finite number of solutions (n, b, c) in positive integers.

Chinese TST 2004

Let m > n ‘1 be positive integers such that m + 1,m + 2,. . .,m + n
are composite numbers. Prove that we can find pairwise distinct prime
numbers p1, p2, . . . ,pn such that pi divides m +z’ for all 1 S i S n.

Tuymaada Olympiad 2004
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18.

19.

20.

21.

22.

Find all positive integers n with the following property: there exist na-
tural numbers b1,b2, . . .,bn, not all equal and such that the number
(b1 + k)(b2 + k) - - - (bn + k) is a power of an integer for each natural
number k. Here, a power means a number of the form any with x, y > 1.

Russia 2008

Let (an)n21 be a sequence of positive integers such that gcd(am, an) =
agod(m,n) for all positive integers m, n. Prove that there exists a unique
sequence of positive integers (5101121 such that an = H bd.

d|n

Marcel Terra, Romanian TST

Let n 2 2 and let a1,a2, . . .,an be positive integers, not all of them
equal. Prove that there are infinitely many prime numbers p with the
property: there exists a positive integer k such that

plalf+aI2c+---+a§

Iran2004

Let n, k be positive integers such that n > 9". Prove that (2) has at
least k distinct prime factors.

Paul Erd6s, Miklos Schweitzer Competition

Let f(n) be the maximum size of a subset A of {1,2, . . . ,n} which does
not contain two elements 2', j such that i | 23‘. Prove that there exists a
constant C > 0 such that for all n we have

f(n) — :13 S Clnn.

Paul Erd6s, AMM E 3403
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23.

24.

25.

26.

27.

Prove that lim mn = 00, where (3,, is the exponent of 2 in the numerator
11. oo ‘

22 2“
of g + 3 + - - - + 7. Moreover, prove that 9:21. 2 2n — n + 1.

Adapted from a Kvant problem

Find the exponent of 2 in the prime factorization of the number

2n+l 211.

211. _ 211—1 '

J. Desmong, W.R.Hastings, AMM E 2640

Let any be relatively prime positive integers. Prove that for infinitely
many primes p, the exponent of p in sup—1 — yp’l is odd.

Barry Powell, AMM E 2948

Let p be a prime and let n > s + 1 be pOsitive integers. Prove that pd
divides

Z (—1)'°k‘ (Z)
plkfisksn

where d = [flzjf—IIJ.

Gabriel Dospinescu, Mathematical Reflections

Prove that for any c > 0 there are infinitely many n such that the largest
prime divisor of n2 + 1 is greater than cn.

Chebyshev, Nagell
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28. (a) Let p be a prime and let a0, a1, . . . be integers such that

n n
2?,“ (k) “k = 0k=0

for infinitely many positive integers n. Prove that an = 0 for all n.

(b) A sequence (an)n of integers satisfies

an+d = $1an+d—1 + $2an+d—2 + ' - ' + mdan

for all n 2 0, Where d 2 1 and 9:1, 1:2, . . . , and are integers. Prove that
there exists a finite set S and integers 01,02, . . . ,cN,d1,d2, . . . , dN
such that

{nZOIGn=0}=SU(C1+d1N)U---U(CN+dNN).

Skolem-Mahler-Lech theorem
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4.1 Theory and examples

The study of the properties of prime numbers is very well-developed, yet many
old conjectures and open questions are still waiting to be solved. In this
chapter, we present properties of some classes of primes and also of some
classical results related to representations as sum of two squares. At the
end of the unit, we will discuss, as usual, some nonstandard and surprising
problems. Because we will use some facts several times, we prefer to fix some
notations before discussing the problems. So, we will consider the sets P1 and
P3 of all prime numbers of the form 4k + 1 and 419 + 3, respectively. Also, Q2
will be the set of all numbers that can be written as the sum of two perfect
squares. Our purpose is to present some classical results related to P1, P3, Q2.
The most spectacular property of the set P1 is the fact that any of its elements
is the sum of the squares of two positive integers. This is not a trivial property
and we will present a beautiful proof of it next.

-_ Prove that P1 is a subset of Q2.

[Fermat]

Solution. We need to prove that any prime number of the form 41:: + 1 is the
sum of two squares. We will use a very nice result:

Theorem 4.1 (Thue). If n is a positive integer and a. is relatively prime to
n, then there exist integers 0 < 11:,y S W such that am E :by (mod n) for a
suitable choice of the signs + or —.

Proof. The proof is simple, but the theorem itself is a diamond. Indeed, let
us consider all the values ma — y, with 0 S 50,3; 3 |_\/nj. So, we have a. list of
(LWJ + 1)2 > n numbers and it follows that two numbers among them give
the same remainder when divided by n, let them be an — yl and am — yg. It
is not difficult to see that we may assume that 5131 > 9:2 (we certainly cannot
have $1 = :32 or y1 = yg). If we take a: = 3:1 — m2 and y = |y1 — y2|, all the
conditions will be satisfied, so the theorem is proved. E]
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We will use now Wilson’s theorem to find an integer n such that pln2 + 1.
Indeed, let us write p = 4k + 1 and observe that we can take 17. = (2k)!. Why?
Because from Wilson’s theorem we have

—lE(p—1)!El-2-...-(1%)-(p—p—;—l)-...-(p—1)

a (—1)? ((1%) !)2 a «21:»? (mod p)
and the claim is proved. Now, since pln2 + 1, it is clear that p and n are relati—
vely prime. Hence we can apply in order to find positive integers 0 < z, y < J13
(sincefl ¢ Q) such that p|n2$2 — y2. Because pln2 + 1, we find that plan2 +312
and because 0 < 9:, y < fl, we conclude that we have in fact p = $2 +y2. The
theorem is proved.

It is time now to study some properties of the set P3. Because they are easier,
we will discuss them in a single example.

Let p 6 P3 and suppose that a: and y are integers such that
plct:2 + yz. Show that p|gcd(:1:, y). Consequently, any number
of the form n2 + 1 has only prime factors that belong to P1 or
are equal to 2. Conclude that P1 is infinite and then that P3
is infinite.

Solution. Let us focus on the first question. Suppose that plgcd(w,y) is not
true. Then, it is obvious that my is not a multiple of p. Because pla:2 + 312,
we can write 2:2 E —y2 (mod p). Combining this with the observation that
gcd(a;,p) = gcd(y,p) = 1 and with Fermat’s little theorem, we find that 1 E
$P_1 E GIVE—1311"1 E (—1)2k"'1 E —1 (mod p) (for p = 4k + 3), which is
impossible. This settles the first question. The second one follows clearly
from the first one. Now, it remains to prove the third assertion. Proving that
P3 is infinite is almost identical with the proof that there are infinitely many
primes. Indeed, suppose that p1, p2, . . . , 1),, are all the elements of P3 greater
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than 3 and consider the odd number N = 4111112 . . . pn + 3. Because N E 3
(mod 4), N must have a prime factor that belongs to P3. But since p,- is not
a divisor of N for any i = 1, 2, ..., n, the contradiction is reached and thus P3
is infinite. In the same manner we can prove that P1 is infinite, but this time
we must use the second question. Indeed, we consider this time the number
M = (q1q2 . . . qm)2 + 1, where q1,q2, . . . ,qm are the elements of P1 and then
simply apply the result from the second question. The conclusion is clear.
It is not diificult now to characterize the elements of the set Q2. A number is a
sum of two squares if and only if any of its prime factors that also belongs to P3
appears at an even exponent in the decomposition of that number. The proof
is just a consequence of the first example and we will not insist on anything
more.

Having presented some basic results that we will further use in this unit, it
is time to see some applications that these two examples have. As a simple
consequence of the first example, we consider the following problem, which
is certainly easy for someone who knows Fermat’s theorem regarding the ele-
ments of P1 and difficult enough otherwise.

3 Find the number of integers :0 E {—1997, . . . , 1997} for which
mm:2 + (:1: + 1)2.

India 1998

Solution. We know that any quadratic congruence reduces to the congruence
:62 E a (mod p). So, let us proceed and reduce the given congruence to this
special form. This is not difficult, since 5!:2+(:1I:+1)2 E 0 (mod 1997) is equiva-
lent to 2:1:2 + 21: + 1 E 0 (mod 1997), which in turn becomes (2:1: + 1)2 + 1 E 0
(mod 1997). Because 1997 6 P1, the congruence n2 E —1 (mod 1997) has
at least one solution. More precisely, there are exactly two solutions that
belong to {1,2, . . . , 1996}, because if no is a solution, then so is 1997 —- no
and it is clear that this equation has at most two noncongruent solutions
mod 1997. Because gcd(2,1997) = 1, the function in H 210 + 1 is a permu-
tation of Z/1997Z, and so the initial congruence has exactly two solutions
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with an 6 {1,2, . . . , 1996}. In a similar way, we find that there are exactly two
solutions with z e {—1997, —1996, . . . , —1}. Therefore there are exactly four
numbers :1: e {—1997, . . . , 1997} such that 1997la:2 + (a: + 1)2.

We continue with a much trickier problem, proposed by Romania for the 1996
IMO. Even though it uses only the elementary facts about P3 proved before,
this problem is fairly difficult:

Let N0 denote the set of nonnegative integers. Is there a bijec-
tive function f : No ——) No such that for all nonnegative integers
m,n we have f(3mn + m + n) = 4f(m)f(n) + f(m) + f(n)?

IMO 1996 Shortlist

Solution. The first step is to notice that one can change the given relation
into f((3m+1)(3n+1)—1)_ (4f(m)+1)(4f(n)+1)-1

3 — 4 .
This has the advantage that after introducing the function g : 3 - N0 + 1 —>
4 - N0 + 1, g(n) = 4f (”T-1) + 1, it becomes g(mn) = g(m)g(n), which is much
easier than the initial relation. Because one can easily reconstruct f from g
by f(n) = W, the question becomes: is there a bijective multiplicative
function 9 between 3-No + 1 and 4-No+ 1, that is are the monoids 3-No+ 1 and
4 - N0 + 1 isomorphic? Let us introduce the analogous sets T1,T2 of positive
primes of the form 3k + 1 and 316 + 2. In the same way as we proved that
P1,P3 are infinite, you can prove that T1,T2 are infinite. Because they are
clearly countable, there exists a bijection between P1 and T1 and a bijection
between P3 and T2. This gives us a bijection 11) between P1 U P3 and T1 U T2
which maps P1 onto T1 and P3 onto T2 bijectively. Now, it is not difficult to
construct an isomorphism 9: define 9(1) = 1 and if n > 1 is in 3 ' N0 + 1 write
n = 121122 - ~ - pk for some prime numbers p, 6 T1 U T2, not necessarily distinct
and define g(n) = 1/J(p1) - Mp2) - - -1/J(pk). We need to verify that g is well-
defined, multiplicative and bijective. First of all, note that there is an even
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number of elements of T2 among p1, p2, ..., pk. Then there is an even number of
elements of P3 among 112(1),) and thus g(n) E 4 ~ N0 + 1. Thus 9 is well-defined.
Clearly g is multiplicative (by the definition itself) and, using the properties
of 1,0 it is immediate to verify that g is also bijective. This proves the existence
of a function f with the desired properties.

From a previous observation, we know that the condition that a number is a
sum of two squares is quite restrictive. This suggests that the set Q2 is rather
sparse. This conclusion can be translated into the following nice problem.

Prove that Q2 does not have bounded gaps, that is there are ar-
bitrarily long sequences of consecutive integers, none of which
can be written as the sum of two perfect squares.

AMM

Solution. The statement of the problem suggests using the Chinese Remain-
der Theorem, but here the main idea is to use the complete characteriza-
tion of the set Q2 we have just discussed: Q2 = {n E Z| if pln and p 6
P3, then vp(n) e 2%}. We know what we have to do. We will take long
sequences of consecutive integers, each of them having a prime factor that
belongs to P3 and has exponent 1. More precisely, we take different elements
of P3, let them be p1,p2, . . . ,p,, (we can take as many as we need, since P3 is
infinite) and then we look for a solution to the system of congruences

:L‘Epl—l (modp?
mam—2 (modpg)

2: Epn — n (mod 12%)
The existence of such a solution follows from the Chinese Remainder Theorem.
Thus, the numbers :0 + 1, a: + 2,. . . ,x + n cannot be written as the sum of two
perfect squares, since piIa: +1, but 1)? does not divide a: +1. Because n is as
large as we want, the conclusion follows.
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The Diophantine equation 1:(m+ 1)(w+2) ~ - ~ (m+n) = yk has been extensively
studied by many mathematicians and great results have been obtained by
Erdos and Selfridge. But these results are very diflicult to prove and we prefer
to present a related problem, with a nice flavor of elementary mathematics.

For any p in P3, prove that no set of p — 1 consecutive positive
integers can be partitioned into two subsets, each having the
same product of the elements.

Solution. Let us suppose that the positive integers a: + 1, a: + 2, . . . ,1: + p — 1
have been partitioned into two classes X, Y, each of them having the same
product of the elements. If at least one of the p — 1 numbers is a multiple of p,
then there must be another one divisible by p (since in this case both products
of elements from X and Y must be multiples of p), which is clearly impossible.
Thus, none of these numbers is a multiple of p, which means that the set of
the remainders of these numbers when divided by p is exactly 1,2,. . . , p — 1.
Also, from the hypothesis it follows that there exists a positive integer n such
that

(sc+1)(x+2)---(a:+p—1)=n2.
Hence n2 E 1 - 2 - - - (p — 1) E —1 (mod p), the last congruence following from
Wilson’s theorem. But from the second example we know that the congruence
n2 E —1 (mod p) is impossible for p 6 P3 and this is the needed contradiction.

The results in the second example are useful tools in solving nonstandard Dio—
phantine equations. You can see this in the following two examples.

‘ Prove that the equation x4 = 3/2 + 22 + 4 does not have integer
solutions.

[Reid Barton] Rookie Contest 1999

Solution. Practically, we have to show that m4 — 4 does not belong to Q2.
Hence we need to find an element of P3 that has an odd exponent in the prime
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factorization of m4 — 4. The first case is when a: is odd. Using the factorization
x4 — 4 = ($2 — 2)(az:2 + 2) and the observation that :52 + 2 E 3 (mod 4), we
deduce that there exists p 6 P3 such that vp(:c2 +2) is odd. But since p cannot
divide x2 — 2 (otherwise plx2 +2 — (932 — 2), which is not the case), we conclude
that vp(a:4 — 4) is odd, and so 9:4 — 4 does not belong to Q2. We have thus
shown that in any solution of the equation, :1: is even, let us say :1: = 2k. Then,
we must also have 4164 — 1 6 Q2, which is clearly impossible since 4164 — 1 E 3
(mod 4) and thus 41:4 — 1 has a prime factor that belongs to P3 and has odd
exponent. Moreover, it is worth noting that the equation x2 + 3/2 = 4k + 3 can
be solved directly, by working modulo 4.

The following problem is much more difficult, but the basic idea is the same.
Yet the details are not so obvious and, most importantly, it is not clear how
to begin.

' Let p 6 P3 and suppose that :c,y,z,t are integers such that
$2? + 112” + 221” = tzp. Prove that at least one of the numbers
a1,y, z,t is a multiple of p.

[Barry Powel] AMM

Solution. Without loss of generality, we may assume that :I:, y, z, t are relati—
vely prime. Next, we prove that t is odd. Supposing the contrary, we obtain
:32? + :92? + 221’ E 0 (mod 4). Because a2 (mod 4) 6 {0,1}, the latter implies
that w,y,z are even, contradicting the assumption that gcd(w,y,z,t) = 1.
Hence t is odd. This implies that at least one of the numbers :3, y, z is odd.
Suppose that z is odd. We write the equation in the form

t29 — 221’$2? + y2P = t2 — 22 (t2 _ 22)

and look for a prime q 6 P3 with an odd exponent in the decomposition of a
factor that appears in the right-hand side. The best candidate for this factor
seems to be

t2? — 22"
W = (t2)p-1 + (t2)p-2z2 + . . . + (z2)p—1,
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which is congruent to 3 (mod 4). This follows from the hypothesis p 6 P3
and the fact that a2 E 1 (mod? 4) for any odd number a. Hence there is a

t2? — Z29 J
t2 _ 22 j

that vq(a:21’ + 3/2?) is even and so v.1(t2 — 22) is odd. In particular, q|t2 — z
and, because I

is odd. Because 932" + y2p 6 Q2, it follows
2

q 6 P3 such that 04

ql(t2)p—1 + (t2)p—222 + . _ . + (22)p—1,

we deduce that qlpt2(1"1). If q '9é p, then qlt, hence q|z and also q|x2p + yzp.
Because q 6 P3, we infer that q|gcd(:1:, y, z, t) = 1, which is clearly impossible.
Therefore q = p and so p|sc2p + '92”. Because p 6 P3, we find that pla: and ply.
The conclusion follows.

The previous results are used in the solution of the following problem. Even
if the problem is formulated as a functional equation, we will immediately see
that it is pure number theory mixed with some simple algebraic manipulations.

Find the least nonnegative integer n for which there exists a
nonconstant function f : Z —> [0, 00) with the following pro-
perties:

3) f (90?!) = f(96”(y);
b) 2f(:1:2 +y2) — f(:L') — f(y) E {0,1,...,n} for all x,y E Z.
For this n, find all functions with the above properties.

[Gabriel Dospinescu] Crux Mathematicorum

Solution. First of all, we will prove that for n = 1 there are functions which
satisfy a) and b). For any p 6 P3 define:

. _ 0, if plxfp . Z —> Z, fp($) _ { 1, otherwise

Using the properties of P1 and P3, you can easily verify that fp satisfies the
conditions of the problem. Hence j"p is a solution for all p 6 P3.
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We will prove now that if f is nonconstant and satisfies the conditions in the
problem, then n > 0. Suppose not. Then 2f(x2 +y2) = f(as) + f(y) and hence
2}"(23)2 = 2f(a:2 + 02) = f(z) + f(O). It is clear that we have f(0)2 = f(O).
Because f is nonconstant, we must have f(0) = 0. Consequently, 2f (ac)2 =
f(1:) for every integer :5. But if there exists a: such that f (3:) = %, then
21"(x2)2 aé f(xz), contradiction. Thus, f(m) = 0 for any integer a; and f is
constant, contradiction. So, n = 1 is the least number for which there are
nonconstant functions which satisfy a) and b).
We will now prove that any nonconstant function f which satisfies a) and b)
must be of the form fp: or the function sending all nonzero integers to 1 and
0 to 0. We have already seen that f(0) = 0. Since f(1)2 = f(1) and f is
nonconstant, we must have f(1) = 1. Also,

2m»2 — f(w) = 2m2 + 02) — f(m) — M) 6 {0,1}
for every integer a7. Thus f(m) 6 {0,1}. Because f(—1)2 = f(1) = 1 and
f(—1) E [0, 00), we must have f(——1) = 1 and f(—a:) = f(—1)f(:z:) = f(m)
for any integer a3. Then, since f(xy) = f(as)f (y), it suffices to find f(p) for
any prime p. We prove that there is exactly one prime p for which f(p) =
0. Because f is nonconstant and f is not the function sending all nonzero
integers to 1, there is a prime number p for which f(p) = 0. Suppose there is
another prime q for which f(q) = 0. Then 2f(p2 + (12) E {0, 1}, which means
f(p2 + q2) = 0. Then for any integers a and b we must have:

0 = 2f((12 + bz)f(p2 + «12) = 2f((ap + bq)2 + (aq — bp)2)-
Observe that 0 _<_ f (11:) + f(y) S 2f (.11:2 + yz) for any :1: and y, so we must have
f(ap + bq) = f(aq — bp) = 0. But p and q are relatively prime, so there are
integers a and b such that aq — bp = 1. Then 1 = f(1) = f(aq — bp) = 0,
a contradiction. So, there is exactly one prime p for which f(p) = 0. Let us
suppose that p = 2. Then f(cc) = 0 for any even cc and 2f (m2 + y2) = 0 for
any odd numbers In and y. This implies that f (as) = f(y) = 0 for any odd
numbers :6 and y and thus f is constant, contradiction. Therefore p 6 P1 U P3.
Suppose p 6 P1. According example 1, there are positive integers a and b such
that p = a2 +b2. Then we must have f(a) = f(b) = 0. But max{a, b} > 1 and
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there isa prime number q such that q| max{a, b} and f(q) = 0 (otherwise, we
would have f(max{a, b}) = 1). But it is clear that q < p and thus we have
found two distinct primes p and q such that f(p) = f(q) = 0, which, as we
have already seen, is impossible. Consequently, p 6 P3 and we have f(1:) =
for any as divisible by p and f(z) = 1 for any a: which is not divisible by 1).
Hence, f must be fp and the conclusion follows.

We end this chapter with two beautiful problems concerning properties of
prime numbers of the form 4k + 1 or 4k + 3. We saw that Q2 does not have
bounded gaps. In fact, much more is true. We will show that Q2 has den—
sity zero. Define the density of a set of positive integers P1 as the limit (if it
exists) of the sequence H1222, where P1(:c) is the counting function of the set
P1, that is P1 (:13) = Z 1. Before proving that Q2 has density zero, we

aEP1,a.S_z
want to prove a jewel of mathematics, the first step in analytic number theory:

The sets P1 and P3 have Dirichlet density %, that is

313111; 2;;
pelpP

and similarly for P3.

[Dirichlet]

Solution. Let us consider 3 > 1 and L(s)= "215—1”, , where Mn) = 0 if n

is even and A(n) = (—1)"Tf1 otherwise. It is clear that Mn) - Mm) = A(mn).
Using this, it is not difficult to see that

L(s)=1'[(1+—+’\—2—(p:)+ -)=1'[ 1%,.
p p1—
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Indeed, let us define P(w) = H (1 + ¥§1 + ¥5§2 + - - ). It is a finite product
1232

of absolutely convergent series, so we can write

Pm = 23 A732),
nEP1 (x)

Where P1 (1:) is the set of positive integers having all prime divisors not ex-
ceeding cc. Thus the difference between the sum of the absolutely convergent
series 2"" (1:) 1s just the sum of Mn)

n>1
integers that have at least one prime divisor greater than :3, thus it is certainly
bounded in absolute value by Z #. Because this converges to 0 for a; —> 00,

1121
it follows that P(a:) converges to L(s) for a: —> 00, so we have

L(3)=H(1+Ay_> ;g_:>+...)=nl_+fl
P p‘P

Now, observe that

so we can take logarithms in both sides of (4.1) in order to obtain

/\(P))lnL 3 ~21, 1n 1 — — .
() ( P5

Finally, observe that there exists a constant w such that |—ln(1 —a:) —z| S 0:32
for all 0 S a: S %. Indeed, the function flaw is continuous on [0, %], so
it is bounded. Therefore

lnL(s) - Z Ape
P

1 l

P P
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Now, let us prove that In L(s) is bounded for s —> 1. Indeed, from

<><><>
it follows that for s > 1 we have In L(s) E (In §,0). With exactly the same
arguments (applied this time for the function ¢(n) = 1 for odd n and 1&0») =
for even n and L1(s) = 2121“?» we can prove that

n21

1n(z,—)—z—
n€2N+1np>2

is bounded for s —> 1. However, it is clear that

1 ( 1)z —= 1—— -<(s),
n€2N+1 ns 28

where ((3) = Z # is the famous Riemann’s function. Because ln L(s) is
n>1

bounded, it follows from a previous inequality that 21,522 is also bounded
p>2p

near 1. Finally, we deduce from these observations that

2—25. =00)
P€P1pPEP3p

and

21% +1”: n1(— 21—8)+lnC(s)+0()
PEP1pp€P3p

for s —> 1. A simple integral estimation shows that ln(1—2"’ )+1n C(s) m 1n 5
for s —) 1, which finishes the proof of this beautiful theorem.

Now, let us see why the set Q2 has zero density. The proof of this result will
surely look very complicated. Actually, it is a motivation to give some other
very useful results connected to this problem. First of all, let us start with
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Theorem 4.2. Let P be a set of prime numbers. The set of positive integers
n divisible by some prime p e P has density 1 if H (1 — a = 0.

q

Proof. The proof of this result is quite simple, even though in order to make it
rigorous we need some technical details. It is clear that P is infinite, so let p1 <
p2 < be its elements. Let E be the set of the numbers n divisible by some
prime p E P and let X be the set of positive integers n that are not divisible
by any element of P. Also, let f (ac, y) be the cardinal of the set of those
numbers not exceeding a: and which are relatively prime to H q. Using

qEPASy
the Inclusion-Exclusion Principle and the fact that the number of multiples
of pilpiz...p,-, not exceeding a: differs by at most 1 from W, we deduce

11 t is
that

f(:c,y)=m- H (1—%>+0(2y)
qEP.qSy

(because in the sum appearing in the Inclusion-Exclusion Principle there are
29 terms of the form #101, + 0(1)). Now, by choosing y = ln :1: we deduce
that

pilpi2'---'

f(a:,lna:) 2.1- H (1__ g) +O($ln2)-

qEP,qSln 1:

Because the counting function of X satisfies R(ac) S f(51;,y) for all 23,3; and
because limznoo H (1 — i) = 0, it follows that R(:I:) = 0(z), that is X

qEP,qSln:c
has zero density. It is clear then that E has density 1.

El

Now, using the previous theorem due to Dirichlet, we can easily establish
that a; % = 00. Because ln (1 — i) + i = 0 (315), it easily follows that

p 3
H (1 — 1—1,) = 0. By the previous theorem, it follows that the set of integers

P6193
divisible by at least an element of P3 has density 1. Now, let P3(x) be the
counting function of the set of positive integers that are not divisible by 4 or
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by any element of P3. They are the only integers that are sums of two coprime
squares. Also, we have proved that P3(m) = 0(3)). It is also clear that if Sq(x)
is the counting function of the set of positive integers that are sums of two
squares, then Sq(:1:) S 2 P3 (3%). Now, for N an arbitrary positive integer,

.121
observe that

Z 123%) 3 «5mm
fzSN

because P3 (3%) S P3(N) for these j and the sum has at most fl nonzero
terms. On the other hand,

a: P3(t) :1: P4“)_ < _ . _ < . _E P3 (9,2) _ sup t E 3.2 _ 3:1: sup t
> . >fizN t_ 121 t_N

Everything should be clear now: for e > 0 choose N such that 51113t $531 <
5. Then for :1: > M we have Sq a: _<_ 6.7:, which means that Sq :1: = w.6 e
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4.2

1.

. Find all pairs (:13, y) of positive integers such that the number

Practice problems

Prove that the number 4mn — m — 71. cannot be a perfect square if m
and n are positive integers.

. Let n be a positive integer. Prove that the equation 1:2 + y2 = n has
integer solutions if and only if it has rational solutions.

Euler

. Prove that each prime p of the form 4k + 1 can be represented in exactly
one way as the sum of the squares of two integers, up to the order and
signs of the terms.

Euler

. Prove that the equation 3" = m2 + n2 + 1 has infinitely many solutions
in positive integers.

Saint-Petersburg Olympiad

. Find all pairs (m, n) of positive integers such that

m2—1|3m+(n!—2)m.

Gabriel Dospinescu

1:2+y2

55—9
is

a divisor of 1995.

Bulgaria 1995
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10.

11.

12.

13.

14.

Find all n—tuples (a1, a2, . . . ,an) of positive integers such that

(all — 1)(a,2! — 1) - - - (an! — 1) — 16

is a perfect square.

Gabriel Dospinescu

Prove that there are infinitely many pairs of consecutive numbers, no
two of which have any prime factor of the form 4k + 3.

Prove that the equation 3;2 = 51:5 — 4 has no integer solutions.

Balkan Olympiad 1998

Prove that for no integer n is n7 + 7 a perfect square.

Titu Andreescu, USA TST 2008

Let p > 2 be a prime. Prove that p E: 1 (mod 4) if and only if there
are integers 11:,y such that m2 — py2 = —1.

Find all positive integers n such that the number 2" — 1 has a multiple
of the form m2 + 9.

IMO 1999 Shortlist

It is a long standing conjecture of Erd6s that the equation % = %+ 5 +%
has solutions in positive integers for all positive integers n. Prove that
the set of those n for which this statement is true has density 1.

Let T the set of the positive integers n for which the equation n2 = (12+b2
has solutions in positive integers. Prove that T has density 1.

Moshe Laub, AMM 6583
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15. Let p be a prime number of the form 416 + 1. Prove that

% 2, —1
glmlgllz

V.Bunyak0vski

16. Find all functions f : Z+ —> Z with the properties

(a) f(a) 2 f(b) Whenever a divides b.
(b) for all positive integers a and b,

f(ab) + f(a2 + b2) = f(a) + f(b).
Gabriel Dospinescu, Mathlinks Contest

817. Prove that the equation a: = n! + 1 has finitely many solutions in non-
negative integers.

18. Let L0 = 2, L1 = 1 and Ln+2 = Ln+1 +Ln be the Lucas sequence. Then
the only n > 1 for which Ln is a perfect square is n = 3.

Cohn’s theorem
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5.1 Theory and examples
T2’s lemma is clearly a direct application of the Cauchy-Schwarz inequality.
Some will say that it is actually the Cauchy—Schwarz inequality and they are
not wrong. Anyway, this particular lemma has become very popular among the
American students who attended the training of the USA IMO team. This
happened after a lecture delivered by the first author at the Mathematical
Olympiad Summer Program (MOSP) held at Georgetown University in June,
2001.
But what exactly does this lemma say? It says that for any real numbers
a1, a2, . . . , an and any positive real numbers .731, m2, . . . , x" the inequality

2 2 2 2a a a a +a +~-+a_1.+_2+...+_"12(1—2_")_ (5.1)
931 $2 an m1+m2+w+mn

holds. And now we see why calling it also the Cauchy-Schwari inequality is
natural, since it is practically an equivalent form of this inequality:

2a2 a2 a(4+l+---+—")(x1+m2+---+xn)
$1 $2 $11.

2
2 [2 [2a a, aZ —1-¢E+ _2.\/$—2+...+ l.m .

9:1 0&2 2n

But there is another nice proof of (5.1), by induction. The inductive step is
reduced practically to the case n = 2, which is immediate. Indeed, it boilsa adown to ((11:32 — man)2 2 0 and the equality occurs if and only if 17—1 = x—z.

1 2
Applying this result twice it follows that

a_¥+a_§+a_§> ((11+Ct2)2 a_§> ((11+ag+¢13)2
$1 $2 553— x1+z2 2:3— $1+$2+$3
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and we see that a simple inductive argument finishes the proof. With this
brief introduction, let us discuss some problems. And there are plenty of them
given in mathematical contests or proposed in mathematical magazines!
First, an old problem, that became classical. We will see that with T2’s lemma
it becomes straightforward and even more, we will obtain a refinement of the
inequality.

Prove that for any positive real numbers a, b, c

a3 b3 c3 a+b+c
2 2+ 2 2+ 2 22 'a +ab+b b +bc+c c +ca+a 3

Tournament of the Towns, 1998

Solution. We will change the left-hand side of the inequality so that we could
apply T2’s lemma. This is not difficult: we just have to write it in the form

a4 + b4 + c4
a(a2 + ab + b2) b(b2 + be + c2) c(c2 + ca + a2)'

It follows that the left-hand side is greater than or equal to

(a2+b2+02)2
a3+b3+c3+ab(a+b)+bc(b+c)+ca,(c+a,)

But we can easily observe that

a3+b3+c3+ab(a+b)+bc(b+c)+ca(c+a) = (a+b+c)(a2+b2+c2),

so we have proved an even stronger inequality, that is

“3 b3 c3 a2 + b2 + c2
a2+ab+b2 + b2+bc+c2 + c2+ca+a2 “ a+b+c'

The second example also became representative for a whole class of problems.
There are countless examples of this type in numerous contests and mathe-
matical magazines, so we find it necessary to discuss it at this point.
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For arbitrary positive real numbers a, b, c, d prove the inequa-
lity

a b c d+ + +b+2c+3d c+2d+3a d+2a+3b a+2b+3c
>3
" 3

[Titu Andreescu] IMO 1993 Shortlist

Solution. If we write the left-hand side in the form

a2 + b2 + 02 + d2
a(b + 2c + 3d) b(c + 2d + 3a) c(d + 2a + 3b) d(a + 2b + 3c) ’

then the way to continue is clear, since from the lemma we obtain

a b c d
b+2c+3d+c+2d+3a+d+2a+3b+a+2b+3c

(a+b+c+d)2
> ." 4(ab+bc+cd+da+ac+bd)

Hence it suffices to prove the inequality

3(a+b+c+d)2 2 8(ab+bc+cd+da+ac+bd).

But it is not difficult to see that

(a+b+c+d)2 =a2+b2+c2+d2+2(ab+bc+cd+da+ac+bd),
implies

8(ab+bc+cd+da+ac+bd) =4(a+b+c+d)2 —4(a2 +b2+c2+d2).

Consequently, we are left with the. inequality

4(a2+b2+c2+d2) 2 (a+b+c+d)2,
which is just the Cauchy-Schwarz inequality for four variables.
The problem below, given at the IMO 1995, was discussed extensively in many
publications. It could be also solved by using the above lemma.
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Let a, b, c be positive real numbers such that abc = 1. Prove
that

1 + 1 + 1 >53:
a3(b+c) b3(c+a) c3(a+b)'2'

Solution. We have:

1 1 1
1 1 1 _ :2 35 a

a3(b+c)+b3(c+a)+c3(a+b)_a(b+c)+b(c+a)+c(c+a)

l+l+l2
a b c _(ab+bc+ca)2_ab+bc+ca 3_ _ > _

— 2(ab+bc+ca) 2(ab+bc+ca) 2 "2’
the last inequality following from the AM—GM inequality.

The following problem is also not difficult, but it uses a nice combination of
this lemma and the Power-Mean inequality. It is another example in which
proving the intermediate inequality (that is, the inequality that remains to be
proved after using the lemma) is not difficult.

Let n 2 2. Find the minimal value of the expression

as? + at;
x2+x3+---+wn a31+a33+---+a:n

: 5a:+...+ 7"
1'1+.’L'2+"'+.’L'n_1,

where :61, x2, . . .,:1:n are positive real numbers satisfying

fi+fi+m+fi=r

Turkey, 1997
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Solution. Usually, in such problems the minimal value is attained when" the
1

variables are equal. So, we conjecture that the minimal value is m

1
attained when :01 = 2:2 = = so” = 7. Indeed, by using the lemma, it

follows that the left-hand side is greater than or equal to '

n 2

i=1n .

23ml +---+a:,-_1 +$i+1Ll'"'+$n)
i=1

But it is not difficult to observe that

n n 2

2164331 +"'+-Tz'—1 +$i+1 +--'+$n) = (2%) - 1-
i=1 i=1

So, proving that

$5 5 5
1 + $2 + . . . + x—"

x2+x3+~~+mn x1+x3+~~+xn $1+x2+---+:z:n_1

> __1__
_ n(n — 1)

reduces to proving the inequality

n 2

3 i=1xx, 2 —-(i=1 ) n(n — 1)

But this is a simple consequence of the Power-Mean inequality. Indeed, we
have 1 1

n 3 5 n 2 5 11.3:,- m- x,-_ > _1. > _

(Zn) —(Zn) —i-1n,i=1 i=1
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implying

The conclusion follows.

In 1954, H.S.Shapiro asked whether the following inequality is true for any
positive real numbers a1, a2, . . . ,an:

al 0/2 an
+ +"'+

a2+a3 a3+a4 a1+a2
>3.—2

The question turned out to be extremely difficult. The answer is really unex-
pected: the inequality holds for all odd integers smaller than or equal to 23
and all even integers smaller than or equal to 12, but fails for all the others.
Let us examine the case n = 5, a problem proposed for MOSP 2001.

Prove that for any positive real numbers (11, a2, a3, a4, a5,

a1 a2 a3 (14 as
+ + + +

a2+a3 a3+a4 a4+a5 a5+a1 a1+a2
>3
_2

Solution. Again, we apply the lemma and we conclude that it suffices to prove
the inequality

(a1 + a2 + a3 + a4 + a5)2

5
Z §[a1(a2 + a3) + a2(a3 + a4) + a3(a4 + a5) + a4(a5 + a1) + a5(a1 + (12)]

Let us denote a1 + a2 + a3 + a4 + a5 = S. Then we observe that

a1(a2 + a3) + a2(a3 + a4) + a3(a4 + a5) + a4(a5 + a1) + a5(a1 + a2)

_ a1(S — a1) + a2(S — a2) + a3(S — a3) + a4(.S’ — a4) + a5(.S' — a5)
_ 2

Sz—cfi—ag—ag—afi—ag2 .
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With this identity, we infer that the intermediate inequality is in fact

5(al+ag+ag+a4+a5)2 Z 2(82—fi—ag—ag—aZ—ag),

equivalent to 501% + a3 + (1% + a2 + (1%) 2 S2, which is nothing else then the
Cauchy-Schwarz inequality.
Another question arises: is there a positive real number such that for any
positive real numbers a1,a2, . . . ,an and any n 2 3 the following inequality
holds:

a1 (12 an
+ +"'+ Zen

a2+a3 a3+a4 a1+a2

This time, the answer is positive, but finding the best such constant is an
extremely difficult task. It was first solved by Drinfield (who, by the way, is
a Fields’ medalist). The answer is quite complicated and we will not discuss
it here (for a detailed presentation of Drinfield’s method the interested reader
can consult the written examination given at ENS in 1997). The following
problem, given at the Moldavian TST in 2005, shows that c = x/i — 1 is such
a constant (not optimal). The optimal constant is quite complicated, but an
approximation is 0.49456682.
For any 04, a2, . . . ,an and any n 2 3 the following inequality holds:

“1 0/2 an+ +---+ 2 x/i—ln.
a2+a3 a3+a4 a1+a2 ( )

The proof is completely elementary, yet very diflicult to find. An ingenious
argument using the arithmetic-geometric means inequality does the job: let
us write the inequality in the form

a1+a2+a3+a2+a3+a4+m+W2¢in

Now, using the AM-GM inequality, we see that it suffices to prove the stronger
inequality:

a1+a2+a3_a2+a3+a4 an+a1+a2 >(‘/§)n
a2+a3 a3+a4 a1+a2 _ .



106 5. T2’S LEMMA

Observe that

a. a. 2

(“i +ai+1 +¢7»‘i+2)2 = (at + 3H + :1 +ai+2)

a' a"2401” 31X 271%”)
(the last inequality being another consequence of the AM—GM inequality).
Thus,

'11. 'n. n

H(ai + a¢+1 + ai+2)2 2 11(202' + a27+1)H(2ai+2 + a1+1)-
i=1 i=1 i=1

Now, the real trick is to rewrite the last products appropriately. Let us observe
that

n 77/

H(2ai+2 + ai+1) = H(2ai+1 + at),
12:1 12:1

so
71 n n

11(202' + (n+1) H(2ai+2 + (n+1) = H[(2a¢ + a¢+1)(ai + 2a¢+1)]
i=1 i=1 i=1

n n 2

Z H(2(ai + ai+1)2) = 2" (HUM + (1141)) -
i=1 i=1

The conclusion now follows.

This lemma came handy even at the IMO 2005 (problem 3). In order to prove
that for any positive real numbers m, y, z such that :cyz 2 1 the following
inequality holds

2 {1:2 + y2 + 22

fl+w+fl—’
a few students successfully used the above mentioned lemma. For example, a
student from Ireland applied this result and called it “SQ Lemma”. During the
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coordination, the Irish deputy leader explained what “SQ” stood for: “...escu”.
A typical solution using this lemma is as follows:

4 4 4 2 2 22a: z x + +z
$5+y2+Z2—'T+y—2+—22(1y—),

— y 2 2 2a: —+y +2:1:
hence

2 2 2 1+ 2+22:9: +1; +2 22: 1; _2+ my+yz+zm
3135+yZ+2r2 _ 532+yz+z2 xyz(m2+y2+22) _

It is now time for the champions. We begin with a difficult geometric inequa-
lity for which we have found a direct solution using T2’s lemma. Here it is.

Let ma, mb, mc, ra, Tb, 'rc be the lengths of the medians and the
radii of the circumscribed circles in a triangle ABC. Prove that
the following inequality holds

7‘ 7' 7‘ ’I‘ 7' ’f'a. b + b c + c a. Z 3.

mamb mbmc mcma

[Ji Chen] Crux Mathematicorum

Solution. Of course, we start by translating the inequality into an algebraic
one. Fortunately, this is not difficult, since using Heron’s relation and the
formulas

K x/2b2 + 202 — a2
rd = , ma = ——

s — a 2

and the like, the desired inequality takes the equivalent form

(a+b+c)(b+c—a) (a+b+c)(c+a—b)
x/2a2+2b2—c2-\/2¢12+202—b2 x/2b2+2¢12——c2-x/2b2+2c2—at2

(a+b+c)(a+b—-c) 3
x/2c2+2b2—a2-\/2c2+2a2—b2 _ '



108 5. T2’S LEMMA

In this form, the inequality is more than monstrous, so we try to see if a
simpler form holds, by applying the AM—GM inequality to each denominator.
So, let us try to prove the stronger inequality

2(a+b+c)(c+b—a) 2(a+b+c)(c+a—b)
4az+172+c2 4b2+c2+a2

+2(a+b+c)(a+b—c) > 3.4c2 + a2 + b2 —
Written in the more appropriate form

c+b—a c+a—b a+b—c 3
>4a2+b2+c2 + 4b2+c2+a2 + 4c2+a2+b2 — 2(a+b+c)

we see that by T2’s lemma the left—hand side is at least

(a+b+c)2
(b+c—a.)(4a2+b2+c2)+(c+a—b)(4b2+a,2+02)+(a+b—c)(4c2+a2+b2)'

Basic computations show that the denominator of the last expression is equal
to

4a2(b + c) + 4b2(c + a) + 4c2(a. + b) — 2(a3 + b3 + c3)

and consequently the intermediate inequality reduces to the simpler form

3(a3 + b3 + c3) + (a + b + c)3 2 6[a2(b + c) + b2(c + a) + c2(a + b)].

Again, we expand (a + b + c)3 and obtain the equivalent inequality

4(a3 + b3 + c3) + 6abc 2 3[a2(b + c) + b2(c + a) + 02(0, + b)],

which is not difficult at all. Indeed, it follows from the inequalities

4(a3 + b3 + c3) 2 4[a2(b + c) + b2(c + a) + c2(a + b)] — 12abc

and
a2(b + c) + b2(c + a) + c2(a. + b) 2 6abc.
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The first one is just an equivalent form of Schur’s inequality, while the second
follows immediately from the identity

a2(b + c) + b2(c+ a) + c2(a + b) -— 6abc = a(b — c)2 + b(c — a)2 + C(a — b)2.

Finally, we have managed to prove the intermediate inequality, and hence the
problem is solved.

The journey continues with a very difficult problem, given at the Japanese
Mathematical Olympiad in 1997, and which became infamous due to its dif-
ficulty. We will present two solutions for this inequality. The first one uses a
nice combination between the T2 lemma and the substitution discussed in the
unit “Two useful substitutions”.

Prove that for any positive real numbers a, b,c the following
inequality holds

(b+c—a)2 (c+a—b)2 (a+b—c)2
a2 + (b+c)2 b2+ (c+a)2 c2 + (a+b)2

> E.
_ 5

Japan 1997

Solution. Of course, from the introduction to this problem, the reader has
already noticed that it is useless to try a direct application of the lemma, since
any such approach is doomed. But with the substitution

w_b+c _'c+a z_a+b
_ a w y— b a -‘ C a

we have to prove that for any positive real numbers 1:, y, z satisfying myz =
m + y + z + 2, the inequality

(x - 1)2 (y - 1)2
x2 + 1 3/2 + 1

holds. It is now time to use T2’s lemma in the form

(w-IV (9-1? (2-D2>($+y+z-3V
x2+1 y2+1 22+1 ‘z2+y2+z2+3'

9-1?
+ 22+1

>§
_5

+
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Hence it is enough to prove the inequality

(:1: + y + z — 3)2 3—> _.
x2+y2+z2+3 - 5

But this is equivalent to

(m+y+z)2 — 15(a:+y+z)+3(xy+yz+za:)+182 0.

This is not an easy inequality. We will use the proposed problem 6 from the
chapter Two Useful Substitutions to reduce the above inequality to the
form

(:1:+y+z)2—9(x+y+z)+1820,
which follows from the inequality m + y + z 2 6. And the problem is solved.
But here is another original solution.

Alternative solution. Let us apply T2’s lemma in the following form:

(b+c—a)2 (c+a—b)2 (a+b—c)2
a2+(b+c)2 b2+(c+a)2 c2+(a+b)2

_ ((b + c)2 — a(b + c))2 ((c + a)2 — b(c + (1))2 ((a + b)2 — c(a + b))2
_ a."’(b+c)2 + (b+c)4 b2(c+a)2+ (c+a)4 c2(a+b)2 + (a+b)4

> 4(0,2 + b2 + 02)2
_ a2(b+c)2 + b2(c+ (1)2 + c2(a + b)2 + (a+b)4 + (b+c)4 + (c+a)4'

Consequently, it suffices to prove that the last quantity is greater than or equal
to g. This can be done by expanding everything, but here is an elegant proof
using the observation that

a2(b + c)2 + b2(c + a)2 + c2(a + b)2 + (a + b)4 + (b + c)4 + (c + (1)4
= [(a + b)2 + (b + c)2 + (c + a)2](a2 + b2 + c2)

+2ab(a + b)2 + 2bc(b + c)2 + 20a(c + a)2.
Because

(a + b)2 + (b+c)2 + (c+a)2 s 4(a2 + b2 + c2),
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we observe that the desired inequality reduces to

2ab(a + b)2 + 2bc(b + c)2 + 2ca(c + a)2 3 gm? + b2 + 02)2.

But this inequality is not so difficult. Indeed, first we observe that

2ab(a + b)2 + 2bc(b + c)2 + 2ca(c + (1)2

5 4a,b(a2 + b2) + 4bc(b2 + C2) + 4ca(c2 + (12).

Then, we also find that

4ab(a2 + b2) _<_ a4 + b4 + 6a2b2,

since (a — b)4 2 0. Hence

4ab(a.2 + b2) + 4bc(b2 + 02) + 4ca,(c2 + a2) 3 2(a2 + b2 + c2)2

+2(a2b2 + b2c2 + c2a2) S 2&2 + b2 + c2)2

and so the problem is solved. With minor changes, we can readily see that
this solution even works without the assumption that a, b, c are positive.

We end this discussion (which remains probably permanently open) with a
series of more difficult problems, based on less obvious applications of T2’s
lemma.

‘ Let a1,a2,...,an > 0 such that a1 +a2 +---+an = 1. Prove
that:

01 an n

(““1” +a"“1)(a§+a2+ +a§+a1)— n+1

[Gabriel Dospinescu]
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Solution. How can we get to a1a2 + (120.3 + - - - + anal? Probably from

ai «2% at
a1a2 a2a3 anal

after we use the lemma. So, let us try the following estimation:

a1 + a2 + an _ a? a3 ,2, 1

a2 as a1 (11112 0203 anal _ a1a2 +a2a3 +-~+ana1'
The new problem, proving that

al a2 an n (a a .. an)———+ + +—2— -+—a§+a2 a§+a3 a§+a1 n+1 (13 a1

seems even more difficult, but we will see that we have to make one more
step in order to solve it. Again, we look at the right-hand side and we write

2
(11 a2 a(_+_+...+_"')
a2 a3 a1
n+2 an '
(12 a3 a1

After applying T2’s lemma, we find that

an (a1)2 (a2)2 (an)2a a__1__+_2+...+ — a2 + a3 +...+_ai___
a§+a2 a§+a3 ag+a1_a1+fl “2+2 (1714.011

(1, as (11

a1 a2 a 2(_+_+...+_")
> (12 a3 a1
_ a a -

1+_1+_2+...+fl
a2 a3 (11

We are left with an eas roblem: if t— —1~+ +—,then i > n_typ _ 1+t—n+1’
or t > n. But this follows immediately from the AM-GM inequality.
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I, Prove that for any positive real numbers a, b, c the following
inequality holds

(a + b)2 (b+c)2 + (c+a)2
c2+ab a2+bc b2+ca+ 26.

[Darij Grinberg, Peter Scholze]

Solution. We do not hide from you that things become really complicated
here. However, let us try to use T2’s lemma again, but of course not in a
direct form, since that one is doomed. Trying to make the numerators as
strong as possible, we may first try the choice (a + b)4. And so, we know that
the left hand side is at least

(2 (a + W)2
Z: (a + b)2(c2 + ab) '

So, we should see whether the inequality

(2 (a + 1;)2)2 2 62((1 + b)2(c2 + ab)
holds. However, this is not easy, at least not without computations. With
some courage, we can develop everything and reach the equivalent inequality

2(a4 + b4 + c4) + ab(a2 + b2) + bc(b2 + 02) + ca(c2 + a2)+

2abc(a + b + c) 2 6(a2b2 + b2c2 + c2a2).

Fortunately, this can be broken into pieces: because bc(b2 + c2) 2 2b202, it is
enough to prove that

a4 + b4 + c4 + abc(a + b + c) 2 2(a2b2 + b202 + 02a2).

Now, if you know Heron’s formula for the area of a triangle,

2((12b2 + bzc2 + c2112) — (a4 + b4 + 04)
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should ring a bell! It is actually equal to (a+b+c) (a+b—c)(b+c—a)(c+a—b).
So, we are left with the classical inequality

(a+b-c)(b+c—a)(c+a—b) Saba.

If one of a + b — c, b + c — a, c + a — b is negative, we are done. Otherwise,
observe that

a= (a+b—c)+(c+a—b) 22 (a+b—c)(c+a—b)
Multiplying this and two similar inequalities easily yields the conclusion.

Do you like inequalities that can be solved with identities? Here is one which
combines T2’s lemma with a very strange identity. Do not worry, things like
that do not appear too often. Fortunately...

Prove that if a, b, c, d > 0 satisfy

abc+bcd+cda+dab=a+b+c+d,

then
2 2 2 2

\/a ;1+\/% ;1+\/C :1+\/d :13a+b+c+d.

[Gabriel Dospinescu]

Solution. The following solution is very difficult to find, but it is the only one
that the authors have. The idea is to apply T2’s lemma to an identity which
is almost impossible to find. We will prove that

a2+1 b2+1 c2+1 d2+1
= da,+b + b+c + c+d + d+a a+b+c+

and after that T2’s lemma will do the rest.

To prove the identity, just observe that

(a+b)(a+c)(a+d) = a2(a+b+c+d)+abc+bcd+cda+dab = (a2+1)(a+b+c+d).
Use similar identities and add them up.
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5.2 Practice problems
1. Let x1, x2, . . . ,arn,y1,y2, . . . ,yn be positive real numbers such that

$1 +$2+-'-+wn2$1yl+$2yz+-”+93nyn-

Prove that
a: 1' 17m+m+m+msi+l+m+l.
311 92 yn

Romeo Ilie, Romania 1999

2. Let a, b, c be positive real numbers. Prove that

a3 + b3 + c3 a+b+c
b2+c2 cz+a2 a2+b2_ 2 '

Mircea Becheanu, Mathematical Reflections

3. Let a, b, c be nonzero real numbers such that ab+bc+ ca 2 0. Prove that

ab bc ca 1> .fl+B+W+é+é+fl— 2
Titu Andreescu

4. If a, b, c, d are positive real numbers such that ab+ bc+cd+da = 1, then

a3 + b3 + c3 + d3 > 1
b+c+d c+d+a d+a+b a+b+c—3'

IMO 1990 Shortlist

5. Let a, b, c be real numbers such that

1 1 1_ — —< .
(12+1+b2+1+c2+1—2

Prove that ab+ bc+ ca. 3 g.
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10.

11.

5. T2’S LEMMA

. Prove that if the positive real numbers a, b, c satisfy abc = 1, then

a + b + c >1
b+c+1 c+a+1 a+b+1"

Vasile Cirtoaje, Gazeta Matematica

. Prove that for any positive real numbers a, b, c,

a 2+ b 2+ c 22§_a2+b2+c2'
b+c c+a a+b 4 ab+bc+ca

Gabriel Dospinescu

Prove that for all positive real numbers a, b, c satisfying a + b + c = 1,

a +L+L 3
1+bc 1+ca 1+ab—10'

Let a, b, c be positive real numbers such that abc = 1. Prove that

a+b+1 + b+c+1 + c+a+1 <(a+1)(b+1)(c+1)+1
a+b2+c3 b+c2+a3 c+a2+b3_ a+b+c '

Titu Andreescu, Mathematical Reflections

Prove that for any positive real numbers a, b, c,

1 1 1 1 1 1
> .

3a+b+3b+c+3c+a — 2a+b+c+2b+c+a+2c+a+b

Prove that for any n 2 4 and any nonnegative real numbers 51:1, x2, . . . ,zn,

$1 932 can
+ +---+—Z2

$n+$2 131 +533 $n-1 +$1

Tournament of the Towns 1982
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12.

13.

14.

15.

16.

Let n 2 4 an integer and let (1], a2, . . . , an be positive real numbers such
that a? + a3 + - - - + (1,2, = 1. Prove that

al (12 an 4 2_ _>_ .a§+1 + a§+1 + + a§+1 _ 5(a1,/a1+a2,/a2+ +am/an)

Mircea Becheanu and Bogdan Enescu, Romanian TST 2002

Prove that for any positive real numbers a, b, c the following inequality
holds

a b c
+ + 2 1.

x/a2+8bc x/b2+80a x/c2+8ab

Hojoo Lee, IMO 2001

Let a, b, c be positive real numbers such that ab + bc + ca = 3. Prove
tht

a a b c
< .

M+W+%+é+%+fl—l

T.Q.Anh

Determine the best constant kn such that for all positive real numbers
a1,a2, . . .,a..,, satisfying a1a2 - - -an = 1,

alag (120,3 anal+ +---+———-——— s k .
(a? + a2)(a% + a1) (a3 + was + a2) (a2. + a1)(a'f + an) "

Gabriel Dospinescu and Mircea Lascu

Prove that for any positive real numbers a, b, c,

(2a+b+c)2 (2b+c+a)2 (%+a+w2<8
2fi+%b+q2 2W+wc+w2 2é+wa+w2—‘

Titu Andreescu and Zuming Feng, USAMO 2003
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17.

18.

19.

20.

Let a, b, c, d be positive real numbers such that abcd = 1. Prove that

1 1 1 1
> 1.(1+a)2 + (1+b)2 + (1+c)2 + (1+d)2 -

Vasile Cartoaje

Let n 2 13 be a. positive integer and let (11,0.2, . . . ,an be positive real
numbers suchthat a1+a2+---+an= 1 and a1+2a2+m+nwn =2.
Prove that

(a2 — a1)\/§+(as - a2)\/§+ - - ' + (an — an—1)\/5 < 0

Gabriel Dospinescu

Prove that for all positive numbers a, b, c,

a + b + c >1
8b+c V8c+a 8a+b—'

Vo Quoc Ba Can

1
I 22cosf—1

piro’s inequality holds

Let a,n = . Prove that for all $1,x2,...,xn e [fimn], Sha-

.’1:1 .722 :13”+ +---+
w2+$3 933+$4 $1+$2

Vasile Cartoaje, Gabriel Dospinescu
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6.1 Theory and examples

You have already seen quite a few strategies and ideas, and you might say:
“Enough with these tricks! When will we go to serious facts?” We will try to
convince you that the following results are more than simple tools or tricks.
They help to create a good base, which is absolutely indispensable for someone
who enjoys mathematics, and moreover, they are the first steps to some really
beautiful and difficult theorems or problems. And you must admit that the
last problems discussed in the previous units are quite serious facts. It is worth
mentioning that these strategies are not a panacea. This assertion is proved
by the fact that every year problems that are based on well-known tricks prove
to be very difficult in contests.
We will “disappoint” you again in this unit by focusing on a very familiar
theme: graphs without complete subgraphs. Why do we say familiar? Because
there are hundreds of problems proposed in different mathematics competi-
tions around the world and in professional journals that deal with this subject.
And each such problem seems to add something. Before passing to the first
problem, we will assume that the basic knowledge about graphs is known and
we will denote by d(V) and C’(V) the number, and the set of vertices adjacent
to V, respectively. Also, we will say that a graph has a complete k—subgraph
if there are k vertices any two of which are connected. For simplicity, we will
say that G is k-free if it does not contain a complete k—subgraph. First we
will discuss one famous classical result about k—free graphs, namely ’I‘uran’s
theorem. Before that, though, we prove a useful lemma, also known as Za-
rankiewicz’s lemma, which is the main step in the proof of Turan’s theorem.

If G is a k—free graph, then there exists a vertex having degree
I: — 2

at most [fin].

[Zarankiewicz]
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Solution. Suppose not and take an arbitrary vertex V1. Then

l0(V1)| > [fin] ,
so there exists V2 6 C(Vl). Moreover,

|C(V1) n C(Vz)l = d(V1)+ d(V2) - |C(V1) U 0(Vz))l(l—J)-n>°-
Pick a vertex V3 6 C(Vl) fl C(V2). A similar argument shows that

|C(V1) n C(V2) n C(V3)| 2 3 (1 + [% J) — 2n.

Repeating this argument, we find

V4 6 0(V1) nC(Vz) “00/33)

k—2

VH e 0 C(14)-
z=1

flow» 2j(1+[';_;_§ J)_(,_1,,,
This can be proved easily by induction. Thus

kfiCWi) 2 (19—1) (1+ mjnj) —(k—§)n>0,
i=1

Also,

and, consequently, we can choose
k—l

neflqm.
i=1

But it is clear that V1, V2, . . . , Vk form a complete k graph, which contradicts
the assumption that G is Ic-free.
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We are now ready to prove Turan’s theorem.

The greatest number of edges of a k-free graph with n vertices
1s

k—2 n2—r2+ 1‘
[(2—1 2 2,

where r is the remainder left by n when divided to k — 1.

[Turan]

Solution. We will use induction on n. The first case is trivial, so let us assume
the result true for all k-free graphs having n — 1 vertices. Let G be a k-free
graph with n vertices. Using Zarankiewicz’s lemma, we can find a vertex V
such that k 2

< —_ .d(V) _ [k _ lnj

Because the subgraph determined by the other n — 1 vertices is clearly k-free,
using the inductive hypothesis we find that G has at most

19—2 19—2 (n—1)2—rf r1
lk—a+k—1 2 + 2

edges, where n = n — 1 (mod k: — 1).
Let n = q(k—1)+r = q1(k—1)+r1+1. Then r1 6 {r— 1,r+k—2} (this is
because 1' — 11 E 1 (mod k — 1)) and it is easy to check that

16—2 16—2 (n—1)2—'r% r1 k—2 n2—r2 'r
n + - + = — - +

k — 1 k — 1 2 2 k — 1 2 2

The inductive step is proved. Now, it remains to construct a Ic-free graph
_ 2 _ 2

with n vertices and g -u + (g) edges. This is not difficult. Just2 k — 1
consider k — 1 classes of vertices, r of them having q + 1 elements and the rest
q elements, where q(k — 1) + 1‘ = n and join the vertices situated in different

— 2 n2L._—_’”2+ 7‘19—1 2 2groups. It is immediate that this graph is k-free, has
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k—l
edges and also the minimal degree of the vertices is L nJ. This graph is

called Turan’s graph and is denoted by T(n, 16).
These two theorems generate numerous beautiful and difficult problems. For
example, using these results yields a straightforward solution for the following
Bulgarian problem.

There are 2001 towns in a country, each of which is connected
with at least 1600 towns by a direct bus line. Find the largest
n for which it must be possible to find n towns, any two of
which are connected by a direct bus line.

Spring Mathematics Tournament 2001

Solution. Practically, the problem asks to find the greatest n such that any
graph G with 2001 vertices and minimum degree at least 1600 is not n-free.
But Zarankiewicz’s lemma implies that if G is n-free, then at least one ver-

— 2
tex has degree at most lffi2001j. So, we need the greatest n for which

[n _ 32001 < 1600. It is immediate to see that n = 5. Thus for n = 5 any

such graph G is not n-free. It suffices to construct a graph with all degrees of
the vertices at least 1600, which is 6—free. We will take of course T(2001, 6),

whose minimal degree is [:512OOIJ = 1600 and which is (as shown before) 6-
free. Thus, the answer is n = 5.

Here is a beautiful application of Turan’s theorem in combinatorial geometry.

Consider 21 points on a circle. Show that at least 100 pairs
of points subtend an angle less than or equal to 120° at the
center.

Tournament of the Towns 1986
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Solution. In such problems, it is more important to choose the right graph
than to apply the theorem, because as soon as the graph is appropriately
chosen, the solution is more or less straightforward. Here we will consider
the graph with vertices at the given points and we will connect two points if
they subtend an angle less than or equal to 120° at the center. Therefore we
need to prove that this graph has at least 100 edges. It seems that this is a
reversed form of Turan’s theorem, which maximizes the number of edges in a
k-free graph. Yet, the reversed form of the reversed form is the natural one.
Applying this principle, let us look at the “reversed” graph, the complementary

one. We must show that it has at most 221 — 100 = 110 edges. But this is

immediate, since it is clear that this new graph does not have triangles and
— 1

so, by Turan’s theorem, it has at most = 110 edges, and the problem
is solved.

At first glance, the following problem seems to have no connection with the
previous examples, but, as we will immediately see, it is a simple consequence
of Zarankiewicz’s lemma. It is an adaptation of an USAMO 1978 problem.
Anyway, this is trickier than the actual contest problem.

There are n delegates at a conference, each of them knowing
at most k languages. Among any three delegates, at least
two speak a common language. Find the least number n such
that for any distribution of the languages satisfying the above
properties, it is possible to find a language spoken by at least
three delegates.

Solution. We will prove that n = 2k+3. First, we prove that if there are 2k+3
delegates, then the conclusion of the problem holds. The condition “among
any three of them there are at least two who can speak the same language”
suggests taking the 3-free graph with vertices the persons and whose edges join
persons that do not speak a common language. From Zarankiewicz’s lemma,
there exists a vertex whose degree is at most n = k + 1. Thus, it is not
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connected with at least k + 1 other vertices. Hence there exists a person A
and k + 1 persons A1, A2, . . . , Ak+1 that can communicate with A. Because
A speaks at most k languages, there are two persons among A1, A2, . . . ,Ak+1
that speak with A in the same language. But that language is spoken by
at least three delegates and we are done. It remains to prove now that we
can create a situation in which there are 2k + 2 delegates, but no language is
spoken by more than two delegates. We use again Turan’s graph, by creating
two groups of k + 1 delegates. Assign to each pair of persons in the first group
a common language, so that the language associated is different for any two
pairs in that group. Do the same for the second group, taking care that no
language associated with a pair in the second group is identical to a language
associated with a pair in the first group. Persons in different groups do not
communicate. Then it is clear that among three persons, two will be in the
same group and therefore will have a common language. Of course, any lan-
guage is spoken by at most two delegates.

The following problem turned out to be an upset at one of the Romanian Team
Selection Tests for 2004 IMO, being solved by only four contestants. The idea
is even easier than in the previous problems, but this time we need a little
observation that is not so obvious.

Let A1, A2, . . . , A101 be different subsets of the set {1,2, . . . , n}

Suppose that the union of any 50 subsets has more than gn
elements. Prove that among them there are three any two of
which having common elements.

[Gabriel Dospinescu] Romanian TST 2004

Solution. As the conclusion suggests, we should take a graph with vertices the
subsets, connecting two subsets if they have common elements. Let us assume
that this graph is 3-free. The main idea is not to use Zarankiewicz’s lemma,
but to find many vertices with small degrees. In fact, we will prove that there
are at least 51 vertices all of them having degree at most 50. Suppose this is
not the case, so there are at least 51 vertices whose degrees are greater than
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51. Let us pick such a vertex A. It is connected with at least 51 vertices, so
it must be adjacent to a vertex B whose degree is at least 51. Because A and
B are each connected with at least 51 vertices, there is a vertex adjacent to
both, so we have a triangle, contradicting our assumption. Therefore, we can
find A1,“. . . , A451, all of them having degrees at most 50. Consequently, Ail is
disjoint from at least 50 subsets. Because the union of these fifty subsets has

more than 2—2—71 elements, we infer' that |A,;1| < n — $7; = 511. In a similar

way, we obtain IAiJ-l S g for allj 6 {1,2, . . .,51} and so

50
lAi1 UA’iz U " ' UAisol —<— lAi1l+ +|A1150| < 57-",

which contradicts the hypothesis.

We continue with an adaptation of a very nice and quite challenging problem
from the American Mathematical Monthly.

Prove that the complement of any 3-free graph with n vertices
and m edges has at least

n(n— 3401—5) 4% (m_ 7224—12)2

triangles.

[A.W Goodman] AMM

Solution. Believe it or not, the number of triangles from the complementary
graph can be expressed in terms of the degrees of the vertices of the graph
only. More precisely, if G is a 3—free graph, then the number of triangles from
the complementary graph is

(1;) _ g z d(a;)(n — 1 — d(z)),
weX
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where X is the set of vertices of G. Indeed, consider all triples (z, y, z) of
vertices of G. We will count the triples that do not form a triangle in the
complementary graph 5. Indeed, consider the sum 2 (1(2) (n — 1 -— d(a:)). It

mEX
counts twice every triple (cc, y, z) in which :1: and y are connected, while 2 is
not adjacent to any of a: and y: once for a: and once for y. But it also counts
twice every triple (a;x,y,zz) in which y is connected with both :1: and 2: once for

a: and once for z. Therefore,—12:(d(m)(n— 1— d(a:)) IS exactly the number of
2:1:6X

triples (:13, y, 2) that do not form a triangle in the complementary graph. (Here
we have used the fact that G is 3-free.) Now, it is enough to prove that

(9—22 (n_1-d(»<_u()
26X

Because 2 d(:l:) = 2m, after a few computations the inequality reduces to
26X

Z d2(:c)_>4—
meX

But this is the Cauchy-Schwarz inequality combined with Ezex d(a:) = 2m.
Finally, two chestnuts. The following problem is not directly related to our
topic at first glance, but it gives a very beautiful proof of rI‘uran’s theorem:

Let G be a simple graph. To every vertex of G one assigns
a nonnegative real number such that the sum of the numbers
assigned to all vertices is 1. For any two vertices connected
by an edge, compute the product of the numbers associated to
these vertices. What is the maximal value of the sum of these
products?
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Solution. The answer is not obvious at all, so let us start by making a few
remarks. If the graph is complete of order n then the problem reduces to
finding the maximum of E act-2,3 knowing that :31 + $2 + + urn = 1.

1$i<j5n
This is easy, since

2 xix-j: (—1—Zz?)< $<1——).
15i<jsn

The last inequality is just the Cauchy—Schwarz inequality and we have equality
when all variables aren— .Unfortunately, the problem'is much more difficult 1n
other cases, but at least we have an idea of a possible answer: indeed, it 1s easy
now to find a lower bound for the maximum: if H is the complete subgraph
with maximal number of vertices k, then by assigning these vertices %, and
to all other vertices 0, we find that the desired maximum is at least %(1 — 715).
We still have to solve the difficult part: showing that the desired maximum
is at most %(1 — 71;). Let us proceed by induction on the number n of vertices
of G. If n = 1 everything is clear, so assume the result true for all graphs
with at most n — 1 vertices and take a graph G with n vertices, numbered
1, 2, ..., n. Let A be a set of vectors with nonnegative coordinates and whose
components add up to 1 and E the set of edges of G. Because the function
f(2:1, 1:2,..., 1:”) = 2 $n is continuous on the compact set A, it attains its

(i,j)eE
maximum in a point ($1,132, ...,xn). Denote by f(G) the maximum value of
this function on A. If at least one of the 1:,- is zero, then f(G) = f(Gl) where
01 is the graph obtained by erasing vertex i and all edges that are incident
to this vertex. It suffices to apply the induction hypothesis to G1 (clearly,
the maximal complete subgraph of Gl has at most as many vertices as the
maximal complete subgraph of G ). So, suppose that all :13,- are positive. We
may assume that G is not complete, since this case has already been discussed.
So, let us assume for example that vertices 1 and 2 are not connected. Choose
any number 0 < a S .731 and assign to vertices 1,2, ...,n of G the numbers
171 — a, $2 + a, $3, ...,wn. By maximality of f(G), we must have

21:13:98,
i601 i602
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where 01 is the set of vertices that are adjacent to vertex 2 and not adjacent
to vertex 1 (the definition of 02 being clear). By symmetry, we deduce that
we must actually have- :- 2%

12601 i602

which shows that f(z1, m2, ...,:rn) = f(0,:131 +x2,x3, ..., as"). Hence we can ap-
ply the previous case and the problem is solved. Observe that the inequality
in ’I‘uran’s theorem follows by taking all 33,; to be i.

The final problem is a very beautiful result on the number of complete sub-
graphs of a graph:

What is the maximal number of complete maximal subgraphs
that a graph on n vertices can have?

[Leo Moser, J. W. Moon]

Solution. Let us suppose that n 2 5, the other cases being easy to check.
Let f(n) be the desired number and G a graph for which this maximum is
attained. Clearly, this graph is not complete, so there are two vertices :1: and
3; not connected by an edge. In order to simplify the solution, we need several
notations. Let V(x)lbe the set of vertices that are adjacent to 11:, C(x) the
subgraph obtained by erasing vertex :3 and G(z,y) the graph obtained by
erasing all edges incident to a: and replacing them with edges from a: to any
vertex in V(y) . Finally, let a(a:) be the number of complete subgraphs with
vertices in V(a:), maximal with respect to 0(a)) and let c(a:) be the number of
complete maximal subgraphs of G that contain 1:.

Now, we pass to serious things: by erasing edges incident to w, exactly C(x) —
a,(m) complete maximal subgraphs vanish, and by joining a: with all vertices
of V(y), exactly C(y) complete maximal subgraphs appear. So, if 0(a) is the
number of complete maximal subgraphs in the graph G, then we have the
relation

c<é<x, y» = c<G> + co) — can) + am.
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By symmetry, we can assume that C(11) Z C(z). By maximality of c(G), we
must have c(G(z,y)) S C(G), which is the same as C(y) = C(93) and (1(2) = 0.
Therefore G(:1:,y) also has f(n) complete maximal subgraphs. In the same
way, we deduce that c(G(a;, y)) = c(G’(y, 13)) = 0(0). Now take a vertex :1: and
let 131,22, ..., an, be the vertices not adjacent to :17. By performing the previous
operations, we change G into GI = G(a:1,:1:), then into G2 = G'1(a:2,:1:) and
so on until Gk = Gk_1(xk,a;), by conserving the number f(n) of maximal
complete subgraphs. Observe now that G, has the property that a3, :31, ..., wk
are not joined by edges, yet V(:1:1) = V(:c2) = = V($k) = V(a:). Now, we
know what to do: if V(a:) is void, we stop the process. Otherwise, consider a
vertex of V(:1:) and apply the previous transformation. In the end, we obtain
a complete multipartite graph G’ whose vertices can be partitioned into 1'
classes with 721,112, ..., nr vertices, two vertices being connected by an edge if
and only if they do not belong to the same class. Because G” has f(n) maximal
complete subgraphs, we deduce that

f(n) = max nlng...nr.max
7‘ n1+n2+---+nr=n

(6.2) can be easily computed. Indeed, let (n1, n2, ..., n,) the r—tuple for which
the maximum is attained. If one of these numbers is at least equal to 4, let
us say m, we consider (2, n1 — 2,113, ..., nr) for which the product of the com-
ponents is at least the desired maximum. So none of the m, exceed 3. Even
more, since 2 ~ 2 - 2 < 3 - 3, there are at most two numbers equal to 2 among
n1,n2, ..., n... This shows that f(n) = 3% if'n is a multiple of 3, f(n) = 4-315;1L
if n - 1 is a multiple of 3 and f(n) = 2 - 3"T—2 otherwise.
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6.2
n

. Let x1,x2,...,a:n be real numbers. Prove that there are at most I

Practice problems
2

pairs (i,j) E {1,2,...,n}2 such that 2' <j and 1 < |m,- —:cj| < 2.

MOSP 2001

2
. Prove that If n pomts he on a unit crrcle, then at most 3 segments

connecting them have length greater than J2.

Poland 1997

. There are 1999 people participating in an exhibition. Out of any 50
people, at least two do not know each other. Prove that we can find at
least 41 people who each know at most 1958 other people.

Taiwan 1999

. We are given 571. points in a plane and we connect some of them so that
10712 + 1 segments are drawn. We color these segments in 2 colors. Prove
that we can find a monochromatic triangle.

. A group of people is called n-balanced if the following two conditions
are satisfied

(a) among any three people, there are two who know each other;
(b) among any n people, there are at least two not knowing each other.

Prove that there are always at most W people in an n-balanced
group.

Dorel Mihet, Romanian TST 2008
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10.

11.

Let A be a subset of the set S = {1,2, . . . , 1000000} having exactly 101
elements. Prove that there exist t1,t2, . . . ,tloo e S such that the sets
Aj = {x + tj | a: e A} are pairwise disjoint.

IMO 2003

Prove that a graph with n vertices and k edges has at least 3%(419 — n2)
triangles.

APMO 1989

A graph G has n vertices and contains noacomplete subgraph with four
vertices. Prove that G contains at most 3—7 triangles.

Ivan BorsenCo, Mathematical Reflections

(a) Let p be a prime. Consider the graph whose vertices are the ordered
pairs (z, y) with w, y e {0, 1, . . . , 12—1} and whose edges join vertices
(m, y) and (x’ , y’) if and only if 2323’ + yy’ E 1 (mod p) . Prove that
this graph does not contain a 4-cycle .

(b) Prove that for infinitely many values 11. there is a graph Gn with at
least # - n edges that does not contain a 4—cycle.

Hungary-Israel Competition 2001

A graph with n vertices and k edges has no triangles. Prove that we can
choose a vertex such that the subgraph obtained by deleting this vertex

and all its neighbors has at most It (1 — $123 edges.

USAMO 1995

A graph has 2n vertices and n2 + 1 edges. Prove that it contains at least
12. triangles.
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12.

13.

14.

15.

16.

A graph with n2 + 1 edges and Zn vertices is given. Prove that it contains
two triangles sharing a common edge.

Chinese TST 1987

There are n inhabitants on an island. Any two of them are either friends
or enemies. One day they receive an order saying that all citizens should
make and wear a necklace with zero or more stones so that

(a) for any pair of friends there exists a color such that each of the two
persons has a stone of that color;

(b) for any pair of enemies there does not exist such a color. What is the
least number of colors of stones required (considering all possible
relationships between the inhabitants of the island)?

Belarus 2001

What is the least number of edges in a connected n-vertex graph such
that any edge belongs to a triangle?

Paul Erdos, AMM E 3255

Prove that for every n one can construct a graph with no triangles and
whose chromatic number is at least 71..

Mycielski’s theorem

For a finite graph G let f(G) (respectively g(G)) be the number of tri-
angles (respectively tetrahedra) formed by the edges of G. Find the least
constant c such that g3(G) S c - f(G)4 for any finite graph G.

IMO Shortlist 2004
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17.

18.

For a pair A = ($1,311) and B = (162,312) of points on the coordinate
plane, let

(104,3) = |931 - a”2| + lyl - 112l-
Among all configurations of 100 points in the plane, determine the
maximum number of pairs (A, B) of (unordered) points such that 1 <
d(A, B) S 2.

USA TST 2006

Let k be a positive integer. A graph whose vertex set is the set of
positive integers does not contain any complete k X k bipartite subgraph.
Prove that there exist arbitrarily long arithmetic progressions of positive
integers such that no two elements of the same progression are joined by
an edge in this graph.

Komal
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7.1 Theory and examples

When reading the title, you will perhaps expect a difficult unit, reflecting the
complexity of combinatorics. But, this was not our intention. We just wanted
to discuss some combinatorial problems that can be solved elegantly by using
complex numbers. At this moment, the reader will probably say that we are
crazy, but we will support our idea and prove that complex numbers can play
a significant role in solving counting problems, and also in problems related
to tilings. They also have numerous applications in combinatorial number
theory, so our purpose is to illustrate a little bit from each of these situations.
After that, you will surely have the pleasure of solving the proposed problems
using this technique. To avoid repetition, we will present in the beginning of
the discussion a useful result

Lemma 7.1. Ifp is a prime number and a0, a1, . . . ,ap_1 are rational numbers
satisfying _

ao + ale + a252 + - - - + ap_1sp'1 = 0,

where
211' , , 211' m

e=cos—+ism— =e P,
P P

then a0 = a1 = = ap_1.

Proof. We will just sketch the proof, which is not diflicult. It is enough to
observe that the polynomials ao+a1X+a2X2+- - -+ap__1X1"1 and 1+X+X2+
- -- + X1’_1 are not relatively prime—because they share a common root—and
since 1 +X +X2 +- - - +X’"1 is irreducible over Q (you can find a proof in the
chapter concerning the irreducibility of polynomials), 1 + X + X2 + - - - + X1"1
must divide a0 + a1X + a2X2 + + ap_1X"_1, which can only happen if
a0 = a1 = -- - = ap_1. Therefore, the lemma is proved and it is time to solve
some nice problems. El

Note, in the following examples, m(A) will denote the sum of the elements of
the set A. By convention m(0) = 0.
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The first example is an adaptation from a problem given in the Romanian
Contest “'I‘raian Lalescu”. Of course, there is a solution using recursive se-
quences, but it is by far less elegant than the following one.

How many n—digit numbers, all of whose digits are 1, 3, 4, 6,
7, or 9 have the digit sum a multiple of 7?

Solution. Let a5!" be the number of n—digit numbers, all of whose digits are
1, 3, 4, 6, 7, 9 and whose digit sum is congruent to k modulo 7. It is clear that

6
Z “geek = Z 521+22+---+zn
k=0 9:1,zz,...,zn6{1,3,4,6,7,9}

=@+é+§+é+€+§fl
2w , . 27r . 2 6where s = cos—7- +zs1n—.Observ1ng that 1 +e+s + +5 = 0 and

59 = 52 helps us bring (8 + 53 + E4 + 86 + £7 + 59)” to the simpler form (—55)".
Let us assume, for example, that n is divisible by 7 (the other cases can be
discussed similarly). Then

62W = (—1)“
16:0

and from the lemma we infer that (1,5,0) — (—1)" = a9) = = (15,6). Let q
6

be the common value. Then 7q = 241,51“) — (—1)" = 6" — (—1)" - this is
k=0

because exactly 6" numbers have n digits, all equal to 1, 3, 4, 6, 7, 9. In this
n __ _ n

case we have 0,5,0) = (—1)" + 6—(i. We leave you with the other cases:
n E 1,2,3,4, 5,6 (mod 7).

Following this trick, here is a slightly more difficult problem, which appeared
on the Balkan Olympiad Shortlist in 2005, and which was used for the selection
of the Romanian IMO 2005 team:
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Let (an)n21 be a sequence of distinct positive integers such
that an S 4.99917. for all n. Prove that there are infinitely
many 77. for which the sum of digits of an is not a multiple of
5. Does the result remain true if the condition is relaxed to
an S 5n for all n?

[Gabriel Dospinescu]

Solution. Let 3(a)) be the sum of digits of ac, and suppose that for all n > M
we have 5|s(an). Let n be such that L%J > M + 3 and let A be the set of
the first 10" nonnegative integers. The numbers 0.], with 1 S k S [123$] are
in A because 1 S a], S 4.999]: S 10” — 1 for these numbers k. It follows that
A contains at least [%J — M numbers with digit sum divisible by 5. Now
fix a number 2 S 2' S n and observe that if as, is the number of elements of A
with 2' digits and having digit sum congruent to j mod 5, then

930 + $16 + 23262 + $353 + 23454 = Z s“1+“’+"'+“‘ =
0562,...,ag$9

150,159

= (e+e2+---+:s9)(1+es+---+e")"—1 =0.
Using the lemma, and taking into account that $0 + (1:1 + - - - + .734 = 9- 10"“,
we deduce that there are at most 1 + i$ = 2 - 10’“l — 1 elements of A

with the digit sum a multiple of 5. TIE: [123,3] — M g 2- 1o"-1 — 1 for all
sufficiently large n, which is certainly impossible.

For the second part of the problem, the answer is negative. Indeed, consider
the sequence starting with 1 and containing the positive integers (in increasing
order) whose digit sum is divisible by 5. Let us prove that an < 5n for all 71..
Indeed, this is clear for n = 1, 2, 3 because a1 = 1, a2 = 5, a3 = 14. The crucial
observation is that clearly among any 10 consecutive positive integers, exactly
two are terms of the sequence. Thus an < 1071. and a2n_1 = a2n—5 < 5(2n—1).
This proves that for an S 517. the statement is no longer true.
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The same simple, but tricky, idea can offer probably the most beautiful solu-
tion for the difficult IMO 1995 problem 6. It is worth mentioning that Nikolai
Nikolov won a special prize for the following magnificent solution.

Let p > 2 be a prime number and let A = {1,2, . . . ,2p}. Find
the number of subsets of A each having 1) elements and whose
sum is divisible by p.

IMO 1995

2 2
Solution. Consider a = cos _7r + 2' sin _7r and let xj be the number of subsets

P P
X of A such that |X| = p and m(X) E j (mod p). Then it is not difficult to
see that

iej = Z 5171(3) = Z 5¢1+¢2+---+cp'

i=0 - BCA.IBI=p lsc1<c2<---<c,s2p

But 2 6°1+°2+”'+°P is precisely the coefficient of X1" in the poly-
ISc1<62<m<cpSZP

nomial (X + €)(X + 62) . . . (X + 52"). Because

Xp_1 = (X_1)(X—e)...(X—e"‘1),
we easily find that

(X +e)(X +52) . . . (X +52”) = (XP + 1)?
p—l

Thus 223,-? = 2, and the lemma implies mo — 2 = x1 = . -- = xp_1. Since
i=0

2
there are (If) subsets with p elements, it follows that

2p
mo+$1+---+$p—1= p -
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Therefore

and we are done.

The following problem deals with a little more general case, even though the
restriction imposed on the cardinality is no longer maintained.

" . Let f(n) be the number of subsets of 1,2,3, ...,n whose ele-
ments sum to 0 (mod n). The empty set is included, having
the element sum equal to zero. Prove that

f(n) = fi- 2 sown?
ddclfdd

Solution. Let

gm = H (1 + X‘) = Zakxk
i=1 kzo

and let 5 = e¥. It is clear that f(n) = 2 (11-7,. On the other hand, the
120

last sum can easily be computed in terms of g(ej). Indeed, one can verify the
identity

1 "' .529(52):”.
i=1 1'20

11,Now, let us compute g(sj). If (1 = 9710—115 (that is, aj is a primitive d-th root
of unity), then

Xd-1=(X—ei)(X—e2j)---(X—edj)

and so
(1+ej)(l+e2j)---(1+8dj) = 2
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if d is odd and 0 otherwise. This shows that g(£j) = 2% if d is odd and 0
otherwise. But there are exactly 90(d) values of j for which sj is a primitive
d—th root of unity, so

711.29% = 1% Z (002%.
j=1 d|n

d odd

With a somewhat different but closely related idea we can solve the following
nice problem.

Let n > 1 be an integer and let a1, a2, . . . ,am be positive inte-
gers. Denote by f(k) the number of m—tuples (c1, c2, . . . ,cm)
such that 1 S Ct- S ai for alliand cl+cz+---+cm '=‘ k
(mod n). Prove that f(0) = f(1) = = f(n —- 1) if and only
if there exists an index i 6 {1,2, . . . , m} such that n|ai.

[Reid Barton] Rookie Contest 1999

Solution. Observe that

n—l n1
2mayc = Z 561+C2+---+6m = [[(e + 52 + . . . + as)
k=0 136.511: 1:1

for any complex number 5 such that En_1 +5"_2+- - -+e+1 = 0. Hence one im-
plication of the problem is already verified, since if f(0) = f(1) = -- - = f(n—l)
then we can find i E {1, 2, . . . ,m} such that 8+E2+' . -+E“i = 0 (we have chosen
here a primitive root 5 of unity). We infer that 6‘“ = 1 and so nlai. Now, sup-
pose there exists an index 2' 6 {1,2, . . . , m} such that nlai. Then for any zero 6

n-1 n—1 ”—1
of the polynomial ZXk we have 2 f(k)s'° = 0 and so the polynomial z: X1‘

n—1 n—1

divides 2 f(k)Xk. This is because 2XI“ has only simple roots. By a simple
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degree consideration, this is possible only if f(0) = f(1) = - - - = f(n — 1).

The enthusiasm generated by the above solutions might be inhibited by the
following problem, where we additionally need several tricky manipulations.

Let p > 2 be a prime number and let m and n be multiples of p,
with n odd. For any function f : {1, 2, . . . ,m} —) {1,2, . . . ,n}

mm

satisfying 2 f(k) E 0 (mod p), consider the product H f(k)
k=1 k=1

m

Prove that the sum of these products is divisible by (g) .

[Gabriel Dospinescu]

m

Solution. Let s = cos 2% + isin :7” and let an, be the sum of H f(k) over all
k=l

m

functions f : {1,2,...,m} —> {1,2,...,n} such that Z f(z') E k (mod 1)). It
i=1

is clear that

p—l

Z mks,“ = Z c1c2 . . .cm661+°2+"'+°"‘
=0 c1,cz,...,cme{1,2,...,n}

= (6+252+---+n5”)"‘.

Recall the identity

n+1_ n
1+2$+3$2+”'+nmn‘1 =L(n+_1)$_fl_

(:17—1)2

Plugging 5 in the previous identity, we find that

n6"+2 — (n + 1)::"4'1 + 6 _ n522 n: _ .6+ 6 + +n5 (€_1)2 5—1
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Consequently,

k = —-k=0 (5 — 1)“

On the other hand, it is not difficult to justify that

6P‘1+ep‘2+---+e+1=0¢>
1

5—1
= —%(5P‘2+25P‘3+~-+(p—2)s+p—1).

Considering

(XP_2 +2XP‘3 + - - - + (p— 2)X +p— 1)” = b0 +b1X + - - - +bm(p_2)Xm(P‘2),
we have

nm n m _1

(5—:1); = (-5) (Co+cle+---+cp-xe" ),

0;, = Z bj.

jEk (mod p)

where

n m

Setting 1' = (—5) , we deduce that

$0 - 7‘60 + ($1 — 7'01)5 + - - - + (asp_1 — 'r'cp_1)ep_1 = 0.
From the lemma, it follows that 11:0 — r00 = x1 — r01 = - -- = mp_1 — rcp_1 =
k. Because clearly co,c1, . . . ,cp_1 are integers, it remains to prove that 1116.
Because

pk=xo+w1+---+xp_1—7"(Co+ci+---+cp_1)
=(1+2+---+n)""—r(bo+b1+---+bm(p_2))

<—)(—-—)
it is clear that r|k. Here we have used the conditions in the hypothesis. The
problem is solved.
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It is now time to leave these kinds of problems and to talk a little bit about
some nice applications of complex numbers in tilings. Before presenting some
examples, let us make some conventions: consider a rectangular table with
edges parallel to two fixed (orthogonal) lines 0:1: and 0y. An 0. X b rectangle
is a figure consisting of ab unit squares, with edges parallel to 0:1: and 0y and
such that the edge parallel to 0:1: has length a and the one parallel to 03; has
length b. For instance, the rectangle with vertices (0, 0), (2,0), (2, 1), (0, 1) is a
2 x 1 rectangle, while the rectangle with vertices (0,0), (1, 0), (1,2), (0,2) is a
1 x 2 rectangle. Now, the idea is to put a complex number in each square of a
table and then to reformulate the hypothesis and the conclusion of a particular
tiling problem in terms of complex numbers. We will see how this technique
works better by solving a few actual problems. First, some easy examples.

Consider a rectangle that can be tiled by a finite combination
of 1 x m and n x 1 rectangles, where m, n are positive integers.
Prove that it is possible to tile this rectangle using only 1 x m
rectangles or only n x 1 rectangles.

[Gabriel Carrol] BMC Contest 2000

Solution. Let the dimensions of the initial rectangle be a x b, for the positive
integers a and b. Now let us partition the rectangle into 1 x 1 squares and
denote these squares by

(1, 1), (1,2), . . . , (1,b),. . . , (a, 1), (a, 2), . . . , (a, b).

Next, put the number 8"n in the square labeled (9:, y), where

271' , , 27r 271' , , 21r
$1 =cos—+zs1n—, 52=cos—+zs1n—.

n n m m

The main observation is that the sum of the numbers in any 1 x m or n x 1
rectangle is 0. This is immediate, but the consequence of this simple observa-
tion is really surprising. Indeed, it follows that the sum of the numbers in all
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the squares is 0, and so

b
0: Z sfefi=is§~25~g

13:350. i=1 j=1
1311517

a. . b .
Hence at least one of the numbers 251 and Z a; is 0. But this means that

i=1 j—l
nla or mlb. In either case, the conclusion of the problem follows.

The idea in the previous problem is quite useful, helping many tiling problems
become straightforward. Here is one more example:

Can we tile a 13 x 13 table from which we remove the central
unit square using only 1 x 4 or 4 x 1 rectangles?

Baltic Contest 1998

Solution. Suppose such a tiling is possible, and label the squares of the table
as in the previous problem. Next, associate to square (k, j) the number ik+2j .
Clearly, the sum of the numbers from each 1 x 4 or 4 x 1 rectangle is 0.
Therefore the sum of all labels is equal to the number corresponding to the
central unit square. Hence

,i13__1i2 1:26—21
=‘3

i—l i2—1 7' )2'21=(i+z'2+~-+i13)(i2+i4+~-+z'26)=i.

which clearly cannot hold. Thus the assumption we made is wrong, and such
a tiling is not possible.

The example we are going to discuss now is based on the same idea, and here
complex numbers are even more involved.
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On an 8 x 9 table we place 3 x 1 rectangles and “broken”
1 X 3 rectangles, obtained by removing their central unit square.
The rectangles and the “broken” rectangles do not overlap and
cannot be rotated. Prove that there exists a set 8' consisting
of 18 squares of the table such that if 70 unit squares of the
table are covered, then the remaining two belong to S.

[Gabriel Dospinescu]

Solution. Again, we label the squares of the table (1,1), (1, 2), . . . , (8, 9) by
starting from the upper left corner. In the square labeled (k, j ) we will place
the number ij -5’°, where i2 = —1 and e2 + 6 + 1 = 0. The sum of the numbers
from any rectangle or “broken” rectangle is 0. The sum of all numbers is

Let us suppose that ((11, b1) and ((12, b2) are the only uncovered squares. Then
ibleal+ibzsa2 = —2‘. Let 21 =z'l’1‘1rs“1 and 22 = ilk—1542. We have |21| = |22| =

1 11 and 21 + Z2 = —1. It follows that — + — = —1 and so zi’ = 2% = 1. This
21 22

in turn implies the equalities 12391—1) = 1302—1) = 1, from which we conclude
that b1 E b2 E 1 (mod 4). Therefore the relation 21 + 22 = —1 becomes
5‘“ + 5‘12 = —1, which is possible if and only if the remainders of a1, a2 when
divided by 3 are 1 and 2. Thus we can choose S to be the set of squares that
lie at the intersection of the lines 1, 2, 4, 5, 7, 8 with the columns 1, 5, 9.
From the above argument, if two squares remain uncovered, then they belong
to S. The conclusion is immediate.

Let m and n be integers greater than 1 and let a1, a2, . . . ,an
be integers, none of which is divisible by mn‘l. Prove that we
can find integers el, 52, . . . , en, not all zero, such that leil < m
for all 2' and mnlelal + 620.2 + - - - + enan.

IMO 2002 Shortlist
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n

Solution. Look at the numbers 2 eiai, where 0 S e,- S m — 1 for all 11.
i=1

Observe that we have a collection of m” numbers (denote this collection by
A). We can assume that this is a complete system of residues modulo m”
(otherwise, the conclusion is immediate). Now, consider f (:13) = Z :10“. Then

aeA

n n 1_$ma,-m—l

“90:11 200’“ = 1_—xa.-j=0' i=1t=1

Now take 5 = 623%. Since the m" numbers we previously considered form a
complete system of residues modulo m", we must have f(5) = 0. Therefore

71.

(the hypothesis ensures that 5‘“ aé 1) H(1 — SW“) = 0. But this clearly
i=1

contradicts the fact that none of the numbers (11,112, . . . ,0,7, is a multiple of
mn‘l.

Let p be a prime number and let fk(a:1,a:2, ...,:cn) = aklml +
(11,2932 + - - - + almxn be linear forms with integer coefficients
for k = 1,2, ...,p". Suppose that for all systems of integers
(3:1, 1:2, ..., con), not all divisible by p,

f1(x1, :172, ..., av"), f2(:1:1, 1:2, ..., x”), ..., fpn(x1, 22, ..., :3“)

represent every remainder mod p exactly pn_1 times. Prove
that {(ak1,ak2,...,akn)|k = 1, 2, ..., n} is equal to

{(i1,i2, ...,in)|i1,z'2, ...,in = 0,1,...,p — 1}.

Miklos Schweitzer Competition

21'1r
Solution. Let 8 = 67 and observe that the hypothesis implies the identities

p"

Zsfkctlr-uzn) = 0

16:1
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for all $1,...,.1:n, not all multiples of p. Now fix i1,z'2, ...,in. By multiplying
both sides of the equality by 5"121‘1222"“““m" we deduce that

p‘fl

z5(ak1‘i1)$1+"'+(akn—’in)$n = 0.
19:1

By making the sum of all these equalities corresponding to all (:51, x2, ..., sun) 6
{0,1,...,p—1}” and by taking into account that for (21, 22, ..., zn) = (0,0, ..., 0)
the left-hand side equals p", we deduce that

l n n p—lpn=Zl—l(28”"“”“"’)- (7.1)
k=l j=1 m,- =0

Because the sum in the right-hand side of (7.1) is not zero, at least one term
is not zero. Observe however that every term of the sum equals 0 or p".
Therefore there exists an unique 19 such that am = ij (mod p) for all j. This
is just another way of saying that

{(ak1,...,akn)|k=1,..., n}:{(i1,...,in)li1,...,'£n=0,...,p—1}.

The following problem, communicated by Vesselin Dimitrov, is a very special
one. It concerns a concept introduced by Erdos in a paper dating back to
1952: the covering systems of congruences. More precisely, the family of
ordered pairs (a1,d1),(a2,d2),...,(ak,dk), where 1 < d1 < d2 < < (1;,
is called a covering set of congruences if x E a,- (mod (1,) is solvable for any
integer m. Erd6s immediately realized that this new concept can be a source
of difficult questions, and that became source of intensive research. Erd6s
conjectured that there exists no covering set of congruences in which all the
moduli are odd. This remains open. On the other hand, Erdés used covering
sets (more precisely, the set (0,2), (0,3), (1,4), (3,8), (7, 12), (23, 24)) to prove
the existence of an infinite arithmetic progression of odd positive integers,
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none of which is of the form 2" + p. Schinzel also studied these systems in his
researches concerning the irreducibility of polynomials. Conjectured by Erd6s,
the example that comes next was proved by Sun, and what is really strange
is that the solution is absolutely elementary. We thank Vesselin Dimitrov for
pointing out this jewel of number theory.

» Let F be a family of k infinite arithmetic progressions a,- +
01,2, where 1 < d1 < < dk. Assume that F covers 2’“
consecutive integers (that is, there exists an integer :r such
that every number in the sequence 113,3: + 1, ...,:1: + 2k — 1
belongs to at least one member of the family F). Then F is
a covering system of congruences.

[Erdos-Sun]

Solution. The magical idea is to rewrite the condition that a number belongs
to a union of arithmetic progressions in a more algebraic way. For instance,
the fact that a: + t belongs to the union of members of F can be written in the
form

H (1 __ e%(m+t—aj)) = 0.

1:19:
Now, all we have to do is to develop this product and observe that the same
relation can be expressed in the form

2 a1 . e(2+t)fl1 = 0,

lg;

where S = {1, 2, . . . , k} (including the void set, in case of which the term is
0), a] and [‘31 depending only on the cover itself. Indeed, this is clear, because

H (1 __ 6%(1’44—“1‘5 = Z (_1)II| . e—2'i1r-zJ-EI Sf . e2i7r'2jel dijtai'l't).

195k Ic{1,2,...,k}
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If we manage to prove that the same relation (7.2) holds for any integer y
instead of as, we are done, since it would follow that any integer belongs
to at least one member of F. If we consider 21 = em , then we know that
Z,- asfl = O for all 0 g t g 2’“ — 1. Define un = 21(1s and observe that
an satisfies a linearly recurrent relation of order 2", the coefficient of un being
nonzero. Indeed, consider the polynomial H,- (X — 21), which has degree 2’“
and nonzero free term (because all 21 are nonzero), and write it in the form
s + A2k_1X2k—1 + - - - + A1X + A0. Then we know that

z?“ + A2k_lz§'°'1 + - - - + A0 = 0.
By multiplying this relation by a; ' 2? (we allow here negative exponents as
well) and by adding up these relations, we obtain a recurrence relation

“n+2'c + A2'v—1un+2k—1 + ' ' ‘ + A0 = 0-

And now... we are done: from the hypothesis, 2’6 consecutive terms of this
sequence vanish. Since the sequence satisfies a recurrence relation of order 2"
with nonzero free term, it follows by a trivial induction that all terms are zero.
This finishes the proof.
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7.2
1.

Practice Problems

Three persons A, B, 0 play the following game: a subset with k elements
of the set {1, 2,. . . , 1986} is selected randomly, all selections having the
same probability. The winner is A,B, or 0', according to whether the
sum of the elements of the selected subset is congruent to 0, 1, or 2
modulo 3. Find all values of k for which A, B, C have equal chances of
winning.

IMO 1987 Shortlist

We roll a regular die n times. What is the probability that the sum of
the numbers shown is a multiple of 5?

IMC 1999

Let ak,bk,ck be integers, k = 1,2, . . . ,n and let f(a:) be the number of
ordered triples (A, B, C) of subsets (not necessarily nonempty) of the set
S = {1,2, . . .,n} whose union is S and for which

2 ai+ 2 bi+ Z: c,-E:I: (mod3).
ieS’\A ieS\B ieS\C'

Suppose that f(0) = f(1) = f(2) Prove that there exists 2' e S such
that 3 | ai+b¢+c,~.

Gabriel Dospinescu

Let k be an integer greater than 2. For which odd positive integers n
can we tile a n X n table by 1 x k or k x 1 rectangles such that only the
central unit square is uncovered?

Gabriel Dospinescu
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. Let n 2 2 be an integer. At each point (12, j) having integer coordinates
we write the number i+j (mod n). Find all pairs (0., b) of positive
integers such that any residue modulo n appears the same number of
times on the sides of the rectangle with vertices (0, 0), (a, 0), (a, b), (0, b)
and also any residue modulo n appears the same number of times in the
interior of this rectangle.

Bulgaria 2001

. Let p > 2 be a prime. How many subsets of {1,2, . . . ,p — 1} have the
sum of their elements divisible by 19?

Ivan Landjev, Bulgaria TST 2006

. Prove that the number of subsets with n elements of {1,2, . . . , 2n} whose
sum is a multiple of n is

<-,:>".:<-1>d¢<z>(%:).
dln

Adapted after IMO 1995

. Let p be an odd prime. Find the number of 6—tuples (a, b, c, d, e, f) of
integers between 0 and p — 1 such that

(12+b2+c2 Ed2+62+f2 (modp).

MOSP 1997

. Let (1 and n be positive integers such that d I n. Consider all sequences
(m1,x2,...,a;n) suchthat 0 31:1 31:2 3 $23,, snandd|m1+m2+
- - - + as". Prove that among these sequences, exactly half satisfy 17,, = n.

Chinese IMO training program
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10.

11.

12.

13.

Let p be an odd prime and n _>_ 2. For a permutation a of the set
{1,2, . . . ,n} define

3(a) = 0(1) + 20(2) + - - - + na(n).

Let Aj be the set of even permutations a such that 5(a) E j (mod p)
and Bj be the set of odd permutations a for which 3(a) E j (mod p).
Prove that n > p if and only if Aj and Bj have the same number of
elements for all j.

Gabriel Dospinescu

Let p be an odd prime. Prove that the 213—1 numbers i1 :I: 2 :I: - - - :I: %1
represent each nonzero residue class mod p the same number of times.
Compute this number.

R. L. McFarland, AMM 6457

Each element of the set M = {1,2, . . . ,n} is colored in one of three
colors. Let A be the set of triples (w, y, z) of elements of M such that n
divides a: + y + z and 11:, y, 2 have the same color. Define B similarly, by
asking that :13, y, 2 have pairwise distinct colors. Prove that 2|A| 2 |B|.

Chinese TST 2010

Color the numbers 1, 2,. . . ,N using 3 colors such that there are at most
i2! numbers of each color. Let A be the set of 4—tuples (a, b, c, d) 6
{1,2, . . . ,n}4 such that a+b+c+d = 0 (mod N) and a,b,c,d have the
same color. Let B be the set of 4-tuples (a, b, c, d) E {1, 2, . . . ,n}4 such
that a + b + c + d = 0 (mod N), a,b and c,d have the same color, but
these colors are distinct. Prove that |A| S |B|.

Komal



PRACTICE PROBLEMS 157

14.

15.

16.

17.

(a) Let n be an odd integer. Find the number of sequences (a0, a1, . . . ,an)
such that a, e {1,2,...,n} for all i, (1n = a0 and a,- — a,-_1 $12
(mod n) for all i = 1,2,...,n.

(b) Let n be an odd prime. Find the number of sequences (a0, a1, ..., an)
such that a,- 6 {1,2,...,n} for all i, an = a0 and a,- — ai_1 i 1321'
(mod n) for all i = 1,2,...,n.

USA TST 2004

Let p > 3 be a prime number and let f(X) be the number of sequences
((11, a2, . . . , ap_1) such that aj e X for all j and p divides 21;: jaj. Here
X is a nonempty subset of {0,1,.. .,p — 1}. Prove that f({0,1,3}) 2
f({0, 1, 2}), with equality if and only ifp = 5.

IMO 1999 Shortlist

Is there a positive integer k such that p = file + 1 is a prime and

(3k) E 1 (mod p)?
k

USA TST 2010

Let p be an odd prime and let a, b, c, d be integers not divisible by p such

{%}+{%}+{%}+{%}=2
for all integers 1‘ not divisible by p (here {} is the fractional part). Prove
that at least two of the numbers a+ b,a+c,a+d,b+c,b+d,c+d are
divisible by p.

Kiran Kedlaya, USAMO 1999
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18. Let p be a prime and let S C (Z/pZ)d be a subset containing no line
of the afline space (Z/pZ)d. Prove that S has at most g elements.

2d?—1However, prove that we can find such a set with at least 3 elements.

Meshulam-Roth theorem
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8.1 Theory and examples
We start with a riddle and a challenge: what is the connection between the
following problems?
1. The set of nonnegative integers is partitioned into n 2 1 infinite arithmetical
sequences with common differences r1, r2, . . .,1'.,, and first terms a1, a2, . . . ,an.
Then 1

a1 (12 an n -_ + _ + . . . + _ = .
1'1 7'2 1‘", 2

2. The vertices of a regular polygon are colored such that each set of vertices
having the same color is the set of vertices of a regular polygon. Prove that
there are two congruent polygons among them.

The first problem was discussed during the preparation of the USA IMO team,
but it seems to be a classical result. As for the second one, well, it is a
famous problem given at a Russian Olympiad, proposed by N. Vasiliev. If
you have no clue, then we will give you a small hint: the methods used to
solve both problems are very similar and can be included into a larger field,
that of formal series. What are those? Well, given a commutative ring A,
we can define another ring, called the ring of formal series with coeflicients in
A and denoted A[[X]]. An element of A[[X]] is of the form ZanX”, where

n>0
an 6 A, and it is also called the generating function of the sequence (an)n20.
The addition and multiplication are the natural ones, defined as the similar
operations with polynomials:

Z anX" + Za" = 291,, + bn)X‘"
1120 1120 1:20

and

2am - 2w =>:c",
n20 n20 n20

where 0,, = z apbq. Yet, for an entire function g(z) = 2 97,2" and a. formal
p+q=n n20

series f(X) = Z anX” we can define the formal series g(f(X)) = z an
n20 n20
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obtained “formally” from the formula g(f(X)) = Z gnf”(X) by developing
n>0

f" (X) and grouping terms according to successive powers of X. You can (and
you should, if it is the first time you encounter this object) easily prove that all
formulae of the type ef-eg = ef+9, sin(f+g) = sin(f) cos(g)+sin(g) cos(f) and
so on are valid in the ring of formal series. Also, one can define a derivative on
this ring, similarly defined as the usual derivative of polynomials, by f’(X) =
Z nanX"_1 and check that all the properties that the derivative has on the
n>1
space of polynomials are preserved. Actually, all operations that are allowed
on polynomials can be transferred formally to the ring of power series, and
preserve their properties, as long as they are expressed purely in terms of the
coefficients (this excludes of course speaking about zeros of a formal series).
As we will see in what follows, formal series have some very nice applications
in different fields: algebra, combinatorics, and number theory. But let’s start
working now, assuming familiarity with some basic analysis tools. We warn the
reader that from time to time we will insist on some questions of convergence
or continuity, but at other times we will work only in this ring of formal series,
therefore adopting only the operations of this ring, with no further reference
to questions of convergence.

Let a1, . . . ,aw.n be complex numbers such that a’f +- - -+a§, = 0
for all 1 S k S n. Then all numbers are equal to 0.

Solution. The experienced reader has already noticed that this problem is an
immediate consequence of Newton’s relations. But what can we do if we are
not familiar with these relations? Here is a nice way to solve the problem (and
a way to prove Newton’s relations, too). First of all, observe that the given
condition implies

fi+$+m+fi=0
for all positive integers k. Indeed, let

n

f(X) = X” + bn_1X”‘1 + - - - + b1X + be = H(X — a).
i=1

Then
(156+ (in—1a.?—1 + - - - + boa?" = 0
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for all k 2 n + 1. It suffices to add these relations and to prove the statement
by strong induction. Now, let us consider the function

n

flz)=Zl—lza,
i=1

Developing it by using

—1— =1+z+x2+--- (for Incl < 1),
1 — a:

we obtain that f(z) = n for all sufl'lciently small 2 (meaning for such 2 that
satisfy |z| max15,3n{|a,~|} < 1). Assume that not all numbers are zero and take
(11, . . . ,as (1 S s S n) to be the collection of numbers of maximal absolute va-
lue among the n numbers and let this maximal absolute value be 7'. By taking

1a sequence 2,, —) ; such that I2:p - rl < 1, we obtain a contradiction with the
n. 1relation 2 m = n (indeed, it suffices to observe that the left-hand side

. "‘ p i,

is unbourfiied, while the right one is bounded). This shows that all numbers
are equal to 0.

We are going to discuss a nice number theory problem whose solution is prac-
tically based on the same idea. This result is an important step in proving
that the order of any finite subgroup of G'Ln(Z) divides (2n)!. Indeed, it is
not difficult to prove that if G is a finite subgroup of GLn(Z) then |G| divides
Z Tr(g) (all you need is to note that W 2 g is idempotent, which is an

gEG' gEG
immediate consequence of the fact that in a finite group the translations are
actually permutations; or, the trace of an idempotent matrix is just its rank,
and thus an integer). Working with the tensorial product matrices A 8) A
where A e G and repeating the above argument yields |G| | 922; (Tr(g))’“ for

all k > 0. Now, all we need is to apply the result below 1n order to conclude
that

IGI | (n - 'I‘Jf(91))(n - T—l‘(92)) - - - (n - Tr(gs)),
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where Tr(gl), ’I‘r(gg), ..., Tr(g,,) are the distinct traces that appear in the list
(’I‘r(g))geg,g¢1n. Because n — 'I‘r(g,-) are distinct integers between 1 and 2n, it
follows that |G| divides (2n)!.

Let a1,a.2,...,aq,x1,:1:2,...,a:q and m be integers such that
mlalm’f + (12935“ + - - - + aqxg for all k 2 0. Then

q
mlal H(a:1 — xi).

i=2

Solution. Consider this time the formal series

q

f(Z) = 2 1:12:13;
i=1

By using the same formula as in the first problem, we obtain

q q
f(z) =Zai+ (Emmi) z+---,

i=1 i=1

which shows that all coefficients of this formal series are integers divisible by
m. It follows that the formal series

4
Z a,- H(1 — s)
i=1 #i

also has all of its coefficients divisible by m. Now consider St“), the t—th funda-
mental symmetric sum in xj (j 7E 2'). Because all coefficients of 23:1 az- [met-(1—
s) are multiples of m, a simple computation shows that we have the divisi-
bility relation

q q . q _
mI—T‘ll—l Z (Li — 14—2 Z aiSE') + . . . + (_1)q—1 Z digs—)1.

i=1
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This can also be rewritten as
q . .

ml Emmi—1 — avg-2s?) + ---+ (Av-13,91).
i=1

Now, the trivial identity

(1:1 — 1:1)...(x1 — azi_1)(a:1 — mi+1)...(:1:1 — can) = 0
gives us the not-so obvious relation

avg—1 — avg—25$.) + - ~ - + (—1)q_15,§i_)1 = 0
for 2' Z 2. Therefore

gag-1 — xiv-25:1) +---+(—1)'1-1,s:§131 = ($1 — x2)--.(w1 — mu)
and we are done.

In order to solve the problem announced at the very beginning of the presen-
tation, we need a lemma, which is interesting itself, and which we prefer to

"3 Suppose that the set of nonnegative integers is partitioned
into a finite number of infinite arithmetical progressions with
common differences 7'1, 1'2, . . . ,rn and first terms (11, a2, . . . ,an.
Then

1 1 1
-— + — + -- + — = 1
7'1 7'2 Tn

Solution. Let us observe that for any lav] < 1 we have the identity:
2xa1+kr1 + Z xa2+kr2 + _ , , + Z man+krn =k'

1620 1620 £220 kZO

Indeed, all we did was to write the fact that each nonnegative integer is in
exactly one of the arithmetical sequences. The above relation becomes:
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a

= a. We findLet us multiply (8.1) by 1 .— a: and use the fact that li_)m1 1 ma, _
the desired relation

1 1 1_+_+...+_=1.
7'1 7'2 7'n

It is now time to solve the first problem. We will just take a small, but far
from obvious, step and we’ll be done. The fundamental relation is again (8.1).

The set of nonnegative integers is partitioned into n 2 1 infi-
nite arithmetical progressions with common differences r1, . . . ,
Tu and first terms a1, (12,. . . ,an. Then

a1 a2 an n— 1
_+ —— +ooo+-——- = .

r1 m n, 2

MOSP

Solution. Let us write the relation (8.1) in the more appropriate form:

Now, let us differentiate (8.2) and then make a: —> 1 in the resulting expression.
An easy computation, which is left to the reader, shows that

. ._1n a,r,_n(né_)
i=1 ‘1

It suffices now to use the result proved in example 3 in order to conclude that
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Some comments about these two relations are necessary. First of all, using a
beautiful and difiicult result due to Erd6s, we can say that the relation

1 1 1
7'1 7'2 Tn

implies that max('r1,'r'2, . . . ,7») < 22n_1. Indeed, this remarkable theorem
due to Erdés asserts that if x1, x2, . . . ,rrk are positive integers whose sum of
reciprocals is less than 1, then

1 1 1 1 1 1—+—+m+—s—+—+m+—,
121 $2 wk U1 U2 uk

where 0.1 = 2, un+1 = 11.72, — un + 1. But the reader can verify immediately by
induction that

1 1 1
U1 11.2 114, uluz . . . 114., I

Thus we can write
1

1",, Hang . . . ’Um_1,

or, even better, 1-,, 3 mm - - ~un_1 = un —— 1 (the last relation following again
by a simple induction). Another inductive argument proves that un S 22"_1.

'n—l . . .Hence max('r1, r2, . . . ,rn) < 22 . Usmg the relatlon proved 1n example 4, we
also deduce that

max(a1, 0:2, . . . ,an) < (n _ 1) . 22n—1_1.

This shows that for fixed n not only is there a finite number of ways to parti-
tion the set of positive integers into n arithmetical progressions, but we also
have some explicit (even though huge) bound on the common differences and
first terms.

It is now time to solve the remarkable problem discussed at the beginning
of this chapter. We will see that using the previous results proved here, the
solution becomes natural. However, the problem is still really difl‘icult.



168 8. FORMAL SERIES REVISITED

The vertices of a regular polygon are colored in such a way
that each set of vertices having the same color is the set of ver-
tices of a regular polygon. Prove that there are two congruent
polygons among them.

[N. Vasiliev] Russian Olympiad

Solution. Let us assume that the initial polygon (which we will call big from
now on) has n edges, and that it is inscribed in the unit circle,_ the vertices
having as coordinates the numbers 1, e, 62, . . . ,en‘l, where 5 = 8%?" (of course,
we will not lose generality with all these restrictions). Let n1,n2, . . . ,nk be
the number of edges of the monochromatic polygons, and assume that all

211w

these numbers are distinct. Let 6:- = e"_1‘ and observe that the coordinates of
. . nj—lthe vertices of each monochromatic polygon are 21-, zjej, . . . , zjsj , for some

complex numbers zj on the unit circle. First, a technical result.

2hr

Lemma 8.1. For any complex number 2 and C = e7 we have the identity

1 + 1 + +;— p1—2 1—2( 1—z(P—1—1—2P'

Proof. Proving this lemma is a simple task. Indeed, it suffices to observe that
z, z(, . . . , s‘l are exactly the zeros of P(X) = X? — 2”. Or, observe that

P(X) _ 1 + .+ __1_
P(X) _X—z X—zCP‘l’

thus by taking X = 1 we obtain the desired result.
Now, the hypothesis of the problem and lemma allow us to write

71.1 + 11.2 + m, _ n

1 — (221)"1 1 — (222)"2 1 — (2.219)“ — 1 —- z".
Also, the simple observation m + 712 + - - - + nk = n yields the new identity

mzi“ n. fiflnz + . .. «wk—2362., =fl. (1)1 - (221)"1 1 - (222)"2 1 " (”MW6 1 — z"
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Let us assume now that m < min(n2, . . . ,nk) and divide (1) by 2’”. It follows
that for any nonzero 2 we have

'nkzl'c"c nan—"177412111 ”2232 2712—7111 + . . . + znk-m = .
1 — (221)”1 1 — (222)"2 1 — (zzk)”k 1 — z" (2)

We are done: it suffices to observe that if we make 2 —> 0 (by nonzero values)
in (2), we obtain 2;“ = 0, which is clearly impossible, since |21| = 1. The
proof ends here. El

The problem that we are going to discuss now has appeared in various contests
in different forms. It is a very nice identity that can be proved in quite messy
but elementary ways. Here is a magical proof using formal series.

.5; For any complex numbers 04, a2, . . . ,an the following identity
holds:

n n n n(z ) — 2 2a,.
i=1 i=1 #2’

n

+ Z 2:0,;c —---+(—1)"_1:n:a?=n!fiai.
i=1lsi<j5n k¢i,j i=1

Solution. Consider the formal series

71

f(2) = mew — 1-).
i=1

We are going to compute it in two different ways. First of all, it is clear that

f(z)=fi(zai+¥+...),
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n

hence the coefficient of z” is H a,. On the other hand, we can write
i=1

Indeed, you are right: everything is now clear, since the coefficient of z” in e’cz
n

is H' The conclusion follows.

Here are two applications of this formula. The first one is a recent Putnam
problem (2004), which asked competitors to prove that for any n there exists
N and some rational numbers 01,02, ...,cN such that

N
161162 - - - ivn = Z Ci(a”i1931 + (M2172 + ' " + dawn)”

i=1
holds identically in complex variables $1,102, ...,xn, and aij are equal to —1, 0
or 1. It is clear that the above identity furnishes an answer N = 2” where we
have even more, aij 6 {0,1}. Some twenty years before the Putnam Competi-
tion, the following problem was proposed at the Saint Petersburg Olympiad:
A calculator can perform the following: add or subtract two numbers, divide
any number by any nonzero integer and raise any number to the tenth power.
Prove that using this calculator one can compute the product of any ten num-
bers. As you can immediately see, the solution follows by the above identity.
Without using it, it is really difficult to solve this problem.

Not only algebra problems can be solved in an elegant manner using formal
series, but also some beautiful number theory and combinatorics problems.
We shall focus a little more on each type of problem in the sequel.

, Let 0 = (10 < a1 < (12 < be a sequence of nonnegative
integers such that for all n the equation a, + 20.,- + 4046 = n has
a unique solution (1', j, k). Find 0,1998.

IMO 1998 Shortlist
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Solution. Here is the very nice answer: 9817030729. Let A = {ao,a1, . . .}
and let bn = 1 if n E A and 0 otherwise. Next, consider the formal series
f (as) = am”, the generating function of the set A (we can write it in a

n20

more intuitive way f(x) = Exam). The hypothesis imposed on the set A
n20

f($)f(«’v2)f(w4) =
Replace m by xzk. We obtain the recursive relation

f(z2k)f(m2k+1)f(w2k+2)~ 1_ l—xzk'

translates into 1

l—w'

Now, observe that

H m”) = II (“9123")f(w23k+1)f(x23k+2)) = H I—lfi
kZO kzo kzo -x

and

II W") = H (f(z2‘"°“)f(w2”+’>f<m2””>) = H Ti???kZI kZO kZO

Therefore (you have observed that rigor was not the strong point in establi-
shing these relations),

23k+1

f(a:)=H iffiyr = Ha +w8’°)
kZO kZO

This shows that the set A is exactly the set of nonnegative integers that use
only the digits 0 and 1 when written in base 8. A quick computation based
on this observation shows that the magical term asked for by the problem is
9817030729.

The following problem is an absolute classic. It has appeared under different
forms in Olympiads from all over the world. We will present the latest one,
given at the 2003 Putnam Competition:
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Find all partitions with two classes A, B of the set of nonne-
gative integers having the property that for all nonnegative
integers n the equation a: + y = n with m < y has as many
solutions (133/) E A x A as in B x B.

Solution. Let f and g be the generating functions of A and B respectively.
Then

f(1:) = Z aux", g(a:) = Z bum”
n20 1120

where, as in the previous problem, an equals 1 if n E A and 0 otherwise. The
fact that A and B form a partition of the set of nonnegative integers can be
also rewritten as 1

_m.re) +g<w> = 2x" = 1
n20

Also, the hypothesis on the number of solutions of the equation a: + y = n
implies that

f2(x) - f(352) = 92(06) - 9032)-
Hence

fw) ~9<x2>= “$115”
which can be rewritten as

’

f(Z) - 9(1)
f (-732) - 9(32)

Now, the idea is the same as in the previous problems: replace a: by 272k and
iterate. After multiplication, we deduce that

f(w) — ye) = Ha — z”) "1330(“$2”) — gab-2"».
16:20

=1—.’1,'.

Let us assume without loss of generality that 0 e A. You can easily verify
that

lim )"(1:2 )= 1 and lim009(m2n )=0,
11,-)00



THEORY AND EXAMPLES 173

which follows from the observation that 1 S f(x) S 1 +fl and 0 S g(a:) S
fi if 0 < z < 1.
This shows that actually

f(:v) - gm = Ha - $25 = Zensmmk,
1620 [:20

where 32 (x) is the sum of the digits in the binary representation of :13. Taking
into account the relation

ma) +g(x) =fi
we finally deduce that A and B are respectively the set of nonnegative integers
having even (respectively odd) sum of digits when written in base 2.

We will discuss a nice problem in which formal series and complex numbers
appear in a quite spectacular way:

Let n and k be positive integers such that n 2 2k‘1 and let
S = {1,2,...,n}. Prove that the number of subsets A of
S for which 21: E m (mod 2") does not depend on m 6

36A
{0,1,...,2k—1}.

Solution. Let us consider the function (call it formal series, if you want):
11.

f(w) = H(1 + xi).
1:].

If we prove that 1 + :L‘ + + mzk‘l divides f(51:), then we have certainly
done the job. In order to prove this, it suffices to prove that any 2kth root
of unity, except for 1, is a root of f. But it suffices to observe that for any
le {1,2,...,2’°‘1 — 1} we have

2l7r 2l1r 2k_1—u2m
(cos7+isinfi—) = —1
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and so
2hr 2l1r

f (cos2—,c +isin7) = 0,

which settles our claim.

Finally, it is time for a tough problem, solved by Constantin Tanasescu.

Let S’ be the set of all words which can be formed using m 2 1
given letters. For any w E S, let l('w) be its length. Also, let
W E S be a set of words. We know that any word in S can
be obtained in at most one way by concatenating words from
W. Prove that

1
2 my?) 3 1~

weW

[Adrian Zahariuc]

Solution. Let A be the set of all words which can be obtained by concatenating
words from W. Let

f(a;) = 2 1.101)), 9(a)) = Z xl(w)

weW weA

By the definition of A,

_ 2 _ _1

Hence

f(@906) = W) - 1-

Now, A ,(and W) has at most mk elements of length k, thus g(a:) < 00 and

f (cc) < oo for~z < %. Thus for all m e (0, i) the expression in (8.3) is less
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than g(m) and so f(m) < 1 for all .77 E (0, i). All we need now is to make

1
a: tend to i and we will obtain f (a) S 1, which is precisely the desired

inequality. Indeed, observe that f can be written as f(w) = E aux" for some
n20

nonnegative real numbers an. Fix a positive integer N. Because
N

Zakz’“ S f($) S 1,
k=0

N
for all 0 < a; < #13 by continuity of the polynomials it follows that Z 57% g 1,

19:0
and because N is arbitrary, we have 2 iii; 3 1, that is f (i) S 1.

1020
There is a very short solution for the following result using group theory.
However, this is not the natural approach. The following solution may seem
very involved and technical, but it was written in order to convince the reader
that from time to time we need to work with composition of formal series, not
merely with their sum and product.

73 Let 0(a) be the number of cycles (including those of length
1) in the decomposition of a into disjoint cycles. Prove that

1 m+n—1_. ()_
m! Enca_( m )’

065m

where Sm is the set of permutations of the set {1, 2, ..., m}.

[Marvin Marcus] AMM 5751

Solution. Let us start with a Lemma:

Lemma 8.2. For given nonnegative integers k1, k2, . . . , kn such that k1 +2k2+
~ - -+nkn = n, the number ofpermutations of {1, 2, . . . ,n} which have led cycles
of length i for all i is

n! .
klll - - - ls:n!1’°12’°2 - - ~nkn'
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Proof. Indeed, there are n! ways to fill in the elements of all cycles, but observe
that every cycle of length j can be rotated around j ways and be the same
cycle (so we must divide n! by 3"”) and also there are 19,-! ways to permute
the cycles of length j in order to obtain the same permutation. All these
operations being independent, the statement of the lemma follows. El

Thus the sum we need to evaluate is

7”! k1+k2+---+km_'I'L1k12k2---mkmk !k !---k!
k1+2k2+---+mkm=m 1 2 m

You will probably say that this is much more difficult than the initial problem,
but you are not right, because the latter sum can also be written as

1 p! n la; n k2 n k...W-Z— z —.(_) .(_) ,_,(_) .
l I I... l

P p. k1+2k2+...+mkm=m ’61-’92. km. 1 2 m

k1+k2+...+km=p

Now, observe that the multinomial formula implies that

Z map—km ' G)“ - (3)”- (filmk1+2k2+---+mkm=mk1+k2+---+km=p
m p

is the coefficient of Xm in the formal series (% + 9-); + - - - + 1%- + - - )
Therefore the sum to be evaluated is the coefficient of X"" in the formal series

2 m P 2 n mm! 2— _+—”X + +—”X + =m———
p! m

Finally, observe that % + "TX: + - ' - + % + - -- = —-nln(1 — X), so

ea+ei+~+#+~- 1=W-
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But using the binomial formula for (1 — m) "n we easily find the coefficient of
Xm in lfifi to be (Mm—1). This finishes the solution.

We should also mention the beautiful solution using group theory. Remember
that when a group G is acting on a set Y (that is, we can define for all g E G
and :1: E Y an element you: 6 Y such that for all g, h, :1: we have g-(h-x) = (gh)-a:
and 1 -:c = m), the number of orbits for the action of G on Y, that is the number
of distinct sets of the form {9 - mlg E G}, is equal to

fi - Z IFix(y)l,
960

where Fix(g) is the set of a: E Y such that g - a: = a). This is called Burnside’s
lemma and it is very useful, even though its proof is really simple: all you need
to do is to count in two ways the pairs (9, m) such that g-x = m. Now, consider
Y the set of the first m positive integers, and G the set of permutations of
its elements. G acts obviously on the_ set of colorings of Y with n colors
01,02,...,C,, (that is, on the set Y of functions from Y to {1,2, ....,n}) The
number of orbits is just the number of pairwise inequivalent classes of colorings,
where two colorings are equivalent if they can be obtained by a permutation
of G. Clearly, there are ("fix—1) such classes of equivalence (because they
are determined by the nonnegative integers (k1, k2, ..., kn) which add up to m,
where 19,; is the number of objects colored with the color 0,; there are ("+3—1)
solutions of the equation k1 +k2+- - -+kn = m in nonnegative integers). On the
other hand, we can use Burnside’s lemma to count these pairwise inequivalent
colorings. Observe that a permutation g fixes a coloring if and only if the
numbers belonging to the cycles of 9 have the same color. Therefore, Fix(g)
is the set of colorings which are constant on each cycle of 9. There are n°(9)
such colorings. Thus, there are

i' 2 new)
m.

960

classes of colorings, and this finishes the proof of the identity.

In order to see whether you understood this type of argument, try to show
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11

(using this technique) that n divides Z N3°d(k’") for all integers N. (Hint:
k=1

count the number of classes of colorings of the vertices of a regular n—gon,
two colorings being equivalent if they are obtained by a rotation keeping the
polygon invariant.)
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8.2 Practice problems

1. Let a1,a2, . . . ,an be relatively prime positive integers. Find an equi-
valent as k —) 00 for the number of positive integral solutions of the
equation (11331 + (12:1:2 + - - - + anzn = k.

2. Prove that if we partition the set of nonnegative integers into a finite
number of infinite arithmetical sequences, then there will be two of them
having the same common difference.

3. For n 2 3 and A C {1,2, . . . ,n}, say A is even if the sum of the elements
of A is an even number. Otherwise, say that A is odd. By convention,
the empty set is even.

(a) Find the number of even, respectively odd subsets of {1,2, . . . ,n}.

(b) Find the sum of the elements of the even, respectively odd subsets
of {1,2,...,n}.

Romanian TST 1994

4. Prove that for each positive integer n

n n+k—1)
E =F2‘n’k=1( 216—1

where Fn is the Fibonacci sequence (with F1 = F2 = 1).

Iran 2008

5. For positive integers m and n, let f (m, n) denote the number of n-tuples
(11:1,:v2, . . .,a:n) of integers such that |z1| + lwzl + - ' - + Ixnl S m. Show
that f (m, n) = f (n, m).

Putnam 2005
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6.

10.

Let A be a finite set of nonnegative integers. Define a sequence of sets
by A0 = A and for all n 2 0, an integer a is in An+1 if and only if exactly
one of the integers a — 1 and a is in An. Prove that for infinitely many
positive integers k, Ak is the union of A with the set of numbers of the
form It +a with a E A.

Putnam 2000

How many polynomials P with coefficients 0, 1, 2, or 3 satisfy P(2) = n,
where n is a given positive integer?

Romanian TST 1994

Let n and k be positive integers. For any sequence of nonnegative inte-
gers (a1, a2, . . . ,ak) which adds up to n, compute the product a1a2 - - - ak.
Prove that the sum of all these products is

12(7),2 — 12)('n2 — 22) - - - ('n.2 — (k - 1)2)
(2k — 1)! '

In how many different ways can we parenthesize a non-associative pro-
duct a1a2 . . . an?

Catalan

Let F(n) be the number of functions f : {1,2,...,n} —> {1,2,...,n}
with the property that if i is in the range of f, then so is j for all j S i.
Prove that n

120

L. Lovasz, Miklos Schweitzer Competition
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11.

12.

13.

14.

15.

Let p be a prime and let d E {0,1,...,p}. Prove that

Egg) (map),
k=0

where r "=‘ p — d (mod 3), r 6 {—1,0, 1}.

Mathlinks Contest

For which positive integers n can we find real numbers a1,a2, . . . , an
such that

{lat—«m | ls..z'<j5n}= {1W2(’;)}?
Chinese TST 2002

Find all positive integers n with the following property: for any real
numbers a1, a2, . . . ,an, knowing the numbers a,- + a,-, 2' < j, determines
the values a1, a2, . . . ,an uniquely. ‘

Erd6s and Selfridge

Let A1 = 0, Bl = {0} and

An+1 = {1 + 13' :1: E Bn},Bn+1 = (An \ Bu) U (Bn \ An)-

Find all positive integers n such that B = {0}.

Chinese Olympiad

Suppose that 0.0 = a1 = 1 and (n + 3)an+1 = (2n + 3)an + 3nan_1 for
n 2 1. Prove that all terms of this sequence are integers.

K6mal
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16.

17.

18.

19.

20.

Let m,n be positive integers with m 2 n, and let S be the set of all
n-term sequences of positive integers (a1, a2, . . . an) such that a1 + a2 +
---+ an = m. Show that

n

E 1012“2 - --n"’" = :(—1)"—i(n)im.
(a1,...,an)ES i=1 1,

Palmer Mebane, USA TST 2010

Is it possible to partition the set of all 12—digit numbers into groups of
four numbers such that the numbers in each group have the same digits
in 11 places and four consecutive digits in the remaining place?

St. Petersburg Olympiad

Consider (bn)n21 a sequence of integers such that bl = 0 and define
a1 = 0 and an = nbn + (11b -1 + - -- + an_1b1 for all n 2 2. Prove that
pla.p for any prime number p.

Komal

Let p be a prime and let n 2 p and a1,a.2, . . . ,an be integers. Define
f0 = 1 and fk the number of subsets B C {1,2, . . . ,n} having k elements
and such that p divides 21-63 0.5. Show that f0 — f1 + f2 — - - - + (—1)"fn
is a multiple of p.

Saint Petersburg 2003

Let A be an infinite set of positive integers. Let f(n) be the number
of pairs (a, b) e A X A such that a < b and a, + b = n. Prove that the
sequence (f(n) )n is not eventually constant.

Donald J. Newman
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21.

22.

23.

Let n be a positive integer. Prove the equivalence of the following sta-
tements:

(a) there exists 5' C {1,2, . . . ,n} such that each of the numbers 0, 1, 2, . . .
1 has an odd number of representations as a: — y with a), y e S;

(b) 2n — 1 has a multiple of the form 22'“+1 — 1.

Miklos Schweitzer Competition

Let p > 3 be a prime. Prove that

E1 (2:) E 0 (mod p2).
k=1

David Callan, AMM 11292

Let a: and y be noncommutative variables. Express in terms of n the
constant term of the expression (a: + y + 27—1 + 11*)".

M. Haiman, D. Richman, AMM 6458
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9.1 Theory and examples

We have already seen some topics where algebra, number theory and combi-
natorics were mixed in order to obtain some beautiful results. We are aware
that such topics are not so easy to digest by the unexperienced reader, but
we also think that it is fundamental to have a unified vision of elementary
mathematics. This is why we have decided to combine algebra and number
theory in this chapter. Your effort and patience will be tested again. The
purpose of this chapter is to survey some classical results concerning algebraic
numbers and their applications, as well as some connections between number
theory and linear algebra.

First, we recall some basic facts about matrices, determinants, and systems of
linear equations. For example, the fact that any homogeneous linear system

aim + (112922 + - - - + ainmn = 0
a21$1 + 0.22.172 + ' ' ' + aznwn = 0

anm + «11.222 + - - - + annmn = 0

in which
(111 0,12 . . . am

0.21 0.22 . . . (12,; 75 0

“111 “1:2 - - - awn

has only the trivial solution. Second, we need Vandermonde’s identity
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Finally, when studying the algebraic numbers, we will need two more specific
results. The first one is due to Hamilton and Cayley, while the second one is
known as the fundamental theorem of symmetric polynomials

Theorem 9.1. For any field F and any matrix A E Mn(F), if pA is the cha-
racteristic polynomial of A: pA(X) = det(XIn — A), then pA(A) = On.

Theorem 9.2. Let A be a ring and let f E A[X1,X2,...,Xn] be a symme-
tric polynomial with coefficients in A, that is for any permutation a 6 3,, we
have f(X1,X2,...,Xn) = f(Xa(1),X,(2),...,Xa(n)). Then we can find a poly-
nomial g E A[X1,X2, ...,X,,] such that f(X1,X2, ...,Xn) = g(X1 +X2 + - - - +
X'm X1X2 + X1X3 + - - - + Xn—l ..., X1X2 ' ' 'Xn)-

This means that any symmetric polynomial with coefficients in a ring is a
polynomial (with coefficients in the same ring) in the symmetric fundamental
sums:

3,,(X1, ...,X,,) = 2 X5, u-Xik.
15i1<122<m<ik5n

As usual, we start with some easy examples. Here is a nice (and direct)
application of theorem 2:

Given a polynomial with complex coefficients, can one decide
if it has a double zero only by performing additions, multipli-
cations, and divisions on its coefficients?

Solution. Yes, one can, even though at first glance this does not seem natural.
Let f(3:) = a0 + an: + -- - + aux". Then this polynomial has a double zero if
and only if

F($1,$2a ' ' ' )x‘n) = 07

where F(a:1,:1:2, . . . ,xn) = H (:12,- — 113,-)2 and m1,a:2, . . . ,xn are the zeros
Isi<jsn

of the polynomial. At the same time

F(21,a:2, . . . ,xn)



THEORY AND EXAMPLES 189

is symmetric with respect to 931, m2, ..., at", so by theorem 2 it is a polynomial in
the fundamental symmetric sums in 9:1, 3:2, ..., can. By Vieta’s formulas, these
fundamental sums are just the coefficients of f (up to a sign), so

F(£II1,$2, . . . ,xn)

is a polynomial on the coefficients of f. Consequently, we can decide whether

F(z1,:1:2, . . . ,1”) = 0

only by using the operations on the coefficients of the polynomial mentioned
in the hypothesis. This shows that the answer to the problem is positive.

You may know the following classical problem: if a, b, c E Q satisfy a + M35 +
0% = 0, then a = b = c = 0. Have you ever thought about the general case?
This cannot be done with only simple tricks. We need much more. Of course,
there is a direct solution using Eisenstein’s criterion applied to the polynomial
f(X) = Xn — 2, but here is a beautiful proof using linear algebra. This time
we need to be careful and work in the most appropriate field.

' Prove that if (10,111, . . . ,an_1 E Q satisfy

ao+a1{‘/§+---+an_1 11V2'"'_1=0,

thenao=a1=---=an-1=0.

Solution. If a0 + a1 {75 + - - - + an_1 V" 2"—1 = 0, then

kao+ka1{‘/§+---+kan_1v"2n-1 =0

for any real number k. Hence we may assume that a0, a1, . . . ,an_1 e Z. The
idea is to choose n values for k to obtain a system of linear equations having
nontrivial solutions. Then the determinant of the system must be zero, and
this will imply a0 = a1 = - - - = an_1 = 0. Now, let us fill in the blanks. What
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are good values for k? This can be seen by noticing that v” 271-1 - W = 2 E Z.
So, the values ([91, k2, . . .,k,,) = (1, {75, . . ., V" 2""‘1) are good, and the system
becomes

ao+ai- W+---+an_1- V"2"—1=0
ao' W‘i‘al- {72—2-+---+2an_1=0

Viewing (1, W, . . . , V” 221—1) as a nontrivial solution to the system, we conclude
that

a0 (11 . . . an_1

2an-1 Go - .. (In—2 = 0

2G1 2a2 . . . do

But what can we do now? Expanding the determinant leads nowhere. As
we said before passing to the solution, we should always work in the most
appropriate field. This time the field is Z/2%, since in this case the determinant
can be easily computed; it equals 63 = 5, where 5 means the residue class of
the integer a: modulo 2. Hence a0 must be even, that is a0 = 2bo and we have

be 0.1 . . . an_1

a,,_1 a0 . . . an_2 _ 0

(11 20,2 . . . 0.0

Now, we interchange the first two lines of the determinant. Its value remains
0, but when we expand it in Z2, it yields E? = 5. Similarly, we find that all
a, are even. Let us write a,- = 2b,. Then we also have b0 + b1 - {/5 + - - - +
bn_1 - ”V1 2"—1 = 0 and with the same reasoning we conclude that all b,- are
even. But of course, we can repeat this as long as we want. By the method of
infinite descent, we find that a0 = a1 = - -- = and = 0.
The above solution might seem exaggeratedly difficult compared with the one
using Eisenstein’s criterion, but the idea was too nice not to be presented here.
The following problem can become a nightmare despite its apparent simplicity.
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”a, 3 Let A 4—- {a3+b3+c3—3abc| a,b,c E Z}. Prove that ifw,y e A,
then xy 6 A.

Solution. The observation that

f+fi+é—mm=

O
Q

‘Q

0
‘9

0

@
0

6
-

leads to a quick solution. Indeed, it suffices to note that

b
c
aca

se
0

‘9
0

N
E

H

H
N

‘Q II

2
a:
y

aw+cy+bz az+by+ca3 ay+ba3+cz
= ay+ba3+cz ax+cy+bz az+by+cx

a'z+by+cz ay+bx+cz aw+cy+bz

and thus

(a3 + b3 + c3 — 3abc)(a:2 + y3 + z3 — 3xyz) = A3 + B3 + C3 — 3ABC’,

where A = ax+bz+cy, B = ay+bx+cz, C = az+by+c:1:. You see, identities
are not so hard to find...

We all know the famous Bezout’s theorem, stating that if a1,a.2, . . . , an are
relatively prime, then one can find integers k1, k2, . . . ,kn such that 1610.1 +
k2a2 + - - - + knan = 1. The following problem claims more, at least for n = 3.

Prove that if a, b, c are relatively prime integers, then there are
integers (1:, y, z, u, v, w such that

a(yw — 21)) + b(zu — mm) + C(xv — ya) = 1.
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Solution. The given condition can be written in the form det A = 1, where

A:

(a
c-

9

N
E

H

S
e

:

So, let us prove a much more general result.

Theorem 9.3. Any vector ’0 whose integer components are relatively prime is
the first column of an integral matrix with determinant equal to 1.

Proof. We induct on the dimension n of the vector ’0. Indeed, for n = 2
it is exactly Bezout’s theorem. Now, assume that it is true for vectors in
Zn‘1 and take v=1(v1,v2,.. ,vn) such that vi are relatively prime. Consi-

v _ . .der the numbers”71,313, . . ., n 1, where g is the greatest common d1v1sor of

121,112, . . . ,vn_1. They are relatively prime and the matrix

’01
— a12 a1,n—1
9

2%.}
air—1,2 - - - an—lm—l

has determinant equal to 1. We can find a, ,8 such that ag + fl'un = 1 and
verify that the following matrix has integral entries and determinant 1:

v
v1 (112 . . . a1,n_1 (—1)"—1,B—1-

vn—l ”In—1,2 an—1,n—1 (— 1) ,3—
Un 0 0 (-—1)"‘1a

El

In the chapter Look at the Exponent we have seen a rather complicated
solution for the following problem. This one is much easier, but difficult to find:
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Prove that for any integers a1, a2, . . . , an, the number

lgi<a J _ Z

is an integer.

[Armond Spencer] AMM E 2637

Solution. With this introduction, the way to proceed is clear. What does the
expression H (aj — ai) suggest? It is the Vandermonde’s identity (9.1),

lgi<jsn
associated with a1, a2, . . . , an. But we have a hurdle here. We might want to
use the same formula for the expression H (j — i). This is a dead end.

lgi<jsn
But it is easy to prove that H (j — i) equals (71. — 1)!(n — 2)! - - - 1!. Now,

1$i<a
we can write

1 1 1 .. . 1
H aj—ai_ 1 a1 a2 a3 an
.. '—i _1!-2!---n—1!

IS$<JSH '7 ( ) a?_1 a121_1 dig—1 _ I _ a:_1

As usual, the last step is the most important. The above formula can be
rewritten as

1 1 1 ... 1
a1 a2 a3 a,"

. . j_- ... ... ... ... ---
1< < n—1 n—1 n—1 n—1_z<J_n a1 a2 a3 an

(n—l)! (n—l)! (n—l)! (n—l)!
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And now we recognize the form

61) (0}) (a?)

(7,“: 1) ($31) (”031)
which can be proved easily by subtracting lines. Because each number a,-

is an integer, the determinant itself is an integer and the conclusion follows.

At this point, you might be disappointed because we did not keep our promise:
no trace of algebraic numbers appeared until now! Yet, we considered that a
small introduction featuring easy problems and applications of linear algebra
in number theory was absolutely necessary. Now, we can pass to the real
purpose of this chapter, a small study of algebraic numbers. But what are
they? Let us start with some definitions: we say that a complex number :1: is
algebraic if it is a zero of a polynomial with rational coefficients. The monic
polynomial of least degree, with rational coefficients and having :1: as a zero
is called the minimal polynomial of as. Its other complex zeros are called the
conjugates of 117. Using the division algorithm, it is not difficult to prove that
any polynomial with rational coefficients which has as as zero is a multiple of the
minimal polynomial of 11:. Also, it is clear that the minimal polynomial of an
algebraic number is irreducible in Q[X]. We say that the complex number a: is
an algebraic integer if it is zero of a monic polynomial with integer coeflicients.
You can prove, using Gauss’s lemma, that an algebraic number is an algebraic
integer if and only if its minimal polynomial has integer coefiicients. In order
to avoid confusion, we will call the usual integers “rational” integers in this
chapter. There are two very important results concerning algebraic integers
that you should know:
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Theorem 9.4. The sum or product of two algebraic numbers is algebraic. The
sum or product of two algebraic integers is an algebraic integer.

Proof. This result is extremely important, because it shows that the algebraic
integers form a ring. Denote this ring by AI. None of the known proofs
is really easy. The one that we are going to present first uses the funda—
mental theorem of symmetric polynomials. Consider two algebraic numbers
:1: and y and let $1,22,...,a:n and y1,y2,...,ym be the conjugates of a: and y

n m

respectively. Next, look at the polynomial f (at) = H H (X — 1:,- — y,-). We
i=1 '=1

claim that it has rational coefficients. (The fact thatJ a: + y is a zero of f
being obvious.) This follows from the fundamental theorem of symmetric po—
lynomials applied twice. Let R = Z[y1,y2, ...,ym] be the ring considered in
the statement of the Theorem 9.2. Because the coeflicients of f are sym-
metric polynomials in $1,102, ...,:cn, it follows that every coefficient of f is of
the form B(01,02, ...,crn,y1,y2, ...,ym), where a, are the symmetric sums in
9:1, :02, ..., Slim and B is a polynomial with rational (respectively integer, if tag
are algebraic integers) coefiicients. But the coeflicients of f are also symmetric
in y1,y2, ...,ym, so by taking R = Z[01,02, ..., an] in Theorem 9.2, we deduce
that A is a polynomial with rational (or integer). coefficients in the symmetric
sums in (131,322, ...,xn and y1,y2, ...,ym. Thus f has rational coefficients if ac,y
are algebraic and f has integer coefficients if at, y are algebraic integers.

El

There is also a solution which uses only the most elementary linear alge-
bra! Indeed, we claim that a complex number 2 is an algebraic integer if and
only if there exists a finitely generated commutative subring of (C containing
2. Indeed, if z is an algebraic integer, the division algorithm immediately
shows that Z[z] is a finitely generated commutative subring of (C. Now, sup-
pose that R is a commutative subring of (C which is finitely generated and
contains 2. Take 121,122, ...,un that generate R and observe that the num-
bers zul, Z’Ug, ..., 212,, are in R, thus they are linear combinations with integer
coefficients of v1,u2, ...,un. Let 21), = aflvl + aigvz + + amvn for some in-
tegers aij and let A be the matrix with entries aij. The above system of
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equations can be written as (21,, — A)v = o, where v is the vector whose
coordinates are 221,122, ...,vn. Because 1) is not zero, the last relation implies
det(zIn — A) = 0 and thus 2 is a root of the characteristic polynomial of
A, (which is unitary and has integer coefficients), because so does A. This
proves the claim. Now, consider two algebraic integers :c, y. By the previous
characterization and the fact that clearly y is an algebraic integer over Z[:I:],
it follows that Z[a:, y] = (Z[as])[y] = Z[a:]vl + - -- + Z[:c]'um, and since a: is an
algebraic integer there exist in, .., up such that Z[a:] = Zal + - - - + Zap. The-
refore Z[x, y] Q E Zukvl. Because Z[:I: + y] and Z[:I:y] are subsets of

1$kSp,1SlSm
Z[ar:,y], by applying the characterization again it follows that a: + y and any
are algebraic integers. Note however (and it is very important) that the set
of algebraic integers is not a field (the following theorem will make this state-
ment obvious), while the set of algebraic numbers is a field: if P(a:) = 0 for
some non-zero polynomial with integer coefficients P, then Q (i) = 0, where
Q(X) = Xdega” -P (i)-
The next result is also very important, and we will see some of its applications
in the following examples.

Theorem 9.5. The only rational numbers which are also algebraic integers
are the rational integers.

Proof. The proof of this result is much easier. Indeed, suppose that :1: = 2
is a rational number (with gcd(p, q) = 1) which is also a zero of the monic
polynomial with integer coeflicients f(X) = X" +a,,,_1X"‘1 + - - - +a1X +a0.
Then p" + an_1p"_1q + - - - + a110q"‘_l + aoq" = 0. Therefore q divides p" and
since gcd(q, p") = 1, we must have q = :l:1, which shows that :1: is a rational
integer. Clearly, any rational integer a: is an algebraic integer.

El

Here is a very nice and difficult problem that appeared in AMM in 1998, and
which is a consequence of these results. We prefer to give two solutions, one
using the previous results and another one using linear algebra. A variant of
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this problem was given in 2004 at a Team Selection Test in Romania, and it
turned out to be a surprisingly difficult problem.

Consider the sequence (11:71,)",20 defined by 230 = 4, x1 = 9:2 = 0,
x3 = 3 and xn+4 = asn+1 + xn. Prove that for any prime p the
number gap is a multiple of p.

AMM

Solution 1. Naturally, we start by considering the characteristic polynomial
of the recursive relation: X4 — X — 1. It is easy to see that it cannot have
a double zero. Using the theory of linear recursive sequences, it follows that
the general term of the sequence is of the form Ar? + Br’21 + Cr? + DrZ for
some constants A, B, C, D. Here r; are the distinct zeros of the caracteristic
polynomial. Because this polynomial has no rational zero, it is natural to
suppose that Aril + Br’21 + 01‘? + Drlf is symmetric in r1,r2,r3, r4 and thus
A=B=C=D. Becauseazo=4,WeshouldtakeA=B=C=D=1.
Now, let us see whether we can prove that 312,, = r? + r3 + r? + r2 for all n.
Using Viete’s formulae, we can check that this holds for n less than 4. But
since r?+4 = r?“ + rf, an inductive argument shows that the formula is true
for any n. Hence we need to prove that p divides r1; + rg + r5 + r2 for any
prime number p. This follows from the more general result (which is also a
generalization of Fermat’s little theorem):

Theorem 9.6. Let f be a manic polynomial with integer coefi‘lcients and let
r1,r2, ...,rn be its zeros (not necessarily distinct). Then A = (r1 + 72 + -- - +
r”)? — (r? + r3 + + r5) is a rational integer divisible by p for any prime
number p.

Proof. Theorem 9.2 shows that A is a rational integer because it is a symmetric
polynomial in r1, r2, ..., rn, and thus a polynomial with integer coeflicients in
the coefficients of f. The difficulty is to prove that it is a multiple of p. First
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of all, let us prove by induction that if a1, a2, ..., an are algebraic integers then
[—1, - ((a1 + a2 + ---+ an)?’ — (a’f + (112’ + - -- + (1%)) is also an algebraic integer.
For n = 2, this follows from the binomial formula % - ((a + b)p — a.p — bp) =

Z 1% - (f) - ap‘ibi. Indeed, %-(f) is an integer, and we obtain a sum of products
i=1
of algebraic integers, which is an algebraic integer. Now, if the assertion is true
for n— 1, consider (11,0.2, ..., an algebraic integers. By the inductive hypothesis,
(a1+a2+---+an_1)1’—(af+a’2’+---+af,_1)E p-AI. The case n = 2
shows that (a1 + 02 + +an)p — (a1 +a2 + +an_1)P — a5, 6 p - AI.
Therefore, (a1 + a2 + - - - + an)? —(a11’+ (112’ + - - - + (1%) E p - AI (as being the
sum of the above expressions), which is exactly what we needed to finish the
inductive step. Now, finishing the proof of the theorem is easy: we know that
% - ((0.1 + a2 + - - - + an)? — ((131) + «13+ - -- + (1%)) is a rational number which is
also an algebraic integer. By theorem 4, it must be a rational integer.

El

Solution 2. Let us consider the matrix

C
O

D
—

IO

O
H

O
O

H
O

O
O

O
O

I—
Il
—

I

and let 'I‘r(X) be the sum of the entries of the main diagonal of the matrix X.
We will first prove that 93,, = 'I‘r(A”) (here A0 = I4). This is going to be the
easy part of the solution. Indeed, for n = 1, 2, 3 it is not difficult to verify it.
Now, assume that the statement is true for all i = 1, 2, . . . ,n — 1 and prove
that it is also true for n. This follows from

a, = mn_4 + abs = non—4) + non-3) = Tr(A"'4(A + 14)) = Tr(A").
We have used here the relation A4 = A + I4, which can be easily verified by a
simple computation. Hence the claim is proved.
Now, let us prove an important result—that is, 'I‘r(AP) E ’Ir(A) (mod p) for
any integral matrix and any prime p. The proof is not trivial at all. A
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possible advanced solution is to start by considering the matrix X obtained
by reducing all entries of A modulo 1), then by working in a field in which
the characteristic polynomial of A has all its zeros A1,)\2, . . . , An. This field
clearly has characteristic p (it contains Zp) and so we have (using the binomial

formula and the fact that all coefficients 2 , 1 g k S p — 1 are multiples of

p)
Tr(AP)——Z,\P_— (21,)? =)(TrAP,

i—l

from where the conclusion'1s immediate, using Fermat’s little theorem.
But there is a beautiful elementary solution. Let us consider two integral
matrices A, B, and write

(A+B)P = Z A1A2...Ap.
A1,...,APE{A,B}

Observe that for any A, B we have Tr(AB) = ’I‘r(BA), and, by induction, for
any X1, X2, . . . ,Xn and any cyclic permutation a,

11(X1X2.X,,)=Tr()r’..a(1)X,(2).X,,(,,,)).
. 2p _ 2

Now, note that 1n the sum 2 A1A2 ...Ap we can form
A1,...,ApE{A,B} p

groups of p—cycles and that we have two more terms, AP and 31’. Thus

Tr(A1A2 . . . AP) 2 Tr(Ap) + "11(31’)
A1,...,APG{A,B}

modulo p (you have already noticed that Fermat’s little theorem comes in
handy once again), since the sum of Tr(A1A2 . . . Ap) is a multiple of p in any
cycle. Thus we have proved that

'I‘r(A + B)? E Tr(Ap) + Tr(B)P) (mod p)

and by an immediate induction we also have

Tr(A1 + - - ' + Ak)p '_—' Tr(A’1’)+--~+ Tr(Afi) (mod p).
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Next, consider the matrices Eij that have 1 in the position (2', j) and O elsew-
here. For these matrices we have Tr(Ap) E ’I‘r(A) (mod p) and by using the
above result we can write (using Fermat’s little theorem one more time):

p

TrAp = Tr Z (iv-13,,-
131'

E ZTI‘(GZEZ) E ZaijT‘rEij = TIA (mod p).

M M
The result is proved, and with it the fact that flap is a multiple of p.

The example we are about to discuss next generated a whole mathemati-
cal theory and even an important area of research in transcendental number
theory. Let us start by introducing a definition: for a complex polynomial

f(X) = aa+an_1X”"1+~-.+G1X+ao = an(X—a:1)-(X—x2) . . . (X—rvn)

define the Mahler measure of f to be

M(f) = lanl ~maX(1, |m1|)--'m&X(1,lwnl)-
You can immediately see that M(fg) = M(f) - M(g) for all polynomials f

and 9. Using complex analysis, we can prove the following identity:

M(f) = efol ln|f(e2""t)|dt.

The next problem shows that a monic polynomial with integer coefficients and
Mahler measure 1 has all of its zeros roots of unity. That is, the only algebraic
integers all of whose conjugates lie on the unit disk of the complex plane are
roots of the unity. This result is the celebrated Kronecker’s theorem.

‘ Let f be a monic polynomial with integer coefficients such that
f(0) 75 O and M(f) = 1. Then for each zero 2 of f there exists
an n such that z” = 1.

[Kronecker]
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Solution. What you are going to read now is one of those mathematical je-
wels that you do not come across every day, so enjoy the following proof. Let
f(X) = (X — 931) ~ (X — 51:2)n-(X — in”) be the factorization of f in C[X].
Consider now the polynomials fk(X) = (X — x’f) - (X — 93’2“) - - - (X — 3131“,). The
coefficients of these polynomials are symmetric polynomials in $1,:132, ...,:cn,
and since all symmetric fundamental sums of m1, m2, ..., 51:" are integers, all f],
have integer coefficients (we used Theorem 9.2 here). What is really awesome
is that there is a uniform bound on the coefficients of fk. Indeed, because
all x, have absolute values at most 1, all symmetric fundamental sums in
:r’f,a:’2°, ..., (cf, have absolute values at most ([2]). Therefore, all coefficients of

2

all polynomials fk are integers between —([Z]) and (£1). This shows that
2

there are two identical polynomials among f1, f2, f3, Let i > j be such
that f,- = fj. Consequently, there is a permutation 0' of 1, 2, ...,n such that
2:11 = wi(1),..,xf, = rim). An easy induction shows that at“; = :3;,(1) for all
r 2 1. Because a"!(1) = 1, we deduce that mim—j = 1 and so :01 is a root of the
unity. Clearly, we can similarly prove that 232, m3, ..., wn are roots of the unity.
After this example, a natural question appears: are there algebraic integers on
the unit circle that are not roots of unity? The answer is yes, as the following
example shows. Actually, part a) was known much before its publication in
AMM. We invite the reader to take a look at the last chapter of this book
for a proof of this more general result. Burnside proved a much more general
result, which is left as exercise in the Problems for Training section, as
a lemma in his famous theorem stating that any group whose cardinality is
of the form paqb for some primes p, q and some positive integers a, b is solvable.

a) If a is a root of unity whose real part is an algebraic integer,
then a4 = 1.
b) There are algebraic integers of absolute value 1 and which
are not roots of the unity.

[H. S. Shapiro] AMM 4656

Solution. The proof of a) is very ingenious. Let b = Re(a) = 913:1 be the
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real part of a, and consider a1, a2, ..., 11;, the conjugates of a. We claim that
the conjugates of b are distinct numbers among Re(a.1), Re(a2), ..., Re(ak). In-

—1

deed, the polynomial fi (X - ark: ) has b as a zero and its coefficients are
j=1

symmetric polynomials in aj (because aj-V = 1 for a suitable N), and rational
by the theorem of symmetric polynomials. Thus all conjugates of b are among
the zeros of this polynomial. On the other hand, if a4 75 1 then a? 75 1 for all
j and so 0 < |Re(aj)| < 1, which means that the absolute value of the product
of all conjugates of b is smaller than 1. Let h be the minimal polynomial of
b over Q. Because b is an algebraic integer, h has integer coefficients, thus
h(O) is an integer. But |h(0)| is also the absolute value of the product of all
conjugates of b, which is smaller than 1. It follows that h(O) = 0, and because
h is irreducible in Q[X], it follows that h(X) = X and so b = 0, which is
impossible if a4 75 1. Now b) is not so difficult. We will take a a zero of a
polynomial of the form (X + 1)4 — q for some integer 11.. We need to have
|a| = 1 and also Re(a) needs to be an algebraic integer. If we also manage
to ensure that a4 aé 1, then we are done by a). You can easily check that by
taking 11. = 8 all conditions are satisfied, and so \/§ — 1 +i 2J5 — 2 is an
algebraic integer on the unit circle which is not a root of the unity.

Some more comments on the previous examples are needed. First of all, it
is not difficult to deduce from this result that the only monic polynomials
with integer coeflicients whose Mahler measure is 1 are products of X and
some cyclotomic polynomials. A famous conjecture of Lehmer says that there
exists a constant c > 1 such that if a polynomial with integer coefficients
has Mahler measure greater than 1, then its Mahler measure is actually grea—
ter than c. The polynomial with least Mahler measure found up to now is
X10 + X9 — X7 — X6 — X5 — X4 — X3 + X + 1, whose Mahler measure is
about 1.176. For some upper bounds of the Mahler measure in terms of the
coefficients of the polynomial, we refer the reader to example 16 of chapter
Pigeonhole Principle Revisited.

Showing that a sum of square roots of positive integers is not a rational number
is not difficult as long as the number of square roots is less than 3. Otherwise,
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this is much more complicated. Actually, one can prove the very beautiful
result that if a1, ...,an are positive integers such that \/a_1 + + an is a
rational number, then all (L, are perfect squares. The following problem claims
much less, but is still not simple. We will see how easy it becomes in the
framework of the above results.

Prove that the number

\/10012+1+ \/10022+1+---+ 20002+1

is irrational.

Chinese TST 2005

Solution. Let us suppose that the number is rational. Because it is a sum of
algebraic integers, it is also an algebraic integer. By theorem 4, it follows that
\/10012 + 1 + \/10022 + 1 + - ~ - + V2000? + 1 is a rational integer. Hence

«10012 + 1 + V10022 + 1 + ~ - - + V20002 + — (1001 + 1002 + ---+ 2000)

is a rational integer. But this cannot hold, because

V10012 + 1 + V10022 + 1 + - - - + V20002 + — (1001 + 1002 + - - - +2000) =

1 + 1 + + ————i———1001 + \/10012 + 1 1002 + V10022 + 1 2000 + \/ZOOO2 + 1
is greater than 0 and smaller than 1.

The following example is very elegant, and you can easily check that the result
is sharp:

Let x, y be complex numbers such that the expression “cg—:5:
is an integer for some 4 consecutive positive integers n. Prove
that it is an integer for any positive integer n.

[Clark Kimberling] AMM E 2998
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Solution. Let an be the given expression and let S = :3 +34, P = my. Observe
that an+2 — San+1 + Pan = 0 for all n. Also, it is not difficult to prove that
an+1an_1 — a3, = —Pn_1. Thus if an_1, an, an+1, an+2 are all integers, so are
P'“1 and P". Thus P is an algebraic integer which is also rational (because
P = P’fii), so that P is an integer. On the other hand, it is immediate to
prove by induction that an = fn (S) for some monic polynomial f" with integer
coefficients, of degree n— 1. This shows that S is a zero of the monic polyno-
mial with integer coeflicients fn (X) an, so S is an algebraic integer. Because
S = m, S is also rational. Thus 8' is an integer, and in this case it
is obvious that all terms of the sequence are integers, by the recursive relation.

Here is a beautiful and difficult problem, where properties of algebraic integers
come to the spotlight.

Let (11,0.2,...,a.;c be positive real numbers such that {Val +
Wag + - -- + {yak is a rational number for all n 2 2. Prove
that a1 =a2=---=ak=1.

Solution. First of all, we will prove that a1, a2, ..., ak are algebraic numbers
and that a1 - a2 - - «1;, = 1. Take an integer N > k and put

:31 = 1‘” (11,332 = 1‘” a2,...,xk = ”6/04,.

Then clearly £331 + mg + + 97%: is rational for all 1 S j g N. Using New-
ton’s formulae, we can easily deduce that all symmetric fundamental sums of
m1, m2, ..., ark are rational numbers. Hence 2:1, :32, ..., ac;c are algebraic numbers,
and so (11 = (Ir-1‘", a2 = mg”, ..., (1;, = :1:c ! are algebraic numbers as well. Also,
by the argument above, we know that

$1'$2'°'$k= N‘l/a1.a,2...ak

is rational, and this happens for all N > k. This implies immediately that
a1-02---dk = 1. Now let f(a:) = bTX’ +br_1X"‘1 + - - ~ + be be a polynomial
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with integer coefficients Which vanishes at a1, a2, ..., ak. Clearly, bral, ..., bra;c
are algebraic integers. But then

(Hiya—1+ W+.m+ W) = ‘"/bp—1.(‘"/bra1 + \"/bra2+---+ " brak)

is also an algebraic integer. Because it is also a rational number it follows that
it is a rational integer. Consequently, (br({/a_1+ {ya—2 +- - -+ {Va—13))n21 is a se-
quence of positive integers. Because it converges to kbr, it eventually becomes
equal to kb,» (from a rank). Thus there is n such that {ya—1+ {1/c+- - -+ {ya— =
k. Since a1 -a2 - wak = 1, the AM-GM inequality implies a1 = a2 = =
ch = 1 and the problem is solved.
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Practice problems

. Let a, b, c be relatively prime nonzero integers. Prove that for any relati—
vely prime integers u, v, w satisfying au + bv + cw = 0, there are integers
m, n, p such that

a=nw—p'u, b=pu—mw, c=mv—nu.

Octavian Stanasila, Romanian TST 1989

. Prove that for any integers a1, a2, . . . , an

lcm(a1, a2, . . . ,an)

15i<j$n

is an integer divisible by 1!2! - - - (n — 2)!. Moreover, we cannot replace
1!2! - - - (n — 2)! by any other multiple of 1!2! - - - (n — 2)!.

. Let A, B, C be lattice points such that the angles of triangle ABC are
rational multiples of 1r. Prove that triangle ABC is right and isosceles.

. Let a be a rational number with 0 < a < 1 and cos(31ra) +2 cos(27ra) =
0. Prove that a = %.

IMO Shortlist 1991

(a) Let P,R be polynomials with rational coefficients with P yé 0.
Prove that there exists a non-zero polynomial Q 6 Q[X] such that
P(X)|Q(R(X))

(b) Let P, R be polynomials with integer coefficients and suppose that
P is monic. Prove that there exists a monic polynomial Q E Z[X]
such that P(X)|Q(R(X))

Iran 2006
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6. Let k and n be positive integers and let P(X) be a polynomial of degree
n with coefficients in the set {—1,0, 1}. Suppose that (X — 1)’° | P(X)
and that there is a prime q such that

q k
lnq < ln('n + 1)'

Prove that the complex roots of unity of order q are roots of P.

IMC 2001

7. Prove that none of the numbers x/n + 1 — x/fi for positive integers n can
be the written in the form 2 cos (”‘7”) for some integers k, m.

Chinese Olympiad

8. (a) Let a1, a2, . . . ,am, b1, b2, . . . , bn be complex numbers such that

m n

1300 = H<X — ai),f2(X) = H<X — bi) e Z[X]
and for which there are 91,92 6 Z[X] such that f191 + f292 = 1.
Prove that

(b) If ai, bi are integers and
m n

IHHQIi _ bj)| = 1’
i=1j=1

prove that there are polynomials 91,92 6 Z[X] such that flgl +
f292 = 1-

Ibero-American Olympiad
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10.

11.

12.

13.

14.

. Let p be a prime and let a1, a2, . . . , ap+1 be real numbers such that no
matter how we eliminate one of them, the rest of the numbers can be
divided into at least two nonempty pairwise disjoint subsets each having
the same arithmetic mean. Prove that (11 = a2 = = up“.

Marius Ra’dulescu, Romanian TST 1994

Let a, b be two positive rational numbers such that for some n 2 2 the
number {/5 + (”/5 is rational. Prove that {75 is also rational.

Marius Cavachi, Gazeta Matematica

Let m, n be relatively prime numbers and a: > 1 be a real number such
that 33’" + mi... and as" + min are integers. Prove that w + i is also an
integer.

Darij Grinberg, Peter Scholze

Let a, b,c be integers. Define the sequence ($n)n20 by $0 = 4, x1 = 0,
$2 = 2c, :13 = 3b and $n+3 = axn_1 + bx.” + cam“. Prove that for any
prime p and any positive integer m, the number {L'pm is divisible by p.

Calin Popescu, Romanian TST 2004

Let 0 E (0, 1r/2) be an angle such that 0080 is irrational. Suppose that
cos [<20 and cos(k: + 1)0 are rational for some positive integer k. Prove
that 0 = 7r/6.

USA TST 2007

Find the least positive integer n such that 005% cannot be written in
the formp+ fi+ W with p,q,r E Q.

0. Mushkarov, N. Nikolov, Bulgaria
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15.

16.

17.

18.

Let 31, 32, . . . and t1, t2, . .. be two infinite nonconstant sequences of ra-
tional numbers such that (3i — s,-)(t¢ — tj) is an integer for all i, j 2 1.
Prove that there exists a rational number 1' such that (s; — sj)r and 5:31
are integers for all 12, j.

USAMO 2009

Let p be a prime and let n1, n2, . . . ,nk be integers. Define

k 27m-S = Zcos J .
.=1 1)

L1

Prove that either S = 0 or S 2 k (i) 3

Holden Lee

Let k be a positive integer and let a1, . . . ,ak and b1, . . .,bk be two se-
quences of rational numbers with the property: for any irrational num-
bers 2:1,:32, . . . ,zk > 1 there exist positive integers 711,722, . . . ,nk and
m1, . . .,mk such that

0.1 [min] +a2 [$32] + - - - +ai,c [:5n = b1Lx’17‘11+b2Lx§"2J+---+bk]_x;"kj.

Prove that a = bi for all 1'.

Gabriel Dospinescu, Mathlinks Contest

Prove that if pl, 102, . . . , pn are distinct primes and if

alt/1’1 + cum/172+ - - - + aux/p7; = 0

for some rational numbers (11, a2, - -- ,an, then ai = O for all i.

Besicovitch’s theorem
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19

20.

21.

22.

23.

Let the sequence (117,)” be defined by a0 = 2 and an+1 = 2a?1 — 1. Prove
that if p > 2 divides an, then 2"+3 divides p2 — 1.

IMO Shortlist 2003

Let p, q be prime numbers and r a positive integer such that q I p — 1, q
does not divide r and p > rq‘l. Let a1, a2, . . . ,ar be integers such that

L1 Pd t1
al" + a2“ + - -- + ar" is a multiple of p. Prove that at least one of
the (15’s is a multiple of p.

AMM

Let a1,a,2, . . .,an be positive rational numbers and let k1, k2, . . . , kn be
integers greater than 1. If (11/k1 +aé/k2 +- - '+a711/1“” is a rational number,
then any term of the previous sum is also a rational number.

Let a1, a2, . . . , an be complex numbers such that (171" +0.72" +~ - -+a.$ is an
integer for all positive integers m. Prove that (X — a1)(X — a2) - ~ - (X —
an) e Z[X].

Chinese IMO training program

(a) Suppose that a1,a2, . . . ,ak are rational numbers and (1,(2, . . q
are roots of unity such that c1141 + (124} + - - - + (1k = 0. Moreover,
suppose that 21.61 {1,-(,- 7é 0 for any proper subset I of {1,2, . . . , k}.
Prove that Cf" = (17." for all z', j, where m is the product of primes
smaller than or equal to k.

(b) Let 2 be a complex number. Prove that there are at most 24"“2 Jerk k-
tuples ((1, (2, . . . , Ch) of roots of unity with the following property:
there exist rational numbers (11, a2, . . . ,ak such that z = 2:1 0.1-,(1
and z 75 Zia- aig for any proper subset I of {1,2, . . . , k}.

Mann’s theorem
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24. Say a sequence of integers (an), is linearly recursive if there exist integers
r and 2:1,m2, . . . ,s such that

an+r = xlan+r—1 + $2an+r—2 + ' ' ' + (”ran

for all n. Prove that if (an)n is linearly recursive and n divides an for all
n, then 9: is also linearly recursive.

Polya





n
ma

35.2.0...—
032....
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10.1 Theory and examples

Another topic with old tricks... you will probably say. Yet we might spend
time on a problem just because we ignore obvious clues or basic aspects of it.
This is why we think that talking about these “old fashioned tricks” is not
because of lack of imagination, but rather an imperious need. In this note we
combine some classical arithmetic properties of polynomials. This is just an
introduction to this field, but some basic things should become second nature,
and among them there will be some problems we discuss further. As usual,
we keep some chestnuts for the end of the chapter, hoping that the hard—core
solver will appreciate these extremely difficult problems.
Recall that if f E Z[X] and a, b are integers, then a—b divides f(a)—f(b) This
is the essential result which we will use relentlessly. Here are two applications:

I Let f,g be relatively prime polynomials with integer coefli—
cients. Define the sequence an = gcd(f(n), g(n)). Prove that
this sequence is periodic.

AMM

Solution. As we have seen in previous problems, there exist polynomials F, G
with integer coefficients and a positive integer A such that fF+90 = A. Thus
an is a divisor of A for all n. Actually, we will prove that A is a period for the
sequence (an)n21. Let us prove that an|am+A. We know that f(n+ A) = f(n)
(mod A), and since an divides A and f(n), it will also divide f(n + A). Simi—
larly, an divides g(n + A) and so anlan+A. But the same relations show that
an+A divides an and so an = an+A.

Let p e Z[a:] be such that deg p > 1, and let A = {p(n)|n e Z}.
Prove that there exists an infinite arithmetical sequence none
of whose terms can be expressed in the form f(.73) for some
integer (B.
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Solution. We will argue by contradiction: suppose that for all d > 2 and all n
at least one of the numbers f(cc) with z integer gives remainder n when divided
by d. This means that for all n and d, the numbers p(n), p(n+1), ..., p(n+d— 1)
give all remainders mod d. Indeed, because n, 72+ 1, ..., n+d— 1 are a complete
system mod d, it follows that for any cc, p(.7:) gives the same remainder mod
d as one of p(n),p(n + 1), ..., p(n + d — 1). In particular, any residue mod d
appears as a residue mod d of one of the numbers p(n), p(n+ 1), ..., p('n+d— 1).
Because deg(p) > 1, there exists n such that d = p(n + 1) — p(n) > 2. In this
case, p(n) = p(n+1) (mod (1) and so the numbers p(n),p(n+1), ...,p(n+d—1)
give at most (1 — 1 distinct remainders mod d, which is a contradiction.

We continue with an important result, due to Schur, that appears in many
variations in contests. Even though in the topic At the Border of Analy-
sis and Number Theory we prove an even more general result based on a
nice analytical argument, we prefer to present here a purely arithmetical proof.

Let f e Z[X] be a non-constant polynomial. Then the set of
prime numbers dividing at least one nonzero number among

f(1),f(2), - - -,f(n), - --
is infinite.

[Schur]

Solution. First, suppose that f(0) = 1 and consider the numbers f(n') For
sufficiently large n, they are nonzero integers. Moreover, f(n') E 1 (mod n!)
and so if we pick a prime divisor of each of the numbers f(71!), the conclusion
follows (since in particular any such prime divisor is greater than n). Now,
if f (0) = 0, everything is clear because in this case n divides f(n) for all n.
Suppose that f(0) aé 0 and consider the polynomial g(x) = W. Clearly,

g E Z[X] and 9(0) = 1. Applying now the first part of the solution, the
problem is solved.
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This result has, as we have already said, important consequences. Here is a
nice application.

Suppose that f, g e Z[X] are monic nonconstant irreducible
polynomials such that for all sufliciently large n, f(n) and g(n)
have the same set of prime divisors. Then f = 9.

Solution. Indeed, by Gauss’s lemma, the two polynomials are irreducible in
Q[X]. In addition, if they are not equal, then the above remark and the fact
that they have the same leading coeflicient implies that the two polynomials
are relatively prime in Q[X]. Using Bezout’s theorem we conclude that there
is a nonzero integer N and P, Q 6 Z[X] such that fP + gQ = N. This shows,
that for 17. large enough, all prime factors of f(n) divide N. But, of course,
this contradicts Schur’s result.

The result of Example 2 remains true if we assume the same property is valid
for infinitely many numbers n. Yet the proof uses some highly non-elementary
results of Erdc’Ss. The interested reader will find rich literature on this field.
A refinement of Schur’s theorem is discussed in the following example. The
key additional ingredient is the Chinese remainder theorem.

Let f E Z[X] be a non constant polynomial and let 71,]: be
positive integers. Prove that there exists a positive integer a
such that each of the numbers f(a), f(a + 1), . . . , f(a + n — 1)
has at least k distinct prime divisors.

Bulgarian Olympiad

Solution. Let us consider an array of distinct prime numbers (pij)lsi,jsk such
that f(z,,-) E 0 (mod pij) for some positive integers 23,5. This is just a direct
consequence of Schur’s theorem. Now, using the Chinese remainder theorem,
we can find a positive integer a such that a + i — 1 E (Bij (mod pij) for all
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indices 1' and j. Using the fundamental result mentioned in the beginning
(namely that f(a) — f(b) is always divisible by a — b), it follows that each of
the numbers f(a), f(a+1), . . . , f (a+n—1) has at least k distinct prime divisors.

We continue with two more diflicult examples of problems whose solutions are
based on combinations of Schur’s theorem with various classical arguments.

For integral m, let p(m) be the greatest prime positive divisor
of m. By convention we set p(1) = p(—1) = 1 and p(0) = 00.
Find all polynomials f with integer coeflicients such that the
sequence (p(f(122)) — 2n)n20 is bounded above.

[Titu Andreescu, Gabriel Dospinescu] USAMO 2006

Solution. When searching for the possible answer, one should start with easy
examples. Here, the quadratic polynomials might give an insight. Indeed,
observe that if u is an odd integer then the polynomial f(X) = 4X — u2 is
a solution to the problem. This suggests that any polynomial of the form
c(4X — a%)(4X — a3)...(4X — ai) is a solution if c is a nonzero integer and
a1, (12,...,a,;c are odd integers. Indeed, any prime divisor p of f (71.2) is either a
divisor of c (and thus in a finite set) or a divisor of some (212. — aj)(2n + (11-).
In this case p — 2n 3 max(a1, a2, ..., ak) and so f is a solution of the problem.
We deal now with the much more difficult part: showing the converse. Take
f a polynomial that satisfies the conditions of the problem, and suppose that
p(f(722)) — 2n 3 2A for some constant A. Using Schur’s theorem for the poly—
nomial f(X2), we deduce the existence of a sequence of different prime num-
bers 11,- and nonnegative integers 19,- such that pjl f(k?) Define the sequence
Tj = min(kj (mod 1),), pj — kj (mod p,-)) and observe that p,- divides f(1'?)
and also that 0 S 13 S gig—1. Hence 1 S pj — 213 S A and so the sequence
(pj — 273)1-21 must take some value a1 infinitely many times. Let pj - 213- = 0,1
for j in an infinite set X. Then, if m = deg(f), we have pj|4m - f((£i-'2'—al)2)
for all j E X and also the polynomial 4m - f((%1)2) has integer coefficients.
This shows that p- divides 4m - f 33 for infinitely many j. Hence 3: is a root1 4 4
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of f. Because f(n2) does not vanish, a1 must be odd. This means that there
exists a polynomial g with integer coefficients and a rational number r such
that f(X) = r(4X — a§)g(X). Of course, 9 has the same property as f, and
applying the previous arguments finitely many times we deduce that f must
be of the form c(4X — a%)(4X — ag)...(4X — ai) for a certain rational number
c and odd integers a1, a2, ..., ak. But do not forget that all coefficients of f are
integers! Therefore the denominator of c is a divisor of both 4’" and a¥a§...ai,
thus it is 1. This shows that c is an integer and the solution finishes here.

The next problem, which uses Schur’s theorem, also needs a classical result,
a very particular case of Hensel’s lemma. Let us first state and prove this
result and then concentrate on the following problem. So, let us first prove
the following:

Lemma 10.1 (Hensel’s lemma). Let f be a polynomial with integer coefi‘i-
cients, p a prime number and n an integer such that p divides f(n) and p does
not divide f’ (n) Then there exists a sequence (7740121 of integers such that

_ k . . _ k . .n1 — n, p divides nk+1 n,c and p divides f(nk).

Proof. The proof is surprisingly simple. Indeed, let us suppose that we have
found i and search for m+1 = ni+b-p‘ such that p”"'1 divides f(m+1). Because
22' Z i + 1, using the binomial formula yields

“W + b '10") E f(m) + bpif'mi‘) (mod PM)-

Let f(n,) = cp1i for some integer c. Because n,- E n (mod p), we have f’ (n,) E
f’(n) (mod p) and so f’ (n,) is invertible modulo p. Let m be the inverse
of f’(n,) modulo p. It is enough to choose b = —mc in order to finish the
inductive step.

El

We can now discuss a difficult problem used for the preparation of the Iranian
IMO team:
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Find all polynomials f with integer coefficients such that nlm
whenever f(n)|f(m).

[Mohsen Jamali] Iranian TST

Solution. [Adrian Zahariuc] With this preparation, the solution will be short,
which does not mean that the problem is easy (as we already said). First of
all, observe that for a nonconstant polynomial with integer coefficients such
that f(0) 7E 0 and for any Is there are infinitely many prime numbers p such
that pk |f(n) for some integer n. Indeed, by working with an irreducible divisor
of f, we can assume that f is irreducible. Thus f and f’ are relatively prime
in the ring of polynomials with rational coefficients. Bézout’s theorem shows
in this case that there exist integer polynomials S, Q and an integer A 96 0
such that Sf + Qf’ = A. Therefore, if p is a sufficiently large prime such that
pl f(n) for some n (the existence of infinitely many such primes follows from
Schur’s theorem), p will not divide f’ (n), and we can apply Hensel’s lemma
to finish the proof of this result.
Next, observe that X | f(X) Indeed, we have f(n)|f(n + f(n)) for all n,
so nln + f(n) for all n, which easily implies f(0) = 0. So, let us write
f(X) = X’“g(X) with g(0) 76 0. Assume that g is nonconstant. By the
previous result, there exists a prime p such that p > |g(0)| and pk|g(m) for
some integer m. Clearly, p does not divide g(p), so by the Chinese remain-
der theorem there exists an integer n such that n E m (mod pk) and n E p
(mod g(p)). Thus pk|g(n) and g(p)|g(n), and thus f(p)|f(n). This implies
that pln, and this is impossible, because it would follow that p|g(0). Thus 9
is constant and the answer is: all polynomials of the form aX".

Here is another application of Hensel’s lemma. The example below is quite a
difficult problem, especially because examples of small degree cannot be found:

Is there a polynomial f with integer coefiicients that has no
rational zeros, but has a zero modulo any positive integer?

K6mal
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Solution. The answer is yes,- but it is not obvious why such polynomials
exist. A very diffit theorem of Chebotarev implies that such polynomials
with small degree (smaller than 5) do not exist. It can be proved that there are
such polynomials of degree 5, but the example we have chosen has degree 6:
define f(X) = (X2 +3)(X2 - 13)(X2 +39). We will prove that for any n there
exists m such that n| f(m). Observe first of all that it is enough to prove this if
n is a power of a prime. Indeed, if we can find m1, m2 such that n1| f (m1) and
n2| f(m2) for some relatively prime integers n1, 112 then by taking m such that
m = m1 (mod 71,1) and m = mg (mod m) (which is possible by the Chinese
remainder theorem) we have an m such that n1n2| f(m) Let us now deal with
powers of 2. We will prove by induction the existence of a sequence 37,, such
that 2”|:c§, + 39. For n = 1 we take 51:1 = 1, for n = 2 we take 2:2 = 1, as well
as 1:3 = 1. Now assume that 33,2, + 39 = 2" - k for some integer k and n 2 3.
Then (2"‘1x + xn)2 + 39 = 2”(:L':1:n + k) (mod 2”“). If k: is even we define
xn+1 = 5%. Otherwise, we define a: = 1 and so ayn+1 = 513,, + k. In either case,
2n+1|zi+1 + 39. Now, let us deal with powers of 3 and 13; actually, this case
follows immediately from Hensel’s lemma applied to the polynomials X2 — 13
and X2 +3, with n = 1 and n = 6 respectively. Finally, take 1) a prime number
different from 2,3, 13 and observe that the identity (‘739) - (1173) - (3173) = 1

where 5 denotes the Legendre symbol implies that one of the numbersp
(-739),(%) and (773) equals 1. This shows the existence of an integer m
such that for some 0, equal to 3, —13, 39 we have p|m2 + a. It is now enough to
apply Hensel’s lemma for the polynomial X2 + a in order to obtain a sequence
23,, such that p"|:z:.,2, + a for all n. This shows that f has a root modulo p" for
any prime p and any positive integer n, and by the remark in the beginning
of the solution this polynomial is a solution of the problem.

> Find all polynomials f with integer coefficients and the follo-
wing property: for any relatively prime positive integers a, b,
the sequence (f(an + b))n20 contains an infinite number of
terms, any two of which are relatively prime.

[Gabriel Dospinescu]
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Solution. Clearly, constant polynomials can be eliminated. We will prove
that the only polynomials with this property are those of the form Xn and
-X", with n a positive integer. Because changing f with its opposite does
not modify the property of the polynomial, we can assume that the leading
coefficient of f is positive. Hence there exists a constant M such that f(n) > 2
for all n > M. From now on, we consider only n > M. Let us prove that
we have gcd(f(n),n) aé 1 for any such n. Suppose that there is an n > M
such that gcd(f(n),n) = 1. The sequence (f(n + kf(n)))k20 would contain
at least two relatively prime numbers. Let them be .9 and 7'. Because f(n) |
kf(n) = kf(n)+n-n | f(kf(n)+n) -f(n), we have f(n) l f(n+kf(n)) for
any positive integer k. It follows that s and 7' are both multiples of f(n) > 2,
which is impossible. We have shown that gcd(f(n), n) aé 1 for any n > M.
Thus for any prime p > M we have pl f (p) and so plf(0). Because any nonzero
integer has a finite number of divisors, we conclude that f(0) = 0. Hence
there is a polynomial q with integer coeflicients such that f(X) = Xq(X).
It is clear that q has positive leading coefficient and the same property as f.
Repeating the above argument, we infer that if q is nonconstant, then q(O) = 0
and q(X) = Xh(X). Because f is nonconstant, the above argument cannot
be repeated infinitely many times, and thus one of the polynomials g and h
must be constant. Consequently, there are positive integers n, k such that
f(X) = kX‘". But since the sequence (f(2n + 3)),20 contains at least two
relatively prime integers, we must have k = 1. We obtain that f is of the form
X". Because f is a solution if and only if —f is a solution, we infer that any
solution of the problem is a polynomial of the form :lzX".

Now let us prove that the polynomials of the form Xn, —X" are solutions. It
suffices to prove it for Xn and even for X; but this follows from Dirichlet’s theo-
rem. There is another more elementary approach. Suppose that 1:1, 1:2, . . . ,xp
are chosen such that the numbers ax, + b are pairwise relatively prime. We
prove that we can add mp.” so that am] + b, (1:132 + b, . . . ,ampH + b are pairwise
relatively prime. Clearly, (1:31 +b, (13:2 +b, . . . ,amp +b are relatively prime to a,
so we can apply the Chinese remainder theorem to find an xp+1 greater than
x1,:c2,...,a:p, such that as?“ E (1 — b)a,i—1 (mod am,- + b), i 6 {1,2,...,p},
where (Ii—1 is a’s inverse in Z321+b° Then gcd(azp+1 + b, am, + b) = 1 for
ie {1,2,. . . ,p} and thus we can add mp“.
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. Find all polynomials f with integer coefficients such that
f(n)|n”‘1 — 1 for all sufficiently large n.

[Gabriel Dospinescu]

Solution. Clearly, f(X) = X — 1 is a solution, so let us consider an arbitrary
solution and write it in the form f(X) = (X —1)’"g(X) with r 2 0 and g E Z[X]
with 9(1) 95 0. Thus there exists M such that g(n)|n”'1 — 1 for all n > M.
We will prove that g is constant. Assuming the contrary, we may assume
without loss of generality that the leading coefficient of g is positive. Thus
there is k > M such that g(n) > 2 and g(n)|n"'1 — 1 for all n > k. Now, since
n + g(n) — n|g(n + g(n)) — g(n), we deduce that g(n)|g(n + g(n)) for all n. In
particular, for all n > k we have

g(fl)l9(n + g(n))l(n + g(n))"+“’("’)‘]l — 1

and g(nWln-l — 1. Of course, this implies that

g(n)|nn+g(’n)—1 _ 1 = (”n—1 _ 1)ng(n) + ”g(n) _ 1,

that is g(n)|n9(") — 1 for all n > k. Now, let us consider a prime number p > k
and let us look at the smallest prime divisor q of g(p+ 1) > 2. We clearly have
qlg(p + 1)|(p+ 1)9(P+1) — 1 and q|(p+ 1)‘1_1 — 1. Since gcd(g(p+ 1), q — 1) = 1
(by minimality) and

gcd((p + 1)g(p+1) _ 1, (p + 1)q—1 _ 1) = (p + 1)gcd(g(p+1),q-1) _ 1 = p,

it follows that we actually have p = q. This shows that pl9(1) + 1) and thus
(again using the fundamental result) p|g(1). Because this occurs for any prime
number p > k, we must have g(l) = 0. This contradiction shows that g is
indeed constant.
Let g(X) = c. Thus c|2"(2"‘1) — 1 for all n > M. Given that gcd(2“' —
1,2" — 1) = 23‘1“,” — 1, in order to show that |c| = 1, it suffices to exhibit
k < m < n such that gcd(m(2m — 1),n(2” — 1)) = 1. This is easy to achieve.
Indeed, it suffices to take a prime number m greater than M, k and to choose
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a prime number n greater than m(2m — 1). A simple argument shows that
gcd(m(2m — 1),n(2“ — 1)) = 1 and so |c| = 1.
Finally, let us prove that 1‘ S 2. Assuming the contrary, we deduce that

(n _ 1)3|nn—1 _ 1 @071 _ 1)2|nn—2 + nn—3 + _ . . +n+ 1

for all sufficiently large n, and since

n"_2+n"_3+---+n+1 =

=(n—1)[n"-3+2n"'4+---+(n—3)n+(n—2)+1],
we obtain n — llnn‘3 + 2n”‘4 + - - - + (n — 3)n + (n — 2) + 1 for all sufliciently
large n, which is clearly impossible, since

n”“3+2n‘”‘4+---+(n—3)n+(n—2)+1a1+2+---+(n—2)+1

(n — 1)(n — 2)
2

+ 1 (mod n — 1).

Hence 7' S 2. The relation

n"_1 — 1 = (n— 1)2[n"_3+2n"_4+---+(n—3)n+(n—2)+1]

shows that (n — 1)2|n ‘1 — 1 for all n > 1 and allows us to conclude that all
solutions are the polynomials :|:(X — 1)’, with r 6 {0,1,2}.

After reading the solution of the following problem, you might think that the
problem is very simple. Actually, it is extremely difficult. There are many
possible approaches that fail and the time spent for solving such a problem
can be significant.

Let f E Z[X] be a nonconstant polynomial, and let k 2 2 be
an integer such that ‘k/ f(n) e Z for all positive integers n.
Then there exists a polynomial g e Z[X] such that f = g".
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Solution. Let us assume the contrary, and let us factor f = p'lcl . . . plgsgk where
1 S k,- < k, and p,- are different irreducible polynomials in Q[X]. Suppose that
s 2 1 (which is the same as negating the conclusion). Because p1 is irreducible
in Q[X], it is relatively prime with p’lpz . . . p3 and thus (using Bezout’s theo-
rem and multiplication by integers) there exist polynomials Q, R with integer
coefficients and a positive integer c such that

Q(w)p1(w) + R($)p’1 (10112 (I) - - -ps(w) = C-
Now, using the result from Example 1, we can take a prime number q > |c|
and a number n such that q|p1 (n) 96 0. We have of course qlpl (n + q) (since
p1 (n + q) E p1 (n) (mod q)). The choice q > lcl ensures that q does not divide
p2(n) . . .p3(n) and so 'uq(f(n)) = vq(p1(n)) + kvq(g(n)). But the hypothesis
implies that k | vq(f(n)), so vq(p1(n)) 2 2. In a similar manner we obtain
vq(p1(n + q)) 2 2. Yet, using the binomial formula,

p1(n + q) 5 10101) + qp’1(n) (mod :12)-
Hence we must have q|p1 (n), which contradicts the fact that q > |c| and

Q(w)P1(x) + R($)P'1 (90102 (93) - - 403(06) = C-
This contradiction shows that s 2 1 is false and the result follows.

The next problem was given at the USA TST 2005 and uses a nice combination
of arithmetic considerations and complex number computations. We take
advantage of many arithmetical properties of polynomials in this problem,
although the problem itself is not so difficult (if we find a good way to solve
it, of course...).

A polynomial f E Z[X] is called special if for any positive in-
teger k > 1, the sequence f(1), f(2), f(3), . .. contains num-
bers which are relatively prime to k. Prove that for any
n > 1, at least 71% of all monic polynomials of degree n with
coefficients in the set {1,2, . . . ,n!} are special.

[Titu Andreescu, Gabriel Dospinescu] USA TST 2005



226 10. ARITHMETIC PROPERTIES OF POLYNOMIALS

Solution. Of course, before counting such polynomials, it would be better to
find an easier characterization for them.
Let 111,192, . . . ,1)? be all the prime numbers not exceeding n, and consider
the sets A,- = {f 6 MI pi|f(m), V m e N*}, where M is the set of monic
polynomials of degree n with coefficients in the set {1,2, . . . ,n!}. We will

'1‘

prove that the set T of special polynomials is exactly M \ U Ai. Clearly,
i=1

T C M \ U A. The converse, however, is not that easy. Let us suppose that
119" T

f E Z[X] belongs to M \ U Az- and let p be a prime number greater than

n. Because f is monic, Lagralnge’s theorem ensures that we can find m such
that p is not a divisor of f(m). It follows that for any prime number q at
least one of the numbers f(1), f (2), f (3), . .. is not a multiple of q. Let k > 1
and let q1,q2, . . . ,qs be its prime divisors. Then we can find u1,.. . ,us such
that qi does not divide f (11,) Using the Chinese remainder theorem, there is
a positive integer :1: such that :r E u, (mod qi). Consequently, f (:3) E f(u,)
(mod qi) and thus qz- does not divide f (cc), so gcd(f (cc), k) = 1. The equality
of the two sets is now proved.
Using a raw estimation, we obtain

7'

UAi
i=1

|T| = IMI-
T

Z IMI — 2 Mil-
i=1

| n
Let us now compute lAil- Actually, we will show that [Ai| = (:12 . Let f be

1'
a monic polynomial in Ai,

f(X) = X” + an—a_1 + - - - + 01X + ao-

Then, for any m > 1,

OE f(m) sao+(a1 +ap+a2p_1 +a3p_2+...)m

+(a2 + ap+1 + 0,2], + . . . )m2 + - - - + (ap_1 + a2p_2 + a3p_3 + . . . )mp_1 (mod p),
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where, for simplicity, we put p = pi. Again, using Lagrange’s theorem it
follows that p | (10, pl a1 +ap+a2p_1 +--- ,--- ,p | ap_1 +a2p_2 + ---.
We are going to use this later, but a small observation is still needed. Let
us count the number of s—tuples (1:1,x2,...,:1:5) e {1,2,...,n!}“’ such that
:31 + 11:2 + --- + :1:s E u (mod p), where u is fixed. Let

27r ,_ 271'
e=cos—+zsm—

P P

and observe that
0: (5+82+~--+en!)“’

p—l

= 25" |{(a:1,x2,...,a:s) E {1,2,...,n!}’| x1 +~--+a:3 E k (modp)}|.
k=0

A simple argument related to the irreducibility of the polynomial 1 +X+X2 +
+ X1“1 shows that all numbers that appear in the above sum are equal,

1 s
and that their sum is (n03, thus each number equals

P
We are now ready to finish the proof. Assume that among the numbers
a1,ap,a2p_1, . .. there are exactly v1 numbers, and so on, finally there are
vp_1 numbers among ap_1, 0,219-2, . . . . Using the above observations, it follows
that

n! (n!)"1 (n!)”P-1 (n!)"
|A,-|=—-—... =—.

P P P Pp
Hence ( 0n

n.
T > n! n — —.| |_( > E; p,

p prime

But
1+1+ <11+1+1+ <1

55 77 55 5 52 1000
and so the percent of special polynomials is at least

1 1 l 100 1
100(1 ————— ——)—75—2—7—1—0'>71.
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Just a few more observations about this problem. The authors discovered
(after the problem was submitted and given in the TST) that this question
was the object of Jan Turk’s article The fixed divisor of a polynomial publi-
shed in the fourth issue of the American Mathematical Monthly, 1986. In this
article, with a completely different idea and technique, much more involved
and precise estimations are obtained. For instance, the author proves that the
probability for a random polynomial with integer coefficients to be special is
H (1 — 51;), which is approximately 0.722. This shows that even though our
9
estimations were very elementary, they were not far from reality. We invite
the reader to read this fascinating article.

" Suppose that a polynomial f with integer coeflicients has no
double zeros. Then for any positive integer 1' there exists an
n such that in the prime decomposition of f(n) there are at
least 7‘ distinct prime divisors, all of them with exponent 1.

Iranian Olympiad

Solution. Already for r = 1 the problem is in no way obvious. So let’s
not attack the general case directly, but rather concentrate first on the case
r = 1. Suppose the contrary, that is for all n the prime divisors of f(n) have
exponent at least 2. Because f has no double zero, gcd(f, f’) = 1 in (C[X] and
thus also in Q[X] (because of the division algorithm and Euclid’s algorithm).
Using Bezout’s theorem in Q[X], we can find polynomials P, Q with integer
coefficients such that P(n)f(n) + Q(n)f’ (n) = c for some positive integer c.
Using the result in the first example, we can take q > c a prime divisor of
some f (71.) Our hypothesis ensures that q2|f (71.) But then, also, ql f (n + q)
and so q2| f(n + q). Using Newton’s binomial formula, we deduce immediately
that f(n + q) E f(n) + qf’(n) (mod q2). We finally find q|f’(n) and so qlc,
which is impossible, since our choice was q > 0. Thus the case r = 1 is proved.
Let us now try to prove the property by induction and suppose it is true for 7'.
Of course, the existence of P, Q such that P(n)f(n) + Q(n)f’(n) = c for some
positive integer 0 did not depend on r, so we keep the above notations. By
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the inductive hypothesis, there is n such that at least 7" prime divisors of f(n)
have exponent 1. Let these prime factors be p1, p2, . . . , pr. But it is clear that
n + kpfpg . . . p3 has the same property: all prime divisors p1, p2, . . . , pr have
exponent 1 in the decomposition of f(n+kpfpg . . Hp?) Because at most a finite
number among them can be zeros of f, we may assume from the beginning that
n is not a zero of f. Consider now the polynomial g(X) = f(71+ (111 . . . pr)2X),
which is obviously nonconstant. Thus using again the result in Example 1, we
find a prime number q > max{|c|, p1, . . . , pr, |p(n)|} and a number u such that
q|g(u). If 'uq(g(u)) = 1, victory is ours, since a trivial verification shows that
q, p1, . . . ,pr are different prime numbers whose exponents in f(n+ (p1 . . .pr)2u)
are all 1. The difficult case is when vq (9(a)) 2 2. In this case, we will consider
the number

N = n +u<p1 . . .10.)? + uq<p1 . . .12.)?
Let us prove that in the decomposition of f(N), all prime numbers q, p1, . . . ,pr
have exponent 1. For any pi, this is true since f (N) E f(n) (mod (p1 . . . p,)2).
Using once again the binomial formula, we obtain

f(N) E f(n + (P1 - ~ -pr)2U) + uq(p1---pr)2f’(N) (mod 42)-
Now, if vq(f(n)) 2 2, then since vq(f(n + (p1...pr)2u)) = vq(g(u)) 2 2, we
have q|u(p1...pr)2f’(N). Recall that the choice was q > max{|c|,p1, . . . ,pr,
|p(n)|} so necessarily qlu (if q|f’(N) : q|(f(N), f’(N))|c => q S |c|, contradic-
tion). But since q|g(u), we have q|g(0) = f(n) Fortunately, we ensured that
n is not a zero of our polynomial and also that q > max{|c|, p1, . . . , pr, |p(n)|}
so the last divisibility cannot hold. This finishes the inductive step and solves
the problem.

Did you like Erd6s’s Corner in chapter Look at the Exponent? We repeat
the experience, with a series of difficult problems related to prime divisors
of polynomials. When we say difficult, we say however solvable, because one
should know that most of the problems concerning quantitative estimates for
prime divisors of polynomials are still unsolved and will probably remain so
for very long time. Let us recall a few terrible results that have been obtained
so far, of course without proofs. Let P(n) be the greatest prime divisor of n.
Even the fact that P(f(n)) tends to 00 for any polynomial f of degree at least
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2 is a very difficult result (even the case deg(f) = 2 requires the Thue-Siegel
theorems). An extremely difficult theorem of Erd6s shows that the largest
prime divisor of f(1)f (2) f(n) is greater than n - ea”)c for some absolute
constant c > 0. All these results require very deep results in algebraic and ana-
lytic number theory. Another is the famous open question of prime-producing
polynomials: any polynomial f without a fixed divisor should produce prime
numbers infinitely many times. All these questions are far beyond the known
results. But, of course, we will discuss just a few results with elementary (more
or less) solutions.

The first problem investigates Schur’s theorem for a family of polynomials.
The following solution was suggested to us by Vesselin Dimitrov. The beauty
of the result can be easily seen when studying the second part of the problem,
where we prove by elementary means a result that usually was proved using
Galois theory. Even though we haven’t found the first article studying this pro-
blem, we did find one signed by T. Nagell, so we will call this Nagell’s theorem.

a) Let f1, f2, - -- , fn be nonconstant polynomials with inte-
ger coefficients. Prove that there are infinitely many primes
numbers p with the property that f1, f2, - .. , fn have a zero
in Z/pZ (that is, there exist integers k1, k2, - -- ,kn such that
plfiUci) for all i).
b) Prove that for any nonconstant polynomial f with inte-
ger coefficients and any positive integer k there are infinitely
many primes of the form 1 + qk that divide at least one of
the numbers f(1),f(2),f(3),

Nagell’s theorem

Solution. For n = 1, a) is just Schur’s theorem. Actually, the idea is to
reduce the study to this special case, by proving the existence of polynomials
g1, g2, . . . , 9,, such that fi(gi(X)) have a common nontrivial divisor. This is
not immediate, however. Let us see what we are asking for: of course, if there
exists a common nontrivial divisor, it must have a complex root z, so first of all
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we should see whether we can find 9,- with rational coefficients and some z such
that fi(g,~(X)) have common root 2. In this case, 9,-(2) would be all the zeros
of fi, so it is more than natural to start by fixing some roots :31, 1:2, . . . ,1», of
f1, f2, . . . , fn respectively and trying to find some 2 and some 9,- with g¢(z) =
26,-. And now, a very useful theorem from algebraic number theory (but whose
proof is completely elementary) helps us: actually, any finite extension of the
field of rational numbers is generated by one element. T hat is, if a1, a2, . . . ,ak
are algebraic numbers (over the field of rational numbers), then there exists an
algebraic number a such that Q(a1, a2, . . . ,ak) = 0(a). We will leave the proof
of this theorem as a beautiful exercise for the reader (in case you do not manage
to solve it alone, any introductory book to algebraic number theory gives a
proof of this result). Now, :5,- are clearly algebraic, since they are roots of f,.
Thus there exists some algebraic number 2 for which Q(m1, x2, . . . , 2:”) = Q(z).
By multiplying z by a suitable integer, we may assume that z is actually an
algebraic integer. This means that each at, can be written in the form gi(z)
for some polynomial g, with rational coefficients. Of course, there exists some
integer N for which hi = N9, have integer coefficients and there exists some
large d for which FAX) = Ndf,- (ENE) also has integer coefficients. Now, all
E; are divisible by P, the minimal polynomial of z in Q[X]. Because 7. is an
algebraic integer, P is a monic polynomial with integer coefficients, and thus
primitive. From Gauss’s lemma, it follows that F,- are divisible by P in Z[X].
Finally, let us apply Schur’s theorem to this polynomial. There are infinitely
many prime p > N for which F has a zero np in Z/pZ. Fix such a prime p
and note that a: = np. Let fi(X) = A,,X"J + A..,_1X"’_1 + - - - + A0. We know
that p divides

AsNd‘sh,(x)s + A._1Nd‘8+1h.:(x)8"1 + - - - + AoNd-
Of course, p is relatively prime to N, so p will actually divide

Ash,(:c)” + A8_1Nhi(w)"1 + - - - + AoN’.

Thus, if N’ is the inverse of N in Z/pZ, N'hi (as) is a zero of f, modulo p. Since
2' was arbitrary, it follows that all f,- have a zero in Z/pZ for any such prime
p. The conclusion follows.
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Part b) is actually a fairly immediate consequence of a). The idea is that for
n > 1, any prime divisor of ¢n(a), the nth cyclotomic polynomial, is either
congruent to 1 modulo p or divides n. The proof of this result is not very
difficult. Indeed, consider p such a prime divisor. Then plan — 1 and thus, if d
is the order of a modulo p, we have dln and dlp — 1. Clearly, if d = n, we are
done, so assume that d < n. Then since p|ad — 1 = Hkld ¢k(a), there exists a
divisor k of d such that p|¢k(a). However, Xn — 1 is the product of all cyclo-
tomic polynomials whose orders divide n, so it is a multiple of ¢k(X) -¢n(X).
Therefore, Xn — 1 will have a as a double root in Z/pZ. This is impossible
unless p|n, because in this case a would be a root of a_1 and thus pl’n
(since p is not a divisor of a). This proves the claim. Now, using a) for the
polynomials ¢k(X) and f(X), we know there are infinitely many primes p
such that both these polynomials have roots in the field with p elements. But
the observation made in the beginning of b) shows that only finitely many of
these prime numbers are not congruent to 1 modulo k. Thus, infinitely many
are of the form 1 + kg and the proof finishes here.

The next example concerns the very classical problem of square free numbers
among polynomial values. More generally, one defines k—free numbers as non-
zero integers which are not divisible by any k-th power of a prime. One can
prove (the idea is exactly the same as in the problem that we will discuss)
that if f is a primitive polynomial of degree d and if f is not the d—th power
of a linear polynomial, then a positive proportion of positive integers n have
the property that f(n) is d—free. A more difficult result was proved by Erdos:
under some natural conditions imposed on f, there are infinitely many n for
which f(n) is d—free. Needless to say, the proof if highly nontrivial. We will
discuss a closely related problem concerning square free numbers of a special
form.

The next result is a lot stronger than the one proved by Laurentiu Panaitopol,
stating that there are infinitely many triples of consecutive numbers, all square
free. The solution is adapted from a beautiful argument due to Ravi Boppana.
Before passing to this problem, let us give a definition: we say that a set A of
positive integers has positive density if there exists a constant c > 0 such that
for all sufficiently large a: there are at least ca: elements of A less than cc.
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Prove that the set of positive integers n such that

1§n(n + 1)(n + 2)(n2 + 1)

is square free has positive density.

[Vesselin Dimitrov]

Solution. Let us search for such numbers of the form n = 180k + 1 for some
positive integer k. By this choice, %n(n + 1)(n + 2)(n2 + 1) is not divisible by
4 or 9 or 25. So we can ignore the prime factors 2, 3 and 5. Let p be a prime
greater than 5. There is exactly one k: (mod p2) such that n = 180k + 1 is
divisible by p2, exactly one Is: (mod 122) such that n + 1 is divisible by p2, and
exactly one k (mod p2) such that n + 2 is divisible by p2. Also, there are at
most two k (mod p2) such that n2 + 1 is divisible by p2. Indeed, if p2|a2 + 1
and 102|b2 + 1, then p2|(a — b)(a + b). Then p2|a — b or file. + b (otherwise,
p divides a — b and a + b, thus it divides a too, which is clearly impossible).
Altogether there are at most five k (mod p2) such that one of n, n + 1, n + 2,
or n2 + 1 is divisible by p2. Let N be a large positive integer. By the previous
observation, there are at most 5 [1%] values of 1:: between 1 and N such that
n, 72+ 1, n+2, or n2 + 1 is divisible by p2. p > 180N+ 1, then p is too large
for n, n + 1, n + 2, or n2 + 1 to be divisible by p2. Altogether the number of
k: between 1 and N such that one of n, n + 1, n + 2, or n2 + 1 is not square
free is at most 2311,8371"+1 5 [if—7V5] .
We can bound the last sum by

180N+1 5N 1

z (5 + —2) s 51r(180N + 1) + 5N2 —2
p=7 p p27

and since

1 1 1 1 1 1 1 1_< ___—<_ ___ ___ :—gp2_";(2m+l)(2m—l) -2(5 7+7 9+ ) 10’
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we infer that the number of “bad” k is at most % + 0(N). We used here the
classical fact that 1r(a:) = 0(1):), where 7r(a:) = Z 1 is the counting function of

1032
the prime numbers (for a proof of this result, see the chapter At the Border
between Analysis and Number Theory).

Therefore, the number of 1 S k g N for which all numbers n, n+1, n+2, n2+1
(where n = 180k+ 1) are squarefree is at least % +o(N). For any such number
k, %n(n + 1)(n + 2)(n2 + 1) is squarefree (the only common prime divisors of
two numbers among n, 11+ 1, n+2, n2 + 1 are 2, 3, 5 and we saw that the choice
of n ensures that 4, 9, 25 are not divisors of %n(n+1)(n+2)(n2+1)). Thus, the
number of n < 181N such that %n(n+ 1)(n+ 2) (n2 + 1) is squarefree is at least
~12! + 0(N), which means that the set of n for which %n(n + 1)(n + 2)(n2 + 1)
is squarefree has positive density.



PRACTICE PROBLEMS 235

10.2 Practice problems

1. Let f1, f2, . . . , fk be nonconstant polynomials with integer coeflicients.
Prove that for infinitely many n all numbers f1 (n), f2(n), . . . , fk(n) are
composite.

. Let f E Z[X] and n > 3. Prove that there are no integers 1171,1172, . . . ,mn
such that f (3:1) = 93,--1, i = 1, 2, . . . ,n, indices being taken mod n.

. Let f E Z[X] be a polynomial of degree n 2 2. Prove that the polynomial
f (f(X)) — X has at most n integer zeros.

Gh. Eckstein, Romanian TST

Find all integers n > 1 for which there is a polynomial f E Z[X] with
the property: for any integer Is; one has f(k) = 0 (mod n) or f(k) = 1
(mod n) and both these equations have solutions.

. Find all polynomials f with integer coefficients such that f(n) l 2" — 1
for all positive integer n.

Polish Olympiad

Let p be a prime and let f E Z[X] be a polynomial such that the numbers
f(0), f (1), . . . , f (p2 -— 1) give distinct remainders when divided by p2.
Prove that the numbers f(0), f (1), . . . , f (p3 — 1) give distinct remainders
when divided by p3.

Putnam 2008

Is there a nonconstant polynomial f e Z[X] and an integer a > 1 such
that the numbers f(a), f(a2), f(a3), are pairwise relatively prime?

St Petersburg 1998
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8. Let f e Z[X] be a nonconstant polynomial. Prove that the sequence
f(3") (mod n) is not bounded.

9. Find all polynomials f with integer coefficients, having the following
property: there exists k such that for all primes p, f (1)) has at most k
prime factors.

10. Find all polynomials f E Z[X] with the property that for any relatively
prime integers m, n, the numbers f(m), f(n) are also relatively prime.

Iran TST

11. Let f be a polynomial with integer coeflicients and let a0 = 0 and an =
f (an_1) for all n 2 1. Prove that (an)n20 is a Mersenne sequence, that
is gcd(am, an) = agcdmm) for all positive integers m and n.

Romanian TST

12. Find all integers k such that if a polynomial with integer coefficients f
satisfies 0 S f(O),f(1),...,f(k+1) S k then f(0) = f(1) = = f(k) =
f(k + 1).

IMO 1997 Shortlist

13. (a) Let f be a polynomial with real coeflicients. Prove the equivalence
of the following two assertions:

i. for any integer n one has f(n) e Z;
ii. There exist integers n and a0, a1, a2, , . . ,0," such that

XX-l XX—1...X_ 1
f(X) = ao+a1X+a2¥+ . .+an_(—)n'(L)I

(b) Let n be a positive integer. What is the least degree of a monic
polynomial f with integer coefficients such that n | f (k) for any
integer k?
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14.

15.

16.

17.

18.

Let f be a polynomial with rational coefficients such that f(n) e Z for all
n e Z. Prove that for any integers m, n the number lcm[1, 2, . . . , deg(f)]
M22 is an integer.m-n

MOSP 2001

Let f be a polynomial of degree d such that f(Z) C Z and W E Z
for all 0 S m, n S d. Prove that W e Z for all integers m aé n.

Holden Lee

Let P be a polynomial with integer coefficients such that P(O) = 0 and

gcd(P(0),P(1),P(2), . . . ,) = 1.

Show there are infinitely many n such that

gcd(P(n) — P(O), P(n + 1) — P(1), P(n + 2) — P(2), . . .) = 77..

USA TST 2010

Let d,r be positive integers with d 2 2. Prove that for any non-
constant polynomial f E R[X] of degree smaller than 7', the numbers
f (0), f (1), . . . , f (d? — 1) can be divided into at groups such that the sum
of the numbers in each group is the same.

J. O. Shallit, AMM E 3032

Let (0107121 be an increasing sequence of positive integers such that for
some polynomial f e Z[X] we have an S f(n) for all n. Suppose also
that m - n I am — an for all distinct positive integers m, n. Prove that
there exists a. polynomial g e Q[X] such that an = g(n) for all n.

USAMO 1995
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l

19. (a) Prove that for each positive integer n there is a polynomial f E Z[X]
such that f(l) < f(2) g < f(n) are primes.

(b) As above, but now the numbers are powers of 2, not primes.
(0) Let a > 1 be an integer and let n be a positive integer. Prove that

there exists a polynomial f of degree 71., having integer coefficients
such that f(0), f (1), . . . , f (n) are pairwise distinct positive integers,
all of the form 2a!” + 3: for some integer k.

Chinese TST 2004

20. Let p > 5 be a prime and let a, b,c be integers such that p does not
divide any of the numbers a — b, b — c, c — a. Let i, j, k be nonnegative
integers such that z' + j + k is divisible by p — 1 and such that for all
integers w, the number

(50 - 0X96 - b)(93 - C)[(w - a)‘(w - W06 - C)’° — 1]
is divisible by p. Prove that each of i, j, k is divisible by p — 1.

Kiran Kedlaya and Peter Shor, USA TST 2009

21. Consider all sequences (f(l) (mod n), f(3) (mod n), . . . , f(1023) (mod n)),
where n = 1024 and f is an arbitrary polynomial with integer coeffi-
cients. Prove that among these sequences there are at most 235 that are
permutations of the numbers 1, 3, 5, . . . , 1023.

USA TST 2007

22. Prove that for all n there exists a polynomial f with integer coefficients
and degree not exceeding n such that 2" divides f (as) for all even integers
a: and 2” divides f(x) — 1 for all odd integers (L'.

P. Hajnal, Komal
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23.

24.

25.

26.

27.

28.

Let n be an even positive integer. Find the least positive integer k for
which one can find polynomials with integer coeflicients f, 9 such that

f(X)(X + 1)“ + 9(X)(X” + 1) = 16-
IMO Shortlist 1996

Let f E Z[X] be a polynomial of degree at least 2, with positive leading
coefficient. Show that there are infinitely many n such that f(n') is
composite.

IMO Shortlist 2005

Suppose that n is a positive integer not divisible by the cube of a prime
number. Consider all sequences (5121,:122,...,.’13n) with 1:,- E Z/nZ. For
how many of these can we find a polynomial f with integer coeflicients
such that f (1') (mod n) = x,- for all 1'?

USA TST 2008

Prove the existence of a number 0 > 0 with the following property: for
any prime p, there are at most cp2/3 positive integers n such that p
divides n! + 1.

Chinese TST 2009

Find all polynomials f E Z[X] such that f(p) | 21’ — 2 for any prime
number p.

Gabriel Dospinescu, Peter Scholze

Let f E Z[X] be a polynomial and let a be an integer. Consider the
sequence a0 = a,an+1 = flan). If an —> co and if the set of prime
divisors of {an} is finite, prove that f (X) = AXd for some A, d.

’I‘uymaada Olympiad 2003
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11.1 Theory and examples

Almost everyone knows the Chinese Remainder Theorem, which is a remar-
kable tool in number theory. But does everyone know the analogous form for
polynomials? Stated like this, this question may seem impossible to answer.
Then, let us make it easier and also reformulate it: is it true that given some
pairwise distinct real numbers .170, 1:1, 2:2, . ..,:1:,, and some arbitrary real num-
bers a0, a1,a2, . . . , an, we can find a polynomial f with real coeflicients such
that f(:r,-) = (ii for z' 6 {0,1, . . . ,n}? The answer turns out to be positive,
and a possible solution to this question is based on Lagrange’s interpolation
formula. It says that an example of such polynomial is

(In what follows along this unit, a product like the above one will be written,
for simplicity, just as Hjaéi ZZZJ. .)
Indeed, it is immediate to see that f(ah) = a,- for i E {0, 1, . . . ,n}. Also, the
above expression shows that this polynomial has degree less than or equal to
n. Is this the only polynomial with this supplementary property? Yes, and
the proof is not difiicult at all. Just suppose we have another polynomial g of
degree less than or equal to n and such that g(:z:,-) = a, for z' e {0, 1, . . . ,n}.
Then the polynomial g — f also has degree less than or equal to n and vanishes
at 2:0, 2:1, . . . ,xn. Thus, it must be null, and the uniqueness is proved.
What is Lagrange’s interpolation theorem good for? We will see in the follo-
wing problems that it helps us to immediately find the value of a polynomial
in a certain point if we know the values in some given points. And the reader
may have already noticed that this follows directly from the formula (1), which
shows that if we know the value in 1 + deg f points, then we can find the value
in any other point without solving a complicated linear system. Also, we will
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see that it helps in establishing some inequalities and bounds for certain spe-
cial polynomials, and will even help us in finding and proving some beautiful
identities. Now, let us begin the journey through some nice examples of pro—
blems Where this idea can be used. As promised, we will first see how we can
rapidly compute the value in a certain point for some polynomials. This was
one of the favorites problems in the old Olympiads, as the following example
illustrates.

Let F1 = F2 = 1, Fn+2 = E, + Fn+1 and let f be a polynomial
of degree 990 such that f(k) = Fk for k E {992,...,1982}.
Show that f(1983) = F1983 — 1.

[Titu Andreescu] IMO 1983 Shortlist

Solution. So, we have f(k + 992) = Fk+992 for k = 0,1,...,990 and we need
to prove that f(992+991) = F1983 — 1. This simple observation shows that we
don’t "have to bother ‘too much with k + 992, since we could work as well with
the polynomial g(m) = f(33+992), which also has degree 990. Now, the problem
becomes: if g(k) = Fk+992, for k = 0,1,...,990, then g(991) = F1933 — 1. But
we know how to compute g(991). Indeed, looking again at the interpolation
formula (as we name equation (1)), we find that

990 990g(991) = 239(k) (9:1) (—1)'“ = 2; (9:1) Fk+992(—1)k
which shows that we need to prove the identity

990 991
Z ( )Fk+992(—1)k = F1983 — 1-
k=0 k

We know that
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where a = J5 + 1 and b = 1 _2‘/§. Bearing this in mind, we can of course
try a direct approach:

990 991Z( k )Fk+992(—1)k
k=0

990 990
1 991 k+992 k (991) k+992 k= —— a —1 — b —1 .«5 L;( k ) ( ) I; k ( )

But using the binomial theorem, the above sums vanish:

990 990
991 k+992 _ k _ 992 991 _ k _ 992 _ 991 9912(k)a ( 1) ——a Z k (a) —a [(1 a) +a ].

2Since a = a + 1, we have

a992[(1 _ (1)991 + 0991] ___ 0(0 _ a2)991 + a1983 = _a + (11983.

Since in all this argument we have used only the fact that a2 = a+ 1 and since
b also satifies this relation, we find that

990 991 1Z ( )Fk+992(“1)k = _(a1983 _ b1983 __ a + b)

k=0 k «5

a1983 _ 1,1983 (1 _ b
= —— — — = F — 1.«3 «5 1983

And this is how, with the help of a precious formula and with some smart
computations, we could solve this problem and also find a nice property of the
Fibonacci numbers.

The following example is a very nice problem proposed for IMO 1997. Here,
the steps following the use of Lagrange’s interpolation formula are even better
hidden in some congruences. It is the typical example of a good Olympiad
problem: no matter how much the contestant knows in that field, one may
have great difl‘iculties in solving it.
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—Let f be a polynomial with integer coefficients, and let p be a
prime such that f(0) = 0, f(1) = 1 and f(k) is congruent to
either 0 or 1 modulo p, for all positive integers k. Show that
the degree of f is at least p — 1.

IMO 1997 Shortlist

Solution. Such a problem should be solved indirectly, arguing by contradic-
tion. So, let us suppose that deg f 5 p — 2. Then, using the Interpolation
Formula, we find that

flw)= 2f
k=o #kk

Now, since deg f S p — 2, the coefficient of asp—1 in the right-hand side of the
identity must be zero. Consequently, we have

1 p—k— 1z:kT—(o 31_———k—),f(k)=
From here we have one more step. Indeed, let us write the above relation in
the form

Z(—1)'“(”; 10)f(k)=
and let us take this equality0modulo p. Since

k!(pk 1): (p— k)(p— k+1)..(p.—1)E(—1)’°k! (modp)

we find that 1

(1" k ) a <—1)’° (mod p)
and so

2(—1)’“(p; 15>f(k) Eras) (modp)
Ic=0 k=0
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Thus, 1,_
Emma!) (mod p),
Ic=0

which is impossible, since f(k) E 0,1 (mod p) for all k and not all of the
numbers f(k) have the same remainder modulo 1) (for example, f (0) and f(1))
This contradiction shows that our assumption was wrong and the conclusion
follows.
It’s time now to see how some formidable identities are simple consequences of
the Lagrange interpolation formula, although in these problems polynomials
do not appear at first sight.

Let a1, a2, . . . , an be pairwise distinct positive integers. Prove
a]:

that for any positive integer k the number 2——
i=1 H((at — a‘J)

_ #i
an integer.

United Kingdom

Solution. Just by looking at the expression, we recognize the Lagrange In-
terpolation formula for the polynomial f(z) = (5". But we may have some
problems when the degree of this polynomial is greater than or equal to
n. This can be solved by working with the remainder of f modulo 9(2) =
(m—a1)(:1:——a2) . . . (m—an). So, let us proceed by writing f(z) = g(z)h(x)+r(zt:),
where r is a. polynomial of degree at most 71 — 1. This time we don’t have to
worry since the formula works, and we obtain

r(w)= 2
i=1 jaéia

Now, we need three observations. The first one is r(a,~) = of t,he second one
is that the polynomial 1' has integer coefficients, and the third one is that
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is just the coefficient of m"‘1 in the polynomial
2—1—1015?‘ aj)

#i

n a: — a,2Mai) H. . 04' — a,1—1 3961,

Combining these observations, we find that 2—— is the coeflicient
i=1 H(a§ai—

#17
of and in 7', which is an integer. Thus, not only have we solved the problem,
but we have also found a rapid way to compute the sums of the form

;__—Hj¢i(a:_ 0,1")

The following two problems concern some combinatorial sums. If the first
one is relatively easy to prove using a combinatorial argument (it is a very
good exercise for the reader to find this argument), for the second problem a
combinatorial approach is much more difficult. But we will see that both are
immediate consequences of the interpolation formula.

it

Let f(2:) = Z awn—k. Prove that for any non-zero real num—
k=0

ber h and any real number A we have

Z(—1)"-’°(Z) f(A+kh)—ao n! h".
k=0

Solution. Since this polynomial has degree at most n, we have no problems
in applying the interpolation formula

f(a;)= 2f(A+kh)Hi‘——(k_Amh.
Ic=0 jaék
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Now, let us identify the leading coefficients in both polynomials that appear
in the equality. We find that

a0_ZfA+)H-—[——(k1—=n_1_!hnz(_l)n- (2)f(A+kh),

#16

which is exactly what we had to prove. Simple and elegant! Notice that the
above problem implies the well—known combinatorial identities

Z<—1)'“(Z)kp=o
for all p 6 {0,1,2,. .,n — 1} and Z(—1)"‘k (2)16": nl. (Notice that the

k=0
identity remains valid for h = 0, too!)

As we promised, we Will discuss a much more difficult problem. The reader
might say after reading the solution: but this is quite natural! Yes, it is
natural for someone who knows the Lagrange Interpolation formula very well
and especially for someone who thinks that using it could lead to a solution.
Unfortunately, this isn’t always so easy.

Prove the identity

2(-1)“"”(Z)k"+1 = _n(_n;_1)'_
k=0

Solution. We take the polynomial f(:1:) = 9:". (Why don’t we take the po-

lynomial f(:c) = M“? Simply because (—1)""° (Z

the formula for a polynomial of degree at most n.) We write the Interpolation
Formula

appears when writing

. imm—1>---<w—k—1><w—k+1>-~<z-">(-1>n-ka: =
k=0 (n — k)!k!
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Now, we identify the coefficient of w”‘1 in both terms. We find that

0: Z(—1)"-k<:)k"(1+2+- +n— k).
k=0

And now the problem is solved, since we found that

i(_1)n—k (k)kn+1_ n_(_2____n+_______z(1)n _7]:1)n—k( )kn
16:0 16:0

and we also know that

Z<—1>"-’°(’,:)k"= n!
k=0

from the previous problem.

If the Lagrange interpolation formula was good only to establish identities and
to compute values of polynomials, it would not have been such a great disco-
very. Of course this is not the case—it plays a fundamental role in analysis.
However, we are not going to enter this field, and we prefer to concentrate on
another elementary aspect of this formula and see how it can help us establish
some remarkable inequalities. And some of them will be really tough.
We begin with a really difficult inequality, originally published by H.S. Shapiro
in the American Mathematical Monthly, in which the interpolation formula is
really well hidden. But denominators can give valuable indications from time
to time.

Prove that for any real numbers $1,232, . . . ,xn 6 [—1,1] the
following inequality is true:

2—
i=1 H '13] _ $i|'>

#i

[H. S. Shapiro] Iranian Olympiad
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Solution. The presence of II Izj — ml is the only hint to this problem. But
1791'

even if we know it, how do we choose the polynomial? The answer is simple:
we will choose it to be arbitrary, and only in the end we will decide which

n—l

one is optimal. So, let us proceed by taking f(:1:) = Zakmk an arbitrary
k=0

polynomial of degree n — 1. Then we have

f(z)= Ewan““" f;
Ic=1 jaékm

Combining this with the triangle inequality, we get

|f(w)|_< Z|f($k)iflm
k=1 #1:

z—azj

Only now comes the beautiful idea, which is in fact the main step. From the
above inequality we find that

|f($k)| 1_ fl
<Z—EH—imk_ xii 313c( 1:)

#k

f(w)
1:"‘1

and since this is true for all non-zero real numbers 1:, we may take the limit
when m —) co and the result is pretty nice:

This is the right moment to decide what polynomial to take. We need a po-
lynomial f such that I f(1:)I S 1 for all a: 6 [—1,1] and such that the leading
coefficient is 2""2. This time our mathematical culture will decide. And it says
that Chebyshev polynomials are the best, since they are the polynomials with
the minimum deviation on [—1,1] (the reader will wait just a few seconds and
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will see a beautiful proof of this remarkable result using Lagrange’s interpola-
tion theorem). So, we take the polynomial defined by f(cos 2:) = cos(n — 1)::2.
It is easy to see that such a polynomial exists, has degree n — 1, and leading
coefficient 2"_2, so this choice solves our problem.

Note also that the inequality |an_1|<_ 2—I_f(a:“I can be proved by
in I931: — 931"

#16
identifying the leading coefficients in the identity

f($)=:f($k)1—I;_x;_
=1

and then using the triangle inequality.
The following example is a fine combination of ideas. The problem is not
simple at all, since many possible approaches fail. Yet, in the framework of
the previous problems and with the experience of Lagrange’s interpolation
formula, it is not so hard after all.

Let f E lR[X] be a polynomial of degree n with leading coef-
ficient 1, and let :50 < £1 < 1:2 < - -- < 2),, be some integers.
Prove that there exists k 6 {0,1,. . . ,n} such that

lf(-Tk)l>_ 2—,,-

Crux Matematicorum

Solution. Naturally (but would this be naturally Without having discussed so
many related problems before?), we start with the identity

f(-r)= among;‘3"
k=0 #k
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Now, repeating the argument in the previous problem and using the fact that
the leading coefficient is 1, we find that

n lf($k)| > 1
k=0Hlmlc—l -

19616

It is time to use the fact that we are dealing with integers. This will allow us
to find a good lower bound for H |zk — :z:J-| This is easy, since

#16

H lane ‘i = Kaila -$o)($k -931) "'(93k -$k—1)($k+1 -93k)"'($n - $k)|
175k

2k(k—1)(k-—2)---2-1-1-2---(n—k) =k!(n-k)!.
And yes, we are done, since using these inequalities, we deduce that

Zn: k|__f__(17_k)|) > 1!‘[6:0 (n It

Now, since

i—__—1= :. —. (Z)=i—'§k__0 (n k). n.

it follows that
n

If(9%“ Z 2—”

for some 0 S k S n.

The following example is an answer to a conjecture of F. J. Dyson (1962). The
elegant proof presented here, based on an identity obtained by Lagrange’s in—
terpolation formula, is due to I. J. Good (1970):
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Let a1, a2, ..., an be nonnegative integers and let f((11, a2, ..., an)
be the constant term of the “polynomial”

H (1- —)15mg; $5
1'95].

Prove that

(a1 + a2 +- -+ an)!
f(a'1,a'27"':a'n)= 0,1!02!" .an!

Solution. Define

a +a2+---+an!
9(a11a27maan)=—( 1 ).

a1!a2!...an!

We will prove by induction on (11 + a2 + + an that f(a1,a.2,...,an) =
g(a1,a2,...,an). If (11 = a2 = = an = 0 the claim is obviously true.
Now, observe that

g(a1,a2, ...,an) = g(a1 — 1,112, ...,an) + - - - +g(a1,a2, ...,a.n — 1)

if all a,- are positive and

g(a1,a2, ...,ak_1,0,a.k+1, ...,an) = g(a1,a2, ...,ak_1,ak+1, ...,am)

if ak = 0. Therefore it would be enough to prove the same relation for f. If
ah = 0 it is clear that

f(a,1,a.2, ...,ak_1,0,a,k+1, ...,an) = f(a1,a.2, ...,ak_1,ak+1, ...,an),

so assume that all a; are positive. In order to prove that

f(a1,a2, ...,an) = f(a1 — 1,a2,...,a,,.) + - - - + f(a1,a2, ...,an — 1)

it is enough to prove the identity

H (1—3) =ZH(1.--::'i) H(1-fl)_1xj ’151,151: i=1 #i #i
1761
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which reduces of course to

But this is just Lagrange’s interpolation formula written for the polynomial
f(X) = 1 with nodes $1,:B2, ...,:1:,, and evaluated at a: = 0.

We will discuss one more problem before embarking on a more detailed study
of Chebyshev polynomials and their properties. This was given in the R0-
manian Mathematical Olympiad and is a very nice application of Lagrange’s
interpolation formula. It is sufficient to say that it follows trivially using a
little bit of integration theory and Fourier series.

Prove that for any polynomial f of degree n and with leading
coefficient 1 there exists a point z such that

|z| = 1 and |f(z)| 2 1.

[Marius Cavachi] Romanian Olympiad

Solution. Of course, the idea is always the same, but this time it is necessary
to find the good points for which we should write the interpolation formula.
As we did before, we will be blind at the beginning and we will try to find
these points in the end. Until then, let us call them $0,231,1'2, . . . ,zn and write

lf($k)| .>_ 1.
k=0 H In - Tq’l

#k
This inequality was already proved in Example 6. Now, consider the polyno-
mial

9(2) = H($ — xi)-
i=0
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We have then

|9’(2i)| = H(wi-wj) -
#z‘

11.

Now, we would like, if possible, to have Ian-I = 1 and also 2 1 In
k 0= Ig’($k)| —

n

this case it would follow from ZM 2 1 that at least one of the
k=0 H I-Tk — 931' I

1%
numbers | f (1%)] is greater than or equal to 1 and the problem would be solved.
Thus, we should find a monic polynomial g of degree n + 1 with all roots of

n 1
modulus 1 and such that Z —— S 1. This is trivial: it suffices, of course,

16 O= |9’(f€k)|
to consider g(a:) = a: — 1. The conclusion follows.
We have an explanation to give: we said the problem follows trivially with a

n+1

n

little bit of integration theory tools. Indeed, if we write f(x) = Z akxk then
k=0

one can check with a trivial computation that

1 2" ‘t 'Ict___ _ 1. —z(1;, 27;- /0 f(e )e dt

and from here the conclusion follows since we will have

21r =
2,". 21r

f(eit)e—intdt 3/ |f(eit)|dt S 27" max |f(z)|'0 0 |z|=1

Of course, knowing this already in 10th grade (since the problem was given to
10th grade students) is not something common...

Before passing to the next more computational problem (which does not mean
less interesting, of course), let us recall some properties of the Chebyshev’s po-
lynomials of the first kind. They are defined by Tn (x) = cos(n arccos(:c)), or,
equivalently, Tn(c0s 2:) = cos(nm). You can easily check by induction, using
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the obvious relation Tn+1(m) = 2:0Tn(:v) — Tn_1(a:) that this gives you a poly-
nomial of degree n, having leading coefficient 2"—1 and all of Whose coeflicients
are integers. Among hundreds of interesting and useful properties of these po-
lynomials, let us state a few, the proof of which is left as a very useful exercise
for the interested reader.

Theorem 11.1. The polynomials Tn have the following properties:

0 An explicit formula for Tn is

(a:+ s —— 1)" + (a: — Vz2 — 1)"Tn(:1:) = 2 .

o The polynomials Tn and Tm commute, that is Tn(Tm(a;)) = Tm(Tn(a:))
for all m,n and all m.

o The generating function of these polynomials is given by:

n__ 2(3-3)
gnaw _1—22z+22

for all |z| < 1 and |a3| < 1.

0 They form an orthogonal system on the interval [—1,1] for the weight
v(:z:) =fl; that is for alli 74 j positive integers the following relation
holds 1/ man-(x)a = 0.

-1 1 — (1:2

The following problems will be based on a very nice identity that will allow
us to prove some classical results about norms of polynomials, to find the
polynomials having minimal deviation on [—1,1], and also to establish some
new inequalities. In order to do all this, we need two quite technical lemmas,
which are not difficult to establish, but very useful.
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Lemma 11.2. If we let tk = cos 2—”, 0 5 k S n, then

me) = fits—t1.) = ”2 ' 1[(ac+ «$2 — 1)" — (z— «x2 -1)”1.2n
=0

Proof. The proof is simple. Indeed, if we consider

yo) = “”2 ' 1w» + «x2 — 1)” — (w — \/$2 — 1r],211.

using the binomial formula we can establish immediately that it is a polyno-

mial. Moreover, from the obvious fact that lim & = 1, we deduce that itm—mo xn'l'l
is actually a monic polynomial of degree n + 1. The fact that g(tk) = 0 for
all 0 S k S n is easily verified using de Moivre’s formula. All these prove the
first lemma. El

A little bit more computational is the second lemma.

Lemma 11.3. The following relations are true:
. -1 ’“n .
2) H(tk_tj)=(2n31 lflskSn—l,

#16
'n.

.. n
m) HUD — tj) = 5:5;

i=1
n—l 11.

iii) Hun — t1) = —(;,22”-
.=0

Proof. Simple computations, left to the reader, allow us to write:

f’(ar:) = 21” (a: + W2 — 1)" + (a: — «$2 — 1)"]+
a:

+— 2+ 232—1“— :1:— :32—1".Wfik x/ < \/ > 1
Using this formula and de Moivre’s formula we easily deduce i).
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To prove ii) and iii) it suffices to compute li_>m1 f’(:c) and Eml f’ (2:), using the
1' a: '—

above formula; we let the reader to do the dirty job. El

Of course, you hope that all these computations have an honorable purpose;
and you’re right, since these lemmas will allow us to prove some very nice
results. The first one is a classical theorem of Chebyshev, about minimal de-
viation of polynomials on [—1,1].

(Chebyshev’s theorem) Let f E lR[X] be a monic polynomial
of degree n. Then

1
>333351] |f(w)l _ 2H

and this bound cannot be improved.

Solution. Using again the observation from Problem 7, we obtain the identity:

Zf<tk)Htk:tj =1-
=0 #1:

Thus, we have
—1

n

1 < — -_ 0133;: |f(tk)| 2 HM t1)
k=0 1%]:

Now, it suffices to apply Lemma 2 to conclude that we actually have

—1
n
2 Hark —t,-) = 2'“.
19:0 #1;

This shows that max | f (1')] 2 4 and so the result is proved. To prove
me[—1,1] 2" 1

that this bound is optimal, it suflices to use the polynomial Tn. Then the
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1
polynomial2n—_Tn 1s monic of degree n and

zE[— 1,1] 2—”1‘1T"(m)’=2”1

There are many other proofs of this result, a lot of them are much easier, but
we chose this one because it shows the power of Lagrange interpolation theory.
Not to mention that the use of the two lemmas allowed us to prove that the
inequality presented in Example 7 is actually the best.

Some years ago, Walther Janous presented in Crux the following as an open
problem. It is true that it is a very difficult one, but here is a very simple
solution using the results already achieved.

Suppose that a0, a1, . . . , an are real numbers such that for all
as 6 [—1,1] we have

|a0+a1x+~~+anxn|SL

Then for all a: E [—1, 1] we also have

[an + an_1:c + - - - + aownl S 2"‘1.

[Walther Janous] Crux Matematicorum

Solution. Actually, we are going to prove a stronger result, that is:

Lemma 11.4. Denote, for f e IR[X],

Ilfl|= aXIf(93)|-m€[— 1,1]
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Then for any polynomial f E lR[X] of degree n the following inequality is
satisfied:

|f($)| S ITn(x)| - llfll for all M 2 1.
Proof. Using Lagrange’s interpolation formula and the triangle inequality, we
deduce that for all u 6 [—1,1], u aé 0, we have:

'f (§)<_ l—ullnllfIIZH—
k=0j9ék|

The brilliant idea is to use the Lagrange interpolation formula again, this time
for the polynomial Tn. We shall then have (also for u 6 [—1,1], u 7A 0)

at l—ut

TWO: Z<->‘°Htk_t,.’ =I_u1I"ZHI—-tk—tllk=0 #k 1c:0 j;ék

(the last identity being ensured by lemma 11.2). By combining the two results,
we obtain

1
— <If (u)! —

and the conclusion follows. [I

lit—1|"

Tn (3‘ |lf|| for all u e [—1,1],u 7e 0

Coming back to the problem and considering the polynomial f(x) = :71: akxk,

the hypothesis says that M f H S 1 and so by the lemma we have

lf(.’l:)| S ITn(a:)| for all |x| 2 1.

We will then have for all :1: 6 [-1,1], :1: 96 0:

e”I:[an+an_1x+---+aox
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(1)a:
which can be also written as

(1+\/1—x2)"+(1— x/l—wz)" S 2”.
But this inequality is very easy to prove: just set a = v1 — $2 6 [0, 1] and
observe that h(a) = (1 — a)" + (1 + a)” is a convex function on [0,1], thus
its superior bound is attained at 0 or 1 and there the inequality is trivially
verified. Therefore we have

It suffices to prove that

s 2H,

lan + (mu—12c + - ~ ~ + «MI s 2"—1
and the problem is solved.

Since we are here, why not continuing with some classical, but very important
results of Riesz, Bernstein and Markov? We unified these results in a single
example because they have the same idea, and moreover they follow one from
another. We must mention that a) is a result of M. Riesz, while b) was
obtained by S. Bernstein and finally c) is a famous theorem of A. Markov,
the real equivalent of an even more celebrated Bernstein’s complex theorem
(Whose proof you will surely enjoy: it is among the training problems).

' a) Let P be a polynomial with real coefficients of degree at
most n — 1 such that v1 — zZ|P(z)| S 1 for all a: 6 [—1,1].
Prove that |P(z)| S n for all :1: 6 [—1,1].
b) Let

n

f (ac) = Z (a;c cos(ka:) + bk sin(k:1:))
Ic=0

be a trigonometric polynomial of degree n with real coeffi-
cients. Suppose that I f(m)| S 1 for all real numbers 9:. Prove
that I f’ (2:)| S n for all real numbers as.
c) Prove that if P has degree n and real coefficients and mo-
reover |P(a:)| S 1 for all x e [—1, 1] then |P’(a:)| S n2 for all
a: 6 [-1,1].
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Solution. a) Let us write the Lagrange interpolation formula for P with the
points $1,232, ...,a:n, where 13 = cos(§2’T_n1E) are the zeros of the nth Cheby-
shev’s polynomial T". We obtain the important identity

P”) = i ' Z (-1)” - \/1 — fires-31(2).-
i=1 1.

Take now :1: 6 [—1,1]. Observe that if a: E [Ismael] = [—:c1,z1] then by the
. 1 1 . . . .hypothes1s |P(:r)| S M S rm S n, the last Inequallty belng equlvalent

to sin(%) 2 %, which is clear by a convexity argument. So, assume that
a: 2 :51, the case a: 3 —m1 being identical. In this case the triangle inequality
applied to the previous identity shows that

n1 Tn(:1:)|P(2)| s gig—PM.
But the last sum is exactly %T.,’,(m) Because Tn(cos u) = cos(nu), we have
T,’,(cos u) = n%"—:l. However, an easy induction shows that lsin(nu)| S n S
|sinu| for all u and all positive integers n. This implies that IT,’,(:1:)| S n2
for all :1: E [—1,1]. Combining this with the inequality |P(z)| g % - T,’,(a:) we
deduce that |P($)I S n for all :1: 2 1:1. This finishes the proof of the first part.

b) First of all, let us see what happens when all a,- are zero, that is

f(x) = b1 sinw + b2 Sin(2x) + - - - + bn sin(n:1:).

Observe that in exactly the same way as you could have proved the existence
of the polynomial Tn (that is, by induction), you can prove the existence of a
polynomial Rn of degree n — 1 such that Rn(cos m) = M. Therefore there
existsBolynomial P of degree at most n - 1, with realficlgeflicients, and such
that in; = P(cos 2:). Observe that this polynomial satisfies the conditions
of a), because Isina: - P(cos x)| S 1 for all real :13. Therefore we can apply a)
to deduce that |P(a:)| S n for all a: E [—1, 1], that is |f(:z:)| S n- |sinw| for
all z. Dividing by a: and letting a: —) 0 we deduce that | f’ (0)] S n. Now,
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let us come back to the general problem and fix a real number 270. Define
g(:c) = W92. Using stand trigonometric formulae, we deduce
that g(m) is of the form 01 sina: + 02 sin(2cc) + u - + casin(n:c) for some real
numbers cj. The triangle inequality also ensures that I g(:1:)| S 1 for all real
numbers 1:. Thus, by the result that we have just obtained, we must have
|g’(0)| S n. Because g’ (0) = f’(mo) and because 2:0 was arbitrary, b) is proved.

c) Let us consider this time f(1:) = P(cos 2:). An immediate induction based
on the most elementary product formulae for trigonometric functions shows
that (cos x)j is a trigonometric polynomial of degree at most 11. Thus by b)
we must have | f’ (93)] S n for all :17. This means that lsina: - P’ (cos m)| S n
for all .73, which shows that the polynomial iP’ satisfies the conditions of a).
Thus it has values not exceeding 71 on [—1, 1], which means that P’ does not
exceed 712 on [—1,1], and this finishes the proof of this beautiful theorem.

We end this topic with a very diflicult problem, which refines an older one
given in a Japanese mathematical Olympiad in 1994. The problem has a nice
story: given initially in an old Russian Olympiad, it asked to prove that

< n —
::.-em[o,2],]-_n‘[|m ail 108 zem[0,1]1:[|$ a,|

for any real numbers (11, a2, . . . , an. The Japanese problem asked only to prove
the existence of a constant that could replace 108. A brute force choice of
points in the Lagrange interpolation theorem gives a better bound of approxi-
mately 12 for this constant. Recent work by Alexandru Lupas reduces this
bound to 1 + 2%. In the following, we present the optimal bound.

' : For any real numbers a1, a2, . . . , an, the following inequality
holds:

(3+2f)"+(3— 2f)”m "‘
z€[0,2]1:!|m—ai|< 1:6[0, 1],:8x131: Im—ail

[Gabriel Dospinescu]
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Solution. Let us denote

”f”[a,b]_— max] |f(93)|

for a polynomial f and let, for simplicity,

= (3 + N5)" + (3 — Ni)”
2

We thus need to prove that M f ”[02] S on” f ”[0,1] where

n

f(w) = HOD - 01')-
i=1

We shall prove that this inequality is true for any polynomial f, which allows
us to suppose that |lf||[0,1] = 1. We shall prove that for all :1: e [1, 2] we have

|f(x)l S on. Let us fix 2 6 [1,2] and consider the numbers zk = 12th,
where tk’s are as in Lemma 11.2. Using the Lagrange interpolation formula,
we deduce that

Ms: Hf,‘.”f;fi—=ZH—m—‘””’k__0#kl$k‘lk=0 jaék

“ — t< ____J_
— Z . $1.1aIt]: _ tjll

k=01¢kl$ k=0 jaék

Using Lemma 11.3, we can write

3_t 'n—ln_1

EH ltk—tjfl =TZH(3-tj)+
k=0 #19 k=1 #k

+2n—2 ‘1‘"
110(3 —t,-) +11(3 —t,-) .
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Based on the expression of the derivative from the proof of Lemma 11.3, we
obtain:

n—1 n—1 n

2 H(3 - ta“) + H(3- 132') + H(3 -t2') =
j=0k=1 #1: j=1

32n+l\/§[(3 + NE)" — (3 — 2\/'2‘)‘"].(3 + 2J5)" + (3 — NEW] +n
3?

All we have to do now is to compute

n—1 n 11,—1

H(3 — t,-) + [[(3 — t,-) = 6 H(3 — tj).
j=0 j=1 j=1

But, according to Lemma 11.2, we deduce immediately that

71—1 1

H(3 — tj) = mm + 2V5)” — (3 — NEW].
1:1

Putting all these observations together and making a small computation, that
we leave to the reader, we easily deduce that I f(a3)| S on. This proves that
M f M [0,2] 3 an”f “[0,1] and solves the problem.
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11.2 Practice problems

1. A polynomial p of degree n satisfies p(k) = 2" for all 0 S k S n. Find
its value at n + 1.

Murray Klamkin

2. A polynomial f of degree n satisfies

NC) = 711—(k)
for all 0 S k S n. Find f(n+ 1).

Titu Andreescu, IMO Shortlist 1981

3. Prove that for any real number a we have the following identity

i(—1)k(Z) (a — k)“ = 12!.
16:0

Tepper’s identity

4. Prove that .
n n+1 n

5%

k=0 HM: - mi) k=0
#k

53k

and compute
n xn+2k_,

1;) Hm - 902')
#k
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. Define F(a, b, c) = 11%);1 la:
:56 ,

. Let a, b,c be real numbers and let f(a:) = (1:132 + bx + c such that
max{|f(:|:1)|, |f(0)|} S 1. Prove that if |z| S 1 then

as|f(rc)| s 3:1 and
Spain 1996

Find the greatest possible value of the expression a.2 + b2 + c2 if lama2 +
ba: + cl 3 1 for all a: 6 [—1,1].

Laurentiu Panaitopol

3 —- axz — ba: — c|. What is the least possible
value of this function over R3?

Chinese TST 2001

. Let a, b,c,d E R such that Iax3 + b.1732 +cx+ dl S 1 for all m 6 [—1,1].
What is the greatest possible value of |c|? For which polynomials is the
maximum attained?

Gabriel Dospinescu

. Let f e 1R[X] be a polynomial of degree n that satisfies |f(m)| S 1 for
all a: E [0, 1]. Prove that

Ht) S 2n+1 _ 1.

Komal
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10.

11.

12.

13.

14.

Let a 2 3 be a real number and p be a real polynomial of degree n.
Prove that

— ‘ > 1.
i=0,ml,.. ,n+1 la P(%)| “

India 1998

Let a, b, c,d 6 R such that |a.:r3 + bar:2 + ca: + (1| 5 1 for all z E [—1,1].
Prove that

|a| + |b| + [Cl + Idl S 7.

IMO Shortlist 1996

Let A = {p e R[X]I degp s 3, lp(i1)|s 1, ,1» (im 3 1}.
Find sup max |p”(:z:)|.

peA IZIS

IMC 1998

Prove the identity

k=1k=2

Pr
lv—

t

Peter Ungar, AMM E 3052

Let n 2 3 and let f, g E R[X] be polynomials such that the points

(f(1),9(1)), (f(2),9(2)), - - - , (f(n),g(n))
are the vertices of a regular n-gon in counterclockwise order. Prove that
max(deg f, degg) 2 n - 1.

Putnam 2008
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15.

16.

17.

18.

Let f be a complex polynomial of degree n such that l f (w)| S 1 for all
a: 6 [—1,1]. Prove that for all k and all real numbers a: such that |.7:| 2 1,
I f0‘) (a:)| S lTék)(a:)|. Prove that Chebyshev’s theorem is a consequence
of this result.

W. W. Rogosinski

Let f and g be polynomials in one variable with real coefficients and let
a be a polynomial in two variables such that

f(w) - f(y) = a(w, y)(g(m) — 9(9))
for all :1), y. Prove that there is a polynomial h such that f(:13) = h(g(:1:)).

Russia 2004

a) Prove that for any polynomial f having degree at most n, the following
identity is satisfied:

, J l” _23.k__.Tf (10— 2f(m)+n;f(z2k)(l—Zk)2,

where zk are the roots of the polynomial Xn + 1.
b) Deduce Bernstein’s inequality: ”1"“ S n”f H where M f I] = Im|gx|f(m)|.

m _

P. J. O’Hara, AMM

Let f be a complex polynomial of degree at most n and let 20,21, . . . ,zd
be the zeros of the polynomial X‘1‘” — 1, where d > n. Define Mf I] =
max|z|=1 If (ZN-

(a) Prove that if there exist n + 1 pairwise distinct zeros $0,161, . . . ,zn
among zo,zl,...,zd such that |f(a:1)| S 513, then ||f|| < 1.

(b) Deduce that
||f|| ' “9” S 4d°g(f)+d°g(g) ' llfgll-

Gelfond



taum
finEcu

:_
95¢.

(3
:9

1
,

m
utouaE

ou
E

Enw9<
50:3:

323.3





THEORY AND EXAMPLES 273

12.1 Theory and examples
It is probably time to see the contribution of non-elementary mathematics in
combinatorics. It is quite difficult to imagine that behind a simple game such
as football, for example, or behind a day-to—day situation such as handshakes,
there exists such a complicated machinery. But this sometimes happens, as will
be soon demonstrated. In the beginning of the discussion, the reader does not
need any special knowledge, just imagination and the most basic properties
of matrices, but, as soon as we advance, things may change. Anyway, the
most important fact is not the knowledge, but the ideas and, as we will see,
it is not always easy to discover that non-elementary fact that hides behind
a completely elementary problem. Now that we have clarified What is the
purpose of the unit, we can begin.

The first problem we are going to discuss is not classical, but it is relatively
easy and shows how a very nice application of linear-algebra can solve elemen-
tary problems.

Let n 2 3 and let An, B", be the sets of all even, respectively
odd, permutations of the set {1,2, . . . ,n}. Prove that

Z Eli—aw = Z: Zliédm-
06A", i=1 0’63." i=1

[Nicolas Popescu] Gazeta Matematica

Solution. Writing the difference

n n

2 Eli—aw — Z Eli—«(m
06A", i=1 HEB", i=1

'n.

2 6(a) Z Ii — 0(i)|,
065,. i=1
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where
_ +1, if 06A,"

5(0)‘{ —1, if aeBn
reminds us about the formula

detA = Z 6(U)a1a(1)aza(2) ' ° ' amen)-
(7631;

We have taken here Sn = An U B". But we have no product in our sum!
This is why we take an arbitrary positive number a: and consider the matrix
A = (mI1_J|)ISi,a- We have

detA = Z (_1)6(a)$|1-a(1)l ...x|n—a'(n)| ___
(76513

= 2 $4221 Ii-0(i)l _ z (”Elli-0G”

O’EAn O’EBn

This is how we obtain the identity

Anyway, we do not have the desired difference yet. The most natural way
is to differentiate the last relation, which is nothing other than a polynomial
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identity, and then to take a: = 1. Before doing that, let us observe that the
polynomial

1 z x2 . . . {tn—2 1:”‘1
1 a: . . . gun—3 nun—2

1.2 1. 1 x’n-4 {En—3

51:“‘1 syn—2 . . . . . . a: 1

is divisible by (a: — 1)2. This can be easily seen by subtracting the first line
from the second and the third one and taking from each of these lines a: — 1
as a common factor. Thus, the derivative of this polynomial is a polynomial
divisible by a: — 1, which shows that after we differentiate (12.1) and take
a: = 1, the left-hand side vanishes, while the right-hand side becomes

2 Eli-0W - Z Eli-0W-
aeAn i=1 063,, i=1

This completes the proof.

Here is another nice application of this idea. You probably know how many
permutations do not have a fixed point. The question that arises is how many
of them are even. Using determinants provides a direct answer to the question.

Find the number of even permutations of the set {1,2, . . . ,n}
that do not have fixed points.

Solution. Let 0,, and D" be the sets of even and odd permutations of the set
{1, 2,. . . ,n}, that do not have any fixed points, respectively. You may recall
how to find the sum |Cn| + |Dn|z using the inclusion-exclusion principle, it is
not difficult to establish that it is equal to

1 1 (—1)n
I _ _ _ _ . . . —n.<1 1!+2! + n! ).

Hence if we manage to compute the difference |C'n| — |Dn|, we will be able to
answer to the question. Write

lcnl_al= Z 1— z 1
06A,; 063,,
a(i);éi ”(095
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using AmBn from Example 1, observe that this reduces to computing the
determinant of the matrix T = (tij)1s,~,j5n, where

{1, if iaéj
tij= 0, if i=j

Thatis,
0 1 1 1
1 0 1 1

lcnl _ IDTLI = . . . . .

1 1 1 0
But computing this determinant is not difficult. Indeed, we add all columns
to the first and factor n — 1, then we subtract the first column from each of the
other columns. The result is ICnI — aI = (—1)"—1(n — 1), and the conclusion
is:

|0n|=é [11!(1 —%+%—~-+((;1_)n2_):) +(—1)"‘1(n — 1)].
In the following problems we will focus on a very important combinatorial
tool, that is the incidence matrix. Suppose we have a set X = {1:1, 2:2, . . . ,zn}
and X1,X2, . . . ,Xk a family of subsets of X. Now, define the matrix A =
(aij)lsi5m Where19516

a.__ 1, if (1:5e
1‘7— 0, if mi¢Xj

This is the incidence matrix of the family X1,X2, . . . ,Xk and the set X. In
many situations, computing the product AT - A helps translate the conditions
and the conclusion of certain problems. From this point, we turn on this
machinery, and solving the problem is on its way.
Let us discuss first a classical problem. It appeared at the USAMO 1979,
Tournament of the Towns 1985 and in the Bulgarian Spring Mathematical
Competition 1995. This says something about the classical character and
beauty of this problem.
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Let A1, A2, . . . , An+1 be distinct subsets of the set {1,2, . . . ,n},
each having exactly three elements. Prove that there are two
subsets among them that have exactly one common element.

Solution. We argue by contradiction and suppose that |A,~ fl Ajl E {0, 2} for
all 2' aé j. Now, let T = (tij) 195,, be the incidence matrix of the family

lsn+1
A1, A2, . . . ,An+1 and compute the product

11 n 71.

2: ti)1 2 tkiltk,2 ' ' ' Z tk,1tk,n+1

16:1 19:1 19:1. -
tT - T = . . . . . . . . ..

'n,‘n ‘n,

2Z tk,n+1tk,1 2 tk,n+1tk,2 - - - Z tk,n+1
k=1 k=1 k=1

But 1.211% =IA¢I= 3 and k231tkitkj= IA,’ DA," 6 {0,2}.

Thus, considered 1n the field 1Z/2Z, we have

1 0 ... 6 o)

tT-T=

H
);

6 6 6
Where 7 is the matrix having as elements the residues classes of the elements
of the matrix T. Because detX = det X, the previous relation shows that
det tT - T is odd, hence nonzero. This means that tTT is an invertible matrix
of order n + 1, thus rank(tT - T) = n + 1 which contradicts the inequality
rank(tT - T) S rank(T) S n. This shows that our assumption is wrong and
there indeed exist indices 2' 7E j such that |A,— fl Aj| = 1.

The following problem is very difficult to solve by elementary means, but the
solution using Linear Algebra is straightforward.

Let n be even and let A1,A2, . . . ,An be distinct subsets of
the set {1,2, . . . ,n}, each of them having an even number of
elements. Prove that among these subsets there are two having
an even number of common elements.
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Solution. Indeed, if T is the incidence matrix of the family A1,A2, . . . ,An,
we obtain as in the previous problem the following relation

|A1| |A1 0 A2] . . . |A1 n An]
tT - T =

|AnnA1| |AnnA2| |A,,|

Now, let us suppose that all the numbers |A- n AJ" are odd and interpret the
above relation in the field Z/2Z. We find that

6 T T T
tT-T: ,

1 1 1 0

which means again that det tT - T is odd. Indeed, if we work in Z/2Z, we
obtain

A T...TT

|| 3‘
)

T T ... T 6
The technique used is exactly the same as in the previous example. Note that
this is the moment when we use the hypothesis that n is even. Now, since
det tT - T = det2 T, we obtain that detT is also an odd number. Hence we
should try to prove that in fact det T is an even number and the problem will
be solved. Just observe that the sum of elements of the column 1' of T is |A,:|,
hence an even number. Thus, if we add all lines to the first, we will obtain
only even numbers on the first line. Because the value of the determinant does
not change under this operation, it follows that det T is an even number. But
a number cannot be both even and odd, so our assumption is wrong and the
problem is solved.
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Working in a simple field such as Z/2Z can allow us to find quite interesting
solutions. For example, we will discuss the following problem, used in the
preparation of the Romanian IMO team in 2004.

ib
fi
f

The squares of an n X 72. table are colored white and black.
Suppose that there exists a nonempty Set of rows A such that
any column of the table has an even number of white squares
that also belong to A. Prove that there exists a nonempty set
of columns B such that any row of the table contains an even
number of White squares that also belong to B.

[Gabriel Dospinescu]

Solution. This is just the combinatorial translation of the well-known fact
that a matrix T is invertible in a field if and only if its transpose is also
invertible in that field. But this is not so easy to see. In each white square we
write the number 1 and in each black square we put a 0. We thus obtain a
binary matrix T = (tij)1si,j3n. From now on, we work only in Z/2Z. Suppose

k

that A contains the rows a1,a,2, . . . ,ak. It follows that Eta“ = 0 for all
.___1

j = 1,2, ...,n. Now, let us take 1
z- _ 1, if 2‘6 A

z _ 0, if HE A

It follows that the system

tuzi + t2122 + - - - + tn1zn = 0
t1221 + 752222 + - - - + tnzzn = 0

tlnzl + t2nZ2 + - - - + tnnzn = 0

has the nontrivial solution (931,1:2, . . . ,mn). Thus, detT = 0 and consequently
det tT = 0. But this means that the system

151191 + 151292 + ‘ ' - + tinyn = 0
7321311 + 1322312 + ' ' ' + tznyn = 0

tnlyl + tn2y2 + ' ‘ ‘ + tnnyn = 0
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also has a nontrivial solution in Z/2Z. Now, we take B = {2' | y, 75 0} and we
clearly have B aé Q) and 2 an = 0, i = 1,2, ...,n. But this means that any

mEB
line of the table contains an even number of white squares that also belong to
B, and the problem is solved.

The cherry on the cake is the following very diflicult problem, where just
knowing the trick of computing tA ~ A does not suffice. It is true that it is one
of the main steps, but there are many more things to do after we compute
lbA-A. And if for these first problems we have used only intuitive or well-known
properties of the matrices and fields, this time we need a more sophisticated
arsenal: the properties of the characteristic polynomial and the eingenvalues
of a matrix. It is exactly the kind of problem that knocks you down when you
feel most confident. Note that the problem can also be reformulated in a more
down-to-earth way: for which m,n is there a directed graph with n vertices
in which every pair of vertices is connected by exactly m paths of length 2?

; Let S = {1, 2, . . . ,n} and let A be a family of pairs of elements
in S with the following property: for any i, j E S there exist
exactly m indices k e S for which (i,k), (k, j) e A. Find all
possible values of m and n for which this is possible.

[Gabriel Carrol]

Solution. It is not difficult to see what hides behind this problem. Indeed, if
we take T = (tij)ls'i,jgn, where

t~— 1, if(z',j)eA
’3 _ 0, otherwise

the existence of the family A reduces to

mm

mm 33

T2:
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So we must find all values of m and n for which there exist a binary matrix T
such that

m m m
T2 = m m m

m m m

Let us consider
m m m
m m m

B =

m m . . . m

and find the eigenvalues of B. This is not difficult, since if a: is an eingenvalue,
then

33

m m m—x

If we add all columns to the first and then take the common factor mn — :c,
we obtain the equivalent form

1 m m
(mn—x) 1 m—x m =0-

1 m m—a:

In this last determinant, we subtract from each column the first column mul-
tiplied by m and we obtain in the end the equation run—1(mn — 51:) = 0, which
shows that the eigenvalues of B are precisely 0,0, . . . ,O,mn. But these are

W—’
11—1 times

exactly the squares of the eigenvalues of T. Hence T has the eigenvalues
0,0, . . . ,0, a, because the sum of the eigenvalues is nonnegative (being

n—l
equal to the sum of the elements of the matrix situated on the main diagonal).
Since T'r(T) E Z, we find that mn must be a perfect square. Also, because
T'r(T) S n, we must have m S n.
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Now, let us prove the converse. Suppose that m S n and mn is a perfect
square and write m = duz, n = dvz. Let us take the matrices

I=(1...1), 0=(0...0).
do times do times

Now, let us define the circulant matrix

I...IO...0
1‘ 'v—u

0I...I0...0
S = u. v—u—l E Mv,n({0:1})

Finally, we take
S
SA = ... e Mn({0,1}).

S

It is not difficult to see that

m m m

A2 _ m m . . . m

m m m

which concludes the proof.

The last idea that we present here (but certainly these are not all the methods
of higher mathematics applied to combinatorics) is the use of vector spaces.
Again, we will not insist on complicated concepts from the theory of vector
spaces, just the basic facts and theorems. Maybe the most useful fact is that
if V is a vector space of dimension n (that is, V has a basis of cardinality n),
then any 11+ 1 or more vectors are linearly dependent. As a direct application,
we will discuss the following problem, which is very difficult to solve by means
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of elementary mathematics. Try first to solve it without vectors and you will
see how hard it is. The following example is classical too, but few people know
the trick behind it.

‘ Let n be a positive integer and let A1, . . . , An+1 be nonempty
subsets of the set {1, 2, . . . , n} Show that there exist nonempty
and disjoint index sets I = {11,12, . . . ,ip} and J = {j1, . . . ,jq}
such that

AilUAizU-“UAip=Aj1UAj2U-“UAJ'q .

Chinese Olympiad

Solution. Let us assign to each subset A}, a vector v], e R", where v], =
(ziwfi, . . . ,x2) and

29— 0, if IGAk
'6‘ 1, if l¢Ak

Because dim R" = n, the vectors we have just constructed must be linearly
dependent. So, we can find a1, a2, . . . , an+1 e R, not all of them 0, such that

mm + G202 + - - - + an+1'Un+1 = 0-

NowtakeI= {2' E {1,2,...,n+1}| a,- > 0} andJ= {j E {1,2,...,n+1}| a,- <
0}. It is clear that I and J are nonempty and disjoint. Let us prove that
U A,- = U Aj and the solution will be complete. Take h E U A,- and sup-
iEI jEJ ieI
pose that h ¢ U Aj. Then the vectors 'Uj with j 6 J have zero on their hth

component, stEhJe hth component of the vector alvl +a202 + - ' - + an+1vn+1 is
2 at > 0, which is impossible, since a1v1 + a2v2 + - ' - + an+1vn+1 = 0. This

$614;
iEI

shows that U A,- C U Aj. The reversed inclusion can be proved in exactly
ieI jeJ
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the same way, so we conclude that U A,; = U Aj.
ieI jeJ

And probably an even more difficult result:

Let S be a finite subset of [0,1] containing 0 and 1 and such
that every distance that occurs between pairs of elements oc-
curs at least twice, except for the distance 1. Prove that S
contains only rational numbers.

[E.G.Strauss] Iran 1998

Solution. Let (el, 62, ..., e,,) be a basis of the linear space spanned by S over
the field of rational numbers; this basis can be chosen such that en 2 1. Now,
write each element :17,- of S in this basis: at,- = ailel + (1,262 + + amen.
We can define an order relation on the set of these vectors, by saying that
1:, > wj if there exists a position inn which the two vectors differ and x, has a
larger coordinate in the first position where they differ. This (lexicographic)
order is total, so we can choose the maximal and minimal elements for it to
be 9:,- and 33,- respectively. We know that 9:,- — xj = 93;, —- x; for some k, l. Thus
using the maximality and minimality of a), and 131- respectively, we deduce that
x,- = (0,0, ...,0, 1) and zj = (0,0, ...,O). Because any other vector as, is less
than 11:,- but greater than xj, we deduce that all vectors have the first n — 1
coordinates zero, which is equivalent to the fact that all elements of S are
rational.
We conclude this discussion with another problem, proposed for the TST 2004
in Romania, whose idea is also related to vector spaces.

Thirty boys and twenty girls are training for the Team Se-
lection Test. They observed that any two boys have an even
number of common acquaintances among the girls and exactly
nine boys know an odd number of girls. Prove that there exists
a group of sixteen boys such that any girl attending the trai-
ning is known by an even number of boys from this group.

[Gabriel Dospinescu]
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Solution. Let us consider the matrix A = ((1,3) where

a” _ 1, if B; knows F]-
‘J _ 0, otherwise

We have considered here that 31,32, . . . ,Bao are the boys and F1, F2, . . . ,F20
are the girls. Now, consider the matrix T = A - At. Observe that all the
elements of the matrix T, except those from the main diagonal, are even

20
(because tij = Z aikajk is the number of common acquaintances among the

Ic=1
girls of the boys 3,, B,-). Each element on the main diagonal of T is precisely
the number of girls known by the corresponding boy. Thus, if we consider
the matrix T in (Z/2Z, +, -), it will be diagonal, with exactly nine nonzero
elements on its main diagonal. From now on, we will work only in Z/2Z. We
have seen that rank(T) = 9. Using Sylvester’s inequality, we have

9 = rank(T) Z rank(A) + rank (At) - 20 = 2 - rank (At) — 20

hence r = rank (At) 3 14. Let us consider now the linear system in (Z/2Z, +, -):

a11$1 + (121562 + ' ' ' + a30,1!a = 0
012:31 + 0225112 + ° - - + 030,21730 = 0

01,20931 + 112,20332 + ' - ' + 030,209330 = 0

The set of solutions of this system is a vector space of dimension 30 -— r 2 16.
This is why we can choose a solution ($1,152, . . . , 9:30) of the system, having
at least 16 components equal to T. Finally, consider the set M = {i 6
{1,2, . . .,30}| 27,; = T}. We have proved that [MI 2 16 and also 2 aji = 0

jEM

for all i = 1, 2, ..., 20. But observe that 2 (1,3: is just the number of boys 3;,
‘GM

with k e M such that Bk knows E. Thus, if we choose the group of those
boys Bk with k e M, then each girl is known by an even number of boys from
this group, and the problem is solved.
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A famous result of Sylvester (proved by Gallai and then by many other mathe-
maticians) states that if A is a finite set of points in the plane such that there
is no line which contains A, then there exists a line passing through exactly
two points of A. The following example is a refinement of this result and the
proof is almost magical:

Prove that n distinct points, not all of them lying on a line,
determine at least n distinct lines.

[Paul Erd6s

Solution. Number the points with 1, 2, ..., n. Let X be the set of distinct lines
passing through two of the n points and let A,- be the set of those lines in X
that contain the point i. Then any two of the sets A,, Aj have exactly one
common element. We need to prove that their union, X has at least n elements.
Suppose the contrary, namely that there are only 13 < n such elements of
X (and let l1, . . . ,lp be these lines). Then because any homogeneous linear
system with p equations and more than p unknowns has a nontrivial solution,
it follows that we can assign numbers 931,332, ...,mn, not all 0, to the points
such that the sum of the numbers on each line of X is 0. Then 2 z, = 0 for

£61-
all j. Therefore J

o = 2(2 95,-)?
j=1 i613"

However, observe that in the last sum every :33 appears at least twice (since
not all the points are on the same line), yet every product 216,116,- with i aé 3'
appears only once (this is where we use the fact that any two sets among
A1, A2, ..., A, have exactly one common point). We therefore obtain 3% + mg +

+ $3, + ($1 + 51:2 + - -- + mn)2 S 0, which forces all as, to be zero, which
contradicts the choice of 51:1, 51:2, ..., sun.

In the framework of the previous problem, the next example should not be
very difficult to solve. However, it is worth saying that this problem has



THEORY AND EXAMPLES 287

no combinatorial proof until now: this is the famous Graham-Pollak theorem.
The solution, due to Tverberg, is taken from the excellent work Proofs from
The Book.

There exists no partition of the complete graph on n vertices
with fewer than n— 1 complete bipartite subgraphs (such that
every edge belongs to exactly one subgraph).

[R. Graham, 0. Pollak]

Solution. Denote by 1, 2, ..., n the vertices of the complete graph on n ver-
tices and suppose that 31,32, ..., Bm is a partition of this graph with complete
bipartite subgraphs. Every such subgraph 3;, is defined by two sets of ver-
tices L1, and R1,. Put a real number 1:,- in each vertex of the complete graph K”.

The hypothesis implies that

m

2 MP: 2% ' iigi<jgn k=1 ieLk jeRk

The idea is (like in the previous problem) that if m < n — 1 then we can
choose the real numbers 221,22, ...,wn such that _not all of them are zero,
121 + .732 + + xn = 0 and Z (1:,- = 0 for all k. Indeed, this linear sys-

iELk
tem has a nontrivial solution, because the number of unknowns exceeds the

11

number of equations. Using the above identity and the fact that Z x? =
i=1

71

(z 56,-)2 — 2 2 may, we infer that w? + 1:3 + - -- + 93?, = 0, which contra-
i=1 15i<jgn

dicts the choice of $1, $2, ..., run.

We end this chapter with a very tricky problem, which became classical: we
found traces of it and variants in AMM, Mathematics Magazine, as well as
Iranian, Russian, and German Olympiads:
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Let G be a simple graph, all of whose vertices are colored in
white. A legal operation consists of choosing a vertex and
changing the color of that vertex and of all of its neighbors
(vertices connected to it) to the opposite color (black in white
and white in black). Prove that one can make all vertices of
the graph black in a finite number of legal operations.

Solution. We will assume by convention that any vertex is connected to itself,
so that the adjacency matrix A of the graph (defined by 0.2-,- = 0 if i and j
are not connected and 1 otherwise) is symmetric and has only 1 on the main
diagonal. The idea is to prove the existence of a set S of vertices of the graph
such that any vertex of G is connected to an odd number of vertices of S.
In this case, all we need is to perform legal operations on the vertices of S
in order to change the color of all vertices of the graph. Now, observe that
if we find a vector v = (01,222, ...,vn) with integer coefficients such that Av
has all coordinates odd numbers we are done: it is enough to choose S the
set of those 72 such that U, is odd. Thus, the problem reduces to proving that
for any binary symmetric matrix A with diagonal (1,1, ..., 1), there exists a
vector U such that Av has all coordinates odd numbers. Translated in the
field F = Z/2Z, this comes down to proving that for any symmetric matrix
A E Mn(F), there exists a vector 'u E F" such that A1; = (1, 1, ..., 1). By a
classical argument, it is enough to show that the orthogonal vector space of
Im(A) is a subset of the orthogonal vector space of (1,1, ..., 1). But if a: is
orthogonal to Im(A), then we must have

:2,-
i=1 j

n n

aijyj = 0
=1

n

for all y1,...,yn e F, which means that Z agar, = 0 for all j. Thus
i=1

n 'n

2$2“ Z “W = 0,i=1 i=1
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which can be also written as

‘n

22 (adj + (yam-273' + zaiixi = 0.
15i<j$n i=1

The matrix is symmetric, so the first sum is 0. Also, we have x? = a3,- and
aiz- = 1, so we infer that 1:1 + x2 + - - - + 27., = 0, which means that a: is ortho-
gonal to '0. This finishes the proof.
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12.2 Practice problems

1. Consider 2n + 1 real numbers with the property that no matter how
we eliminate one of them, the rest can be divided into two groups of
n numbers, the sum of the numbers in the two groups being the same.
Then all the numbers must be equal.

. A handbook classifies plants by 100 attributes (each plant either has a
given attribute or does not have it). Two plants are dissimilar if they
differ in at least 51 attributes. Show that the handbook cannot give 51
plants all dissimilar from each other.

Tournament of the Towns 1993

. Let A1, A2, . . . , Am be distinct subsets of a set A with n 2 2 elements.
Suppose that any two of these subsets have exactly one element in com-
mon. Prove that m S n.

Fisher’s inequality

. The edges of a regular 2"-gon are colored red and blue. A step consists of
recoloring each edge which has the same color as both of its neighbors in
red, and recoloring each other edge in blue. Prove that after 2’"1 steps
all of the edges will be red and that need not hold after fewer steps.

Iranian Olympiad 1998

Is there in the plane a configuration of 22 circles and 22 points on their
union (ie the union of their circumferences) such that any circle contains
at least 7 points and any point belongs to at least 7 circles?

Gabriel Dospinescu, Moldova TST 2004
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6. In an m by n table, real numbers are written such that for any two
lines and any two columns, the sum of the numbers situated in the
opposite vertices of the rectangle formed by them is equal to the sum
of the numbers situated in the other two opposite vertices. Some of the
numbers are erased, but the remaining ones allow us to find the erased
numbers using the above property. Prove that at least n+m— 1 numbers
remained on the table.

Russian Olympiad 1971

7. A number n of teams compete in a tournament, and each team plays
against any other team exactly once. In each game, 2 points are given
to the winner, 1 point for a draw, and 0 points for the loser. It is known
that for any subset S of teams, one can find a team (possibly in S) whose
total score in the games with teams in S is odd. Prove that n is even.

D. Karpov, Russian Olympiad 1972

8. A simple graph has the property: given any nonempty set H of its
vertices, there is a vertex :1: of the graph such that the number of edges
connecting a: with the points in H is odd. Prove that the graph has an
even number of vertices.

Komal

9. Let A1,A2,...,An be subsets of A = {1,2,...,n} such that for any
nonempty subset T of A, there is an 2' 6 A such that IA; 0 T| is odd.
Suppose that 31,32 are subsets of A such that

|AmBl| = IAinl = 1

for all 12. Prove that 31 = 32.

Gabriel Dospinescu, Mathematical Reflections



292 12. HIGHER ALGEBRA IN COMBINATORICS

10. Light bulbs L1, L2, . . . , Ln are controlled by switches 51,52, . . . , Sn. Switch
8; changes the on/off status of light L1: and possibly the status of some
other lights. Suppose that if 3,: changes the status of Lj then Sj changes
the status of Li. Initially all lights are off. Is it possible to operate the
switches in such a way that all the lights are on?

Uri Peled, AMM 10197

11. Let G be a graph. Prove that the set of its vertices can be partitioned in
two groups (possibly empty) such that each group induces a subgraph
in which all vertices have even degree.

Gallai Cycle-Cocyle partition theorem

12. At a certain mathematical conference, every pair of mathematicians are
either friends or strangers. At mealtime, every participant eats in one
of two large dining rooms. Each mathematician insists upon eating in a
room which contains an even number of his or her friends. Prove that
the number of ways that the mathematicians may be split between the
two rooms is a power of two .

USAMO 2008

13. Let n 2 2. Find the largest p such that for all k 6 {1,2, . . . ,p} we have

n k n k

z ( mm) = Z (Ema) ,
06A,. i=1 HEB" i=1

where An, Bn are the sets of all even and odd permutations of the set
{1,2, . . . ,n} respectively.

Gabriel Dospinescu
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14.

15.

16.

17.

Let s be a function defined by

3(ai,az,,ar) = (I01 - 02L |a2 - a3|, - - - , Iar - a1|)-
Prove the equivalence of the following statements:

(a) for all nonnegative integers a1,a2, . . . , ar, there exists n such that
the n—th iterate of 3 evaluated at (a1, a2, . . . , ar) is (0,0, . . . ,0);

(b) r is a power of 2.

Ducci’s problem

An m x n matrix is filled with Os and Is such that any two rows differ
in at least n/2 positions. Prove that m 3 2n.

Iranian Olympiad

Let n be a positive integer. Find the largest number k With the following
property: there exist k 2"-tuples of integers, all equal to 0 or 1 and such
that d(u, 11) 2 2’“1 for any two distinct tuples u, 11. Here

2n

d(u1 ’0) = Z lu'i _ ”'1'
i=1

if m, '0,- are the components of u, '0.

Chinese TST 2005

In a contest consisting of n problems, the jury defines the difficulty of
each problem by assigning it a positive integral number of points (the
same number of points may be assigned to different problems). Any
participant who answers the problem correctly receives that number of
points for the problem; any other participant receives 0 points. After
the participants submitted their answers, the jury realizes that given any
ordering of the participants (Where ties are not permitted), it could have
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18.

19.

20.

21.

22.

defined the problems’ difliculty levels to make that ordering coincide with
the participants’ ranking according to their total scores. Determine,
in terms of n, the maximum number of participants for which such a
scenario could occur.

Russian Olympiad 2001

For a permutation a of {1,2,. . . ,n} let 6(a) = 1 if a is even and —1
otherwise. Let f(a) be the number of fixed points of a'. Proved that

Z—e—(o) _1)n+1 n
1 + f(a) n +—1’

Where the sum is taken over all permutations a of {1, 2, . . . , n}.

Putnam 2005

A permutation a of {1, 2, . . . ,n} is called k-limited if |a(i) — il 3 k for
all 1 S i S n. Prove that the number of k-limited permutations of
{1,2, . . .,n} is odd if and only if n = 0,1 (mod 2k + 1).

Putnam 2008

Let G1, G2, . . . , Gk be complete bipartite subgraphs of the complete
graph K2,, with 2n vertices. Assume that every edge of K2,, is contained
in an odd number of subgraphs G1, G2, . . . , Gk. Prove that k 2 n.

Let A1,A2,...,Am and 31,32,...,Bp be subsets of {1,2,...,n} such
that A,- n Bj is an odd number for all 2' and j. Then mp S 2"”.

Benny Sudakov

On an n x m sheet of paper a grid dividing the sheet into unit squares is
drawn. The two sides of length n are taped together to form a cylinder.
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23.

24.

25.

26.

Prove that it is possible to write a real number in each square, not all
zero, so that each number is the sum of the numbers in the neighboring
squares, if and only if there exist integers k,l such that n + 1 does not
dividekand

008211" +cos k” -lm n+1"2'

Ciprian Manolescu, Romanian TST 1998

Let m > n + 1 and let A1,A2,. . . ,Am be subsets of {1,2,.. . ,n}.Then
there are disjoint sets I, J such that U A,- = U A,- and n A; = n A,-.

iEI 1'6] «161 jEJ

Lindstrom’s theorem

In a society, acquaintance is mutual and even more, any two persons
have exactly one common friend. Then there is a person who knows all
the others.

Erdos-Renyi-Sos, Friendship theorem

Let 1:1,:c2, . . . ,mn be real numbers and suppose that the vector space
spanned by 1:, — xj over the rationals has dimension m. Then the vector
space spanned only by those :3,- — a:,- for which x,- —.7:j 75 wk -a:; whenever
(2', j) aé (k,l) also has dimension m.

Straus’s theorem

In a graph G with n2 + 1 vertices every vertex has degree n. Moreover,
any cycle has length at least 5. Prove that n e {1, 2, 3, 7, 57}.

Hoffman-Singleton theorem
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27.

28.

29.

30.

Let A1,A2, . . .,Am and 31,32, . . .,Bm be sets such that

(a) IA1|=|A2|='--= |Am|=aand |31|=|B2|=-°'=|Bm|=b-
(b) A,- n Bj is nonempty if and only if 2' aé j.

Prove that m S (“:b).

Bollobas’s theorem

Let F be a family of subsets of {1,2, . . . , n} with the following property:
there is no Y C-{1, 2, . . . ,n} with k elements such that {Y n A|A E F}
is the set of all subsets of Y. Prove that

lms<z>+<2>+~+<ktl>
Sauer-Shelah lemma

Let m, n be positive integers and let S be a figure made of 1 X 1 squares
and having the property: whenever the 1 x 1 squares of an m x n table
are filled with real numbers whose sum is positive, the figure can be
placed on the table (possibly after being rotated by a multiple of 1r/2,
but such that its squares are contained in the table) so that the sum of
the numbers in the squares covered by the figure is positive. Prove that
one can place a number of such figures on the table such that each 1 x 1
square of the table is covered by the same number of figures.

Russia 1998

Let k be a positive real number. Prove that the unit square can be tiled
with finitely many rectangles similar to the 1 X k rectangle if and only if
k is algebraic and all of its algebraic conjugates have positive real part.

Laczkovich-Szekeres’ theorem
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31. An a x b rectangle is divided into squares with side lengths $1,152, . . . ,ccn.
Prove that 55 and 2% are rational numbers.

Dehn’s theorem

32. Given a rectangle R, a finite set S C 1R+ and a positive integer n 6 N,
there are only finitely many dissections of R into n rectangles Whose side
ratio is in S.

Vesselin Dimitrov
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13.1 Theory and examples

It may seem weird, but geometry is really useful in number theory, and so-
metimes it can help in proving difficult results with some extremely simple
arguments. In the sequel we are going to exhibit a few applications of geo-
metry in number theory, almost all of them revolving around the celebrated
Minkowski’s theorem. This theorem will give a very efficient criterion for
a centrally symmetric convex body to contain a nontrivial lattice point. The
existence of this point has important consequences in the theory of representa-
tion of numbers by quadratic forms, and in the approximation of real numbers
by rational numbers. As usual, we will present only a mere introduction to this
extremely well-developed field of mathematics. You will surely have the plea-
sure of consulting some reference books about this fascinating area of research.

First of all, let us define the notion of convex body (or convex set; in what
follows we will call bodies sets in R”). A subset A of R” will be called a convex
body if it is convex, that is A contains the segment {tm+(1—t)y|0 S t S 1} once
it contains two points x, y. A is called centrally symmetric if it is symmetric
with respect to the origin, that is —x e A if a: E A. We will take for granted
that convex bodies have volumes (this is more delicate than it seems, actually).
We start by proving the celebrated Minkowski’s theorem.

Theorem 13.1 (Minkowski). Suppose that A is a bounded centrally symmetric
convex body in IR" having volume strictly greater than 2". Then there is a
lattice point in A difierent from the origin.

Proof. The proof is surprisingly simple. Indeed, begin by making a partition of
R" into cubes of edge 2, having as centers the points that have all coordinates
even integers. It is clear that any two such cubes have disjoint interiors and
that they cover all space. That is why we can say that the volume of A is
equal to the sum of the volumes of the intersections of A with each cube
(because A is bounded, it is clear that the sum will be finite). But of course,
one can bring any cube into the cube centered around the origin by using a
translation by a vector all of Whose coordinates are even. Since translations
preserve volume, we will have now an agglomeration of bodies in the central
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cube (the one centered at the origin), and the sum of volumes of all these
bodies is greater than 2". It follows that there are two bodies which intersect
at a point X. Now, look at the cubes where these two bodies where taken from
and look at the points in these cubes whose image under these translations is
the point X. We have found two different points as, y in our convex body such
that a: — y e 2%". But since A is centrally symmetric and convex, it follows
that :1: _ y
theorem is proved. I]

is a lattice point different from the origin and belonging to A. The

Here is a surprising result that follows directly from this theorem.

_Suppose that at each lattice point in space except for the origin
one draws a ball of radius r > 0 (common for all the balls).
Then any line that passes through the origin will intercept
some ball.

Solution. Let us suppose the contrary and consider a cylinder having as axis
r

that very line and base a circle of radius —. We choose it sufficiently long to
ensure that it has a volume greater than 8. This is clearly a bounded centrally
symmetric convex body in space and using Minkowski’s theorem we deduce
the existence of a nontrivial lattice point in this cylinder (or on the border
or the corresponding sphere). This means that the line will intercept the ball
centered around this point.

Actually, the theorem proved before admits a more general formulation:

Theorem 13.2 (Minkowski). Let A be a convex body in R" and let v1, v2, . . . ,vn
be linearly independent vectors in R”. Consider the fundamental parallelepi-

n

ped P = {Zn-ml 0 S cc,- S 1} and denote by Vol(P) its volume. If A has
i=1

a volume greater than 2" - Vol(P), A must contain at least one point of the
lattice L = Zvl + - - - + Zvn difi’erent from the origin.
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Proof. With all these terms, it would seem that this is extremely difficult to
prove. Actually, it follows trivially from the first theorem. Indeed, by consi-
dering the linear transformation f sending 1),- into e,- = (0,0, . . . , 1, 0, . . . ,0),
one can easily see that P is sent into the “normal” cube in R" (that is, the set
of vectors all of whose components are between 0 and 1), and that f maps L
into Z". Because the transformation is linear, it will send A into a bounded

Vol(A)
Vol(P)

the first theorem to this bounded centrally symmetric convex body and to
look at the preimage of the lattice point (in Z”), in order to find a nontrivial
point of A n L. This finishes the proof of the second theorem. El

centrally symmetric convex body of volume > 2". It suffices to apply

In the chapter Primes and Squares we proved that any prime number of
the form 4k + 1 is the sum of two squares. Let us prove it differently, this time
using Minkowski’s theorem.

Any prime number of the form 4k+1 is the sum of two squares.

Solution. We have already proved that for any prime number of the form
4k + 1, call it p, we can find an integer a such that pla2 + 1. Consider
then v1 = (p, 0) and v2 = ((1,1). Clearly, they are linearly independent
and moreover for any point (z, y) in the lattice L = Z'vl + Z222 we have
p|:I:2 + yz. Indeed, there are m,n E Z such that :1: = mp + na, y = n and
thus :32 +312 E 'r1.2(a2 + 1) E 0 (mod p). In addition, the area of the fundamen-
tal parallelogram is ”'01 A 02” = p. Next, consider as convex body (when the
context is clear, we will no longer add bounded centrally symmetric convex
body, just convex body) the disc centered at the origin and having radius (/2_p.
Clearly, its area is strictly greater than four times the area of the fundamental
parallelogram. Thus, there is a point (z, y) different from the origin that lies
in this disc and also in the lattice L = Zvl + n. For this point we have
plm2 + 3/2 and 2:2 + y2 < 2p, which shows that p = $2 + y2.

Proving that some Diophantine equation has no solution is a classical pro-
blem, but what can we do when we are asked to prove that some equation
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has solutions? Minkowski’s theorem and, in general, the geometry of numbers
give responses to such problems. Here is an example:

Consider positive integers a,b,c such that ac = b2 + b + 1.
Prove that the equation 0.51:2 — (2b + 1)xy + cy2 = 1 has integer
solutions.

Polish Olympiad

Solution. Here is a very quick approach: consider in R2 the set of points
satisfying (12:2 — (2b + 1):I:y + cy2 < 2. A simple computation shows that

it is an elliptical disc having area —13 > 4. An elliptical disc is obviously

a convex body and, even more, it certainly is symmetric about the origin. .
Thus by Minkowski’s theorem there is a point in this region different from the
origin. Since ac = b2 + b + 1, we have for all x,y not both equal to 0 the
inequality an:2 — (2b + 1)a:y + cy2 > 0. Thus for (2:, y) e Z2 \ {(0, 0)}, we have
(1.11:2 — (2b+ 1)a:y +cy2 = 1 and the existence of a solution of the given equation
is proved.

The following problem (like the one above) has a quite difficult elementary
solution. The solution using geometry of numbers is more natural, but it is
not at all obvious how to proceed. Yet.,. the experience gained by solving the
previous problem should ring a bell.

Suppose that n is a positive integer for which the equation
2:2 + my + y2 = n has rational solutions. Then this equation
has integer solutions as well.

Komal

Solution. Of course, the problem reduces to: if there are integers a, b, c such
that a2 + ab + b2 = c211,, then m2 + my + 11/2 = n has integer solutions. We will
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assume that a and b are nonzero (otherwise the conclusion follows trivially);
and more, a classical argument allows us to assume that a and b are each
relatively prime (which implies that a and b are each relatively prime to n,
too). We try again to find a pair (m, y) E Z2\{(0, 0)} such that m2+my+y2 < 2n
and such that n divides m2 +my+y2. In this case we will have m2 +my+y2 = n
and the conclusion follows.

First, let us look at the region defined by m2 + my + y2 < 2n. Again, simple
computations show that it is an elliptical disc of area 4—27». Next, consider

the lattice formed by the points (m, y) such that n divides am — by. The area of
the fundamental parallelogram is clearly at most n. By Minkowski’s theorem,
we can find (m,y) E Z2 \ {(0,0)} such that m2 + my + 3/2 < 2n and n divides
am — by. We claim that this yields an integer solution to the equation. Ob-
serve that ab(m2 + my + y2) = c2myn + (am — by)(bm — ay) and so n also divides
232+m'y+y2 (since n is relatively prime with a and b) and the conclusion follows.

Before continuing with some more difficult problems, let us recall that for any
symmetric real matrix A such that

Z aijmimj > 0

13131a

for all m = (m1,m2, . . . ,mn) e R" \ {0} the set of points satisfying

2 aijmimj S 1
19‘,a

Vol(Bn)
v det A

Vol(B.n) =

has volume equal to , where

NI:

7r—
r(1+;)’

00

where Bu is the nth dimensional Euclidean ball (and 1"(m) = e'ttw_1dt is
0

Euler’s gamma function). There are explicit formulae for l"(1 + %) because
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I‘(n) = (n — 1)! for positive integers n (so this takes care of the case n even)
and '

r (1 + 2) = sit—Wm—
2 2 ><((n—1)/2)!

for odd 7).. The proof of this result is not elementary and we invite you to
read more about it in any decent book of multivariate integral calculus. In
particular, you should notice that these results can be applied to previous
problems to facilitate the computations of different areas and volumes. With
these fact in mind, let us attack some serious problems.
If we talked about squares, why not present the beautiful classical proof of
Lagrange’s theorem on representations using four squares?

Any positive integer is a sum of four perfect squares.

[Lagrange]

Solution. This is going to be much more complicated, but the idea is always
the same. The main difliculty is finding the appropriate lattice and centrally
symetric convex body. First of all, let us prove the result for prime numbers.
Let p be an odd prime number (for the prime 2 the result is obvious) and
consider the sets A = {azl a e Z/pZ}, B = {—b2 — 1| b e Z/pZ}. Since

1
there are p + distinct squares in Z/pZ (as we have already seen in previous
chapters), these two sets cannot be disjoint. In particular, there are integers
a: and y such that 0 3 3,3; 3 p — 1 and plzc2 + y2 + 1. This is the observation
that will enable us to find a good lattice. Consider now the vectors

”1 = (p1050,0)7 '02 = (0,177 0a 0), '03 = (m’ya1v0)a '04 = (y, —.’L',0, 1)

and the lattice L generated by these vectors. A simple computation (using
the above formulas) allows us to prove that the volume of the fundamen-
tal parallelepiped is p2. Moreover, one can easily verify that for each point
(t, u, v, w) E L we have plt2 + u2 + v2 + 1112. Even more, we can also prove
(by employing the non-elementary results stated before) that the volume of
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the convex body 0 = {(t,u,v,w) 6 R4] t2 + u2 + v2 + 102 < 2p} is equal to
21r2p2 > 16Vol(P). Thus 0 n L is not empty. It suffices then to choose a point
(t, u, v, w) E C n L and we will clearly have t2 +u2 +112 +192 = p. This finishes
the proof for prime numbers.
Of course, everything would be nice if the product of two sums of four squares
is always a sum of four squares. Fortunately, this is the case, but the proof is
not obvious at all. It follows form the miraculous identity:

(a2+b2+c2+d2)(x2+y2+z2+t2)=(ax+by+cz+dt)2

+(ay—bx+ct—dz)2+(az—bt+dy—c:z:)2+(at+bz—cy—d:c)2.
This is very nice, but how could one answer the eternal question: how on earth
should I think of such an identity? Well, this time there is a very nice reason:
instead of thinking in eight variables, let us reason only with four. Consider
the numbers 21 = a + bi, 22 = c + dz", z3 = a: + yi, z4 = z + ti and introduce
the matrices

M=(2152),N=(2334).
-22 21 —24 23

det(M) = |z1|2 + |22|2 = a2 + b2 + c2 + d2
We have

and similarly
det(N) = 9:2 + y2 + 22 + t2.

It is then natural to express (a2 + b2 + c2 + d2)(a:2 + y2 + 22 + t2) as det(MN)
But surprise! We have

22 —z2 zz +z2MN: 1 3 2 :- 1 4 2—3
—zlz4 — 2223 21z3 — 2224

and so det(MN) is again a sum of four squares. The identity is now motivated.

Let us concentrate a little bit more on approximations of real numbers. We
have some beautiful results of Minkowski that deserve to be presented after
this small introduction to the geometry of numbers. The following one is ex-
tremely important while studying algebraic number fields.
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Let A = (adj) be an n x n invertible matrix with real en-
tries, and let 01,02, . . . , cn be positive real numbers such that
clog-nan > |detA|. Then there are integers x1,x2,...,mn,

n

not a110, such that Zaijxj < c,- for all 2' = 1,. . .,n.
i=1

Minkowski’s linear forms theorem

Solution. We need to prove that there exists a nonzero integer vector X
that also belongs to the region {Y E R"| |(AY),-| < c,-, z' = 1,...,n} (here
(AY), denotes the 'i-th coordinate of AY). But {Y E R”! |(AY),-| < c,-, i =
1, . . . , n} is exactly the image through A‘1 of the parallelepiped {Z G Rnl —
01' < Z,- < q, 2' = 1,...,n} (which has volume 2”c1...c,,). Thus {Y E
1R"| |(AY),-| < c,-, i = 1, . . . ,n} is a centrally symetric convex body of volume
M27101 . . . cn > 2". By Minkowski’s theorem, this body will contain a

nonzero lattice point, which satisfies the conditions of the problem.

Actually, there exists a very useful sharpening of the last result: if we suppose
only that c1C2 - - - on 2 |det Al, then the integers 221,132, . . . ,xn, not a110, can be

n n

chosen such that Z aljmj 3 c1 and Z aijxj < c,- for alli 2 2. The proof is
i=1 i=1

not diflicult at all, once example 6 is proved. Indeed, note that if e > 0 then by
the previous result there are integers 1:1(6),.’172(€), . . . , xn(e), not all 0 and such

11 n

that Zaijasfle) < c; for i = 2, 3, ..., n and Edna/7(5) < 01(1+e). Because
j=1 j=1

the matrix A is invertible, there exist only finitely many (x105), a32(e), ..., a:,,(e))
with these properties for fixed 6. Indeed, the condition says that the vector
Am(e) is bounded where z(e) is the vector with components 2:,(6). Thus the
vector $(6) is also bounded in IR". This shows that it is possible to construct
a sequence 6],: that converges to 0 and such that mj = ccj(ek) does not depend
on k for all 3'. All we need is then to make k —> oo in the above inequalities.
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Now, this theorem implies Dirichlet’s approximation theorem (also discussed
in the chapter Density and regular distribution: for all real numbers
(1.1,¢12,...,an and all positive integers M there exist integers m1,m2, ...,mn, p
such that |p| g M" and |m —pai| < fi for all i). Indeed, all we need is to
apply the above result to the (n + 1) x (n + 1) matrix

1 0 0 0 —a1

0 1 0 0 -a2
0 0 1 0 —a3

0 0 0 1 —an
0 0 0 0 1

And here is a nice consequence of the previous example. Our last example of
Diophantine approximation that can be obtained using Minkowski’s theorem
will imply the product theorem for homogeneous linear forms:

H Let A = (adj) be an n x n invertible matrix with real entries
(n 2 2). Show the existence of integers 2:1, 2:2, ..., 3:”, not all 0,
for which

'n,

2 Ia¢1$1 + aigxz + ---+ ainmnl S Wn! - IdetA|.
i=1

Solution. Let us start by computing the volume of the figure 0(m, n) consis-
ting of all points ($1,552, ...,:rn) such that |w1|+ |x2|+- - -+I:I:n| S :13. For n = 1
it is certainly 2:5. Now, using Fubini’s theorem we can write

Vol(0(a:,n)) = / dazldmz...da:n =
I$1|+---+I2nlga¢

= / / d161...dl'n_1
IaSz Iw1I+---+lzn—1ISI—Iznl

=/ Vol(0(:1: — |wn|,n — 1))dxn = V01(0(1,n_1))./ (a: _ l-Tnl)n_1d1'n
|$n|$$ l$n|S$
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=Vol(0(1,n— 1)) . 2%
An immediate induction shows that Vol(0(a:, n)) = £2—fffi. Now, the problem
asks to prove that there exists some nonzero integer vector X such that AX
lies in the figure 0( W n! - |det Al, n). Stated otherwise, we need to prove that
the image of this figure by the linear application determined by A‘1 contains
a nonzero lattice point. But the volume of this centrally symetric convex body
is 2” (just replace a: by {‘/n! - |det Al) Unfortunately, we cannot directly ap-
ply Minkowski’s theorem, because this volume is not strictly greater than 2".
However, we can imitate the argument used after the solution of the previous
exercise in order to obtain the desired result: for all e > 0 we know that the
octahedron 0( "V n! - |det AI + e, n) contains some AXE (where X6 is a nonzero
integer vector). One shows that these vectors X6 are uniformly bounded, then
extracts a constant family of vectors and takes the limit. We leave to the
reader the details.

The highlight of the IMO 1997, the very beautiful problem 6 also has a ma:
gnificent solution using geometry of numbers. Actually, we will prove much
more than the result asked in the contest, which shows that, for large values
of n, one of the bounds asked by the IMO problem is very weak:

For each positive integer n, let f(n) denote the number of ways
H of representing n as a sum of powers of two with nonnegative

integer coefficients. Representations that differ only in the
ordering of their summands are considered to be the same.
For instance, f(4) = 4. Prove that there are two constants a, b
such that

2%2—nlogz(n)—an < f(2'n) < 2%2-711082(n)—b"

for all sufficiently large n.

Adapted after IMO 1997
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Solution. It is clear that f(2“) is just the number of nonnegative integer
solutions of the equation a0 + 2m + + 2%,, = 2”, which is the same as
the number of solutions in nonnegative integers of the inequation 2:11 + 40,2 +

+ 2nd,, S 2". For any such solution different from (0,0, ...,0,2”) we have
an = 0 and we will consider the hypercube H(a1, a2, ..., an_1) = [(11, a1 + 1) x
[(12, (12+ 1) X x [an_1, an_1 + 1). It is clear that these hypercubes are pairwise
disjoint for distinct solutions (a1, a2, ..., an_1). So the number of solutions of
the inequation is the total volume of these hypercubes. Now, observe that any
such hypercube is included in the set of points (1171,1172, ..., xn_1) with w, 2 0 and
11—1 _
2 21(13, — 1) < 2”. Also, the union of these cubes covers the region consisting
i=1

n—l .
of those points (11:1,:22, ...,xn_1) with 1:,- 2 0 and Z 2‘93, S 2". Indeed, take a

point (:31, x2, ..., wn_1) in this region. Then ([931], [:tzfi, ..., [xn_1],0) is a solution
of the inequation and the point belongs to the corresponding hypercube. Now,
let us consider more generally the region R(a1,a2, ...,amA) defined by the
inequations as, > 0 and (11:31 + 02122 + ' - - + anxn S A. Its volume is

Vol(R(a1, ...,an,A)) = / dmldxg...da:n =
$120,a121+~-+anzn SA

/ / (1271 ...dxn_1
033,15 % 1:1 ,...,zn_1 20,a1:z:1+---+an_1zn_1 SA—anwn

A
= an V01(R(a1, ..., an_1, A — anwn))da:n =

0
A

= Vol(R(a1,...,an_1,1)) ~ /H (A — anmn)"'1dmn =
0

An

= n—an ' Vol(R(a1,...,an_1,1)).

This relation easily implies by induction that Vol(R(a1, a2, ..., an)) = w—Z—a.
Thus, because the sum of the volumes of the hypercubes is between the vo-
lume of R(2,4, ...,2“_1,2") and R(2,4, ...,2n‘1,2 + 22 + + 2"—1 + 2") =
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R(2, 4, ..., 271—1, 2”+1 — 2), counting the solution (0,0, ...,0, 2”), we deduce that
the number of solutions satisfies the inequalities

2
7‘ "'n n+1 _ n—l

1+'2—2—'Sf(2n)SI+LE§T-’2)——.
("—1)- 2T-(n—1)!

Now, note that
n2—n

2 2 = 2%+O(n)-Iog2((n—1)!)
(n — 1)!

and that

1log2((n — 1)!) = m—2((n — 1) ln(n - 1) + C(11)) = nlog2(n) + 0(n)

by Stirling’s formula. Similarly,

2n+1 _ 2 n—1 2
—(n2_n ) = P2— — nlog2(n) + 0(1)).
2 2 - (n — 1)!

The existence of the two constants is now obvious.

We end this chapter with some difficult problems concerning representations
of solutions of some Diophantine equations. We will show, using Minkowski’s
theorem, that if n _<_ 4 and A is a symmetric and positive matrix (that is,
txAx 2 0 for all vectors a; E R”) in SLn(Z) (the set of integer n x n matrices
with determinant 1), then there exists a matrix B with integer coefficients
such that A = B - 3* (a result which actually holds for n g 7, for n = 8 being
false). This will have some nice applications in the study of some Diophantine
equations. Let us start with some notations and easy observations. A bases of
Z" will be a family B = (111,1)2, ...,vp) of vectors in Z”, such that any vector
m E Z” can be uniquely expressed as 161121 + kgvg + - ' - + kpvp for some integers
k1, k2, ...,kp. For instance, it is clear that the canonical bases (61,62, ...,en)
of R” is a basis of Z", where ez- is the vector which has 1 on position 'i and
0 otherwise. But there are many other bases of Z”. Actually, in the chapter
A Little Introduction to Algebraic Number Theory we proved that
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any integer vector whose coordinates are relatively prime can be completed
to a basis of Z”. We can easily prove that any two bases 31 = (121,122, ...,'vp)
and 32 = (101,102, ...,wq) have the same number of elements. Indeed, let us
write '0,- = aflwl + (11-21122 + ' ' ' + aZ-qwq and w, =_ 1101 + b12112 + ' ' ' + bip’Up
for some integers aij, bij. Then if A and B are the matrices with entries a1,-
and bij, we have AB = Ip (just replace in v1; = aflwl + aizwg + + aiqwq
each 112,- by bfl'vl + b.1202 + + b,-p'vp and then rise the linear zindependence
of 11,-). Thus p = rank(AB) S rank(A) S q and by symmetry we also have
q S p, so q = p. (Now one can see that, due .to the existence of the ca-
nonical basis mentioned above, any basis of Z" has n elements.) Now, for
an n x n matrix A with integer coefficients we‘can define a bilinear form
gA(:r,y) = Z aijxiyj = ztAy, where w = xlel + 12262 + + acne” and

19‘5a
y = ylel + yzez + + ynen. Let L4 be the quadratic form associated With
this bilinear form, that is fA(:z:) = gA(a:,x). Now, take B = (v1,v2, ...,vn) a
basis in Z" and suppose that v,- = vuel + ”02,62 + - - - + rim-en. By the previous
argument (showing that two basis have the same cardinality) we know that
V = (12,7) is invertible. For an integer vector whose coordinates are .73, in the
canonical basis and 2:; in B, we have a; = Vw’, and a short computation shows
that gA(:I:, y) = x’t(VtAV)y’. On the other hand, a direct computation shows
that gA(:1:,y) = x’tGy’ where G = (gA(v,-, 15)), and this shows that G = VtAV.

If A E SLn(Z), n S 4, is a symmetric positive matrix, then
there is a matrix B with integer entries such that A = B‘B.

Solution. We will keep the notations used in the introduction to this example.
Let us start with a very modest result, but one which, as we will see imme-
diately, is the key idea for solving the problem.

Lemma 13.3. There exists a vector in E Z” such that fA('ul) = 1.

Proof. The proof is a direct consequence of Minkowski’s theorem. Indeed, we
have seen that the volume of the ellipsoid defined by fA(:I:) < 2 is equal to
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that the volume of the ellipsoid is greater than 2" and thus it contains a
nontrivial lattice point, which we call 111. Because fA(v1) > 0 (A is invertible
and positive) and fA(v1) E Z, it is clear that 121 is a good choice.

III

Now, we will extend this vector '01 to a basis B = (111, v2, ..., on) so as to have
the first line and column of G constructed:

Lemma 13.4. Let '01 be a vector as found in lemma 13.1. Then there exist
integer vectors 122,123, ...,vn such that B = (111,112, ...,vn) is a basis of Z" and
gA(vl,v¢) = 0 for alli 2 2.

Proof. The proof is very beautiful. Consider H = {cc 6 Z"|9A(vl,x) = 0}.
Clearly, H is a submodule of Z”, thus it is of the form Z222 + + Z’UT for
some linearly independent integer vectors 02,1)3, ...,vr. We claim that B =
(221,222, ...,vr) is a basis of Z". Indeed, take a: e Z". We need to study the
equation :1: = klvl +12, where v e H. All we need is gA(v1, x—klvl) = 0, which
is the same as klfA(v1) = gA(v1,:v), thus k1 = gA(v1,:I:). Thus k1 exists and is
uniquely determined. This means (because 112, ..., or are linearly independent)
that there exist unique integers k1, k2, ..., k,. such that x = 161121 + [(7202 + - - - +
krvr. Thus B is a basis of Z", and consequently we also have r = n. This
finishes the proof of lemma 2.

El

Now, we can proceed to an inductive proof. We will prove that the assertion
holds for n 2 1 by induction. Of course, the case n = 1 is trivial, so assume
that the result holds for n — 1. Using lemma 1 and lemma 2, we know that for

3 31, ) ~S, where

clearly A’ is a symmetric positive matrix in SLn_1(Z). Applying the inductive
hypothesis, we can write A’ = B’tB’ for some matrix B’ with integer entries.

some matrix S with integer coefficients we have A = S‘-
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Therefore A = BtB where B = ( (1) g, ) - S.
Let us now discuss two beautiful applications of this result. The first is quite
classical; it was among the results obtained by Fermat. However, it appeared
as an old proposal for the IMO, as well as in the Iranian Olympiad in 2001.

1 Let 1', y, 2 be positive integers such that my = 22 + 1. Prove
1 that there exist integers a, b, c,d such that x = a2 + b2,y =

c2 +d2 and z = ac+bd.

: z ) Then A e SL2(Z)
because xy = 22 + 1. Also, tr(A) = m+y > 2, thus A has positive eigenvalues,
so A is symmetric and positive. (This could have been established directly,
too, by showing that

Solution. Let us consider the matrix A = (

2 2
:13u2+2zuv+y'v2 =W> 0

for all u, 1) not both equal to 0.) By the previous result, A can be written as
a b

d
A = B - 3*, we deduce the desired representation. Note that the last example
implies a famous theorem of Fermat: each prime number of the form 419 + 1 is
a sum of two squares. Indeed, we saw that for such a prime p there is always
an n such that pln2 + 1. However, the last theorem shows that any divisor of
a number of the form n2 + 1 is a sum of two squares.

B - Bt for some matrix B = ). By identifying entries in the equality

Next, let us see a very difficult Diophantine equation, whose solution follows
in a few lines from the important result proved above.

Find all integers a, b, c, 9:, y,z such that (13:2 + by2 + cz2 =
abc+2wyz— 1, ab+bc+ca 2 :32 +312 +22, and a,b,c > 0.

[Gabriel Dospinescu] Mathematical Reflections
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a.
Solution. Let us consider the matrix M = 2 Clearly, M is

3/ S
U

N

0
8

¢
:

symmetric. The condition

(11:2 + by2 + cz2 = abc + 2xyz — 1

implies that M E SL3(Z). Now, let us prove that A is positive. Because M is
symmetric and invertible, it is enough to prove that its eigenvalues are positive.
Let these eigenvalues be u, v, 11). Then we know that u, v, w are real numbers
(because M is symmetric), that uvw = 1 and u+v+w = tr(M) = a+b+c > 0.
On the other hand, it is not diflicult to see that

uv+vw+wu=ab—22+bc—x2+ac—y2_>_0,

the sum of the principal second-order minors. Thus u,v,'w are zeros of a
polynomial of the form X3 — UX2 + VX — 1 for some nonnegative U, V.
Clearly, such a polynomial can have only nonnegative zeros, thus u, v, w 2 0.
Because det(M) = 1, it follows that M satisfies all conditions of the previous
theorem, so M is of the form tNN for some integer matrix N. If we write

(11 a2 03
N = b1 b2 b3 , we deduce that a = ||Al|2, b = ||B||2, c = IICIIZ,

c1 c2 03
z = (A, B), y = (A, C) and finally a: = (3,0) for some integer vectors A, B, 0'
(here || - H and (-) are the Euclidean norm and inner product respectively) that
form a basis of Z3 (they are the rows of the matrix N). All these triples found
are actually solutions. Indeed, if A, B, 0 form a basis in Z3, then the matrix
N whose rows are A, B, C is in GL3(Z), that is its determinant is —1 or 1, so
det(tNN) = (det(N))2 = 1. Thus det(A) = 1 and

(1.722 + by2 + czz = abc + 2wyz — 1.

Also,
$2+y2+z2 S ab+bc+ca

is a consequence of the Cauchy-Schwarz inequality, because

$2 = (3,632 S IIBII2 - IICH2-
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Thus these are the solutions of the Diophantine equation.

And last but not least, let us prove a beautiful theorem which, although not
related to Minkowski’s theorems, has strong connections with the geometry
of numbers. You will notice, if you know the three-squares theorem, that the
problem is trivial. But if not, what would you do? Without such an advanced
result, the problem is not easy at all, but as we will see, a good geometric
argument is the key of a very elementary solution:

V Prove that any integer which can be written as the sum of
the squares of three rational numbers can also be written as
the sum of the squares of three integers.

[Davenport-Cassels]

Solution. Let us suppose by contradiction that the property does not hold.
We will use a geometric argument combined with the extremal principle. Let
S be the sphere of radiusfl in R3 and suppose that a E S has all coordinates
rational numbers. There exists an integer vector 'v E Z3 and an integer d > 1
such that a = g . Choose the pair (a,v) for which d is minimal. We claim
that there exists a vector b E Z3 such that Ha — b|| < 1, where ||:L'|| is the
Euclidean norm of the vector 1:. Indeed, it is enough to write a = (as, y, z) and
to consider b = (X, Y, Z), where integers X, Y, Z are such that

1 1 1— < — — < — — < —.

Now, since a is assumed to have at least one non-integer coordinate, a aé b.
Consider the line ab. It will cut the sphere S in a and another point 0. Let us
determine precisely this point. Writing c = b + A - (a — b) and imposing the
condition ||c||2 = n yields a quadratic equation in A, with an obvious solution
/\ = 1. Using Viéte’s formula for this equation, we deduce that another solution
is ,\ = W. On the other hand, the identity

2
”0— b||2 =n+ llbll2 - 3 (1w)
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and the fact that 0 < ||a — b|| < 1 show that ||a — b||2 = % for a cer-
tain positive integer A smaller than d. Therefore, /\ = fi’l{(||b|[2 — n) and
c = b + Ufllliiflw — db) = % for an integer vector 10. This shows that the
pair (c, w) contradicts the minimality of (a, v) and proves the result.
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13.2 Practice problems

1. Suppose that a and b are rational numbers such that the equation amz +
by2 = 1 has at least one rational solution. Then it has infinitely many
rational solutions.

Kurschak Competition

2. Is there a sphere in R3 which has exactly one point with all coordinates
rational numbers?

Tournament of the Towns

3. Two sequences of integers a1, a2, a3, . . . and b1, b2, b3, . . ., satisfy the equa-
tion

(an - an—lxarn — aft—2) + (bn _ bn—1)(bn ‘_ bn—2) = 0

for each integer n greater than 2. Prove that there is a positive integer
k: such that the = ak+2008.

USA TST 2008

4. In the plane consider a polygon of area greater than n. Prove that it
contains n + 1 points Ai(xi,y,-) such that am; — avj,yi — yj E Z for all
1 S i, j S n + 1.

Chinese TST 1988

5. Suppose that a, b, c are positive integers such that ac = b2 + 1. Prove
that the equation amz + 2bmy + cy2 = 1 is solvable in integers.

Komal
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6. Let A = (aij) be a symmetric matrix with rational entries such that

Z aijwixj > 0

151',a

for all a: = (x1, . . . ,xn) e IR"\{O}. Prove that there are integers 11:1, . . . ,xn
(not all zero) such that

Z aijmimj < 11V" det A.
‘19,a

Minkowski

Prove that if A = (adj) is an n x n invertible matrix with real entries,
then there exist integers $1,132, . . . ,ccn, not all zero, such that

n n '
. n.
H E aijzj S —n - IdetAl.
. . n
i=1 J=1

Product theorem for Homogeneous Linear Forms

Let f (X) = (X — m1)(X —— x2) - - - (X — an”) be an irreducible polynomial
over the field of [rational numbers, with integer coefficients and real zeros.
Prove that

nnH m —~'v 2 —.n!igi<jgn

Siegel

Prove that there is no position in which an n by n square can cover more
than (n + 1)2 integral lattice points.

D.J.Newman, AMM E 1954
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10.

11.

12.

13.

14.

Let a, b, c,d be positive integers such that there are 2004 pairs (any)
with 92,31 6 [0,1] for which an: + by, car: + dy 6 Z. If gcd(a,c) = 6, find
gcd(b, d).

Nikolai Nikolov, Oleg Mushkarov, Bulgaria 2005

There are k > 0 lattice points in the interior of a polygon P with at least
four vertices. Prove that

[Frizz] 5 3k+6.

Scott’s theorem

For each positive integer n, let f(n) be the number of ways to make n!
cents using an unordered collection of coins, each worth k! cents for some
k, 1 S k S n. Prove that for some constant 0, independent of n,

nn2/2—Cne—n2/4 S f(n) S nn2/2+Cne—n2/4.

Gabriel Dospinescu, Titu Andreescu, Putnam 2007

Consider the graph G whose vertices are the points with rational coor-
dinates in R", two vertices being connected if the distance between the
corresponding points is 1. Prove that G is connected if and only if n 2 5.

Iran 1998

Prove that for a positive integer n the following assertions are equivalent:

(a) n is the sum of three squares of integers;
(b) the set of points with all coordinates rational on the sphere centered

at the origin and having radius J17 is dense in this sphere.
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15.

16.

17.

18.

19.

20.

Consider a disc of radius R. At each lattice point of this disc, except
for the origin, one plants a circular tree of radius 7‘. Suppose that r
is optimal with respect to the following property: if you look from the
origin, you can see at least one point situated at the exterior of the disc.
Prove that

1 1
——- S r < —.
VB? + 1 R

George Polya, AMM

Suppose that m1,x2,...,mn are algebraic integers such that for each
1 S 2' S n there is at least one conjugate of an,- which is not among
x1,x2, . . . ,zn. Prove that the set of n—tuples (f(xl),f(m2),...,f(xn))
with f E Z[X] is dense in R”.

Let n 2 2 be an integer. A convex polygon inside the square [0, n] X [0, n]
has area greater than n. Prove that there exists at least one lattice point
inside or on the edges of the polygon.

A 2004 x 2004 array of points is drawn. Find the largest positive integer
n with the following property: one can draw a convex n-gon with vertices
on the points of the array.

Ricky Liu, USA TST 2004

Prove that there exist n + 2 points in R" such that the distance between
any two of them is an odd integer if and only if 16|n + 2.

Graham, Rothschild, Straus theorem

An r—dimensional polytope (ie convex hull of finitely many points) P C
IR“ has vertices in lattice points. Prove that there exists a polynomial f of
degree 7' such that for all positive integers m we have f(m) = |Zn flmPl.

Ehrhart’s theorem
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21.

22.

Let n, k be positive integers. Prove that there exists a constant 306, n)
such that for any n—dimensional polytope P with vertices in lattice points
and having exactly k interior lattice points we have V01(P) S B(k, n).

Hensley’s theorem

Let k,n be positive integers. Prove that there are only finitely many
equivalence classes of n-dimensional polytopes with vertices at lattice
points and having exactly k interior lattice points.

Lagarias—Ziegler’s theorem
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14.1 Theory and examples
Quite often, a collection of simple ideas can make very diflicult problems look
easy. We have seen or will see a few such examples in our journey through
the world of numbers: congruences that readily solve Diophantine equations,
properties of the primes of the form 4k + 3, or even facts about complex
numbers, analysis or higher algebra, cleverly applied.
In this unit, we will discuss a fundamental concept in number theory, the order
of an element. It may seem contradictory for us to talk about simple ideas
and then say “a fundamental concept”. Well, what we are going to talk about
is the bridge between simplicity and complexity. The reason for which we say
it is a simple idea can be guessed easily from the definition: given an integer
n > 1 and an integer a such that gcd(a, n) = 1, the least positive integer d
for which n|ad — 1 is called the order of a modulo n. The definition is correct,
since from Euler’s theorem we have nla‘PW) - 1, so such numbers d exist. The
complexity of this concept will be illustrated in the examples that follow.

We will denote by on(a) the order of a modulo n. A simple property of on(a)
has important consequences: if k is a positive integer such that nlak — 1 and
d = 0,,(a), then d|k. Indeed, because nlak — 1 and nlad — 1, it follows that
n|a3°d(’°’d) — 1. But from the definition of d we have d S gcd(k,d), which
cannot hold unless dlk. Nice and easy. But could such a simple idea be
of any use? The answer is yes, and the solutions of the problems to come
will vouch for it. But before that we note a first application of this simple
observation: on(a)|go(n). This is a consequence of the above property and of
Euler’s theorem.
Now an old and nice problem, which may seem really trivial after this intro-
duction. It appeared in Saint Petersburg Mathematical Olympiad and also in
Gazeta Matematica.

Prove that n|<p(a” — 1) for all positive integers a and 11..

Solution. What is oan_1(a)? It may seem a silly question, since of course
oan_1(a,) = n. (because if a" — 1 is a multiple of a" — 1, then a,“ — 1 2 a" — 1
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and so k 2 n-we assumed a, > 1, otherwise the conclusion is clear; thus the
order is at least 71. and on the other hand it obviously divides n) Using the
observation in the introduction, we obtain exactly n|<p(a" — 1).

Here is another beautiful application of the order of an element. It is the first
case of Dirichlet’s theorem that we intend to discuss, a classical property.

Prove that any prime factor of the n—th Fermat number 22" + 1
is congruent to 1 modulo 2"“. Then show that there are
infinitely many prime numbers of the form 2"k + 1 for any
fixed n.

Solution. Let us consider a prime p such that 12122" + 1. Then p divides
(22" + 1X22” — 1) = 22”+1 — 1 and consequently 0p(2)|2"+1. This ensures the
existence of a positive integer k S n + 1 such that 0,,(2) = 2k. We will prove
that in fact k = n + 1. Indeed, if this is not the case, then op(2)|2", and so
p|2°P(2) - 1|22" - 1. But this is impossible, since p|22n + 1 and p is odd. Hence
we found that 0,,(2) = 2”+1 and we need to prove that op(2)|p — 1 to finish the
first part of the question. But this follows from the introduction of this chap-
ter. The second part is a direct consequence of the first. Indeed, it is enough
to prove that there exists an infinite set of pairwise relatively prime Fermat’s
numbers (22% + 1)nk>n. Then we could take a prime factor of each such
number and apply the first part to obtain that each such prime is of the form
2"k + 1. But not only is it easy to find such a sequence of pairwise relatively
prime numbers, but in fact, any two different Fermat numbers are relatively
prime. Indeed, suppose that d|gcd(22n + 1, 22"” + 1). Then d|2271+1 — 1 and
so d|22n+k — 1. Combining this with d|22fl+lc + 1, we obtain a contradiction.
Hence both parts of the problem are solved.

We continue with another special case of the well-known and difficult theo-
rem of Dirichlet on arithmetical sequences. Though classical, the following
problem is not straightforward, and this probably explains its presence on a
Korean TST in 2003.
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For a prime p, let fp(a:) = (Up—1 + sup-2 + - - - + m + 1.
a) If p|m, prove that any prime factor of fp(m) is relatively
prime to m(m — 1).
b) Prove that there are infinitely many positive integers n such
that pa + 1 is prime.

Solution. a) Take a prime divisor q of fp(m). Because qll + m + - - - + mp_1,
it is clear that gcd(q, m) = 1. Moreover, if gcd(q,m — 1) 76 1, then qlm — 1
and because q|1 + m + + mp_1, it follows that qlp. But p|m and we find
that qlm, which is clearly impossible.
More difficult is b). We are tempted to use a) and explore the properties of
fp(m), just like in the previous problem. So, let us take a prime q|fp(m) for a
certain positive integer m that is divisible by 19. Then we have qlm” — 1. But
this implies that oq(m)|p and consequently 0q(m) E {1, p}. If oq(m) = p, then
q E 1 (mod p). Otherwise, qlm — 1, and because q|fp(m), we deduce that qlp.
Hence q = p. But, while solving a), we have seen that this is not possible,
so the only choice is plq — 1. Now, we need to find a sequence (mk)k21 of
multiples of p such that fp(mk) are pairwise relatively prime. This is not as
easy as in the first example. Anyway, just by trial and error, it is not too
difficult to find such a sequence. There are many other approaches, but we
like the following one: take m1 = p and mk = pfp(m1) fp(m2) - - - fp(mk_1).
Let us prove that fp(mk) is relatively prime to fp(m1), fp(m2), . . . , fp(mk_1_).
But this is easy, since fp(m1)fp(m2) - - - fp(mk_1)lfp<mk) — me) = mini) — 1.
Let us use this special case of Dirichlet’s theorem to prove the following non-
trivial result:

Let k 2 2 be an integer. Prove that there are infinitely many
composite numbers n with the property that nlan‘k — 1 for all
integers a relatively prime to n.

[A.Makowski]

Solution. Let us choose these numbers of the form n = kp for some suitable
prime number p. We need p|an‘k — 1, so it is enough to have p— lln— k, which
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is clearly true. Next, we need Man—k — 1, which (by Euler’s theorem) is true
if n — k is divisible by <p(k). So, it would be enough to have <p(k)|p — 1 and
to be sure that p > k so that gcd(p, k) = 1. But from the previous problem
there are infinitely many prime numbers p E 1 (mod <p(k)) and those numbers
greater than k: furnish infinitely many good numbers n.

The following problem has become a classic, and variants of it appeared in
mathematics competitions. It seems to be a favorite Olympiad problem, since
it uses only elementary facts and the method is nothing less than beautiful.

T Find the least 11, such that 22005|l7n — 1.

mThe problem actually aSks for 022005(17). We know that

022°°5(17)I<P(22005) = 22004,

so 022005(17) = 2’“, for some k 6 {1,2, . . . ,2004}. The order of an element has
done its job. Now, it is time to work with exponents. We have 22005|172'c — 1.
Using the factorization

172’“ — 1 = (17 — 1)(17+ 1)(172 + 1)... (172k~1 + 1),
we proceed by finding the exponent of 2 in each factor of this product. But
this is not difficult, because for all i 2 0 the number 172‘ + 1 is a multiple of
2, but not a multiple of 4. Hence 122(172k — 1) = 4 + k: and the order is found
by solving the equation k + 4 = 2005. Thus 02200:.(17) = 22001.

Another simple, but not straightforward, application of the order of an element
is the following divisibility problem. Here, we also need some properties of the
prime numbers.

Find all prime numbers p and q such that p2 + 1|2003q + 1 and
q2 + 1|2003P +1.

[Gabriel Dospinescu]
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Solution. Without loss of generality, we may assume that p S q. We discuss
first the trivial case p = 2. In this case, 5|2003‘1 + 1 and it is easy to deduce
that q is even, hence q = 2, which is a solution to the problem. Now, suppose
that p > 2 and let 1‘ be a prime factor of p2 + 1. Because r|20032q — 1, it
follows that 0,.(2003)[2q. Suppose that gcd(q, 0T(2003)) = 1. Then 0.,(2003)|2
and r|20032 — 1 = 23 - 3 - 7- 11 - 13 - 167. It seems that this is a dead end, since
there are too many possible values for 1'. Another simple observation narrows
the number of possible cases: because r|p2 + 1, r must be of the form 4k + 1 or
equal to 2, and now we do not have many possibilities: r 6 {2,13}. The case
r = 13 is also impossible, because 2003‘? + 1 E 2 (mod 13) and r|2003q + 1.
So, we have found that for any prime factor 1' of p2 + 1, we have either r = 2
or q|or(2003), which in turn implies q|r — 1. Because p2 + 1 is even but not
divisible by 4, and because any odd prime factor of it is congruent to 1 modulo
q, we must have 102 + 1 E 2 (mod q). This implies that q|(p — 1)(p+ 1). Com-
bining this with the assumption that p s q yields q|p+ 1 and in fact q = p+ 1.
It follows that p = 2, contradicting the assumption p > 2. Therefore the only
solution is p = q = 2 .

A bit more difficult is the following 2003 USA TST problem.

3 Find all ordered triples of primes (p, q, r) such that

plqr + 1,q|rp + 1,’r'|p‘1 + 1.

[Reid Barton] USA TST 2003

Solution. It is quite clear that p, q,7' are distinct. Indeed, if for example
p = q, then the relation p|qr + 1 is impossible. We will prove that we cannot
have p, q, r > 2. Suppose this is the case. The first condition p | qr + 1 implies
p | q2’" — 1 and so op(q) | 27‘. If op(q) is odd, it follows that plq’ — 1, which
combined with p|qr + 1 yields p = 2, which is impossible. Thus, op(q) is either
2 or 27‘. Could we have op(q) = 27"? No, since this would imply that 2r|p — 1
and so 0 E p‘1 + 1 (mod 7') E 2 (mod 7*), that is 1' = 2, false. Therefore, the
only possibility is op(q) = 2 and so p|q2 — 1. We cannot have plq — 1, because
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plqr + 1 and p aé 2. Thus, plq + 1 and in fact 2p|q + 1. In the same way, we
find that 2q|r + 1 and 2r|p + 1. This is clearly impossible, just by looking at
the greatest among p, q, 7'. So, our assumption is wrong, and one of the three
primes must equal 2. Suppose without loss of generality that p = 2. Then q
is odd, ql'r'2 + 1 and rl2‘1 + 1. Similarly, 0,.(2)|2q. If q|o.,(2), then q|r — 1 and
so qlr2 + 1 — (r2 — 1) = 2, which contradicts the already established result
that q is odd. Thus, or(2)|2 and r|3. As a matter of fact, this implies that
r = 3 and q = 5, yielding the triple (2, 5, 3). It is immediate to verify that this
triple satisfies all conditions of the problem. Moreover, all solutions are given
by cyclic permutations of this triple.

Can you find the least prime factor of the number 225 + 1? Yes, with a
large amount of work, you will probably find it. But what about the number
12215 + 1? It has more than 30000 digits, so you will probably be bored before
finding its least prime factor. But here is a beautiful and short solution, which
does not need a single division.

Find the least prime factor of the number 12215 + 1.

215Solution. Let p be this prime number. Because p divides (12 + 1) -

(12 — 1) = 12 — 1, we find that op(12)|216. Exactly as in the solu-
tion of the first example, we find that 0,,(12) = 216 and so 216|p — 1. Therefore
[2 Z 1 + 216. But it is well-known that 216 + 1 is a prime (and if you do not
believe it, you can check it!). So, we might try to see if this number divides
12215 + 1. Let q = 216 + 1. Then 12215 + 1 = 24-1 -3gE—1 + 1 a 35—1 +1
(mod q). It remains to see whether (2) = —1. But this is done in the chap-

215 216

ter Quadratic reciprocity and the answer is positive, so indeed 35—1 + 1 -=' 0
(mod q) and 216 + 1 is the least prime factor of the number 12215 + 1.

OK, you must be already tired of this old fashioned idea that any prime factor
of 22" + 1 is congruent to 1 modulo 2"“. Yet, you might find the energy to
devote attention to the following interesting problems.
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" Prove that for any n > 2 the greatest prime factor of 22" + 1
is greater than or equal to n - 2"+2 + 1.

Chinese TST 2005

Solution. You will not imagine how simple this problem really is. If the start
is right... Indeed, let us write 22" + 1 = p’flpl;2 -~ - 10’? where p1 < - - - < pr are
prime numbers. We know that we can find odd positive integers q,- such that
p,- = 1+2”+1q,-. Now, reduce the relation 22n+1 = plflplz62 - - - pl,er modulo 22"”.

7'T
It follows that 1 E 1 + 2’"+1 Z kiq, (mod 22"”) and so 2 kiqi _>_ 2"“. But

i=1 i=1
‘7'

then q, 2 k1; Z 2”“. Now everything becomes clear, since
i=1

22" + 1 > (1 + 2n+1)k1+k2+---+k. > 2(n+1)(k1+k2+...+kr)

n

2+1. Then q, 2 2(n + 1) and we are done.andsok1+k2+~~+krS n

7‘ It is not known whether there are infinitely many primes of
the form 22" + 1. Yet, prove that the sum of the reciprocals
of the proper divisors of 22" + 1, converges to 0.

[Paul Erdos] AMM 4590

Solution. Note that the sum of the reciprocals of all the divisors of n is
3}), where 0(n) is the sum of all the divisors of n. It suffices to prove

2n

that W converges to 1. Let p'fl - - -p’,?’ be the prime factorization of

22" + 1 and observe that 1 < 52121411) < r 1 < 11 r. Because110—57) (1—5”)
22” + 1 > 2n(k1+"'+kr) 2 2"", r = O (3:) and sofir converges to 1 for

2
n

211-

n —) 00. From the above inequality, £2971?) converges to 1 and the conclusion
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follows.

We have seen that the order of a modulo n is a divisor of <p(n). Therefore a
natural question appears: given a positive integer n, can we always find an
integer 0, whose order modulo n is exactly <p(n)? We call such a number a a
primitive root modulo n. The answer to this question turns out to be negative,
but in some cases primitive roots exist. We will prove here that primitive roots
mod p” exist whenever p > 2 is a prime number and n is a positive integer.
The proof is quite long and complicated, but breaking it into smaller pieces
will make it easier to understand. So, let us start with a lemma due to Gauss:

Lemma 14.1. For each integer n > 1, Z <p(d) = n.
flu

Proof. One of the (many) proofs goes like this: imagine that you are trying
to reduce the fractions %, %, . . . , g in lowest terms. The denominator of any
new fraction will be a divisor of n and it is clear that for any divisor d of n we
obtain 30(d) fractions with denominator d. By counting in two different ways
the total number of fractions obtained, we can conclude. III

Take now p > 2 a prime number and observe that any element of Z/pZ has
an order which divides p — 1. Consider d a divisor of p — 1 and define f(d) to
be the number of elements in Z/pZ that have order d. Suppose that a: is an
element of order (I. Then 1,93, ...,:rd_1 are distinct solutions of the equation
ud = 1, an equation which has at most at solutions in the field Z/pZ. Therefore
1,58, ...,wd_1 are all solutions of this equation and any element of order d is
among these elements. Clearly, xi has order d if and only if gcd(2', d) = 1.
Thus at most 90(d) elements have order d, which means that f(d) S <p(d) for
all d. But since any nonzero elements has an order which divides p — 1, we
deduce that

Z f(d) =p- 1 = Z <P(d)
flp—l flp—l
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(we used in the last equality the lemma above). This identity combined with
the previous inequality shows that f (d) = p(d) for all dlp — 1. We have thus
proved the following:

Theorem 14.2. For any divisor d ofp— 1 there are exactly <p(d) elements of
order (1 in Z/pZ.

The above theorem implies the existence of primitive roots modulo any prime
p (the case p = 2 being obvious). If g is a primitive root mod p, then the p
elements 0,1,g,gz,...,g1”_2 are distinct and so they represent a permutation
of Z/pZ. Let us fix now a prime number p > 2 and a positive integer k and
show the existence of a primitive root mod pk. First of all, let us observe that
for any j > 2 and any integer a: we have (1 + :1:p)1’7_2 —:1 + mp71 (mod p7).
Establishing this property is immediate by induction on j and the binomial
formula. With this preparatory result, we will prove now the following:

Theorem 14.3. If p is an odd prime, then for any positive integer k there
exists a primitive root mod pk.

Proof. Indeed, take 9 a primitive root mod 10. Clearly, g +p is also a primitive
root mod p. Using again the binomial formula, it is easy to prove that one of
the two elements 9 and g + p is not a root of X7"1 — 1 mod p2. This shows
that there exists y a primitive root mod p for which gap—1 aé 1 (mod p2).
Let[hp—iv ——1 + asp. Then by using the previous observation we can write

(9—11)——_(1+mpp)1’k 2 E 1 + xpk‘l (mod pk) and so pk does not divide
p—k 200—1) — 1. Thus the order of y mod pk is a multiple of p — 1 (because

y is a primitive root mod p) which divides pk_1(p — 1) but does not divide
pk_2(p — 1). So, y is a primitive root mod pk.

D

In order to finish this (long) theoretical part, let us present a very efficient
criterion for primitive roots modulo pk:

Theorem 14.4. Each primitive root mod p and p2 is a primitive root modulo
any power of p.
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Proof. Let us prove first that if g is a primitive root mod p and p2 then it is also
a primitive root mod p3. Let k be the order of 9 mod p3. Then k is a divisor of
p2(p— 1). Because p2 divides gk — 1, k must be a multiple of p(p— 1). It remains
to prove that k is not p(p— 1). Supposing the contrary, let 9?"1 = 1 +rp, then
we know that p3|(1 + r10)? — 1. Using again the binomial formula, we deduce
that p divides r and so p2 divides g”—1 —— 1, which contradicts the fact that g
is a primitive root mod p2. Now, we use induction. Suppose that n 2 4 and
that g is a primitive root mod p"_1. Let k be the order of 9 mod 17". Because
gin—1 divides gk — 1, k must be a multiple of pn‘2(p — 1). Also, k is a divisor of
pn‘1(p— 1) = 30(1)"). So, all we have to do is to prove that k is not p"_2(p— 1).
Otherwise, by Euler’s theorem we can write gp"_3(1’_1) = 1 + rp"_2 and from
the binomial formula it follows that r is a multiple of p and so p”_1 divides
gp"_3(p_1)— 1, contradicting the fact that g has order p”_2(p— 1) modulo p ‘1.
The theorem is thus proved. III

It is important to note that the previous results allow us to find all positive
integers that have primitive roots. First off all, observe that such a number n
cannot be written in the form n = 71a With gcd(n1,n2) = 1 and n1, 712 > 2.

. M Ma) . .Indeed, 1f gcd(g, n) = 1 then 9 2 E (g‘P(nl)) 2 E 1 (mod m) and s1m11arly
gfl222 E 1 (mod n2). Thus n divides gflz‘fl — 1 and 9 cannot have order 90(n).
Also, the fact that gzk_2 E 1 (mod 2") for any odd integer g and any It 2 3
(whose the proof is immediate by induction) shows that there are no primitive
roots mod 2", for k 2 3. This shows that the only candidates are 2, 4,10'8 and
211’“ for an odd prime number p. And these numbers have primitive roots. For
2 and 4 it is obvious, while for powers of odd primes it has been proved above.
For 2pk observe that cp(2pk) 2 90(1),“), so the odd number among g,g + p’6
(where g is a primitive root mod pk) is a primitive root mod 2171‘.

Now, let us solve some problems. However, make sure you correctlyremember
Fermat’s little theorem before attempting to solve the following problem.

7 ‘ Find all positive integers n such that nlan‘l'1 — a for all a e Z.
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Solution. Consider such an integer n > 1 and observe first that is must be
squarefree. Indeed, if p is a prime divisor of n, just choose a = p. Next, write
n = p1p2...pk for some pairwise distinct prime numbers p1, p2, ..., 12],. Fix some
1 S i S k and choose a a primitive root modulo pi. Then clearly the condition
n|an+1 —— a implies that n is a multiple of p,- — 1. Now, it is very easy to
determine all such numbers n. Assume that p1 < p2 < < pk and observe
that p1 = 2 (because p1 -— 1 divides n), then 122 — 1|2 (the same argument),
thus p2 = 3. Continue in this manner to obtain p3 = 7,p4 = 43. And things
change after this, because we would find that p5 — 1 divides 1806 and it is easy
to see that this is not possible, because the only divisors d of 1806 such that
d + 1 is a prime are 1, 2, 6, 42, which is not a prime number. Therefore k S 4
and such numbers are 1, 2, 6, 42, 1806.
A very beautiful and difficult problem comes now. We will see that using the
previous results on primitive roots we can obtain a quick and elegant solution.

Find all positive integers n such that n2|2n + 1.

[Laurentiu Panaitopol] IMO 1990

Solution. It is clear that any solution must be odd and that 1 and 3 are
solutions, so assume that n 2 5. Because 2 is a primitive root mod 3 and mod
9 (as you can immediately check), it follows from the above results that 2 is a
primitive root mod 3’“ for all k. In particular, if 3H2“ + 1 then 3k|22" — 1 and
because the order of 2 mod 3" is 2 - 3"_1, we deduce that 3k_1|n. This shows
that 03(2" + 1) S v3(n) + 1 for all n. In particular, for any solution 71. of the
problem we have 2v3(n) = v3(n2) 5 03(2" + 1) S 1 + v3(n), so 03(n) S 1. Let
us prove that we actually have «)3 (n) = 1, if n > 1. Let p be the smallest prime
divisor of n. Then p|22n — 1, so op(2)|2n and op(2)|p — 1. By the definition
of p we have gcd(2n,p — 1) = 2, so p|3 and thus p = 3 and 3171. This shows
that we can write n = 3a Where gcd(3,a) = 1. Now, we would like to prove
that a = 1 (therefore, the only solution of the problem which is greater than
1 is n = 3). Assuming the contrary, let q be its smallest prime divisor. Then
ql2" + 1 and q|26a — 1. As above, we deduce that 04(2) is a divisor of 6a and
q—1, and because gcd(a, q— 1) = 1, it follows that oq(2)|6 and so q|63. Because
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gcd(a, 3) = 1, the only possibility is q = 7. But then 7|2” + 1 = 8“ + 1, which
is clearly impossible. This shows that a = 1 and n = 3, a contradiction with
n 2 5. Hence 1 and 3 are the only solutions of the problem.

Finally, a chestnut from the celebrated contest Miklos Schweitzer, which uses
the previous theoretical results as well as a large dose of creativity.

Let p E 3 (mod 4) be a prime number. Prove that

H angina—1)??? (modp).
1gz<ysP;—1

[J .Suranyi] Miklos Schweitzer Competition

Solution. Let p = 4k + 3 and take 9 to be a primitive root modulo 1) and
a: = 92. Then the squares of the residues mod p are exactly 1, as, $2, ...,a:2’°, so
the product we need to evaluate is H (xi + 237') (mod p). Therefore, if

Ogi<j52k
P is the desired product, we have

P- H (mi—11:55 H (arm-$29.) (modp).
OSKjSZk 05i<j52k

Observe that each of the two products is actually a Vandermonde determinant
and because m2k+1 = 1, the generators of the second determinant are exactly
1,5132, ...,x2k,:r,a:3, ...,a:2"‘1. Hence the second determinant is obtained from
the first one by k + (k — 1) + + 2 + 1 transpositions of the lines and so
P E (—1)k k2“ (mod p). An easy case examination shows that LIE?) — [11:52]
is even and the conclusion follows.
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14.2 Practice problems
1. Find all positive integers m, n for which n | m2'3" + m3" + 1.

Bulgaria 1997

2. Let q be a prime such that q2 divides at least one Mersenne number
21’ — 1 with p a prime number. Prove that q > 3 - 109. You may take
for granted that the only primes q such that q2 | 29—1 — 1 and which are
smaller than 3 - 109 are 1093 and 3511.

3. Prove that there exists a function f with integer values such that 2" |
19“”) — 97 for any positive integer 71.

Vietnamese TST 1997

4. Prove that for any prime number p > 3 we have (2:) E 2 (mod p3).

5. Let m > 1 be an odd number. Find the least 17. such that 21989 | m” — 1.

IMO 1989 Shortlist

6. Let m,n be two positive integers. Prove that the remainders of the
numbers 1”, 2”, . . . ,m" modulo m are pairwise distinct if and only if m
is square-free and n is relatively prime to <p(m).

7. Prove that the equation

has no solution in integers.

IMO 2006 Shortlist
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10.

11.

12.

13.

14.

. Let a be an integer greater than 1. Prove that the function

- _P;1f.{2,3,5,7,11,...}—)N,f(p)_ OM)

is unbounded. Here op(a,) is the order of a modulo 10.

Jon Froemke, Jerrold W Grossman, AMM E 3216

. Let f(n) be the greatest common divisor of 2" — 2,3” — 3, 4” — 4, . . ..
Determine f(n) and prove that f (271.) = 2.

AMM

Let f be a polynomial With integer coefficients such that for some prime
number p we have f(z) E 0 (mod p) or f(z') :- 1 (mod p) for any integer
z'. If f(0) = 0 and f(1) = 1, prove that deg(f) 2 p — 1.

IMO 1997 Shortlist

A Carmichael number 7?. satisfies n | a," — a. for all integers (1. Find all
Carmichael numbers of the form 3pq with p,q prime numbers. Using
the existence of Carmichael composite numbers, prove that there are
infinitely many pseudo-primes (composite n such that n | 2" —— 2).

Find all prime numbers p, q such that pq | 51" + 5".

China 2009

Find the sum of the m—th powers of the primitive roots mod p for a given
prime p and a positive integer m.

Find all positive 17. such that n and 2" + 1 have the same prime factors.

Gabriel Dospinescu
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15.

16.

17.

18.

19.

20.

Let p be a prime number and m, n be integers greater than 1 such that
n | mph—1) — 1. Prove that gcd(m"‘1 — 1,11) > 1.

MOSP 2001

Prove that there are infinitely many pairs of distinct prime numbers
(1), q) such that p divides 24—1 — 1 and q divides 211—1 _ 1.

Romania TST 2009

Let n be a positive integer, and let An be the the set of all a such that
n](a".+1),1$a$nanda€Z.

(a) Find all n such that An aé (2).
(b) Find all n such that |An| is even and non-zero.
(c) Is there 71. such that |An| = 130?

Italian TST 2006

The sequence {33”} is defined by 331 = 2, x2 = 12 and xn+2 = 6mn+1 —$n.
Let p be an odd prime and let q > 3 be a prime divisor of app. Prove
that q 2 2p — 1.

Chinese TST 2008

Let A be a finite set of prime numbers and let a be an integer greater
than 1. Prove that there are only finitely many positive integers n such
that all prime factors of a" — 1 are in A.

Iranian Olympiad

Find all positive integers n such that n divides 2” + 3" + - - - + (n — 1)".

IMAR Contest 2004
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21

22.

23.

24.

25.

26.

27.

Let n 2 3 be a positive integer. Compute the greatest common divisor
of the numbers 2" — 2, 3" — 3, . . .,n" — n.

Dorin Andrica, Mihai Piticari, Romania TST 2008

Find all positive integers n with the following property: there is a unique
asuchthat 05a<nl and n! | a”+1.

IMO Shortlist 2007

Let ac, y be two integers with 2 S x,y S 100. Prove that $2" + yzn is
not a prime for some positive integer n.

Russia 2009

Is there a positive integer n such that every nonzero digit appears the
same number of times in each of the numbers n, 277., . . . , 200071.?

Komal

Prove that for any prime p there is a prime q that does not divide any
of the numbers np — p, with n 2 1.

IMO 2003

Let a be an integer greater than 1. Prove that for infinitely many n the
largest prime factor of a" — 1 is greater than nloga n.

Gabriel Dospinescu

Let a > 0. Prove the existence of a constant c such that for all odd
primes p there exists a primitive root mod p less than cpi +5.

Vinogradov
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28. Let a and b be integers greater than 1. Prove that there exists a prime
p such that the order of a mod p is b, unless b = 2 and a + 1 is a power
of20ra=2andb=6.

Zsigmondy’s theorem
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15.1 Theory and examples

Recall that the sequence ({na})n21 is dense in [0,1] if a is an irrational num-
ber, a classical theorem of Kronecker. Various applications of this nice result
have appeared in different contests and will probably make the object of many
more Olympiad problems. Yet, there are some examples in which this result
is inefficient. A simple one is as follows: using Kronecker’s theorem, one can
prove that for any positive integer a that is not a power of 10 there exists
a positive integer n such that a" begins with 2008. The natural question —
what fraction of numbers between 1 and n have this property (speaking here
about large values of n) — is much more difficult, and to answer it we need some
stronger tools. This is the reason we now discuss some classical approximation
theorems, particularly the very effective Weil criterion and its consequences.
The proofs of these results are nontrivial and require some heavy duty analy-
sis. Yet, the consequences that will be discussed here are almost elementary.
Of course, one cannot start a topic about approximation theorems Without
talking first about Kronecker’s theorem. We skip the proof, not only because
it is very well-known, but because we will prove a much stronger result about
the sequence ({na})n21. Instead, we will discuss two beautiful problems, co-
rollaries of this theorem.

Prove that the sequence (|_n 2003]),121 contains arbitrarily
long geometric progressions with arbitrarily large ratio.

[Radu Gologan] Romanian TST 2003

Solution. Let p be any positive integer. We will prove that there are arbitra-
rily long geometric sequences with ratio p. Given n 2 3, we will find a positive
integer m such that [10k2003] = pk [m 2003] for all 1 S k S 71.. If the
existence of such a number is proved, then the conclusion is immediate. Ob-
serve that [12k2003] = pk |_m 2003] is equivalent to [pk{m\/2003}j = 0,

or to {mv2003} < 171-. The existence of a positive integer m with the last
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property is ensured by Kronecker’s theorem.

Here is a problem that is apparently very difficult, but which is again a simple
consequence of Kronecker’s theorem.

Consider a positive integer k and a real number a such that
logo is irrational. For each n 2 1 let can be the number formed
by the first k digits of La"j. Prove that the sequence (237,)",21
is not eventually periodical.

[Gabriel Dospinescu] Mathlinks Contest

Solution. First of all, the number formed with the first k: digits of a number m
s |_10k‘1+{1°3m}J. The proof of this claim is not difficult. Indeed, let us write
m = m, withp_> k. Then m = a—l. flak 10p k+m, hence
W 10? k < m < (CL—1.. Hak+1) -.101"-’0 It follows that al. ak= m
and, since p-— 1 + [log m], the claim is proved.
Now consider the claim false: thus there is some T for which mn+T = mu for
any large enough n. Another observation is the following: there is a positive
integer r such that xTT > 10k‘1. Indeed, assuming the contrary, we find that
for all r > O we have e = 10k'1. Using the first observation, it follows that
k — 1 + {log Law“ < log(1 + 10k_1) for all 7'. Thus

log (1 + 10—:3) > log [a’TJ — [log La’TJJ > log(a’T — 1) — [log a’TJ

'rTa
= {TT log a} — 10g Fiat—1.

ml

1
It suffices now to consider a sequence of positive integers (Tn) such that 1 — — <
{rnT log a} (the existence is a direct consequence of Kronecker’s theorem) and
we deduce that

10 1+——-1 +-1-+lo—ai>1forallng 10—77:1 n ga‘rnTml '
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The last inequality is clearly impossible.
Finally, assume the existence of such an T. It follows that for n > r we have
znT = 50,71, thus

{log [anTJ} 2 log (1 + WL—l) .

This shows that

log (1 + 17:71) S log [anTJ — [log [anTJJ S nTloga — [log anTJ

= {nT log a} for all n > r.

In the last inequality, we used the fact that [log [:3] _| = [log :17] , which is not
difficult to establish: indeed, if [log :13] = k, then 10’“ S m < 10"“, and thus
10’“ S [x] < 10"“, which means that [log Lmjj = k. Finally, note that the
relation log (1 + fibfi) g {nT log a} contradicts Kronecker’s theorem. This
finishes the proof.

We continue with two subtle results, based on Kronecker’s lemma.

' For a pair (a, b) of real numbers let F(a, b) denote the sequence
of general term on = [an + b]. Find all pairs (a, b) such that
F(9:, y) = F(a, b) implies ($.31) = (0,1))-

[Roy Streit] AMM E 2726

Solution. Let us see what happens when F(a:, y) = F(a, b). We must have
[an + b_| = [am + y] for all positive integers n. Dividing this equality by n
and taking the limit, we infer that a = 9:. Now, if a is rational, the sequence
of fractional parts of an + b takes only a finite number of values, so if r is
chosen sufficiently small (but positive) we will have F(a, b + r) = F(a, b), so
no pair (a, b) can be a solution of the problem. On the other hand, we claim
that any irrational number a is a solution for any real number b. Indeed,
take :21 < 1:2 and a positive integer n such that na + :01 < m < na + m2
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for a certain integer m. The existence of such an n follows immediately from
Kronecker’s theorem. But the last inequality shows that F(a, (1:1) aé F(a,mg)
and so a is a solution. Therefore the answer is: all pairs ((1, b) with a irrational.

Finally, an equivalent condition for the irrationality of a real number:

Let r be a real number in (0,1) and let 5(7‘) be the set of
positive integers n for which the interval (717‘, nr + 7') contains
exactly one integer. Prove that 'r is irrational if and only if
for all integers M there exists a complete system of residues
modulo M, contained in 8(7').

[Klark Kimberling]

Solution. One part of the solution is very easy: if r is rational, let M be its
denominator. Then clearly if n is a multiple of M there is no integer k in the
desired interval. Now, suppose that 7‘ is irrational and take integers m, M such
that O S m < M. By Kronecker’s theorem, the integer multiples of % form a
dense set modulo M. So, there exists an integer k such that the image of g is
in (m, m+ 1), that is for a certain integer s we have sM+m < g < sM+m+1.
It is then clear that if we take n = 8M + m we have n E m (mod M) and
nr < k < nr + r. This finishes the solution.

Before getting into the quantitative results stated at the beginning of this
chapter, we must talk about a surprising result, which turns out to be very
useful when dealing with real numbers and their properties. Sometimes, it will
help us reduce a complicated problem concerning real numbers to integers, as
we will see in one of the examples. But first, let us state and prove this result.

Let $1, $2, . . . ,mk be real numbers and let a > 0. There exists
a positive integer n and integers p1, p2, . . . , pk such that |na;,- —
pil < a for all i. '

[Dirichlet]
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Solution. We need to prove that if we have a finite set of real numbers, we
can multiply all its elements by a suitable integer such that the elements of
the new set are as close to integers as we want.

1Let us choose an integer N > E and partition the interval [0, 1) into N inter-
vals,

[0,1): UL, J=[s—N1’N)'

Now, choose n = Nk+ 1 and assign to each q in the set {1, 2, . . . , n} a sequence
of k positive integers a1, a2, . . . , ah, where a, = 3 if and only if {gm} 6 J3. We
obtain at most Nk sequences corresponding to these numbers, and so by the
pigeonhole principle we can find 1 S u < v S n such that the same sequence
is assigned to u and v. This means that for all 1 S i S k we have

Hum} — {vim-H < ; s e

It suffices to pick n = v — u, p,- = [on] — [um-j.

And here is how we can use this result in problems where it is more com—
fortable to work with integers. But don’t kid yourself, there are not many
such problems. The one we are going to discuss next has meandered between
world’s Olympiads: proposed at the 1949 Moscow Olympiad, it appeared next
at the W.L. Putnam Competition in 1973 and later on in an IMO Shortlist,
proposed by Mongolia.

Let $1,362, . . .,:I:2n+1 be real numbers with the property: for
any 1 S 2‘ 3 2n + 1 one can make two groups of n numbers by
using all the xj, j aé 2', such that the sum of the numbers in
each group is the same. Prove that all the numbers must be
equal.
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Solution. For integers the solution is well-known and not difficult: it suffices
to note that in this case all numbers :13,- have the same parity, and the use of
infinite descent solves the problem (either they are all even and in this case we
divide each number by 2 and obtain a new set with smaller sum of magnitudes
and the same properties; otherwise, we subtract 1 from each number and then
divide by 2). Now, assume that they are real numbers, which is definitely a
more subtle case. First of all, if they are all rational, it sufiices to multiply
by their common denominator and apply the first case. Suppose at least one
of the numbers is irrational. Consider 6 > 0, a positive integer m, and some
integers 121,122,... ,p2n+1 such that Imxi — pi| < 5 for all i. We claim that
if a > 0 is small enough, then p1,p2,...,p2n+1 have the same property as
:31, 51:2, . . .,:32,,+1. Indeed, take some 2' and write the given condition as

Zaijmzj = 0 or Z aij(ma:j — 1),) = — 204'i
jaéi 1'95 jaéi

(where (lid 6 {—1,1}). Then

:“ijpi = Zaiflmwj -Pj) S 2715.
#i #27

1
Thus if we choose 5 < %, then Zaijpj = 0 and so p1,p2,. . . ,p2n+1 have

he!"
the same property. Because they are all integers, p1, p2, ..., p2n+1 must be all
equal (again, because of the first case). Hence we have proved that for any

N > 2m there are integers nN,pN such that lai -—pN| g N'
Because at least one of the numbers 1:1,m2,...,a:2n+1 is irrational, it is not

difficult to prove that the sequence (nN)N>2m is unbounded. But % >
Ia Ingx Imi — ‘3a hence maxm lxi — M = 0 and the problem is solved.

If you thought the last problem was too classical, here is another one, a little
bit less known, but with the same flavor:
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Let a1,a2, ...,azom be real numbers with the following pro-
perty: no matter how we choose 13 numbers among them,
there exist 8 numbers among the 2007 which have the same
arithmetic mean as the 13 chosen ones. Prove that they are
all equal.

Solution. Note (again) that the problem is quite easy for integers. Indeed,
the assumption implies that the sum of any 13 numbers is a multiple of 13.
Let a,-, a,- be among the 2007 numbers and let 2:1, (1:2, ..., $12 be some (1;, with
kaéiand kaéj. Then ag+m1+m2+~o+x12 and aj+m1+x2+---+a:12
are multiples of 13, so a,- E aj (mod 13). Thus all numbers give the same
remainder r modulo 13. It suffices to subtract 7' from all (1,, to divide by
13 in order to obtain a new collection of 2007 integers, with smaller absolute
values and still satisfying the property given in the statement of the problem.
Repeating this procedure, we will finally obtain a collection of zeros, which
means that the initial numbers were all equal.
Now, let us pass to the case when all numbers are known only to be real.
The idea is the same as in the previous example: we will approximate, using
Dirichlet’s theorem, all numbers by rational numbers with a common denomi-
nator. Explicitly, take some 6 > 0 and n and pi some integers (with n > 0)
such that Ina, —p,:| < e for all 1'. Take some indices 2'1,i2, ...,z'13. We know that
for some indices 31, j2, ..., jg we have

nu,-1 +7104;2 + - - - +7111,-13 _ naj1 +naj2 + - - - +naj8
13 8 '

If .73,- = nag — pi, it follows that

pil +pi2 +"' +p1713 __ pjl +pJ'2 + '°'+p.7's
l3 8

< 26,

because Ian-I < 6. Now, observe that if

pii +pi2 +"'+Pi13 _p.7'1 4"s +"'+pjs
13 8

is nonzero, it is at least equal to 8,—115. Thus, if we take 6 < T113, we know that
the corresponding p,- have the same property as 0,. By the first case, we must
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therefore have p1 = p2 = - -- = 122007. Thus 26 > n|a,- —— ajl for all i, j and all
6 < 175%1—3- Clearly, this implies a1 = a2 = ' .. = a2007 and finishes the proof.

Now, let us turn to more quantitative results about the set of fractional parts
of natural multiples of different real numbers. The following criterion, due to
Weyl, deserves to be discussed because of its beauty and apparent simplicity.

Theorem 15.1 (Weyl’s theorem). Let (0101121 be a sequence of real numbers
from the interval [0,1]. Then the following statements are equivalent:
a) For any real numbers 0 S a S b S 1,

lim |{i| 1 S i S n, a,-, E [a,b]}|
n—mo n

=b—a;

b) For any continuous function f : [0,1] ——> R,

1 n 13530 again) = [0 mm;
c) For any positive integer r 2 1,

lim——2 ez'mak—— 0.
n—)oo n

In this case we will say that the sequence is equidistributed.

Proof. We will present just a sketch of the solution, but containing all the
necessary ingredients. First, we observe that a) says precisely that b) is true
for the characteristic function of any subinterval of [0,1]. By linearity, this
remains true for any piecewise constant function. Now, there IS a well-known
and easy to verify property of continuous functions: they can be uniformly
approximated with piecewise constant functions. That is, given 6 > 0, we
can find a piecewise constant function 9 such that |g(a:) — f(a:)| < e for all
at e [0, 1]. But then if we write

1 " 1Eéflafl—fo noda- < 1 n 1_ 5; Mai) - 9(ai)l + [0 WE) —g(m)1dw
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+
n 1figment) — f0 g<z)dm

and apply the result in b) for the function 9, we easily deduce that b) is
true for any continuous function. The fact that b) implies c) is immediate.
More subtle is that b) implies a). Let us consider the subinterval I = [0,, b]
with 0 < a < b < 1. Next, consider two sequences of continuous functions

k
otherwise), while 9;, has “the same” properties but is greater than or equal to
A; (the characteristic function of I = [a, b]). Therefore

1" iISiSn,a-€a,b 1'”
nkWflsHl n 1 [ ]}|S;;9k(aj)-

fk, 9;, such that fk is zero on [0, a], [b, 1] and 1 on [a + l, b — i (being affine

But from the hypothesis,

n 1ligmajpfo fk(m)dx=b—a—%
and

1 n 1 1
— 29140;) —>/ gk(z)dx = b — a + —.n j=1 0 k

Now, let us take 5 > 0 and k sufficiently large. The above inequalities show
that actually for all sufficiently large positive integers n

|{i| 1 S 2' S n, a.- E [a,bl}l
n

—b+a £25

and the conclusion follows. You have already seen how to adapt this proof for
the case a = O or b = 1. Finally, let us prove that c) implies b). Of course, a
linearity argument allows us to assume that b) is true for any trigonometric
polynomial. Because any continuous function f : [0,1] —> R satisfying f(0) =
f(1) can be uniformly approximated by trigonometric polynomials (this is
a really nontrivial result due to Weierstrass), we deduce that b) is true for



356 15. DENSITY AND REGULAR DISTRIBUTION

continuous functions f for which f(0) = f(1) Now, given a continuous f :
[0,1] —) 1R , it is immediate that for any a > 0 we can find two continuous
functions 9, h, both having equal values at 0 and 1 and such that

1
”(93) — 9(11)! S h(a:) and f0 h(a:)d:1: S 5.

Using the same arguments as those used to prove that b) implies a), one can
easily see that b) is true for any continuous function. E!

Before presenting the next problem, we need another definition: we say that
the sequence (010721 is uniformly distributed mod 1 if the sequence of fractio-
nal parts of an is equidistributed. We invite the reader to find an elementary
proof for the following problem in order to appreciate the power of Weyl’s
criterion. So, here is the classical example.

Let a be an irrational number. Then the sequence (na)n21 is
uniformly distributed mod 1.

Solution. Well, after so much work, you deserve a reward: this is a simple
consequence of Weyl’s criterion. Indeed, it suffices to prove that c) is true,
which reduces to proving that

n—)oo ’n,

1 n

lim — Z em?“ = 0
16:1

for all integers p 2 1. But this is just a geometric series!!! A one-line compu-
tation shows that (15.1) is satisfied and thus we obtain the desired result.

It is probably time to solve the problem mentioned at the very beginning of
this note: how to compute the density of those numbers n for which 2” begins
with (for example) 2006. Well, again a reward: this is going to be equally easy
(of course, you need some rest before looking at some deeper results).
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What is the density of the set of positive integers n for which
2” begins with 2006?

Solution. 2” begins with 2006 if and only if there is a p 2 1 and some digits
a1,a2,...,ap E {0,1,...,9} such that 2” = 2006a1a2...a.p, which is clearly
equivalent to the existence of p Z 1 such that

2007 - 10” > 2" 2 2006-10”.

This can be rewritten as

log 2007 + p > n log 2 2 log 2006 + p,

implying |_n log 2] = p + 3. Hence log 38—33 > {n log 2} > log % and the
density of our set is the density of the set of positive integers n satisfying

20062007log1—--000 > {nlog2} >log—1000.

From Example 8, the last set has density log % and this IS the answer to
our problem.

We saw a beautiful proof of the fact that if a is irrational, then (na)n21 is
uniformly distributed mod 1. Actually, much more is true, but this is also much
more difficult to prove. The following two examples are important theorems.
The first is due to Van der Corput and shows how a brilliant combination of
algebraic manipulations and Weyl’s criterion can yield difficult and important
results.

Let (sun) be a sequence of real numbers such that the se-
quences (wn+p — xn)n21 are equidistributed for all p 2 1.
Then (23“) is also equidistributed.

[Van der Corput]
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Solution. This is not an Olympiad problem!!! But mathematics is not just
about Olympiads and from time to time (in fact, from a certain time on) one
should try to discover what is behind such great results. This is the reason we
present a proof of this theorem based on a technical lemma of Van der Corput,
which turned out to be fundamental in studying exponential sums.

Lemma 15.2 (Van der Corput). For any complex numbers 21, 22, . . . , 2n and
any h E {1, 2, . . . ,n}, the following inequality is true (with the convention that
z,- = 0 for any integeri not in {1,2, . . .,n}):

n

2%
i=1

2 n—rh—l n
g (n + h — 1) [2:01 — r)Re (2am) + h: W]-

r=1 i=1 i=1

h2

Proof. The simple observation that

n n+h—1h—1hzzi= z 2
i=1 i=1 j=0

allows us to write (via Cauchy Schwarz’s inequality):

2 n+h—1 h—1 2
S (n+h-1) Z Zzi—j

j=0.=1

n

h2 221;

1:1

n+h— 1 h— 1 2

And next? Well, we expand Z Z zi_j and see that it is nothing other
i=1 j=0

than
n—rh—l n

2 20; — r)Re (2am) + hz m2.
r=1 i=1 i=1

We will now prove Van der Corput’s theorem, by using this lemma and Weyl’s
criterion.
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Of course, the idea is to show that

lim—12:1: e2i1rpzk=
n—mo n

for all p _>_ 1. Fix such a p and take for the moment a positive real number h
and s e (0, 1) (h may depend on 5). Setting Zj = ez’m’zi , we have

2
1 n 1 n+h—
EZZJ' S;' —2—1 hn +2210]. —z)Re :21" Zi+j

j=1 i=1

Now, observe that

71—: n—z' n—i
Re 2 Zj _ m = Re 2 e2i1rp(:Bj—zi+j) S E €2i1l'p(mj—$¢+j) .

'— j=1 j=1

Using Weyl’s criterion for the sequences (mm..- — xn)n21 for 2' = 1, 2, . . . , h — 1,
we deduce that for all sufficiently large n we have

n—z’
Z: 82mph, —mi+j) S 8n.

i=1
Therefore

1 n+h—
_izjz S_2 h—2

h_1

hn + 2811,20). — 0]
i=1

2(1 + a)n + h — 1 2< nh (1 + a) < h <

. 2(1 + 6)
for n large enough. Now, by choosmg h > 2 , we deduce that for all
sufficiently large n we have

1 n
5223' SE.

Hence Weyl’s criterion is satisfied and thus (2n)n21 is equidistributed. El
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This was surely the most difficult result of this chapter, but why not take
one more step once we are already here? Let us prove the following weaker
(but as the reader will probably agree, absolutely nontrivial) version of a
famous theorem of Weyl. It is related to the equidistribution of the sequence
(f (12))“21 where f is a real polynomial having at least one irrational coefficient
other than the constant term. We will not prove this here, but focus on the
following result.

‘ If f is a polynomial with real coefficients and irrational lear
ding coeflicient, then the sequence (f(n))n21 is equidistribu-
ted.

[Weyl]

Solution. You have probably noticed that this is an immediate consequence of
Van der Corput’s theorem (but just imagine the amount of work done to arrive
at this conclusion!!!): the proof by induction is immediate. Indeed, if f has
degree 1, then the conclusion is clear (see example 5). Now, if the result holds
for polynomials of degree at most k, it suffices (by Van der Corput’s theorem)
to prove that for all positive integers p, the sequence (f(n + p) — f(71))”21 is
equidistributed. But this is exactly the induction hypothesis applied to the
polynomial f(X + p) — f(X) (whose leading coefficient is clearly irrational).
The proof by induction finishes here.

The solution of the following problem, which is a consequence of Weyl’s crite-
rion, is due to Marian Tetiva:

If a is an irrational number and P is a nonconstant polyno-
mial with integer coefficients, then there are infinitely many
pairs (m, n) of integers such that P(m) = Lnozj.

[H. A. ShahAli]

Solution. Of course, we can assume that a > 0. If a < 1, no heavy mar
chinery is required: all we need is to note that for all integers m the interval
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(flag), W) has length greater than 1, thus it contains an integer nm.
It is clear that a - a] = P(m), so we have infinitely many solutions (at
least one for each m). The difficult part is when a > 1. Let us consider
,3 = fi. By a well-known result of Beaty, the sets A = {Lnaj | n 2 1} and
B = {Lnflj | n 2 1} give a partition of the set of positive integers. A second
of observation shows that it is enough to prove the statement for polynomials
P Whose leading coefficient is positive. Thus starting from a certain point me,
P(m) is a positive integer, thus belonging to A or to B. Suppose that the
equation P(m) = [nod has finitely many solutions, that is for all sufficiently
large m, P(m) E B. Hence for some N we have the existence of a sequence
of positive integers (nm)m>N such that P(m) = aflj. This clearly implies
[#J = nm —— 1, that is the fractional part of £1322 is in (1 — %,1) for all
sufiiciently large m. Or, éP clearly satisfies the conditions of Weyl’s criterion,

so the sequence of fractional parts of 5%) is dense in [0,1], which is impos-

sible, because all but finitely many terms are in (1 — %, 1). This finishes the
proof of the case a > 1 and ends the solution.
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15.2 Practice problems

1. Let 21,22, . . . ,2” be arbitrary complex numbers. Prove that for any
5 > 0 there are infinitely many positive integers n such that

8+ fl |zic + z; + - - ~ + zlfil > max{|21|, |22|, . . . , Ia}.

2. (a) Prove that for any real number :1: and any positive integer N one
1can find integerspand q such that 0 < q S N and |q$—p| g N + 1.

(b) Suppose that a is a divisor of a number of the form n2 + 1. Prove
that a is a sum of two squares of integers.

3. Compute sup min lp—q\/§| .
n21 1).q

+q=n

Putnam Competition

4. Is it true that for any irrational number a: the sequence ({10”a:})n is
equidistributed in [0, 1]?

5. Prove that by using different terms of the sequence [n2 2006_| one can
construct geometric sequences of any length.

6. Does the sequence sin(n2) + sin(n3) converge?

Gabriel Dospinescu

7. A flea moves in the positive direction of an axis, starting from the origin.
It can only jump over distances equal to \/§ and V2005. Prove that
there exists an no such that the flea Will be able to arrive in any interval
[n,n + 1] for each n 2 no.

IMAR Contest 2005
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10.

11.

12.

13.

. Let x > 1 be a real number and an = [33"]. Can the number S =
0.a1a2a3... be rational? The expansion is formed by writing down the
decimal digits of a1, a2, in turn.

Mo Song-Qing, AMM 6540

. Let (1 7E 0 be a rational number and b an irrational number, then the
sequence nb Lnaj is uniformly distributed mod 1. What if a is irrational?

L.Kuipers

Prove that the sequence of the first digit of 2" + 3” is not periodical.

Tuymaada Olympiad

Let a, b be positive real numbers such that {na} + {nb} < 1 for all n.
Prove that at least one of them is an integer.

Let a, b, c be positive real numbers. Prove that the sets A = {Lnaj | n 2
1}, B = {Lnbj | n 2 1}, C’ = {aj In 2 1} cannot form a partition of
the set of positive integers.

Putnam Competition

Suppose that f is a real, continuous, and periodical function such that
n

the sequence (2w is bounded. Prove that f(k) = 0 for all
k=1 n21

positive integers k. Give a necessary and sufficient condition ensuring
|f(k)|n

the existence of a constant c > 0 such that ZT > clnn for all n.
k=1

Gabriel Dospinescu



364 15. DENSITY AND REGULAR DISTRIBUTION

14.

15.

16.

17.

(a) Let f be a polynomial with integral coefl‘icients and let a be a
positive irrational number. Can we have

f(N) C {[nalln Z 1}?

(b) Is it true that any set of positive integers with positive density
contains an infinite arithmetical sequence?

Let 1:1, 2:2, . .. be a sequence of numbers in [0, 1) such that at least one
of its sequential limit points is irrational. For 0 S a < b S 1, let
Nn(a, b) be the number of n—tuples (a1,a2, . . . ,an) e {:lzl}" such that
{(11:31 +a2x2 +- - - + anxn} e [a, b). Prove that MES—’1’) converges to b — 0..

Andrew Odlyzko, AMM 6542

Let n e N and let 0 S a1 S (12 SS an S 71' and b1,b2,...,bn be
nonnegative real numbers such that

n 1
|Zbicos(ka¢)| < E
2:1

for all positive integers k. Prove that bl = b2 = - -- = bn = 0

Bulgarian TST

Let n be a positive integer. Prove that there exists a > 0 such that for
any positive real numbers a1, a2, . . . , a" there exists t > 0 such that

{ml}, {tag}, . . . , {tan} 6 (a, g) .

St. Petersburg 1998
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18. Let x be a real number. Prove the existence of a constant c > 0 with the
following property: for any n 2 1 there exists a natural number k S n
such that

log n
{/7740:22:, Z) s c-

where d(a, Z) = minnez la — nl.

19. For a real number :13, prove the equivalence of the following statements:

(a) For any a > 0 there exists a sequence (an)n such that |an — n| S a
for all n and such that (517%)” is equidistributed modulo 1.

(b) .1: is transcendental.

Yves Meyer
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16.1 Theory and examples
Problems about the sum of the digits of a positive integer often occur in
mathematical contests because of their difficulty and lack of standard ways
to tackle them. This is why a synthesis of the most frequent techniques used
in such problems is useful. We have selected several representative problems-
to illustrate how the main results and techniques work and why they are so
important.
We will only work in base 10 and will denote the decimal sum of the digits of
the positive integer a: by s(.7:). The following “formula” can be easily checked:

From (16.1) we can deduce immediately some well-known results about s(n),
such as s(n) E 72. (mod 9) and s(m + n) S 3(m) + 3(n). Unfortunately, (16.1)
is a clumsy formula, which can hardly be used in applications. On the other
hand, there are several more or less known results about the sum of the digits,
results which may offer simple ways to attack harder problems.
The easiest of these techniques is probably just the careful analysis of the
structure of the numbers and their digits. This can work surprisingly well, as
we will see in the following examples.

Prove that among any 79 consecutive numbers, we can choose
at least one whose sum of digits is a multiple of 13.

Baltic Contest 1997

Solution. [Adrian Zahariuc] Note that among the first 40 numbers, there are
exactly four multiples of 10. Also, it is clear that the next to last digit of one
of them is at least 6. Let a: be this number. Clearly, m, a: + 1,..., :r. + 39 are
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among our numbers, so s(m), s(cc) + 1, ..., s(cc) + 12 occur as sums of digits in
some of our numbers. One of these sums is a multiple of 13 and we are done.

We will continue with two harder problems, which still do not require any
special result or technique.

. Find the greatest N for which there are N consecutive posi-
tive integers such that the sum of digits of the k—th number is
divisible by k, for k = 1,2, ...,N.

Tournament of Towns 2000

Solution. [Adrian Zahariuc] The answer, which is not trivial at all, is 21.
The main idea is that among s(n + 2), s(n + 12) and s(n + 22) there are two

consecutive numbers, which is impossible since all of them should be even.
Indeed, we carry over at a + 10 only when the next to last digit of a is 9,
but this situation can occur at most once in our case. So, for N > 21, we
have no solution. For N = 21, we can choose N + 1, N + 2,..., N + 21, where
N = 291 - 1011! — 12. For i = 1 we have nothing to prove. For 2 g i g 11,
s(N+z') =2+9+0+9(11!—1)+z’—2 =z'+9-11! while for 12 S 2' S 21,
s(N + i) = 2 + 9 + 1 + (i - 12) = i, so our numbers have the desired property.

How many positive integers n S 102005 can be written as the
sum of two positive integers with the same sum of digits?

[Adrian Zahariuc]

Solution. Answer: 102005 — 9023. At first glance, it is seemingly impossible
to find the exact number of positive integers with this property. In fact,
the following is true: a positive integer cannot be written as the sum of two
numbers with the same sum of digits if and only if all of its digits except for
the first are 9 and the sum of its digits is odd.
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Let n be such a number. Suppose there are positive integers a and b such that
n = a+b and 5(a) = s(b). The main fact is that when we add a+b = n, there
are no carry overs. This is clear enough. It follows that 3(n) = 8(a) + 3(b) =
28(a), which is impossible since 5(n) is odd.
Now we will prove that any number n which is not one of the numbers above,
can be written as the sum of two positive integers with the same sum of digits.
We will start with the following:

Lemma 16.1. There is a S n such that 3(a) E s(n — a) (mod 2).

Proof. If s(n) is even, take a = 0. If s(n) is odd, then n must have a digit
which is not the first one and is not equal to 9, otherwise it would have one of
the forbidden forms mentioned in the beginning of the solution. Let c be this
digit and let p be its position (from right to left). Choose a = 10p‘l(c + 1).
In the addition a + (n — a) = n there is exactly one carry over, so

s(a)+s(n—a)=9+s(n)EOmod2=>s(a)Es(n—a)mod2

which proves our claim. El

Back to the original problem. All we have to do now is take one-by—one a
“unit” from a number and give it to the other until the two numbers have the
same sum of digits. This will happen because they have the same parity. So,
let us do this rigorously. Set

a=a1a2...ak, n—a.=b1b2---bk.

Let I be the set of those 1 g i g k for which a,- + b,- is odd. The lemma shows
that the number of elements of I is even, so it can be divided into two sets
with the same number of elements, say Il and 12. For 2' = 1,2, ..., k define
A,=&i;r—bi ifi¢I, age—1 ifiell or mgr—1 ifz'eI2 and B,=a,-+b..~—A,-.
It is clear that the numbers

A = ——A1A2...Ak, B = _3132...Bk
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have the properties 3(A) = 3(3) and A + B = n. The proof is complete.

We have previously seen that s(n) E n (mod 9). This is probably the most
well—known property of the function 3 and it has a series of remarkable ap-
plications. Sometimes it is combined with simple inequalities such as s(n) S
9([log n] + 1). Some immediate applications are the following:

Find all n for which one can find a and b such that

5(a) = s(b) = 3(a. + b) = n.

[Vasile Zidaru, Mircea Lascu]

Solution. We have a E b '=‘ a + b E n (mod 9), so 9 divides n. If n = 9k, we
can take a = b = 10"— 1 and we are done, since s(10"— 1) = 3(2-10k—2) = 9k.

Find all the possible values of the sum of the digits of a perfect
square.

Iberoamerican Olympiad 1995

Solution. What does the sum of the digits have to do with perfect squares?
Apparently, nothing, but perfect squares do have something to do with re-
mainders mod 9. In fact, it is easy to prove that the only possible values of
a perfect square mod 9 are 0, 1, 4 and 7. So, we deduce that the sum of the
digits of a perfect square must be congruent to 0, 1, 4, or 7 mod 9. To prove
that all such numbers work, we will use a small and very common (but worth
remembering!) trick: use numbers that consist almost only of 9-s. We have
the following identities:

2 _ 2 _99...99 _ 99...99800...00 1 => s(99...99 ) _ 9n
n n-1 11—] n
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2 _ 2 _99...99 1 _ 99...99 82 00.00 81 => s(99..99 1 ) _ 9n + 1
71-1 11—2 11—2 11—1

2 _ 2 _99...?92 — 99...:9 8400...:0 64 : s(99..£1992 ) — 9n + 4
n" n— n— n-

2 _ 2 _99...994 — 99...99 88 00...00 36 => s(99..994 )— 9n + 7
11—1 11—2 n—2 n—1

and since 8(0) = 0, 3(1) = 1, 3(4) = 4 and 3(16) = 7 the proof is complete.

Compute s(s(s(44444444))).

IMO 1975

Solution. Using the inequality s(n) g 9( |_log n] + 1) several times we have

3(44444444) g 9( [10g 44444444] + 1) < 9 - 20000 = 180000;

s(s(44444444)) g 9( [log 3(44444444)j + 1) g 9(log 180000 + 1) g 63,
so s(s(s(44444444))) S 14 (indeed, among the numbers from 1 to 63, the maxi-
mum value of the sum of digits is 14). On the other hand, s(s(s(n))) E
s(s(n)) E s(n) E n (mod 9) and since

44444444 a 74444 = 7-73'1481 2 7(mod9),

the only possible answer is 7.
Finally, we present two beautiful problems which appeared in the Russian
Olympiad and, later, in Kvant.

Prove that for any N there is an n 2 N such that 3(3") 2
s(3n+1).
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Solution. Suppose by way of contradiction that there is an N 2 2 such that
s(3"+1) — 3(3") > 0 for all n 2 N. But, for n 2 2, s(3“+1) — 3(3") 5 0
(mod 9), so s(3”+1) — 3(3") 2 9 for all n 2 N. It follows that

En: (S (3k+1) — s (376)) Z 9(n _ N) => 3(3n+1) 2 9(n _ N)

k=N+1

for all n 2 N + 1. But 5(3"+1) g 9(|_log3”+1_| + 1), so 9n — 9N g 9 + 9(n+
1) log 3, for all n 2 N + 1. This is obviously a contradiction.

" Find all positive integers k for which there exists a positive

constant C], such that $52 2 C], for all positive integers N.
For any such k, find the est ck.

[I. N. Bernstein]

Solution. It is not difficult to observe that any k of the form 2" - 5‘1 is a
solution of the problem. Indeed, in that case we have (by using the properties
presented in the beginning of the chapter):

3(N) = 3(1or+qN) s 3(2‘1-5")s(kN) = isflcN)

where clearly ch = 32:75 is the best constant (we have equality for N =
2‘1 - 5').
Now, assume that k = 2’ - 5‘1 - Q with Q > 1 relatively prime to 10. Let m =
<p(Q) and write 10'" — 1 = QR for some integer R. If Rn = R(1 + 10'” + - - - +
10m("‘1)) then 10””‘-— 1 = QR” and so s(Q(Rn+1)) = s(10m”+Q—1) = 3(Q)
and 3(1i’,n + 1) Z (n — 1)s(R) (note than the condition Q > 1, which is the
same as R < 10'" — 1, is essential for this last inequality, because it guarantees
that R + 1 has at most m digits and thus when adding R + 1 and 10m - R,
we obtain the digits of R followed by the digits of R + 1; if we proceed in the
same manner for each addition, we see that Rn + 1 has among its digits at
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least n — 1 copies of the sequence of digits of R). By taking 17. sufficiently large,
we conclude that for any 6 > 0 there exists N = Rn + 1 such that

s<2r - seem) <3(kN) e
(n — 1)s(R) '5(N) S

This shows that the numbers found in the first part of the solution are the
only solutions of the problem.

If so far we have studied some remarkable properties of the function 3, which
were quite well-known, it is time to present some problems and results which
are less familiar, but interesting and hard. The first result is the following:

Lemma 16.2. If 1 S m S 10", then s(a:(10" — 1)) = 9n.

Proof. The idea is very simple: all we have to do is write x =mwith
aj 75 0 (we can ignore the trailing 0’s of x) and note that

a:(10” — 1) = alag...aj_1(a,j — 1) 99...99(9 — a1)...(9 — aj_1)(10 — aj),
n—J

which obviously has the sum of digits equal to 9n. El

The previous result is by no means hard, but we will see that it can be the
key in many situations. A first application is:

. Evaluate 3(9 - 99 - 9999 - - 99.2;99).

USAMO 1992
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Solution. The problem is trivial if we know the previous result. We have

N = 9 - 99 - 9999 . - 99...99 < 101+2+"'+2"‘1 < 102" — 1
2n— 1

_ . nso 3(99;99 N) — 9 2 .

However, there are very hard applications of this apparently unimportant re-
sult, such as the following problem.

Prove that for each 72 there is a positive integer with n nonzero
digits, that is divisible by the sum of its digits.

IMO 1998 Shortlist

Solution. Just to assure our readers that this problem did not appear on
the IMO Shortlist out of nowhere, such numbers are called Niven numbers
and they are an important research source in number theory. Now, let us
solve it. We will see that constructing such a number is difficult. First, we
will dispose of the case n = 3", when we can take the number 11...11 (it can

3k

be easily proved by‘ induction that 3k+2|103k — 1). From the idea that we
should search numbers with many equal digits and the last result, we decide
that the required number p should be of the form aa...aab - (10t —- 1), with

8

aa...aab S 10t — 1. This number has 8 + t + 1 digits and its sum of digits is
3

9t. Therefore, we require 3 + t = n — 1 and 9t| aa...a.ab- (10’ — 1). We now
8

use the fact that if t is a power of 3, then 9t|10t — 1. So, let us take t = 3"
where k is chosen such that 3" < n < 3"“. If we also take into account the

. . t _ . . . = 3 _ ‘condition aa...aab S 10 1, it is natural to plck p 11...11 2(10 1) when
3 n—3k—1

n g 2 - 3k and p = 22...22(102-3’° — 1) otherwise.
2.31:
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We continue our investigations of finding suitable techniques for problems in-
volving sum of digits with a very beautiful result, which has several interesting
and difficult consequences.

Lemma 16.3. Any multiple of 99...99 has sum of its digits at least 9k.
k

Proof. We will use the extremal principle. Suppose by way of contradiction
that the statement is false, and take M to be the smallest multiple of a, such
that s(M) < 9k, where a = 99...99. Clearly, M > 10k, hence M =W,

k
with p Z k and up 75 0. Take N = M — lop-ha, which is a multiple less than
M of a. We will prove that s(N) < 9k. Observe that

N = M—101’+10P"° = (up—1)-10P+a,,_110"‘1+- - .+(a,,_,,+1)101’"“+- - -+a,0,

so that we can write

s(N)gap—1+a,,_1+---+(ap_,,+1)+-~+ao=s(M)<9k.

In this way, we contradict the minimality of M and the proof is completed.
B

We will show three applications of this fact, which might seem simple, but
seemingly unsolvable without it. But before that, let us insist a little bit on a
very similar (yet more difficult) problem proposed by Radu Todor for the 1993
IMO: if b > 1 and a is a multiple of b” — 1, then a has at least n nonzero digits
when expressed in base b. The solution uses the same idea, but the details
are not obvious, so we will present a full solution. Arguing by contradiction,
assume that there exists A, a multiple of b" — 1 with less than n nonzero digits
in base b, and among all these numbers consider that number A with minimal
number of nonzero digits in base b and with minimal sum of digits in base b.
Suppose that a has exactly 3 nonzero digits (everything is in base b) and let
A = alb’” +a2b"2 + - - .441s with m > n2 > -~ > n3. We claim that s = n.
First of all, we will prove that any two numbers among n1,n2, ...,n, are not
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congruent mod n. It will follow that s S n. Indeed, if n, E 72,- (mod n) let
0 S r S n — 1 be the common value of n; and nj modulo n. The number
B = A -— 04b"i — ajbnj + (a,- + aj)b”"1+' is clearly a multiple of b" — 1. If
ai + aj < b then B has 3 — 1 nonzero digits, which contradicts the minimality
ofs. SobSai+aj <2b. Ifq=a¢+aj—b, then

B = bnn1+r+1 + qbnn1+r + 0.1a + _ _ . + ai_1b""—1

+4531 + . . . + aj_1bnj—1 + aj+1bnj+1 + . . . + asbn".

Therefore the sum of digits ofB in base b is a1+a2+- - -+a5+1+q— (ai+aj) <
0.1 + a2 + + as. This contradiction shows that n1,n2, ...,n3 give distinct
remainders r1,r2, ...,'r's when divided by n. Finally, suppose that s < n and
consider the number 0' = a1 b'1 + - - -+ asb”. Clearly, C is a multiple of b“ — 1.
But 0 < b" — 1! This shows that s = n and finishes the solution.

Prove that for every k, we have

. s(n!) _
73520W— °°'

Solution. Due to the simple fact that 10L1°g "1 — 1 S n => 10L1°g "J — 1|n!, we
have s(n!) 2 [log n] , from which our conclusion follows.

Let S be the set of positive integers whose decimal represen-
tation contains at most 1988 ones and the rest zeros. Prove
that there is a positive integer which does not divide any
element of S.

Tournament of Towns 1988

Solution. Again, the solution follows directly from our result. We can choose
the number 101989 — 1, whose multiples have sum of digits greater than 1988.
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Prove that for each R: > 0, there is an infinite arithmetical
progression with a common difference relatively prime to 10,
such that all its terms have the sum of digits greater than k.

IMO 1999 Shortlist

Solution. Let us remind you that this is the last problem from IMO 1999
Shortlist, so it is one of the hardest. The ofl‘icial solution seems to confirm
this. But, due to the above lemma we can chose the sequence an = n(10'"' — 1),
where m > k and we are done.

Now, as a final proof of the utility of these two results, we will present a hard
problem from the USAMO.

Let n be a fixed positive integer. Denote by f(n) the smallest
k for which one can find a set X of 72. positive integers with
the property

3 (Z :12) = k
263’

for all nonempty subsets Y of X. Prove that

01 logn < f(n) < Cglogn

for some constants 0'1 and 02.

[Titu Andreescu, Gabriel Dospinescu] USAMO 2005

Solution. We will prove that

Llog(n + m s f(n) 5 910g PEP + 1] ,
which is enough to establish our claim. Let Z be the smallest integer such that

n(n + 1)l —1>10 _ 2
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Consider the set X = {j(10’ — 1) : 1 S j 5 n}. By the previous inequality
and our first lemma, it follows that

sag/11:) = 91

for all nonempty subsets Y of X, so f(n) 3 9i, and the upper bound is proved.
Now, let m be the greatest integer such that n 2 10m — 1. We will use the
following well-known lemma:

Lemma 16.4. Any set M = {a1,a2,...,am} has a nonempty subset whose
element sum is divisible by m.

Proof. Consider the sums a1, a1 +a2, ... , a1 +a2 + - - - +am. If one of then is a
multiple of m, them we are done. Otherwise, there are two of them congruent
mod m, say the i—th and the j-th. Then, m|a¢+1 + ai+2 + - - - + (1,“ and we are
done. III

From the lemma, it follows that any n-element set X has a subset Y whose
element sum is divisible by 10"” — 1. By our second lemma, it follows that

3(295) Zm=>f(n)2m,
IEY

and the proof is complete.

The last solved problem is one we consider to be very hard, and which uses
different techniques than the ones we have mentioned so far.

Let a and b be positive integers such that s(a.n) = s(bn) for
all n. Prove that log% is an integer.

[Adrian Zahariuc, Gabriel Dospinescu]



THEORY AND EXAMPLES 381

Solution. We start with an observation. If gcd(max{a, b}, 10) = 1, then the
problem becomes trivial. Indeed, suppose that a = max{a, b}. Then, by
Euler’s theorem, a|10¢<a> — 1, so there is an n such that an = 10““) — 1, and
since numbers consisting only of 9—5 have a digit sum greater than all previous
numbers, it follows that an = bn, so a = b. Let us now solve the harder
problem. For any It 2 1 there is an nk such that 10’“ S ank g 10’“ + a — 1. It
follows that s(ank) is bounded, so s(bnk) is bounded. On the other hand,

10k9 3 bnk < 10kg +b,
a a

so, for sufficiently large k, the first p nonzero digits of g are exactly the same
as the first p digits of bnk. This means that the sum of the first p digits of
g is bounded, which could only happen when this fraction has finitely many
decimals. Analogously, we can prove the same result about 55". Let a = 2359m
and b = 2‘5tm’, where gcd(m, 10) = gcd(m’, 10) = 1. It follows that mlm’
and m’lm, so m = m’. Now, we can write the hypothesis as

8(2z5umn2c'356"y) = 3(2z5ymn2c‘”5°‘y) = s(mn)

for all c 2 max{x,y}. Now, ifp = maa:{z+c-—:v,u+c- y} —min{z+c—~
2:,u + c — y}, we find that there is a k 6 {2,5} such that s(mn) = 3(mkpn)
for all positive integer n. It follows that

s(mn) = s(kpmn) = 3(k2pmn) = s(k31’mn) =

Let t = a.", so logt E R — Q unless p = 0. Now, we will use the following:

Lemma 16.5. If logt 6 1R — Q, then for any sequence of digits, there is a
positive integer n such that tnm starts with the selected sequence of digits.

Proof. If we prove that {{log t"m}|n 6 2"} is dense in (0, 1), then we are done.
But log tnm = nlogt + m and by Kronecker’s theorem {{n log t}|n 6 2+} is
dense in (0,1), so the proof of the lemma is complete. El

The lemma implies the very important result that s(t"m) is unbounded for
p 7E 0, which is a contradiction. Hence p = 0 and 2 +0 — a: = u+ c — y, so
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a = 10m‘zb. The main proof is complete. This problem can be nicely extended
to any base. The proof of the general case is quite similar, although there are
some very important differences.

The aforementioned methods are just a starting point in solving such problems
since the spectrum of problems involving the sum of the digits is very large.
The techniques are even more useful when they are applied creatively.
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16.2 Practice problems

1. We start with an even perfect number (which is equal to the sum of its
divisors, except itself) different from 6 and calculate its sum of digits.
Then, we calculate the sum of digits of the new number and so on. Prove
that we will eventually get 1.

Prove that for any positive integer n there are infinitely many numbers
m not containing any zero, such that s(m) = 307171).

Russian Olympiad 1970

Prove that among any 39 consecutive positive integers there is one whose
digit sum is divisible by 11.

Russian Olympiad 1961

Prove that 10

n21 n(n + )

0. Shallit, AMM

Are there positive integers n such that s(n) = 1000 and s(n2) = 1000000?

Russian Olympiad 1985

Prove that there are infinitely many positive integers n such that n is
relatively prime to 10 and

s(n) + 3(n2) = s(n3).

Gabriel Dospinescu
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10.

11.

12.

13.

If s(n) = 100 and 3(44n) = 800, find s(3n).

Rusia 1999

Let a and b be positive real numbers. Prove that the sequence 3( Lan+bj)
contains a constant subsequence.

Laurentiu Panaitopol, Romanian TST 2002

Are there arbitrarily long arithmetic sequences whose terms have the
same digit sum? What about infinite arithmetic sequences?

Let a, be a positive integer such that 3(a" + n) = 1 + 8(n) for any
sufficiently large n. Prove that a is a power of 10.

Gabriel Dospinescu

Are there polynomials p E Z[X] such that

lim s(p(n)) = 00?
71—)00

Let a, b, c, d be prime numbers such that 2 < a S c and a 76 b. Suppose
that for sufficiently large n, the numbers an+ b and cn+d have the same
digit sum in any base between 2 and a — 1. Prove that a = c and b = d.

Gabriel Dospinescu

Let S be a set of positive integers such that for any a e R — Q, there is
a positive integer n such that Lanj e S. Prove that S contains numbers
with arbitrarily large digit sum.

Gabriel Dospinescu
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14.

15.

16.

17.

18.

19.

20.

21.

Prove that the sequence fig}; is unbounded.

Prove that there is a constant c > 0 such that 3(2") 2 clnn for all n.

Schinzel

Prove that there are arbitrarily long sequences of consecutive numbers
which do not contain any Niven numbers.

Mathlinks Contest

Let a, b, c, d be prime numbers such that 5 < a S c and (1 7E b. If
s(an + b) = s(cn + d) for all sufficiently large n, then a = c and b = d.

Richard Stong

Let k be a positive integer. Prove that there is a positive integer m such
that the equation n + s(n) = m has exactly k solutions.

Mihai Manea, Romanian TST 2003

Let 1:", be a strictly increasing sequence of positive integers such that
02(zn) — 12501:”) has the limit 00 or —00. Prove that s(a:n) tends to co.

Bruno Langlois

Is there an infinite arithmetic sequence which contains no Niven number?

Gabriel Dospinescu

Prove that the sum of digits of 9" is greater than 9 for n > 2.

Mark Sapir, AMM
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22. Is there an increasing arithmetic sequence with 10000 terms such that
the digit sum of its terms forms again an increasing arithmetic sequence?

Tournament of the Towns

23. A number m is called special if there is no k such that k + 3(k) = m.
Prove that there are infinitely many special numbers of the form 10" + b
if and only if b — 1 is special.

Christopher D. Long

24. Prove that there exists a constant C such that for all N, the number of
Niven numbers smaller than N is at most CW.
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17.1 Theory and examples
“Olympiad problems can be solved without using concepts from analysis (or
linear algebra)” is a sentence often heard when talking about problems given
at various mathematics competitions. This is true, but the essence of some of
these problems lies in analysis, and this is the reason that such problems are
always the highlight of a contest. Their elementary solutions are very tricky
and sometimes extremely difficult to design, while when using analysis they
can fall apart rather quickly. Well, of course, “quickly” only if you see the
right sequence (or function) that hides behind each such problem. Practically,
in this chapter our aim is to exhibit convergent integer sequences. Clearly,
these sequences must eventually become constant, and from here the problem
becomes much easier. The difficulty lies in finding those sequences. Some-
times this is not so challenging, but most of the time it turns out to be a
very difficult task. We develop skills in “hunting” for these sequences first by
solving some easier questions, and after that we tackle the real problem.

As usual, we begin with a classical and beautiful problem, which has many
applications and extensions.

Let f,g e Z[X] be two nonconstant polynomials such that
f(n)|g(n) for infinitely many n. Prove that f divides g in
0l-

Solution. Indeed, we need to look at the remainder of 9 when divided by
f in Q[X]. Let us write 9 = f - q + 7', were q,'r are polynomials in Q[X]
with deg'r < deg f. Now, multiplying by the common denominator of all
coefficients of the polynomials q and 'r, the hypothesis becomes: there exist
two infinite integer sequences (0107121, (bn)n21 and a positive integer N such

that b = N rm")
f(an)

are only finitely many, so for n large enough, an is not a zero of f). Because
7(an)
f(an)

(we could have some problems with the zeros of f, but they

degr < deg f, it follows that -) 0, thus (bn)n21 is a sequence of integers
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that converges to 0. This implies that this sequence will eventually become
the zero sequence. Well, this is the same as r(a,,,) = 0 from a certain point
no, which is practically the same as 1' = 0 (do not forget that any nonzero
polynomial has only finitely many zeros). The problem is solved.

The next problem is a special case of a much more general and classical result:
if f is a polynomial with integer coefficients, k is an integer greater than 1,
and {V f(n) E Q for all n, then there exists a polynomial g E Q[X] such that
f(:6) = 95(2)). We Will not discuss here this general result (the reader will find
a proof in the chapter Arithmetic Properties of Polynomials).

Let a, b,c be integers with a sé 0 such that an2 + bn + c is
a perfect square for any positive integer n. Prove that there
exist integers a: and y such that a = :52, b = 2133;, c = y2.

Solution. Let us begin by writing an2 + bn + c = 1:3, for a certain sequence
($701121 of nonnegative integers. We would expect that can — n a converges.
And yes, it does, but it is not a sequence of integers, so its convergence is more
or less useless. In fact, we need another sequence. The easiest way is to work
with (wn+1 — xn)n21, since this sequence certainly converges to J6 (you have
already noticed why it was not useless to find that xn — n a is convergent;
we used this to establish the convergence of ($n+1 — wn)n21). This time, the
sequence consists of integers, so it is eventually constant. Hence we can find a
positive integer M such that xn+1 = 27,, + V5 for all n 2 M. Thus a must be
a perfect square, that is a = x2 for some integer (1:. A simple induction shows
that .73" = xM+(n—M)z for n 2 M and so (atM—Ma:+m:)2 = 22n2+bn+c
for all n 2 M. Identifying the coefficients finishes the solution, since we can
take y = a:M — M:3.

Even this very particular case is interesting. Indeed, here is a very nice appli-
cation of the previous problem:
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Prove that there cannot exist three polynomials P, Q, R with
integer coeflicients, of degree 2, and such that for all integers
x, y there exists an integer 2 such that P(m) + Q(y) = R(z).

Tuymaada Olympiad

Solution. Using the above result, the problem becomes straightforward. In-
deed, suppose that P(X) = aX2 + bX + c,Q(X) = dX2 + eX + f and
R(X) = mX2 + nX + p are such polynomials. Fix two integers as, y. Then
the equation m22 + n2 + p — P(m) — Q(y) = 0 has an integer solution, so the
discriminant is a perfect square. It means that m(4P(:L-) +4Q(y) —4p) +n2 is a
perfect square and this for all integers :13, y. Now, for a fixed y, the polynomial
of second degree 4mP(X) + m(4Q(y) — 4p) + n2 transforms all integers into
perfect squares. By the previous problem, it is the square of a polynomial of
first degree. In particular, its discriminant is zero. Because y is arbitrary, it
follows that Q is constant, which is not possible because deg(Q) = 2.

Another easy example is the following problem, in which finding the right
convergent sequence of integers in not difficult at all. But, attention must be
paid to details!

Let a1,a2, . . . ,ak be positive real numbers such that at least
one of them is not an integer. Prove that there exit infinitely
many positive integers n such that n and [(1a + [(1s + - - -+
[04,71] are relatively prime.

[Gabriel Dospinescu]

Solution. The solution to such a problem needs to be indirect. So, let us as-
sume that there exists a number M such that n and Lam] + Laznj +' ~ -+ [mm]
are not relatively prime for all n 2 M. Now, what are the most efficient num-
bers n to be used? They are the prime numbers, since if n is prime and it
is not relatively prime with [(1a + [(1211] + - - - + Laknj, then it must divide
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[am] + [agnj + ‘ - ' + Law]. This suggests considering the sequence of prime
numbers (pn)n21. Since this sequence is infinite, there is N such that 1),, 2 M
for all n 2 N. According to our assumption, this implies that for all n 2 N
there exist a positive integer am, such that [(11a + [(12a +- - -+ [0.1,a = :cnpn.
And now, you have already guessed what is the convergent sequence! Yes, it

[(11a + [0'2a + ' ' ' + lakpnlis (zn),,2N. This is clear, since

a1+a2+- --+ak. Thus we can find P such mail/’33,. = 0.1+ag+---+a.1c for all
n 2 P. But this is the same as {alpn} + {azpn} + - - - + {akpn} = 0. This says
that aipn are integers for all z' = 1, 2, ..., k and n 2 P and so a,- are integers for
all 72, contradicting the hypothesis.

converges to

Step by step, we start to build some experience in “guessing” the sequences.
It is then time to solve some more difficult problems. The next one may seem
obvious after reading its solution. In fact, it is just that type of problem whose
solution is very short, but difficult to find.

Let a and b be integers such that a - 2" + b is a perfect square
for all positive integers n. Prove that a = 0.

Polish TST

Solution. Suppose that a, 76 0. Then a > 0, otherwise for large values of n
the number a - 2“ + b is negative. From the hypothesis, there exists a sequence
of positive integers (xn),.21 such that 2:" = Va, - 2" + b for all n. A direct
computation shows that "151010 (223,, — 2M2) = 0. This implies the existence of
a positive integer N such that 2:0,. = zn+2 for all n 2 P. But 2:27,. = 1:”...2 is
equivalent to b = 0. Then a and 2a are both perfect squares, which is impos-
sible for a 7E 0. This shows that our assumption is wrong, and so a = O.

Schur proved that if f is a non constant polynomial with integer coefficients,
then the set of primes dividing at least one of the numbers f(1), f(2), . .. is
infinite. The following problem is an extension of this result.



THEORY AND EXAMPLES 393

Suppose that f is a polynomial with integer coefficients and
that (an) is a strictly increasing sequence of positive integers
such that a.n S f(n) for all n. Then the set of prime numbers
dividing at least one term of the sequence (an) is infinite.

Solution. The idea is very nice: for any finite set of prime numbers p1, . . . , p,
and any It > 0, we have

1
—-—-——— < 00.Z k k

(11,012," .,aN>0 plal ' ' °p1€N

Indeed, it suffices to observe that we actually have

n k

2 km——pkaN = fi 21% If: 1'
011,012,. ,aN>0 P1 m j=1 i>opk j=1 171

1
On the other hand, by taking k = W we have

2 1

,2, (f( ))’“
Thus, if the conclusion of the problem is not true, we can find p1, . . . , pr such
that any term of the sequence is of the form 12’1““...p and thus

1

12222—5“ <01,a2;a1v>0 P1160” - ' '1’?” < 00.

On the other hand,

2i0" '>;—(f(7l))’°=
a contradiction.

The same idea is used in the following problem.
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; Let a and b be integers greater than 1. Prove that there is
a multiple of a which contains all digits 0,1,. . .,b — 1 when
written in base b.

Adapted after a Putnam Competition problem

Solution. Let us suppose the contrary. Then any multiple of a misses at least
one digit when written in base b. Since the sum of inverses of all multiples

1 1of a diverges (because 1 + 5 + 5 + = 00), it suffices to show that the
sum of inverses of all positive integers missing at least one digit in base b is
convergent, and we will reach a contradiction. But of course, it suffices to
prove it for a fixed (but arbitrary) digit j. For any n 2 1, there are at most
(b— 1)" numbers which have 71 digits in base b, all different from j. Thus, since
each one of them is at least equal to bn‘l, the sum of inverses of numbers that

b— 1miss the digit j when written in base b is at most equal to Zb(—b )n,
n>1

which converges. The conclusion follows.

The following example generalizes an old Kvant problem.

Find all polynomials f with real coefficients such that if n is
a positive integer which is written in base 10 only with ones,
then f(n) has the same property.

[Titu Andreescu, Gabriel Dospinescu] Putnam 2007

Solution. Let f be such a polynomial and observe that from the hypothesis
it follows that there exists a sequence (0101121 of positive integers such that
f (£3291) = %‘—1. But this sequence (an)n21 cannot be really arbitrary:
actually we can find precious information from an asymptotic study. Indeed,
suppose that deg(f) = d > 1. Then there exists a nonzero number A such
that f(m) ~Accd for large values of :3. Therefore f (10” 1) a: 343 - 10"”. Thus
10“"~~~91":— 10'”. This shows that the sequence (an— nd)n21 converges to a
limit l such that A—— 9d-1 10‘. Because this sequence consists of integers, it
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becomes eventually equal to the constant sequence 1. Thus from a certain point
we have f (1——0 9-1) = M. If 93,, = %, we deduce that the equation
f(2) = W has infinitely many solutions, so f(X) = §9X+—1)9d'101_—1.
Thus this is the general term of these polynomials (not including here obvious
constant solutions), being clear that all such polynomials satisfy the condi—
tions of the problem.

We return to classical mathematics and discuss a beautiful problem that ap-
peared in the Tournament of the Towns in 1982, in a Russian Team Selection
Test in 1997, and also in the Bulgarian Olympiad in 2003. Its beauty explains
why the problem was so popular among the exam writers.

Let f be a monic polynomial with integer coefficients such that
for any positive integer n the equation f(m) = 2” has at least
one positive integer solution. Prove that deg(f) = 1.

Solution. The problem states that there exists a sequence of positive integers
(217,)”; such that f(mu) = 2". Let us suppose that deg(f) = k > 1. Then, for
large values of 3:, f (w) behaves like ark. So, trying to find the right convergent
sequence, we could try first to “think big”: we have $12 E’ 2'”, that is for
large n, 23,, behaves like 2%. Then, a good possible convergent sequence could
be 1711+}; — 2.2:”. Now, the hard part; proving that this sequence is indeed

n+1:

3n
the relation f(zn+k) = 2’“f (mn) implies

convergent. First, we will show that converges to 2. This is easy, since

mm) (my = ,1, jg?)
k

$n+k “T”

and since zlim Ax? = 1 and lim 15,, = 00, we find that indeed lim m—gt’“ # 2.

We see that this will help us a lot. Indeed, write f(2:) — x’“ + 25:01 (1,1:
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Then f(mn+k) = 2"f(2“) can be also written as

k—l _ _

Z ae(2'°$$; - 21m.)
i=0

Ic—l _mm. was
i=0

$n+lc “ 2-7711 =

But from the fact that lim M = 2, it follows that the right-hand side of
n—-)oo a;

the above relation is also convergent. Hence (wn+k — 233107.21 converges and so
there exist M, N such that for all n 2 M we have xn+k = 2xn+N. But now the
solution is almost over, since the last result combined with f(:1:n+k) = 2"f(can)
yields f(2:l:n +N) = 2kf(a:n) for n 2 M, that is f(2m+ N) = 2"f(:c). So, an
arithmetical property of the polynomial turned into an algebraic one by using
analysis. This algebraic property helps us to finish the solution. Indeed, we
see that if z is a complex zero of f, then 22 + N,4z + 3N,8z + 7N,.. . are
all zeros of f. Since f is nonzero, this sequence must be finite and this can
happen only for z = —N. Because —N is the only zero of f, we deduce that
f(x) = (a: + N)k. But since the equation f(a:) = 22’”+1 has positive integer
roots, we find that 2% e Z, which implies k = 1, a contradiction. Thus, our
assumption was wrong and deg(f) = 1.

The following problem generalizes the problem above.

Find all complex polynomials f with the following property:
there exists an integer a greater than 1 such that for all suffi-
ciently large positive integer n, the equation f(3:) = "2 has
at least one solution in the set of positive integers.

[Gabriel Dospinescu] Mathlinks Contest

Solution. From the beginning we exclude the constant polynomials, so let f
be a solution of degree d 2 1. Let (zn)n2no be a sequence of positive integers
such that f(arn) = "2 for some integer a greater than 1. Now, observe that
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we can choose A such that the polynomial g(X) = f(:1: + A) has no term of
degree d — 1. Define yn = an — A and observe that g(yn) = anz. Now, what
really interests us is the asymptotic behavior of the sequence y". This boils
down to finding the behavior of the solution of the equation g(y) = z when
2 is very large. In order to do this, put g(y) = Byd + Cye + - - - with B > 0
(the fact that B > 0 is obvious because g(x) remains positive for arbitrarily
large values of 11:). Now, suppose that C 34$ 0. The choice of A ensures that
e S d — 2. Therefore, if we define z = ud and Byd = v“, E = F05- and finally
m = d — c, then we have ud = vd(1 + Eif’" + 0(v‘m)). Thus

u = v(1 + Ev‘m + o(v""))§ = v (1 + gv'm + o(v""))

= v + gvl'm + 0(vl‘m).

This shows that u w v, and combining this observation with the previous
result gives 12 = u - gul‘m + 0(u1‘m). Coming back to our notations, we
infer that Big = zc‘li — gig + 0(z‘5) where p = m — 1. Finally, this can be
written in the form y = ilz' + 02'“ + 0(2‘“) (the definitions of F, G and a
are obvious from the last formula). Coming back to the relation g(yn) = a"2

n2
we deduce that 3],, = FaT + Chi—0‘"2 + o(a‘°‘"2). Therefore

fl _ 2yd+n = Fa d a2n+d + 0(a2n+d om )-

This shows that if we define 2,. = yn+d — a2n+dyn then 2,, = 0(1). On the
other hand, by definition of y" we obtain that an“ = zn + A(1 — a2"+2+d) is
an integer. Therefore, the relation

zn+1 — 0.2.3,. = an“ — azan + A(a,2 — 1)

and the fact that 2,, = 0(1) shows that an“ — azan is eventually constant,
equal to A(1 — a2). Thus for sufficiently large n we have zn+1 = azzn, so we
have proved the existence of a constant K such that 25,, = K(12" for sufficiently
large n. Because a > 1 and 2,, = 0(1), it follows that K = 0 and thus 2,, = 0
for sufficiently large n. But the assumption '0 75 0 implies that G aé 0 and
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by one of the previous relations we also have 2,, z —Ga2"+d‘°‘"2, which is
not true if 2,, = 0 from a certain point on. This contradiction shows that
f(X) = B(X — A)d for some rational numbers A, B (because f takes rational
values for infinitely many rational values of the variable, it is equal to its
Lagrange interpolation polynomial, thus it has integer coeflicients). Let B = 5
and A = I Then p(sa:n -— 'r)d = qsdanz. By taking n a multiple of d greater3.
than no we obtain the existence of integers p1, q1 such that p = p‘f, q = qf. Thus

n2

p1(sx,, —r) = iqlsaT, which shows that a’12 is a d—th power for all sufficiently
large n. This implies the existence of an integer b such that a = bd. Now,
by taking p1, q1, s > 0 (we can do that, without loss of generality), we deduce
that for some n1 (which we will identify with no from now on, by eventually

n2

enlarging no) we have 350,, = r + 9%. Let a = gcd(s,p1) and write 3 =
"2

au,p1 = av with gcd(u,v) = 1. Then aumn = 7' + 9% thus 'vlqlb”2 and so
2

for all n 2 no, aumn = r+ afflubnz‘fi. By taking n = no we deduce that ulr.

Because uls, it follows that u = 1 and so sxn = r+91Z—n2. Note that gcd(v, q1) =
1 because vlpl, so vlbng. Let bng = m1). Thus swn = r+mq1b”2‘"3. By taking
again n = no, we obtain that mql E ——'r (mod 5), so 'r(1—b"2_”(2>) E 0 (mod .9)
and so b"2_"3 E 1 (mod 3) for all n > no. Applying this relation to n + 1 and
making the division in the group of invertible residues mod 3, we infer that
b2"+1 E 1 (mod 3) for all sufficiently large n. Repeating this procedure, we
deduce that b2 E 1 (mod 3) and so b E 1 (mod 3). This implies m1) = b"?! E 1
(mod 3) and since 1' E —mq1 (mod 3) and gcd(s,v) = 1, we finally obtain the
necessary condition 7'1) E —q1 (mod 3). Now, let us show that the conditions
gcd(p1,q1) = gcd('r,s) = 1 and p1 = sv,gcd(s,v) = 1,71) E —q1 (mod 3) are

d
sufficient for the polynomial f(X) = (%(X — g ) to be a solution of the
problem. Indeed, using the Chinese Remainder Theorem, we can choose b
such that b E 0 (mod v) and b E 1 (mod 3). Thus 'vlrv + q1b"2 and also
slrv + qlbnz. Because gcd(s, v) = 1 it follows that there exists a seguence run
of positive integers such that 1'1) + qlb"2 = sum”. Thus f(urn) = bd" and the
problem is finally solved.

The idea behind the following problem is so beautiful that any reader who
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attempts to solve it will feel generously rewarded by discovering this mathe-
matical gem either by herself or himself, or in the solution provided.

>~ Let 7r(n) be the number of prime numbers not exceeding n.
Prove that there exist infinitely many n such that 7r(n)|n.

[S. Golomb] AMM

Solution. Let us prove the following result, which is the key to the problem.

Lemma 17.1. For any increasing sequence of positive integers (an)n21 such
a n

that lim 1 = 0, the sequence (—) contains all positive integers. In
n-—)oo 72, an n21

particular, an divides n for infinitely many n.

Proof. Even if it seems unbelievable, this is true. Moreover, the proof is ex-
tremely short. Let m be a positive integer. Consider the set

A={n21|9fl>i}.mn m

ThlS set contains 1 and it is bounded, s1nce 11m fl = 0. Thus 1t has
n—>oo 771/",

a 1 n
a maximal element k. Iffl = —, then m is in the sequence — .

mk m an “21
Otherwise, we have am<k+1) 2 am), 2 k + 1, which shows that k + 1 is also in
the set, in contradiction with the maximality of k. The lemma is proved. El

@
known and not difficult to prove. There are easier proofs than the following
one, but we prefer to deduce it from a famous and beautiful result of Erdc'is:
H p < 4””1. This was proved in chapter Look at the Exponent, but really
psn
we expect you to know how to prove it (it is one of those marvelous proofs

Thus, all we need to show now is that nh_)m = 0. Fortunately, this is well
00
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that cannot be forgotten). Now, the fact that ”lingo 3'17”)- = 0 follows easily.
Indeed, fix I: 2 1. We have for all large n the inequality

(n - 1) log4 2 Z logp 2 («(n) - «(16))10gk,
1:99

which shows that
(n —— 1) log4

< —-—.7r(n) _ 1r(k) + log k

. . «(12) .This proves that 11m —— = 0. The problem is finally solved.
71—l n

A somewhat tricky, but less technical problem follows now. A special case of
it was proposed by the USA for IMO 1990:

Let f be a polynomial with rational coefficients, of degree at
least 2, and let (an)n21 be a sequence of rational numbers
such that f(an+1) = (1n for all n. Prove that this sequence is
periodic.

[Bjorn Poonen] AMM 10369

Solution. First of all, it is clear that the sequence is bounded. Indeed, because
deg(f) 2 2 there exists M such that |f(.1:)| Z |a:| if |a:| 2 M. By taking M suffi-
ciently large one can also assume that M > |a1|. Then an immediate induction
shows that Ianl S M for all n. We will now prove that for some positive integer
N we have Nan 6 Z for all n. Indeed, let a1 = 5 for some integers p, q and let
k be a positive integer such that kf = s" + - - - + f1X + fo 6 Z[X]. Define
N = qf,. Then No.1 = pfs E Z, and clearly if Nan 6 Z then Nan+1 is a ratio-
nal zero of the monic polynomial with integer coefficients 5% (f (7’6) — an),
so it is an integer. This shows that (Nan)n21 is a bounded sequence of in-
tegers, therefore it takes only a finite number of values. Suppose that the
sequence (an)n21 takes at most m different values. Consider (m + 1)-tuples
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(ai, (n+1, ..., ai+m) for positive integers i. There are at most mm‘l'l such (m+1)-
tuples that can be formed and in each such (m + 1)-tuple there exists a value
taken at least twice. Therefore there exists a pattern that is repeated infinitely
many times, which means that there exists k such that for all positive integers
n there exists 3' > n for which 11,- = aj+k. But applying f' to this last relation
and taking into account that f"(an+r) = an shows that an = an+k for all n.
That is, the sequence is periodical.

A fine concoction of number theory and analysis is used in the solution of the
next (very) difficult problem. We will see one of the thousands of unexpected
applications of Pell’s equation:

Find all polynomials p and q with integer coefficients such
that p(X)2 = (X2 + 6X +10)q(X)2 — 1.

Vietnamese TST 2002

Solution. One easy step is to notice that X2 + 6X + 10 = (X + 3)2 + 1, so
by taking f(X) = p(X — 3) and g(X) = q(X — 3) the problem “reduces” to
solving the equation (X2 + 1)f(X)2 = g(X)2 + 1 in polynomials with integer
coefficients. Of course, we may assume that the leading coefficients of f and g
are positive and also that both polynomials are nonconstant. Therefore there
exists an M such that f(n) > 2, g(n) > 2 for all n > M. As it is well known,
the solutions in positive integers to the Pell equation x2 + 1 = 2y2 are (mm y")
where

(1 + fi)2’n—l + (1 __ fi)2n—1 (1 + fi)2n—1 _ (1 _ flyn—l

wn = 2 ; 3/7: = 2 -

Observe that g2 ($7,) + 1 = 2(ynf(zn))2. There exist two sequences of positive
integers (an)n>M and (bn)n>M SUCh that g(xn) = 97a" and y'nf($n) = ybn' Let
k = deg(g) and m = deg(f). Because the sequence

2%”) ° (WY
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. . 22clearly converges to a nonzero llmlt, so does the sequence (1+ ”769%,, and
therefore the sequence (1 + fi)2“"‘l‘k(2n‘1) converges to a nonzero limit.
This sequence having integer terms, it becomes constant from a certain point.
Hence there exists no > M and an integer u such that 2a,, — 1 — k(2n — 1) = u

l
for all n > no. Thus 9 (3—31) =Wholds for all :1: of the
form (1 + x/i)2"—1. Because this equality between two rational functions holds
for infinitely many values of the argument, it follows that it is actually true for
all 2:. By looking at the leading coefficient in both sides of the equality (after
multiplication by Xk) we deduce that (1 + x/i)“ is rational, which cannot hold
unless u = 0. Thus

_(X+\/X2—-l-1)’“+(X—\/X_2-fi)k_ 2 .900

The expression in the right-hand side of the last equality is a polynomial with
integer coefficients only for odd values of k. This also gives the expression of
f:

f(X) _ (X + \/}{2—-l-1)k + (—X+ x/X2—+1)k
— 2\/X§ + 1 '

The solutions of the original problem are easily deduced from f and g by a
translation.

The previous example deserves a little digression. Actually, one can find all
polynomials with real coefficients that satisfy (X2 + 1)f(X)2 = g(X)2 + 1.
Indeed, it is clear that f and g are relatively prime. By differentiation, the
last relation can be written as (X2 + 1)f(X)f’(X) + Xf2(X) = g(X)g’(X).
Thus f divides gg’, and by Gauss’s lemma we deduce that f |g’ . The relation
(X2 + 1)f2(X) = g(X)2 + 1 also shows that deg(f) = deg(g’) and so there
exists a constant k such that f(X) = kg’(X). Therefore k2(X2 + 1)g’ (X)2 =
g(X)2 + 1. By identifying the leading coefficient of g in the two sides, we im-

. . { X 2 2 .mediately find that k2 = n2. This shows that fly = 17:75. By changing
g and —g we may assume that g’ (X) > 0 for sufficiently large m and thus for

. g 3 _ 11. °such values of the variable we have 797%}: -— m. This shows that the
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(m+\/:c7+l "
allows us to find 9 in such a neighborhood and thus to find 9 on the whole
real line.

function In (gm-‘- Amy“) is constant in a neighborhood of infinity. This

It is time now for the last problem, which is, as usual, very hard. We do not
exaggerate when we say that the following problem is exceptionally difficult.

v‘ Let a and b be integers greater than 1 such that a" — 1|b" — 1
for every positive integer n. Prove that b is a natural power
of a.

[Marius Cavachi] AMM

Solution. This time we will be able to find the right convergent sequence
only after examining a few recursive sequences. Let us see. So, initially we are
given that there exists a sequence of positive integers (x£1))n21 such that $511) =
b" — 1
an _

n

.Then, x(1)_N (2—) for large values of n. So, we could expect that

) (2) (1) (1)the sequence (337,2) ”>1 , .73", -—b:z:n awn+1, to be convergent. Unfortunately,

$(2) _ b”+1(a, —" 1) — a."+1(b — 1) + a — b

n _ (an — 1)(a“+1 — 1) ’

which is not necessarily convergent. But... if we look again at this sequence,
11

we see that for large values of n it grows like , so much slower. And’3a
this is the good idea: repeat this procedure until the final sequence behaves

b 11.

like (W) , where k is chosen such that a." S b < ah“. Thus the final

sequence will converge to 0. Again, the hard part has just begun, since we
have to prove that if we define 235:“): barn(i) —a 2:311 then "lingo 1.06+1) ——0.

(3)This is not easy at all. The idea is to compute as" and after that to prove
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the following statement: for any 13 2 1 the sequence (ms:))n21 has the form

cib” + c,_1a("-1)" + - - - + clan + co
(a'H'i—l — l)(a‘"'""‘—2 — 1) . . . (an — 1)

for some constants c0,c1, . . . ,c,-. Proving this is not so hard, the hard part
was to think of it. How can we prove the statement other than by induc-
tion? And induction turns out to be quite easy. Supposing that the state-
ment is true for i, then the corresponding statement for 2' + 1 follows from

(i+1) (2’)ac" = bzn — aill directly (note that in order to compute the difference,
we just have to multiply the numerator Gib" + ci_1a(i‘1)" + - - - + clan + co by
b and an” — 1. Then, we proceed in the same way with the second fraction
and the term b"+1a"+i will vanish). So, we have found a formula which shows
that as soon as ai > b we have lim cuff) = 0. So, lim soak“) = 0. Another

71400 n—)oo

step of the solution is to take the minimal index j such that ”lingo $53) = 0.

Clearly, j > 1 and the recursive relation $3.44) = b.1353) — a‘wgll shows that
235:) e Z for all n and 1'. Thus, there exists an M such that whenever n 2 M
we have $53) = 0. This is the same as bag_1) = aj51:53:11) for all n 2 M, which

c n_M o

implies 51:5,] _1) = (fi) n—l) for all n 2 M. Let us suppose that b is not
n—M _

a multiple of (1. Because (g) $5,344) 6 Z for all n 2 M, we must have

93%;” = 0 and so 30‘” = 0 for n 2 M, which means ”lingo sag—1) = 0. But
this contradicts the minimality of j. Thus we must have alb. Let us write
b = ca. Then, the relation a" — 1|b" — 1 implies a." — 1|c” — 1. And now we are
finally done. Why? We have just seen that a" - 1|c" — 1 for all n 2 1. But
our previous argument applied to c instead of b shows that alc. Thus, 0 = ad
and we deduce again that ald. Since this process cannot be infinite, b must be
a power of a.

It is worth saying that an even stronger result holds: it is enough to suppose
that a" — 1|b" — 1 for infinitely many n. But this is a much more difficult
problem and it follows from a 2003 result of Bugeaud, Corvaja and Zannier:
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If integers a, b > 1 are multiplicatively independent in 0* (that is loga b ¢ Q
or a" aé bm for n, m yé 0), then for any a > 0 there exists no = no(a, b, e) such
that gcd(a“ - 1, b“ — 1) < 25” for all n 2 no. Unfortunately, the proof is too
advanced to be presented here.
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17.2 Practice problems
1. Let (an)n21 be an increasing sequence of positive integers such that

an I a1 +a2 + - - - + an_1 for all n 2 2002. Prove that there exists no such
that an =a1 +a2+-~+an_1 for all n 2 no.

Tournament of the Towns 2002

. Let p be a polynomial with integer coefficients such that there exists a
sequence of pairwise distinct positive integers (an)n21 such that p(a.1) =
0, p(a2) = (11, Mom) = a2, . . .. Find the degree of this polynomial.

Tournament of the Towns 2003

Find all pairs (a, b) of positive integers such that an + b is triangular if
and only if n is triangular.

After a Putnam Competition problem

Let f and g be two real polynomials of degree 2 such that for any real
number at, if f(:1:) is integer, then so is g(a:). Prove that there are integers
m,n such that g(:z:) = mf(:1:) + n for all ac.

Bulgarian Olympiad

Let A, B be two finite sets of positive real numbers such that

{2am nEN} g {2w neN}.
36A .163

Prove that there exists k e Z such that A = {wkl a: e B}.

Gabriel Dospinescu
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10.

11.

Let a and b be integers greater than 1. Prove that for any k > 0 there
are infinitely many numbers n such that <p(a'n + b) < kn, where (p is
Euler’s totient function.

Gabriel Dospinescu

Prove that <p(30'n + 1) < <p(30n) for infinitely many positive integers n.

D.J.Newman

Prove that there are infinitely many positive integers n for which the
equation

n=a3+b5+c7+d9+eu
has no solutions in positive integers.

Belarus 2000

Prove that in any increasing sequence (an)n21 of positive integers satis-
fying an < 10011 for all n, one can find infinitely many terms containing
at least 1986 consecutive 1’s.

Kvant

Prove that for each natural number m, there is a natural number N such
that sb(N) > m for each 2 S b S 2010. Here sb(n) is the sum of digits
of n when written in base b.

Iranian TST 2010

Prove that there exists a positive integer n which is a 3-digit palindrome
in base b for at least 2002 values of b.

Putnam 2002
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12.

13.

14.

15.

16.

Let a and b be positive integers such that for any n, the decimal repre-
sentation of a + bn contains a sequence of consecutive digits which form
the decimal representation of n (for example, if a = 600, b = 35, n = 16
we have 600 + 16 - 35 = 1160). Prove that b is a power of 10.

Tournament of the Towns 2002

Suppose that a is a positive real number such that all numbers 1“, 2“, 3“, . . .
are integers. Prove that a is also integer.

Putnam Competition

Let f be a complex polynomial such that for all positive integers n, the
equation f(m) = n has at least one rational solution. Prove that f has
degree 1.

Mathlinks Contest

Let b be an integer greater than 4 and define the number

xn=11...122...25
n—1 n

in base b. Prove that a)" is a perfect square for all sufficiently large n if
and only if b = 10.

Laurentiu Panaitopol, IMO Shortlist 2003

Find all monic polynomials with integer coefficients f such that f(Z) is
closed under multiplication.

Iranian TST 2007, Mohsen Jamali
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17.

18.

19.

20.

21.

Find all rational numbers a: = E > 1 (p, q being integers such that q > 0
and gcd(p, q) = 1) with the property: there exists a constant c such that
for all sufficiently large n we have

1
z” — c S —.|{ } l 20, + ,1)

Chinese TST 2007

The set of exponents of a positive integer is the unordered list of all
the exponents of the primes appearing in its prime factorization. For
example, the set of exponents of 300 = 22 - 3 - 52 is 1, 2, 2. Suppose that
two arithmetical progressions (an)n and (b")n have the property that
for any positive integer n, can and bn have the same set of exponents.
Prove that there is k such that an = kbn for all n.

Tuymaada Olympiad 2006

Find all triples (a, b, c) of integers such that a - 2" +b is a divisor of c” + 1
for any positive integer 'n,.

Gabriel Dospinescu, Mathematical Reflections

(a) Find all increasing functions f : {1, 2,. . .} —> R such that f(ab) =
f (a)f (b) for all positive integers a and b.

(b) Find all increasing functions f : {1, 2, . . .} —> R such that f(ab) =
f(a)f (b) for all relatively prime positive integers a and b.

Paul Erdt’is

Find all a, b, c such that a - 4" + b - 6" + c - 9'" is a perfect square for all
sufficiently large n.

Vesselin Dimitrov
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22.

23.

24.

25.

26.

Let f be a polynomial with rational coefficients such that f(2”) is a
perfect square for all positive integers n. Prove that there exists a poly-
nomial g with rational coefficients such that f = 92.

Gabriel Dospinescu

Let k be an integer greater than 1 and let f be a polynomial such that
{V f(n) is an integer for all sufficiently large n. Prove that there exists
9 E Q[X] such that f = 9".

Let f, g be two polynomials with real coefficients such that f(Q) = g(Q).
Prove that there exist rational numbers a, b such that f(X) = g(aX +b).

Miklos Schweitzer Competition

Given a polynomial f (1:) with rational coefficients, of degree at least 2,
define the sets f°(Q) = Q and

f"(Q) = {f(m)|w 6 f“_1(Q)}-
Prove that fl°° f"(Q) is a finite set.n=0

Dan Schwarz, Romanian Masters in Mathematics 2010

Let A be a set of positive integers and let b1 < b2 < be the positive
integers which can be written as difference of two elements of A. If the
sequence bn+1 -— bu is unbounded, proved that A has density zero, that
is

, lnlgr;;-|Afl{1,2,...,n}l —0.

Putnam 2004
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27.

28.

Let A be a non-empty set of positive integers with the following property:
there are positive integers b1, b2, . . . bn and c1, c2, . . . ,cn such that the sets
biA + Ci = {bia + c,-,: a E A} are pairwise disjoint subsets of A.

Prove that
1 1 1

— — — < 1.b1 + b2 + + bn _

IMO Shortlist 2002

Let a1,a2, . . .,an and b1,b2,.. . ,bn be positive integers such that any
integer 1 satisfies at least one congruence :1: E a; (mod bi). Prove that
there exists a nonempty subset I of {1,2, . . . ,n} such that 2561 bl; is an
integer.

M. Zhang
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18.1 Theory and examples

For a prime p, define the function (g) : Z -—) {—1,1} by (g) = 1 if the equa-

2tion a: = a has at least one solution in Z/pZ and g = —1 otherwise. In
the first case, we say that a. is a quadratic residue modulo 1); otherwise we say
that it is a quadratic non-residue modulo p. This function is called Legendre’s
symbol and plays a fundamental role in number theory. We will unfold some
easy properties of Legendre’s symbol first, in order to prove a highly nontri-
vial result, Gauss’s famous quadratic reciprocity law. First, let us present a

useful theoretical (but not very practical) way of computing % due to Euler.

Theorem 18.1. The following identity is true provided pfa:

(g) E- a?! (mod p).

In particular, we have (%) = (-1)?-

Proof. We will prove this result and many other simple facts concerning quar

dratic residues in what follows. First, let us assume that (g = 1, and let :1: be
2a solution to the equation a: = a in Z/pZ. Using Fermat’s little theorem, we

find that a? = 9311-1 = 1 (mod p). Thus the equality 12) = (113-1 (mod p)
holds for all quadratic residues (1 modulo p. In addition, for any quadratic

—1
residue we have a% = 1 (mod p). Now, we Will prove that there are exactly

; 1 quadratic residues in Z/pZ \ {0}. This will enable us to conclude that

quadratic residues are precisely the zeros of the polynomial X 13—1 — 1 and also
—1

that non quadratic residues are exactly the zeros of the polynomial X 1’2— + 1
(from Fermat’s little theorem). Note that Fermat’s little theorem implies that
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the polynomial X1"1 — 1 = (X%1 — 1)(XP;_1 + 1) has exactly 1) — 1 zeros in
the field Z/pZ. But in a field, the number of different zeros of a polynomial

—1 —1
cannot exceed its degree. Thus each of the polynomials X% -— 1 and XFT + 1
has at most 1) — zeros in Z/pZ. These two observations show that in fact

p—l
2

— 1
next that there are at least % quadratic residues modulo p. Indeed, all

— 1
numbers 2'2 (mod p) with 1 S i _<_ FT are quadratic residues and they are

p — 1
2

residues in Z/pZ\{0} and also proves Euler’s criterion. III

each of these polynomials has exactly zeros in Z/pZ. Let us observe

all difi'erent (modulo p). This shows that there are exactly quadratic

Euler’s criterion is a very useful result. Indeed, it allows a very quick proof of

the fact that (g) : Z —> {—1,1} is a group morphism. Indeed,

(5‘?) 2(a))?1 a (123—1151 E (g) (1%) (mod p).

The relation (a_b) = fl) (1%) shows that while studying Legendre’s sym—
P

bol, it suffices to focus on the prime numbers only. Also, the same Euler’s
b

criterion implies that (g) = (5) whenever a E b (mod p).

It is now time to discuss Gauss’s celebrated quadratic reciprocity law. First
of all, we will prove a lemma (also due to Gauss).

Lemma 18.2. Letp be an odd prime and leta e Z such that gcd(a, p) = 1. De-
fine the least residue of a (mod n) as the integer a’ such that a E a’ (mod n)
and -% < a’ S 721'. Let aj be the least residue of aj (mod p) and l be the
number of integers 1 S j S g for which aj < 0. Then (g) = (—1)‘.
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Proof. The proof is not difficult at all. Observe that the numbers Iajl for
1 S j g r = 33—1 are a permutation of the numbers 1, 2, ..., r. Indeed, we have
1 S lajl Sr and lajl aé lakl (otherwise, we have either p|a(j + k) or p|a(j — k)
which is impossible because gcd(a,p) = 1 and 0 < j+ k < p). Therefore
alaz-nar = (-1)l|a.1||a2|---|a.r| = (—1)lr!. By the definition of aj we also
have (110.2 ---ar E arr! (mod p) and so a." E (—1)l (mod p). Using Euler’s
criterion, we deduce that (% = (—1)‘. El

Using Gauss’s lemma, the reader will enjoy the proof of the following classical
results.

. . 2 pg .Theorem 18.3. The identity 5 = (—1) 8 holds for any odd prime p.

Proof. Let us take a = 2 in Gauss’s lemma and observe that l = %1 - [E].
Indeed, we have aj = 23' if 1 S j S [E] and aj = 27' —p if [E] <j 3 L312
Now, the conclusion follows, because l = %1 — LE] and % have the same
parity, as you can easily check.

I]

But perhaps the most striking consequence of Gauss’s lemma is the famous:

Theorem 18.4 (Quadratic reciprocity law). For all distinct odd primes p and
q, the following identity holds:

ooL
Proof. The proof is a little bit more involved than that of the previous result.
Consider R the rectangle defined by 0 < :5 < % and 0 < y < ‘23, and let
(5) = (—1)l and G) = (—1)“, Where l,m are defined as in Gauss’s lemma.
Observe that l is the number of lattice points (x, y) such that 0 < cc < 521 and
—§ < p1: — qy < 0. These inequalities force y < %1 and because 3/ is an
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integer, it follows that y < ’23. Therefore l is the number of lattice points in
R that satisfy —§ < pa: — qy < 0 and similarly m is the number of lattice
points in R that satisfy —g < qy -— pa; < 0. Using Gauss’s lemma, it is enough
to prove that W — (l + m) is even. Because @139 is the number
of lattice points in R, W — (l + m) is the number of lattice points
in R that satisfy pa: — qy S —§ or qy — pa: 3 —123. These points determine
two regions in R, which are clearly disjoint. Moreover, they have the same
number of lattice points because a: = 93—1 — x’, y = $1 — y’ gives a one-to—one
correspondence between the lattice points in the two regions. This shows that
W — (l + m) is even and finishes the proof of this celebrated theorem.

El

Using this powerful arsenal, we are now able to solve some interesting pro-
blems. Most of them are merely direct applications of the above results, but
we think that they are still worthy, not necessarily because they appeared in
various contests.

Prove that the number 2" + 1 does not have prime divisors of
the form 8k — 1.

Vietnamese TST 2004

Solution. For the sake of contradiction, assume that p is a prime of the form
8k — 1 that divides 2'" + 1. Of course, if n is even, the contradiction is imme-
diate, since in this case we have —1 E (2%)2 (mod p) and so —1 = (—1)%1 =

(—71) = 1. Now, assume that n is odd. Then —2 E (2%)2 (mod p) and

so (—72) = 1. This can be also written in the form (—?I) (3-) = 1, or

= 1. But if p is of the form 8k — 1 the latter cannot hold and
this is the contradiction that solves the problem.

.. 2-(.1)L2l+"a—1
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Using the same idea and a bit more work, we obtain the following result.

Prove that for any positive integer n, the number 23" + 1 has
at least n prime divisors of the form 81:: + 3.

[Gabriel Dospinescu]

Solution. Using the result of the previous problem, we deduce that 2" + 1
does not have prime divisors of the form 8k + 7. We will prove that if n is
odd, then it has no prime divisors of the form 8k + 5 either. Indeed, let p be a
prime divisor of 2"+1. Then 2"-= —1 (mod p) and so —-2:— (2232)2 (mod p).
Using the same argument as the one in the previous problem, we deduce that

—1 —1P2 +17

Now, let us solve the proposed problem. We assume n > 2 (otherwise the
verification is trivial). The essential observation is the identity

is even, which cannot happen if p is of the form 8k + 5.

23" + 1 = (2 + 1X22 _ 2 + 1)(22-3 _ 23 + 1) . _ _ (22.3n-1 _ 2311—1 + 1)

Now, we prove that for all 1 < i < j < n— 1, gcd(223 —23'+1, 223]? 23j+1)=
3. Indeed, assume that p is a prime number dividing gcd(22 3 -23' + 1, 22 37—
23j + 1) We then have p|2311+ + 1. Thus,

31 E (2‘3i+1)3j_i_l E (—1)3j_i_1 E —1 (mod p),

implying ' .
052233 —23] +lEl—(—1)+IE3 (modp).

This cannot happen unless p = 3. But since

v3(gcd(223 3+ 1,223" — 23" + 1)) = 1,
as you can immediately check, it follows that

gcd(2‘~’~3" — 23‘ + 1, 2W" — 23" + 1) =
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and the claim is proved. It remains to show that each of the numbers 22‘3' —
23‘ + 1, with 1 S 2' S n — 1 has at least a prime divisor of the form 8k + 3,
different from 3. From the previous remarks, it will follow that 23" + 1 has
at least n — 1 distinct prime divisors of the form 8k + 3, and since it is also
divisible by 3, the solution will be complete. Fix 1' 6 {1,2, . . .,n — 1} and
observe that any prime factor of 22'31 — 23’ + 1 is also a prime factor of 23" + 1.
Thus, from the first remark, this factor must be of one of the forms 8k + 1 or
8k + 3. Because 03(22‘3' — 23‘ + 1) = 1, all prime divisors of 22‘3' — 23‘ + 1
except for 3 are of the form 8k + 1, so 22‘31 — 23’ + 1 5 8 (mod 8), which is
clearly impossible. Thus at least a prime divisor of 22'3‘ — 23t + 1 is different
from 3 and is of the form 8k+3. The claim is proved and the conclusion follows.

We have seen a beautiful proof of the following result in the chapter Geo-
metry and Numbers. But there is another way to solve it, probably more
natural and which turns out to be very useful in some other problems, too:

Let n be a positive integer such that the equation :32 +xy+y2 =
n has a solution in rational numbers. Prove that this equation
also has a solution in integers.

Komal

Solution. This looks quite familiar, especially after the discussion in chapter
Primes and Squares. Indeed, let us start with a natural question: which
primes can we expressed in the form 1:2 + my + 312 for some integers say?
Suppose p is such a prime number. Then 41) = (2a: + y)2 + 3y2. This shows
that (22: + y)2 E —3y2 (mod p). Now, if p 75 3 then y 76 0 (mod p) because
otherwise a: E 0 (mod p) and so pzlp, clearly false. The last relation implies
therefore that (‘?3) = 1. Using the quadratic reciprocity law, we easily infer
that this is equivalent to (133) = 1 and this happens precisely when p E 1
(mod 3). Therefore the primes that can be expressed as m2 +xy+y2 are 3 and
p E 1 (mod 3). We are not done yet, because we need to prove that all such
primes can be written like that. For 3, there is no problem, but this is not
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the case with arbitrary p E 1 (mod 3). Take such a prime number 1). From

p
a such that a2 = —3 (mod p). Now, recall Thue’s lemma proved in chapter
Primes and Squares: there exist integers 0 3 cc, 9 < \fi) not both zero such
that (123:2 E y2 (mod p). Therefore p|3cc2 +y2. Because 0 < 3x2 +y2 < 4p, we
deduce that 31:2 + 3,12 is one of the numbers p, 2p, 3p. If it is p, then we obtain
p = (y — a3)2 + (y — z) - 2x + (2 - x)2. If it is 3p then y must be a multiple of
3, say y = 32 and then p = 272 + 322, thus we get the previous case. Finally,
suppose that 2p = x2 + 3312. Then clearly as, y have the same parity. But then
9:2 + 33/2 is a multiple of 4, contradiction, because 2p is not divisible by 4.
Thus this case is excluded and the proof of the first part is finished.
Now, we can attack the problem. Suppose that the equation x2 + my + y2 = n
has rational solutions, that is the equation a2 + ab + b2 = czn has integer
solutions With gcd(a, b, c) = 1. Take p a prime divisor of n and assume that
vp(n) is odd. We claim that p E 3 or p E 1 (mod 3). If not then plat and
plb by the previous arguments, thus we can simplify by 132 both members of
the equation. Repeating this operation, we deduce in the end that plc, which
contradicts the fact that gcd(a, b, c) = 1. Thus all prime divisors of the form
3k + 2 of n appear with even exponent. As we have already seen, all prime
divisors of n not of the form 3k + 2 are of the form U2 + m: + 02. Thus, all we
need to prove now is that the product of two numbers of the form u2 +uv +112
is of the same form. But this is not difficult, because if e = 62% then

the above arguments we know that (“—3) = 1, which means that there exists

(u2 + m; + 122)(w2 + wt + t2) = (u — ev)(u — 62v)(w — et)(w — e2t)

that is (A — eB)(A — 623) for A = uw — vt,B = at + mu + 1215 and we are
done. If you did find the above solution cumbersome, you are right! At first
glance, the following problem seems trivial. It is actually very tricky, because
brute force takes us nowhere. Yet, in the framework of the above results, this
should not be so difficult.

Find a number n between 100 and 1997 such that n|2'” + 2.

APMO 1997
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Solution. We will fail if we try to search for odd numbers (actually, this result
was proved in the topic Look at the Exponent! and is due to Schinzel). So
let us search for even numbers. The first attempt is to chose n = 2p, for some
prime p. Unfortunately, this choice is ruled out by Fermat’s little theorem. So
let us set n = 2pq, for some different primes p and q. We need pql22p‘1‘1 + 1

and so we must have (_—2) = _—2) = 1. Also, using Fermat’s little theo-

rem, pl22q—1 + 1 and q|22"‘1 + 1. A simple case analysis shows that q = 3, 5, 7
are not good choices, so let us try q = 11. We find 1) = 43 and so it suffices
to show that pq|221"1‘1 + 1 for q = 11 and p = 43. This is not very hard: we
have p|22‘1‘1 + 1, implying p|2p(2q'1) + 1 = 22W-p + 1. Then M22?"—1 + 21"—1
and using Fermat’s theorem (pl2p—1 — 1) we get pl22pq—1 + 1 and an analogous
reasoning shows that q|221"1_1 + 1, finishing the proof.

Are we wrong to present the following example? It apparently has no connec-
tion with quadratic reciprocity, but let us take a closer look.

Let f, g : N* —) N“ be functions with the properties:

i) g is surjective;
ii) 2f(n)2 = 'n2 + g(n)2 for all positive integers n;
iii) | f (n) — n| S 2004Jfi for all 'n..
Prove that f has infinitely many fixed points.

[Gabriel Dospinescu] Moldova TST 2005

Solution. Let p" be the sequence of prime numbers of the form 816 + 3 (the
fact that there are infinitely many such numbers is a trivial consequence of
Dirichlet’s theorem, but we invite the reader to find an elementary proof). It
is clear that for all n we have

Using the condition i) we can find at" such that g(a:n) = p" for all n. It
follows that 2f(can)2 = xfi+p3v which yields 2f(93,02 E 3?, (mod p”). Because
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(—2—) = —1, the last congruence shows that pulmn and pnlf(mu) Thus there
Pn

exist sequences of positive integers an, bn such that mn = anpn and f(mu) =
bnpn for all n. Clearly, ii) implies the relation 2b,,2, = (1?, + 1. Finally, using the
property If(n) — n| S ZOOM/77, we have

2004 Z f(:l:n) _ 1‘ = b_n _ 1‘.

x/E; 3n an

That is 2

lim ___l’aln-l-1 = «5.
”fix an

The last relation implies lingo an = 1. Therefore, starting from a certain point,
11.

we have an = 1 = bn, that is f (pn) = 1),, and the conclusion follows.

We continue with a difficult classical result that often prOves'very useful. It
characterizes the numbers that are quadratic residues modulo all sufiiciently
large prime numbers. Of course, perfect squares are such numbers, but how to
prove that they are the only ones? Actually, this result has been extensively
generalized, but all proofs are based on class field theory, a difficult series of
theorems in algebraic number theory, that are far beyond the scope of this
elementary book.

(1
Suppose that a is a non-square positive integer. Then (5) =

—1 for infinitely many prime numbers p.

Solution. One may assume that a is square-free. Let us write a, = 2eq1q2 . . . q",
where q,- are different odd primes and e 6 {0,1}. Let us assume first that
n 2 1 (that is a aé 2) and consider some odd distinct primes r1,r2, . . . ,rk,
each of them different from q1, q2, . . . , qn. We will show that there is a prime

p, different from r1,r2, . . . ,rk, such that g = —1. Let s be a quadratic

non-residue modulo qn.
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Using the Chinese remainder theorem, we can find a positive integer b such
that

bsl (modn),1$i$k
b E 1 (mod 8),
bEl (modqi),13i<n
b E 3 (mod q”).

Now, write b = p1 - p2 - - -pm, with 1),; odd primes, not necessarily distinct.
Using the quadratic reciprocity law, it follows that

fi (1%) = fiblffg‘1 =(-1)92§—1 = 1
i=1 i=1

and

fi (fi) = fi(_1)'4’Z—1'3";—1 (pi) = (—1)g"2'—1~"‘T1 (E) = (E)
j=1 pj i=1 qi q‘i qi

for all 2' 6 {1,2, . . . ,n}. Hence

m<g>=[fi<;;>]°fi1;1<5;e>i=1

=§(%)=(q%)=(i)
(We used the following observations in the above equalities: for any odd num-
bers b1,b2, . . . ,bm, if b = b1b2 - - - bm then the numbers

ib?-1_b2—1
8 8

i=1

and
bi—l

2
m -91_ 2

1—1
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are even. We leave to the reader this easy exercise, which can be handled by
induction for instance.)

Thus, there exists 2' E {1,2,...,m} such that g = —1. Because b E 1
Pz

(mod n), 1 _<_ 2' S k, we also have 10,- 6 {1,2,...} \ {r1,r2,...,rk} and the
claim is proved.
The only case left is a = 2. But this is very simple, since it suffices to use

2
is odd.Dirichlet’s theorem to find infinitely many primes p such that 10

As in other units, we will now focus on some special cases. This time it is
a problem almost trivial with the above framework but seemingly impossible
to solve otherwise (we say this because there is a beautiful, but very diflicult,
solution using analytical tools, which we will not present here).

Suppose that a1,a2,. . . ,a2004 are nonnegative integers such
that 0.? + a3 + - - - + a300,; is a perfect square for all positive in-
tegers n. What is the least number of such integers that must
equal 0?

[Gabriel Dospinescu] Mathlinks Contest

Solution. Suppose that a1, a2, . . . ,ak are positive integers such that a? +a’2‘
- - - +a}cl is a perfect square for all n. We will show that k is a perfect square. In

order to prove this, we will use the above result and show that (E) = 1 for all
P

sufliciently large primes p. This is not a difficult task. Indeed, consider a prime
p, greater than any prime divisor of ultra . . .046. Using Fermat’s little theorem,
(if—1 + 0.3—1 + - - - + afi—l E k (mod p), and since (if—1 + (15—1 + - - - + (12—1 is a

k
perfect square, it follows that —> = 1. Thus k is a perfect square. And now

the problem becomes trivial, since we must find the greatest perfect square
less than 2004. A quick computation shows that this is 442 = 1936 and so the
desired minimal number is 68.
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Here is another nice application of this idea. It is adapted after a problem gi-
ven at the Saint Petersburg Olympiad. Actually, much more is true: Consider
f a monic polynomial with integer coefficients, irreducible over Q and having
degree greater than 1. Then there are infinitely many prime numbers p such
that f has no root modulo p. For a proof of this result using (the difficult)
Chebotarev’s theorem and an elementary theorem of Jordan, as well as for
many other aspects of this problem, the reader can consult Serre’s beautiful
paper On a theorem of Jordan, Bull.A.M.S 40 (2003).

. ’ Suppose that f e Z[X] is a second degree polynomial such
that for any prime p there is at least one integer n for Which
p|f(n) Prove that f has rational zeros.

Solution. Let f(x) = (1:02 + bx + c be this polynomial. It suffices to prove that
b2 — 4ac is a perfect square. This boils down to proving that it is a quadratic
residue modulo any sufliciently large prime. Pick a prime number p and an
integer n such that plf(n) Then

b2 — 4ac E (2an + b)2 (mod p)

2 _(b 40c) = 1.
P

This shows that our claim is true and finishes the solution.

and so

Some of the properties of Legendre’s symbol can also be found in the following
problem.

Let p be an odd prime and let

f(m) = If: (g) X“.
i=1
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a) Prove that f is divisible by X — 1 but not by (X — 1)2 if
and only if p E 3 (mod 4);
b) Prove that if p E 5 (mod 8) then f is divisible by (X — 1)2
and not by (X —- 1)3.

[Calin Popescu] Romanian TST 2004

Solution. The first question is not difficult at all. Observe that

“1’: 13(13):“i=1

— 1
p 2 quadratic residues modulo p

1 quadratic non-residues in {1,2, . . . p — 1}. Also,

by the simple fact that there are exactly
p _

and2

f’(1)=2(i-1)(;)=—‘:1(%)
i=1 i=1

because f(1) = 0. The same idea of summing up in reversed order allows us

: <;>— zoo—2m; >i=1

=(— 1>’2— 23(p—z')(§)=—(— 1)'”2— ND
i=1

(we used again the fact that f(1) = 0).
Hence for p E 1 (mod 4) we must also have f’ (1) = 0. In this case f is
divisible by (X — 1)2. On the other hand, if p E 3 (mod 4), then

p-l . p—l

f’(1)=zi(%)Ezi= p(p2——)1=1 (mod2)
i=1 i=1
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and so f is divisible by X — 1 but not by (X — 1)2.
The second question is much more technical, even though it uses the same
main idea. Observe that

(once again we used the fact that f(1) = 0). Observe that the condition p E 5
(mod 8) implies, by a), that f is divisible by (X — 1)2, so actually

f”(1)= E? (g) -
i=1

Let us break this sum into two pieces and treat each of them independently.
We have

2-1 2—1
2 - 2 .W2 (33) = 4 (3) D2 (1) -i=1 1) 1) i=1 1)

Note that

”3—1 "’3—1 %1
Ziz (3) E 229 E 22' = 112% E 1 (mod 2),
i=1 p i=1 i=1

so

:92“)? (if) a :|:4 (mod 8)

. 2 21—; . . .(actually, usmg the fact that 1-) = (—1) 8 , we obtaln that its value 18
—4). On the other hand,

HL1 L

£3321- — 1)2 (2i;1> a f: (2:1) (mod 8).
i=1 i=1
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If we prove that the last quantity is a multiple of 8, then the problem will be
solved. But note that f(1) = 0 implies

Also,

'1 ”—3 fl 2 p — 1 z22 2 22' 2 2z<—>=1+z<—>=l+zz—1 i=1 p i=1 1)

%3 %‘21' + 1 22' — 1= 1+2 < > =2 < > .i=1 1) i=1 1)
%1

Therefore 2 (22; 1) = 0 and the problem is finally solved.
1.=1

There are more than 100 different proofs of the quadratic reciprocity law, each
of them having a truly beautiful underlying idea. We decided not to present
the proof using Gauss sums, which is probably the shortest one, as it needs
some preparations concerning finite fields and their extensions. Instead, we
present the following proof, which greatly simplifies the approach of V.A. Le-
besgue.

.‘ Let p and q be distinct odd primes. Prove that the equation

m¥—z§+w§—mi+m+m§=1

has q‘"1 + q%1 solutions in (Z/qZ)p. Deduce a new proof of
the quadratic reciprocity law.

[Wouter Castryck]
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Solution. For an odd number n let us define N", the number of solutions of
the equation in? — x3 + 23% — xi + + 23,2; = 1 in (Z/qZ)”. By replacing 11:1 with
$1 + (:32 we obtain an equation with the same number of solutions:

z§+m§—-~+x,2,—1=—2:c1m2.

There exist two kinds of solutions of this last equation: those in which 2:1 75 0
and those in which $1 = 0. The first case is very easy, because for any choice
of $1 aé 0 and any choice of 1:3,...,a:n there is precisely one :32 such that
(331,22, ...,$n) is a solution. Thus the first case gives q"_2(q — 1) solutions of
the equation. The second case is even easier, because the equation reduces to
the corresponding one for n —— 2, so this second case gives a_2 new solutions
(the factor q comes from the fact that any solution of

z§—wfi+--~+w§l=1

gives q solutions of

mrf+m§— ---+xi— 1 = —2x1w2,

:32 being arbitrary). Therefore

Nn = q"‘2(q - 1) + a_2
and an immediate induction shows that N" = q"‘1 + 6&1. The first part of
the problem is now clear.

It is pretty clear that Np can be written as

Np=al+g+ap=l<l+<zi>>o(Hwy-«He»,
because the equation 3:2 = a has 1 + (g) solutions in Z/pZ by definition of
Legendre’s symbol. On the other hand, imagine that we develop each product
in the previous sum and collect terms. There will be a contribution of q’"‘1
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coming from 1 (because there are q"'1 solutions of the equation a1 +a2 + - - -+
up = 1) and another contribution coming from the last product, namely

(i) HZ (—)
All other contributions are zero because 23 (if) = 0. Thus

L1Np ___ (JP—1 + ((—1) 2 > . Z (alumna?)

q a1+m+ap=1 q

Now, those p—tuples ((11,012, ...,a,,) with a1 + a2 + -~ . + (i.p = 1 and not all 0.,-
equal to p‘1 can be collected in groups of size p and so, modulo p, the last

- («Irv—5‘1 -p . 22.9;1quantity equals 1 + q (16-), which reduces to 1 + (—1) 2 2 . (5)

(everything is taken mod p). On the other hand, the explicit value of N1) ob-
tained in the first part shows that Np is congruent to 1+ (fi) modulo p. Thus
the two quantities must be equal modulo 1), and since their values are —1 or 1
they are actually equal, which implies the quadratic reciprocity law.

Finally, a difficult problem.

7 Find all positive integers n such that 2" —— 1|3” — 1.

[J . L. Selfridge] AMM

Solution. We will prove that n = 1 is the only solution to the problem. Sup-
pose that n > 1 is a solution. Then 2'" — 1 cannot be a multiple of 3, hence
n is odd. Therefore, 2" E 8 (mod 12). Because any odd prime different from
3 is of one of the forms 12k: :l: 1 or 12k :I: 5 and since 2” — 1 E 7 (mod 12),
it follows that 2" - 1 has at least a prime divisor of the form 12k :l: 5, call it

p. We must have (2) = 1 (since 3” E 1 (mod p) and n is odd) and using

the quadratic reciprocity law, we finally obtain (g) = (-1)P;—1. On the other '
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3 3
is the desired contradiction. Therefore the only solution is n = 1.

hand, (2) = (i?) = —(:|:1). Consequently, —(:|:1) = (—1)1’;_1 = :|:1, which
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18.2 Practice problems
1. Prove that for any odd prime p, the least positive quadratic non-residue

modulo p is smaller than 1 + fl.

. What is the number of solutions to the equation a2 + b2 = 1 in Z/pZ x
Z/pZ'? What about the equation a2 — b2 = 1?

. Let a and b be integers relatively prime to an odd prime p. Prove that

E<“i“’:“)=—(:>-i=1

Let p be a prime of the form 4k + 1. Compute

Sta-zit?»-
Korean TST 2000

. Let n 2 0 be an integer and let p E 7 (mod 8) be a prime number.
Prove that 1

p: {E _ l} _ 1:1
k=1 p 2 2

Calin Popescu, Romania TST 2005

. Let A be the set of prime numbers dividing at least one of the numbers
2n2+1 — 3n. Prove that both A and N\A are infinite.

Gabriel Dospinescu

Suppose that p is an odd prime and that A and B are two different
non-empty subsets of {1, 2, . . . , p — 1} for which
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10.

11.

(a) AUB={1,2,...,p—1};
(b) If a, b are both in A or both in B, then ab (mod p) E A;
(c) If a e A, b e B, then ab (mod p) e B.

Find all such subsets A and B.

Indian Olympiad

Let m,n be integers greater than 1 with n odd. Suppose that n is a
quadratic residue mod p for any sufficiently large prime number p E —1
(mod 2'"). Prove that n is a perfect square.

' Ron Evans, AMM E 2627

Let a be a positive integer with the following property: for any positive
integer n, 'n,2 + a is a sum of two squares of integers. Prove that a is a
perfect square.

Gabriel Dospinescu, Mathematical Reflections

Let a, b, c be positive integers such that b2 — 4ac is not a perfect square.
Prove that for any n > 1 there are n consecutive positive integers, none
of which can be written in the form (cm:2 + bxy + cy2)z for some integers
1:,y,z with z > 0.

Gabriel Dospinescu, Gazeta Matematica

Let p > 3 be a prime and let a, b, c be integers with a 76 0. Suppose that
(1:32 + bx: + c is a perfect square for 2p — 1 consecutive integers a). Prove
that p divides b2 — 4ac.

IMO Shortlist 1991
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12.

13.

14.

15.

16.

17.

18.

Let a and b be positive integers such that a > 1 and a E b (mod 2).
Prove that 2“ — 1 is not a divisor of 3b — 1.

J.L.Selfridge, AMM E 3012

Let p E —1 (mod 8) be a prime number. Prove that there exists an
integer :1: such that z '2 is the square of an integer.

Prove that the numbers 3” + 1 have no divisor of the form 12k + 11.

Fermat

Let m, n, A be positive integers such that A = W. Prove that A
is odd.

Bulgaria 1998

Let S be the set of all numbers of the form 22" + 1 or 62" +1. Show that
S contains infinitely many composite numbers.

Komal

Suppose that ¢(5m — 1) = 5" —- 1 for a pair (m, n) of positive integers.
Here ¢ is Euler’s totient function. Prove that gcd('rn, n) > 1.

Taiwanese TST

Prove that for positive integers 1:, y,z the number 51:2 + y2 + 22 is not
divisible by 3(xy + yz + zm).

Mathlinks Contest
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19.

20.

21.

22.

23.

24.

Find all positive integers a, b, c, d such that a + b + d2 = 4abc.

Vietnamese TST

Let p be a prime of the form 4k: + 1 such that p2 | 2? — 2. Prove that the
largest prime divisor q of 2p — 1 satisfies the inequality 24 > (61))”.

Gabriel Dospinescu, Mathematical Reflections

Let p = 4k + 3 be a prime number. Find the number of different resi-
dues mod p of the numbers (a:2 + y2)2, where 93,31 run over the integers
relatively prime to p.

Bulgarian TST 2007

Define the sequence (0%)” by a0 = 4 and an.” = a3, — 2. Suppose that
m is a positive integer and define n = 2'" —- 1. Prove that n is a prime
if and only if n divides am_2.

Lucas-Lehmer test

Prove that for any N there exists no such that for any prime p > no
there are N consecutive quadratic residues mod p.

Brauer’s theorem

Prove that for any 5 > 0 there exists a prime pa with the property: for
all primes p > p0, the first quadratic non-residue in the interval [1, p - 1]
- 1 +51s smaller than pm .

Vinogradov
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19.1 Theory and examples
Why are integrals pertinent for solving inequalities? When we say integral,
we say in fact area which is a measurable concept, a comparable one. That is
why there are plenty of inequalities which can be solved with integrals, some
of them with a completely elementary statement. They seem elementary, but
sometimes finding elementary solutions for them is a real challenge. Instead,
there are beautiful and short solutions using integrals. The hard part is to
find the integral that hides behind the elementary form of the inequality (and
to be honest, the idea of using integrals to solve elementary inequalities is
practically nonexistent in Olympiad books). Recall some basic properties.

0 For all integrable functions f, g : [a, b] —) R and all real numbers a, ,8,
b b b

/ (af(a:)+fig(a:))da: = a / f(a:)da:+fi/ 9(a) (linearity of integrals).
a a a:

o For all integrable functions f, g : [a, b] —> R such that f S 9 we have
b b

/ f($)d1: S / g(:r)dz (monotonicity for integrals).
a a

o For all integrable function f : [a, b] —> R we have
b

/ f2(:r)da: Z 0.
0.

Also, the well-known elementary inequalities of Cauchy-Schwarz, Chebyshev,
Minkowski, Holder, Jensen, and Young have corresponding integral inequali-
ties, which are derived immediately from the algebraic inequalities (indeed,
one just has to apply the corresponding inequalities for the numbers

f(a+g(b—a)) ,g(a+g(b—a)),... where k6 {1,2,...,n}

and to use the fact that

fabf(x)dx=nli>ngob——Ta;f(a+;I:-(b-a)).
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It seems at first glance that this is not a very intricate and difficult theory.
Totally false! We will see how powerful this theory of integration is, and
especially how hard it is to look beneath the elementary surface of a problem.
To convince yourself of the strength of the integral, take a look at the following
beautiful proof of the AM—GM inequality using integrals. This proof was found
by H. Alzer and published in the American Mathematical Monthly.

Prove that for any a1, a2, . . . ,a,n 2 0 we have the inequality

a1+a2+~~+an——————2 {Valagn-an.
11.

Solution. Let us suppose that a1 3 a2 3 - - - 3 an and let

A=W’ gem.

Of course, we can find an index k 6 {1,2, . . . ,n— 1} such that tn, 3 G S ck“.
Then it is immediate to see that

A 1" G 1 1 1 " at 1 1
6‘1—;§1.(T6)dt+a§1/G (5-00“

and the last quantity is clearly nonnegative, since each integral is nonnegative.
Truly wonderful, is not it? This is also confirmed by the following problem,
an absolute classic whose solution by induction can be a real nightmare.

Let a1, a2, . . . , an be real numbers. Prove that

Polish Mathematical Olympiad
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Solution. Now we will see how easy this problem is if we manage to handle
integrals. Note that

. . 1$11: / “Mm—1a.
z'+j o J

We have translated the inequality into the language of integrals. The inequa-
lity

n ‘0! .Z 9' J. 2 0
i,j=1 z + J

is equivalent to
n 1 . .

Z / aiajt'fl‘ldt 2 0,
m=1 0

or, using the linearity of the integrals, to

1 n I n

/ Z aiajt‘H—l dt 2 0.
0 1',J'=1

This suggests finding an integrable function f such that

n . .

f2(t) = Z aiat-l-J—ldt.

1'.j=1

This is not diflicult, because the formula

71. 2 TL

(2: am) = Z aiajmimj

i=1 i,j=1

solves the task. We just have to take

n . 1
f(a:) = 2am"?

i=1

and we are done.
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We continue the series of direct applications of classical integral inequalities
with a problem which may also present serious difficulties if not attacked
appropriately.

Let t 2 0 and define the sequence (xn)n21 by

_1+t+---+t"
_ n+1 '$11.

Prove that
1‘1 S V932 S \3/333 S \4/374 S

[Walther Janous] Crux Mathematicorum

Solution. It is clear that we have

1 t 1 1

$11, = E: 1 undu = m t undu

Using the first of these forms for t > 1 and the second for t < 1 the inequality
to be proved (clear for t = 1) reduces to the more general inequality

k’bia/bfk($)dxs k+1’fi/a:bfk+1(m)dx

for all k 2 1 and any nonnegative integrable function f : [a, b] —) R. And yes,
this is a consequence of the Power Mean Inequality for integral functions.

The following problem has a long and quite complicated proof by induction.
Yet using integrals it becomes trivial.

Prove that for any positive real numbers at, y and any positive
integers m, n

(n - 1)(m - 1)(-'B"“’” + 9””) + (m + n - 1)(w"”y" + xnym)
2 m’,,,'I(xm+'n.-—1y + ym+n—1m)_
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Solution. We transform the inequality as follows:

mn<w — y)<xm+"-1 — WM) 2 (m + n — 1W" — ymxz” — y“) e
mm+n—1 _ ym+n—1 mm _ ym 2n _ yn

> .
(m+n- 1)(-'B—y) ‘ "Kw—y) n(as—y)

(we have assumed that :1: > y). The last relations can immediately be trans-
lated with integrals in the form

$ 17 .Z'

(x—y)/ tm+”_2dt2 / tm—ldt/ tn‘ldt.
I! y y

And this follows from the integral form of Chebyshev inequality.

A nice blending of the arithmetic and geometric inequalities as well as integral
calculus allows us to give a beautiful short proof of the following inequality.

Let 21,1:2, . . . ,xk be positive real numbers with $1232 - - at” _<_ 1
and m, n positive real numbers such that n S km. Prove that

m(m?+mg+-~+mZ—k) 2n(m'1"a:’2n....x;cn—1)

IMO Shortlist 1985

Solution. Applying the AM—GM inequality, we find that

m(m'f+---+a:}c‘—k) 2 m(k k(:c1a:2...a:k)"—

Let
P = {712132 . ..mk S 1.

We have to prove that

mkP" — mk Z nPMk — n,

which is the same as
P" — 1 > PWc — 1

n mk
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This follows immediately from the fact that
P2_1 1 t

xlnP — 0 dt

is decreasing as a function of positive :1: (for P S 1).

We have seen a rapid but difficult proof for the following problem, using the
Cauchy-Schwarz inequality. Well, the problem originated by playing around
with integral inequalities, and the following solution will show how one can
create difficult problems starting from trivial ones.

Prove that for any positive real numbers a, b, c such that a +
b + c = 1 we have

(ab+bc+ca,)< a + b + c )>3b2+b c2+c a2+a — 1'
[Gabriel Dospinescu]

Solution. As in the previous problem, the most important aspect is to trans-
a c

. b2+b+c2+cfa2+a
nately, this isn’t difficult, since it is Just

fol (($31))? + (mic? + afar) d”
Now, using the Cauchy-Schwarz inequality, we infer that (do not forget about
a + b + c = 1):

late the expression in the integral language. Fortu-

a + b + c > a + b + c 2
(:I:+b)2 (:z:+c)2 (z+a)2_ x+b a:+c :I:+a '

. . . . a b ,
Usmg tl:e same Inequality agam, we compare m + b + a: + c + a + a: With

—. tlas + ab + be + ca Consequen y,
a b c 1

>(a:+b)2 + (:17+c)2 + (:I:+a.)2 _ (a:+ab+bc+ca)2’
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and we can integrate this to find that

a + b + c > 1
b2+b c2+c a2+a-(ab+bc+ca)(ab+bc+ca+l)'

Now, all we have to do is to notice that

ab+bc+ca+1<§.

It seems a difficult challenge to find and prove a generalization of this inequality
to n variables.

There is an important similarity between the following problem and example
2, yet here it is much more difficult to see the relation with integral calculus.

Let n 2 2 and let S be the set of all sequences (a1, a2, . . . , an) C
[0, 00) which satisfy

1: n

2>2—1 “—“w
i=1 j:—1 i + j

a,- +a
Find the maximum value of the ex ression aj overp 5‘: z.——+3

i=1 j=1
all sequences from S.

[Gabriel Dospinescu]

Solution. Consider the function f : 1R —) R, f(9:) = a1 + (121: + - - - + anan‘l.
Let us observe that

iisf2=im(iz:j)=j—l

za- /0 z‘fccm
i=1
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—/1 xf(z)zn:a-mi‘1 dw-flwf2(:c)dz
— o a — o Ii=1

1So, if we denote M = Z .———,, we infer (using the hypothesis) that
192,991 2 + 3

/1 zf2(a:)dz g M.0 .
On the other. hand, we have the identity

" n a¢+a- a1 a a1 aJ: _ n _n22. . 2(2+ +n+1+ +n+1+ +2”)

1
= 2/ (w+:t:2+---+a:")f(a:)da:.

0
Now, the problem becomes easy, since we must find the maximal value of

1
2/ (a:+a:2+---+z")f(z)dx

o

where 1

/ mf2(a:)da: S M.
0

The Cauchy-Schwarz inequality for integrals is the way to go:

(/01(x+m2+-;-+m”)f(m)dx)2

= (/01 \/a:f2(a:)\/x(1 +a:+ - - - +:I:"‘1)2da:)2

a 1 1
=/ mf2(x)da:/ (1+x+'--+a:"'1)2da: S M2.

0 o
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. n n a‘ a-
This shows that z2g 3 2M and now the conclusion easily follows:

. . 1 +1:1 J=1
.. . 1 .the max1mal value is 2 2 f, attamed for 0.1 = a2 = - - - = an = 1.

152',a z
We already said that grouping terms was a mathematical crime. It is time
to say it again. We present a new method of solving inequalities involving
fractions. The next examples show that bunching could be a great pain.

Let a, b, c be positive real numbers. Prove that

i+i+i+ 3 > 1 + 1'-i- 13a 3b 3c a+b+c‘2a+b 2b+c 2b+c
. 1 1 1

2c+b+2c+a+2a+c°
+

[Gabriel Dospinescu]

Solution. Of course, the reader has noticed that this is stronger than Popo-
viciu’s inequality, so it seems that classical methods will have no chance. And
what if we say that this is Schur’s inequality revisited? Indeed, let us write
Schur’s inequality in the form: '

$3 + y3 + 23 + 3.7:yz 2 xzy + 11% + 1,122 + 22y + 2% + 2322

where a: = t“_%, y = tb_%, z = t°_% and integrate the inequality as t ranges
between 0 and 1. And surprise... since what we get is exactly the desired
inequality.

In the same category, here is another application of this idea.

Prove that for any positive real numbers a, b,c the following
inequality holds:

i+i+i+2 ;+;+;
3a 3b 3c 2a+b 2b+c 2c+a
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> 3 1 + 1 + 1
- a+2b b+2c c+2a '

[Gabriel Dospinescu]

Solution. If the previous problem could be solved using bunching (or not?
anyway, we haven’t tried), this one is surely impossible to solve in this manner.
With the experience from the previous problem, we see that the problem asks
us in fact to prove that

x3 + y3 + 23 + 2(z2y + yzz + 222:) 2 3(:cy2 + 3/22 + 2:132)

for any positive real numbers 1:, y, 2.
Let us assume that a: = min(a:, y, z) and write y = a: + m, z = a; + n for some
nonnegative real numbers m, n. Simple computations show that the inequality
is equivalent to

2:1:(m2 - mn + n2) + (n — m)3 + m3 2 (n — m)m2.
Therefore, it suffices to prove that

(n — m)3 + m3 2 (n - m)m2,

which is the same as t3 + 1 2 t for all t 2 —1 (via the substitution t = $),
which is immediate.

At the start of this topic we said that there is a deep relation between integrals
and areas, but in the sequel we seemed to neglect the last concept. We ask the
reader to accept our apologies and bring to their attention two mathematical
gems, in which they will surely have the occasion to play around with areas.
If only this was easy to see... In fact, these problems are discrete forms of
Young and Stefl'ensen inequalities for integrals.

Let a1 2 a2 2 Z an+1 =0 and let b1,b2,...,bn 6 [0,1].
Prove that if n

k = l: b,-J + 1,
i=1
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then
11 II;

2 (Mb; S Zai-
i=1i=1

St. Petersburg Olympiad, 1996

Solution. The very experienced reader will have already seen a resemblance
to Steffensen’s inequality: for any continuous functions f, g : [a, b] —> R such
that f is decreasing and 0 S g S 1 we have

[aNEW 2 [b “meme,
where b

k: / g(:r)da;.
a

So, probably an argument using areas (this is how we avoid integrals and argue
with their discrete forms, areas!!!) could lead to a neat solution. Let us consi-
der a coordinate system XCY and let us draw the rectangles R1, R2, . . . , Rn
such that the vertices of R; are the points (i — 1,0), (i,0), (i — 1,04), (22, 0.1;)
(we need n rectangles of heights (11, a2, . . . , a," and horizontal sides 1, so as to

view 2: a, as a sum of areas) and the rectangles 5'1, 52, . . . ,3", where the ver-

11—1 1' i—l i
tices of S, are the points i,0 , ifl , i,a,r , i,a,-

i=1 i=1 j=1 j=1
o

(where i = 0). We have made this choice because we need two sets
i=1

of pairwise disjoint rectangles with the same heights and areas (11,62, . . . ,an
and a1b1,a2b2, . . . , anbn respectively, so that we can compare the areas of the
unions of the rectangles in the two sets. Thus, we have to show that the set
of rectangles 5'1, 5'2, ...,Sn can be covered by the rectangles R1,R2, ...,Rk+1.
This is quite obvious, by drawing a picture, but let us make it rigorous. Since
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n

the width of the union of 51,52, . . .,S'.,. is i < k + 1 (and the Width of
'=1

R1, R2, . . . , Rk+1 is 19+ 1), it is enough to prove this for any horizontal line. But
if we consider a horizontal line y = p and an index 1' such that a, 2 p > (n+1,
then the corresponding width for the set R1,R2, . . .,Rk+1 is p, which is at
least b1 + b2 + - -- + bp, the width for 81,82, . . . ,5”. And the problem is sol—
ved. And now the second problem, given this time in a Balkan Mathematical
Olympiad.

Let (3n)n20 be an increasing sequence of nonnegative integers
such that for all k E N the number of indices 1; e N for which
as, S k is yk < oo. Prove that for all m,n 6 N,

2mi+2yj Z (m+1)(n+1).
i=0 j=0

Balkan Mathematical Olympiad 1999

Solution. Again, the experienced reader Will see immediately a similarity with
Young’s inequality: for any strictly increasing one-to-one map f : [0, A] —>
[0, B] and any a E (0, A), b E (0, B) we have the inequality

(1 b
/ f(a:)da:+ / f-1(x)dx2 ab.

0 0

Indeed, it suffices to take the given sequence (mn)n>o as the one-to-one increa-
sing function'1n Young’s inequality and the sequence (yn)n>o as the inverse

of f. Just view Xx, and Zyj as the corresponding integrals, and the
i=0 j=0

similarity will be obvious. Thus, probably a geometrical solution is hiding
behind some rectangles again. Indeed, consider the vertical rectangles with
width 1 and heights 230,161, . . . , cm and the rectangles with width -1 and heights
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y0,y1, . . . ,yn. Then in a similar way one can prove that the set of these rec'-
tangles covers the rectangle of sides m + 1 and n + 1. Thus the sum of their
areas is at least the area of this rectangle.

It will be difficult to solve the following problems using integrals, since the
idea is very well hidden. Yet there is such a solution, and it is more than
beautiful.

Prove that for any a1,a2,...,a,n and b1,b2,...,bn 2 0 the
following inequality holds

2 (lai"aj|+|bi—bjl)s Z Iai— jl-
ISi<a 151',a

Poland 1999

Solution. Let us define the functions f5, 9,- : [0, oo) —) R,

1, t e [0, a5], 1, x 6 [0,bi],
f‘($)={ o, t>ai andg”(‘”)={ 0, a:>b,u

Also, let us define

f(x) = Em), gov) = 29495).
i=1 i=1

(X)

Now, let us compute / f(a:)g(:1:)d:l:. We see that
0

fo°°f<z>g(z)dw= fo°°( Z fi(w)gj(m>)dm
19'.a

= z [magi-(sown Z mummy->-
19?,a 1933's,;
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A similar computation shows that

fox f2(a:)d:z: = Z min(a,-,aj)
ISig‘Sn

and
00

/ g2(ac)da:= Z min(b,-,bj).
° 151',a

Since
00 2 oo 2 — oo 2‘ 2 m 00

/0 f ($)d$+ f0 9 (517)0193— /0 (f ($)+9 ($))d Z 2 f0 f($)g($)dw,

we find that

Z min(a.i,aj)+ Z min(b,-,bj)22 Z min(a,,-,bj).
1S‘iJSn 151',a ISiJSn

Now, remember that 2min(:z:,y) = a: + y — |:z: — y| and the last inequality
becomes

2 lai—ajl'l' z Ibi—bjl S2 2 Iai—bjl
19',a 197,19; 13,-,a

and since
2 lai —a,-l = 2 2 lat—ajl,

19‘,a lsi<jsn

the problem is solved.

Using the same idea, here is a difficult problem, whose elementary solution is
awful and which has a three-line solution. Of course, this is easy to find for
the author of the problem, but in a contest things change!

Let a1,a2, . . . ,an > 0 and let 1:1,:v2, . . . ,zn be real numbers
such that n

2 am; = 0.
i=1
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a) Prove that the inequality 2 ccilai — ajl S 0 holds;
15i<j$n

b) Prove that we have equality in the above inequality if
and only if there exist a partition A1,A2, . . . ,Ak of the set
{1,2, . ..,n} such that for all i 6 {1,2, . . .,k} we have2 x,- = 0 and ah: ah ifj1J2 6 Ai-
J'EA.’

[Gabriel Dospinescu] Mathlinks Contest

Solution. Let AA be the characteristic function of an arbitrary set A. Let us
consider the function

n

f = [0, co) —> R, f = Ext-M0,“;-
i=1

Now, let us compute

fox f2(-’D)d-’D= 2 arm fox A[o,a.-](-’D)/\[o,a,](-’B)d93
l<i,j<n

2 my min(a,,-, aj).
ISiJSn

Then
2: may min(a,,-,aj) 2 0.

19',a
Since

min(a.-,aj) = —a,: + aj glai _ ajl

and

z m,(aq,+a,)=2 (:90) (20423;) =0,
13mg» i-l

we conclude that
X: $i$j|ai — aj| S 0.

lSi<a
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Let us suppose that we have equality. We find that
00

f f2 (m)da: = 0
0

and so f (:12) = 0 almost anywhere. Now, let b1, b2, . . . , bk the distinct numbers
that appear among a1,a2, . . . ,an > 0 and let A: = {j 6 {1,2, . . . ,n}| aj = bi}.
Then A1,A2, . . . ,Ak is a partition of the set {1,2, . . . ,n} and we also have

I:

Z 2%“ Atom-1:0
i=1 jEA,’

almost anywhere, from which we easily conclude that

i=0foralli€{1,2,...,k}.
iEAi

The conclusion follows.

Because we have proved the nice inequality

2 may min(a,;,aj) 2 0
19',a

for all $1,302, . . . ,mn,a1,a2, . . . ,an > 0 let us take a further step and give the
magnificent proof found by Ravi Boppana for one of the most difficult inequar
lities ever given in a contest. The solution is based on the above result.

Prove the following inequality

2 min(a,-aj,bibj)$ Z min(aibj,ajb¢)
152'.a 152',a

for all nonnegative real numbers (11,. . . ,an and b1, . . . ,bn.

[G. Zbaganu] USAMO 1999
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max(ai, bi)
min(a,,-, bi)

(if, by any chance, one of (1;, b,- = 0, we can simply put 1'; = 0). The crucial
observation is the following identity:

Solution. Let us define the numbers n = — 1 and x; = sgn(ai —b,-)

min(aibj, ajbi) — min(a,-aj, bibj) = mixj min('r,-, rj).

Proving this relation can be achieved by distinguishing four cases, but let us
observe that actually we may assume that a,- 2 b,- and aj 2 bj, which leaves us
with only two cases. The first one is when at least one of the two inequalities
a, 2 b, and aj 2 bj becomes an equality. This case is trivial, so let us assume
the contrary. Then

zixj min(r,-,rj) = bibj min (% — 1, 2—] — 1) = bibj (min (%, 2—1) — 1)
t J ’L .7

= min(a¢bj, ajbi) — bibj = min(a,,-bj, ajbi) — min(a,,:a.j, bibj).

Now, we can write

2 min(a,-bj, ajbi) — Z min(o,raj, bibj) = :mwj min(r,:, 73) 2 0,
151',a 19',a M

the last inequality being the main ingredient of the preceding problem.

Finally, a problem, which is a consequence of this last hard inequality. Consi-
der this a hint and try to solve it, since otherwise the problem is really hard.

Let 9:1, .732, . . . ,wn be some positive real numbers such that

2 ll — 95¢i = Z In - 1'1"-
19',a 151:.a
n

Prove that :12.- = n.
i=1

[Gabriel Dospinescu]
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Solution. Consider b,- = 1 in the inequality from example 14. We obtain:

2 min(x,-,a:j)2 Z min(1,:z:ia:j).
19',a ISiJSn

u+'v—|u—v|
2 and rewrite the above in-Now, use the formula min(u,v) =

equality in the form

n n 2

2ai— 2 Ixi—xj|2n2+ Zah- — Z |1—:z:,-:I;j.
i=1 151',a i=1 151,157;

Taking into account that

Z I1-$i$j|= Z |z.-,—a:,-,
ISiJSn 151'.a

we obtain 2
n n27:23,: 2 n2+ (2a) ,

i=1 i=1

which can be rewritten as (221:1 :13,- — 'n)2 S 0. Therefore 2?:1 11:,- = n.
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19.2 Practice problems

1. Prove that for any x > O and any positive integer n,

2n 2n 2n 2n

0 _1 + _2_ _ . . . + i;
:1: a: + 1 w + 2 a: + 2n

Kfimal

2. Let $0 = 0 and x.- > 0,13 = 1,2,. . . ,n such that 2212:,- = 1. Prove that

(17:;

g\/1+$0+$1+"'+$i_1‘/zi+...+zn
<5

2

China 1996

3. Prove that for all real numbers a1, a2, . . . , a,”

n

—_a a- a .2 . , >(; )
4. Let a1,a2, . . . ,an e R and c,z1,a:2,... ,2." > 0. Prove that

a-—,aj
12;12:—(x,- + my)c

Komal

5. Prove that for any positive real numbers a, b, c such that a + b + c = 1,

1 b 1 ° 1 a 1_ _ — > —.(1+a) (1+b) (1+c) _1+ab+bc+ca

Marius and Sorin Radulescu
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6. Let k e N and a1,a2,...,an+1 nonnegative real numbers such that
an+1 = a1. Prove that

k n k—l
k—j j—I .Z “1: ai+1 3% (Era) '

lgign i=1195k
Hassan A. Shah Ali, Crux Mathematicorum

7. Prove that for all a1, (12,. .,an, b1, b2,.. .,bn _0

2

Z min(ai, Gj) Zmin(b,, bj) Zmin(ai, bj)
15¢}a 1<i,j<'n 1<i,j<n

Don Zagier

8. Consider vectors a1, a2, . . . ,a..n and b1, b2, . . . ,bm in the plane. For every
line through the origin, let the projection of the vectors onto the line be
A1,A2, . . . ,Aln and 31,32, . . . ,Bm. Suppose that for any such line we
have

|A1| + IA2| +--+ Md 2 lBlI + I32| + ---+ [Bml.

Prove that

|01|+|a2|+”'+|an| 2 |b1|+lb2|+---+lbm|,
Where |v| is the length of the vector 'u.

9. Prove that for any x1 2 m2 2 - -- 2 can > 0 we have

Adapted after an IMC 2000 problem
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10.

11.

12.

13.

14.

Prove that for any positive real numbers $1, 2:2, . . . ,9»; such that

i=11+113¢ 2

we have the inequality

Gabriel Dospinescu

Prove that the function f : [0, 1) —> R defined by

f(a:) =log2(1—z)+w+m2+m4+m8+---

is bounded.

Komal

Let 3:1,:132, . . . ,wn and 141,312, . . . ,yn be positive real numbers such that
for all t > 0 there are at most % pairs (i, j) satisfying 13+ 11,- Z t. Prove
that

(w1+x2+---+xn)-(y1+y2+---+yn)S mam-+111)-151,151;

Gabriel Dospinescu

The sides and diagonals of a (not necessarily convex) polygon have length
at most 1. Prove that the area of the polygon is less than 345.

Let 1:1,:z2, . . . ,xm,y1,y2, . . . ,yn be positive real numbers and let

m p n

X =Z$hY = Zyj.
i=1 i=1
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Prove that

m n n n m m

2XYZZ|$¢ —yjl 2 XzzZIyi —yj| +Y222|mi —x,-|.
i=1 j=1 i=1 j=1 i=1 j=1

Chinese TST 2009

15. Prove that for any complex numbers 21,22, . . .,.zn one can find a no-
nempty subset I C {1,2, . . . ,n} such that

Za_ iZIzil-
'iEI 7Iri=1

Is the constant % optimal?

16. Find the best constant k such that for any n 2 2 and any nonnegative
real numbers 1:1,. . . , wn we have

(x1+2x2+---+nmn)(as§+x§+---+a:,2,)2k(w1+m2+---+mn)3.

17. Let a1, a2, . . . , an be positive real numbers and let S = (11 +0.2 + - - - + a.n
be their sum. Prove that

n1 1 n(n—2) 1_. _ _> —,
n Za-+ S _§S+ai—aji 1 '

Gabriel Dospinescu

18. Prove that for any real numbers 04, a2, . . . , an,

n n
a a

$214.17l "0i=1 j=1
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19. Prove that for any real numbers a1, a2, . . . , an,

axa‘ "t 1 22 f s w:-
1931's,: 2 + '7 i=1

Prove that 7r is the best constant.

Hilbert’s inequality
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20.1 Theory and examples
It is very difficult to imagine a completely trivial mathematical statement
which has absolutely nontrivial applications. And if there is such a candidate,
then surely the pigeonhole principle will be the winner: what could be easier
than the observation that if we put more than 77. objects in n boxes, there
will be a box containing at least two objects? Yet, this observation, combined
with some trivial variations, turn out to be a completely revolutionary idea
in mathematics. Quantitative results such as Siegel’s lemma, or the fact that
the class group of a number field is finite, are fundamental results in number
theory, and are all consequences of this principle. There is also an enormous
quantity of difficult Ramsey-type (and other) results in combinatorics, all ba-
sed on this little observation. The purpose of this chapter is to present some
of these applications of the pigeonhole principle, most of them elementary.

Let us begin with some combinatorial statements in which the use of the pi-
geonhole principle is more or less clear. But the reader must pay attention,
because what is easy to state is not necessarily easy to write! This is Why even
the easiest problems of this chapter will have some subtle parts, and the rear
der should not expect straightforward applications of the pigeonhole principle.

Let A1, A2, ..., A50 subsets of a finite set A such that any subset
has more than half of the number of elements of A. Prove that
there exists a subset of A with at most 5 elements that has
nonempty intersection with each of the 50 subsets.

Examplel

United Kingdom 1976

Solution. Let A = {a1, a2, ..., an} and define f (z) to be the number the subsets
among A1, A2, ..., A50 that contain (1,. Then clearly

f(1)+f(2)+"'+f(n)=|A1|+lA2l+"'+|A50l>25”-
Thus there exists an 2' such that f (i) _>_ 26, which implies the existence of an anc
in at least 26 subsets, let them be A25, A26, ..., A50. Working with the remai-
ning 24 subsets only and using the same argument we deduce the existence of
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an element ay Which belongs to at least 13 subsets among A1, A2, ..., A24, let
them be A12, A13, ..., A24. Similarly, there exists az which belongs to at least 6
subsets among A1, ...,A11, let them be A6, A7, ..., A11 and if we continue this
process we define similarly a.“ and av. It is clear that the set of as, ay, (1;, an, (1,,
satisfies all conditions of the problem.

The strange statement of the following problem should not mislead the reader:
after all, we have said that all problems of this chapter are based on the
pigeonhole principle, but we haven’t said where this idea hides. After reading
the solution, the reader will surely say: but it was obvious! Yes, it is obvious,
but only if we proceed correctly...

Let A = {1, ..., 100} and let A1, A2, ..., Am be subsets ofA, each
with 4 elements, any two of them having at most 2 elements in
common. Prove that if m 2 40425 then there exist 49 subsets
among the chosen ones such that their union is A, but the
union of any 48 subsets (among the 49) is not A.

[Gabriel Dospinescu]

Solution. Let us consider the collection of all two-element subsets of each
A1, A2, ...,Am. We obtain a collection of 6m two-element subsets of A. But
the number of distinct subsets of cardinal 2 in A is 4950. Thus, by the pigeon-
hole principle, there exist distinct elements 2,3; 6 A which belong to at least
49 subsets. Let these subsets be A1, A2, ..., A49. Then the conditions of the
problem imply that the union of these subsets has 2 + 49 x 2 = 100 elements,
so the union is A. However, the union of any 48 subsets among these 49 has
at most 2 + 2 x 48 = 98 elements, so it is different of A.

The following example is, in a certain sense, typical for problems involving
estimations of trigonometric sums. Its presence as the last problem in an in-
ternational contest for undergraduate students shows that it is more difl'lcult
than it looks, even though the solution is again a pure application of the pi-
geonhole principle.
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Let A be a subset of Zn with at most 111—? elements. Prove that

z 8%.9’!‘ 2 J?-

36A
there exists a nonzero integer r such that

IMC 1999

Solution. Let A = {a1,a2,...,ak} and define g(t) = (emTraltrummTwakt
for 0 S t S n — 1. If we divide the unit circle into 6 equal arcs then
these k—tuples are divided into 6’c classes. Because n > 6’“, there are two
k-tuples in the same class, that is there exist t1 < 152 such that g(tl) and
g(tz) are in the same class. Observe now that if we consider 7' = t2 — t1 then
Re ezrizflmi = cos —J———2"a'(t2—t1) 2 cos E . Therefore f 'r 2 Re f r 2 J—lAn 3 2
and the problem is solved.

Sometimes, even the completely obvious observation that an infinite sequence
taking only a finite number of values must have (at least) two equal terms (ac-
tually, an infinite constant subsequence) can be really useful. This is shown by
the following extension of a difficult problem given in a Romanian TST in 1996:

Let $1, .732, ..., an, be real numbers such that A = {cos(n7ra:1) +
cos(n7rac2) + - - - + cos(n7ra:k)|n E N*} is finite. Prove that :13,-
are all rational numbers.

[Vasile Pop]

Solution. The beautiful idea is that if the sequence (1,, = cos(n7rz1)+cos(n1ra:2)+
- -- + cos(n7ra:k) takes a finite number of distinct values, then so does the se-
quence in RI“ defined by un = (an, a2”, ..., ah"). Thus there exist m < n such
that an = am, agn = azm, ..., akn = akm. Let us analyze these relations more
closely. We know that cos(nb;) is a polynomial of degree n with integer coef-
ficients in cos(z). If A, = cos(n1rm,-) and B, = cos(m7rzj) then the previous
relations combined with this observation, show that A31 + Afi + + A}: =
Bf + Bi; + -- - + B}; for all j = 1, 2, ..., k. Using Newton’s formula, we deduce
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that the polynomials having zeros A1, A2, ..., Ak and B1, .32, ..., Bk are equal.
Thus there exists a permutation a of 1,2, ...,n such that A,- = Baa). Thus
cos(n7r:ci) = cos(m7r:ca(,-)), which means that nmi —mza(,) is a rational number
for all 2'. This easily implies that all as,- are rational numbers.

The same idea can be used with success when dealing with remainders of re-
cursive sequences modulo certain positive integers. This kind of problem has
become quite classical, being present in lots of mathematical competitions .

xanmle 5 Consider the sequence (anhzl defined by a1 = a2 = a3 = 1
and an+3 = an+1an+2 + an. Prove that any positive integer
has a multiple which is a term of this sequence.

[Titu Andreescu, Dorel Mihet] Revista Matematica Timisoara

Solution. Consider a positive integer N and let the first term of the extended
sequence to be a0 = 0. Now, look at the sequenCe of triples (an,an+1,an+2) re-
duced mod N. This sequence takes at most N3 distinct values because there
are N possible remainders mod N. Thus we can find two positive integers
2' < 3' such that 0,, E 11,- (mod N),ai+1 E aj+1 (mod N) and (”+2 E (Lg-+2
(mod N). Using the recursive relation, we deduce that the sequence becomes
periodic mod N with period j — 75. Indeed, it follows immediately from the
recursive relation that ak E ak+j_,- (mod N) for all k 2 1}, and using the fact
that an = an+3 — an+1an+2 we can proceed backwards with an inductive argu-
ment to prove that a], E ak+j_,~ (mod N) for all k S i. In particular, it follows
that aj_,- is a multiple of N, so N divides at least one term of the sequence.

A classical application of the pigeonhole principle is to prove that for any co-
loring of the lattice points in a plane with a finite number of colors, there are
rectangles having all vertices of the same color. We advise the reader who does
not know this problem to solve it first and then to proceed to the following
similar problem.
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]Example 6.3] Let m, n be positive integers and let A be a set of lattice points
in the plane such that any open disc of radius m contains at
least one point of A. Prove that no matter how we color the
points in A with 71. colors there exist four points of the same
color in A which are vertices of a rectangle.

Romanian TST 1996

Solution. Consider first a huge square of side-length a (to be determined la-
ter) and having sides parallel to the coordinate axes. Divide it into smaller
squares of side—length 2m and inscribe a circle in each such smaller square.
We find at least ]$§J circles of radius m inside this huge square, and thus at
least as many points of A. But these points lie on a — 1 vertical lines. By the
pigeonhole principle, there exists a vertical line containing at least 71+ 1 points
of A if a is suitably chosen (for instance, any multiple of 4nm2). Again by the
pigeonhole principle, two of these points have the same color. This shows that
in any such huge Square there exists a vertical line and two points on it that
have the same color. Because there are finitely many positions of these pairs
of points on a segment of finite length and because we can put infinitely many
huge squares consecutively on the 0:1: axis, there will be two squares in which
the points of the same color and on the same vertical line have identical posi—
tions and same color. These points will determine a monochromatic rectangle.

It is time to consider some more involved problems in which the use of the
pigeonhole principle is far from obvious. Several articles in the American Ma-
thematical Monthly were dedicated to the following problem, which shows
that it is not surprising that only a few students solved it when it was pro—
posed for the Putnam Competition (in a weaker form than the example below):

Example 7 Let Sa be the set of numbers of the form [nu] for some positive
integer n. Prove that if a, b, c are positive real numbers, then
the three sets Sa, Sb, Sc cannot be pairwise disjoint.
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Solution. Let us pick an integer N and consider the triples ({fi} , {fi} , {3)
for 2 = 0,1, ...,N3. These points lie in the unit cube [0,1]3 so by the pigeon-
hole principle there are two points lying in a cube of side-length %, that is
there exist 2' > j such that for some integers m, 21,12 we have li—Ei — m] 5

%, 1E—Z-i—n] S fi,]i—Zi—pl S %. This can be writtenas |2—j—ma| <

1, |2' —j — nbl < 1 and I2 —j —pc| < 1. Therefore all numbers [2220.], [22b], [120]
are equal to 2' — j or 2' — j — 1, which shows that some two of them are equal,
and so two of the sets Sa, Sb, Sc intersect.

We continue with a very beautiful problem from an Iranian Olympiad, where
there are some traps in applying the pigeonhole principle.

. Let m be a positive integer and n = 2m+1. Consider f1, f2, ..., fn :
[0,1] —-) [0,1] to be increasing functions such that f,-(0) = 0 and
If,(a:) — fi(y)| 3 la: — y] for all 1 S 2' S n and all 93,3; 6 [0, 1].
Prove that there exist 1 S 2' < j S n such that |f,~(a:) — fj (m)| S
—1-Fi for all m E [0, 1].

Iran 2001

Solution. This time, everything is clear: the solution of this problem should
use the pigeonhole principle. But how? Looking at the graph of such functions,
we observe that the points of a regular subdivision of [0,1] play a special role
in their behavior. Therefore, let us concentrate more on these points, so let us
associate to each function fian (m + 1)-tuple (a1 (2'), a2(2'),.. .,am+1(2')), where
aj-(i) is the smallest integer k such that fi(m+1) E [m+1, 16—1511“ In this way,
we can control the behavior of the function f,- very well at all points of the
regular distribution (0 1). Because f,- is increasing, it is clear_1_ _2_2 m+1’ m+1""’
that aj+1(2')_> a,J (2) Also, the inequality f,- (m+11)— f,- (m+1) 3 +11” assures
us that (134.1(2) S a, (2) + 1. Furthermore, note that

os‘fi(m:-1)fi<m‘-—-l-_1)—'fi(0)S 31%?
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so (11(1) = 0 for all 2'. Therefore there are at most 2’" such sequences that can
be associated with f1, f2, ..., fn. By the pigeonhole principle, two functions
f,-, fj with i < 3' must be associated with the same (m + 1)—tuple. This shows
that we can find some integers b0, b1,... ,bm+1 and two indices ’1' < 3' such that
fz m+—’3——1—) and fj m——+1) are both 1n [Hi—1’ $1533] for all k = 0,1,...,m+ 1.

Now we are almost done, because we have found our candidates 1', j. What
remains to be verified is straightforward. Indeed, consider a: e [0,1] and Is an
integer to be such that :1: E [m+1, m+1] We know that 0 < bk+1 — bk_< 1 by
the previous observations. Now, we have two cases. First let bk+1-— bk, so

k+1 bk+1 1 k
< < -m+1>-m+1—m+1+f’(m—1)< f’(z)+—m+1’

and by a similar argument we also obtain fj (z) < f,(a:) + +1m So, assume
that bk+1—— bk + 1. Then

k k bk—k+1. < . _ ____< __f,(x)_f.<m+1)+x 2+ ,

meSfi(

m+1— m+1

while

tw_h(;
from where fi($)— fj($)—<_‘m+1
which shows that 1n both cases |f1(1:) - fj (1:)I S #4.]-

+1 k+1 bk—k
>+1>+w— —+m1_a:+m+1,

Analogously we obtain fj(:1:)— f-(m)_ m—+1’

In the same category of difficult (or very difficult) problems can be included
the next example, too. Here it is absolutely not obvious how to use the pigeon-
hole principle. The solution presented here was given by Gheorghe Eckstein:

49 students take a test consisting of 3 problems, marked from
0 to 7. Show that there are two students A and B such that
A scores at least as many as B for each problem.

IMO 1988 Shortlist
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Solution. Let us consider the set of triples (a, b, c) where each component
can be 0,1,...7. We define an order on these triples by saying that (a, b, c) is
greater than or equal to (a3,y,z) if a 2. cc, b 2 y, and c 2 z. A similar order
is defined for pairs (0., b). We need to prove that among any 49 triples there
are two that are comparable. Supposing the contrary, it is clear that such a
set A of triples cannot contain two triples with the same first two coordinates.
Now, consider the following chains:

(1) (0,0) < (0,1) < (0,2) < (0,3) < (0,4) < (0,5) < (0,6) < (0,7) < (1,7)
< (2,7) < (3,7) < (4,7) < (5,7) < (6,7) < (7,7)

(2) (1,0) < (1, 1) < (1,2) < (1,3) < (1,4) < (1,5) < (1,6) < (2,6) < (3,6)
< (4,6) < (5,6) < (6,6) < (7,6)

(3) (2,0) < (2,1) < (2,2) < (2,3) < (2,4) < (2,5) < (3,5) < (4,5) < (5,5)
< (6,5) < (7,5)

(4) (3,0) < (3,1) < (3,2) < (3,3) < (3,4) < (4,4) < (5,4) < (6,4) < (7,4).

Note that no such chain can contain more than 8 pairs of the first two co-
ordinates of some triples in A (otherwise there are two with the same last
coordinate among them and so they are comparable). On the other hand,
there are 48 pairs (a, b) with 0 g a, b g 7 covered by these four chains. The-
refore there are 64 — 48 = 16 remaining pairs of two elements which are not
covered by the‘chains. Each such pair corresponds to at most one element
of A. Therefore A has at most 4 X 8 + 16 = 48 elements, a contradiction.
Note that the above construction shows that the property fails with only 48
students.

A highly nontrivial example of how the pigeonhole principle can be used in
combinatorial problems is the following example. The solution was given by
Andrei Jorza.

Q xangplelo The 2" rows of a 2" x n table are filled with all the different
n-tuples of 1 and —1. After that, some numbers are replaced
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by zeros. Prove that there exists a nonempty set of rows such
that their sum is the zero vector.

Tournament of the Towns 1996

Solution. Take any numbering L1,L2, ...,L2n of the rows before the repla—
cement of some numbers by 0, in such a way that L1 is the vector with all
coordinates equal to 1 and L21. is the vector (—1, —1,...,—1). Define f(L) to
be the new line, obtained by (possibly) replacing some numbers by 0. For any
row L that now contains some zeros, let g(L) be the corresponding row in the
initial table, obtained by the following rule: any 1 in L becomes the value —1
in g(L) and any 0 or —1 in L becomes a 1 in g(L). Now, define the following
sequence: x0 = (0,0,...,0), x1 = f(L1) and mr+1 = arr + f(g(x,.)). We claim
that all terms of this sequence have all coordinates equal to 0 or 1. This is
clear if n = 1. Assuming that it holds for 13,», observe that the only places
in which the value —1 can appear in f(g(x,» are those on which x? has a
1, thus all coordinates of n+1 are nonnegative. Also, the places on which a
1 appears on f (9(a)) must be among the places on which 51:,» had a 0. This
proves that mr+1 also has all coordinates equal to 0 or 1. Now, it follows from
the pigeonhole principle that for some i > j we have as,- = 30,-, which can be
also written as

f(9(33j)) + f(g($j+1)) + - ~ - + f(9($i—1))= 0
and this means precisely that a sum of rows in the new table is zero.
There is no trace of the pigeonhole principle in the following problem. At
least at first glance. However, a very clever argument based on the pigeonhole
principle allows an elegant proof:

Example 11. Let (11107121 be an increasing sequence of positive integers
such that an+1 — an S 2001 for all n. Prove that there are
infinitely many pairs (2', j) with 2' < j such that ai|aj.

Solution. Let us construct an infinite matrix A with 2001 columns in the follo-
wing way: the first line consists of the numbers a1 +1, 0.1 +2, ..., a1 +2001. Now,
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suppose we constructed the first k lines and the kth line is $1 +1, m1 +2, ..., $1 +
2001. Define the (k + 1)st line to be N +w1 + 1, N+1o1 + 2, ..., N +231 + 2001
where N = (9:1 + 1)(.7:1 + 2) - - - ($1 + 2001). The way in which this matrix is
constructed ensures (an inductive argument doing the job) that for any two
elements situated on the same column, one divides the other. Now, pick any
2002 consecutive lines. On each line there is at least one term of the sequence,
because (an)n21 is increasing and an+1 — an S 2001. Thus there are at least
2002 terms of the sequence on the matrix formed by the selected lines. By
the pigeonhole principle, there exist two terms of the sequence on some of
the 2001 columns. Those terms will form a good pair. Thus for each choice
of 2002 consecutive lines we find a good pair. Because the numbers on each
column are increasing, it is enough to apply this procedure to the first 2002
lines, then to the next 2002 lines and so on. This will produce infinitely many
good pairs.

The following example was taken from an article called “24 Times the Pigeon-
hole Principle”. We must confess we did not count exactly how many times
this phrase appears in the following solution, but we do warn the reader that
this will normally take a considerable amount of time.

' ‘- Let n 2 10. Prove that for any coloring with red and blue of
the edges of the complete graph with n vertices there exist
two vertex-disjoint triangles having all six edges colored with
the same color.

[Ioan Tomescu]

Solution. Have courage, this is going to be long! First, we will establish a
very useful result, that will be repeatedly used in the solution:

Lemma 20.1. Every coloring with two colors of the complete graph with six
vertices induces a monochromatic triangle. The only coloring with two colors
of the complete graph with five vertices that does not induce monochromatic
triangles has the form: there exists a pentagon with edges red and diagonals
blue.
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Proof. Consider first the case of a complete graph with five vertices. It is clear
that with every vertex there are at least two incident edges having the same
color. If for a vertex at least three of them have the same color, it can be easily
argued that a monochromatic triangle appears. So, suppose that every vertex
is incident with two red and two blue edges. Let a: be an arbitrary vertex
and suppose that any and x2 are red. Then yz is blue. New, let t be a vertex
distinct from 1:, y, z and suppose that the edge connecting y and t is red and
the edge connecting :1; and t is blue. Let w be the fifth vertex of the graph.
Then the edges wz and wt are red, while war: and my are blue. Similarly, zt
is blue and so we can consider the pentagon myt which has red edges and
blue diagonals.

The case of the complete graph with six vertices is much easier: pick a vertex
as. There exist three edges having the same color (say red) leaving from :1:
(again the pigeonhole principle). Let y, z,t be their extremities. If yzt is blue,
we are done. Otherwise, assume that yz is red. Then wyz is a monochromatic
triangle. The lemma is proved.

CI

Now, choose six vertices of the graph. They clearly induce a complete sub-
graph with six vertices. By the lemma, there exists a monochromatic triangle
myz. If we consider six of the remaining seven vertices, we find another mono-
chromatic triangle uvw, whose set of vertices is disjoint from the set of vertices
of myz. If the two triangles have the same color, we are done. Otherwise, sup-
pose that wyz is red and new is blue. Because there are nine edges between
the two triangles, by the pigeonhole principle at least five edges have the same
color, say blue. By the same principle, there exists a vertex of zyz, call it as,
which is incident with at least two blue edges having the other extremity in
triangle uvw. Suppose without loss of generality that these vertices are u, 1).
Thus two triangles myz and 93m) appear with x as a common vertex, the edges
of zyz being red and the edges of {mm blue. Look at the remaining five ver-
tices, which form a complete graph with five vertices. If this graph contains
a monochromatic triangle, we are done. Otherwise, by the lemma the remai-
ning five vertices form a pentagon abode with red sides and blue diagonals. By
the pigeonhole principle, there exist three edges among those connecting a: to
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vertices of abode that have the same color. Now we have two cases.

In the first case, vertices y and z are joined by at least three edges having the
same color with vertices of abode. If, for instance, the color corresponding to
y is blue, then we can consider two blue edges joining y with abode. Then
no blue triangle with a vertex in y appears if and only if the two blue edges
join y with two consecutive vertices of the pentagon, for example with a and
b. But there is still a third blue edge joining y with one of c,d,e, and this
shows the existence of a blue triangle with vertices y and the two extremities
of a diagonal of the pentagon. So, two blue triangles with disjoint sets of
vertices appear. Let us now consider the case when y and z are each joined
by at least three red edges with the vertices of the pentagon. So, there is a
red triangle with vertices x and two neighboring vertices of the pentagon, say
a and b. Consider now y, z, c,d,e. If the induced complete graph with five
vertices contains a monochromatic triangle, we are done, because we still have
the red triangle crab and the blue triangle mm). Otherwise, again using the
lemma, yz, cd and de are red, so either 26, ye are red or zc, ye are red. In both
cases all other edges of the complete graph induced are blue. Let us consider
just the first subcase (26, yo red), the second one being similarly treated. Then
y is joined by at least three red edges with vertices of abcde, and since yd and
ye are diagonals in ycdez (thus they are blue), it follows that ya and yb are
red. Similarly we find that za, zb are red and so we have two good triangles
zae and xyb.
Finally, let us consider the second case. Actually, all we have to do is to argue
as in the first case, by considering vertices u, ’U joined each by at least three
edges of the same color with vertices of abode. So we are done.

The following problems are more computational, but contain much more ma.-
thematics than the previous examples. The first one is a famous example
due to Behrend, concerning subsets with large cardinality containing no three
elements in arithmetic progression. This is related to an even more famous
(but notoriously difficult) theorem of Roth: the maximum cardinality of a
subset of {1,2, ...,n} having no three elements in arithmetic progression is at
most CHE—“7 for an absolute constant C'. This was refined by Bourgain to
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C'm/ W. The proofs of these results are very deep, but finding a lower
bound for the maximum cardinality of such a set is is not so difficult, if you
use the pigeonhole principle. Only easy when compared to the proofs of the
mentioned theorems, of course...

Example. 13; There exists an absolute constant c > 0 such that for all suffi—
ciently large integers N there exists a subset A of {1, 2, ..., N}
with at least N6—“ lnN elements and such that no three ele-
ments of A form an arithmetic progression.

Behrend’s theorem

Solution. The beautiful idea that provides an elegant proof of this result is
the observation that a line cuts a sphere of IR” in at most two points. For
n = 3, this is immediate geometrically, and for larger 71 this follows from the
Cauchy-Schwarz inequality: if “as” = Hy” = Haas + (1 — a)y|| = 7‘ for some
a 6 (0,1), it easily follows by squaring the last relation that (cc, y) = ||x|| ~ My“,
where () is the natural inner product and H - II the Euclidean norm. By the
Cauchy-Schwarz inequality, the last relation implies that x, y are colinear and
from here the conclusion easily follows. Now, define F(n, M, r) to be the set
of vectors x all of whose coordinates x1, x2, ..., (L'n are in {1, 2, ..., M} and such
that 13% + 50% + + $3, = r2. Fix n, M and observe that as r2 varies from
n to nMZ, the sets F(n, M, 1”) cover the set of vectors with all coordinates in
{1, 2, ..., M}. Using the pigeonhole principle it follows that there exists some r
such that \/7_z S r S Mfi for which F(n, M, r) has at least #3 > LIZ—4
elements. Let us now define the function f from F(n, M, 1") to {1,2, ...,N}

n .
by f(w1,x2, ...,xn) = Z (2M)‘_1:I:,-. We claim that if f(x),f(y),f(z) form an.=1
arithmetic progression, then x = y = 2. Indeed, it follows that

n

2 (m,- + y,- — 22,-)(2MV-1 = 0.
i=1

Put a, = .73,- +yi — 2z,-. Then |ai| 3 2M — 1 and the last relation easily implies
n—l ,

that ai = 0 for all i (indeed, | Z: aZ-(2M)‘_1| < (2M)"_1, so an = 0; now,
7,:
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use an inductive argument to finish the proof). Therefore a: + y = 22 and
because :1}, y, 2 lie on a sphere, the observation made in the beginning of the
solution shows that a; = y = 2. Also, f is injective: if f(a;) = f(y), then
f (.73) + f(y) = 2f(y) and from the above argument, m + y = 2y, thus a: = y.
Finally, ( )

2M " — 1 n
m3 (2M) '

Therefore, if we consider M the largest integer such that (2M)” S N, then
f(F(n, M, 'r)) is a subset of {1,2, ...,N} which has no arithmetic progressions
of length three. Now we need to choose some n as to obtain an optimal cardi-
nality for f(F(n, M, r)). But this cardinality is the same as that of F(n, M, 7')
(because f is injective), which is at least M24 by the choice of 1'. But

lf($1,$2) "awn“ S M

11—2Mil-2 NT

71 > 4"—2n'
So choose n the integer part of VlnN to see that f(F(n, M, r)) has at least
N6—“ 1“” elements and has no three elements in arithmetic progression.

We now pass to another revolutionary result, the famous Siegel’s lemma. The
applications of this theorem are so numerous and important that they would
fill a book by themselves. We leave the interested reader to search in the huge
literature of transcendental number theory for variatiOns of the following result
and for applications, among them the difl'icult Thue-Siegel-Roth theorem (do
not kid yourselves, these require much more than Siegel’s lemma alonel).

Let 1 S m < n be integers and let A = (aij)15,;5n,1sj5m
be a matrix with integer entries. Suppose that for all 1 S

n

j S m, the number A,- = Z laijl is nonzero. Prove that
1:

there exist integers 2:1, m2, ..., 93",, not all zero, such that |:c,'| 5
fl

"‘T/ZlAg...Km for all 1 S i S n and Z aijmz- = 0 for all.___1
ISjSm- '

Siegel’s lemma
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Solution. The idea 1s the following: for a nonnegative real number M, we will
prove that the quantity 2 aijxi cannot take too many distinct values when

=1
(m1, m2," .,a:n) goes through the set of vectors with integer coordinates, all of
them between 0 and M. It will follow that the Image of the function

n ‘n

f(271,-T2, ---,$n) = (Z: ail-mi; “w Zaimxi)
i=1i=1

is not too big and we will be able to use the pigeonhole principle as long as
([M] + 1)" is greater than the image of f.

Consider integers a1, a2, ..., an and suppose that a1,a2, ..., up are nonnegative
and ap+1,ap+2, ...,an are negative. Then it is clear that for any integers 03,;
such that O S x,- S M we have

[Mj(ap+1+---+an) S 61931 +02$2+"-+an$n S (a1 +°"+Gp)lMl-

Thus there are at most 1 +(Ia1|+|a2| +- - -+ lan|)|_Mj values taken by (111:1 +
(12232 + - - - + anmn, which means that the image of f has at most

(1 + lMJA1)(1 + LMJAz) - ' - (1 + LMJAm) S A1A2 - - ~Am(1 + [MDm
elements. Because there are (1 + [M] )" vectors in Z" all of whose coor-
dinates are between 0 and M, it-follows that f is not injective if we take
M = "‘m. Thus there exist two distinct vectors 2,3; such that
f(:1:) = f(y) It is clear that the vector 'u = :1: — y satisfies all the desired
conditions.

And here is a surprising, yet very challenging, application of Siegel’s lemma,
inspired by a USAMO problem:

Let C > 0 and A < 6% be two real numbers and let f :
{1,2,...} -) {1,2,...} be a function satisfying f(n) < CA"
for all n. Suppose that f(n + p — 1) — f(n) is a multiple of
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p for any prime number p and any n. Prove that there are
integers r1, r2, ..., rs not all zero such that for all n we have

r1f(n) +r2f(n+ 1) +~--+rsf(n+s— 1) = 0.

[Gabriel Dospinescu, Vesselin Dimitrov]

Solution. Let us consider positive integers m,n such that m = lg] (this is
usually the best choice in Siegel’s lemma) and let us define aij = f (z + j)
for 1 S i g n and 1 g j g m. We claim that we can choose some m such
that if :31, m2, ..., gun is a solution of the system given by Siegel’s lemma, then
x1f(j + 1) + x2f(j + 2) + - - - + xnf(j + n) = 0 holds for all positive integers
j. For this, we will need some preparation, which will be done in the next
paragraph.

Take :35; to be any solution given by Siegel’s lemma, and observe that the
desired relation holds for j S m. Assume that it fails for some k > m and let
1:: + 1 be the smallest index for which it fails (thus it holds for all j S k and
k 2 m). Consider p any prime smaller than k + 2. Then 1 S k + 2 — p S k
and so

x1f(1+k+2—p)+---+a:nf(n+k+2—p) =0.
But this last sum is congruent (mod p) to

A = x1f(1+ <k+ 1)) +---+mnf(n+ <k+ 1)) (20.1)

which is nonzero by the choice of k. This shows that the last quantity A is
actually a multiple of the product of all primes up to k + 1. The desired
contradiction will follow from the fact that Siegel’s lemma and the hypothesis
on f ensure that A is small enough and thus cannot be divisible by the product
of all p with p S k: + 1. Let us estimate first the growth of xj. Using the
notations of Siegel’s lemma, we have

A,- s C(Aj“ + . . . + AH“) < 01AM,
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where 01 > 1 depends only on A, 0'. Thus
m m§m+1)W s (A1...Am)n—-% < 011/2 - An—m+2<n—m> < 02A5n/4,

for some 02 > 0 depending only on A, C. Therefore

|$1f(1+(k+ 1))+---+xnf(n+(k+1))| g
(max(|:rj|) -C'(Ak+1+1 + . . . + An+k+1) < C3A9n/4+k,

where C3 is again a constant depending only on A, C.

Now, we can prove the claim and thus end the solution. Suppose that the
statement does not hold, so for infinitely many k (remember that for each m
the corresponding [c was at least m) we will have

up S 03A9n/4+k.

' psk
Because k 2 m > n/2 — 1, we have

A9n/4+k03 < Allis/204-

Thus for infinitely many k one must have

% -1nA+lnC'4 > Zlnp
2

psk
2

and this forces, from the prime number theorem, A 2 efi, a contradiction
with the choice of A.

We end this chapter with a very challenging problem concerning the growth of
coefficients of divisors of a polynomial whose coefficients are 0,1 or —1. This
type of problems, concerning the multiplicity of roots of polynomials with co-
efficients —1,0, 1 has been subject to extensive research, but seems to be a
quite difficult problem. One estimation in the following problem can easily be
obtained using the pigeonhole principle; the other requires a beautiful theorem
of Landau.
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For n 2 2, let A, be the set of polynomial divisors of all
polynomials of degree n with coefficients in {—1,0, 1}. Let
C(n) be the largest coefficient of a polynomial with integer
coefficients that belongs to An. Prove that for any 5 > 0
there exists a k such that for all n > k,

i—e
2" < C(n) < 2'".

Solution. Let us start with the left hand side inequality: C(n) > Till—E. For a
polynomial f with coefiicients 0 or 1 and degree at most 71 define the function
¢(f)= (f(1), f’(1),... ,fN 1(1)). Taking into account that all coefficients of f
are 0 or 1, we can immediately deduce that f(J)(1)< (1 + 11)].+1 for all 1', thus
the image of f has at most (1 + n)1+2+ +N < (1 + n)”.2 elements. On the
other hand, f 18 defined on a set of 2’""-1 elements. So, if 2"+1 > (1 +71)”2 then
by the pigeonhole principle two polynomials f, y will have the same image and
thus their difference will have all coefficients —1,0 or 1 and degree at most 71.
Also, f — 9 will be divisible by (X - 1)N. Thus C(n) > (NN,) because the
largest coefficient of (X — 1)N is (213,). Because (213’) is the largest binomial
coefficient among (2,12,), we have (213,) > 57t% > 2N for N > No. By taking
N = l /WJ, we have (1 +11)”2 < 2”“, thus C(n) > 2N and it is easy

to see that N > 71%"; for 71 large enough.

The other part, C(n) < 2”, is much more subtle. For a polynomial f(X) =
(1a + - - - + a1X + (10 with real coeflicients (everything that follows applies
verbatim for complex coefficients), define its Mahler measure by

M(f) = lanIHmaX(1,|wil)
i=1
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where :5, are the roots of f. The following inequality is due to Landau:

Lemma 20.2. M(f) S wag +a§1 + ---+a3,.

Proof. There are many proofs of this lemma, but we particularly like the
following one, which we haven’t encountered in the literature. Consider N > n
and let 21, 22," 'N’ZN bezthe N—th roots of unity. A simple computation, based

on the fact that 2N1: =N if Nlie and 0 otherwise, shows that

N N n . n ,

Z Ire-n2 = z (2mg) (2mg) =
i=1 J'=1 i=0 i=0

2 aua'v' 12:;31‘_v=N 20.3.
u,'v=0 i=0

Now, applying the AM-GM inequality, we obtain that

Za3>_ ’V>If(z‘)1f(z'2)~ f(z‘NW.
i=0

On the other hand, the identity (X — 21)(X — 22) - - - (X - 2N) = X” —— 1 and
the fact that f(X) = (1,,(X — 9:1)(X — 1:2) - - - (X — 2).”) imply the identity

|f(zi)f(z2) - '-f(ZN)| = lanlNll — m{V||1 - $9“ - ' ' I1 — will,

which, combined to the previous inequality, implies

n n

,IZag 2 |a,.|-1‘[ "Mu—mm. (20.3)
i=0 i=1
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Now, it is pretty clear that liqoo NV |1 — zN| = max(1, |z|) whenever |z| aé
1. Thus the inequality is proved whenever all roots of f lie outside the unit
circle. What happens in the opposite case? It really does not matter! Ac-
tually, Viéte’s formulae show that the inequality M(f) S \/ a3 + a? + - - - + (1%
reduces to an inequality involving only absolute values of polynomials in am. If
this inequality holds whenever the variables 1:,- are not on the unit circle, it also
holds in the other cases, by continuity. Therefore the lemma is proved. III

The previous lemma shows that polynomials with all coefficients of absolute
value at most 1 have Mahler measure at most Vn + 1. Take now any divisor
f of a polynomial g with all coefficients —1,0, 1 and write 9 = hf. Suppose
that f has integer coefficients. It is easy to see that M(g) = M(h)M(f) 2
M(f) Thus M(f) S x/n+ 1. Now, observe that by Viéte’s formula, the
triangular inequality and the obvious fact that Imilxiz...a:,-s| g M(f) for all
distinct 2'1, ...,z's and all s, we have that any coefficient of f is bounded in
absolute value by the fact that

(LEJ)M‘”SW_+1'(L§J)<2"
for sufficiently large n. Thus the conclusion follows.
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20.2 Practice problems

1. Prove that for infinitely many positive integers A the equation [an/E] +
Lyfij = A has at least 1980 solutions in positive integers.

Russia 1980

2. Find the largest positive integer n with the property: there exist nonne—
gative integers £131,532,” . ,zn, not all of them equal to 0 and such that
n3 does not divide any of the numbers (21:21 + (122:2 + + anmn with
(11,112, . . .,an 6 {—1,0, 1}, not all of them equal to 0.

Dorel Mihet, Romanian TST 1996

3. Consider a set of 2000 positive integers not exceeding 10100. Prove that
this set has two nonempty disjoint subsets with the same size, the same
sum of elements, and the same sum of squares of the elements.

Poland 2001

4. Let r, n be positive integers. For a set A, let (:1) be the set of subsets of A
having 7' elements. Let A be an infinite set and let f : (’3) —) {1, 2,. . . , n}
be a map. Prove that there exists an infinite subset B of A such that
f(X) = f(Y) for all X,Y e (f).

IMO 1987 Shortlist

5. Let n 2 3 be an integer. On a circle of length 1 consider finitely many
pairwise disjoint arcs, whose sum of lengths is greater than 1 - %. Prove
that there exists a regular n-gon having vertices on these arcs.

Marius Cavachi, Romanian TST 1993
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10.

11.

Prove that given any n2 integers, we can always put them in an n x n
n—l

matrix whose determinant is divisible by nLTJ .

Titu Andreescu, Revista Matematica Timisoara

Prove that any integer k greater than 1 has a multiple smaller than k4
which has at most four distinct digits.

Ioan Tomescu, Romanian TST 1989

Prove that no matter how we choose more than 21% points in R", all
of whose coordinates are ii, there exists an equilateral triangle with
vertices in three of these points.

Putnam 2000

Let n be a positive integer. What is the size of the largest subset of
{—n, —n + 1, . . . , n — 1, n} which does not contain three elements a, b, c
(not necessarily distinct) satisfying a + b + c = 0?

USAMO 2009

Find the least 71. with the following property: there exists a partition
with n classes of {1, 2, . . . ,40} such that whenever a, b, c (not necessarily
distinct) are in the same class, we have a 75 b + 0.

Belarus 2000

Prove that any sequence of mn + 1 real numbers contains an increasing
subsequence with m + 1 terms or a decreasing subsequence with n + 1
terms.

Erdos-Szekeres’s theorem
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12.

13.

14.

15.

16.

17.

Consider n points in the plane. Prove that we can choose [fl of them
such that no three are vertices of an equilateral triangle.

Romanian Contest

Let A be the set of the first 2’” - n positive integers and let S be a subset
of A with (27" — 1)n + 1 elements. Prove that there exist (10, a1, . . . ,am
distinct elements of S such that do I a1 | - -- I am.

Romanian TST 2006

Consider an 11 x 11 chess board whose unit squares are colored using
three colors. Prove that there exists an m x n rectangle with 2 S m, n S
11 whose vertices are in squares having the same color.

Ioan Tomescu, Romanian TST 1988

In a competition, 50 students are to solve the same 8 problems. A total
of 171 correct solutions were received. Prove that there are at least three
problems that were solved by at least three students.

Valentin Vornicu, Radu Gologan, Mathlinks Contest

Let k be an integer, and let a1, a2, . . . ,an be integers which give at least
k + 1 distinct remainders when divided by n + k. Prove that some of
these n numbers add up to a multiple of n + k.

Komal

Let P0, P1, . . . , Pn_1 be some points on the unit circle. Also let A1A2 . . . A.
be a regular polygon inscribed on this circle. Fix an integer k, with
1 S k S %. Prove that one can find i, j such that AiAj 2 AAC 2 Pi.

AMM
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18

' 19.

20.

21.

22.

Prove that for all N there exists a k such that more than N prime
numbers can be written in the form T2 +k for some integer T. Prove the
same result with T2 + k replaced by any nonconstant monic polynomial
f E Z[X].

Sierpinski

Let A be a set of n remainders modulo n2. Prove the existence of a set
B of n remainders modulo n2 such that A + B = {a + b (mod n2) | a 6
A, b E B} has at least ”72 elements.

IMO Shortlist 1999

Let a be a real number with O < a < % and let (an)n21 be an increasing
sequence of positive integers such that for all sufficienly large n there
are at least n ~ a terms of the sequence smaller than n. Prove that for
all k > % there are infinitely many terms of the sequence that can be
written as the sum of at most 10 other terms of the sequence.

Paul Erdos, AMM

There are (n + 1)2 points in the interior of a square of side-length 1.
Prove that one can choose three of them such that the area of the triangle
determined by them is at most %.

Dan Schwarz, Romanian Masters in Mathematics 2008

Let f(n) be the largest prime divisor of n and let ((170721 be an increasing
sequence of positive integers. Prove that the set of all f(a,- + aj) (for all
2' 7E j) is unbounded.

G. Grunwald, D. Lazar
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23.

24.

25.

26.

Let n 2 3 and consider 3n2 positive integers smaller than or equal to 11.3.
Prove that among them one can find nine distinct numbers (11, a2, . . . , a9
and one can find nonzero integers as,y,z such that (11:1: + 0.231 + 0.32 =
0, 0,417 + (153/ + aez = 0 and (17:13 + asy + agz = 0.

Marius Cavachi, Romanian TST 1996

Let a < b < c be positive integers. Prove that there exist integers cc, y, 2,
not all zero, such that am + by + cz = 0 and

2
mamazvt lyl, lzl) s 1 + —c.x/E

Miklos Schweitzer Competition

For a pair a,b of integers with 0 < a < b < 1000, the subset S of
{1,2, . . . , 2003} is called a skipping set for (a, b) if |31 — 32| ¢ {(1, b} for
any (31, 32) E 52. Let f (a, b) be the maximum size of a skipping set for
(a, b). Determine the maximum and minimum values of f.

Zuming Feng, USA TST 2003

A frog stays at the origin (0,0).Qf the plane. At every second, if the
frog is at the point (as, y), it can jump to one of the points (a: + 1, y) or
(m,y + 1). Suppose that the frog jumps infinitely many times. Prove
that for any n 2 3 there are n collinear points on the frog’s path.

T.C.Brown, AMM
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21.1 Theory and examples

It is notoriously difficult to decide whether a given polynomial is irreducible
over a certain field. There exist a variety of criteria that allow us to prove
that a certain polynomial is irreducible, but unfortunately they are very li-
mited, and their hypotheses are usually not satisfied. Furthermore, there are
not many elementary techniques: a few classical irreducibility criteria and the
study of roots of polynomials are practically the only ideas that we will dis-
cuss in this chapter. But, as you can easily see, even those are not trivial,
and some of the problems can be extremely difficult, even though they have
elementary solutions. We will discuss a very useful irreducibility criterion,
Capelli’s theorem, which is really not as well known as it should be, and we
will see some striking consequences of this result. Also, we will insist on the
method of studying the roots of polynomials, because it gives elegant solu-
tions for problems of this type: Perron’s criterion and Rouche’s theorem are
discussed, as well as some applications. Finally, we will see that working with
reductions of polynomials modulo primes can often give precious information
about their irreducibility properties. In this chapter, we will assume that the
reader is familiar with notions of algebraic number theory, but those will not
exceed the results discussed in the chapter A Brief Introduction to Alge-
braic Number Theory.

We will begin the discussion with the most elementary method, which is the
study of roots of polynomials. Let us observe from the beginning two quite
useful results: if a monic polynomial with integer coefficients f has a nonzero
free term (constant term) and exactly one root of absolute value greater than
1, then f is irreducible in Q[X]. Indeed, if f = gh for some nonconstant
polynomials g, h with integer coefficients, we may assume that g has all roots
of absolute value smaller than 1. Then |g(0)| < 1, because it is just the product
of the absolute values of the roots of 9. Because |g(0)| is an integer, it follows
that 9(0) = 0 and thus f(0) = 0, contradiction.

The second result is very similar: if f is monic and all roots of f are outside the
closed unit disc and | f (0)| is a prime number, then f is irreducible in Q[X].
Indeed, with the same notations, we may assume that |g(0)| = 1. Because
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|g(0)| is the product of the absolute values of the roots of y, it follows that at
least one root of g is within the unit disc. But then f has at least one root
in the closed unit disc, which is a contradiction. Here are some examples, the
first two extremely simple, but useful, and the others more and more difficult.

Let f(X) = ao+a1X+- - ~+anX" be a polynomial with integer
coeflicients such that 0.0 is prime and |ao| > [611] + Iazl + - - - +
lam]. Prove that f is irreducible in Z[X].

Solution. By previous arguments, it is? enough to prove that all zeros of f
are outside the closed unit disk of the complex plane. But this is not difiicult,
because if z is a zero of f and if |z| S 1 then

Iaol = |¢11z+agz2 + +anz"| S |a1| + |a2| + + lanl,
which contradicts the hypothesis of the problem.

The previous example may look a bit artificial, but it is quite powerful for
theoretic purposes. For example, it immediately implies the Goldbach theo-
rem for polynomials with integer coefficients: any such polynomial can be
written as the sum of two irreducible polynomials. Actually, it proves much
more: for any polynomial f with integer coefficients there are infinitely many
positive integers a such that f + a is irreducible in Z[X].

We have already discussed algebraic numbers and some of their properties.
We will see that they play a fundamental role in proving the irreducibility of
a polynomial. However, we will work with an extension of the notion of alge-
braic number: for any field K C (C, we say that the number 2 e (C is algebraic
over K if there exists a polynomial f E K[X] such that f(z) = 0. Exactly the
same arguments as those presented for algebraic numbers over Q allow us to
deduce the same properties of the minimal polynomial of an algebraic number
over K. Also, a is an algebraic number, the set K[a] of numbers of the form
9(a) with g e K[X] is a field included in (C. The following fundamental result
is frequently used.
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Let K be a subfield of C, p a prime number, and a e K. The
polynomial XP - a is reducible in K[X] if and only if there
exists b e K such that a = b".

Solution. One implication being obvious, let us concentrate on the more diffi-
cult part. Suppose that XP — a is reducible in K[X], and consider a such that
a? = a. Let f be the minimal polynomial of a over K and let m = deg(f)
Clearly m < p. Let f(X) = (X —— a1)(X — a2)--- (X — am) and introduce
the numbers n = 01,13 = “31 for z' '2 2. Because f divides X? — a, we have
if = 1. Hence (—1)mf(0) = cam for some 0, a root of unity of order p.
Since m < 19, there exist integers u,v such that um + '01) = 1. It follows
that (—1)“mf"(0) = cua1_”1’. Combining this observation with the fact that
a1" = a, we deduce that cua = (—1)""‘f(0)"a.” = b E K, thus a = a? = b”.
This finishes the proof of the hard part of the problem.

We continue with a very beautiful result, the celebrated Cohn’s theorem. It
shows how to produce lots of irreducible polynomials: just pick prime num-
bers, write them in any base you want and make a polynomial with the digits
in that base!

Let b 2 2 and let p be a prime number. Write p = a0 +
tab + + anb" with 0 S a,- S _b — 1. Then the polynomial
f(X) = ‘1a + an—IXn_1 + - -- + a1X + a0 is irreducible in
(DW-

[Cohn’s theorem]

Solution. It is clear that gcd(ao,a1, . . . ,an) = 1, so by Gauss’s lemma it is
enough to prove that f is irreducible over Z. First, we will discuss the case
b > 3, the case b = 2 being, as we will see, much more diflicult. Suppose that
f(X) = g(X)h(X) is a nontrivial factorization of f. Because p is a prime, one
of the numbers g(b) and h(b) is equal to 1 or —1. Let this number be g(b)
and let $1,502, . . . ,xn be the zeros of f. There exists a subset A of the set
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{1,2, . . . ,n} such that g(X) = a H (X — am). We now prove a helpful result.
126A

Lemma 21.1. Each complex zero of f has either nonpositive real part or an
absolute value smaller than 1+—"2417—3.

Proof. The proof is rather tricky, but not complicated. It is enough to observe
that if lzl > 1 and Re(z) > 0 then Re (i) > 0 and so by the triangle inequality

&
Zn

> Gin—1 1 1“71+ zl (b‘1)<W+ "+W)
5-1 IZI2-IZI-(b-1)

_ 2 Z 2 .
lzl - lzl lzl — Izl

Therefore if f (2) = 0 and Re(z) > 0 then either lzl g 1 or lzl < 451+ 2412—3 and
this establishes the lemma. III

> Re (an + (In—1)
Z

It remains now to cleverly apply this result. We claim that for any zero 23¢ of
f we have lb — :l > 1. Indeed, if R1e(a:z) S 0, everything is clear. Otherwise,
lb — CM 2 b — |i > b — li—__\/2477-—3 2 1, as you can easily verify if b 2 3. Now,
everything is clear, because this result implies that |g(b)l > 1, a contradiction.

Now let us deal with the very difficult case b = 2. We will present a very
beautiful solution communicated by Alin Bostan. The idea is to prove that
l2 — scil > |1 — evil for any zero sci of f. Keeping the previous notations, we
will deduce that 1 = |g(2)| > |g(1)l and so g(l) = 0. This implies f(1) = 0,
which is clearly impossible. Now take :1: to be a zero of f and observe that if
l2 — ml < |1 — :rl then Re(a:) > (g) , and so if y = i we have lyl < 1 and y
satisfies a relation of the form

1yn+(%i§)yn'1+m+(%i%)y+1=0.

Multiplying by yn+1 and adding the two relations, we find another relation
of the same type (but with n increased) and by repeating this argument we
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deduce that there are infinitely many N for which 3; satisfies the relation

N 1 1 N 1 1+ _ _ 1+...+ _ _ + =y (2i2)y (2i2) 1 0.

This can be also written as

1 11+5-@+y%+~+yNy=§miyifjpniy

The triangle inequality implies

‘2—y—y1"+1 wt4mN“
fll-w fll—WD

and this for infinitely many N. Taking into account the fact that |y| < 1, we
deduce from the above inequality that

V—y 3 WI_
l—y 1—WI

Finally, the last inequality implies

2w —— 1 1 < 2
:1: — 1 l _ lxl — 1 “

and thus |2m — 1| 5 |2m — 2|, which is impossible for Re(x) 2 g. This finishes
the proof of the claim and also the solution of this difiicult problem.

We end this part of the chapter with a very beautiful criterion due to Perron
and with a difficult theorem of Selmer. Perron’s criterion is quite similar to the
first example, but much more difficult to prove: it states that if a coefficient is
“too large”, then the polynomial is irreducible. Here is the precise statement:

Let f(X) = X" +an_1X"‘1 + - - - +a1X +ao be a polynomial
with integer coefiicients. If lan_1| > 1+|aol+|a1|+- - ~+|an_2|
and a0 aé 0 then f is irreducible in Q[X].

[Perron]
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Solution. We will prove that f has exactly one zero outside the closed unit
disk of the complex plane. This will show that f is irreducible in Z[X], and
by Gauss’s lemma it will also be irreducible in Q[X]. It is quite clear that no
zero of f is on the unit circle, because if z is such a zero, then

lan_1|=|an_1z”'1|=lzn+an_2z"_2+~-+alz+ao| g 1+|ao|+---+|an_2|,

a contradiction. On the other hand, I f(0)| 2 1, so by Viéte’s formula at least
one zero of f lies outside the unit disk. Call this zero :31 and let 9:2, . . . , 27,, be
the other zeros of f. Let

9(X)=Xn—1+b”_2Xn—2+”'+b1X+b0=£(X; .
_ 1

By identifying coefl‘icients in the formula f(X) = (X — x1)g(X), we deduce
that

an-l = b —2 - £131, (In—2 = 511—3 - 1711—21131, ---,al = 50 - b13131, 00 = -bo-’L'1-

Therefore the hypothesis |an_1| > 1 + Iaol + |a1| +- - - + lan_2| can be rewritten
as

lbn_2 — call > 1 + Ibn_3 -— bn_21L'1l + ' ' ' + Ibozcll.

Taking into account that lbn_2| + [1'1] 2 lbn_2 -— m1| and

lbn—s - bn_2wll2|:c1|lb —2| - lb —3|, ---, Ibo - b1$1|2|b1||$1|-|bo|,
we deduce that |x1| —1 > (lx1| —1)([bo|+ |b1I+- --+|bn_2|) and since |a:1| > 1,
it follows that Ibol + |b1I + - - - + lb _2| < 1. Using an argument based on the
triangle inequality, similar to the one in the first example, we immediately
infer that g has only zeros inside the unit disk, which shows that f has exactly
one zero outside the unit disk. This finishes the proof of this criterion.

The above elegant solution, due to Laurentiu Panaitopol, shows that deep
theorems can be avoided even when this seems impossible. The classical proof
of this criterion uses Rouché’s theorem. Because this is also a very powerful
tool, we prefer to prove it in a very particular, but very common, case for
polynomials and circles.
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Theorem 21.2 (Rouché’s theorem). Let P, Q be two polynomials with complex
coefiicients and let R be a positive real number. If P, Q satisfy the inequality
|P(z) — Q(z)| < |Q(z)[ for all 2 on the circle of radius R, centered at the
origin, then the two polynomials have the same number of zeros inside the
circle, multiplicities being counted.

Proof. The proof of this theorem is not elementary, but with a little bit of
integral calculus it can be proved in a very elegant way. Let L be the set of
all curves 7 : [0, 271'] —) (C which are differentiable, with continuous derivative,
such that 7(0) = 7(27r) and 7 does not vanish. The index of 7 E L is defined
as

21r I

0 7(t)

We claim that I(7) is an integer. Indeed, consider K(t) = efCf Zr: dz and
note that K is differentiable and that K’(t) = K(t) - m This shows that70) '
% is a constant function. Therefore, because 7(0) = 7(27r), we must have
K(0) = K(271'), which says exactly that I(7) is an integer. The following result
is essential in the proof:

Lemma 21.3. The index of a curve 7 E L contained in a disc that does not
contain the origin is 0.

Proof. Let B(:z, r) be the open disc of center a: and radius r > 0 and suppose
that 7 is contained in B(w, s), a disc that does not contain the origin (thus
3 < |w|), that is |7(t) — w| < s for all t. The idea is to make a continuous
deformation of 7, keeping the index unchanged, and such that at a certain
moment the index of the new curve can be trivially computed. In order to
do this, take u 6 [0,1] and consider the application fu(t) = u7(t) + (1 - u)w,



500 21. SOME USEFUL IRREDUCIBILITY CRITERIA

defined on [0,27r]. The triangle inequality shows that fu E L and also that
this curve is contained in B(w,s). On the other hand, we claim that the
mapping ¢(u) = I(fu) is continuous. Because it takes only integer values (by
the previous remark), it will be constant. Therefore, I(7) = I(f1) = I(f0) = 0.
So, let us prove that I(fu) is continuous with respect to u. Indeed, note that

fw) _ fW)‘
fu(t) fv(t)

w- (u - 0) -7’(t)
(WU) + (1 - u)w)(v7(t) + (1 - 10w)

< lwl - lu — vl - |7’(t)|
_ (IWI — 8)2

because |u7(t)+(l —u)w| 2 |w| — |u||7(t) —w| Z |w| —s. This inequality shows
by integration that I(fu) satisfies

21rWu) — 1m» s 577%? - f0 lv’(t)|dt- Iu — vl,wl—s

which proves that I(fu) is continuous, and finishes the proof of the lemma.
El

This lemma implies that two curves in L sufliciently close have equal index.
Indeed, suppose that 71 and 72 are in L and satisfy |71(t) — 72(t)| < |72(t)|
for all t. Then the curve 7(t) = iii—E3 satisfies |7(t) — 1| < 1 for all t. Because
|7(t) — 1| is also continuous on the compact interval [0, 27r], it follows that its
maximum is smaller than 1, that is, there exists a disc that does not contain
the origin and which contains 7. By the lemma, 7 has index 0. But a quick
computation shows that I(7) = I(71) — I(72). Thus 71 and 72 have the same
index. Finally, let us prove this particular case of Rouché’s theorem. Consider
the curves 71 (t) = P(Re“) and 7203) = Q(Re“). Observe that the inequality
|P(z) — Q(z)| < |Q(z)| implies that 7, does not vanish on [0, 27r]. Thus 71,72
are in L and also |71(t) — 72(t)| < |72(t)|. Thus the two curves have the
same index. But for a polynomial P one can easily compute the index of the
associated curve! Indeed, suppose that P(z) = a(z — zl)(z — 2:2) - - - (z — zn),
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where 21- are not necessarily distinct. Then it is well known that

This shows that if 7(t) = P(Re“), then
R n 21r eitdt

_§.j=1 0 Refit—zj'

Now, we have seen that 1s 96 R. Suppose that 's < R. Then

2" eitdt _ 1 /2" dt _ 271'
0 Re“—z,-_R 0 I—Efile-it—R'

1——__ezit= 1+ ZR_m2—] e—imt

m>1R

Indeed,

and the mean value of 6—t over [0, 27r] is 0 for all m 2 1. .It is enough to
change the order of integral and summation (which is legal, because of the
uniform convergence with respect to t) in order to see that

1/27r dt _2_7r
R0 1—%6_it—RI

Now, in exactly the same way, you can prove that
/27r eltdt — 0

0 Re“ — zj _

if IZjl > R. Thus 1(7) is exactly the number of zeros of P inside the circle of
radius R centered at the origin. This finishes the proof of Rouché’s theorem.

El
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Observe that Perron’s criterion instantly solves the following old IMO pro-
blem: the polynomial Xn + 5X"’1 + 3 is irreducible in Q[X], just because
“five is greater than four!” Here are two nicer examples, Where this criterion
turns out to be extremely efficient. The solution to the first problem is due to
Mikhail Leipnitski.

Let f1, f2, . . . , fn be polynomials with integer coefficients. Prove
that there exists a reducible polynomial g E Z[X] such that all
polynomials f1 + 9, f2 + g, . . . , fn + g are irreducible in Q[X].

Iranian Olympiad

Solution. Using Perron’s criterion, it is clear that if M is sufficiently large
and m is greater than max(deg(f1),deg(f2),...,deg(fn)), the polynomials
XW“ + MXm + f¢(X) are all irreducible in Q[X] Therefore we can choose
g(X) = Xm+1 + MXm.

Let (fn)n20 be the Fibonacci sequence, defined by f0 = 0, f1 =
1 and fn+1 = fn + fn_1. Prove that for any n 2 2 the polyno-
mial Xn + fnfn+1X"'1 + - - - + f2f3X + f1f2 is irreducible in
Q[X]-

[Valentin Vornicu] Mathlinks Contest

Solution. By Perron’s criterion, it suffices to verify the inequality

fn+1fn > fnfn—l + ' ' ' + f2fl + 1

for all n 2 3. For n = 3 it is obvious. Supposing the inequality true for n, we
have

fn+1fn + fnfn—1 + ° ' ' + f2f1 + 1 < fn+1fn + fn+1fn < fn+2fn+1,
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because this is equivalent to 2fn < fn+2 = fn+1 + fn and this one is obvious.
The inductive step is proved and so is the proof for n 2 3.

Finally, a very difficult example of an irreducibility problem that can be solved
by studying the roots of polynomials. It generalizes a classical result stating
that XP — X —— 1 is irreducible over the field of rational numbers if p is a prime
number.

Prove that Xn — X — 1 is irreducible in Q[X] for all n.

Selmer’s theorem

Solution. Let us consider a factorization Xn — X — 1 = f(X)g(X) for some
integer nonconstant polynomials f, g. It is not difficult to check that Xn -—
X — 1 has distinct complex roots. Thus f will have some roots 21, 22, . . . , 2;
of Xn — X —— 1, which are pairwise distinct. The essential observation is the
following estimation:

Lemma 21.4. For each root 2 of X” — X — 1 one has

2Re z — l > i— —— 1.
z lzlz

Proof. By writing 2 = re“, the inequality comes down to (1+2r cos t) (13—1) >
0. However, r2" = |z|2n = |z + 1|2 = 1 + 21" cost + r2, so what we need is
(1'2” — r2)(r2 — 1) > 0, which is clear.

El

Using the lemma, it follows that

2Re(21-i)+2Re(zz——1—)+---+2Re(za_..1_) >
22 2.1.J

1 1
> +

Izll2 |z2|
s—>0,—2+ +—2 _Izsl
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by the AM-GM inequality, because the product of |z,-| is just | f (0)| = 1. Thus

1
Re(zl——)+Re<22—l)+---+Re(zs—i) >0.21 22 25

On the other hand, because f is monic and has integer coefficients,

Re<zl—i)+Re<z2—l)+~ -+Re(zs—i)z z 23

is an integer, so it is actually at least 1. Working similarly with g, we deduce
that Re(21— %+22— %+---+zn—i) 2 2, where 21,22,...,z,, are all
roots 1of X" —X — 1. However,1this 1s impossible, because by Viete’s formula
21 — — + 22 —- —2 +- -+ 2n — ; =1. This shows that any such factorization
is impossible, and so Xn ——X 1 is irreducible in Z[X]. All we need now is to
apply Gauss’s lemma to obtain a complete proof.

We pass now to a proof of the celebrated Capelli’s theorem. As we will imme-
diately see, this is a very powerful criterion for the irreducibility of composi-
tions of polynomials, even though the proof is really easy. However, this does
not seem to be well known, especially in the world of mathematical competi-
tions. We thank Marian Andronache for showing us this striking result and
some of its consequences.

~ Let K be a subfield of C and f, g E K[X] Let a be a complex
root of f and assume that f is irreducible in K[X] and g(X)—
is irreducible in K[a] [X]. Then f(g(X)) is irreducible in K[X]

Capelli’s theorem

Solution. Define h(X) = g(X) — a and consider ,8 a zero of the polynomial h.
Because f(g(/3)) = f(a) = 0, ,6 is algebraic over K. Let deg(f) = n,deg(h) =
m and let 3 be the minimal polynomial of fl over K. If we manage to prove
that deg(s) = mn, then we are done, since 3 is irreducible over K and s divides
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f(g(X)), which has degree mn. So, let us suppose the contrary. By using a re-
peated division algorithm, we can write 3 = 'rn_1g"‘1+rn_2g”_2+' - '+’I‘19+’I‘o,
where deg(n) < m- Hence rn—1(fi)a”‘1+---+r1(/3)a+ro(fi) = 0- By growing '
terms according to increasing powers of 6, we deduce from the last relation an
equation km_1(a)6m"1 + - -- + k1(a)6 + ko(a) = 0. Here the polynomials 16,-
have coefficients in K and have degree at most n — 1. Because h is irreducible
in K(a) [X], the minimal polynomial of 6 over K(a) is h and thus it has degree
m. Therefore the last relation implies k: _1(a) = = k1(a) = ko(a) = 0.
Now, because f is irreducible in K[X], the minimal polynomial of a has degree
n, and since deg(ki) < n, we must have km_1 = - - - = k1 2 k0 = 0. This shows
that rn_1 = - - - = r1 = r0 = 0 and thus 3 = O, which is clearly a contradiction.
This shows that s has degree mn, and thus it is equal (up to a multiplicative
constant) to f(g(X)) and this polynomial is irreducible.

This previous proof could have been written in a much shorter and concep-
tual form, using some basic facts of extensions of fields. Namely, let ,6 _be
a zero of g — a. Then [K(a, ,6) : K(a)] = deg(g) because 9 — a is irredu-
cible, and thus the minimal polynomial of ,6 over K(a). On the other hand,
f being irreducible over K, it is the minimal polynomial of a over K. Thus
[K(a) : K] = deg(f). Thus, by multiplicativity of degrees in extensions,
[K(a,6) : K] = deg(f) -deg(g). On the other hand, a = 9(6), thus K(a,6) =
K(6), so the degree of 6 over K is at least deg(f) - deg(g) = deg(f(g(X)).
Because f(g(X)) has ,6 as zero, it follows that it is the minimal polynomial of
,6 over K and so it is irreducible over K.

Using the previous result, we obtain a generalization (and a more general
statement) of two difficult problems given in recent Romanian TST’s:

Let f be a monic polynomial with integer coeflicients and
let p be a prime number. If f is irreducible in Z[X] and
{/(—1)deS(f)f(0) is irrational, then f(X?) is also irreducible
in Z[X].

Solution. Consider a a complex zero of f and let n = deg(f) and g(X) = X?
and h = g — a. Using previous results, it suffices to prove that h is irreducible
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in Q[a] [X] Because Q[a] is a subfield of C, it suffices to prove that a is
not the p—th power of an element of Q[a]. Suppose there is u e Q[X] of
degree at most n — 1 such that a = up(a). Let a1,a2,...,an be the zeros
of f. Because f is irreducible and a is one of its zeros, f is the minimal
polynomial of a, so f must divide up(X) — X. Therefore a1 - a2 ”-01,. =
(u(a1) ~u(a2) - - - u(an))p. Finally, using the fundamental theorem of symmetric
polynomials, u(a1) -u(a2) - - -u(an) is rational. But a1-a2- - - an = (—1)"f(0),
implies {/ (—1)"f(0) E Q, a contradiction.
A direct application of Capelli’s theorem solves the following problem, which
is not as easy otherwise:

Prove that for each positive integer n the polynomial f(X) =
(X2 + 12)(X2 + 22) - - - (X2 + n2) + 1 is irreducible in Z[X].

Japan 1999

Solution. Consider the polynomial g(X) = (X + 12)(X + 22) - - - (X +722) + 1.
Let us prove first that this polynomial is irreducible in Z[X]. Suppose that
g(X) = F(X)G(X) with F,G e Z[X] nonconstant. Then F(—i2)G(—i2) = 1
for any 1 g 2' S n. Therefore F(—i2) and G(—i2) are equal to 1 or —1 and
since their product is 1, we must have F(—z'2) = G(—i2) for all 1 S i S n. This
means that F — G is divisible by (X + 12)(X + 22) - - - (X + n2) and because it
has degree at most n — 1, it must be the zero polynomial. Therefore 9 = F2
and so (n!)2 + 1 = 9(0) must be a perfect square. This is clearly impossible,
so 9 is irreducible. All we have to do now is to apply the result in example 4.

Sophie Germain’s identity m4 + 4n4 = (m2 — 2mn + 2722)(m2 + 2mn + 277,2)
shows that the polynomial X4 + 4a4 is reducible in Z[X] for all integers a.
However, finding an irreducibility criterion for polynomials of the form Xn + a
is not an easy task. The following result, even though very particular, shows
that this problem is not an easy one. Actually, there exists a general criterion,
also known as Capelli’s criterion: for rational a and m 2 2, the polynomial
Xm — a is irreducible in Q[X] if and only if {/5 is irrational for any prime p
dividing m and also, if 4|m, a is not of the form —4b4 with b rational.
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‘ ' Let n 2 2 be an integer and let K be a subfield of (C. If the
polynomial f(X) = X2” — a e K[X] is reducible in K[X],
then either there exists b E K such that a = b2 or there exists
c E K such that a = —4c4.

Solution. Suppose the contrary, that X2 — a is irreducible in K[X] Let a
be a zero of this polynomial. First, we will prove that X4 - a is irreducible
in K[X] Using the result in example 8, it is enough to prove that X2 — a is
irreducible in K[a] [X] If this is not true, then there are u, v E K such that
a = (u + av)2, which can be also written as 020:2 + (2m; — 1)a + u2 = 0.
Because a2 e K and a is not in K, it follows that 21m = 1 and u2 + (1122 = 0.
Thus a = —4u4 and we can take c = u, a contradiction. Therefore X2 — a is
irreducible in K[a] [X] and X4 — a is irreducible in K[X] Now, we will prove
by induction on n the following assertion: for any subfield K of (C and any
a e K not of the form b2 or —4c4 with b,c e K, the polynomial X2" — a is
irreducible in K[X] Assume it is true for n — 1 and take a a zero of X2 — a.
Let Kt be the set of wt when x 6 K. Then with the same argument as above
one can prove that a does not belong to —K2[oz] (thus it is not in -4K4[a])
and it does not belong to K2[a]. Therefore X211—1 — a is irreducible over
K[a]. In the same way we prove that X2'H + a is irreducible over K(a).
Now, observe that X2" — a, = (i—1 — oz)(X2"_1 + a), so it has at most
two irreducible factors over K. If it is not irreducible over K, then one of its
irreducible factors over K will be X2n_1 +0; or X2"_1 — a, thus one of these po-
lynomials would have coefficients in K. This would imply that a e K, which
means that a is a square in K. This is a contradiction which finishes the proof.

The following example is a notoriously difficult problem given a few years ago
in a Romanian Team Selection Test.

Prove that the polynomial (X2 + X)2" + 1 is irreducible in
Q[X] for all integers n 2 0.

[Marius Cavachi] Romanian TST 1997
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Solution. Using Capelli’s theorem, it is enough to prove that if a is a root of
f(X) = X2" + 1 (which is clearly irreducible in Q[X] by Eisenstein’s theorem
applied to f(X + 1)), then X2 + X — a is irreducible in Q[a] [X] (this is also
immediate from the previous problem). But this is not difficult, because a
polynomial of degree 2 (or 3) is reducible over a field if and only if it has roots
in that field. Here, it is enough to prove that we cannot find a polynomial
g E Q[X] such that g(oz)2 + 9(a) = a. Suppose by contradiction that g is such
a polynomial. Then, if a1,a2, . . . ,a2n are the roots of f it follows from the
irreducibility of f that (g (62,-) + %)2 = 01,; + i for all 1'. By multiplying these
relations, we deduce that f (—fi) is the square of a rational number (the ar-
gument is always the same, based on the theorem of symmetric polynomials).
But this means that 42" + 1 is a perfect square, which is clearly impossible.

A very efficient method for proving that a certain polynomial is irreducible
is working modulo 1) for suitable prime numbers p. There are several criteria
involving this idea, and Eisenstein’s criterion is probably the easiest to state
and verify. It asserts that if f(X) = anX" + an_1X”_1 + + (11X + a0 is
a polynomial with integer coefficients for which there exists a prime p such
that p divides all coefficients except an and p2 does not divide do then f is
irreducible in Q[X]. The proof is not complicated. Observe first of all that
by dividing f by the greatest common divisor of its coefficients, the resulting
polynomial is primitive and has the same property. Therefore we may assume
that f is primitive and so it is enough to prove the irreducibility in Z[X].
Suppose that f = gh for some nonconstant integer polynomials g, h. and look
at this equality in the field Z/pZ. Let f* be the polynomial f reduced modulo
p. We have g*h* = aa (by convention, an will also denote an (mod p)).
This implies that g* (X) = bXT and h*(X) = cX'”—’ for some 0 S r S n, with
bc = an. Suppose first that 'r = 0. Then h(X) = 0X” + pu(X) for a certain
polynomial with integer coeflicients u. Because p does not divide an, it does
not divide c and so deg(h) 2 n, contradiction. This shows that r > 0 and
similarly 7' < n. Thus there exist polynomials u,v with integer coefficients
such that g(X) = bX’ +pu(X) and h(X) = a‘T + p'u(X). This shows that
a0 = f(0) = p2u(0)v(0) is a multiple of 112, contradiction.

Before passing to the next example, note two important consequences of Ei-
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senstein’s criterion. First, if p is a prime number, then f(X) = 1 + X + X2 +
- -- + Xp—1 is irreducible in Q[X]. This follows from Gauss’s lemma and the
observation that f(X + 1) = §((1 + X)P — 1) satisfies the conditions of Eisen-
stein’s criterion. Second, for all n there is a polynomial of degree n which is
irreducible in Q[X]. Indeed, for Xn — 2, Eisenstein’s criterion can be applied
with p = 2 and the result follows from Gauss’s lemma.
The following example is more general than Eisenstein’s criterion. And older!

F f Let k = f" +pg with n 2 1, p a prime, and f and g polyno-
mials with integer coefficients such that deg(f") > deg(g), k
is primitive, and there exists a prime p such that f* is irre-
ducible in Z/pZ[X] and f* does not divide 9*.
Then k is irreducible in Q[X].

[Schonemann’s criterion]

Solution. Suppose that k = k1 k2 is a nontrivial factorization in polynomials
with integer coefficients. By passing to Z/pZ[X] we deduce that kfkg = (f*)”.
From the hypothesis and this equality, it follows that there exist nonnegative
integers u, v with u + v = n and polynomials with integer coeflicients 91, 92
such that 191 = f“ +pgl and k2 = f” +1292, with deg(gl) < udeg(f) and
deg(gg) < vdeg(f) From here we infer that g =_ fugz +f”gi +pglgz. Because
k1 is not identical 1, we have u > 0 and v > 0. Let us assume, without loss of
generality, that u S 1). From the previous relation there exists a polynomial h
with integer coefficients such that g = fuh + 129192. It is enough to pass again
in Z/pZ[X] this last relation to deduce that f* divides g*, which contradicts
the hypothesis. Therefore F is irreducible.

Here is an application of the above criterion, hardly approachable otherwise:

Let p be a prime of the form 4k+3 and let a, b be integers such
that min(vp(a), vp(b — 1)) = 1. Prove that the polynomial
X21’ + aX + b is irreducible in Z[X].

[Laurentiu Panaitopol, Doru Stefanescu]
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Solution. Indeed, the fact that p = 3 (mod 4) ensures that X2 + 1 is irredu-
cible in Z/pZ[X] (indeed, being of degree 2, it is enough to prove that it has
no roots in Z/pZ, which was proved for instance in the chapter Primes and
Squares). Let us try to write X21’ + aX + b as (X2 + 1)? + pg(X), just as in
the previous example. It is enough to take

_2 b‘_1 l. P 2(p—1) P 2(p—2) P 2my)... 10 pm), .2). + + AX.
Now it is immediate that all conditions of Schonemann’s criterion are satisfied,
so the problem is solved.

Now let us see a beautiful proof of the irreducibility of the cyclotomic poly-
nomials. This is not an easy problem, as the reader can immediately observe.
But for the reader who is not so familiar with these polynomials, let us make
a (very small) introduction. Let n be a positive integer. If n = 1 we define
¢1(X)=X—1 andifn> lweput

¢n(X) = H
gcd(k,n)=1,1$k5n

From this definition, it is not even clear why this polynomial has integer coef-
ficients. Actually, one can easily prove the identity H ¢d(X) = Xn — 1, which

dln
allows a direct proof by induction of the fact that ¢n(X) E Z[X]. Indeed,
just observe that Xn — 1 has no repeated zero, that clearly the left-hand side
divides Xn —— 1 because every zero of it is a zero of X" - 1 (it is clear from the
definition that (fin has no repeated zeros and also that (1),, and 45m are relatively
prime for distinct m, n) and finally that the degree of H ¢d(X) is n because of

dln
the identity 2 <p(d) = n (proved in the chapter The Smaller, the Better).

d 11
Now, let us prove the following important result:
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The polynomial 45,, is irreducible in Q[X] for each positive
integers n.

Solution. Let a be a primitive root of unity of order n and let p be a prime
number relatively prime to 71.. Let f and g be the minimal polynomials of a
and a” over the field of rational numbers. Because a is an algebraic integer,
f, 9 have integer coefficients. Also, because g(ap) = 0, it follows that f divides
g(XP). The idea is that in Z/pZ we have g(XP) = g(X)P and so if f* and g*
are the polynomials f, 9 reduced modulo 1), then f* divides (9*)? in Z/pZ[X].
Thus, if 'r is a root of f* in some algebraic closure of Z/pZ, then 9* ('r) = 0.
Now, suppose that f aé 9. Both f and g divide ¢n in Z[X], because a? is also
a primitive root of unity. Because f 7E g are irreducible, they are relatively
prime and fg divides ¢n in Z[X], thus f*g* divides Xn — 1 (seen as a poly-
nomial in Z/pZ[X]). But this is impossible, because it would follow that r
is a root of multiplicity at least 2 of the polynomial Xn — 1 modulo p, that
is we also have rum—1 = 0 in that algebraic extension. Because n and p are
relatively prime, this implies that 7' = 0, which is impossible, because 7‘” = 1.

The above contradiction shows that f = 9, that is a and a? have the same
minimal polynomial for all prime numbers 1) relatively prime to n. This im-
mediately implies that a and 0/“ have the same minimal polynomial for all k
relatively prime to n. Thus, the minimal polynomial of a must have as roots
all primitive roots of unity of order n and thus degree at least <p(n), which
means that it is 45”, that is 45,, is irreducible.

There exists another beautiful proof of this result, but which uses the diflicult
(and non elementary) Dirichlet’s theorem on primes in arithmetic progressions.
Let 0.: be a primitive root of unity of order n and let 3 = go(n) = deg(¢n). Also,
let f be an irreducible factor of 43,, with integer coefficients, which has w as
a zero. Then the zeros of f (which, as we have seen in chapter A Brief
Introduction to Algebraic Number Theory, are called the conjugates
of w) are of the form wt. Also, if gin is not irreducible then the number of
zeros of f is smaller than 3. Now, take p to be a prime number. Because f is
monic and has all zeros of absolute value 1, it follows that lf(w‘)| S 2‘. But
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because f(w) = 0, it follows that M is an algebraic integer (this result is
not obvious, but it has been discussed in the same chapter). Its conjugates
are also algebraic integers of the form flzfl. Thus if we choose p > 25, then

all conjugates of the algebraic integer 3%?) are inside the unit disc of the

complex plane, thus f(wp) = 0 (indeed, if :1: = flip’fl and g is the minimal
polynomial of 51:, then by Gauss’s lemma g has integer coefficients, and thus
the product of the absolute values of all conjugates of :1; is just |g(0)|; if all
conjugates are inside the unit disc, then g(O) = 0 and because 9 is irreducible,
g(X) = X, thus .1: = 0). Therefore, for any prime number p > 25, (up is a
zero of f. All we need to observe now is that Dirichlet’s theorem assures us
of the existence of infinitely many primes p E 1' (mod n) for any 1‘ such that
gcd('r, n) = 1. Therefore all wT with gcd(r, n) = 1 are zeros of f, which shows
that deg(f) 2 deg(¢n) and proves the irreducibility of (fin.
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21.2 Practice problems

1. Let a and n be integers and p be a prime such that p > |a| + 1. Prove
that Xn + aX + p is irreducible in Z[X].

Laurentiu Panaitopol, Romanian TST 1999

2. Let p > 3 be a prime number and m, n be positive integers. Prove that
Xm + Xn + p is irreducible in Z[X].

Laurentiu Panaitopol

3. Prove that for all positive integers d there is a monic polynomial f of
degree d such that Xn + f(X) is irreducible in Z[X] for all n.

4. Let k, d be integers greater than 1. Prove that for any partition of the
set of positive integers into k: classes there is a class and infinitely many
polynomials of degree d with all coeflicients in that class and which are
irreducible in Z[X].

Marian Andronache, Ion Savu, Unesco Contest 1995

5. Find the number of irreducible polynomials of the form X” + 10X,“ +
l + 1, Where p > 2 is a fixed prime number and k,l are subject to the
conditions 1 S l < k S p — 1.

Valentin Vomicu, Romanian TST 2006

6. Let p and q be distinct prime numbers and n > 3. Find all integers a.
for which X“ + aX"‘1 + pq is reducible 1n Z[X].

Chinese TST 1994
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10.

11.

12.

Let n and 7‘ be positive integers. Prove the existence of a polynomial
f with integer coefficients and degree n such that for any polynomial g
with integer coefficients and degree at most n, if the coefficients of f — 9
have absolute values at most 7', then 9 is irreducible in Q[X].

Miklos Schweitzer Competition

Prove that for any n 2 2 there exists a polynomial f with integer nonzero
coefficients, irreducible over the rational numbers and such that l f (1:)|
is composite for any integer :5.

Chinese TST 2008

Prove that for any positive integer n, the polynomial

(X2 + 2)" + 5(X2”—1 + 10X" + 5)

is irreducible in Z[X].

Laurentiu Panaitopol, Doru Stefanescu

Let p be a prime of the form 4k + 3 and let n be a positive integer. Prove
that (X2 + 1)" + p is irreducible in Z[X].

N Popescu, Gazeta Matematica

Does there exist an infinite sequence of pairwise relatively prime positive
integers (am-20 such that all polynomials a0 + a1X + .. - + (1a (with
n 2 1) are irreducible over the rational numbers?

Omid Hatami, Iran TST

Let p be a prime number and let k be an integer not divisible by p. Prove
that XP — X + k is irreducible in Z[X].
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13. Let p, q be odd primes such that q does not divide p—l and let (11, a2, . . . , an
be distinct integers such that q divides ai - aj for all 2', j. Prove that the
polynomial (X — a1)(X — a2) - - - (X — an) — p is irreducible in Q[X].

Ivan Borsenco, Mathematical Reflections

14. Let f(X) = (1m + atm_1Xm_1 + - -- + a1X + do be a polynomial of
degree m in Z[X] and define H = (Knéax 1laii- . If f(n) is prime for

1, m— 7"
some integer n 2 H + 2 then f is irredu_cible in Z[X].

Ram Murty, AMM

15. Let p be a prime number, m > 712 - -- > np be positive integers and
d = gcd(n1, n2, . . . ,np). Prove that the polynomial

X”1+X"2+---+X"P—-p

Xd—lP(X) =

is irreducible in Q[X].

Romanian TST 2010

16. Let f be a primitive polynomial with integer coefficients of degree n for
which there exist distinct integers 2:1, 9:2, . . . , as" such that

[#J'
0< ”(130' < Zlflzil

Prove that f is irreducible in Z[X].

17. Find all quadratic polynomials f e Z[X] for which one can find n 2 2
such that f2" + 1 is reducible in Q[X].

Gabriel Dospinescu, Marian Tetiva
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18.

19.

20.

21.

22.

23.

Let f E Z[X] be a polynomial of degree greater than 1 with the property
that f(X2+aX) is reducible in Q[X] for infinitely many integers a. Does
it follow that f is reducible in Q[X]?

Gabriel Dospinescu, Mathematical Reflections

Let f be an irreducible polynomial in Q[X] of degree p, where p >
2 is prime. Let $1,132, . . . ,1}, be the zeros of f. Prove that for any
nonconstant polynomial g with rational coefficients, of degree smaller
than p, the numbers g(:1:1), g(:1;2), . . . ,g(ar;p) are pairwise distinct.

Toma Albu, Romanian TST 1983

Let f E Z[X] be a monic polynomial irreducible in Z[X], and suppose
that there exists a positive integer m such that f(Xm) is reducible in
Z[X]. Show that for any prime p dividing f(0) we have vp(f(0)) 2 2.

Marian Andronache

Let d > 1 be an integer and let f(n) be the probability that a polyno—
mial of degree d with all coefiicients bounded by n in absolute value is
reducible in Z[X]. Prove that f(n) - $1; is a bounded sequence.

Let a be a nonzero integer. Prove that the polynomial

X”+aX"_1 +---+aX2+aX— 1
is irreducible in Z[X].

Marian Andronache, Ion Savu, Romanian Olympiad 1990

Let f be a monic polynomial with integer coefficients and having distinct
integer roots. Prove that f2 + 1 and f4 + 1 are irreducible in Q[X].

Schur
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24.

25.

Is there a polynomial f with rational coefficients such that f(1) aé —1
and Xnf(X) + 1 is reducible over the rational numbers for all n 2 1?

Schinzel

Let p1, p2, . . . , pn be distinct prime numbers. Prove that the polynomial

f(X)= H (X+61\/IJI+82‘/f23+-~+em/E)
€1,62,...,en=:l:1

is irreducible in Z[X].
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22.1 Theory and examples
After a very elementary chapter about extremal properties of graphs, it is
time to see how the study of their cycles can give valuable information in
combinatorial problems. We will assume in this chapter some familiarity with
basic concepts of graph theory that can be found in practically any book of
combinatorics. We prefer to do so, because recalling all definitions would re-
quire a large digression and would largely diminish the quantity of examples
presented. And since the topic is very subtle and the problems are in general
diflicult, we think it is better to present many examples. We would like to
thank Adrian Zahariuc for the large quantity of interesting results and solu—
tions that he communicated to us.

We start with a simple, but important result. It was extended by Erd6s in a
much more diflicult to prove statement: if the number of edges of a graph on
n vertices is at least fill—31$ then there exists a cycle of length at least k + 1 (if
k > 1). Let us remain modest and prove the following much easier result :

In a graph G with n vertices, every vertex has degree at least
k. Prove that G has a cycle of length at least k + 1.

Solution. The shortest solution uses the extremal principle. Consider the
longest chain x0,1:1, . . . ,9}? in G and observe that this maximality property
ensures that all vertices adjacent to 51:0 are in this longest chain. Or, the degree
of :60 being at least k, we deduce that there is a vertex 2:,- adjacent to 2:0 such
that k g i S 1'. Therefore :30, x1, . . . ,xi, $0 is a cycle of length at least k + 1.

Any graph with n vertices and at least 71. edges must have a cycle. The following
problem is an easy application of this fact:

Suppose 2n points of an nx n grid are marked. Prove that there
exists a k > 1 and 2k distinct marked points a1,a2, . . .,a2k
such that for all i, a2¢_1 and am- are in the same row, while (12,-
and a2¢+1 are in the same column.

IMC 1999
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Solution. Here it is not difficult to discover the graph to work on. It is en-
ough to look at the 77. lines and 71. columns as the two classes of a bipartite
graph. We connect two vertices if the intersection of the corresponding row
and column is marked. Clearly, this graph has 211. vertices and Zn edges, so
there must exist a cycle. But the existence of a cycle is equivalent (by the
definition of the graph) to the conclusion of the problem.

The following example is an extremal problem in graph theory, of the same
kind as Turan’s theorem. This type of problem can go from easy or even trivial
to extremely complex and complicated results. Of course, we will discuss just
the first type of problem.

n+m/4n—3
4. Prove that every graph on n 2 4 vertices and m >

edges has at least one 4-cycle.

Solution. Let us count, in two different ways, the number of triples (c, a, b)
where a,b,c are vertices such that c is connected to both a and b. For a
fixed vertex c, there are d(c)2 — d(c) possibilities for the pair (a, b), where d(c)
denotes the valence of c. It follows that there are at least Z(d(c)2 — d(c))

C

triples. By the Cauchy-Schwarz inequality, if m represents the number of
edges of the graph, then

Zd(c)2 — d(c) 2 31:: — 2m

Now, if there are no 4-cycles, then for fixed a and b there is at most one vertex
0 that appears in a triple (a, b, c). Hence we obtain at most n(n — 1) triples.
It follows that 11%: - 2m 3 n2 — n, which implies that m S M44753, a
contradiction.
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Recall that a graph in which every vertex has degree 2 is a disjoint union of
cycles. It turns out that this very innocent observation is more than helpful
in some quite challenging problems. Here are some examples, taken from
different contests:

A company wants to build a 2001 x 2001 building with doors
connecting pairs of adjacent rooms (which are 1 X 1 squares,
two rooms being adjacent if they have a common edge). Is it
possible for every room to have exactly 2 doors?

[Gabriel Caroll]

Solution. Let us analyze the situation in terms of graphs: suppose such a
situation is possible, and consider the graph G with vertices representing the
rooms and connecting two rooms if there exists a door between them. Then
the hypothesis says that the degree of any vertex is 2. Thus G is a union
of disjoint cycles 01,02, . . .,Cp. However, observe that any cycle has even
length, because the number of vertical steps is the same in both directions and
the same holds for horizontal steps. Therefore the number of vertices of G,
which is the sum of lengths of these cycles, is an even number, a contradiction.

Reading the solution to the following problem, one might say that it is extre-
mely easy: there is no tricky idea behind it. But there there are many possible
approaches that can fail, and this probably explains its presence on the list of
problems proposed for the IMO 1990.

Let E be a set of 2n— 1 points on a circle, with n > 2. Suppose
that precisely k points of E are colored black. We say that this
coloring is admissible if there is at least one pair of black points
such that the interior of one of the arcs they determine contains
exactly n points of E. What is the smallest k such that any
coloring of k points of E is admissible?

IMO 1990
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Solution. Consider G the graph having vertices the black points of E and
join two points m,y by an edge if there are n points of E on one of the two
open arcs determined by a: and 31. Thus the problem becomes: what is the
least k such that among any k vertices of this graph at least two are adjacent?
The problem becomes much easier with this statement, because of the fact
that the degree of any vertex in G is clearly 2, thus G is a union of disjoint
cycles. It is clear that for a single cycle of length r, the least value of k is
1 + [5]. Now, observe that if 2n — 1 is not a multiple of 3 then G is ac-
tually a cycle (because (gcd(n + 1, 2n — 1) = 1), while in the other case G
is the union of three disjoint cycles of length 2"T'1. Therefore the least k is
n = [273—4] +1 if 2n—1 is not a multiple of3 and n—1 = 3 |_2n—6_1J +1 otherwise.

Finally, a more involved example using the same idea, but with some compli-
cation which are far from obvious.

Consider in the plane the rectangle with vertices (0,0), (m,0)
(0, n), (m, n), where m and n are odd positive integers. Par—
tition it rectangle into triangles satisfying the following condi-
tions: 1) Each triangle has at least one side (called the good
side; the sides that are not good will be called bad) on a line
a: = j or y = k for some nonnegative integers j, k, such that
the height corresponding to that side has length 1; 2) Each bad
side is common for two triangles of the partition. Prove that
there are at least two triangles having two good sides each.

IMO 1990 Shortlist

Solution. Let us define a graph G having as vertices the midpoints of the bad
sides and as edges the segments connecting the midpoints of two bad sides in
a triangle of the partition. Thus, any edge is parallel to one of the sides of
the rectangle, being at distance 10 + £- from the sides of the rectangle, for a
suitable integer k. Also, it is clear that any vertex has degree at most 2, so we
have three cases. The easiest is when there exists an isolated vertex. Then the
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triangles that have the side containing that vertex as common side have two
good sides. Another easy case is when there exists a vertex 9: having degree 1.
Then a: is the end of a polygonal line formed by edges of the graph, and having
the other end a point 3;, which is the midpoint of a side in a triangle having two
good sides. The conclusion follows in this case, too. Thus, it remains to cover
the “difficult” case when all vertices have degree 2. Actually, we will show that
this case is impossible. Observe that until now we haven’t used the hypothesis
that m, n are odd. This suggests looking at the cycles of G. Indeed, we know
that G is a union of disjoint cycles. If we manage to prove that the number of
squares traversed by any cycle is even, it would follow that the table has an
even number of unit squares, which is impossible, because mn is odd. Divide
first the rectangle by its lattice points into mn unit squares. So, fix a cycle
and observe that from the hypothesis it follows that the center of any square
is contained in only one cycle. Now, by alternatively coloring the cells of the
rectangle with white and black, we obtain a chessboard in which every cycle
passes alternatively on white and black squares, so it passes through an even
number of squares. This proves the claim and shows that G cannot have all
vertices of degree 2.

The next problem is already unobvious, and the solution is not immediate,
because it requires two arguments which are completely different: a. construc-
tion and a proof of optimality. Starting with some special cases is often the
best way to proceed, and this is indeed the key here.

. Let n be a positive integer. Suppose that n airline companies
offer trips to citizens of N cities such that for any two cities
there exists a direct flight in both directions. Find the least N
such that we can always find a company which can offer a trip
in a cycle with an odd number of landing points.

Adapted after IMO 1983 Shortlist

Solution. By starting with small values of n, we can guess the answer: N =
2" + 1. But it is not obvious how to prove both that for 2“ the assertion in the
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problem is not always true and the fact that for 2" + 1 cities the conclusion
always holds. Let us start with the first claim: the result is not always true
if we allow only 2" cities. Indeed, let the cities be 00,01, . . . ,02n_1. Write
every number smaller than 2” in base 2 with n digits (we allow zeros in the first
positions), and let us join two cities 0, and Cj by a flight offered by an airline
company A1 if the first digit of i and j is different, by a flight offered by A2 if the
first digits are identical, but the second digit differs in the two numbers and so
011. Because the i—th digit is alternating in the vertices of a cycle for company
A,, it follows that all cycles realized by A,- are even. Therefore N 2 2'” + 1.
Now, we prove by induction that the assertion holds for N 2 2" + 1. For n = 1
everything is clear, so assume the result for n — 1. Suppose that all cycles in
the graph of flights offered by company An are even (otherwise we have found
our odd cycle). Therefore the graph of flights offered by An is bipartite, that is
there exists a partition Bl, Bg, . . . , 3",, D1, D2, . . . , Dp of the cities such that
any flight offered by An connects one of the cities 33' with one of the cities D1,.
Because m+p = 2"+1, we may assume that m 2 2"'1 + 1. But then the cities
31,32, . . . , Bm are connected only by flights offered by A1, A2, . . . , An_1, so
by the induction hypothesis one of these companies can offer an odd cycle.
This finishes the induction step and shows that N = 2" + 1 is the desired
number.
Here comes a very challenging problem with a very beautiful idea:

On an infinite checkerboard are placed 111 non-overlapping
corners, L-shaped figures made of 3 unit squares. Suppose
that for any corner, the 2 x 2 square containing it is entirely
covered by the corners. Prove that one can remove each num-
ber between 1 and 110 of the corners so that the property will
be preserved.

St. Petersburg 2000

Solution. We will argue by contradiction. Assuming that by removing any
109 corners the property is no longer preserved, it would follow that no 2 x 3
rectangle is covered by 2 corners. Now, define the following directed graph



THEORY AND EXAMPLES 527

with vertices on the corners: for a fixed corner 0', draw an edge from it to the
corner that helps covering the 2 x 2 square containing 0. It is clear that if in
a certain corner there is no entering edge, we may safely remove that corner,
contradiction. Therefore, in every corner there exists an entering edge and so
the graph constructed has the property that every edge belongs to some cycle.
We will prove that the graph cannot be a cycle of 111 vertices. Define the
“center” of a corner as the center of the 2 X 2 square containing it. The first
observation, that no two corners can cover a 2 x 3 rectangle, shows that in a
cycle the a: coordinate of the centers of the vertices are alternatively even and
odd. Thus the cycle must have an even length, which shows that the graph
itself cannot be a cycle. Therefore, it has at least two cycles. But then we
may safely remove all the corners except those in a cycle of smallest length
and the property will be preserved, thus again a contradiction.
The following result is particularly nice:

There are n competitors in a table-tennis contest. Any 2 of
them play exactly once against each other and no draws are
possible. We know that no matter how we divide them into
2 groups A and B, there is some player from A who defeated
some player from B. Prove that at the end of the competition,
we can sit all the players at a round table such that everyone
defeated his or her right neighbor.

Solution. Clearly, the problem refers to a tournament graph, that is, a direc-
ted graph in which any two vertices are connected in exactly one direction. We
have to prove that this graph contains a Hamiltonian circuit. Take the longest
elementary cycle, m, '02, . . . ,1)", with pairwise distinct vertices, and take some
other vertex '0. Unless all edges come either out of v or into 12, there is some
1' such that 1m; and '01),“ are edges. Then, 121,122,...,v,-,v,v,-+1,...,v.,, is a
longer elementary cycle, contradiction. Therefore, there are only two kinds of
vertices v E V — {2),}: (type A) those for which all w,- are edges; and (type B)
those for which all vi'v are edges. If there is some edge ba with a of type A and
b of type B, then we can construct once again a longer circuit: b, a, 121,. . . ,1)”.
Therefore, for any a E A and b E B, ab is an edge. Consider the partition
V = B U (A U {vi}). Due to the hypothesis, since all edges between the two
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classes point towards B, we must have B = (2). But, once again, V = A U {11;}
is a forbidden partition, so A = 0. Therefore, the circuit is Hamiltonian.

Before discussing the next problem, we need to present a very useful result,
which is particularly easy to prove, but has interesting applications. This is
why it will be discussed as a separate problem and not as a lemma:

: Prove that a graph is bipartite if and only if all of its cycles
have even length.

Solution. One part of the result is immediate: if the graph is bipartite then
obviously it cannot have odd cycles, because there is no internal edge in one of
the two classes of the partition. The converse is a little bit trickier. Suppose
that a graph G has no odd cycles and start your “journey” with an arbitrary
vertex v and color this vertex white. Continue your trip through the vertices
of the graph, by coloring all neighbors of the initial vertex in black. Continue
in this manner, by considering this time every neighbor of v as an initial point
of a new trip and color new vertices by the described rule, avoiding vertices
that are already assigned a color. We must prove that you can do your trip
with no problem. But the only problem that may occur is to have two paths
to a certain vertex (called a problem vertex), each leading to a different color.
But this is impossible, since all cycles are even. Indeed, any two paths from v
to this problem vertex must have the same parity. Therefore we have a valid
coloring of the vertices of the graph, and by construction this proves that G
is bipartite. And here is an application:

A group consists of n tourists. Among any 3 of them there
are 2 who are not familiar. For every partition of the tourists
in 2 buses, we can always find 2 tourists that are in the same
bus who are familiar with each other. Prove that there is a
tourist Who is familiar with at most 2?” tourists.

Bulgaria 2004
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Solution. Construct a graph G on n vertices corresponding to the n tourists.
We construct the edge ab if and only if the tourists a and b are familiar with
each other. By the hypothesis, G is not bipartite, so it must have an odd
cycle. Let «n, (12,... , a; be the smallest odd cycle. Since I is odd and l > 3, we
must have l 2 5. It is clear that there are no other edges among the 0.,- except
awn-+1. If some vertex v is connected to a,- and aj, it is easy to show that the
“distance” between i and j is 2, that is |z' — j| equals 2 or l— 2, since otherwise
we would have a smaller odd cycle. Therefore, every vertex which does not
belong to the cycle is adjacent to at most 2 ai’s. Even more, every vertex of
the cycle is connected to exactly 2 ai’s. Therefore, if c(v) is the number of
edges between '0 and the vertices of the cycle, c(v) S 2, so

2 2n
1

Zd(a¢) = 2 0(1)) 3 2n = d(ak) S Tn S g (22.2)
i=1 veV

for some k. The solution ends here.

At first glance, the following has nothing to do with graphs and cycles. Well,
it does! Here is a beautiful solution by Adrian Zahariuc:

1 In each square of a chessboard is written a positive real num-
ber such that the sum of the numbers in each row is exactly
1. It is known that for any 8 squares, no two in the same
row or column, the product of the numbers written in these
squares does not exceed the product of the numbers on the
main diagonal. Prove that the sum of the numbers on the
main diagonal is at least 1.

St. Petersburg 2000
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Solution. First, let us label the rows and the columns 1,2,. . . ,8, consecuti-
vely, in increasing order. Suppose by way of contradiction that the sum of the
numbers on the main diagonal is less than 1. Then on row k there is some cell
(k, j) such that the number written in it is greater than the number written
in cell (j, j), that is, the one in the same column, on the main diagonal. Color
(k, j) red and draw an arrow from row k to row j. Some of these arrows must
form a loop. From each row belonging to the loop we choose the red cell,
and from all other rows we choose the cell on the main diagonal. All these 8
cells lie in different rows and different columns and their product exceeds the
product of the numbers on the main diagonal, a contradiction. Therefore our
assumption is false, and the sum of the numbers on the main diagonal is at
least 1.

And for the die-hards, here are two very difficult problems communicated to
us by Adrian Zahariuc:

There are two airline companies in Wonderland. Any pair of
cities is connected by a one-way flight offered by one of the
companies. Prove that there is a city in Wonderland from
which any other city can be reached via airplane without
changing the company.

Iranian TST 2006

Solution. We would rather reformulate the problem in terms of graph theory:
given a bichromatic (say, red and blue) tournament G(V, E) (i.e. a directed
graph in which there is precisely one edge between any pair of vertices). We
have to prove that there is a vertex 1) such that, for any other vertex u, there
is a monochromatic directed path from v to u. Such a point will be called
“strong”. Let |V| = n. We will prove the claim by induction on n.
The base case is trivial. Suppose it is true for n —- 1; we will prove it for n.
Now suppose by way of contradiction that the claim fails for some G. By the
inductive hypothesis we know that for each 1) e V there is some 3(1)) 6 V— {’0}
which is a strong point in G — {2;}. Clearly, 8(1)) aé 8(11’) for all 1; aé 11’, since
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otherwise 3(1)) would be strong in G. Let f = 3‘1, i.e. s(f(v)) = v for all
2). It is clear that from v we can reach all points through a monochromatic
path except f(v) For each 1), draw an arrow from v to f (11) These arrows
must form a loop. If this loop does not contain all n vertices of the graph, by
the inductive hypothesis we must have a strong vertex in this graph, which
contradicts the fact that we can’t reach f(1)) from 1). Hence, this loop is a
Hamiltonian circuit 01,122, . . . ,1)”. Let vn+1 = 111. From 12,-, we can reach all
vertices except vi+1 because «n+1 = f(m). We can’t reach 1) from u through
paths of both colors since, in that case, from u we could reach all the points
we could reach from 1), including f(u), which is false.
For 1) aé f(u), let C(uv) be the color of all paths from u to 22. It is clear
that c(u'v) # c('uf(u)) We have c(uv) aé c(vf(u)) 34$ c(f(u)“10), so c(uv) =
c(f(u) f(v)) for u 74 v gé f(u). In other words, c(vkvk+m) = c(vk+lvk+m+1).
From here, it is easy to fill in the details. Basically, we just have to take m > 1
coprime with n to get that we can travel between any two points through paths
of color C(vovm) and we are done.

Does there exist a 3-regular graph (that is, every vertex has
degree 3) such that any cycle has length at least 30?

St. Petersburg 2000

Solution. Even though the construction will not be easy, the answer is: yes,
there does. We construct a 3-regular graph G" by induction on n such that any
cycle has length at least n. Take G3 = K4, the complete graph on 4 vertices.
Now, suppose we have constructed Gn(V, E) and label its edges 1, 2, . . . ,m.
Take an integer N > n2” and let V’ = V X ZN. If the edge numbered k in
G1. is ab, we draw an edge in Gn+1(V’ , E’) between (a, a3) and (b,z + 2’“) for
all m e ZN. It is clear that Gn+1 is 3-regular. We show that Gn+1 has the
desired property, i.e. it contains no cycle of length less than n + 1. Suppose
(a1,m1),. . .,(at,:rt) is a cycle with t S n. Clearly, a1,a2, . . .,at is a cycle of
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Gn. Therefore t = n, and all a,- are distinct. We have

0 = ($1 —x2)+(:1:2 — x3)+---+(:1r:.n — :61) E idfl’flmodN). (22.3)
i=1

This sum is nonzero since all kj are distinct, and also it is at most 712’" < N
in absolute value, a contradiction. Therefore this graph has all the desired
properties, and the inductive construction is complete.
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22.2 Practice problems

1. Prove that any graph on n 2 3 vertices having at least 2 + ('31) edges
has a Hamiltonian cycle. Does the property remain true if 2 + ("31) is
replaced by a smaller number?

. Some pairs of towns are connected by roads. At least three roads leave
each town. Show that there is a cycle containing a number of towns
which is not a multiple of three.

Russia 2000

. Let n be a positive integer. Can we always assign to each vertex of a 2"-
gon one of the letters a, and b such that the sequences of letters obtained
by starting at a vertex and reading counterclockwise are all distinct?

Japan 1997

On an n x n table real numbers are put in the unit squares such that no
two rows are identically filled. Prove that one can remove a column of
the table such that the new table has no two rows identically filled.

Bulgarian TST 2004

. The edges of Kn(n 2 3) are colored with n colors, and every color is
used. Show that there is a triangle whose sides have different colors.

Hungary-Israel Competition 2001

Let G be a simple graph with 2n + 1 vertices and at least 3n + 1 edges.
Prove that there exists a cycle having an even number of edges. Prove
that this is not always true if the graph has only 3n edges.

Miklos Schweitzer Competition
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10.

11.

The edges of a complete graph with 2" + 1 vertices are colored using 77.
colors. Prove that we can find a monochromatic cycle of odd length.

. For a given n 2 2 find the least k with the following property: any set
of k cells of an n x n table contains a nonempty subset A such that in
every row and every column of the table there is an even number of cells
belonging to A.

Poland 2000

In a society of at least 7 people each member communicates with at least
three other members of the society. Prove that we can divide this society
in two nonempty groups such that each member communicates with at
least 2 members of their own group.

Czech-Slovak Match 1997

On the edges of a convex polyhedra we draw arrows such that from each
vertex at least one arrow is pointing in and at least one is pointing out.
Prove that there exists a face of the polyhedra such that the arrows on
its edges form a circuit.

Dan Schwartz, Romanian TST 2005

Every street in a city connects two squares and any square may be
reached by streets from any other. The governor discovered that if he
closed all squares of any route not passing through any square more than
once, then any remaining square would be reachable from any other.
Prove that there exists a circular route passing through every square of
the city exactly once.

S. Berlov, Tuymaada Olympiad 2008
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12.

13.

14.

15.

16.

A rectangular array of numbers is given. In each row and each column,
the sum of all numbers is an integer. Prove that each non-integral num-
ber z in the array can be changed into either [11:] or [:3] so that the
row-sums and column-sums remain unchanged.

IMO Shortlist 1998

There are 25 towns in a country. Find the smallest k for which one
can set up bidirectional flight routes connecting these towns so that the
following conditions are satisfied:

(a) from each town there are exactly k direct routes to 16 other towns;
(b) if two towns are not connected by a direct route, there is a town

which has direct routes to these two towns.

Vietnamese TST 1997

There are 2n students at a math contest. Each of them submits to
the jury a problem. At the end, the jury gives each student one of the
problems submitted. Say that the contest is fair if there exist n students
who receive their problems from the other n participants. Prove that
the number of distributions of problems that end in a fair contest is a
perfect square.

Romanian TST 2003

In a connected simple graph every vertex has degree at least three. Prove
that there exists a cycle such that after removing the edges of this cycle
the new graph is still connected.

Komal

A simple graph G with vertices 01,02,” . ,1)” has no isolated vertex.
Prove that there exists I C {v1,v2, . . . ,vn} with the properties
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(a)
" 2

> ———.
III _ g; degvi + 1

(b) Every cycle of G contains at least one vertex not belonging to I.

Darij Grinberg

17. Let G be a graph with n vertices and such that the degree of every vertex
is strictly greater than 2?". If the graph contains no triangle, then it is
bipartite.

Andrasfai, Erdos, 80$

18. A connected graph has 1998 vertices and each vertex has degree 3. Show
that one can delete 200 vertices, no two of them joined by an edge, such
that the resulting graph is still connected.

Russia 1998
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23.1 Theory and examples

Undoubtedly, polynomials represent a powerful tool in practically any area
of mathematics, simply because they manage to create a subtle link between
analysis and algebra: on the one hand, considering them as formal series comes
handy in arithmetic and combinatorics; on the other hand their analytic pro-
perties (location of zeros, complex-analytic properties, etc) are particularly
interesting for effective estimations. The purpose of this chapter is to present
some striking applications of these ideas in number theory and combinatorics.
We will merely scratch the surface, but we are convinced that even this small
amount will show the reader what profound mathematical objects polyno-
mials are. A particularly important result to be discussed is the revolutionary
“Combinatorial Nullstellensatz” of Noga Alon, which shows perfectly well the
power of algebraic methods in combinatorics.

We begin, as usual, with a very easy problem. However, it is not entirely
trivial because there are many approaches that can fail. A purely algebraic
solution is both easy and insightful.

Is there a set of points in space which cuts any plane in a finite,
nonzero number of points?

IMO 1987 Shortlist

Solution. The idea is very simple: by taking such a set A to be the set of
points of the form (f(t), g(t), h(t)), we need to find functions f, g, h such that
for any a, b, c not all zero and any d, the equation a.f(t) + bg(t) + ch(t) + d = 0
has a finite nonzero number of solutions. This suggests taking polynomials
f, g, h. One of the many choices is f(t) = t5, g(t) = t3 and h(t) = t. Indeed,
the equation at5 + bt3 + ct + d = 0 clearly has a finite number of solutions and
has at least one, since any polynomial of odd degree has at least one real root.
This shows that such a set exists.
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You may very well know the classical problem stating that if 2” + 1 is a prime
number, then n is a power of 2 (the reader who does not know it is urged
to give it some thought before passing to the next problem!). The following
example is an adaptation of this classical result, but it is not as immediate as
the cited problem.

Prove that if 4"" — 2’” + 1 is a prime number, then all prime
divisors of m are smaller than 5. '

[S. Golomb] AMM

Solution. Suppose that p is a prime divisor of m, with p > 3. Write m = np.
Then 4"" — 2"" + 1 = P(—2"), where P(X) = X219 + X? + 1. We claim that P
is a multiple of X2 + X + 1. Indeed, X2 + X + 1 has distinct complex roots
and any of its roots is clearly a root of P. Therefore X2 + X + 1 divides P in
(C[X], thus in Q[X] too. Because X2 + X + 1 is monic, Gauss’s lemma implies
that P is divisible by X2 + X + 1 in Z[X]. Therefore, P(—2") is a multiple of
4” — 2” + 1 > 1, so 4” — 2m + 1 is not a prime number.

We continue with a fairly tricky problem, whose beautiful solution was com-
municated by Gheorghe Eckstein. This will be a preparation for the next
challenging problem.

Prove that the number obtained by multiplying all 2100 num-
bers of the form :|:1 :I: \/§ :l: :I: v100 is the square of an
integer.

Tournament of the Towns

Solution. The crucial observation is that if P e Z[X] is an even polynomial,
then for every positive integer k, the polynomial P(X —- x/E)P(X + x/E) is also
an even polynomial with integer coefficients. Now, consider the polynomials

13100 = X, 131900 = Pic—1(X — fi)Pk—1(X + fl)
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for k 2 2. By the first observation, P100 is an even polynomial with integer
coefficients. But it is clear that the desired product is just P1oo(1)P100(—1),
so it is a perfect square. This finishes the solution.

As we said, the next problem is very challenging. The solution presented here
is due to Pierre Bornsztein, and can be adapted to prove much more: the
square roots of the squarefree positive integers are linearly independent over
the set of rational numbers. There are also elementary proofs of this deep
result, but the following argument is simply stunning. Interested readers will
find in the exercise section a much more general (and diflicult) statement that
can be proved using polynomial techniques, and which we strongly recommend.

5 Let a1, a2, . . . ,a.n be positive rational numbers such that ,/a1 +
,/a2 + - - - + «an is a rational number. Prove that the a, are
all rational numbers.

Solution. If all x,- = (1;, then a}? are rational numbers and the sum 5’ of the
513’s is also rational. Let us assume that $1 is not rational and consider the
polynomial

P(X) = H (X — 931 + U222 + - - - + unxn) (23.1)
u2,...,u,.=:|:1

Clearly, when we expand this polynomial .732, 1:3, ...,.1;n appear with even ex-
ponents because the polynomial is invariant under the substitutions 9:2 —)
—1:2,. . . ,mn —) ~13”. After expansion, the polynomial can be written as

P(X) = P(X,z1,a:2, . . . ,xn) = N(X,w§,x§, . . . ,mi) - $1D(X,a:"1’,ai§, . . . ,x3,)

for some polynomials with rational coefficients N and D. Because P vanishes
at S, we deduce that $1D(S,a:¥, . . . ,x?,) = N(S,a:§, . . .,:c,2,), and the assump-
tion that $1 is irrational implies that D(S’,zf, . . . ,m?,) = N(S, 221’, . . . ,xfi) = 0.
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But then we also have P(S,—1:1,a:2,.. .,a:n) = 0, which is impossible, since
P(S, —a:1,a:2, . . . ,3") is a product of positive numbers. This contradiction
shows that :01 is rational and, by induction, all 10,: are rational.

The following problem became a classical application of polynomial techniques.
It was also used in a Balkan Mathematical Olympiad and more recently in a
Chinese TST. The following solution is probably a reason for its popularity.

A positive integer p is prime if an only if each equiangular
polygon with p vertices and rational side—lengths is regular.

Solution. We will first prove that if n is a positive integer, e = e2T ,and
a1, a2, . . . ,an are positive real numbers, then there exists an n—gon with equal
angles and side-lengths a1, a2, . . . , an if and only if an +a25+ - . -+ane ‘1 = 0.
This is not difficult: it is enough to consider the edges of the polygon as orien-
ted vectors in clockwise direction. Clearly, their sum is 0. However, one can
translate these vectors so that all of them have origin at 0, the origin of the
plane. By choosing the positive semiaxis 0,1, the complex numbers correspon-
ding to the extremities of the vectors are (11,026, . . . ,ame"_1, from where we
find (11 +a26+- - - +a.,,ts"‘1 = 0. The converse is easy, because the construction
follows from the previous argument.

Now assume that p is a prime number, and consider a polygon with side-
lengths (11,02, . . . ,ap, all rational numbers, and whose angles are equal. It
follows that a1 +a26+- - - +(119eip—1 = 0 and the irreducibility of the polynomial
1 + X + - - - + X1"1 over the field of rational numbers shows that 0.1 = a2 =

- = up, so the polygon is regular (the argument is identical to the proof of
the first lemma in chapter Complex Combinatorics). For the converse, let
us assume that p is not a prime and prove that there exists a non-regular poly-
gon with rational side-lengths and equal angles. Let us write 1): mn for some
m, n > 1. Then 6—— e P satisfies the1equation 1 + e" + 62” + + 6(m‘1)"= 0
and also the equation 1 +e+---+61"1 =0. By adding these two equations, we
obtain a relation of the form a1 + (126+ - - ' + apep'l = 0, where all a,- are equal
to 1 or 2 and not all of them equal. The observation in the beginning of the
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solution shows that there exists a polygon with equal angles and side-lengths
a1, a2, . . . , ap. Clearly, this polygon is not regular.

We continue with two diflicult problems. The first one is classical, but very
difficult. It belongs to a large class of additive problems in number theory and
it is quite remarkable that it has a purely algebraic solution. A similar sta-
tement is the famous four-squares theorem, stating that any positive integer
is the sum of four squares of integers, or the notoriously difficult Waring pro-
blem, stating that for any Is there is m such that any sufficiently large integer
is a sum of at most m powers of exponent k. We leave it to the interested ,
reader to deduce from the four squares theorem that any positive integer is
the sum of 53 fourth powers!

Prove that any rational number can be written as the sum of
the cubes of three rational numbers.

Solution. If someone really wants to be cruel, they will just write the following
identity:

033—36 3+ —:n3+35:t:+36 3+ 9x2+35x 3_$
91:2 + 812: + 36 922 + 812: + 36 9w2 + 81:1: + 36 _ '

Well, how on earth can we come with such a thing? A natural idea would be
to look for a representation of :1: as a sum of cubes of three rational functions.
So let us try to find first two polynomials f, 9 such that f3 + g3 has a cubic
factor. On the other hand, the factorization

f3 +93 = (f +g)(f + zg)(f + 229),
where z = ea? suggests a smart choice: f +29 = (X —z)3 and f +229 = (X —
22)3. A small computation shows that f = X3 — 3X — 1 and g = —3X2 — 3X.
This already gives us the identity

($3 — 3a: — 1)3 + (—32:2 — 3x)3 = (m2 + a: + 1)3((:c - 1)3 — 9m),
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which easily implies the relation presented in the very beginning of the solu-
tion, after changing 9:1: to 3;.

The next problem has a particular flavor, because of the nice idea really well-
hidden and of the technical difficulties that appear at all steps of the solution.
Definitely not a friendly problem in a mathematical competition, but excellent
spiritual food!

On an m x n sheet of paper a grid dividing the sheet into unit
squares is drawn. Then, the two sides of length n are taped
together to form a cylinder. Prove that one can write a real
number in each square, not all numbers being zero, such that
each number is the sum of the numbers in the neighboring
squares, if and only if there are integers k,l such that n + 1
does not divide k and

cos Eli + cos _k1r — lm n + 1 — 2'

[Ciprian Manolescu] Romanian TST 1998

Solution. Number the rings 1,2, . . .,n going downwards and the columns
1, 2, . . . ,m, anticlockwise. The idea is to associate to each ring a polynomial
Pi(X) = ail + aizX + - - - + aim_1 and to study how the condition imposed
on the numbers translates in terms of these polynomials. This is not difficult,
because such numbers exist if and only if

P,(X) E 13,-_1(X) + Pi+1(X)+ (xm-1 + X)H(X) (mod Xm — 1),
where P0 = Pn+1 = 0. This can be also written as

Palm 2 (1 — X — Xm-Ua-(X) — P.-_1(X) (mod X” — 1)
and so P,;(X) = Q¢(X)P1(X), where Q, is the sequence defined by Q0 =
0, Q1 = 1 and

Qi+1(X) E (1 - X - X'"_1)Q1:(X) - Qi—1(X) (m0d Xm - 1)-
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The condition for all numbers to be zero becomes P1 E 0. So, the condition of
the problem is satisfied if and only if we can find a nonzero polynomial P1 (of
course, (mod Xm — 1)) such that PlQn+1 E 0 (mod Xm — 1), which means
that Qn+1 and Xm — 1 are not relatively prime. This is also equivalent to the
existence of a number 2 such that 2’” = 1 and Qn+1(z) = 0. If 50;, = Qk(z),
the identity satisfied by Q, becomes :30 = 0, x1 = 1 and

93i+1 = mi(1— Z — 2—1)— {Iti_1.

Now, if a = 1 — z — z‘l, the relation becomes n+1 — 0.9:,- + mi_1 = 0. Let
r1, r2 be the roots of the equation 152 — at + 1 = 0. Then 1'1,'r21are nonzero,

so if mn+1 = 0, then we surely have r1 gé T2 and also acn+1 = 511%“; Thus
the condition on m, n is to have 7‘?“ = 7'3“, that is there exists :1: such that
xn+1 = 1, a: 5A 1 and also r2 = wrl. Using Viéte’s formula, this becomes
equivalent to the existence of a nontrivial root of order n + 1 of 1, say as, such
that aza: = (1 + :02, that is 2 + 2Re(a:) = (1 — 2Re(z))2. Of course, this is
equivalent to the condition of the problem. This finishes the solution.

Let us now turn to some combinatorial problems. We begin with a very beau-
tiful result. Do not underestimate it because of its short proof — it is far from
being trivial. Actually, this old conjecture of Artin plays a very important role
in additive number theory and has given birth to some important theorems of
Ax and Katz, which are unfortunately well beyond the scope of this book.

Let f1,f2, . . . ,fk be polynomials in Z/pZ[X1,X2, . . . ,Xn] such
k

that 2 deg(f1) < n. Then the cardinality of the set of vectors
i=1

($1,132, . . . ,xn) G (Z/pZ)" such that fi(w) = 0 for all i =
1,2,...,k is a multiple ofp.

Chevalley-Warning theorem

Solution. The idea is that the cardinality of the set of common zeros of f,
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can be expressed more conveniently as

Z (1 -f1(w)”‘1)(1 — f2(w)”‘1)---(1 — mow),
z=(:c1,...,a:,.)e(Z/pZ)"

where we understand by f,(a;) the element f,-(:c1,:z:2, . . . ,mn). Indeed, this
follows easily from Fermat’s little theorem, because the polynomial

P(X) = (1 - f1(X)”'1)(1 - f2(X)”_1) - - - (1 - fk(X)"‘1)
(here X = (X1,X2,...,Xn)) has the property that P(:r1,:r2,...,:cn) = 0 if
and only if at least one of f¢(cc1,a:2,. . . ,1”) is nonzero and 1 otherwise.

Now, let us prove that Z P(a:) = 0. In order to do this, it is enough
zE(Z/pZ)"

to prove it for any monomial of P, of the form Xi‘n2 - - ~Xg". Observe that
in any such monomial we have a1 + a2 + + an < n(p — 1), because of

k .
the condition 2 deg(f,-) < n. This means that there exists an i such that

i=1
a,- < p — 1. Observe that

n
(1102 _2 $135,. fif-Jl—lf Z

zE(Z/pZ)" :IJJ-EZ/pZ'7

and because a,- < p — 1, by a result proved in the chapter The Smaller, the
Better, 2 m?‘ ——,0 which shows that Z P(:L-) = 0 in Z/pZ. This

mieZ/pZ 1136(Z/pz)“
finishes the proof, because it follows that the cardinality of the set is a multiple
of p. Finally, observe that if we assume that f,(0) = 0 for all i, it follows that
f,- have at least one nonzero common root in the field with p elements, which
is anything but trivial!

We continue With an apparently immediate application of Chevalley-Warning
theorem: the famous Erd6s—Ginzburg-Ziv theorem. There are many other
approaches to this beautiful result, but the way in which it follows from
Chevalley-Warning’s theorem had to be presented.
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Prove that from any 2n — 1 integers one can choose n whose
sum is divisible by n.

Erdbs—Ginzburg—Ziv theorem

Solution. Let us suppose first that n = p is a prime number. As we will see,
this is actually the hard part of the theorem. Consider the polynomials over
Z/pZ:

f1(X1,X2,---,X2p—1)= Xifl + XéH + - - - + X2121,

f2(X1,X2,---,X2p—1)= ai—1 + (12X§’_1 + - - - + a2p—1X§;_11,
where a1,a2,...,a2p_1 are the 2p — 1 numbers. Clearly, the conditions of
Chevalley-Warning’s theorem are satisfied and so the system f1 (X) = f2 (X) =
O has a nontrivial solution ($i)i=1,...,2p—1- Let I be the set of those 1 S 2' 3 2p—
1 such that m, 79 0. Then from Fermat’s little theorem f1(a:1, x2, . . . ,x2p_1) =
|I| (mod p) and f2(:v1,x2,...,x2p_1) = Ziel a, (mod p) and so p divides |I|
and 21-61 (1,. Because I has at least 1 and at most 2p —- 1 elements, it follows
that it has exactly p elements, and the theorem is proved in this case.

In order to finish the proof of the theorem, it is enough to prove that if it
holds for a and b integers greater than 1, it also holds for ab. So, take 2ab — 1
integers look at the first 2a — 1 among them. There are some (1 whose sum
is a multiple of (1. Put them in a box labelled 1 and look at the remaining
numbers. You have at least 2a(b — 1) — 1 2 2a — 1, so you can find some other
a numbers whose sum is a multiple of a. Put them in a box labelled 2. At
each stage, as long as you still have at least 2a — 1 numbers which are not yet
in a box, you can create another box with (1 numbers, the sum of which is a
multiple of a. So, you can create at least 2b — 1 such boxes. Now, apply the
induction hypothesis for the sums of the numbers in the first 2b — 1 boxes divi-
ded by a and you will obtain a collection of ab numbers the sum of which is a
multiple of ab. This shows that the theorem holds for ab and finishes the proof.

The next example presents a truly amazing theorem, appeared in the revo-
lutionary article “Combinatorial Nullstellensatz” by Noga Alon and which is
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now a must in algebraic combinatorics. The reader with background in com-
mutative algebra will immediately understand the title of the article: yes, it
is related to the even more famous Nullstellensatz of Hilbert, one of the basic
results of algebraic geometry and probably one of the most important theo—
rems in mathematics. What does the latter say? Well, the strong form says
that if f1, f2, . . . , fk are polynomials with complex coefficients in n variables
and if f is another such polynomial which vanishes at all common zeros of the
polynomials f1, f2, . . . , fk, then some power of f can be written in the form
f191 + f292 + - - - + fkg;c for some polynomials 91,92, . . . ,gk. Note for instance
that if f1, f2,..., fk have no common zeros then there will be g1,gz, . . . ,9},
such that flgl + fzgz + + fkgk = 1, a fact far from being obvious! Ac-
tually, the proof of Hilbert’s Nullstellensatz is difl'icult and really needs a fair
amount of commutative algebra, so we will not present it here. The reader can
find a proof in practically any book of algebraic geometry. Note however that
there are substantial differences between this statement and the “Combinato-
rial Nullstellensatz”, and they probably explain why the latter is so well-suited
for combinatorial applications.

Let F be a field, f e F[X1,X2, . . . ,Xn] a polynomial, and let
8'1, 5'2, . . . , 3,, be nonempty subsets of F.
a) If f(sl,52,...,sn) = 0 for all (31,82,...,sn) E 81 x 52 x

x Sn, then f lies in the ideal generated by the polyno-
mials g,(X,-) = Uses,- (X,- — 3). Moreover, the polynomials
h1, h2, . . . , hn satisfying f = glhl + g2h2 + ‘ - - + gnhn can be
chosen such that deg(h,-) 3 deg(f) — deg(g,~) for all 2'. Finally,
if 91,92, . . . ,9” E R[X1, X2, . . . ,Xn] for some subring R of F,
one can choose h,- with coefiicients in R.
b) If deg(f) = t1 + t2 + + tn, where t,- are nonnega—
tive integers such that t,- < |S,~| and if the coefficient of
Xléz - ~ - X3," is not zero, then there exist 3, e S, such that
f(31,32a---:3n) #0'

[Noga Alon] Combinatorial Nullstellensatz
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Solution. a) The idea is that any element 3i of 8; satisfies an algebraic equa-
tion of degree |Si|, so any power of 31- is a linear combination of 1, 3;, . . . , slsild
with coefficients independent of the choice of si 6 5;. Indeed, if

lSil—l
Si '9i(Xi) = X-l I — Z gig,.=0

. lSil—l .
then 3L5" = Z: gijsg. This allows us to “reduce” the polynomial f by

1:0
replacing every Xi," with a linear combination of 1,Xi,...,Xz!S‘|_1. This
corresponds to subtractions from f of polynomials of the form gihi, with
deg(hi) 3 deg(f) — deg(gi). So we see that by subtracting a linear combi-

n

nation 2 gihi from f we obtain a polynomial f1 whose degree in Xi is at
i=1

most ISzl — 1 and such that O = f(sl,32,...,sn) = f1(31,32,...,sn) for all
53- 6 Si. But this immediately implies f1 = 0. Indeed, f1 can be written as
F0+F1X1 +~ ' ~+F|31|_1X151|_1 for some polynomials F; E F[X2, . . . ,Xn] such
that Fj has degree in Xj at most lSjl — 1. Now, for all 32 6 5’2, . . .,sn 6 Sn,
the polynomial

Fo(82, . . . ,3”) + . . . + Fl51|—1(32a~-a3n)Xlsll_1

has at least |S1| zeros in the field F, so it is identically zero, that is

Fo(82,. . .,8n) = = F|51|_1(32,. . .,sn) = 0

for all (32,...,sn) E Szn-Sn. An inductive reasoning shows that F0 =
= F|51|_1 = 0 and so f1 = 0. This finishes the proof of a). b) This

is a direct consequence of 3.). Suppose by contradiction that f vanishes on
5'1 x 52 x x Sn. By taking subsets of Si with ti + 1 elements, we can
assume that |Si| = ti + 1. Let h- and g be defined as in a). It follows that the
coefficient of X?n ~ ~ -X,t{l in glhl + 92h2 + - - ' + gnhn is not zero. Because
deg(hi) S deg(f) — deg(gi), the coefiicient of X? 32 ~ “t1” in gihi is zero:
any monomial appearing in this polynomial and having degree deg(f) is a
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multiple of X?“, contradiction.

Let us see now some applications of this result. First, some direct consequences
which already show the power of the method: try to find other solutions to
these problems and you will see that they are far from being trivial. This
is probably also a reason for selecting the next problem as problem 6 at the
International Mathematical Olympiad in 2007.

I Let n be a positive integer and consider the set

S = {(x,y,z)|m,y,z E {0,1,...,n},:c+y+ z > 0}

as a set of points in space. Find the minimum number of
planes, the union of which contains S but does not contain
(0,0,0).

IMO 2007

Solution. Let aiw+b¢y+ciz = d,- be the equations of these planes and consider
the polynomial

k n

f(X,Y,Z) =H(a,-X+biY+cz-Z—d,)—m-H(X—i)(Y—z‘)(Z—z'),
11:1 12:1

where m is chosen such that f(0,0, 0) = 0. If k < 3n, then clearly the co-
efficient of X”Y”Z” in f is nonzero. Thus, by combinatorial Nullstellensatz
there are integers :13, y, z E {0, 1, . . . ,n} such that f(:1:,y, z) aé 0. If at least one
of :17, y, z is nonzero, then clearly both terms defining f are zero, a contradic-
tion. Thus (x,y,z) = (0,0,0), which contradicts the fact that f(0, 0, 0) = 0.
Therefore k 2 3n and since for k = 3n an example is immediate, we deduce
that this is the answer to the problem.

And now a very similar statement:
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:7, “3‘ 3‘" T Let p be a prime and let $1, Sg, . . . , 5'], be sets of non-negative
7' A integers, each containing 0 and having pairwise distinct ele-

ments modulo p. Suppose that Zi(|S,| — 1) 2 p. Prove
that for any elements (11,. . . ,ak E Z/pZ, the equation mlal +
x2a2+- "+117k = 0 has a solution (:31, . . . ,rck) E 31 x - - XS],
other than the trivial one (0,. . . , 0).

Troi—Zannier’s theorem

Solution. [Peter Scholze] Consider the polynomial

P(X1)"'>Xk) = (all-X1 +a2X2+--~+ak)p_1 — 1

+0 H (Xl—sl) H org—32)... H (Xk—sk)
0%81651 0%82652 0758,5655,

where C is chosen such that P(0, . . . ,0) = 0.

Because of the third condition, the coefficient of x|151|_1---mls’°|_1 is non—
zero. Therefore there are t1 6 5'1, . . . ,tk E 3;, with P(t1, . . . ,tk) 75 0. Since
P(0, . . . , 0) = 0, it is clearly not the zero solution. Thus,

0 H (tl—sl) H (t2—32)--- H (tk—sk)
07581631 07552652 07éskESk

must be zero, which implies that (a1t1 + - - - + aktk)1"1 aé 1. It remains only
to note that Fermat’s little theorem gives a1t1 + - - - + aktk = 0.

The category of deep results with short proofs is going to be represented once
again, this time with a really important result of additive combinatorics, one of
those mathematical fields which exploded in the twentieth century. Of course,
there are many other proofs of this result, all of them very ingenious. The
result itself is important: as an exercise (solved by Cauchy about two hundred
years ago...), try to prove this using this Lagrange’s famous theorem stating
that any positive integer can be written as a sum of four squares of integers.
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There are very elementary arguments, as we will see, but the combinatorial
Nullstellensatz also implies this result and actually much more.

, For any subsets A, B of Z/pZ the following inequality holds

IA + B| 2 min(p, |A| + |B| - 1)-
Cauchy—Davenport theorem

Solution. There is one very simple case: |A| + |B| 2 p + 1. In this case,
A + B = Z/pZ, since for any :1: E Z/pZ, the function f(a) = a: — a defined
on A cannot take all its values outside B, because it is injective. The difficult
case is when |Al + |B| S p. Let us suppose that |A+B| g |A| + |B| —2 and let
us choose a subset C of Z/pZ containing A + B and having |A| + |B| — 2 ele-
ments. The polynomial f(X1,X2) = H (X1 + X2 — c) 6 Z/pZ[X] has degree

:2 C
|A| + |B| — 2 and vanishes on A x B. EIn order to obtain a contradiction, it is
thus sufficient to prove that X1A|_1X$BI_1 appears with a nonzero exponent
in f. However, it is clear that this exponent equals (IAIIXIIIE'14) (mod p), which
is not zero, because |A| + |B| — 2 S p — 2. Using the previous theorem, we
obtain the desired contradiction.

Before passing to the next example, let us present a truly magnificient (for its
simplicity!) proof of the previous result, which is probably more natural when
seeing the statement for the first time, but which is by no means as obvious
as it looks! We shall prove the result by induction on |A|, the case when
|A| = 1 being obvious. Clearly, we may assume that |A| > 1 and also that
|B| < 1). Now, A having more than one element, by shifting it we may assume
that it contains 0 and some m aé 0. Now, B is nonempty and B 7E Z/pZ, so
there must be an integer n such that nm E B but (n + 1):c does not belong to
B. By shifting B this time we may suppose that 0 e B, but x is not in B.
Thus, A n B is a proper nonempty subset of A and we may use the induction
hypothesis for it and A U B. Because A + B contains (A n B) + (A U B) and

|AnB|+|AuB|=|A|+|B|,
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the conclusion follows. Even though this proof is very beautiful and short, it
should be noted that Alon’s technique is much more powerful. Indeed, Alon
shows in his seminal paper that his theorem implies a famous conjecture of
Erdc’is—Heilbronn, with a very similar statement, but with no elementary proof
(exercise for the reader: check that theabove elementary solution does not
work for the following result): for any nonempty subset A of Z/pZ one has

|{a+ bla,b E A,a 7E b}| 2 min(p,2|A| — 3).

The next problem uses the proof given by Noga Alon for a special case of
a diflicult conjecture of Snevily. Again, the combinatorial Nullstellensatz is
well-suited, but this time it is not so clear that its hypotheses are satisfied.
Actually, the most difficult part in using this powerful tool is finding the good
polynomial, but there are situations when it is even more difficult to check the
hypothesis, because the polynomial can have a quite complicated expression.

j. Let p be a prime number, and let a1, a2, . . . ,ak E Z/pZ,
not necessarily distinct. Prove that for any distinct elements
b1, b2, . . . ,bk of Z/pZ there exists a permutation a such that
the elements a1 + 50(1), (12 + bag), . . . ,ak + bags) are pairwise
distinct.

Alon’s theorem

Solution. Let B = {b1,b2, . . . ,bk} and suppose the contrary, that is for all
choices of distinct elements $1,132,” . ,3], at least two of the elements 2:1 +
(11,. . . ,ark+ak are identical. That is, if x1, x2, . . . , 23;, are distinct elements of B,
we have H (11:,- + a,- — xj — aj) = 0 in Z/pZ. We can relax the restriction

15i<j$k '
of 1:1, :02, . . . , 112;, being pairwise distinct by considering the polynomial

f(X1,X2, - - - a) = H (X, - Xj)(X,- + a,- — X,- - 03')-
ISi<j<k



554 23. SOME SPECIAL APPLICATIONS OF POLYNOMIALS

The previous remark shows that f vanishes on Bk. Clearly, f can be written
as

H (Xi—Xj)2+g(X1aX2y-H1Xk)
15i<jsk

for some polynomial g of smaller degree. Also, deg(f) = k(k—1). We will try to
find t1,t2, . . . ,tk such that t1 +t2+- - ~+t;c = k(k—1), t,- < k and the coefficient
of Xf1 32 - - -X,:’° is nonzero in f. The first two conditions impose t1 = t2 =
- -- = tk = k — 1, so the question is whether the coefficient of (X1X2 - - -Xk)k‘1
in f is zero. Of course, if we manage to prove that (X1X2 - - - Xk)k‘1 appears
with a nonzero coefficient in H (X,- — Xj)2 we can apply Alon’s theorem

1<i< <1:
and obtain the desired contradiction. However, using the result in example 8
of the Lagrange Interpolation Formula chapter, we deduce that the free
term of H 1 — %) is 19!. But note that

IseéjSk ’

X A: k.- 1 <1: (Xi _Xj)21' — _ 4—1- Isa.—
H (1 Xj) _( 1) 2 (X1X2"‘Xk)k_1 a (23.2)

19751516

so the coefficient of (X1X2 - - -Xk_1) is nonzero in Z/pZ because of the as-
sumption k < p. This finishes the proof of the result.

We have already seen examples of combinatorial problems for which it is almost
impossible to find combinatorial solutions. We continue with an example,
which is a quite deep result of Alon, Friedland and Katai. Needless to say,
the solution using combinatorial Nullstellensatz is practically straightforward.
There are, however, limits of the method, for instance one does not know if in
the next result one can replace p prime by any positive integer.

Let G be a graph with no loops (yet, multiple edges are allo-
wed) and let p be a prime number.- Assume that all vertices
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have degree at most 2p — 1 and the average degree of the
graph is greater than 2p — 2. Prove that G has a p—regular
subgraph (a subgraph in which every vertex has degree p).

Solution. Let us consider the incidence matrix (awe), where 1) denotes a vertex
and e an edge and am = 1 if 'u E e and 0 otherwise. Let me be a variable
associated with each edge e and consider the polynomial

p—l -

f=H 1— (2041,6536) _H(1_$e)
eeE e

The hypothesis implies that f has degree |E| and because the coefficient
of He axe is nonzero, Alon’s Nullstellensatz implies the existence of values
me E {0, 1} such that the evaluation of f at these me is not zero. Now, clearly
this is not the zero vector, thus using Fermat’s little theorem we deduce that
all ZeeE amaze are 0 in Z/pZ, that is if we look at the subgraph of those edges
e such that me = 1, all vertices have degrees multiples of p, smaller than 2p.
Thus this subgraph is p-regular.

The reader is urged to take a look at the problems for training for many other
applications of combinatorial Nullstellensatz, a theme that will surely become
recurrent in algebraic combinatorics and additive number theory. We will now
present a quite subtle result, based on algebraic properties of polynomials. We
have already encountered this type of argument in a previous chapter, but the
result and the method are too important not be presented.

Let F be a family of subsets of a set X with n elements.
Suppose that there is a set L with 3 elements such that IA 0
B | E L for all distinct members A, B E F. Prove that

ms<:>+<:.>+-~+<:>+<z>-
Frankl-Wilson theorem
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Solution. Let L = {11,12, . . . ,l3} and assume without loss of generality that
X = {1,2, . . . ,n}. Finally, call A1,A2, . . . ,Am the elements of F, such that
|A1| S |A2| S -- - S |Am|. We will associate with each set A,- its characteristic
vector v,- = (my-figs” defined by: 12,-]- = 1 if j e A, and 0 otherwise. Observe
that if (at, y) = $1311 +x2y2 +- - -+:I:nyn is the standard euclidean inner product,
then |Ai fl Ajl = (vi, 1),). Now, let us define the polynomials

fi(X) = H ((96, 11¢) — lk)
k)lk<lAil

for i = 1,2, . . . ,m. The main idea is to consider the restrictions of these
polynomials to the vertices of the unit cube, that is the set Y = {0,1}”.
Because 17,2 = x,- if x,- 6 {0,1}, it is clear that these restrictions can be writ-
ten in the form g¢(a:1,.. . ,m.”), where g,- are polynomials of degree at most
3 and have degree at most 1 in each variable. What is remarkable is that
these functions f,- ': Y —> R are linearly independent. This is not difficult: if
A1f1(a:) +A2f2($) +~ ‘ ~ + Amfm(a:) = O for m E Y, then by taking x = vj for all
j and using the fact that fi(vj) = 0 if j < i and fZ-(vi) 75 O (which is obvious),
we immediately deduce by induction that all A,- are 0. The result follows from
the fact that the vector space generated by these functions has dimension m
and is a subspace of the vector space of polynomials of maximum degree at
most 5 and partial degrees at most 1, which has dimension

(:)+(:1)+~-+(’:)+(8)-
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23.2 Practice problems

1. Let a1, a2, . . . , 0,100 and b1, b2, . . . , b100 be 200 distinct real numbers. Consi-
der an 100 x 100 table and put the number a,- + bj in the (i, j) position.
Suppose that the product of the entries in each column is 1. Prove that
the product of the entries in each row is —1.

Russian Olympiad

2. Let n,m be positive integers with n < m — 1 and let a1,a,2, . . .,am be
nonzero integers such that for all 0 S k S n we have (11 + a2 - 2’“ + - - - +
am - m" = 0. Prove that there are at least n + 1 pairs of consecutive
terms having opposite signs in the sequence (11, a2, . . . , am.

Russia 1996

3. The finite sequence {alchsksn is called p—balanced if the sums

SUM?) = ale + ak+p + ak+2p + - --
are all equal for k: = 1,2,.. . ,p. Prove that if a sequence of 50 real
numbers is 3, 5, 7, 11, 13 and 17—balanced, then all its terms are equal
to 0.

St. Petersburg 1991

4. Two numbers are written on each vertex of a convex 100-gon. Prove that
it is possible to remove a number from each vertex so that remaining
numbers in any two adjacent vertices are different.

Fedor Petrov, Russia 2007
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. Let A be an n x n matrix over a field F and define its permanent as

PeT(A) = Z “10(1)a2a(2) ' ' ' and-(n)-
0657:.

If Per-(A) 7E 0, prove that for each b = (b1,b2,...,b.n) 6 IF" and for
every family of two-element sets 31,32, . . . ,5." of I“, there is a vector
X 6 51 x 32 x -~ - x Sn such that for each 2' the i-th coordinate of AX
differs from bi.

Alon’s Permanent Lemma

. Let p be a prime and let a1, a2, . . . , a2p_1 be elements of Z/pZ. Prove that
the number of subsets I of {1,2, . . . ,2p — 1} with p elements such that
2,161 a; = b in Z/pZ is congruent to 0 or 1 modulo p, for all b e Z/pZ.

W. Gao

. Let p be a prime and let A be a set of positive integers such that:

(a) the set of prime divisors of the elements in A consists of p — 1
elements;

(b) for any nonempty subset of A, the product of its elements is not a
perfect p—th power.

What is the largest possible number of elements in A ?

IMO Shortlist 2003 _

. Let p be a prime and d a positive integer. Prove that for any integer k
there are integers :31, 2:2, . . . ,md such that k = mf+mg+- - -+mg (mod p).

Gabriel Carrol
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9.

10.

11.

12.

13.

14.

Let Sl,Sz,...,Sn be subsets of Z/pZ and let S = 81 x 52 x x S".
Consider polynomials f1, f2, . . . , fk in n variables over Z/pZ such that

k n

(p — 1) - Zdegm) < 205.1— 1).
Prove that if the system f1(:1:) = f2(a:) = - - - = fk(z) = 0 has a solution
a E S, then it has another solution b E S.

David Brink

Let H1, . . . , Hm be a family of hyperplanes in R“ that cover all vertices
of unit cube {0,1}" but one. Prove that m 2 n.

Noga Alon

p is a prime, n is an integer, and $1, :32, ...,a:(p_1),,+1 are (p — 1) n+1
elements of the vector space F3, then there exists a non-empty subset
I g {1,2,...,(p— 1)n+ 1} such that 2,61%- = 0.

Let A be a subset of Z/112, Where p is a prime number. Prove that among
the elements a + b where a 75 b e A there are at least min(p, 2|A| — 3)
distinct elements.

Erdos-Heilbronn conjecture

Let p be a prime, n = 4p and let A C {—1,1}" be a family of vectors,
no two of which are orthogonal. Prove that A has at most 425;; (7:)
vectors.

Frankl-Wilson

Let F be a family of subsets of {1,2, . . . ,n} and let L be a set of nonne-
gative integers. Say F is k-uniform if |A| = k for all A E F and say F is
L-intersecting if |A 0 Bl E L for all A 75 B E F. If p is a prime, say F is
L-intersecting mod 1) if |A| ¢ L (mod p) for all A 6 F, but IA 0 3| 6 L
(mod p) for all A aé B e F.
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15.

16.

17.

18.

(a) Prove that an L—intersecting or L-intersecting mod p family has at
most Zlflo (7:) elements.

(b) Prove that a k-uniform L-intersecting or k-uniform L-intersecting
mod p family has at most ('2') elements. '

Chaudhuri, Frankl, Ray, Wilson

Prove that there exists a positive integer n such that any prime divisor
of 2" — 1 is smaller than 21% — 1.

Komal

A k-forest is a family F of subsets of {1,2, . . . ,n} such that

(a) For any f e F, f has k elements;
(b) For any f E F there exists apartition {1,2, . . . ,n} = VLfU- - -UVk,f

such that f is the only member of F intersecting every V,;,F.

Prove that a k-forest has at most (:1) members.

Lovasz’s theorem

Prove that the minimal cardinality of a subset of (Z/pZ)d that intersects
all hyperplanes is d(p — 1) + 1.

Brouwer-Schrijver’s theorem

Let n be an even number and let 121,02, . . . ,‘vk 6 {—1,1}" be vectors
of length n such that any 1) 6 {—1,1}" is orthogonal to at least one of
them. Prove that k 2 n and that for all even n this estimate is sharp.

Alon, Knuth
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19.

20.

21.

Let S C IR" be a set of unit vectors such that there exist real numbers
a,b with a+b 2 0 and < z,y >6 {a,b} for all at aé y e S. Here <>
is the standard scalar product on R". Prove that S has at most w
elements and that this is sharp for n 2 7.

Oleg R.Musin

Let f(n) denote the largest cardinality of a subset A of R” such that the
points in A determine at most two distances. Show that

"(n;1)5f(m2)$(n+1)2(n+2).

Larman, Rogers, Seidel, Blokhius

A subset E of (Z/pZ)” is called a Kakeya set if it contains a line in every
direction, ie for all 12 E (Z/pZ)" with v 7‘: 0 there exists a: E (Z/pZ)"
such that a: + tv 6 E for all t 6 Z/pZ.

(a) Prove that if P E Z/pZ[X1,X2, . .. ,Xn] has degree at most p — 1
and vanishes on E, then P = 0.

(b) Deduce that any Kakeya set E has at least (“Z—1) elements.

Zeev Dvir’s theorem
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