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Preface to the Second Edition 

The first edition of this book was written in the early 1980s. At that time molecular 
calculations were pretty much in the province of professional quantum chemists. An 
enormous change has occurred since that time. The explosive growth and availability 
of computer power has placed in the hands of undergraduate students the ability to 
carry out molecular calculations routinely that were unimaginable twenty years ago. 
This new edition incorporates this ability by discussing and encouraging the use of 
quantum chemistry programs such as Gaussian and WebMO, which most chemistry 
departments have access to. Not only can undergraduates do quantum chemical cal
culations nowadays, there is even a program in North Carolina, North Carolina High 
School Computational Chemistry Server (hllp:l/chemislry.ncssm.edu), that encourages 
high school sh1dents to do so. 

In addition to these quanh1m chemistry programs, there are a number of general 
mathematical programs such as MathCad or Mathematica that make it easy to do 
calculations routinely that were formerly a drudgery. These programs not only perform 
numerical calculations, but they can also perform algebraic manipulations as well. They 
are relatively easy to learn and use and every serious scientific student should know how 
to use one of them. They allow you to focus on the underlying physical ideas and free 
you from getting bogged down in algebra. They also allow you to explore the properties 
of equations by varying parameters and plotting the results. There are a number of 
problems in this edition that require the use of one of these programs. 

Another product of the computer revolution is the availability of so much material 
on-line. We refer to a number of websites throughout the chapters, but one that is 
particularly useful is the Computational Chemistry Comparison and Benchmark Data 
Base (hllp://srdata.nist.gov/cccbdb) maintained by the National Institute of Science 
and Technology (NIST). This website lists numerical results of quantum chemical 
calculations for hundreds of molecules using a great variety of computational methods. 
It also has an excellent h1torial that discusses a number of topics that are not treated in 
this book. I have utilized this website a great deal in Chapter 12 , which treats ab initio 
molecular orbital theory. If a student can navigate around this website and understand, 
or at least appreciate, most of the material presented in it, then I will consider this book 
to have been successful. Websites have the distressing property of disappearing, and so xi 
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I have usually included only websites that are government sponsored, but even these 
websites change their addresses every so often. I checked every website that I refer to 
just before the book went to press, but if you have difficulty finding one of them, putting 
the topic into Google seems to work. 

The early chapters of this revision do not differ significantly from the first edition. 
They have been well received and constitute a rather timeless introduction to basic quan
tum mechanics. One small addition, however, is the introduction of the Dirac bracket 
notation for state functions and integrals, which is used freely throughout the remain
der of the book. Rather than devote a single chapter to molecular spectroscopy, I have 
included it in Chapter 5 (The Harmonic Oscillator and Vibrational Spectroscopy) and 
Chapter 6 (The Rigid Rotator and Rotational Spectroscopy). Chapter 7 (The Hydro
gen Atom) discusses the hydrogen atomic orbitals as the solutions to the Schrodinger 
equation for this system, and also uses the results of the Stern- Gerlach experiment 
and the fine structure of the spectrum of atomic hydrogen to motivate the introduc
tion of electron spin. Chapters 8 and 9 (Approximation Methods and Many-Electron 
Atoms, respectively) are not too different from the earlier edition, except that a little 
more emphasis is placed on the Hartree- Fock method. Chapter 9 has an appendix that 
actually carries out a Hartree-Fock calculation for a helium atom step by step. Chapter 
10 (The Chemical Bond: One- and Two-Electron Molecules) is a fairly detailed dis
cussion of the bonding in Hi and H2, and we utilize these simple systems to introduce 
many of the techniques that are used in modern molecular calculations. The last section 
of the chapter carries out a minimal basis set Hartree- Fock- Roothaan calculation for 
H2 step by step. Once a student carries through such a calculation for a two-electron 
system, calculations on larger molecules should pose no conceptual difficulties. Chap
ter 11 is a standard discussion of qualitative molecular orbital theory, molecular term 
symbols, and rr-electron molecular orbital theory. The final chapter (The Hartree-Fock
Roothaan Method) introduces the use of basis sets consisting of Gaussian functions in 
modern molecular calculations and the use of computational chemistry programs such 
as Gaussian and WebMO. One goal of the chapter, and the book itself for that mat
ter, is for a student to be comfortable in carrying out a Hartree-Fock calculation for a 
given basis set. Much of Chapter 12 is built around the NIST Computational Chemistry 
Comparison and Benchmark Data Base website that I mentioned previously. 

As with the first edition, the mathematical background required of the students is 
one year of calculus, with no knowledge of differential equations. All the necessary 
mathematical techniques are developed in the text through a number of short units 
called Math Chapters. These units are self-contained and present just enough material 
to give a student the ability and the confidence to use the techniques in subsequent 
chapters. The point of these units is to present the mathematics before it is required 
so that a student can focus more on the physical principles involved rather than on the 
mathematics. There are MathChapters on complex numbers, probability and statistics, 
vectors, series and limits, spherical coordinates, determinants, and matrices. Most of 
current computational chemistry is formulated in terms of matrices, and I have used 
matrix notation in a number of places, particularly toward the end of the book. 

No one can learn this material (nor any thing else in the physical sciences for 
that matter) without doing lots of problems. For this reason, I have provided about 
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50 problems at the end of each chapter. These problems range from filling in gaps to 
extending the material presented in the chapter, but most illustrate applications of the 
material. All told, there are over 600 problems in the book. I have provided answers to 
many of them at the back of the book. In addition, Helen Leung and Mark Marshall of 
Amherst College have written a Solutions Manual in which the complete solution to 
every problem is given. 

A singular feature of the book is the inclusion of biographies at the beginning of 
each chapter. I wish to thank my publisher for encouraging me to include them and my 
wife, Carole, for researching the material for them and writing every one of them. Each 
one could easily have been several pages long and it was difficult to cut them down to 
one page. 

You read in many prefaces that "this book could not have been written and produced 
without the help of many people," and it is definitely true. I am particularly grateful to 
my reviewers, Bill Fink of UC Davis, Scott Feller of Wabash College, Atilla Szabo of 
NIH, Will Polik of Hope College, Helen Leung and Mark Marshall of Amherst College, 
and Mervin Hanson of Humboldt State University, who slogged through numerous 
drafts of chapters and who made many great suggestions. I also wish to give special 
thanks to Gaussian, Inc., who gave me a copy of Gaussian 03 to use in the preparation 
of the manuscript and to Will Polik, who set me up to use WebMO. I also wish to 
thank Christine Taylor and her crew at Wilsted & Taylor Publishing Services and 
particularly Jennifer Uhlich for transforming a pile of manuscript pages into a beautiful
looking and inviting book without a hitch, Jennifer McClain for doing a superb job of 
proofreading, Jane Ellis for dealing with many of the production details and procuring 
all the photographs for the biographies, Mervin Hanson for rendering hundreds of 
figures in Mathematica and keeping them all straight in spite of countless alterations, 
John Murdzek for a helpful copyediting, Paul Anagnostopoulos for composing the 
entire book, and my publisher Bruce Armbruster and his wife and associate Kathy 
for being the best publishers around and good friends in addition. Finally, I wish to 
thank my wife, Carole, for preparing the manuscript in 19T£)(, for reading the entire 
manuscript, and for being my best critic in general (in all things). 

There are bound to be both typographical and conceptual errors in the book and 
I would appreciate your letting me know about them so that they can be corrected 
in subsequent printings. I also would welcome general comments, questions, and 
suggestions at mquarrie@mcn.org, or through the University Science Books website 
www.uscibooks.com, where any ancillary material or notices will be posted. 

xiii 



Max Planck was born in Kiel, Germany (then Prussia) on April 23, 1858, and died in 1948. 
He showed early talent in both music and science. He received his Ph.D. in theoretical 
physics in 1879 at the University of Munich for his dissertation on the second law of 
thermodynamics. He joined the faculty of the University of Kiel in 1885, and in 1888 he 
was appointed director of the Institute of Theoretical Physics, which was formed for him at 
the University of Berlin, where he remained until 1926. His application of thermodynamics 
to physical chemistry won him an early international reputation. Planck was president of 
the Kaiser Wilhelm Society, later renamed the Max Planck Society, from 1930 until 1937, 
when he was forced to retire by the Nazi government. Planck is known as the father of 
the quantum theory because of his theoretical work on blackbody radiation at the end of the 
1890s, during which tin1e he introduced a quantum hypothesis to achieve agreement between 
his theoretical equations, which were based solely on the second law of thermodynamics, 
contrary to most popular accounts, and experimental data. He maintained his interest in 
thermodynan1ics throughout his long career in physics. Planck was awarded the Nobel Prize 
in Physics in 1918 "in recognition of services he rendered to the advancement of physics 
by his discovery of energy quanta." Planck's personal life was clouded by tragedy. His two 
daughters died in childbirth, one son died in World War I, and another son was executed in 
World War II for his part in an assassination attempt on Hitler in 1944. 



CHAPT E R 1 
The Dawn of the Quantum Theory 

Toward the end of the nineteenth century, many scientists believed that all the funda
mental discoveries of science had been made and little remained but to clear up a few 
minor problems and to improve experimental methods to measure physical results to 
a greater number of decimal places. This attitude was somewhat justified by the great 
advances that had been made up to that time. Chemists had finally solved the seem
ingly insurmountable problem of assigning a self-consistent set of atomic masses to the 
elements. Stanislao Cannizzaro's concept of the molecule, while initially controversial, 
was finally widely accepted. The great work of Dmitri Mendeleev had resulted in a peri
odic table of the elements, although the underlying reasons that such periodic behavior 
occurred in nature were not understood. Friedrich Kekule had solved the controversy 
concerning the structure of benzene. The fundamentals of chemical reactions had been 
elucidated by Svante Arrhenius, and the remaining work seemed to consist primarily 
of cataloging the various types of chemical reactions. 

In the related field of physics, Newtonian mechanics had been extended by Joseph
Louis Lagrange and Sir William Hamilton. The resulting theory was applied to plan
etary motion and could also explain other complicated natural phenomena such as 
elasticity and hydrodynamics. Count Rumford and James Joule had demonstrated the 
equivalence of heat and work, and investigations by Sadi Carnot resulted in the formu
lation of what is now entropy and the second law of thermodynamics. This work was 
followed by Josiah Gibbs's complete development of the field of thermodynamics. In 
fact, Gibbs's treatment of thermodynamics is so relevant to chemistry that it is taught 
in a form that is essentially unchanged from Gibbs's original formulation. Shortly, sci
entists would discover that the laws of physics were also relevant to the understanding 
of chemical systems. The interface between these two seemingly unrelated disciplines 
formed the modem field of physical chemistry. 

The related fields of optics and electromagnetic theory were undergoing similar 
maturation. The nineteenth century witnessed a continuing controversy as to whether 
light was wavelike or particle-like. Many diverse and important observations were 
unified by James Clerk Maxwell in a series of deceptively simple-looking equations 
that bear his name. Not only did Maxwell's predictions of the electromagnetic behavior 
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of light unify the fields of optics with electricity and magnetism, but their subsequent 
experimental demonstration by Heinrich Hertz in 1887 appeared to finally demonstrate 
that light was wavelike. The implications of these fields to chemistry would not be 
appreciated for several decades, but are now important aspects of the discipline of 
physical chemistry, particularly in spectroscopy. 

The body of these accomplishments in physics is considered the development of 
what we now call classical physics. Little did scientists realize in that justifiably heady 
era of success that the fundamental tenets of how the physical world works were to be 
shortly overturned. Fantastic discoveries not only were about to revolutionize physics, 
chemistry, biology, and engineering, but would have significant effects on technology 
and politics as well. The early twentieth century saw the birth of the theory ofrelativity 
and quantum mechanics. The first, due to the work of Albert Einstein alone, which 
completely altered scientists' ideas of space and time, was an extension of the classical 
ideas to include high velocities and astronomical distances. Quantum mechanics, the 
extension of classical ideas into the behavior of subatomic, atomic, and molecular 
species, on the other hand, resulted from the efforts of many creative scientists over 
several decades. To date, the effect of relativity on chemical systems has been limited. 
Although it is important in understanding electronic properties of heavy atoms, it does 
not play much of a role in molecular structure and reactivity and so is not generally 
taught in physical chemistry. Quantum mechanics, however, forms the foundation upon 
which all of chemistry is built. Our cmrent understanding of atomic structure and 
molecular bonding is cast in terms of the fundamental principles of quantum mechanics, 
and no understanding of chemical systems is possible without knowing the basics of 
this current theory of matter. 

Great changes in science are spurred by observations and new creative ideas. Let's 
go back to the complacent final years of the nineteenth century to see just what were 
the events that so shook the world of science. 

1.1 Blackbody Radiation Could Not Be Explained by Classical Physics 

The series of experiments that revolutionized the concepts of physics was concerned 
with the radiation given off by material bodies when they are heated. We all know, for 
instance, that when the burner of an electric stove is heated, it first turns a dull red and 
progressively becomes redder as the temperature increases. We also know that as a body 
is heated even further, the radiation becomes white and then blue as the temperature 
continues to increase. Thus, we see that there is a continual shift of the color of a heated 
body from red through white to blue as the body is heated to higher temperatures. 
In terms of frequency, the radiation emitted goes from a lower frequency to a higher 
frequency as the temperature increases, because red is in a lower frequency region of the 
spectrum than is blue. The exact frequency spectrum emitted by the body depends on 
the particular body itself, but an ideal body , which absorbs and emits all frequencies, is 
called a blackbody and serves as an idealization for any radiating material. The radiation 
emitted by a blackbody is called blackbody radiation. 
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5 10 15 
v I 1014 s- 1 

F I GURE 1.1 
Spectral distribution of the intensity of blackbody radiation as a function of frequency for 
several temperatures. The intensity is given in arbitrary units. The dashed line is the prediction 
of classical physics. As the temperature increases, the maximum shifts to higher frequencies and 
the total radiated energy (the area under each curve) increases sharply. Note that the horizontal 
axis is labeled as v / I 0 14 s- 1• This notation means that the dimensionless mm1bers on that axis 
are frequencies divided by 1014 s- 1• We shall use this notation to label columns in tables and 
axes in figures because of its unambiguous nature and algebraic convenience. 

A plot of the intensity of blackbody radiation versus frequency for several tem
peratures is given in Figure 1.1. Many theoretical physicists tried to derive expressions 
consistent with these experimental curves of intensity versus frequency, but they were 
all unsuccessful. In fact, the expression that is derived according to the laws of nine
teenth century physics is 

8rrksT 2 . 
dp(v, T) = Pv(T)dv = --, - v dv 

c" 
(1.1) 

where Pv(T)dv is the radiant energy density between the frequencies v and v + dv and 
has units of joules per cubic meter (J ·m- 3) . In Equation 1.1, Tis the kelvin temperature, 
and c is the speed of light. The quantity ks is called the Boltzmann constant and is equal 
to the ideal gas constant R divided by the Avogadro constant(formerly called Avogadro's 
number). The units of ks are J · K - 1• particle- 1, but particle- 1 is usually not expressed. 
(Another case is the Avogadro constant, 6.022 x 1023 particle·mo1- 1, which we will 
write as 6.022 x 1023 mol- 1; the unit "particle" is not expressed.) Equation 1.1 came 
from the work of Lord Rayleigh and J. H. Jeans and is called the Rayleigh- Jeans law. 
The dashed line in Figure I. I shows the prediction of the Rayleigh- Jeans law. Note that 
the Rayleigh- Jeans law reproduces the experimental data at low frequencies. At high 
frequencies, however, the Rayleigh- Jeans law predicts that the radiant energy density 
diverges as v2 . Because the frequency increases as the radiation enters the ultraviolet 

3 
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region, this divergence was termed the ultraviolet catastrophe, a phenomenon that 
classical physics could not reconcile theoretically. This was the first such failure to 
explain an important naturally occurring phenomenon and therefore is of great historical 
interest. Rayleigh and Jeans did not simply make a mistake or misapply some of the 
ideas of physics; many other people reproduced the equation of Rayleigh and Jeans, 
showing that this equation was correct according to the physics of the time. This result 
was very disconcerting, and many people struggled to find a theoretical explanation of 
blackbody radiation. 

1.2 Planck Used a Quanlum Hypolhesis lo Derive 
lhe Blackbody Radialion Law 

The first person to offer a successful explanation ofblackbody radiation was the German 
physicist Max Planck in 1900. Like Rayleigh and Jeans before him, Planck assumed that 
the radiation emitted by the blackbody was caused by the oscillations of the electrons 
in the constituent particles of the material body. These electrons were pictured as 
oscillating in an atom much like electrons oscillate in an antenna to give off radio waves. 
In these "atomic antennae," however, the oscillations occur at a much higher frequency; 
hence, we find frequencies in the visible, infrared, and ultraviolet regions rather than 
in the radio-wave region of the spectrum. Implicit in the derivation of Rayleigh and 
Jeans is the assumption that the energies of the electronic oscillators responsible for the 
emission of the radiation could have any value whatsoever. This assumption is one of the 
basic assumptions of classical physics. In classical physics, the variables that represent 
observables (such as position, momentum, and energy) can take on a continuum of 
values. Planck had the great insight to realize that he had to break away from this mode 
of thinking to derive an expression that would reproduce experimental data such as 
those shown in Figure 1.1. He made the revolutionary assumption that the energies of 
the oscillators were discrete and had to be proportional to an integral multiple of the 
frequency or, in equation form, that E = nh v , where E is the energy of an oscillator, n is 
an integer, h is a proportionality constant, and vis the frequency. Using this quantization 
of energy and some statistical thermodynamic ideas, Planck derived the equation 

8rrh v3dv 
dp(v, T) = Pv(T)dv = - 3 1 / k T c e iv a - I 

(1.2) 

All the symbols except h in Equation 1.2 have the same meaning as in Equation 1.1. The 
only undetermined constant in Equation 1.2 is h. Planck showed that this equation gives 
excellent agreement with the experimental data for all frequencies and temperatures if 
h has the value 6.626 x 10- 34 joule· seconds (J·s). This constant is now one of the 
most famous and fundamental constants of physics and is called the Planck constant. 
Equation 1.2 is known as the Planck distribution law for blackbody radiation. For small 
frequencies, Equations 1.1 and 1.2 become identical (Problem 1-4), but the Planck 
distribution does not diverge at large frequencies and, in fact, looks like the curves in 
Figure 1.1. 



1.2. Planck Used a Quantum Hypothesis to Derive the Blackbody Radiation Law 

EXAMPLE 1-1 
Show that Pv( T)d v in both Equations I. I and I .2 has units of energy per tmit volume, 
J.m-3. 

SOLUTI ON: The units of Tare K , of kB are J ·K- 1, ofv and dv are s- 1, and of care 
m·s- 1. Therefore, for the Rayleigh-Jeans law (Equation 1.1), 

8rckBT 2 
dp(v, T) = Pv(T)dv = --

3 
- v dv 

c 

,.._, (J·K-
1
) (K ) ( -1)2( -1)- J. -3 

1 3 
s s - m 

(m·s-) 

For the Planck distribution (Equation 1 .2), 

8rch v3dv 
dp(v, T) = Pv(T)dv = - 3 / k T 

c elrv ·n - 1 

Thus, we see that Pv(T)dv, the radiant energy density, has units of energy per unit 
volume. 

Equation 1.2 expresses Planck's radiation law in terms of frequency. Because 
wavelength (A) and frequency (v) are related by AV= c, then dv = - cdA/A2, and 
we can express Planck's radiation law in terms of wavelength rather than frequency 
(Problem 1- 12): 

8nhc dA 
dp(A, T) = P;.,(T)dA = -

5
- /'k T A ehc A ·s _ l 

(1.3) 

The quantity p/,. (T)dA is the radiant energy density between A and A+ dA. Equation 1.3 
is plotted in Figure l.2 for several values of T. 

We can use Equation 1.3 to justify an empirical relationship known as the Wien 
displacemenL law. The Wien displacement law says that if Amax is the wavelength at 
which p;., (T) is a maximum, then 

(1.4) 

By differentiating PA(T) with respect to A, we can show (Problem 1- 5) that 

A T = he 
max 4.965ks 

(1.5) 

5 
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The distribution of the intensity of the radiation emitted by a blackbody versus wavelength for 
various temperatures. As the temperature increases, the total radiation emitted (the area under 
the curve) increases. 

in accord with the Wien displacement law. Using the modern values of h, c, and k8 given 
inside the front cover, we obtain 2.898 x l 0- 3 m · K for the right side of Equation 1.5, 
in excellent agreement with the experimental value given in Equation 1.4. 

The theory of blackbody radiation is used regularly in astronomy to estimate the 
surface temperatures of stars. Figure 1.3 shows the electromagnetic spectrum of the sun 
measured at the earth's upper atmosphere. A comparison of F igure 1.3 with Figure 1.2 
suggests that the solar spectrum can be described by a blackbody at approximately 
6000 K. Ifwe estimate Amax from Figure 1.3 to be 500 nm, then the Wien displacement 
law (Equation 1.4) gives the temperature of the surface of the sun to be 

T = 2.90 x 10- 3 m ·K = 5800 K 
500 x I0- 9 m 

The star Sirius, which appears blue, has a surface temperature of about 11 000 K (cf. 
Problem 1-7). 

Equation 1.2 can be used to derive another law that was known at the time. It can 
be shown by thermodynamic arguments that the total energy radiated per square meter 
per unit time from a blackbody is given by 

c 4 
R =-E v= aT 

4 
(1.6) 

where E v is the total radiation energy density. Equation 1.6 is known as the Stefan
Boltzmann law and a is known as the Stefan- Boltzmann constant. The experimental 



1.2. Planck Used a Quantum Hypothesis to Derive the Blackbody Radiation Law 

500 1000 
Wavelength / nm 

F IGURE 1.3 
The electromagnetic spectrum of the sun as measured in the upper atmosphere of the earth. A 
comparison of this figure with Figure J .2 shows that the sun's surface radiates as a blackbody at 
a temperature of about 6000 K (dashed Jine). 

value of a is 5.6697 x 10- 8 J .m- 2 ·K- 4 ·s- 1. Note that the units of a are consistent 
with Equation 1.6. 

EXAMPLE 1-2 
Planck's distribution of blackbody radiation gives the energy density between v and 
v + dv. Integrate the Planck distribution over all frequencies and compare the result 
to Equation 1.6. 

SOLUTION: The integral of Equation 1.2 over all frequencies is 

1
00 

87rh 1°" v
3
dv Ev = p(v, T)dv = - 3 I k T 

o c o e •v/ B - 1 
( 1.7) 

If we use the fact that 

then we obtain 

E v = 8nh (k3 T)4 
[

00 

x
3
dx 

c3 h Jo ex - 1 

(1.8) 
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By comparing this result to the Stefan-Boltzmann law (Equation 1.6), we see that 

( 1.9) 

Using the values of k8 , h, and c given inside the front cover, the calculated value 
of a is 5.670 x ro-8 J .m- 2·K - 4 ·s- 1, in excellent agreement with the experimental 
value. Certainly, Planck's derivation of the blackbody distribution law was an impressive 
feat. Nevertheless, Planck's derivation and, in particular, Planck's assumption that the 
energies of the oscillators have to be an integral multiple of hv was not accepted by 
most physicists at the time and was considered to be simply an ad hoc derivation. It was 
felt that in time a satisfactory classical derivation would be found. In a sense, Planck's 
derivation was little more than a curiosity. Just a few years later, however, in 1905, 
Einstein used the very same idea to explain the photoelectric effect. 

1.3 Einstein Explained lhe Photoelectric Effecl with a 
Quantum Hypothesis 

In 1886 and 1887, while carrying out the experiments that supported Maxwell's theory 
of the electromagnetic nature of light, the German physicist Heinrich Hertz discovered 
that ultraviolet light causes electrons to be emitted from a metallic surface. The ejection 
of electrons from the surface of a metal by radiation is called the photoelectric effect. 
Two experimental observations of the photoelectric effect are in stark contrast with 
the classical wave theory of light. According to classical physics, electromagnetic 
radiation is an electric field oscillating perpendicular to its direction of propagation, 
and the intensity of the radiation is proportional to the square of the amplitude of the 
electric field. As the intensity increases, so does the amplitude of the oscillating electric 
field. The electrons at the surface of the metal should oscillate along with the field 
and so, as the intensity (amplitude) increases, the electrons oscillate more violently 
and eventually break away from the surface with a kinetic energy that depends on the 
amplitude (intensity) of the field. This classical picture is in complete disagreement 
with the experimental observations. Experimentally, the kinetic energy of the ejected 
electrons is independent of the intensity of the incident radiation. Furthermore, the 
classical picture predicts that the photoelectric effect should occur for any frequency of 
light as long as the intensity is sufficiently high. The experimental fact, however, is that 
there is a threshold frequency, v0, characteristic of the metallic surface, below which no 
electrons are ejected, regardless of the intensity of the radiation. Above v0, the kinetic 
energy of the ejected electrons varies linearly with the frequency v. These observations 
served as an embarrassing contradiction of classical theory. 

To explain these results, Albert Einstein used Planck's hypothesis but extended it in 
an important way. Recall that Planck had applied his energy quantization concept, E = 
nh v or !J.E = hv, to the emission and absorption mechanism of the atomic electronic 



1.3. Einstein Explained the Photoelectr ic Effect with a Quantum Hypothesis 

oscillators. Planck believed that once the light energy was emitted, it behaved like 
a classical wave. Einstein proposed instead that the radiation itself existed as small 
packets of energy, E = hv, now known as photons. Using a simple conservation-of
energy argument, Einstein showed that the kinetic energy (KE) of an ejected electron 
is equal to the energy of the incident photon (hv) minus the minimum energy required 
to remove an electron from the surface of the particular metal ( <P ). In an equation, 

I 
KE= - mv2 = hv - <P 

2 
(I.I 0) 

where¢, called the work function of the metal, is analogous to an ionization energy of 
an isolated atom. The left side of Equation I .. I 0 cannot be negative, so Equation I. I 0 
predicts that hv :'.:: ¢. The minimum frequency that will eject an electron is just the 
frequency required to overcome the work function of the metal. Thus, there is a threshold 
frequency, v0 , given by 

(1.1 1) 

Using Equations 1.10 and 1.11, we can write 

KE=hv - hvo ( 1.12) 

Equation 1.12 shows that a plot of KE versus v should be linear and that the s lope of 
the line should be h, in complete agreement w ith the data in Figure 1.4. 

,_, 
°' 

6 

I 4 
0 

5 10 15 
v / 1014 5- 1 

F I GURE 1.4 
The kinetic energy of electrons ejected from the 
surface of sodium metal versus the frequency of 
the incident ultraviolet radiation. The threshold 
frequency here is 5.51 x 1014 Hz (I Hz = 1 s-1). 

Before we can discuss Equation 1.12 numerically, we must consider the units 
involved. The work function <P is customarily expressed in units of electron volts ( e V). 
One electron volt is the energy picked up by a particle with the same charge as an 
electron (or a proton) when it falls through a potential drop of one volt. If you recall 
that ( I coulomb) x ( 1 volt)= 1 joule and use the fact that the charge on a proton is 
1.602 x 10- 19 C, then 

l eV = ( J.602 x 10- 19 C)( IV) = 1.602 x 10- 19 J 

9 
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EXAMPLE 1-3 
Given that the work function for sodium metal is 2.28 eV, what is the threshold 
frequency v0 for sodium? 

SO LU TI ON: We must first convert</> from electron volts to joules. 

</> = 2.28eV = (2.28eV)(l.602 x 10- 19 J·eV-1) 

= 3.65 x 10-19 J 

Using Equation l.11, we have 

. 19 
vo = 3.65 x 10- J = 5.51 x 1014 Hz 

6.626 x 10-34 J. s 

ln the last line here, we have introduced the tmit hertz (Hz) for per second (s-1). 

EXAMPLE 1- 4 
When lithium is irradiated with light, the kinetic energy of the ejected electrons is 
2.935 x rn-19 J for), = 300.0 nm and 1.280 x rn- 19 Jfor A = 400.0 nm. Calculate (a) 

the Planck constant, (b) the threshold frequency, and (c) the work function oflithium 
from these data. 

SO LU TI ON: (a) From Equation l.12, we write 

or 

l.655x 10-19J= h(2.998x I08 m·s-1) ( 
1 

9 -
1 

9 ) 
300.0 x 10- m 400.0 x Io- m 

from which we obtain 

h = 1.655 x 10-19 J = 6.625 x 10-34 J. s 
2.498 x 1014 s- 1 

(b) Using the)..= 300.0 nm data, we have 

2.935 x 10- 19 J = he - hv0 300.0 x 10-9 m 

from which we find that v0 = 5.564 x 1014 Hz. 



1.4. The Vibrations of Atoms in Crystals Are Quantized 

(c) Using Equation 1.11 , we have 

<P = hv0 = 3.687 x 10- 19 I = 2.30 I eV 

Einstein obtained a value of h in close agreement with Planck's value deduced from 
the blackbody radiation formula. This surely was a fantastic result because the whole 
business of energy quantization was quite mysterious and not well accepted by the 
scientific community of the day. Nevertheless, in two very different sets of experiments, 
blackbody radiation and the photoelectric effect, the very same quantization constant, 
h, had arisen naturally. Scientists realized that perhaps there was something to this 
quantization business after all. Einstein received the 1921 Nobel Prize in Physics for 
his work on the photoelectric effect, and not for his work on relativity, as many people 
think. 

1.4 The Vibralions of Aloms in Crystals Are Quanlized 

Just two years after his work on the photoelectric effect, in 1907 Einstein added 
another notch of respectability to the energy-quantization concept. You may have 
learned the law of Dulong and Petit in general chemistry. This law states that the 
specific heat of an atomic solid times the atomic mass is approximately 25 J. A more 
fundamental, but equivalent, version of the law of Dulong and Petit says that the 
molar heat capacity at constant volume, C y , is equal to 3R, where R is the molar 
gas constant, 8.314 J ·K- 1·mo1- 1. This is the standard classical result for the heat 
capacity of one mole of atoms vibrating about their equilibrium lattice positions. The 
experimental molar heat capacity, however, looks like that shown in Figure 1.5. The 
classical result is seen to occur at high temperatures, but C v decreases and goes to 
zero as the temperature is lowered. These low-temperature heat capacities are quite 
contrary to classical theory. Einstein assumed that the oscillations of the atoms about 
their equilibrium lattice positions are quantized according to the formula e = nhv or 
f),_ e = h v. With this assumption, Einstein was able to achieve excellent agreement with 
the data shown in Figure 1.5 by using only the vibrational frequency v as an adjustable 
parameter. Once again the formula f),_ t; = hv showed itself. It is important to realize in 
this case, however, that it is the mechanical vibrations of the atoms that are subject to 
quantization. Previously, it was the oscillations of electrons within atoms or radiation 
itself, both being obscure enough that one could tolerate unconventional ideas. But the 
vibrations of atoms in a crystal are well modeled by a network of masses and springs, 
so to have these vibrations be subject to the same quantization conditions was indeed 
provocative. 

11 
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Dulong and Petit 

20 

10 

T/K 

400 800 1200 

F I G URE 1.5 
The molar heat capacity at constant volume of diamond as a function of temperature. The 
solid curve is the theoretical curve and the circles are experimental data. Classical physics is 
tumble to predict the shape of this curve and predicts that Cv is equal to 25 J · K- 1 • mo1- 1 at all 
temperatmes. The decrease of Cv with decreasing temperature requires a quanttun-theoretical 
explanation. 

1.5 The Hydrogen Alomic Spectrum Consisls of Several Series of Lines 

For some time, scientists had known that every atom, when subjected to high tem
peratures or an electrical discharge, emits electromagnetic radiation of characteristic 
frequencies. In other words, each atom has a characteristic emission spectrum. Be
cause the emission spectra of atoms consist of only certain discrete frequencies, they 
are called line spectra. Hydrogen, the lightest and simplest atom, has the simplest spec
trum. Figure 1.6 shows the part of the hydrogen atom emission spectrum that occurs in 
the visible and near ultraviolet region. 

Because atomic spectra are characteristic of the atoms involved, it is reasonable to 
suspect that the spectrum depends on the electron distribution in the atom. A detailed 
analysis of the hydrogen atomic spectrum turned out to be a major step in the elucidation 
of the electronic structure of atoms. For many years, scientists had tried to find a pattern 
in the wavelengths or frequencies of the lines in the hydrogen atomic spectrum. Finally, 
in 1885, an amateur Swiss scientist, Johann Balmer, showed that a plot of the frequency 
of the lines versus l/n2 (n = 3, 4, 5, ... ) is linear, as shown in Figure 1.7. 

In particular, Balmer showed that the frequencies of the emission lines in the visible 
region of the spectrum could be described by the equation 

v = 8.2202 x 1014 
( 1 -

11

4
2

) Hz 

where n = 3, 4, 5, .... This equation is now customarily written in terms of the quan
tity 1/A. instead of v. Reciprocal wavelength is denoted by v. The standard units used 
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F I GURE 1.6 
Emission spectrum of the hydrogen atom in the visible and the near ultraviolet region showing 
that the emission spectrum of atomic hydrogen is a line spectrum. 

1/ n 2 
0.08 

F IGURE 1.7 
A plot of frequency versus I/ n2 (n = 3, 4, 5, ... ) for the series of lines of the hydrogen atomic 
spectrum that occurs in the visible and near ultraviolet regions. The actual spectrum is shown in 
Figure J .6. The linear nature of this plot leads directly to Equation l .13 . 

for iJ in spectroscopy are cm- 1, called wave numbers. Although wave number is not an 

SI unit, its use is so prevalent in spectroscopy that we will use wave numbers in this 
book. Thus, if we divide the previous equation by c and factor a 4 out of the two terms 
in parentheses, then we have 

iJ= ~ = ~ = 109680 (~ - ~) cm- 1 

c A. 22 n2 
n =3,4, ... (1.13) 

This equation is called Balmer '.s- formula. 

13 
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EXAMPL E 1-5 
Using Balmer's formula, calculate the wavelengths of the first few lines of the visible 
region of the hydrogen atomic spectrum and compare them to the experimental values 
given in Figure 1.6. 

SO LUTI ON: The first line is obtained by setting n = 3, in which case we have 

ii = I 09 680 (__!_ - _!_) cm - 1 

22 32 

= 1.523 x 104 cm- 1 

and 

A. = 6.565 x I 0-5 cm = 656. 5 nrn 

The next line is obtained by setting n = 4, and so 

ii = 109 680 (__!_ - __!_) cm-1 

22 42 

= 2.056 x 104 cm- 1 

and 

), = 4.863 x I 0-5 cm = 486.3 nrn 

Thus, we see that the agreement with the experimental data (Figure 1.6) is excellent. 

Note that Equation 1.13 predicts a series oflines asn takes on the values 3, 4, 5, .... 
This series of lines, the ones occurring in the visible and near ultraviolet regions of the 
hydrogen atomic spectrum and predicted by Balmer's formula, is called the Balmer 
series. The Balmer series is shown in Figure 1.6. Note also that Equation 1.9 predicts 
that the lines in the hydrogen atomic spectrum bunch up as n increases. As n increases, 
1/ n2 decreases, and eventually we can ignore this term compared with the j term; and 
so in the limit n ~ oo, we have 

or A.= 364.7 nm, in excellent agreement with the data in Figure 1.6. This value is 
essentially that for the last line in the Balmer series and is called the series limil. 

The Balmer series occurs in the visible and near ultraviolet regions. The hydrogen 
atomic spectrum has lines in other regions; in fact, series of lines similar to the Balmer 
series appear in the ultraviolet and infrared regions (cf. Figure 1.8). 
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A schematic representation of the various series in the hydrogen atomic spectrum. The Lyman 
series lies in the ultraviolet region, the Balmer series lies in the visible region, and the other 
series lie in the infrared region (see Table 1.1 ). 

T AB L E 1.1 
The First Four Series of Lines Making Up the Hydrogen 
Atomic Spectrum 

Series name n1 Region of spectmm 

Lyman 2, 3, 4, . .. Ultraviolet 

Balmer 2 3, 4, 5, .. . Visible 

Paschen 3 4, 5, 6, ... Near infrared a 

Brackett 4 5, 6, 7, ... Infrared 

a. The term "near infrared" denotes the part of the infrared region of 
the spectnun that is near to the visible region. 

1.6 The Rydberg Formula Accounts for All the Lines 
in the Hydrogen Atomic Spectrum 

The Swiss spectroscopist Johannes Rydberg accounted for all the lines in the hydrogen 
atomic spectrum by generalizing the Balmer formula to 

v = ~ = 109 680 (__!__ - __!__) cm- 1 
).. n2 n2 

I 2 

(l.14) 

where both n 1 and n2 are integers but n.2 is always greater than n 1• Equation 1.14 is 
called the Rydberg formula. Note that the Balmer series is recovered if we Jet n1=2. 

15 
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The other series are obtained by letting n 1 be I, 3, 4, .... The names associated with 
these various series are given in Figure 1. 8 and Table 1.1. The constant in Equation 1.14 
is called the Rydberg constant and Equat ion I. I 0 is commonly written as 

_ ( I I ) v = RH - - -
n2 n2 

I 2 

(J.15) 

where RH is the Rydberg constant. The modern value of the Rydberg constant is 
109 677 .57 cm- 1, one of the most accurately known physical constants. 

EXAMPLE 1-6 
Calculate the wavelength of the second line in the Paschen series, and show that this 
line lies in the near infrared- that is, in the infrared region near the visible. 

SO LUTION: In the Paschen series, n1 = 3 and n2 = 4, 5, 6 , ... , according to Table 
I. l. Thus, the second line in the Paschen series is given by setting n 1 = 3 and n2 = 5 
in Equation l.15: 

v = J09 677.57 c~ -5~) cm-
1 

= 7.799 x 103 cm- 1 

and 

A.= 1.282 x l 0-4 cm = 1282 nm 

The fact that the formula describing the hydrogen spectrum is in a sense controlled 
by two integers is truly amazing. Why should a hydrogen atom care about our integers? 
We will see that integers play a special role in quantum theory. 

The spectra of other atoms were also observed to consist of series of lines, and in 
the 1890s Rydberg found approximate empirical laws for many of them. The empirical 
laws for other atoms were generally more involved than Equation 1.15, but the really 
interesting feature is that all the observed lines could be expressed as the difference 
between terms such as those in Equation 1.15. This feature was known as the Ritz 
combination rule, and we will see that iii: follows immediately from our modern view 
of atomic structure. At the time, however, it was just an empirical rule waiting for a 
theoretical explanation. 

1.7 Angular Momentum Is a Fundamenlal Property of Rotating Syslems 

The theoretical explanation of the atomic spectrum of hydrogen was to come from a 
young Dane named N iels Bohr. In 1911, the New Zealand physicist Ernest Rutherford, 
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1.7. Angular Momentum Is a Fundamental Property of Rotating Systems 

based upon the a-particle scattering experiments of his collegues Hans Geiger and 
Ernest Marsden, had proposed the nuclear model of the atom. Bohr was working in 
Rutherford 's laboratory at the time and saw how to incorporate this new viewpoint 
of the atom and the quantization condition of Planck into a successful theory of the 
hydrogen atom. Before discussing this, however, we must have a digression on classical 
mechanics because Bohr's model of the hydrogen atom deals with some classical 
mechanical ideas of circular motion. 

r 

FIG URE 1.9 
The rotation of a single particle about a fixed point. 

Linear momentum is given by mv and is usually denoted by the symbol p. Now 
consider a particle rotating in a plane about a fixed center, as in Figure I. 9. Let Vro1 

be the frequency of rotation (cycles/second). The velocity of the particle, then, is 
v = 2n: r Vrot = r Wrot, where Wrot = 2n: Vrot has units of radians/second and is called the 
angular velocil.y. The kinetic energy of the revolving particle (we'll now use the standard 
symbol, T, for kinetic energy) is 

I I I 
T = -mv2 = -mr2w2 = - / w2 

2 2 2 
(1.16) 

where I = mr2 is the momenl of inerlia. By comparing the first and the last expressions 
for the kinetic energy in Equation 1.16, we can make the correspondences w # v 
and I # m, where w and I are angular quantities and v and m are linear quantities. 
According to this correspondence, there should be a quantity I w corresponding to the 
linear momentum mv. In fact, the quantity/, defined by 

I= f (l> = mr2 !!. = mvr 
r 

(1.17) 

is called the angular momentum and is a fundamental quantity associated with rotating 
systems, just as linear momentum is a fundamental quantity in linear systems. 

Kinetic energy can be written in terms of momentum. For a linear system, we have 

mv2 (mv) 2 p2 
T= - = -- = -

2 2m 2m 
(1.18) 

17 
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T AB L E 1.2 
The Correspondences Between the Motion of Linear Systems and Rotating Systems 

Linear motion 

Mass (m) 

Speed (v) 

Momentum (p = mv) 

Angular motion 

Moment of inertia(/) 

Angular speed ( w) 

Angular momentum (l = I w) 

Kinetic energy (T = mv
2 

= "
2

) 
2 2m 

. lk. . ( /w2 12) Rotat10na met1c energy T = - = -
2 2/ 

and for a rotating system, 

/ w2 (I w)2 z2 
T= -=--=-

2 21 21 
(1.19) 

The correspondences between the motion of linear systems and rotating systems are 
given in Table 1.2. 

Recall from general physics that a particle revolving around a fixed point as in 
Figure 1.9 experiences an outward acceleration, and requires an inward force 

mv2 

f= - (1.20) 
r 

to keep it moving in a circular orbit. (Equation 1.20 is derived in Problem 1-52.) For 
a mass tied to the fixed center by a string, this force is supplied by the tension in the 
string. 

1.8 Bohr Assumed Thal the Angular Momentum of lhe Eleclron 
in a Hydrogen Atom Is Quantized 

According to the nuclear model of the atom, the hydrogen atom can be pictured as a 
central, rather massive nucleus with one electron. Because the nucleus is so much more 
massive than the electron, we can consider the nucleus to be fixed and the electron to be 
revolving about it, much like the diagram in Figure J .9. The force holding the electron 
in a circular orbit is supplied by the coulombic force of attraction between the proton 
and the electron. Ifwe equate Coulomb's force law (e2/4rrE0r 2) with Equation 1.20, 
then we have 

e2 m v2 
e ---= 

4rrE0r 2 
(J.21) 

r 

where Eo is the permittivity of free space and is equal to 
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1 .8. Bohr Assumed That the Angular Momentum of the Electron in a Hydrogen Atom Is Quantized 

8.854 19 x 10- 12 coulomb2 / newton·meter2 ( c2 .N- 1·m - 2) 

The occurrence of the factor 4rrE0 in Coulomb's law is a result of using SI units. 
We are tacitly assuming here that the electron is revolving around a fixed nucleus 

in a circular orbit of radius r. Classically, however, because the electron is constantly 
being accelerated according to Equation 1.20, it should emit electromagnetic radiation 
and lose energy just as electrons accelerated in an antenna. Consequently, classical 
physics predicts that an electron revolving around a nucleus will lose energy and spiral 
into the nucleus, and so a stable orbit is classically forbidden. It was Bohr's great 
contribution to make two nonclassical assumptions. The first of these was to assume 
the existence of stationary orbits, in denial of classical physics. He then specified these 
orbits by invoking a quantization condition, and in this case, he assumed that the angular 
momentum of the electron must be quantized according to 

n = 1, 2, ... (1.22) 

where h = h/ 2rr (called h-bar), which occurs often in quantum mechanics. Solving 
Equation 1.22 for v and substituting into Equation 1.21 , we obtain 

n. = I, 2, ... (l .23) 

Thus, we see thatthe radii of the allowed orbits, or Bohr orbits, are quantized. According 
to this picture, the electron can move around the nucleus only in circular orbits with 
radii given by Equation 1.23. The orbit with the smallest radius is the orbit with n = I: 

4rr(8.85419 x 10- 12 C2 ·N - 1·m - 2)( 1.055 x io- 34 J · s)2 
r = ~~~~~~~~~~~~~~~~~~~~-

(9.110 x l0- 31 kg)( l.602 x 10- 19 q2 

- 11 ° = 5.29 x 10 m = 52.9 pm = 0.529 A (1.24) 

The radius of the first Bohr orbit is often denoted by a0 . 

The total energy of the electron is equal to the sum of its kinetic energy and potential 
energy. The potential energy of an electron and a proton separated by a distance r is 

e2 
V(r)= - --

4rrE0r 
(1.25) 

T he negative sign here indicates that the proton and electron attract each other; their 
energy is less than it is when they are infinitely separated [ V ( oo) = 0). The total energy 
of the electron in a hydrogen atom is 

e2 1 2 
E = 2 mev - -4rr_ E_o_r (1.26) 

19 
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20 Chapter 1 I The Dawn of the Quantum Theory 

Using Equation 1.21 to eliminate the mev2 in the kinetic energy term, Equation 1.26 
becomes 

e2 
= - --

8JrEor 

The only allowed values of r are those given by Equation 1.23 and so if we substitute 
Equation 1.23 into the previous equation, then we find that the only allowed energies 
are 

n =I, 2, ... (1.27) 

The negative sign in Equation 1.27 indicates that the energy states are bound states; 
the energies given by Equation 1.27 are less than when the proton and electron are 
infinitely separated. Note that n = 1 in Equation 1.27 corresponds to the state of lowest 
energy, called the ground-stale energy . At ordinary temperah1res, hydrogen atoms, as 
well as most other atoms and molecules, will be found almost exclusively in their ground 
electronic state. The states of higher energy are called excited slates and are generally 
unstable with respect to the ground state. An atom or molecule in an excited state 
will usually relax back to the ground state and give off the energy as electromagnetic 
radiation (see Figure 1.10). 

We can display the energies given by Equation 1.27 in an energy-level diagram like 
that in Figure 1.10. Note that the energy levels merge as n ~ oo. Bohr assumed that 
the observed emission spectrum of the hydrogen atom was due to transitions from one 
allowed energy state to a lower state, and so 

(1.28) 

where n2 > n 1• Setting !lE = h v is called the Bohrfrequency condition and is the basic 
assumption that as the electron falls from one level to another, the energy evolved is 
given off as a photon of energy E = h v. F igure 1.10 groups the various transitions that 
occur according to the final state into which the electron falls. We can see, then, that 
the various observed spectral series arise in a natural way from the Bohr model. The 
Lyman series occurs when electrons that are excited to higher levels relax to the n = 1 
state, the Balmer series occurs when excited electrons fall back into then = 2 state, and 
so on. 

We can write the theoretical formula (Equation 1.28) in the form of the empirical 
Rydberg formula by writing h v = hcv : 
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The energy-level diagram for the hydrogen atom, showing how transitions from higher states 
into some particular lower state lead to the observed spectral series for hydrogen. 

(1.29) 

If we compare Equations 1.15 and 1.29, then we conclude that 

(J .30) 

EXAMPLE 1- 7 
Using the values of the physical constants given inside the front cover of this book, 
calculate RH and compare the result to its experimental value, 109 677 .6 cm- 1. 

SOLUTION: 

R _ (9. 109 3897 x rn-31 kg)(l.602 177 x 10-t9 C)4 

JI- (8)(8.854187x 10- 12c2.N-1·m-1)2(2.99792458x 1osm·s- 1)(6.626076x 10-34 J-s)3 

= l.097 37 x 107 m- 1 = 109 737 cm- 1 

which is within 0.5% of the experimental value of 109 677.6 cm- 1, surely a remarkable 
agreement. 
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EXAMPLE 1-8 
Calculate the ionization energy of the hydrogen atom. 

SOLUTI ON: The ionization energy IE is the energy required to take the electron from 
the ground state to the first unbound state, which is obtained by letting n2 = oo in 
Equation 1.29. Thus, we write 

or 

IE= RH(~ - -
1
- ) (2 002 

IB = R1.1 = 109 677.6 cm- 1 

=2.179x 10-18 J=l3.6eV 

Note that we have expressed the energy in units of wave munbers (cm- 1). This is not 

strictly a unit of energy, but because of the simple relation between wave number and 
energy, r:; = hcv, one often does express energy in this way. 

1.9 The Eleclronic Mass Should Be Replaced by a Reduced Mass 
in Lhe Bohr Theory 

In deriving Equations 1.23 and 1.27, we have assumed that because the proton is 
so much more massive than the electron, we can regard the proton as being a fixed 
center around which the electron revolves. It is not really necessary to make this 
assumption. Consider the general case ofitwo masses rotating about each other, as shown 
in Figure 1.11. The center of mass of this system is fixed, and each of the masses will 
be rotating about that point. The center of mass lies along the line joining their centers 
and is defined through the condition 

(1.31) 

FI GU R E 1.11 
Two masses rotating about their center of 
mass. The center of mass lies along the 
line joining the two masses and is given 
by the condition r 1m 1 = r2m2, where r 1 
and r2 are the distances of m 1 and m 2, 

respectively, from the center of mass. 
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where r 1 and r 2 are defined in Figure 1.11. The distance between the particles is 

(1.32) 

Using Equations 1.31 and 1.32, simple algebra shows that 

and (1.33) 

The total kinetic energy is 

(1.34) 

Now if w is the angular velocity of the two masses about the fixed center of mass, then 

and 

Ifwe substitute Equations 1.35 into Equation 1.34, then we obtain 

where 

1 
= -fw 

2 

(1.35) 

(1.36) 

(1.37) 

is called the moment of inertia of the system. Substituting Equations 1.33 into Equa
tion 1.3 7, we find that I can be written as 

(1.38) 

The factor m 1m2/(m 1 + m2) has units of mass and occurs often in problems involving 
two masses interacting along their line of center; this quantity is called the reduced 
massµ,: 

(1.39) 
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Using Equation 1.39, we can write Equation 1.38 in the form 

I = 1u2 (1.40) 

In Equation 1.34, both masses are rotating about the center of mass of the system, as 
in Figure 1.11. Recall that in Figure 1.9 we had one mass revolving about a fixed point, 
and in that case I was given by 

I = mr2 (1.41) 

A comparison of Equations 1.40 and 1.41 allows us to give a useful interpretation 
of reduced mass, one that we shall use several times throughout the book. Equation 1.40 
means that we can treat the two-body system with masses m 1 and m2 revolving about 
each other as simply one body of mass µ, revolving about the other one fixed in 
position- that is, with an infinite mass. This is an extremely important and useful 
result regarding two-body systems. We have reduced the two-body problem to a one
body problem, the effective mass of the one body being the reduced mass µ, = m 1m2/ 
(m1 + m2). 

We can apply this result to our treatment of the hydrogen atom. We can obtain a 
rigorous result that is as simple as the one obtained by fixing the proton at the center 
of revolution if we use not the actual mass of the electron but the reduced mass of the 
proton-electron system: 

mpme 
µ,= --

mp + me 
(I .42) 

where m p and me are the masses of the proton and electron, respectively. Note that since 
mp» me, the denominator is essentially mp, and so JL ~ me. This says that it is indeed 
a good approximation to consider the proton to be fixed at the center of revolution. The 
reduced mass is 

(9.1094 x 10- 31 kg) (l.672 62 x 10- 27 kg) 
µ,= 

9.1094xl0- 31kg + 1.67262 x l0- 27 kg 

= 9.1048 x 10- 31 kg= 0.9995 me 

Equation 1.30 for the Rydberg constant now reads 

(I .43) 

(1.44) 

and now one calculates RH to be 109 676 cm- 1 instead of 109737 cm- 1(Problem1- 29). 
Recall that the accepted experimental vaJue is 109 677.6 cm- 1. 

In spite of its algebraic simplicity, the Bohr theory gives a very nice picture of the 
hydrogen atom. It can also be directly applied to any hydrogen-like ion, such as He+ 
and Li 2+, consisting of one electron around a nucleus. It is a simple matter to extend the 
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above results to these ions. Instead of starting with Equation 1.2 1, we use the following 
equation where the charge on the nucleus is Z e instead of just e: 

Ze2 JJ.,V2 
(1.45) 

Everything else now follows directly and eventually we have (Problem 1-32) 

(1.46) 

or simply 

( 1.47) 

EXAMPLE 1- 9 
Calculate the radius of the first Bohr orbit for He+. 

SOLUTI ON: By eliminating u between Equations 1.22 and J .45, we obtain 

Note that this reduces to Equation 1.23 when Z = I. If we let Z = 2 and n = I, we find 
that 

(8.854 x 10- 12 c2 .1- 1.m- 1)(6.626 x io-34 J·s)2 
r = -----------------

2(3.1416)(9.J LO x 10-31kg)(1.602 x 10-19 C)2 

- II • = 2.65 x IO m = 26.5 pm = 0.265 A 

One spectacular success of the Bohr theory was the correct assignment of some 
solar spectral lines of He+. These Jines were previously thought to be due to atomic 
hydrogen and to be anomalous because they did not fit the Rydberg formula (Problem 
1- 33). In spite of a number of successes and the beautiful simplicity of the Bohr theory, 
it could not be extended successfully even to a two-electron system such as helium. 
Furthermore, even for simple systems such as hydrogen, it was never able to explain 
the spectra that arise when a magnetic field is applied to the system, nor was it able 
to predict the intensities of the spectral lines. In spite of ingenious efforts by Bohr and 
others, they were never able to extend the theory to explain such phenomena. 
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1.10 Louis de Broglie Postulated That Maller Has 
Wave! i ke Properties 

Although we have an intriguing partial insight into the electronic structure of atoms, 
something is missing. To explore this further, Jet's go back to a discussion of the nature 
of light. 

Scientists have always had trouble describing the nature of light. In many experi
ments light shows a definite wavelike character, but in many others light seems to behave 
as a stream of photons. The dispersion of white light into its spectrum by a prism is an 
example of the first type of experiment, and the photoelectric effect is an example of 
the second. Because light appears wavelike in some instances and particle-like in oth
ers, this disparity is referred to as the wave-particle duality of light. In 1924, a young 
French scientist, Louis de Broglie, reasoned that if light can display this wave-particle 
duality, then matter, which certainly appears particle-like, might also display wavelike 
properties under certain conditions. This proposal is rather strange at first, but it does 
suggest a nice symmetry in nature. Certainly, if light can be particle-like at times, why 
should matter not be wavelike at times? 

De Broglie was able to put his idea into a quantitative scheme. Einstein had shown 
from relativity theory that the wavelength, A., and the momentum, p, of a photon are 
related by 

h 
A.= -

p 
(I .48) 

De Broglie argued that both light and matter obey this equation. Because the momentum 
of a particle is given by mv, this equation predicts that a particle of mass m moving 
with a velocity v will have a de Broglie wavelength given by A.= h/mv. 

EXAMPL E 1- 10 
Calculate the de Broglie wavelength for a baseball (5.0 oz) traveling at 90 mph. 

S 0 Lu TI 0 N: Five ounces corresponds to 

(
lib) (0.454kg) m = (5.0 oz) -- = 0.14 kg 

l6 oz 1 lb 

and 90 mph corresponds to 

u = (90mi) (1610m) (~) = 40m·s-' 
lhr 1 mi 3600 s 

The momentum of the basebal I is 

p = mv = (0.14 kg)(40 m·s- 1) = 5.6 kg·m·s- 1 
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The de Broglie wavelength is 

, _ _ h _ 6.626 x 10-34 J·s _ J 
2 10

_34 
11. - - - • x m 

p 5.6kg·m·s-1 

a ridiculously small wavelength. 

We see from Example 1- 10 that the de Broglie wavelength of the baseball is so 
smaJI as to be completely undetectable and of no practical consequence. The reason 
is the large value of m. What if we calculate the de Broglie wavelength of an electron 
instead of a baseball? 

EXAMPLE 1-11 
Calculate the de Broglie wavelength of an electron traveling at J.00% of the speed of 
light. 

SOLUTI ON: The mass of an electron is 9.J09 x J0-31 kg. One percent of the speed 

of light is 

v = (O.Ol00) (2.998 x L08 m·s-1
) = 2.998 x 106 m·s- 1 

The momentum of the electron is given by 

= 2.73 X 10-24 kg·tn·S- I 

The de Broglie wavelength ofthis electron is 

A.=!!_= 6.626 x l0-
34

J·s = 2.43 x 10-io m 
p 2.73 x 10-24 kg·m·s- 1 

=243pm 

This wavelength is of atomic dimensions. 

The wavelength of the electron in Example 1- 11 corresponds to the wavelength of 
X rays. Thus, although Equation 1.48 is of no consequence for a macroscopic object 
such as a baseball, it predicts that electrons can be observed to act like X rays. The 
wavelengths of some other moving objects are given in Table 1.3. 
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T AB LE 1.3 
The de Broglie Wavelengths of Various Moving Objects 

Particle Mass/kg Speed/m · s-1 Wavelength/pm 

Electron accelerated through l 00 V 9.11 x 10-31 5.9 x 106 120 

Electron accelerated through 10 000 V 9.29 x 10-31 5.9 x 107 12 

a particle ejected from radium 6.68 x 10-21 l.5xl07 6.6 x 10-3 

22-caliber rifle bullet 1.9x 10-3 3.2 x 102 1.1 x 10-21 

Golf ball 0.045 30 4.9 x 10-22 

1.11 The de Broglie Formula Gives an Allernalive Rationalizalion 
of Bohr's Firsl Postulale 

Not only has de Broglie's hypothesis led to the practical application of electron mi
croscopy (Section 1.12), but it was also a key step in our understanding of atomic 
structure. It can be used to give a simple, physical argument for the quantized Bohr 
orbits. As the electron revolves around the proton, it has wavelength A. associated with 
it. This situation is shown in Figure 1.12. For the orbit to be stable, it is reasonable to 
assume that the wave must "match," or be in phase, as the electron makes one com
plete revolution. Otherwise, there will be cancellation of some amplitude upon each 
revolution, and the wave will disappear (see Figure 1.12). 

(a) (b) (c) (d) 

FIGURE 1.12 
An illustration of matching and mismatching de Broglie waves traveling in Bohr orbits. If the 
wavelengths of the de Broglie waves are such that an integral munber of them fit around the 
circle, then they match after a complete revolution (a). !fa wave does not match after a complete 
revolution (b), then cancellation will result. Slightly more than two revolutions are shown in (c), 
and the sum of their amplitudes is shown in (d). The wave will progressively disappear. 

For the wave pattern around an orbit to be stable, we are led to the condition that 
an integral number of complete wavelengths must fit around the circumference of the 
orbit. Because the circumference of a circle is 2rr r , we have the quantum condition 

2rrr = nA. n = l, 2, 3, ... (1.49) 
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Ifwe substitute de Broglie's relation (Equation 1.48) into Equation 1.49, we obtain the 
Bohr quantization condition 

mvr = nli (1.50) 

An interesting application of Equation 1.50 is to use it to calculate the velocity of an 
electron in a Bohr orbit. 

EXAM PLE 1-12 
Use Equation 1.50 to calculate the velocity of au electron in the first Bohr orbit. 

SO LUTI ON: lfwe solve Equation l.50forv, we find 

nli, 
'V = -

mr 

For the first Bohr orbit, n = I, and the radius is given by Equation 1.24. If we substitute 
n = I and Equation 1.24 into the above equation for v, we find that 

J.055 x 10-34 J. s 
'V = ------------

(9.11 x I0-31kg)(S.29x IQ- llm) 

Note that this is almost 1 % of the speed of light, a very large speed. 

1.12 De Broglie Waves Are Observed Experimentally 

When a beam ofX rays is directed at a crystalline substance, the beam is scattered in a 
definite manner characteristic of the atomic structure of the crystalline substance. This 
phenomenon is called X-ray diffract ion and occurs because the interatomic spacings in 
the crystal are about the same as the wavelength of the X rays. The X-ray diffraction 
pattern from aluminum foil is shown in Figure l. l 3a. The X rays scatter from the foil 
in rings of different diameters. The distances between the rings are determined by the 
interatomic spacing in the metal foil. Figure L 13b shows an electron diffraction pattern 
from aluminum foil that results when a beam of electrons is similarly directed. The 
similarity of the two patterns shows that both X rays and electrons do indeed behave 
analogously in these experiments. 

The wavelike property of electrons is used in electron microscopes. The wave
lengths of the electrons can be controlled through an applied voltage, and the small de 
Broglie wavelengths attainable offer a more precise probe than an ordinary light mi
croscope. In addition, in contrast to electromagnetic radiation of similar wavelengths 
(X rays and ultraviolet), the electron beam can be readily focused by using electric and 
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FIGUREl.13 
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(b) 

(a) The X-ray diffraction pattern of aluminum foil. (b) The electron diffraction pattern of 
aluminum foil. The similarity of these two patterns shows that electrons can behave like X rays 
and display wavelike properties. Reproduced courtesy of Education Development Center, Inc., 
Newton, MA, from PSCC physics film, Matter Waves. 

magnetic fields, generating sharper images. Electron microscopes are used routinely in 
chemistry and biology to investigate atomic and molecular structures. 

An interesting aside in the concept of the wave- particle duality of matter is that it 
was J. J. Thomson who first showed in 1895 that the electron was a subatomic particle 
and it was G. P. Thomson who was one of the first to show experimentally in 1926 that 
the electron could act as a wave. These itwo Thomsons are father and son. The father 
won a Nobel Prize in 1906 for showing that the electron is a particle, and the son won 
a Nobel Prize in 1937 for showing that it is a wave. 

1.13 Cerlain Two-Sli l Experimenls Exemplify Wave-Parlicle Duality 

One of the principal experiments that displays the wave properties of light is the 
interference of two beams of light. The first experiment showing interference of light 
was performed by the British scientist Thomas Young around 1800. 

Consider a light wave impinging on an opaque screen with two very narrow slits, as 
shown in Figure 1.14. As the light passes through the slits, each slit acts as a new source 
of light (this is called Huygen's principle). The light reaching a point P on a second 
screen a distance l away from the first travels different path lengths, S 1 P and S2 P, as 
shown in Figure 1.15. For simplicity, we assume that l is large enough compared to the 
separation of the two slits that the two rays of light follow essentially parallel paths . 
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1-1-1 

FIGUREl.15 

FIGURE 1.14 
An illustration of a waveform from a single source 
impinging on an opaque screen with two narrow 
slits. Huygen's principle from optics says that each 
slit acts as a source of a new wave. 

p 

A schematic diagram of a t\vo-slit interference experiment (right). The distance l is large enough 
compared to the distance between the slits, d, so that the two light waves are essentially parallel. 
The angle e is the angle that the beams make with the perpendicular line between the two 
screens. The diagram on the left shows a magnification of the circled region on the right. 

The difference in the distance each light wave follows is x = d cos(90° - B) = 
d sin e, where e is shown in Figure 1.15. If this difference is equal to an integral 
number of wavelengths, then d sine = nA. and the two light waves will be in phase 
and constructively interfere. If the difference is equal to a half odd integral number of 
wavelengths, then the two light waves will be exactly out of phase and destructively 
interfere. Thus, as e varies, the condition d sine = nA. produces an interference pattern 
consisting of alternating bright and dark areas on the second screen, like that shown in 
Figure 1.16. 

After the discussion of the previous two sections, it shouldn't be surprising that a 
beam of electrons or any other atomic or subatomic particle will produce an interference 
pattern. Interference patterns have been observed experimentally for electrons and 
neutrons, and Figure 1.17 shows an interference pattern obtained for helium atoms 
taken from a paper titled "Young's Double Slit Experiment with Atoms" by the German 
physicists 0. Carnal and J. Mlynek. 
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F I GURE 1.16 
An illustration of the interference pattern produced by a light wave in a two-slit experiment. 

,-..._ 
c 

~ 200 

FIGURE 1.17 

10 µm 
f------1 

Scanning Grating Position 

Data iJlustrating an interference pattern for helium atoms from an 8 µ,m grating. The figure 
shows the number of atoms recorded in five-minute intervals plotted against the distance along 
the recording screen. The dashed line is the detector background and the solid lines are simply 
an aid to the eye. Adapted from Carnal , 0. , and Mlynek, J. , Young's Double Slit Experiment 
with Atoms: A Simple Atom Interferometer. Phys. Rev. Lett., 66, 2689 ( 1991 ). 

It is possible to perform a two-slit experiment such that only one particle at a 
time passes through the slits and to record its arrival at a second screen coated with 
a fluorescent film, which emits a brief burst of light at the point where it is struck. 
Using a suitable position-dependent recording device, we can record the arrival of each 
particle and accumulate the results (Figure 1.18). At low exposures, these tiny bursts 
of light appear more or less randomly over the film; but for longer exposures, hints of 
a pattern begin to emerge. The bursts appear to be preferentially occurring in certain 
regions in the second panel on the left, and a full interference pattern is discernable 
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100 

300 

3k 

F I GURE 1.18 
When a particle passes through the two-slit screen in Figure 1.14, its arrival at the second screen 
is recorded by a dot. As more and more particles arrive at the screen, an interference pattern 
slowly builds up. The three panels on the left record the arrival of 100, 300, and 3000 particles. 
The three panels on the right show the arrival of the same number of particles as those on the 
left, but one of the sli ts is closed, yielding no interference pattern. These figures are computer 
simulations of actual experiments carried out by A.Tomomura et al., Am . .J Phys., 57, J 17 (1980). 

in the third panel on the left. Experiments like this have been performed for electrons, 
neutrons, and even helium and sodium atoms. 

In order for interference to occur, the particle must have gone through both slits. 
But how can one particle go through both slits s imultaneously? Or does it? Suppose we 
do the experiment again, but cover up one of the slits; then the pattern that develops on 
the far screen looks just like you might expect, as shown in the panels on the right side of 
Figure 1.18. There is no interfence pattern. Let's now uncover both slits and try to detect 
which slit the particle passes through by setting up some sort of a detector behind one of 
the slits so that it can detect any particle that passes through that slit before it impinges 
on the fluorescent screen. We now know which slit the particle passes through on its 
way to the screen and don't have to assume that it somehow passes through both slits 
s imultaneously. We may know which slit the particle has gone through, but when we 
look at the fluorescent screen, we see that there is no interference pattern! The pattern 
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is simply the one that would be obtained if one or the other s lit had been covered. If 
we now turn off the detector, we obtain the interference pattern. It 's as if each particle 
behaves as a wave as it confronts the slits, unless we try to observe it, in which case it 
behaves as a particle. 

If this isn't enough to convince you that the subatomic world is weirdly different 
from our macroscopic world, consider this final twist. Suppose we set up the detector 
and switch it on only after the particle has gone through the slits. With modern high
speed electronics, the detector can be close enough to one of the slits to be able to detect 
whether the particle has gone through it, but before it reaches the detector. Surely now 
it is too late for the particle to decide to behave as a particle that has passed through 
only one of the slits. Apparently not. Experiments like this, called delayed choice 
experiments in the literature, have been carried out for photons, and the interference 
pattern is found to disappear. 

We shall see that quantum mechanics is able to describe these experiments to great 
precision, in the sense of being able to predict the positions and the w idths of the 
interference ridges. The physical interpretation of the results, however, is quite another 
matter. How can a particle go through two slits simultaneously? In the experiments that 
have been done where one particle at a t ime goes through the slits, does each particle 
interfere with itself to produce an interference pattern? Attempts to answer questions 
like these have raised contentious issues that are not yet settled among those involved 
in the philosophical interpretations of quantum mechanics. As a computational tool, 
however, quantum mechanics is probably the most successful scientific theory ever 
formulated. 

1.1 4 The Heisenberg Uncertainty Principle Slales Thal 
the Posilion and lhe Momentum of a Parlicle Cannol 
Be Specified Simullaneously wilh Unlimited Precision 

We now know that we must consider light and matter as having the characteristics of both 
waves and particles. Let's consider a measurement of the position of an electron. Ifwe 
wish to locate the electron within a distance 6x, then we must use a measuring device 
that has a spatial resolution less than 6x. One way to achieve this resolution is to use 
light with a wavelength on the order of A. :=::::: 6x. For the electron to be "seen," a photon 
must interact or collide in some way wiilh the electron, for otherwise the photon will 
just pass right by and the electron will appear transparent. The photon has a momentum 
p = hf A., and during the collision, some of this momentum will be transferred to the 
electron. The very act of locating the electron leads to a change in its momentum. 
If we wish to locate the electron more accurately, we must use light with a smaller 
wavelength. Consequently, the photons in the light beam will have greater momentum 
because of the relation p = h/ A.. Because some of the photon's momentum must be 
transferred to the electron in the process of locating it, the momentum change of the 
electron becomes greater. A careful analysis of this process was carried out in the mid
l 920s by the German physicist Werner Heisenberg, who showed that it is not possible to 
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determine exactly how much momentum is transferred to the electron. This difficulty 
means that if we wish to locate an electron to within a region ~x, there will be an 
uncertainty in the momentum of the electron .. Heisenberg was able to show that if ~p 
is the uncertainty in the momentum of the electron, then 

(1.51) 

Equation 1.51 is called Heisenberg:v uncertainty principle and is a fundamental 
principle of nature. The uncertainty principle states that if we wish to locate any 
particle to within a distance ~x. then we automatically introduce an uncertainty in the 
momentum of the particle and that the uncertainty is given by Equation 1.51. Note that 
this uncertainty does not stem from poor measurement or experimental technique but is 
a fundamental property of the act of measurement itself. The following two examples 
demonstrate the numerical consequences of the uncertainty principle. 

EXAMPLE 1-13 
Calculate the uncertainty in the position of a baseball thrown at 90 mph if we measure 
its speed to a millionth of 1.0%. 

SOLUTION: According to Example l- 10, a baseball traveling at 90 mph has a mo
mentum of 5.6 kg·m·s- 1. A millionth of l.0% oftl1is value is 5.6 x 10-8 kg·m·s- 1, 

so 

The minimum uncertainty in the position of the baseball is 

h 6.626 x rn-34 J·s 
~x = - = -------

~p 5.6 x 10-8 kg·m·s- 1 

= 1.2 x 10-26 tn 

a completely inconsequential distance. 

EXAMPLE 1-14 
What is the uncertainty in momentum if we wish to locate an electron within an atom, 
say, so that ~x is approximately 50 pm? 

SOLUTI ON: 

fl 6.626 X 10-34 J ·S 
~p = - = ------

~x 50 x l0- 12 m 

= 1.3 X 10-23 kg·m·S-I 
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Because p = m v and the mass of an electron is 9. I I x rn-31 kg, this value of t..p 
corresponds to 

t..p l.3x 10-23 kg·m·s- 1 
6.v = - = -------"---

me 9.ll x JQ-3 1 kg 

= 1.4 x 107 m·s- 1 

which is a very large uncertainty in the speed. 

These two examples show that although the Heisenberg uncertainty principle is of 
no consequence for everyday, macroscopic bodies, it has very important consequences 
in dealing with atomic and subatomic particles. This conclusion is similar to the one 
that we drew for the application of the de Broglie relation between wavelength and 
momentum. The uncertainty principle led to an awkward result. It turns out thatthe Bohr 
theory is inconsistent with the uncertainty principle. Fortunately, a new, more general 
quantum theory was soon presented that is consistent with the uncertainty principle. 
We will see that this theory is applicable to all atoms and molecules and forms the basis 
for our understanding of atomic and molecular stmcture. This theory was formulated 
by the Austrian physicist Erwin Schrodinger and will be discussed in Chapter 3. In 
preparation, in the next chapter, we will discuss the classical wave equation, which 
serves as a useful and informative background to the Schrodinger equation. 

Problems 

1-1. Radiation in the ultraviolet region of the electromagnetic spectnun is usually described 
in terms of wavelength,),, and is given in nanometers (lo-9 m). Calculate the values of 

v, v, and E for ultraviolet radiation with A. = 200 nm and compare your results with those 
in Figure 1.19. 

1-2. Radiation in the infrared region is often expressed in terms of wave numbers, v = I/A.. A 
typical value of v in this region is I 03 cm - 1• Calculate the values of v , A., and E for radiation 
with v = 103 cm-1 and compare your results with those in Figure l.19. 

1-3. Past the infrared region, in the direction of lower energies, is the microwave region. In 

this region, radiation is usually characterized by its frequency, v, expressed in units of 
megahertz (MHz), where the unit hertz (Hz) is a cycle per second. A typical microwave 
frequency is 2.0 x 104 MHz. Calculate the values of ii, A., and E for this radiation and 
compare your results with those in Fig1ire 1.19. 

1-4. Planck's principal assumption was that the energies of the electronic oscillators can have 
only the values E = nhv and that t..E = hv. As v ~ 0, then t..E ~ 0 and Eis essentially 
continuous. Thus, we should expect the nonclassical Planck distribution to go over to 
the classical Rayleigh- Jeans distribution at low frequencies, where 6.£ ~ 0. Show that 
Equation 1.2 reduces to Equation 1.1 as v ~ 0. (Recall that ex = I + x + (x 2 /2 !) + · · ., or, 
in other words, that ex ;:::: I + x when x is small.) 
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1-5 . Before Planck's theoretical work on blackbody radiation, Wien showed empirically that 
(Equation l .4) 

AmaxT = 2.90 x 10-3 m·K 

where Amax is the wavelength at which the blackbody spectrum has its maximum value at a 
temperature T . This expression is called the Wien displacement law; derive it from Planck's 
theoretical expression for the blackbody distribution by differentiating Equation 1.3 with 
respect to A. Hint: Set hc/AmaxkBT = x and derive the intermediate result e-x + (x / 5) = L 
This equation cannot be solved analytically but must be solved numerically. Solve it by 

iteration on a hand calculator, and show that :x = 4.965 is the solution. 

1-6. At what wavelength does the maximum in the energy-density distribution function for a 

blackbody occur if (a) T = 300 K, (b) T = 3000 K, and (c) T = IO 000 K? 

1-7. Sirius, one of the hottest known stars, has approximately a blackbody spectrum with 
Amax = 260 nm. Estimate the surface temperature of Sirius. 

1-8. The temperature of the fireball in a thermonuclear explosion can reach temperatures of 
approximately I 07 K. What value of Amax does this correspond to? In what region of the 
spectrum is this wavelength fotmd (cf. Figure 1.19)? 

1-9. We can use the Planck distribution to derive the Stefan- Boltzmann law, which gives the 
total energy density emitted by a blackbody as a function of temperature. Derive the Stefan
Boltzmann law by integrating the Planck distribution over all frequencies. Hint: You'll need 

to use the integral lo 00 

dx x 3 /(ex - l) = rr4/15. 

1-10. Can you derive the temperature dependence of the result in Problem l- 9 without evalu

ating the integral? 

1-11 . Calculate the energy of a photon for a wavelength of I 00 pm (about one atomic diameter). 

1-12. Express Planck's radiation law in terms of A (and dA) by using the relationship AV = c. 

1- 13 . Calculate the number of photons in a 2.00 mJ light pulse at (a) l.06 µ,m, (b) 537 run, and 
(c) 266 run. 
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38 Chapter 1 I The Dawn of the Quantum Theory 

1- 14. The mean temperature of the earth's surface is 288 K. What is the maximtun wavelength 
of the earth's blackbody radiation? What part of the spectrum does this wavelength corre
spond to? 

1- 15. A helium-neon laser (used in supermarket scanners) emits light at 632.8 nm. Calculate 
the frequency of this light. What is the energy of the photon generated by this laser? 

1-16. The power output of a laser is measured in units of watts (W), where one watt is equal to 
one joule per second. (1 W = l J ·s-1.) What is the number of photons emitted per second 
by a 1.00 mW nitrogen laser? The wavelength emitted by a nitrogen laser is 337 nm. 

1- 17 . A household light bulb is a blackbody radiator. Many lightbulbs use tungsten filaments 
that are heated by an electric current. What temperature is needed so that Amax = 550 nm? 

1- 18. The threshold wavelength for potassitun metal is 564 run . What is its work function? 
What is the kinetic energy of electrons ejected if radiation of wavelength 410 nm is used? 

1- 19. Given that the work function of chromium is 4.40 eV, calculate the kinetic energy of 
electrons emitted from a chromium surface that is irradiated with ultraviolet radiation of 
wavelength 200 nm. 

1- 20. When a clean surface of silver is irradiated with light of wavelength 230 nm, the kinetic 
energy of the ejected electrons is found to be 0.805 eV Calculate the work function and the 
threshold frequency of silver. 

1-21. Some data for the kinetic energy of ejected electrons as a function of the wavelength of 
the incident radiation for the photoelectron effect for sodium metal are shown below. 

A./nm l 00 200 300 400 500 

KE/eV 10.1 3.94 1.88 0.842 0.222 

Plot these data to obtain a straight line, and calculate h from the slope of the line and the 
work function <P from its intercept with the horizontal axis. 

1-22. Show that Planck's constant has dimensions of angular momentum. 

1- 23 . What is the wavelength and frequency of electromagnetic radiation having an energy of 
I rydberg (a rydberg is equal to 109 680 cm- 1). Convert l rydberg to electron volts and to 
kilojoules/mole (kJ ·mol-1). 

1-24. Use the Rydberg formula (Equation l .J 4) to calculate the wavelengths of the first three 
lines of the Lyman series. 

1- 25. A line in the Lyman series of hydrogen has a wavelength of 1.03 x 10-1 m. Find the 
original energy level of the electron. 

1- 26. A ground-state hydrogen atom absorbs a photon of light that has a wavelength of97.2 nm. 
It then gives off a photon that has a wavelength of 486 nm. What is the final state of the 
hydrogen atom? 

1- 2 7. Show that the Lyman series occurs between 91.2 nm and 121.6 nm, that the Balmer 
series occurs between 364.7 nm and 656.3 nm, and that the Paschen series occurs between 
821.0 nm and 1876 nm. Identify the spectral regions to which these wavelengths correspond. 



Problems 

1-28. Calculate the wavelength and the energy of a photon associated with the series limit of 
the Lyman series. 

1-29. Show that the value of the Rydberg consta11t is 109 676 cm-1 if it is expressed in tenns 
of the reduced mass of a hydrogen atom. 

1-30. Calculate the reduced mass of a nitrogen molecule in which both nitrogen atoms have an 
atomic mass of 14.00. Do the same for a hydrogen chloride molecule in which the chlorine 
atom has an atomic mass of34.97. Hydrogen has an atomic mass of 1.008. 

1-31. We shall learn when we study molecular spectroscopy that heteronuclear diatomic 
molecules absorb radiation in the microwave region and that one determines directly the 
so-called rotational constant of the molecule defined by 

B =-h-
8rr2 J 

where I is the moment of inertia of the molecule.Given that B = 3. 13 x 105 MHz for H35Cl, 
calculate the internuclear separation for H35Cl. The atomic mass of H and 35Cl are 1.008 
and 34.97, respectively. 

1-32. Derive the Bohr formula for ii for a nucleus of atomic number Z . 

1-33 . The series in the He+ spectrum that corresponds to the set of transitions where the electron 
falls from a higher level into the n = 4 state is called the Pickering series, an important 
series in solar astronomy. Derive the formula for the wavelengths of the observed lines in 
this series. In what region of the spectrum do they occur? 

1-34. Using the Bohr theory, calculate the ionization energy (in electron volts and in kJ ·mol- 1) 

of singly ionized helium. 

1-35. Show that the speed of an electron in the nth Bohr orbit is v = e2 /2E<f!h . Calculate the 
values of v for the first few Bohr orbits. 

1-36. Ionizing a hydrogen atom in its electronic ground state requires 2. l 79 x 10-18 J of energy. 
The sun's surface has a temperature of~ 6000 K and is composed, in part, of atomic 
hydrogen. Is the hydrogen present as H(g) or H+(g)? What is the temperature required 
so that the maximum wavelength of the emission of a blackbody ionizes atomic hydrogen? 
In what region of the electromagnetic spectrum is this wavelength found? 

1-37. A proton and a negatively chargedµ meson (called a muon) can fonn a short-lived species 
called a mesonic atom. The charge of a muon is the same as that on an electron and the mass 
of a muon is 207 me. Assunle that the Bohr theory can be applied to such a mesonic atom 
and calculate the ground-state energy, the radius of the first Bohr orbit, and the energy and 
frequency associated with the n = 1 to n = 2 transition in a mesonic atom. 

1-38. Calculate the de Broglie wavelength for (a) an electron with a kinetic energy of 100 eV, 
(b) a proton with a kinetic energy of JOO eY, .and (c) an electron in the first Bohr orbit of a 
hydrogen atom. 

1-39. Calculate (a) the wavelength and kinetic energy of an electron in a beam of electrons 
accelerated by a voltage increment of 100 V and (b) the kinetic energy of an electron that 
has a de Broglie wavelength of200 pm (1 picometer = 10- 12 m). 
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40 Chapter 1 I The Dawn of the Quantum Theory 

1-40. Through what potential must a proton initialJy at rest fall so that its de Broglie wavelength 
is 1.0 x 10-10 m? 

1-41. Calculate the energy and wavelength associated with an a particle that has fallen through 
a potential difference of 4.0 V Take the mass of an a particle to be 6.64 x I 0-27 kg. 

1-42. One of the most powerful modern techniques for studying structure is neutron diffraction. 
This technique involves generating a collimated beam ofneutrons at a particular temperature 
from a high-energy neutron source and is accomplished at several accelerator facilities 
around the world. If the speed of a neutron is given by vn = (3kBT /m) 112, where m is the 
mass of a neutron, then what temperature is needed so that the neutrons have a de Broglie 
wavelength of 50 pm? 

1-43. Show that the speed of an electron in the nth Bohr orbit of a hydrogen-like ion with a 
nuclear charge Z is v = Ze 2 /2Eonh. Calculate the values of v for the first Bohr orbit for 
Z = IO and Z = 50. 

1-44. Two narrow slits separated by 0.10 mm are illtuninated by light of wavelength 600 run. 
What is the angular position of the first maximtun in the interference pattern? If a detector 
is located 2.00 m beyond the slits, what is the distance between the central maximum and 
the first maximum? 

1-45. Two narrow slits are illtuninated with red light of wavelength 694.3 nm from a laser, 
producing a set of evenly placed bright bands on a screen located 3.00 m beyond the slits. 
If the distance between the bands is 1.50 cm, then what is the distance between the slits? 

1-46. If we locate an electron to within 20 pm, then what is the uncertainty in its speed? 

1-47. What is the uncertainty of the momentmn of an electron if we know its position is 
somewhere in a 10 pm interval? How does the value compare to momentum of an electron 
in the first Bohr orbit? 

1-48. There is also an uncertainty principle for energy and time: 

Show that both sides of this expression have the same units. 

1-49. The relationship introduced in Problem 1-48 has been interpreted to mean that a particle 
of mass m ( E = mc2) can materialize from nothing provided that it returns to nothing within 
a time ~t :::: h/m.c2. Particles that last for time ~tor more are called real particles; particles 
that last less than time ~t are called virtual particles. The mass of the charged pion, a 
subatomic particle, is 2.5 x 10-28 kg. What is the minimum lifetime if the pion is to be 
considered a real particle? 

1-50. Another application of the relationship given in Problem 1-48 has to do with the excited
state energies and lifetimes of atoms and molecules. If we know that the lifetime of an 
excited state is I 0-9 s, then vvhat is the uncertainty in the energy of this state? 

1-51. When an excited nucleus decays, it emits a y ray. The lifetime of an excited state of 
a nucleus is of the order of 10- 12 s. What is the uncertainty in the energy of the y ray 
produced? (See Problem 1-48.) 
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1-52. In this problem, we will prove that the inward force required to keep a mass revolving 
around a fixed center is f = mv2/ r. To prove this, let us look at the velocity and the 
acceleration of a revolving mass. Referring to Figure 1.20, we see that 

ILl r l:::::: t::,.s = rLl8 (1.52) 

if Ll8 is small enough that the arc length Lls and the vector difference I Llr l = ir 1 - r21 are 
essentially the same. In this case, then 

I
. Lls 

1
. t::,.8 

v = un - = r un - = rw 
Ll.t--+0 /:::,.( Ll.t--+0 /:::,.( 

(1.53) 

lf wand rare constant, then v = rw is constant, and because acceleration is limH0(t::,. v / 
Llt ), we might wonder if there is any acceleration. The answer is most definitely yes because 
velocity is a vector quantity and the direction of v, which is the same as Llr , is constantly 
changing even though its magnitude is not. To calculate this acceleration, draw a figure like 
Figure 1.20 but expressed in terms of v instead of r. From your figure, show that 

Llv = ILlvl = vt::,.8 (I .54) 

is in direct analogy with Equation 1.52, and show that the particle experiences an acceler
ation given by 

. Llv 
1
. t::,.8 

a = Inn - = v 1m - = vw 
Ll.1--+0 !:::,.t Ll.t--+O !:::,.t 

(1.55) 

Thus, we see that the particle experiences an acceleration and requires an inward force equal 
to ma = m vw = m v2 / r to keep it moving in its circular orbit. 

1-53. In this problem, we shall derive the equation for the momentum of a photon, p = h /A.. 
You might have expected the momentum ofa photon to be zero because the mass of a photo 
is zero, but you must remember that a photon travels at the speed oflight and that we must 
consider its relativistic mass. For this problem, we must accept one formula from the special 
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42 Chapter 1 I The Dawn of the Quantum Theory 

theory of relativity. The mass of a particle varies with its velocity according to 

(l .56) 

where m0, the mass as v - 0, is called the rest mass of the particle. If we assume that the 
motion takes place in the x direction, the momentum is mvx, and so 

(l.57) 

Note that even though m 0 = 0 for a photon, Px is not necessarily zero because vx = c and 
so Px ~ 0/ 0, an indeterminate form. Recall that force F is equal to the rate of change of 
momentum or that 

F = dp 
dt 

(l.58) 

This is just Newton's second law. Kinetic energy can be defined as the work that is required 
to accelerate a particle from rest to some final velocity v. Because work is the integral of 
force times distance, the kinetic energy can be expressed as 

1
v=11 

T = Fdx 
=0 

(l.59) 

where we have dropped the x subscripts for convenience. Equation 1.59 can be manipu
lated as 

1
v=v 1 v=v dp dx 1 v=v dp 

T = Fdx = --dt = v - dt 
u=O v=O dt dt v=O dt 

1
v=v d(mv) 1 v=v 

= v-- dt = vd(m.v) 
v=O dt v=O 

(1.60) 

Remember now that m in these last two integrals is not constant but is a function of 
v through Equation 1.53. Note that if m were a constant, as it is in nonrelativistic (or 
classical) mechanics, then T = !m.v2 , the classical result. Now substitute Equation 1.56 
into Equation l .60 to obtain 

T = m c - I 2 { I } 
o (1 - (v2/c2)]l/ 2 

(1.61) 

To obtain this result, you need the standard integral 

I xdx 

(ax2 + b)3/2 a(ax2 + b) l/ 2 

Show that Equation 1.61 reduces to the classical result as v / c - 0. By combin.ing Equa
tions 1.56 and 1.61 , show that T can be written as 

T = (m - m0)c2 (1.62) 



Problems 

This equation is interpreted by considering mc2 to be the total energy E of the particle and 
m0c2 to be the rest energy of the particle, so that 

Lastly now, eliminate v in favor of p by using Equations 1.57 and 1 .61 , and show that 

and using Equation 1.62, write this as 

(1.63) 

which is our desired equation and a fi.mdamental equation of the special theory ofrelativity. 
In the case ofa photon, m.0 = 0 and E = pc. But E also equals hv according to the quantum 
theory, and so we have pc = h v, which yields p = h //... because c = /... v. 

1-54. In this problem we shall derive an expression for the interference pattern for a two
slit experiment. First show that y(z) = A cos[27rz/A.) represents a wave with amplitude 
A and wavelength A. Now argue that y (z, r) = A cos[27r(z - vt)/A.] represents a similar 
wave that has been moved (translated) to the right by a distance vt. We say that y(z , t) = 
A cos[27r(z - vt)//...] represents a wave form that is traveling to the right (a traveling wave) 
with a velocity v. If, for example, the wave is an electromagnetic wave, then y(z, t) 
represents the electric field at a point (z, t) and we write E(z, t) = £ 0 cos[27T(z - vt)//...]. 
If we let z0 be the distance S1P in Figure 1.15, then we can write the electric field at the 
point Pas a superposition of the waves coming from the two slits, or 

[ 27T ] [27T . ] £(8) = £ 0 cos ~ (z0 - vt) + £ 0 cos ~ (z0 + d sm 8 - vt) 

where we write E (8) to emphasize its dependence on the angle 8. Now use the trigonometric 
identity 

cos a + cos fJ = 2 cos (a : fJ ) cos (a ; fJ ) 

to write E (8) as 

(
7rdsin8) [27r ( dsin8)] £(8) = 2£0 cos /... cos ~ z0 - vt + -

2
-
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44 Chapter 1 I The Dawn of the Quantum Theory 

The intensity of a wave is given by the square of its amplitude (this is proven in Problem 2-
18), and so 

/ (8) 4£2 ?. (red sine) 2 [2rr ( d sin 8)] = cos- cos - zo - vt + --
o >.. >.. 2 

The recording on the screen in Figure LI 5 is an average of I (8) over a period of time that 

amounts to many cycles of the wave. Using the relation cos2 a = i (1 + cos 2a), show that 

the average of the term cos2[2rr(z0 - v t + d sin 8/2)/>..] in /(8) is equal to 1/2, giving 

as our desired result. (We will derive this same result more easily in Section 2.6 using 
complex numbers.) Plot I (8)/ E~ against 8 for typical values of a two-slit interference 

experiment, d = 0.010 mm and>.. = 6000 A and compare your result to Figure 2.10. 
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MA TH C H A PTER A 
Complex Numbers 

Throughout chemistry, we frequently use complex numbers. In this MathChapter, we 
review some of the properties of complex numbers. Recall that complex numbers 
involve the imaginary unit, i, which is defined to be the square root of - 1: 

i =-J="i (A.I) 

or 

;2 = - 1 (A.2) 

Complex numbers arise naturally when solving certain quadratic equations. For exam
ple, the two solutions to 

z2 
- 2z + 5 = 0 

are given by 

z= l ± -vC4 

or 

z=l ± 2i 

where 1 is said to be the real part and ± 2 the imaginary part of the complex number z. 
Generally, we write a complex number as 

z =x + iy (A.3) 

with 

x = Re(z) y = Im(z) (A.4) 45 
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We add or subtract complex numbers by adding or subtracting their real and 
imaginary parts separately. For example, if z1 = 2 + 3i and z2 = 1- 4i, then 

z 1 - z2 = (2 - I) + [3 - (- 4))i = 1+ 7i 

Furthermore, we can write 

2z 1 + 3z2 = 2 (2 + 3 i ) + 3(1 - 4 i ) = 4 + 6 i + 3 - 12 i = 7 - 6 i 

To multiply complex munbers together, we simply multiply the two quantities as 
binomials and use the fact that i 2 = - 1. For example, 

(2 - i )(- 3 + 2i ) = - 6 + 3i + 4i - 2i 2 

= - 4 + 7i 

To divide complex numbers, it is convenient to introduce the complex conjugate 
of z, which we denote by z* and form by replacing i by - i. For example, if z = x + i y, 
then z* = x - i y . Note that a complex number multiplied by its complex conjugate is 
a real quantity: 

(A.5) 

The square root of zz* is called the magnitude or the absolute value of z, and is denoted 
by lzl. 

Consider now the quotient of two complex numbers: 

2 + i 
z = --

1+ 2i 

This ratio can be written in the form x + i y if we multiply both the numerator and the 
denominator by 1 - 2i, the complex conjugate of the denominator: 

EXAMPLEA- 1 
Show that 

z = 2 + i (l - 2i) = 4 - 3i = ~ - ~i 
1+ 2i l - 2i 5 5 5 

- I X iy z =--- - ---
x2 + y2 x 2 + y2 
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SOLUTION: 

2
-1 _ ~ _ _ l ___ l_ (x - iy) _ x - iy 

- z - x + i y - x + iy x - iy - x2 + y2 

x iy 
x2 + y2 x2 + y2 

Because complex numbers consist of two parts, a real part and an imaginary part, 
we can represent a complex number by a point in a two-dimensional coordinate system 
where the real part is plotted along the horizontal (x) axis and the imaginary part is 
plotted along the vertical (y ) axis, as in Figure A. l. The plane of such a figure is 
called the complex plane. If we draw a vector r from the origin of this figure to the 

I 
point z = (x, y), then the length of the vector, r = (x2 + y2)}:, is the magnitude or the 
absolute value of z. The angle fJ that the vector r makes with the x axis is the phase 
angle of z. 

lm( z) 

• (x, y) 

Re (z) 

EXAMPLE A-2 

F I GUREA.1 
Representation of a complex number 
z = x + iy as a point in a two-dimensional 
coordinate system. The plane of this figure 
is called the complex plane. 

Given z = J + i , determine the magnitude, lzl, and the phase angle e of z. 

SOLUTI ON: The magnitude of z is given by the square root of 

zz* = (L + i)(l - i) = 2 

I 
or lzl = 22. Figure A. I shows that the tangent of the phase angle is given by 

tan e = ~ =I 
x 

or e = 45°, or 1'C 14 radians. (Recall that 1 radian = I 80°/1'C, or 1° = rr / 180 radian.) 
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We can always express z = x + i y in terms of rand e by using Euler's formula, 

ei() =cos e + i sine (A.6) 

which is derived in Problem A- 10. Referring to Figure A. l , we see that 

x = r cose and y = r sine 

and so 

z = x + i y = r cos e + i r sin e 

= r(cos () + i sin B) = re;a (A.7) 

where 

and 

I 

r=(x2 +i )2 

tan e = l. 
x 

(A.8) 

(A.9) 

Equation A.7, the polar representation of z, is often more convenient to use than 
Equation A.3, the cartesian representation of z. 

Note that 

z* = re- ;a (A.10) 

and that 

(A.11) 

or r = (zz*) f. Also note that z = e;a is a unit vector in the complex plane because 
r 2 = (ei8 )(e- i8 ) = 1. The following example proves this result in another way. 

EXAMPLEA-3 
Show that e-iB = cos 8 - i sin 8 and use this result and the polar representation of z 

to show that le;BI = l. 

SOLUTION: To prove that e-iB = cose - i sin 8, we use Equation A.6 and the fact 
that cos 8 is an even function of 8 [ cos(- 8) = cos 8] and that sin 8 is an odd function 
of 8 [sin(- 8) = - sin 8]. Therefore, 

e-iB =cos 8 + i sin(- 8) =cos 8 - i sin 8 



Problems 

Fmthermore, 

Problems 

le;8 1=((cos8 + i sin 8)(cos 8 - i sin 8))112 

= (cos2 8 + sin2 8)112 = 1 

A-1. Find the real and imaginary parts of the followi ng quantities: 

(a) (2 - i)3 (b) erri/2 

(c) e-2+irr/2 (d) c.J2 + 2i)e-irr/2 

A-2. If z = x + 2iy, then find 

(a) Re(z*) 

(c) lm(z2) 

(e) lm (zz*) 

(b) Re(z2) 

(d) Re(zz*) 

A-3. Express the following complex numbers in the form rei8 : 

(a) 6i (b) 4 - .J2i 

(c) - l - 2i (d) rr + ei 

A-4. Express the following complex numbers in the form x + iy : 

(a) e rr/4i (b) 6ei,,;;3 

(c) e-(rr/4)i+ln 2 (d) e-2rr i + e4;ri 

A-5. Prove that e;;r = - 1. Comment on the nature of the numbers in this relation. 

A-6. Show that 

and that 

A-7. Use Equation A.6 to derive 

e;e + e-iB 
cos8= ----

2 

eiB _ e-iB 
sin8 =----

2i 

z" = r"(cos 8 + i sin 8)11 = r" (cosn8 + i sin n8) 
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and from this, the formula of de Moivre: 

(cose + i sin 8)11 = cosne + i sinne 

A-8. Use the formula of de Moivre, which is given in Problem A- 7, to derive the trigonometric 

identities 

cos 28 = cos2 e - sin2 e 
sin 28 = 2 sine cos e 
cos 38 = cos3 e - 3 cos e sin2 e 

= 4 cos3 e - 3 cos e 

sin 38 = 3 cos2 e sin e - sin3 e 

= 3 sin e - 4 sin3 e 

A-9. Consider the set of functions 

First show that 

Now show that 

<I> (A.) = _ 1_ eim</> 
Ill 'f' ,J2ii 

{ 2;r { 0 
lo d</J<P,,J</>) = .J2ii 

{ 
m = 0, ±I, ±2, ... 

0 :s </> :s 27r 

for all values of m =fa 0 

m = O 

{ 2,-r d</J<P* (¢)<1>,,(¢) = { 0 
lo 111 

· 1 m = n 

A- 10. This problem offers a derivation of Euler's formula. Start with 

f (8) = ln(cos e + i sin B) 

Show that 

df . 
-= / 
dB 

Now integrate both sides of equation 2 to obtain 

f (8) = ln(cos e + i sin 8) = iB + c 

(1) 

(2) 

(3) 

where c is a constant of integration. Show that c = 0 and then exponentiate equation 3 to 
obtain Euler's formula. 

A-11. Using Euler's formula and assuming that x represents a real number, show that cos ix and 
- i sin ix are equivalent to real functions of the real variable x. These functions are defined as 

the hyperbolic cosine and hyperbolic sine functions, cosh x and sinh x, respectively. Sketch 
these functions. Do they oscillate like sin x and cos x? 



Problems 

A- 12. Show that sinh ix = i sin x and that cosh ix = cos x. (See the previous problem.) 

A- 13. Evaluate i;. 

A- 14. The equation x 2 = 1 has two distinct roots. x = ± 1. The equation xN = l has N distinct 
roots, called the N roots of unity. This problem shows how to find the N roots of unity. We 
shall see that some of the roots tum out to be complex, so let's write the equation as zN = I. 
Now let z = eiB and obtain e; NB = 1. Show that this must be equivalent to eiNB = I, or 

cos NB + i sin NB = l 

Now argue that NB = 2rrn, where n has the N distinct values 0, I, 2, ... , N - l or that the 
N roots of unity are given by 

z = e2'T i11 / N n = 0, 1, 2, ... , N - l 

Show that we obtain z = I and z = ± 1, for N = l and N = 2, respectively. Now show that 

l .J3 l J3 
z = 1 - - + i - and - - - i -

' 2 2 ' 2 2 

for N = 3. Show that each of these roots is of unit magnitude. Plot these three roots in the 
complex plane. Now show that z = I, i, - 1, and - i for N = 4 and that 

1 . . J3 l . . J3 
z = l - l - ± 1 - and - - ± 1 -

, '2 2 ' 2 2 

for N = 6. Plot the four roots for N = 4 and the six roots for N = 6 in the complex plane. 
Compare the plots for N = 3, N = 4, and N = 6. Do you see a pattern? 

A- 15. Using the results of Problem A-l 4, find the three distinct roots of x 3 = 8. 

A- 16. The Schwartz inequality says that ifzl = XL + iy1 and z2 = x 2 + iy2, then x 1x2 + YiY2 :5 
lz ii · iz21. To prove this inequality, start with its square 

Now use the fact that (XtY2 - x2y1)
2 2: 0 to prove the inequality. 

A- 17. The triangle inequality says that if z 1 an.d z2 are complex munbers, then iz 1 + z21 :5 
lzd + lz21. To prove this inequality, start with 

Now use the Schwartz inequality (previous problem) to prove the inequality. Why do you 
think this is called the triangle inequality? 
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Louis de Broglie was born on August 15, 1892 in Dieppe, France, into an aristocratic family 
and died in 1987. He studied history as an undergraduate, but his interest turned to science 
as a result of his working with his older brother, Maurice, who had built his own private 
laboratory for X-ray research. De Broglie took up his formal studies in physics after World 
War I, receiving his D.Sc. from the University of Paris in 1924. His dissertation was on the 
wavelike properties of matter, a highly controversial and original proposal at that time. Using 
the special theory of re lativity, de Broglie postulated that material particles should exhibit 
wavelike properties under certain conditions, just as radiation was known to exhibit particle
Jike properties. After receiving his D.Sc., he remained as a free lecturer at the Sorbonne and 
later was appointed professor oftheoreticaJ physics at the new Henri Poincare Institute . He 
was professor of theoretical physics at the University of Paris from 193 7 until his retirement 
in 1962. The wavelike properties he postuJated were later demonstrated experimentally and 
are now exploited as a basis of the e lectron microscope . De Broglie spent the latter part 
of his career trying to obtain a causal interpretation of the wave mechanics to replace the 
probabilistic theories. He was awarded the Nobel Prize in Physics in 1929 "for his discovery 
of the wave nature of electrons." 



CHAPT E R 2 
The Classical Wave Equation 

In 1925, Erwin Schrodinger and Werner Heisenberg independently formulated a general 
quantum theory. At first sight, the two methods appeared to be different because 
Heisenberg's method is formulated in terms of matrices, whereas Schrodinger's method 
is formulated in terms of partial differential equations. Just a year later, however, 
Schrodinger showed that the two formulations are mathematically equivalent. Because 
most students of physical chemistry are not familiar with matrix algebra, quantum 
theory is customarily presented according to Schrodinger's formulation, the central 
feature of which is a partial differential equation now known as the Schrodinger 
equation. Partial differential equations may sound no more comforting than matrix 
algebra, but fortunarely we require only elementary calculus to treat the problems in this 
book. We learned in Chapter I that matter can behave as a wave, so it's not surprising that 
the Schrodinger equation (sometimes called the Schrodinger wave equation) describes 
wavelike behavior. The wave equation of classical physics describes various wave 
phenomena such as a vibrating string, a vibrating drum head, ocean waves, and acoustic 
waves. Not only does the classical wave equation provide a physical background to 
the Schrodinger equation, but, in addition, the mathematics involved in solving the 
classical wave equation are central to any discussion of quantum mechanics. Because 
most students of physical chemistry have little experience with classical wave equations, 
this chapter discusses this topic. In particular, we will solve the standard problem of a 
vibrating string because not only is the method of solving this problem similar to the 
method we will use to solve the Schrodinger equation, but it also gives us an excellent 
opportunity to relate the mathematical solution of a problem to the physical nature of 
the problem. Many of the problems at the end of the chapter illustrate the connection 
between physical problems and the mathematics developed in the chapter. 53 
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I------~ x 

0 

FIGURE 2.1 
A vibrating string whose ends are fixed at 0 and l. The displacement of the vibration at position 
x and time t is u(x, t). 

2.1 The One-Dimensional Wave Equalion Describes lhe Motion 
of a Vibrating String 

Consider a uniform string stretched between two fixed points, as shown in Figure 2.1. 
The maximum displacement of the string from its equilibrium horizontal position is 
called its amplitude. If we let u(x, t) be the displacement of the string, then u (x , t) 
satisfies the equation 

= (2. I) 
ox2 v2 a12 

where u is the speed with which a disturbance moves along the string. Equation 2.1 is 
the classical wave equation. Equation 2. l is a partial differential equation because the 
unknown, u(x, 1) in this case, occurs in partial derivatives. The variables x and / are 
said to be the independent variables and u(x, 1), which depends upon x and t , is said to 
be the dependent variable. Equation 2. I is a linear partial differential equation because 
u (x, t) and its derivatives appear only to the first power and there are no cross terms. 

In addition to having to satisfy Equation 2.1, the displacement u (x, t) must satisfy 
certain physical conditions as well. Because the ends of the string are held fixed, the 
displacement at these two points is always zero, and so we have the requirement that 

u(O, 1) = O and u(l,t)=O (for all t) (2.2) 

These two conditions are called boundary conditions because they specify the behavior 
of u(x, t) at the boundaries. Generally, a partial differential equation must be solved 
subject to certain boundary conditions, the nature of which will be apparent on physical 
grounds. 

2.2 The Wave Equation Can Be Solved by the Method 
of Separation of Variables 

The classical wave equation, as well as the Schrodinger equation and many other partial 
differential equations that arise in physical chemistry, can be solved readily by a method 



2.2. The Wave Equat ion Can Be Solved by the Method of Separation of Variables 

called separation of variables. We shall use the problem of a vibrating string to illustrate 
this method. 

The key step in the method of separation of variables is to assume that u(x, t) 
factors into a function of x, X (x ), times a function oft, T (t ), or that 

u(x, t) = X (x)T(l) (2.3) 

Ifwe substitute Equation 2.3 into Equation 2.1, we obtain 

d 2X(x) l d2T(t) 
T(l) = - X(x) - -

dx2 v2 dt 2 
(2.4) 

Now we divide both sides of Equation 2.4 by u(x, t) = X(x)T(t) and obtain 

1 d2X(x) = ----
X(x) dx2 v2T(t) dt2 

(2.5) 

The left side of Equation 2.5 is a function of x only and the right side is a function 
oft only. Because x and tare independent variables, each side of Equation 2.5 can be 
varied independently. The only way for the equality of the two sides to be preserved 
under any variation of x and l is for each side to be equal to a constant. If we let this 
constant be K, we can write 

l d 2X(.x.) 
-- =K 
X (x) dx2 

(2.6) 

and 

(2.7) 

where K is called the separation constant and will be determined later. Equations 2.6 
and 2. 7 can be written as 

and 

d2 X (x) - K X (x) = 0 
dx2 

(2.8) 

(2.9) 

Equations 2.8 and 2.9 are called ordinaiy differential equations (as opposed to partial 
differential equations) because the unknowns, X (x) and T(t) in this case, occur as or
dinary derivatives. Both of these differential equations are linear because the unknowns 
and their derivatives appear only to the first power and there are no cross terms. Fur
thermore, the coefficients of every term involving the unknowns in these equations are 
constants-that is, 1 and - K in Equation 2.8 and 1 and - K v2 in Equation 2.9. These 
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56 Chapter 2 I The Classical Wave Equation 

equations are called linear differential equations with constant coefficients and are quite 
easy to solve, as we shall see. 

The value of K in Equations 2.8 and 2.9 is yet to be determined. We do not know 
right now whether K is positive, negativ·e, or even zero. Let's first assume that K = 0. 
In this case, Equations 2.8 and 2.9 can be integrated immediately to find 

(2.10) 

and 

(2.11) 

where the a 's and b 's are just integration constants, which can be determined by using the 
boundary conditions given in Equations 2.2. In terms of X(x ) and T(l), the boundary 
conditions are 

u(O, t) = X(O)T(t) = 0 and u(l, t) = X(l) T(t) =0 

Because T (t) certainly does not vanish for all t, we must have that 

X(O) =0 and X(l) = 0 (2.12) 

which is how the boundary conditions affect X (x ). Going back to Equation 2.10, we 
conclude that the only way to satisfy Equations 2.12 is for a 1 = b 1 = 0, which means that 
X (x) = 0 and that u(x, t) = 0 for all x. This is called a trivial solution to Equation 2.1 
and is of no physical interest. (Throwing away solutions to mathematical equations 
should not disturb you. What we know from physics is that every physically acceptable 
solution u (x , t) must satisfy Equation 2.1 , not that every solution to the equation is 
physically acceptable.) 

Now let's assume that K > 0 in Equation 2.8. To this end, write K as k2, where k 
is real. This assures that K is positive because it is the square of a real number. In this 
case, Equation 2.8 becomes 

(2.13) 

Experience shows that solutions to a linear differential equation with constant coeffi
cients whose right side is equal to zero are of the form X (x ) = e°'x, where a is a constant 
to be determined. 

EXAMPLE 2- 1 
Solve the equation 

d2y ~ dy 
- - 5 - + 2y = 0 
dx2 dx 



2.2. The Wave Equat ion Can Be Solved by the Method of Separation of Var iables 

SO LUTI O N: Ifwe substitute y(x) = e<>x into this differential equation, we obtain 

a2y - 3ay + 2y = 0 

a2 - 3a + 2 = 0 

(a - 2)(a - 1) = 0 

or that a = I and 2. The two solutions are y(x) = ex and y(x) = e2x and 

is also a solution. Prove this by substitut ing this solution back into the or iginal equat ion. 

We now look for a solution to Equation 2.13 by letting X (x) = eax and get 

(a2 - k2)X (x) = 0 

Therefore, either (a 2 - k2) or X (x) must equal zero. The case X (x) = 0 is a trivial 
solution, and so a 2 - k 2 must equal zero. Therefore, 

a=±k 

Thus, there are two solutions: X (x) = ekx and e - kx. We can easily prove that 

(2.14) 

(where c1 and c2 are constants) is also a solution. This is the general solution to all 
differential equations with the form of Equation 2.13. The fact that a sum of the two 
solutions, ekx and e- kx, is also a solution is a direct consequence of Equation 2.13 
being a linear differential equation (Problem 2- 9). Note that the highest derivative 
in Equation 2.13 is a second derivative, which implies that in some sense we are 
performing two integrations when we find its solution. When we do two integrations, 
we always obtain two constants of integration. The solution we have found has two 
constants, c1 and c2, which suggests that it is the most general solution. 

Applying the boundary conditions given by Equations 2.12 to Equation 2.14 gives 

and 

The only way to satisfy these conditions is with c 1 = c2 = 0, and so once again, we find 
only a trivial solution. 

So far, we have found only a trivial solution to Equation 2.1 if K = 0 or K > 0. 
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58 Chapter 2 I The Classica l Wave Equation 

2.3 Some Differential Equations Have Oscillatory Solutions 

Let's hope that assuming K to be negative gives us something interesting. If we set 
K = - {32, then K is negative if f3 is real. In this case Equation 2.8 is 

(2.15) 

Let X (x) = e°'x to obtain 

(a2 + {32)X(x) = 0 

or that 

a =±if3 

(MathChapter A). The general solution to Equation 2.15 is 

(2.16) 

We can easily verify that this is a solution by substituting Equation 2.16 directly into 
Equation 2.15. 

It is sometimes more convenient to rewrite expressions such as eif3x or e- if3x in 
Equation 2.16 using Euler's formula (Equation A.6): 

e±ifJ = cos e ± i sin e 

If we substitute Euler's formula into Equation 2.16, we find 

X (x) = c 1(cos f3x + i sin f3x) + c2 (cos f3x - i sin f3x) 

= (c1 + c2) cos f3x + (ic1 - ic2) sin f3x 

But c1 + c2 and ic1 - ic2 are also just constants, and if we call them c3 and c4, 
respectively, we can write 

X (x) = c3 cos f3x + c4 sin f3x 

instead of 

These two forms for X (x) are equivalent. 



2.3. Some Differentia l Equations Have Oscil latory Solutions 

EXAMPLE 2- 2 
Prove that 

y(x) = A cos fJx + B sin fJx 

(where A and Bare constants) is a solution to the differential equation 

SOLUTI ON: Thefirstderivativeof y(x) is 

dy . - = - A{J s1n {Jx + B{J cos {Jx 
dx 

and the second derivative is 

Therefore, we see that 

d2y 2 2 . - = - AfJ cos {Jx - B{J s1n {Jx 
dx 2 

or that y (x) = A cos {Jx + B sin {Jx is a solution of the differential equation 

The next example is important and one whose general solution should be learned. 

EXAMPLE 2- 3 
Solve the equation 

d2x - + <.u2x(r) = 0 
dt2 

subject to the initial conditions x (0) = A and dx / dt = 0 at t = 0. 

SOLUTION: In this case, we find a = ±iw and 
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60 Chapter 2 I The Classica l Wave Equation 

or 

x(t) = c3 cos wt + c4 sin wt 

Now 

x(O) = c3 = A 

and 

(dX) = WC4 = 0 
dt r= O 

implying that c4 = 0 and that the particular solution we are seeking is 

x(t) = A cos wt 

This solution is plotted in Figure 2.2. Note that it oscillates cosinusoidally in time, with 
an amplitude A and a frequency v, given by (see Problem 2-3) 

+A 

x(t) 

- A 

F I GURE 2.2 

w 
V =-

2rt 

A plot of x(t) =A cos wt, the solution to the problem in Example 2- 3. The amplitude is A, the 
wavelength is 2nv/w, and the frequency isw/2n. 

Referring to Example 2- 2, we see that the general solution to Equation 2.15 can 
be written as 

X (x) =A cos f3x + B sin f3x (2.17) 

The boundary condition that X (0) = 0 implies that A= 0. The condition at the bound
ary x =I says that 

X (l) = B sin f3l = 0 (2.18) 



2.4. The General Solution to the Wave Equation Is a Superposition of Normal Modes 

Equation 2.18 can be satisfied in two ways. One is that B = 0, but this along with the 
fact that A = 0 yields a trivial solution. The other way is to require that sin {JI = 0. 
Because sine = 0 when e = 0, rr, 2rr, 3rr, ... , Equation 2.18 implies that 

{JI= nn: n = I, 2, 3, ... (2.19) 

where we have omitted the n = 0 case because it leads to f3 = 0, and a trivial solution. 
Equation 2.19 determines the parameter f3 and hence the separation constant K = - {3 2. 

So far, then, we have that 

. nn:x 
X(x)=Bsm -

1 
(2.20) 

2.4 The General Solution to the Wave Equation Is a Superposition 
of Normal Modes 

Remember that we have Equation 2.9 to solve also. Because K = - {3 2, Equation 2.9 
can be written as 

(2.21) 

where Equation 2.19 says that f3 = nn: / l. Referring to the result obtained in Example 
2- 2 again, the general solution to Equation 2.2 1 is 

T(1) = D cos w,,r + E sin w 11 t (2.22) 

where u>11 = {Jv = mr v/ I. We have no conditions to specify D and E, so the amplitude 
u(x, t) is (cf. Equation 2.3) 

u(x, 1) = X (x) T (l) 

( 
. nn:x ) ( . ) = B sm -

1
- D cos w,,t + E sm w,,r 

( G 
. ) . nn:x = F cos w,,t + sm cu11 1 sm --

! 
n = 1, 2, ... 

where we have let F = DB and G = EB. Because there is a u (x, l) for each integer n 
and because the values of F and G may depend on n , we should write u(x, t) as 

) ( G . ) . nn: x u11 (.x,1 = F11 cosw11 1+ 11 smw111 sm --
1 

n = 1, 2, ... (2.23) 
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62 Chapter 2 I The Classica l Wave Equation 

EXAM PL E 2- 4 
Show that Equation 2.23 is a solution to Equation 2.1. 

SOLUTION: The second partial derivatives of u,, (x, t) are 

o2u,,(x , t) n2rc 2 . . nrcx 
2 

= - -
2
- (F,, cos w,,t + G,, sill w11 t) sill -ox l l 

o2
ull(x' t) - - 2 (. ) 

2 
- w u,, ..\ , ( 

Q( II 

Using the fact that w11 = mrv / l , we see that w; = v2(n2rc2 / l2) , and that Equation 2. l 
is satisfied. 

Because each u11 (x, t) in Equation 2.23 is a solution to the linear differential 
equation, Equation 2.1, their sum is also a solution of Equation 2.1 and is, in fact, 
the general solution. Therefore, we have 

00 

u(x, t) = L ( F11 cos w111 + G,, sin w,,t) sin n7x 

11=1 

n = 1, 2, . . . (2.24) 

No matter how the string is plucked initially, its shape will evolve according to Equa
tion 2.24. We can easily verify that Equation 2.24 is a solution to Equation 2.1 by direct 
substitution. Problem 2-5 shows that F cos wt + G sin wt can be written in the equiva
lent form, A cos(wt + </>) ,where A and</> are constants expressible in terms of F and G. 
The quantity A is the amplitude of the wave and</> is called the phase angle. Using this 
relation, we can write Equation 2.24 in the form 

00 00 "°"' . mr. x "°"' u(x, t) = L.; A11 cos (w11 t + ¢11 ) sm -- = L.; u,,(x, t) 
I 

11=1 11=1 

(2.25) 

Equation 2.25 has a nice physical interpretation. Each u11 (x, t) is called a normal 
mode, and the time dependence of each normal mode represents harmonic motion of 
frequency 

w11 vn 
Vn=-=-

2n: 21 
(2.26) 

where we have used the fact that w11 = f3v = nn:v/ l (cf. Equation 2.19). The spatial 
dependence of the first few terms in Equation 2.25 is shown in Figure 2.3. 
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u 

l<e ____ ?>I 
0 l 

(a) 

F I GURE 2.3 

u u 

l ~,...-, ~1 
E----}~, / ..... _ - ....... - ,..,,. 

0 l 
(c) 

The first three normal modes of a vibrating string. Note that each normal mode is a standing 
wave and that the nth harmonic has n - I nodes. 

The first term, u 1(x, t), called the fundamental mode or.first harmonic, represents a 
cosinusoidal (harmonic) time dependence of frequency v /2l of the motion depicted in 
Figure 2.3a. The second harmonic or first overtone, u2(x, t), vibrates harmonically with 
frequency v / l and looks like the motion depicted in Figure 2.3b. Note that the midpoint 
of this harmonic is fixed at zero for all t. Such a point is called a node, a concept that 
arises in quantum mechanics as well. Notice that u(O) and u(l) are also equal to zero. 
These terms are not nodes because their values are fixed by the boundary conditions. 
Note that the second harmonic oscillates with twice the frequency of the first harmonic. 
Figure 2.3c shows that the third harmonic or second overtone has two nodes. It is easy 
to continue and show that the number of nodes is equal to n - l (Problem 2- 11 ). The 
waves shown in Figure 2.3 are called standing waves because the positions of the nodes 
are fixed in time. Between the nodes, the string oscillates up and down. 

Consider a simple case in which u (x, t) consists of only the first two harmonics 
and is of the form (cf. Equation 2.25) 

. rr x 1 ( rr ) . 2rr x u (x, t) =cos w 1t sm - + - cos w2t + - sm --
I 2 2 l 

(2.27) 

Equation 2.27 is illustrated in F igure 2.4. The left side of Figure 2.4 shows the time de
pendence of each mode separately. Notice that u2 (x, t ) has gone through one complete 
oscillation in the time depicted while u 1 (x, t) has gone through only one-half of a cycle, 
nicely illustrating that w2 = 2w1• The right side of Figure 2.4 shows the sum of the two 
harmonics, or the actual motion of the string, as a function of time. You can see how 
a superposition of the standing waves in the left side of the figure yields the traveling 
wave in the right side. The decomposition of any complicated, general wave motion 
into a sum or superposition of normal modes is a fundamental property of oscillatory 
behavior and follows from the fact that the wave equation is a linear equation. 

Our path from the wave equation to its solution was fairly long because we had 
to learn to solve a certain class of ordinary differential equations on the way. The 
overall procedure is actually straightforward, and to illustrate this procedure, we will 
solve the problem of a vibrating rectangular membrane, a two-dimensional problem, in 
Section 2.5. 
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FIGURE 2.4 

First 
harmonic 

Second 
ham10nic 

:re 
W1 t = - 1------t 

2 

Sum of the 
two harmonics 

An illustration of how two standing waves can combine to give a traveling wave. In both 
parts, time increases downward. The left portion shows the independent motion of the first two 
harmonics. Both hannonics are standing waves; the first harmonic goes through half a cycle 
and the second harmonic goes through one complete cycle in the time shown. The right side 
shows the sum of the two harmonics. The sum is not a standing wave. As shown, the sum is a 
traveling wave that travels back and forth between the fixed ends. The traveling wave has gone 
through one-half of a cycle in the time shown. 

2.5 A Vibrating Membrane Is Described by a Two-Dimensional 
Wave Equation 

The generalization of Equation 2.1 to two dimensions is 

(2.28) 

where u = u(x, y, t) and x, y, and t are the independent variables. We will apply this 
equation to a rectangular membrane whose entire perimeter is clamped. By referring 
to the geometry in Figure 2.5, we see that the bounda1y conditions that u(x, y, t) must 
satisfy (because its four edges are clamped) are 

u(O, y) = u(a, y) = 0 } 
(for all t) 

u(x, 0) = u(x, b) = 0 
(2.29) 

By applying the method of separation of variables to Equation 2.28, we assume 
that u (x, y, t ) can be written as the product of a spatial part and a temporal part or that 

u(x, y, t) = F(x, y) T(t) (2.30) 
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y 

b 1--------. 

F I GU R E 2.5 
a x A rectangular membrane clamped along its perimeter. 

We substitute Equation 2.30 into Equation 2.28 and divide both sides by F(x, y)T(t) 

to find 

(2.31) 

The right side of Equation 2.31 is a function of x and y only and the left side is a 
function oft only. The equality can be true for all t, x, and y only if both sides are equal 
to a constant. Anticipating that the separation constant will be negative, as it was in the 
previous sections, we write it as - {3 2 and obtain the two separate equations 

(2.32) 

and 

(2.33) 

Equation 2.33 is still a partial differential equation. To solve it, we once again use 
separation of variables. Substitute F(x, y) = X (x) Y (y) into Equation 2.33 and divide 
both sides by X (x) Y (y) to obtain 

__ 1_ d
2
X + _ 1_ d2Y + {3 2 = O 

X(x) dx2 Y (y) dy 2 
(2.34) 

Again we argue that because x and y are independent variables, the only way this 
equation can be valid is that 

and 

I d2X 2 -. --- = - p 
X(x) dx 2 

I d 2Y 2 --= - q 
Y(y ) dy 2 

(2.35) 

(2.36) 
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where p2 and q2 are separation constants, which according to Equation 2. 34 must satisfy 

p2 + q2 = {32 

Equations 2.35 and 2.36 can be rewritten as 

and 

d2Y 
-2 + q2Y(y) = 0 
dy 

(2.37) 

(2.38) 

(2.39) 

Equation 2.28, a partial differential equation in three variables, has been reduced 
to three ordinary differential equations (Equations 2.32, 2.38, and 2.39), each of which 
is exactly of the form discussed in Example 2- 2. The solutions to Equations 2.38 and 
2.39 are 

X (x) =A cos px + B sin px (2.40) 

and 

Y(y) = C cos qy + D sinqy (2.41) 

The boundary conditions, Equations 2.29, in terms of the functions X (x) and Y (y) are 

and 

which imply that 

X(O)Y(y) = X (a) Y (y) = 0 

X(x)Y(O) = X(x)Y(b) = 0 

X(O) = X (a) = 0 

Y(O) = Y(b) = 0 
(2.42) 

Applying the first of Equations 2.42 to Equation 2.40 shows that A= 0 and pa= mr, 
so that 

. nrrx 
X11 (x) = B sm -

a 
n = 1, 2, ... (2.43) 

In exactly the same manner, we find that C = 0 and qb = m:rr, where m = 1, 2, ... , 
and so 

. m:rry 
Y111 (y) = D sm -

b 
m= 1,2, ... (2.44) 



2.5. A Vibra ting Membrane Is Described by a Two-Dimensional Wave Equation 

Recalling that p2 + q2 = {3 2, we see that 

(
n2 m2)1;2 

f311111 =rr a2 + f;i 
n = l, 2, .. . 

m= I, 2, .. . 
(2.45) 

where we have subscripted f3 to emphasize that it depends on the two integers n and m. 
Finally, now we solve Equation 2.32 for the time dependence: 

(2.46) 

where 

( 
2 2) 1/2 n m 

=VJl' - + -
a2 b2 

(2.47) 

According to Problem 2- 5, Equation 2.46 can be written as 

(2.48) 

OnesolutiontoEquation2.28isgivenbytheproductu11111 (x, y, l) = Xn(x)Y111 (y)T,111/t), 
and the general solution is given by 

00 00 

u(x, y , 1) =LL un111 (x, y , l) 
11=lm=l 

00 00 
. nrrx . mn: y 

= L L A11111 cos(w111111 + ¢11111 ) Sill -- Sill --
a b 

11 =1 m=l 

(2.49) 

As in the one-dimensional case of a v ibrating string, we see that the general 
vibrational motion of a rectangular drum can be expressed as a superposition of normal 
modes, u 11111 (x, y , 1). Some of these modes are shown in Figure 2.6. Note that in this two
dimensional problem we obtain nodal lines. In two-dimensional problems, the nodes 
are lines, as compared with points in one-dimensional problems. Figure 2.6 shows the 
normal modes for a case in which a -I= b. The case in which a = b is an interesting 

FIGURE 2.6 
The first few normal modes of a rectangular membrane. The positive values of u are in orange 
and the negative values are in grey. 
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68 Chapter 2 I The Classica l Wave Equation 

one. The frequencies of the normal modes are given by Equation 2.47. When a= bin 
Equation 2.47, we have 

vrr ( 2 2) 1/ 2 
Wn111 =-;;- n + m. (2.50) 

We see from Equation 2.50 that w 12 = w21 = 5112v7r/a in this case; yet the normal 
modes u 12(x, y, t) and u21 (x, y, t) are not the same, as seen from Figure 2.7. This is an 
example of a degeneracy, and we say that the frequency w 12 = w21 is doubly degenerate 
or two-fold degenerate. Note that the phenomenon of degeneracy arises because of the 
symmetry introduced when a= b. This phenomenon can be seen easily by comparing 
the modes u 12 and u21 in Figure 2. 7. Equation 2.50 shows that there will be at least 
a two-fold degeneracy when m # n because m2 + n2 = n2 + m2. We will see that the 
concept of degeneracy arises in quantum mechanics also. 

FIGURE 2.7 
The normal modes of a square membrane, illustrating the occurrence of degeneracy in this 
system. The normal modes u 12 and u 21 have different 01ientations but the same frequency, given 
by Equation 2.50. As in Figure 2.6, the positive values of u are in orange and the negative values 
of u are in grey. Notice that the nodal line for u 12 is parallel to the x axis while that for u 21 is 
parallel to they axis. The same is true for the normal modes u 13 and u31• 

2.6 A Characteristic Property of Waves Is Thal 
They Lead to Interference 

We saw in Section 2.4 that a traveling wave can be expressed as a superposition of 
standing waves. To see this more expliciil:ly, start with the first term in Equation 2.27, 

J'(X 

u(x, t ) =cos wit sin -
l 

where w 1 = 7rv /I . Now use the trigonometric identity 

. R l. R l. R sm <x. cos,.,= - sm(<x. + ,.,) + - sm(<x. - ,.,) 
2 2 
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.............., _____ '......l.?;i"'_ - -- _,,. ...... 

FIGURE 2.8 
An illustration of the fact that a wave of the form sin[rr(x - vt)/ l] moves uniformly to the right 
as r increases. The time, r2, labeling the dashed curve is greater than the time, ti. labeling the 
solid curve. 

to write u(x, t) in the form 

u(x, t) =~sin [ T(x + vr)J + ~sin [ T(x - ur)] (2.51) 

Let's look at the second term in this expression. Figure 2.8 shows sin[rr(x - vi)/ I] 
plotted against x for increasing values of t. Note that the shape does not change 
with time; the curve simply moves uniformly to the right. In fact, the speed with 
which it moves is v, which you can see by setting rr(x - vt)/l =constant, and then 
differentiating with respect to l to find that dx /dt = v. Similarly, the first term in 
Equation 2.51 is a waveform moving uniformly to the left with a velocity v. 

We can write sin[ rr (x - vi)/ I] in a different notation. Notice from Figure 2.3a that 
A = 21. Therefore, we can write 

f (x, t) =sin [ !f cx - vt) J =sin [
2
; (x - vt)] (2.52) 

Now use the fact that AV= v, where vis the frequency expressed in cycles per second 
(s- 1), to write Equation 2.52 as 

f (x, l) =sin [
2
; (x - AVl)] 

Finally, introduce the angular frequency w = 2rr v (radians per second) and k = 2rr /A 
to write 

f(x, t) = sin(kx - wt) (2.53) 

Equation 2.53 expresses a traveling wave in very common notation. The quantity k is 
called the wave vector. In one dimension, k is just a scalar, but in two or three dimensions 
k is a vector that describes the direction of propagation of the wave. The magnitude of 
k, k = lkl, is still equal to 2rr/A. 

Equation 2.53 represents a traveling wave of wave vector k and frequency u> 
traveling in the positive x direction with a velocity w/k = 2rrv/(2rr/A) =AV= v. Of 
course, we could also have cos(kx - wt) instead of sin(kx - w1). When dealing with 
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70 Chapter 2 I The Classica l Wave Equation 

traveling waves, it is usually more convenient to use a complex exponential notation 
and to express f (x, l) above as 

I (x, t) = ei<kx- wr> (2.54) 

and take either the real or the imaginary part. A wave of the form described by 
Equation 2.54 is called a plane wave because it is uniform in the y-z plane. 

If, for example, the wave is an electromagnetic wave, then /(x, l) represents the 
electric field at a point (x, t) and we wriif:e 

E(x, t) = Eoei (kx- wt ) (2.55) 

where E0 is the amplitude of the wave. We simply take the real part of f(x, l) to obtain 
cos(kx - wt) or the imaginary part to obtain sin(kx - wt). One reason that the complex 
exponential notation is more convenient than using either cos(kx - wt) or sin(kx - wt) 

is that every derivative of Equation 2.54 gives a constant times f (x, t), but you have 
to cycle through an even number of derivatives in Equation 2.53. 

EXAMPLE 2-5 
Show that f (x, t) given by Equation 2.54 is a solution to Equation 2.1. 

SOLUTION: The second derivatives of f(x, t) are 

a21 
ax2 = - k2f(x,t) 

I a2 f (J)2 
-- = - - f(x, t) 
v2 ot2 v2 

Using the relations k = 2rr (A and (J) = 2rrv = 2rrv(A, we see that k2 = (J)2 /v 2, and so 
Equation 2. I is satisfied. 

Let's use Equation 2.55 to derive the interference pattern of a two-slit experiment 
like that discussed in Section 1.13. Figure 1.15, reproduced as Figure 2.9 here, illustrates 
the geometry associated with the experiment. If we let x0 be the distance S 1 P in 
Figure 2.9 and use Equation 2.55, we can write the electric field at the point P as 

E(B) = Eoei (kxo- wt) + Eoei [k(x0+d sin 8)- wt ] 

= Eoei (kx0- wt)(l + eikd sin 8) 

= Eo( l + eikd sin e)ei (kx0 - wr) =A (B)ei (kx0- wt) (2.56) 

where A(B) is the amplitude of ei(kxo- wt>_ We have written E and A as E(B) and A(B) 
to emphasize their dependence on the angle e. Problem 2- 18 has you show that the 
intensity of a wave is given by the square of its amplitude, or in the case where we 
represent the wave in complex notation, it is given by A* A. Therefore, the intensity of 
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p 

FIGURE 2.9 
A schematic diagram ofa two-slit interference experiment (right). The distance I is large enough 
compared to the distance between the slits, d, so that the two light waves are essentially parallel. 
The angle fJ is the angle that the beams make with the perpendicular line between the two 
screens. The diagram on the left shows a magnification of the circled region on the right. 

the radiation described by Equation 2.56 is given by 

1(8) = A*(B) A(8) 

and so Equation 2.56 gives us 

= 2£~[1 + cos(kd sin 0)) 

Using the fact that k = 2rr /A., we have 

/ (8) = 2£~ ( 1 + cos 2rrd tn 8) 
Now use the trigonometric identity cos 2a = 2 cos2 a - 1 to write this as 

I (8) = 4£~ cos2 rrd sin () 
A. 

(2.57) 

(2.58) 

Figure 2.10 shows I (8) plotted against 8 ford= 0.010 mm and A.= 6000 A. Note that 
I (8) achieves maximum values when cos2(rrd sin 8 / A.)= l, or when 

rrd sine 
--- =nrr n =0, ±1, ±2, ... 

Note that this is just the relation (d sine= nA.) that we derived in Section 1.13. 
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EXAMPLE 2-6 

Chapter 2 I The Classica l Wave Equation 

FIGURE 2.10 
I (8) given by Equation 2.58 plotted 
against e for typical values of a two
slit experiment, d = 0.0 I 0 mm and 
A. = 6000 A. 

Suppose the second screen is placed l = 1.0 m beyond the slits. What is the separation 
of adjacent maxima along the second screen? Take d = 0.0 I 0 mm and A. = 6000 A. 

SO LUTI ON: The distance z along the second screen from the perpendicular line from 
halfway between the sli ts to the second screen is given by z = l sine (see Figure 2.9). 
Therefore, the distance between successive maxima is given by 

[ 
/.. A.] A. ~z =I (n + 1)- - n - = i-
d d d 

= ( 1.0 m)(6.0 x ~0-7 
m) = 60 mm 

1.0 x 10-) m 

Problem 2- 19 has you generalize Equation 2. 58 to the case of N s lits. This problem 
nicely illustrates the convenience of using Equation 2.54 instead of Equation 2.53. 

This chapter has presented a discussion of the wave equation and its solutions. In 
Chapter 3, we will use the mathematical methods developed here, and so we recommend 
doing many of the problems at the end ofithis chapter before going on. Several problems 
involve physical systems and serve as refreshers or introductions to classical mechanics. 

Problems 
2-1. Find the general solutions to the following differential equations. 

d 2y dy d2y dy 
(a) dx2 - 4 dx + 3Y = O (b) dx2 + 6 dx = O 

~ ~y ~ 
(c) dx + 3y = 0 (d) dx2 + 2 dx - y = 0 

d 2y dy 
(e) dx2 - 3 d~ + 2y = 0 

2- 2. Solve the following differential equations: 

d2y dy 
(a) dx2 - 4y = 0 y(O) = 2 dx (at x = 0) = 4 



Problems 

d2y dy 
(b)dx2 - 5dx + 6y = 0 y(0) = - 1 

(c) dy - 2y = 0 y(O) = 2 
dx 

dy 
- (at x = 0) = 0 
dx 

2-3. Prove that x(t) = cos wt oscillates with a frequency v = w/2rc. Prove that x(t) = 
A cos wt + B sin wt oscillates with the same frequency, w/2rc. 

2-4. Solve the following differential equations: 

d2x 2 dx 
(a)dt2 + wx(t) = 0 x(O) = O dr(att = O) = vo 

d2x 2 dx 
(b) -

2 
+ w x(t) = 0 x(O) = A - (at t = 0) = v0 

dt dt 

Prove in both cases that x(t) oscillates with frequency w/2rc. 

2-5. The general solution to the differential equation 

is 

d2x 2 - + lt) x (t) = 0 
dt2 

x(t) = Ct cos wt + c2 sin u>t 

For convenience, we often write this solution in the equivalent forms 

x(t) = A sin(wt + </>) or x(t) = B cos(wt + >./!) 

Show that all three of these expressions for x (t) are equivalent Derive equations for A and</> 
in terms of Ct and c2, and for B and >./! in terms of Ct and c2 . Show that au three fo1ms of 
x(t) oscillate with frequency w/2rc. Hint: Use the trigonometric identities 

sin(a + {3) = sin a cos fJ + cos a sin fJ and cos( a + {3) = cos a cos f3 - sin a sin fJ 

2-6. In all the di fferential equations that we have discussed so far, the values of the exponents a 
that we have found have been either real or purely imaginary. Let us consider a case in which 
a turns out to be complex. Consider the equation 

d2y dy 
- + 2 - + IOy = O 
dx 2 dx 

If we substitute y (x) = eax into this equation, we find that a2 + 2a + l 0 = 0 or that 
a = - 1 ± 3i. The general solution is 
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74 Chapter 2 I The Classica l Wave Equation 

m 

x FIGURE2.11 
A body of mass m connected to a wall by a spring. 

Show that y(x) can be written in the equivalent form 

y (x) = e-x (c3 cos 3x + c4 sin 3x) 

Thus we see that complex values of the et 's lead to trigonometric solutions modulated by an 
exponential factor. Solve the following equations: 

d 2y dy 
(a) - + 2- + 2y = 0 

dx2 dx 

d2y dy 
(b)- - 6- + 25y = 0 

dx2 dx 

d2 d 
(c) _l_ + 2{J _l_ + ({J2 + u>2)y = 0 

dx2 dx 

(d) d2·~ + 4 dy + Sy = 0 
dx dx 

y(O) = l 
dy 
-(at x = 0) = - 3 
dx 

2-7. This problem develops the idea of a classical harmonic oscillator. Consider a mass m 
attached to a spring, as shown in Figure 2.11. Suppose there is no gravitational force acting 
on m so that the only force is from the spring. Let the relaxed or undistorted length of the 
spring be x0 . Hooke's law says that the force acting on the mass m is f = - k(x - x0), where 
k is a constant characteristic of the spring and is called the force constant of the spring.Note 
that the minus sign indicates the direction of the force: to the left if x > x0 (extended) and 
to the right if x < x0 (compressed). The momentum of the mass is 

dx d(x - xo) 
p = m- = m 
. dt dt 

Newton's second law says that the rate of change of momentum is equal to a force 

dp = f 
dt 

Replacing f(x) by Hooke's law, show that 

Upon letting e = x - Xo be the displacement of the spring from its undistorted length, then 



Problems 

Given that the mass starts at ~ = 0 with an intial velocity v0, show that the displacement is 
given by 

( ) 
1/ 2 [( k) 1/ 2 ] 

e(r) = vo ; sin ;, t 

Interpret and discuss this solution. What does the motion look like? What is the frequency? 
What is the amplitude? 

2-8. Modify Problem 2- 7to the case where the mass is moving through a viscous medium with 
a viscous force proportional to but opposite the velocity. Show that the equation of motion is 

d2~ d~ 
m - + y - +k~ = 0 

dt 2 dt 

where y is the viscous drag coefficient. Solve this equation and discuss the behavior of ~(t) 
for various values of m, y, and k. This system is called a damped harmonic oscillator. 

2-9. Consider the linear second-order differential equation 

d2y dy 
-

2 
+ a1 (x) - + a0(x)y(x) = 0 

dx · dx 

Note that this equation is linear because y(x) and its derivatives appear only to the first power 
and there are no cross terms. It does not have constant coefficients, however, and there is 
no general , simple method for solving it like there is if the coefficients were constants. In 
fact, each equation of this type must be treated more or less individually. Nevertheless, 

because it is linear, we must have that, if y 1(x) and y2 (x) are any two solutions, then a linear 
combination, 

where c 1 and c2 are constants, is also a solution. Prove that y(x) is a solution. 

2-10. We will see in Chapter 3 that the Schrodinger equation for a particle of mass m that is 
constrained to move freely along a line between 0 and a is 

d21/J + (8rc2m£) 1/J(x) = 0 
dx2 h2. 

with the boundary condition 

1/1(0) = i/f (a) = 0 

In this equation, E is the energy of the partide and 1/f (x) is its wave function. Solve this 
differential equation for 1/f (x ), apply the bom1dary conditions, and show that the energy can 
have only the values 

n = 1, 2, 3, ... 

or that the energy is quantized. 
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2- 11. Prove that the number of nodes for a vibrat ing string clamped at both ends is n - l for 
the nth harmonic. 

2- 12. Provethat 

y(x, t) = A sin [
2
; (x - vt)] 

is a wave of wavelength A and frequency v = v/A traveling to the right with a velocity v. 

2- 13. Sketch the normal modes of a vibrating rectangular membrane and show that they look 

like those shown in Figure 2.6. 

2- 14. This problem is the extension of Problem 2-l 0 to t\vo dimensions. In this case, the par
ticle is constrained to move freely over the surface of a rectangle of sides a and b. The 

Schrodinger equation for this problem is 

82
1/t 82

1/t (8n
2
m E) ,,, ( ) = O 

2 + 2 + 2 ~ x,y 
8x 8y h 

with the botmdary conditions 

1/t(O, y) = 1/t(a, y) = 0 

1/t(X, 0) = 1/t(X, b) = 0 

for all y , 

for all x, 

Solve this equation for 1/t (x, y ), apply the bow1dary conditions, and show that the energy 
is quantized according to 

{ 
nx = l, 2, 3, .. . 

n y = 1, 2, 3, .. . 

2- 15. Extend Problems 2- 10 and 2- 14 to three dimensions, where a particle is constrained to 
move freely throughout a rectangular box of sides a, b, and c. The Schrodinger equation for 
this system is 

8
2

1/t 8
2

1/t 8
21/t ( 8n

2
m.£) _ 

2 + 2 + 2 + 2 1/t (x • Y • z) - O 
8x 8y 8z h 

and the boundary conditions are that 1/t ( x, y, z) vanishes over all the surfaces of the box. 

2- 16. Show that Equations 2.46 and 2.48 are equivalent. How are G,,111 and ¢>11111 in Equation 2.48 
related to the quantities in Equation 2.46? 

2- 17. Prove that u,,(x, t), the nth normal mode of a vibrating string (Equation 2.23), can be 
written as the superposition oft\vo similar traveling waves moving in opposite directions. 
Let ¢>11 = 0 in Equation 2.25 . 

2- 18. This problem shows that the intensity of a wave is proportional to the square of its 
ampli tude. Figure 2.12 illustrates the geometry of a vibrating string. Because the velocity 



Problems 

u 

0 x x+ dx 

FIGURE 2.12 
The geometry of a vibrating string. 

at any point of the string is au/at, the kinetic energy, T, of the entire string is 

T = -p _..!!_ dx 11 I (a )2 
o 2 at 

where pis the linear mass density of the string. The potential energy is found by considering 
the increase in length of the small arc P Q oflength ds in Figure 2.12. The segment of the 
string along that arc has increased its length from dx to ds. Therefore, the potential energy 
associated with this increase is 

V = f r:(ds - dx) 

where r: is the tension in the string. Using the fact that (ds)2 = (dx)2 + (du)2, show that 

v ~ J,' , [ [1 + G:) '] '" -1 J d, 

Using the fact that (I + x) 112 ~ I + (x /2) for small x , show that 

for small displacements. 

V = ~ r: ( (au)2 dx 
2 lo ax 

The total energy of the vibrating string is the sum of T and V and so 

E = ~ {' (au )2 dx + ::_ ( (au )2dx 
2 lo at 2 lo ax 

Equation 2.25 shows that the nth normal mode can be written in the form 

( . mrx 
/.Ill x' l) = D ll COS(lt.)11f + <P11) Sll1 - / -
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78 Chapter 2 I The Classica l Wave Equation 

where w11 = vmr / l. Using this equation, show that 

and 

Using the fact that v = ( r / p) 112, show that 

Note that the total energy, or intensity, is proportional to the square of the amplitude. 
Although we have shown this proportionality only for the case of a vibrating string, it is 
a general result and shows that the intensity of a wave is proportional to the square of the 
amplitude. If we had carried everything through in complex notation instead of sines and 
cosines, then we would have found that £ 11 is proportional to ID11 1

2 instead of just D,~· 
Generally, there are many normal modes present at the same time, and the complete 

solution is 

00 
"\""' . fl7r:X 

u(x, t) = L D 11 cos(w11 t + </>11 ) Sill -
1
-

11 = 1 

Using the fact that (see Problem 3-23) 

lo
/ . fl7r:X . m7r:X 

Sill -- Sill --dx = 0 
0 { l 

ifm :fan 

show that 

2 2 00 

E = tr v p "\""' n2 D2 
II 4l L II 

11= 1 

2-19. In this problem, we' ll generalize Equation 2.58 to the case of N slits. Figure 2.13 
summarizes the geometrical setup. Realize that all the rays impinge on one point P; they 
are approximately parallel, as in Figure 2.9. The electric field at the point P is given by 

N 

= Eoe-iw1 L eikp,, 

11 = 1 

which is the generalization of Equation 2.56. Now argue that the path difference between 
any two adjacent sources is 

8 = P11+ 1 - P11 n = 1, 2, ... , N - l 



Problems 

p 

1-- l 

FIGURE 2.13 
The geometry used in Problem 2-19 for the derivation of the interference pattern for N slits. 

and therefore that p11+1 - p 1 = n8, where 8 = d sin fJ . Now show that 

Now use the fact that 

N- 1 
E (fJ) = E oei(kp1-w1J L eik118 

11 = 0 

N- 1 N 
L x11 =~ 

l - x 11=0 

(see MathChapter D for a simple proof of this formula) to write E (fJ) as 

Now factor eikN8/ 2 from the numerator and eik812 from the denominator to get 

E (fJ ) = E ei(kp1-wi+kN8/2-k8/2) e e 
( 

ikN8/2 + -ikN8/ 2) 

o eik8/2 _ e-ikS/ 2 

Finally, use the fact that (eix - e-ix)/2i = sin x and that k = 2rr (A to show that the intensity 
of radiation at the point P is 

l (fJ) = A*(fJ )A(fJ) = £ 2 ( sin[(rrNd/A.) sin fJ ])
2 

0 sin [(rrd /A.) sin fJ ] 
(2.59) 

Plot I (fJ) against fJ ford = 0.010 mm and A. = 6000 A and show that it is the same result 
as in Figure 2.10. 

2-20. Show that Equation 2.59 from the previous problem reduces to Equation 2.58 when 
N = 2. 

2-21. Plot Equation 2.59 for N = 3. 

2-22. Plot Equation 2.59 for N = I. What's going on here? 
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2-23. If you plot Equation 2.59 for a munber of values of N, you'll see that the number of 
minima between the large maxima (called the principal maxima) is equal to N - l. Can 
you prove this? 

Problems 2-24 thmugh 2-29 illustrate some other applications of differential equa

tions to classical mechanics. 

Many problems in classical mechanics can be reduced to the problem of solving a 
differential equation with constant coefficients (cf Problem 2-7). The basic starting point 
is Newton's second Jaw, which says that the rate of change of momentum is equal to the 
force acting on a body. Momentum p equals mv, and so ifthe mass is constant, then in one 
dimension we have 

dp dv d2x . 
- = m- = m- = f 
dt dt dr2 

If we are given the force as a function of x, then this equation is a differential equation 
for x(r), which is called the trajectory of the particle. Going back to the simple harmonic 
oscillator discussed in Problem 2- 7, if we let x be the displacement of the mass from its 
equilibrium position, then Hooke's law says that f (x) = - kx, and the differential equation 
corresponding to Newton's second Jaw is 

d2 x 
m-

2 
+ kx(t) = 0 

dt 

a differential equation that we have seen several times. 

2-24. Consider a body falling freely from a height x 0 according to Figure 2.14. Ifwe neglect 
air resistance or viscous drag, the only force acting upon the body is the gravitational 
force mg. Using the coordinates in Figure 2.14a, mg acts in the same direction as x and 

x mg 

x 

(a) (b) 

FI G URE 2.14 
(a) A coordinate system for a body falling from a height x 0 , and (b) a different coordinate system 
for a body falling from a height x0. 



Problems 

so the differential equation corresponding to Newton's second Jaw is 

Show that 

I 2 
x(t) = -gt + v0t + xo 

2 

where x0 and v0 are the initial values of x and v. According to Figure 2. I 4a, x0 = 0 and so 

I 2 
x(t) = - gt + v0t 

2 

If the particle is just dropped, then v0 = 0 and so 

Discuss this solution. 

1 
x(t) = -gt 2 

2 

Now do the same problem using Figure 2. I 4b as the definition of the various quantities 
involved, and show that although the equations may look different from those above, they 
say exactly the same thing because the diagram we draw to define the direction of x, v0, and 
mg does not affect the falling body. 

2-25 . Derive an equation for the maximum height a body will reach ifit is shot straight upward 
with a velocity v0. Refer to Figure 2. l4b but realize that in this case v0 points upward. How 
Jong will it take for the body to return to earth? 

2-26. Consider a simple pendulum as shown in Figure 2. l 5. We let the length of the pendulum 
be l and assume that all the mass of the pendulmn is concentrated at its end, as shown in 
Figure 2. l5 . A physical example of this case might be a mass suspended by a string. We 
assume that the motion of the pendulum is S·et up such that it oscillates within a plane so 
that we have a problem in plane polar coordinates. Let the distance along the arc in the 
figure describe the motion of the pendulum, so that its momentum is mds/dt = ml dB /dt 
and its rate of change of momenttun is ml d2 B / d t 2 . Show that the component of force in the 
direction of motion is - mg sine, where the minus sign occurs because the direction of this 

FI G URE2.15 
The coordinate system describing an oscillating 
pendulum. 
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force is opposite that of the angle fJ. Show that the equation of motion is 

d2f) 
ml-

2 
= - mg sin fJ 

dr 

Now assmne that the motion takes place only through very small angles and show that the 
motion becomes that of a simple harmonic oscillator. What is the natural frequency of this 
harmonic oscillator? Hint: Use the fact that sin fJ::::::: fJ for small values offJ. 

2-27. Consider the motion of a pendulum like that in Problem 2-26 but swinging in a viscous 
medium. Suppose that the viscous force is proportional to but oppositely directed to its 
velocity; that is, 

. ds dfJ 
fviscous = - A-= - Ai-

dt dt 

where A is a viscous drag coefficient. Show that for small angles, Newton's equation is 

d2fJ df) 
ml - +A.L- +mgfJ = O 

dt2 dt 

Show that there is no harmonic motion if 

Does it make physical sense that the medium can be so viscous that the pendulum undergoes 
no harmonic motion? 

2-28. Consider two pendulums of equal lengths and masses that are connected by a spring that 
obeys Hooke's law (Problem 2-7). This system is shown in Figure 2.16. Assuming that the 
motion takes place in a plane and that the angular displacement of each pendulum from the 
horizontal is small, show that the equations of motion for this system are 

d2x 
m - = - mw2x - k(x - y) 

dr2 o 

d2y 
m - = - nw}y - k(y - x) 

dt2 0 

FIGURE 2.16 
Two pendulums coupled by a spring that obeys Hooke's 
law. 



Problems 

where U>o is the natural vibrational frequency of each isolated pendultun [i.e., U>o = (g / l) if2] 

and k is the force constant of the connecting spring. In order to solve these two simultaneous 
differential equations, assume that the t\vo pendulums swing harmonically and so try 

x(I) = Aeiwt y (r) = Beiw1 

Substitute these expressions into the two differential equations and obtain 

Now we have two simultaneous linear homogeneous algebraic equations for the two am
plitudes A and B. We shall learn in MathChapter E that the determinant of the coefficients 
must vanish in order for there to be a nontrivial solution. Show that this condition gives 

Now show that there are two natural frequencies for this system-namely, 

and 2 2 2k 
W2 = <.t>o + 

m 

Interpret the motion associated with these frequencies by substituting wf and w~ back into 
the t\Vo equations for A and B. The motion associated with these values of A and B are 
called normal modes, and any complicated, general motion of this system can be written as 
a linear combination of these normal modes. Notice that there are two coordinates (x and 

y) in this problem and two normal modes. We shall see in Chapter 5 that the complicated 
vibrational motion of molecules can be resolved into a linear combination of natural, or 
normal , modes. 

2- 29. Problem 2- 28 can be solved by introducing center-of-mass and relative coordinates (cf. 
Section 5 .3). Add and subtract the differential equations for x (r) and y (t) and then introduce 

the new variables 

and ~ = x - y 

Show thatthe differential equations for 'I) and ~ are independent. Solve each one and compare 
your results to those of Problem 2-28. 

2- 30. Equation 2.51 suggests that sin[2rr(x + vt)/A.] and sin [2rr(x - vt)/A.] are solutions to 
the wave equation. Now prove that 

u(x, t) = <J>(x + vt) + 1/f(x - vt) 

where</> and 1{! are suitably well-behaved but otherwise arbitrary ftmctions, is also a solution. 
This solution is known as d' Alembert's solution of the wave equation. Give a physical 
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interpretation of <J> (x + vt) and 1/f(x - vt). D' Alembert's solution can be obtained by 
transforming the independent variables in the wave equation. Introduce the new variables 

YJ = X +Vt and e = x - vt 

into Equation 2.1 and show that the wave equation becomes 

This form of the wave equation can be solved by two successive integrations. The first 
integration gives 

OU = f(YJ) 
ory 

where f (YJ) is an arbitrary function of 17 only. Show that a second integration gives 

u (ry, e) = J f (ry)dry + 1/1(0 = </>(YJ)+1/l<e} 

or 

u(ry , e) = </> (x + vt) + 1/f(x - vt) 
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MA TH C H A PT ER B 
Probabi I ity and Statistics 

In many of the following chapters, we will deal with probability distributions, average 
values, and standard deviations. Consequently, we take a few pages here to discuss some 
basic ideas of probability and show how to calculate average quantities in general. 

Consider some experiment, such as the tossing of a coin or the rolling of a die, 
that has n possible outcomes, each with probability p1, where j = 1, 2, ... , n. If the 
experiment is repeated indefinitely, we intuitively expect that 

N 
1. J 

P1= tm -
N ..+oo N 

j = 1, 2, ... , n (B.l) 

where N1 is the number of times that the event j occurs and N is the total number of 
repetitions of the experiment. Because 0 ~ N 1 ~ N, p 1 must satisfy the condition 

(B.2) 

When p 1 = l, we say the event j is a certainty and when p 1 = 0, we say it is impossible. 
In addition, because 

II 

we have the normalization condition, 

II 

(B.3) 

Equation B.3 means that the probability that some event occurs is a certainty. Suppose 
now that some number x 1 is associated with the outcome j. Then we define the average 85 



86 MathChapter B I Probability and Statistics 

of x or the mean of x to be 

II II 

(x) = L XJP.i = L x1p(x1) (B.4) 

}=I .i=I 

where in the last term we have used the expanded notation p (x 1), meaning the proba
bility of realizing the number x 1. We will denote an average of a quantity by enclosing 
the quantity in angular brackets. 

EXAMPLE B-1 
Suppose we are given the following data: 

x p(x) 

0.20 

3 0.25 

4 0.55 

Calculate the average value of x. 

SO LUTI ON: Using Equation B.4, we have 

(x} = (1)(0.20) + (3)(0.25) + (4)(0.55) = 3.15 

It is helpful to interpret a probability distribution like p 1 as a distribution of a unit 
mass along the x axis in a discrete manner such that p 1 is the fraction of mass located 
at the point xi (Figure B. l ). According to this interpretation, the average value of x is 
the center of mass of this system. 

p(x ) 

0 

FIGURE B.1 

x 
4 

The discrete probability frequency function or probability density, p(x). 
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Another quantity of importance is 

II 

(x2
) = L x]pi (B.5) 

.i=I 

The quantity (x2) is called the second moment of the distribution {pi} and is analogous 
to the moment of inertia. 

EXAM PL E B-2 
Calculate the second moment of the data given in Example B- 1. 

SO LUTI ON: Using EquationB.5, we have 

(x2
} = ( l)2(0.20) + (3)2(0.25) + (4)2(0.55) = 11.25 

Note from Examples B- 1 and B-2 that (x2) f= (x)2. This nonequality is a general result 
that we w ill prove below. 

A physically more interesting quantity than (x2) is the second central moment, or 
the variance, defined by 

11 

a 2 = ((x - (x))2) = ""(x · - (x))2 p · x ,L__; J J (B.6) 
.i=I 

As the notation suggests, we denote the square root of the quantity in Equation B.6 
by ax, which is called the standard deviation. From the summation in Equation B.6, 
we can see that a} will be large if x.i is likely to differ from (x), because in that case 

(xi - (x)) and so (xi - (x) )2 will be large for the significant values of pi. On the other 

hand, a} will be small if xi is notlikely to differ from (x), or ifthex i cluster around (x), 

because then (xi - (x) )2 will be small for the significant values of pi. Thus, we see that 
either the variance or the standard deviation is a measure of the spread of the distribution 
about its mean. 

Equation B. 6 shows that a} is a sum of positive terms, and so a} ::: 0. Furthermore, 

11 11 

a} = I)x1 - (x)) 2 p1 =l:<x.7 - 2(x)x1 + (x)2)p1 
j=I j=I 

11 II 11 

= L x]p1 - 2 L (x)xipi + L (x) 2p1 (B.7) 

i=I i=I i=I 

The first term here is just (x 2) (cf. EquationB.5) . To evaluate the second and third terms, 
we need to realize that (x), the average of xi, is just a number and so can be factored out 
of the summations, leaving a summation of the form L: xi pi in the second term and 

87 



88 MathChapter B I Probability and Statistics 

L p 1 in the third term. The summation L x 1p1 is (x) by definition and the summation 
L p 1 is unity because of normalization (Equation B.3). Putting all this together, we 
find that 

a2 = (x2) - 2(x)2 + (x)2 
x 

(B.8) 

Because a}:::::. 0, we see that (x2):::::. (x)2. A consideration of Equation B.6 shows that 
a}= 0 or (x) 2 = (x2) only when x 1 = (x) with a probability of one, a case that is not 
really probabilistic because the event j occurs on every trial. 

So far we have considered only discrete distributions, but continuous distributions 
are also important in physical chemistry. It is convenient to use the unit mass analogy. 
Consider a unit mass to be distributed continuously along the x axis, or along some 
interval on the x axis. We define the linear mass density p(x) by 

dm = p(x)dx 

where dm is the fraction of the mass lying between x and x + d x. By analogy, then, 
we say that the probability that some quantity x, such as the position of a particle in a 
box, lies between x and x + dx is 

Prob{x, x + dx} = p(x )dx (B.9) 

and that 

l
b 

Prob{ a ~ x ~ b} = p(x)dx 
a 

(B. l 0) 

In the mass analogy, Prob{ a ~ x ~ b} is the fraction of mass that lies in the interval 
a ~ x ~ h. The normalization condition is 

l
b 

a p(x)dx = I (B.11) 

Following Equations B.4 through B.6, we have the definitions 

(x) = 1b xp(x)dx (B.12) 

(B.13) 

and 

(B.14) 



MathChapter B I Probabi li ty and Statistics 

EXAMPLE B-3 
Perhaps the simplest continuous distribution is the so-called tmiform distribution, 
where 

{ 
constant = A 

p(x) = 
0 

a ~ x ~ b 

otherwise 

Show that A must equal l/ (b - a). Evaluate (x), (x2
}, a}, and ax for this distribution. 

SOLUTION: Because p(x) must be normalized, 

1.b !.b p(x)dx = l = A dx = A(b - a) 

" 

Therefore, A = l/(b - a) and 

otherwise 

The mean of x is given by 

1,, 1 1,, 
{x} = xp(x)dx = -- xdx 

ii b - a a 

b2 - a2 b + a 
2(b - a) 2 

and the second moment of x by 

(x2) = x 2 p(x)dx = -- x 2dx 1,, I f," 
ii b - a a 

b3 
- a3 b2 + ab + a2 

3(b - a) 3 

Last, the variance is given by Equation 8.6, and so 

a2 = (x2} _ (x)2 = (b - a)
2 

x 12 

and the standard deviation is 

(b - a) 
ax = m 
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EXAMPLE B-4 
The most commonly occurring and most important continuous probability distribution 
is the Gaussian distribution, given by 

- OO<X<OO 

Find c, (x}, a;, and a .... 

SO LUTI ON: The constant c is determined by normalization: 

Joo f "° 2 2 
p(x)dx = L = c e-x 12" dx 

-00 -00 

(B.15) 

If you look in a table of integrals (e.g., The CRC Standard Mathematica/ Tables or The 
CRC Handbook of Chemisfly and Physics ; CRC Press: Boca Raton, FL), you won't 
find the above integral. However, you will find the integral (see also Problem B-6) 

["° ( ) l/2 lo e-<>x2 dx = :a (B.16) 

The reason that you won't find the integral with the lirnts (- oo, oo) is illustrated 

in Figure B.2a, where e-ax
2 

is plotted against x. Note that the graph is symmetric about 

the vertical axis, so that the corresponding areas on the two sides of the axis are equal. 

Such a fm1ction has the mathematical property that f(x) = f( - x) and is called an 
even function. For an even function 

FIGURE B.2 

f A feven(x)dx = 2 { A f~ven (x)dx 
-A lo 

f(x) 

0 
(a) 

x 

(B.17) 

f(x) 

x 

(b) 

(a) The fi.mction f (x) = e-.x
2 

is an even fonction, f (x) = f (- x). (b) The function f (x) = xe--"
2 

is an odd function, f (x) = - f ( - x). 
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If we recognize that p (x) = e-x
2 

/2tl- is an even function and use Equation B.16, then 

we find that 

1
00 

.2 2 lo 00 
2 2 c e-·• 12a dx = 2.c e-x 12" dx 

- 00 0 

= 2.c ( rr;2) l/2 = 1 

or c = 1/ (2rra2) 112. 

The mean of x is given by 

100 100 
. 2 2 

(x} = - oo xp(x)dx = (2rra 2
)-

112 
- oo xe-x f 2tl dx (B.18) 

The integrand in Equation B.18 is plotted in Figure B.2b. Notice that this graph is 

antisymmetric about the vertical axis and that the area on one side of the vertical axis 

cancels the corresponding area on the other side. This function has the mathematical 

prope11y that f (x) = - f ( - x) and is called an odd function. For an odd function, 

1A f~dd(x)dx = 0 
-A 

The function xe-·1
•
2

f 2t1
2 

is an odd function, and so 

1
00 

.2 2 
(x} = xe-x t2a dx = 0 

- 00 

The second moment of x is given by 

(B.19) 

The integrand in this case is even because f (x) = x 2e-x
2
f 2a

2 
= f ( - x). Therefore, 

The integral 

100 2 -ax2d - 1 (Jr) l/2 xe X -- -
o 4a a 

(B.20) 
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can be forn1d in integral tables, and so 

Because (x} = 0, a} = (x2}, and so ax is given by 

The standard deviation of a normal distribution is the parameter that appears in the 
exponential. The standard notation for a normalized Gaussian distribution function is 

(B.21) 

Figure B.3 shows Equation B.21 for various values of O'x. Note that the curves become 
narrower and taller for smaller values of o-x. 

FIGURE B.3 

... ...... . 

p(x) , . 
. \ . . 
I \ . . 

0 
········ x 

A plot ofa Gaussian distribution, p (x) , (Equation B.2 l) for three values of O'x · The dotted curve 
corresponds to a,. = 2, the solid curve to a,. = I, and the dash-dotted curve to a .. = 0.5. 

A more general version of a Gaussian distribution is 

(B.22) 

This expression looks like those in Figure B.3 except that the curves are centered at 
x = (x) rather than x = 0. A Gaussian distribution is one of the most important and 
commonly used probability distributions in all of science. 



Problems 

Problems 
B-1. Using the following table 

x p(x) 

- 6 0.05 

- 2 0.15 

0 0.50 

O. IO 

3 0.05 

4 O.IO 

5 0.05 

calculate (x} and (x 2} and show that (]"2 > 0. x 

B-2. A discrete probability distribution that is commonly used in statistics is the Poisson 
distribution 

"' f, - ~ - }. ,, - e 
n! 

n = 0, J, 2, ... 

where A. is a positive constant Prove that f,, is normalized. Evaluate (n} and (n2} and show 
that (]"2 > 0. Recall that 

B- 3. An important continuous distribution is the exponential distribution 

p(x)dx = ce->.xdx o ::: x < oo 

Evaluate c, (x}, and (]" 2, and the probability that x 2: a. 

B- 4. Prove explicitly that 

Joo 2 1 00 2 
e-ax dx = 2 e-ax dx 

- 00 0 

by breaking the integral from - oo to oo into one from - oo to 0 and another from 0 to oo. 
Let z = - x in the first integral and z = x in the second to prove the above relation. 

B- 5. By using the procedure in Problem B-4, show explicitly that 

100 2 
xe-ax dx = 0 

- 00 
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B-6. Integrals of the type 

J
oo .2 

/,,(a) = x 2"e-a-' dx 
- 00 

n = 0, I, 2, ... 

occur frequently in a number of applications. We can simply either look them up in a table 
of integrals or continue this problem. First, show that 

[ "° 2 
!,,(a) = 2 lo x 2"e-ax dx 

The case n = 0 can be handled by the following trick. Show that the square of /0(a) can be 
written in the form 

[
00 

[
00 

. 2 2 
I t(a) = 4 lo lo dxdye-a(x + y) 

Now convert to plane polar coordinates, letting 

r2 = x2 + y2 and dxdy = rdrdB 

Show that the appropriate limits of integration are 0 :::=: r < oo and 0 :::=: B :::=: rr /2 and that 

which is elementary and gives 

2 rr I rr 
I (a) = 4 · - · - = -0 2 2a a 

or that 

/o(a) = (~) 
112 

Now prove that the!,, (a) may be obtained by repeated differentiation of /0(a) with respect 
to a and, in particular, that 

d" / o(a) = (- l)"/ (a) 
d<X11 II 

Use this result and the fact that /0(a) = (rr/a) 112 to generate / 1(a), / 2(a), and so forth. 

B-7. Without us ing a table of integrals, show that all of the odd moments of a Gaussian 
distribution are zero. Using the results derived in Problem B- 6, calculate (x4

} for a Gaussian 
distribution. 

B-8. Consider a particle to be constrained to lie along a one-dimensional segment 0 to a. We 

will learn in the next chapter that the probability that the particle is found to lie between x 
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and x + dx is given by 

2 . 2 nrrx 
p(x)dx = - SID --dx 

a a 

where /1 = I, 2. 3, .. .. First show that p (x ) is normalized. Now show that the average 
position of the particle along the line segment is a / 2. Is this result physically reasonable? 
The integrals that you need are (Tire CRC Handbook of Chemist1y and Physics or The CRC 
Sta11dard Mathematical Tables; CRC Press: Boca Raton, FL) 

and 

f . 2 x sin 2ax 
SID axdx = Z -~ 

f . 2 d x2 x sin 2ax cos 2ax 
x sm ax x = - - · - ---

4 4a 8a2 

8-9. Show that (x}2 = a2/4 and that the variance associated with the probability distribution 

given in Problem B- 8 is given by (__::__)
2 (7r2112 

- 2). The necessary integral is (CRC 
2rrn 3 

tables) 

x sm axdx = - - - - - sm2ax -f 2 . 2 x
3 

( x
2 

l ) . x cos 2ax 
6 4a &r3 4a2 

8-10. Show that 

for a particle in a box is less than a, the width of the box, for any value of 11 . If <1 x is the 
uncertainty in the position of the particle, could C!x ever be larger than a? 

8-11 . All the definite integrals used in Problems B-8 and B- 9 can be evaluated from 

1
(1 

I ( R) {3.x • 2 111( X d 
i; = e SID -- X 

o a 

Show that the above integrals are given by I (0), I'(O), and / 11(0) , respectively, where the 
primes denote differentiation with respect to {J. Using a table of integrals, evaluate I ({J) 
and then the above three integrals by differentiation. 

8- 12. Using the probability distribution given in Problem B--8, calculate the probability that the 
particle will be found between 0 and a/ 2. The necessary integral is given in Problem B-8. 
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Erwin Schrodinger was born in Vienna, A ustria, on August 12, 1887, and died there in 
1961. He received his Ph.D. in theoretical physics in 1910 from the University of Vienna. 
He then held a number of positions in Germany and in 1927 succeeded Max Planck at 
the University of Berlin at Planck's request. Schrodinger left Berlin in 1933 because of 
his opposition to Hitler and Nazi policies and eventually moved to the University ofGraz 
in Austria in 1936. After the invasion of Austria by Germany, he was forcibly removed 
from his professorship in 1936. He then moved to the Institute of Advanced Studies, which 
was created for him, at the University College, Dublin, Ireland. He remained there for 17 
years and then retired to his native Austria. Schrodinger shared the Nobel Prize in Physics 
with Paul Dirac in 1933 for the "discovery of new productive forms of atomic theory." 
Schri:idinger rejected the probabilistic inte rpretation of the wave equation, which led to 
serious disagreement with Max Born, but they remained warm friends in spite of their 
scientific disagreement. Schrodinger preferred to work alone, and so no school developed 
around him, as it did for several other developers of quantum mechanics. His influential 
book, What is Life?, caused a number of physicists to become interested in biology. His 
personal life, which was rather unconventional, has been engagingly related by Walter 
Moore in his book Schr6dinger: Life and Th ought (Cambridge University Press: Cambridge, 
UK, 1989). 



CHAPTER 3 
The Schrodinger Equation and a 

Particle in a Box 

The Schrodinger equation is our fundamental equation of quantum mechanics. The 
solutions to the Schrodinger equation are called wave functions. We will see that a 
wave function gives a complete quantum-mechanical description of any system. In this 
chapter, we present and discuss the version of the Schrodinger equation that does not 
contain time as a variable. Solutions to the time-independent Schrodinger equation are 
called stationa1y -state wave functions because they are independent of time. Many 
problems of interest to chemists can be treated by using only stationary-state wave 
functions. 

In this chapter, we present the time-independent Schrodinger equation and then ap
ply it to a free particle of mass m that is restricted to lie along a one-dimensional interval 
of length a. This system is called a particle in a box and the calculation of its properties 
is a standard introductory problem in quantum mechanics. The particle-in-a-box prob
lem is simple, yet very instructive. In the course of discussing this problem, we will 
introduce the probabilistic interpretation of wave functions. We use this interpretation 
to illustrate the application of the uncertainty principle to a particle in a box. 

3.1 The Schrodinger Equation Is the Equation for the 
Wave Function of a Particle 

We cannot derive the Schrodinger equation any more than we can derive Newton's 
laws, and Newton's second law, f = ma, in particular. We shall regard the Schrodinger 
equation to be a fundamental postulate, or axiom, of quantum mechanics, just as 
Newton 's laws are fundamental postulates of classical mechanics. Even though we 
cannot derive the Schrodinger equation, we can at least show that it is plausible and 
perhaps even trace Schrodinger's original line of thought. We finished Chapter I with 
a discussion of matter waves, arguing that matter has wavelike character in addition to 
its obvious particle-like character. As one story goes, at a meeting at which this new 97 
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idea of matter waves was being discussed, someone mentioned that if indeed matter 
does possess wavelike properties, then there must be some sort of wave equation that 
governs them. 

Let's start with the classical one-dimensional wave equation for simplicity: 

o2u l o2u 

ox 2 v2 ot2 
(3. J) 

We have seen in Chapter 2 that Equation 3. I can be solved by the method of separation 
of variables and that u(x, t) can be written as the product of a function of x and a 
harmonic or sinusoidal function of time. We w ill express the temporal part as cos wt 
(cf. Equation 2.22) and write u (x, t ) as 

u(x, t) = 1/f(x) cos wt (3.2) 

Because 1/f(x) is the spatial factor of the amplitude u(x, t), we will call 1/f (x) the spatial 

amplitude of the wave. If we substitute Equation 3 .2 into Equation 3.1, we obtain an 
equation for the spatial amplitude lfr(x), 

(3.3) 

Using the fact that w = 2rr v and that v A. = v, Equation 3 .3 becomes 

(3.4) 

We now introduce the idea of de Broglie matter waves into Equation 3.4. The total 
energy of a particle is the sum of its kinetic energy and its potential energy, 

p2 
E= - + V(x) 

2m 
(3.5) 

where p = mv is the momentum of the particle and V (x) is its potential energy. If we 
solve Equation 3.5 for the momentum p, we find 

p = {2m[E - V(x)]} 112 (3.6) 

According to the de Broglie formula, 

A.=!!_= h 
p {2m[E - V(x)]} 1/ 2 

Substituting this into Equation 3.4, we find 

d21fr 2m 
-

2 
+ -:--

2 
[£ - V(x)]lfr(x) = 0 

dx Ii 
(3.7) 

where Ii (called h-bar) = h/2rr. 



3.2. Classica l-Mechan ical Quantities Are Represented by Linear Operators in Quantum Mechan ics 

Equation 3.7 is the Schrodinger equation, a differential equation whose solution, 
ijr(x), describes a particle of mass m moving in a potential field described by V (x). 
The exact nature of ijr(x) is vague at this point, but in analogy to the classical wave 
equation, it is a measure of the amplitude of the matter wave and is called the wave 
function of the particle. Equation 3.7 does not contain time and is called the time
independent Schrodi nger equation. The wave functions obtained from Equation 3. 7 are 
called stationmy-state wave functions. Although there is a more general Schrodinger 
equation that contains a time dependence (Section 4.9), we will see throughout this book 
that many problems of chemical interest can be described in terms of stationary-state 
wave functions. 

Equation 3.7 can be rewritten in the form 

Ji2 d21/! ---- + V(x)1f!(x ) = £1f! (x) 
2m dx2 

(3 .8) 

Equation 3.8 is a particularly nice way to write the Schrodinger equation when we 
introduce the idea of an operator in the next section. 

3.2 Classical-Mechanical Quantities Are Represented by 
Linear Operators in Quantum Mechanics 

An operator is a symbol that tells you to do something to whatever follows the symbol. 
For example, we can consider dy / dx to be tlhe d / dx operator operating on the func
tion y(x) . Some other exan1ples are SQR (square what follows), f0

1 
dx (integrate what 

follows from 0 to 1), 3 (multiply by 3), and() ji)y. We usually denote an operator by a 
capital letter with a carat over it (e.g., A). Thus, we write 

Af (x) = g(x) 

to indicate thatthe operator A operates on f(x) to give a new function g(x). 

EXAMPLE 3-1 
Perfonn the following operations: 

' d2 
(a) A(2x), A = -

dx2 

' d2 d 
(b) A(x2), A=-+2- + 3 

dx2 dx 

(c) A(xy3), A= i_ 
ay 

(ct) A(eikx), A=- in.!!_ 
dx 

SOLUTION: 

' d2 
(a) A(2x) = - (2x) = 0 

dx2 
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d 2 d 
(b) A(x2) = - x2 + 2- x2 + 3x2 = 2 +4x + 3x2 

dx2 dx 

(c) A(xy3) = :/y3 = 3xy2 

(d) A(eih") = - i/i,!!_e;kx = kli,eik.x 
dx 

In quantum mechanics, we deal only with linear operators. An operator is said to 
be linear if 

(3.9) 

where c1 and c2 are (possibly complex) constants. Clearly, the "differentiate" and 
"integrate" operators are linear because 

and 

The "square" operator, SQR, on the other hand, is nonlinear because 

SQR [cif1(x) + c2f2(x)] = c~ / 1
2(x) + cif}(x) + 2c1c2f1(x)f2(x) 

:f= cif1
2(x) + c2/i2(x) 

and therefore it does not satisfy the definition given by Equation 3.9. 

EX AMPL E 3- 2 
Determine whether the following operators are linear or nonlinear: 

(a) A f (x) = SQRT f (x) (take the square root) 

(b) Af(x) = x 2f(x) 

SOLUTION: 

(a) A [ ctf1(x) + c2Ji(x )] = SQRT [ ctf1 (x) + c2f2(x)] 

= [ctf,(x) + c2f2(x)]
112 =f cifi'12(x) + cif2

112
(x) 

and so SQRT is a nonlinear operator. 

(b) A [ c 1f 1(x) + c2.f2Cx)] = x 2 [ ctf1(x) + c2f2(x)] 

= c1x
2 f 1(x) + c2x2 fi(x) = c1A/1(x) +c1A/1(x) 

and so x 2 (multiply by x2) is a linear operator. 



3.3. The Schrodinger Equation Can Be Formulated as an Eigenvalue Problem 

3.3 The Schrodinger Equation Can Be Formulaled as an 
Eigenvalue Problem 

~ problem that we frequently encounter in physical chemistry is the following: Given 
A, find a function ¢(x) and a constant a such that 

A¢(x) = a<f>(x) (3.10) 

Note that the result of operating on the function ¢ (x) by A is simply to give <P (x) 
back again, only multiplied by a constant factor. Clearly, A and ¢ (x) have a very 
special relationship to each other. The function ¢ (x) is called an eigenfunction of the 
operator A, and a is called an eigenvalue. The problem of determining ¢ (x) and a for 
a given A is called an eigenvalue problem. 

EX AM PLE 3-3 
Show that eax is an eigenfunction of the operator d" /dx". What is the eigenvalue? 

SO LUTI ON: We differentiate eax n times and obtain 

dll 
- eax = a"eax 
dx11 

and so the eigenvalue is a". 

Operators can be imaginary or complex quantities. We will soon learn that the 
x component of the linear momentmn can be represented in quantum mechanics by an 
operator of the form 

~ a 
p = - i!i-

x ax (3. 11) 

EXAMP LE 3-4 

Show that eikx is an eigenfunction of the operator Px = - i Ii~. What is the eigenvalue? 
ox 

SOLUTI ON: We apply Px to eikx and find 

A " · a "· 'k P e"'x = - ifi - e'a = like' x 
x ax 

and so we see that eikx is an eigenfunction and fik is the eigenvalue of the operator? .... 
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Let's go back to Equation 3.8. We can write the left side ofEquation 3.8 in the form 

[ 
n2 d2 J 

--' -
2 

+ V(x) 1/f(x) = £1/f (x) 
2mdx 

(3.12) 

If we denote the operator in brackets by ii , then Equation 3 .12 can be written as 

H1/f(x) = £1/f(x) (3.13) 

We have formulated the Schrodinger equation as an eigenvalue problem. The oper
ator H, 

~ /i2 d2 
H = - --- + V(x ) 

2mdx2 
(3.14) 

is called the Hamiltonian operator. The wave function is an eigenfunction, and the 
energy is an eigenvalue of the Hamiltonian operator. T his suggests a correspondence be
tween the Hamiltonian operator and the energy. We will see that such correspondences 
of operators and classical-mechanical variables are fundamental to the formalism of 
quantum mechanics. 

If V (x) = 0 in Equation 3 .14, the energy is all kinetic energy and so we define a 
kinetic energy operator according to 

~ /i2 d2 
T~= ---
, 2m dx2 

(3.15) 

(Strictly speaking, the derivative here should be a partial derivative, but we will con
sider only one-dimensional systems for the time being.) Furthermore, classically, T = 
p 2 /2m, and so we conclude that 

fa2 = - li2 d2 
x dx2 

(3.16) 

We can interpret the operator ?; by considering the case of two operators acting 

sequentially, as in AB f (x). In cases such as this, we apply each operator in tum, 
working from right to left. Thus, 

ABf(x) =A[Bf(x)]= Ah(x) 

where h (x) = Bf (x). Once again, we require that all the indicated operations be 
compatible. If A= B, we have AAf(x) and denote this term as A2 f(x). Note that 
A2 f(x) # [Af(x)]2 for arbitrary f(x). 



3.4. Wave Functions Have a Probabilistic Interpretation 

EXAMPLE 3-5 
Given A =d/dx and iJ = x 2 (multiply by x 2 ), show (a) that A2 f(x) # [Af(x)f and 
(b) that ABf(x) =I= BAf(x) for arbitrary f(x). 

SO LUTI ON: 

(a) ,42 f(x) = .!!_ (df) = d
2 
f 

dx dx dx2 

[Af(x)]2 = (d!)2 =I= d2 f 
dx dx2 

for arbitrary f (x) . 

(b) ABf(x) = .!!_[x2f(x)] = 2xf(x) + x2df 
dx dx 

BAf(x) = x 2df 'I= ABf(x) 
dx 

for arbitrary f (x). Thus, we see that the order of the application of operators 
must be specified. If A and B are such that 

AB/(x) = BAf(x) 

for any compatible f (x), then the two operators are said to commute. The two 

operators in this example. however, do not commute. 

Using the fact that P2 means two successive applications of Px, we see that the x 

operator fa} in Equation 3.16 can be factored as 

p2 = - li2 d
2 

= (-i 11,!!:_) (-i Ii!!:_) 
x ~2 ~ dx 

so that we can say that - illa/dx is equal to the momentum operator. Note that this 
definition is consistent with Equation 3.11. 

3.4 Wave Fune lions Have a Probabi lislic lnlerpretalion 

In this section, we will study the case of a free particle of mass m constrained to lie 
along the x axis between x = 0 and x =a. This case is called the problem of a particle 
in a one-dimensional box (cf. Figure 3.1). It is mathematically a fairly simple problem, 
so we can study the solutions in great detail and extract and discuss their physical 
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Chapter 3 I The SchrOdinger Equat ion and a Particle in a Box 

F I GU R E 3.1 
The geometry of the problem of a particle in a one
dimensional box. 

consequences, which carry over to more complicated problems. In addition, we will 
see that this simple model has at least a crude application to the re electrons in a linear 
conjugated hydrocarbon. 

The terminology free particle means that the particle experiences no potential 
energy or that V (x) = 0. Ifwe set V (x) = 0 in Equation 3.7, we see that the Schrodinger 
equation for a free particle in a one-dimensional box is 

d
2
1/f + 2mE 1fr(x ) = 0 

dx2 n,2 O~x~a (3.17) 

The particle is restricted to the region 0 ~ x ~ a and so cannot be found outside this 
region (see Figure 3.1). To implement the condition that the particle is restricted to the 
region 0 ~ x ~ a, we must formulate an interpretation of the wave function 1/1 (x). We 
have said that 1fr(x ) represents the amplitude of the particle in some sense. Because the 
intensity of a wave is the square of the magnitude of the amplitude (cf. Problem 2- 18), 
we can write that the " intensity of the particle" is proportional to 1fr * (x )1ft(x), where 
the asterisk here denotes a complex conjugate [recall that 1/r* (x )1/1 (x) is a real quantity; 
see MathChapter A). The problem lies in just what we mean by intensity. Schrodinger 
originally interpreted it in the following way. Suppose the particle is an electron. Then 
Schrodinger considered e1fr* (x)1/f(x) to be the charge density and e1/f* (x)1fr(x)dx to 
be the amount of charge between x and x + dx . Thus, he presumably pictured the 
electron to be spread all over the region. A few years later, however, Max Born, a 
German physicist working in scattering theory, found that this interpretation led to 
logical difficulties and replaced Schrodinger's interpretation with 1/t* (x )i/J(x )dx as the 
probability that the particle is located between x and x + dx . Born's view is now 
generally accepted. 

Because the particle is restricted to the region 0 ~ x ~a, the probability that the 
particle is found outside this region is zero. Consequently, we shall require that 1fr (x ) = 0 
outside the region 0 ~ x ~a, which is mathematically how we restrict the particle to this 
region. Furthermore, because 1/f(x) is a measure of the position of the particle, we shall 
require 1fr(x ) to be a continuous function. If 1fr(x) = 0 outside the interval 0 ~ x ~a 

and is a continuous function, then 



3.5. The Energy of a Particle in a Box Is Quantized 

1/1(0) = lft(a) = 0 

These are boundary conditions that we impose on the problem. 

3.5 The Energy of a Particle in a Box Is Quantized 

The general solution of Equation 3.17 is (see Example 2- 1) 

with 

1/t(x) =A cos kx + B sin kx 

(2m.£)1/2 
k= ---

n (3.18) 

The first boundary condition requires that 1/t (0) = 0, which implies immediately that 
A= 0 because cos(O) = 1 and sin(O) = 0. The second boundary condition then gives 
us 

1/t(a) = B sin ka = 0 (3.19) 

We reject the obvious choice that B = 0 because it yields a trivial or physically unin
teresting solution, 1/t(x) = 0, for all x. The other choice is that 

ka=nrc: n = 1, 2, ... (3.20) 

(cf. Equations 2. 18 through 2.20). By using Equation 3.18 fork, we find that 

n = 1, 2, ... (3.21) 

Thus, the energy turns out to have only the discrete values given by Equation 3.21 and 
no other values. The energy of the particle is said to be quantized and the integer n is 
called a quantum number. Note that the quantization arises naturally from the boundary 
conditions. We have gone beyond the stage of Planck and Bohr where quanhun numbers 
are introduced in an ad hoc manner. The natural occurrence of quantum numbers was 
an exciting feature of the Schrodinger equation, and, in the introduction to the first of 
his now famous series of four papers published in 1926, Schrodinger says: 

In this communication I wish to show that the usual rules of quantization can be 
replaced by another postulate (the Schrodinger equation) in which there occurs 
no mention of whole numbers. Instead, the introduction of integers arises in the 
same natural way as, for example, in a vibrating string, for which the number 
ofnodes is integral. The new conception can be generalized, and I believe that 
it penetrates deeply into the tme nature of the quanhun rules. [From Ann. Phys., 
79, 361 (1926).] 
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The wave function corresponding to £ 11 is 

1/f(x) = B sin kx 

B 
. n.rrx 

= sm-
a 

n= 1,2, ... (3.22) 

We will determine the constant B shortly. These wave functions are plotted in Figure 3 .2. 
They look just like the standing waves set up in a vibrating string (cf. Figure 2.3). Note 
that the energy increases with the number of nodes. 
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The energy levels, wave functions (a), and probability densities (b) for the particle in a box. 

The model of a particle in a one-dimensional box has been applied to the rr electrons 
in linear conjugated hydrocarbons. Consider butadiene, H2C=CHCH=CH2, which has 
four rr electrons. Although butadiene, like all polyenes, is not a linear molecule, we 
will assume for simplicity that the rr electrons in butadiene move along a straight 
line whose length can be estimated as equal to two C=C bond lengths (2 x 135 pm) 
plus one C- C bond (154 pm) plus the distance of a carbon atom radius at each end 
(2 x 77.0 pm= 154pm), giving a total distanceof578 pm. According to Equation3.21, 
the allowed rr electronic energies are given by 

n= I, 2, ... 

But the Pauli exclusion principle (whic!h we discuss later but is assumed here to be 
known from general chemistry) says that each of these states can hold only two electrons 
(with opposite spins), and so the four rr electrons fill the first two levels as shown in 



3.6. Wave Functions Must Be Normalized 

~n=3 

n =2 

FIGURE 3.3 

• • n = 1 
The free-electron model energy-level scheme for 
butadiene. 

Figure 3.3. The first excited state of this system of four n: electrons is that which has 
one electron elevated from then = 2 state to then = 3 state (cf. Figure 3.3), and the 
energy to make a transition from the n = 2 state to the n = 3 state is 

The mass me is that of an electron (9. 109 x 10- 31 kg), and the length of the box is taken 
to be 578 pm, or 578 x 10- 12 m. Therefore, 

(6.626 x 10- 34 J ·s) 2 
5 _ 19 /:).£ = =9.02 x 10 J 

8(9. 109 x tQ- 31 kg)(578 x 10- 12 m)2 

and 

V = 4.54 X 104 cm- I 

B utadiene has an absorption band at 4. 61 x 104 cm - 1, and so we see that this very 

simple model, called thefi·ee-e/ectron model, can be somewhat successful at explaining 
the absorption spectrum of butadiene (cf. Problem 3- 9). 

3.6 Wave Functions Must Be Normalized 

Accorrung to the Born interpretation, 

nn:x 
1/!*(x)ift11 (x)dx = B * B sin2 --dx 

n a (3.23) 

is the probability that the particle is located between x and x + dx. Because the particle 
is restricted to the region 0 ::: x ::: a, it is certain to be found there and so the probability 
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that the particle lies between 0 and a is unity (Equation B.11), or 

(3.24) 

Ifwe substitute Equation 3.23 into Equation 3.24, we find that 

1a n:rrx 
IBl2 sin2 --dx = 1 

o a 
(3.25) 

We let n:rr .x /a be z in Equation 3 .25 to obtain 

sin2 --d.x = - sin2 zdz = - - = -1a n.:rr.x a l"rr a (n:rr ) a 
o a n.:rr o n.:rr 2 2 

(3.26) 

Therefore, B2(a/2) = 1, B = (2/ a) 112, and 

(2) 112 
n:rrx 1f!11 (x)= ~ sin-a- 0 :S x :Sa, n = 1, 2, ... (3.27) 

A wave function that satisfies Equation 3.24, and the one given by Equation 3.27 in 
particular, is said to be normalized. When the constant that multiplies a wave function 
is adjusted to assure that Equation 3.24 is satisfied, the resulting constant is called a 
normalization. constant. Because the Hamiltonian operator is a linear operator, if 1/1 is 
a solution to H lf! =Elf!, then any constant, say, A, times 1/1 is also a solution, and A 
can always be chosen to produce a normalized solution to the Schrodinger equation, 
Hlf! =Elf! (cf. Problem 3-10). 

Because 1/!*(x)lf!(x)dx is the probability of finding the particle between x and 
x + dx, the probability of finding the particle within the interval x1 :S x :S .x2 is 

Prob(x1 :Sx :sx2) = 1x2 

1/!*(x)ijt(x)d.x 
XJ 

(3.28) 

EXAMPLE 3-6 
Calculate the probability that a particle in a one-dimensional box of length a is found 
between 0 and a /2. 

SO L u Tl ON: The probability that the particle wiH be found between 0 and a /2 is 

l
a/2 2 l a/2 nrc x 

Prob(O ~ x ~ a/2) = 1/J*(x)1/f (x)dx = - sin2 --dx 
a o a 

If we let nrc x /a be z, then we find 
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Prob(O ~ x ~ a/2) = - sm2 zdz = - - - --
2 1,,;r/2 . 2 I z sin 2z l"rr/2 

mr o nrr 2 4 o 

_ 2 (nrr sinnrr) - l - - - - -- - -
fl]'{ 4 4 2 

(for all n) 

Thus, the probability that the particle lies in one-half of the interval 0 ~ x ~ a is ~. 
Does this seem to be physically reasonable to you? 

We can use Figure 3.2 and a slight variation of Example 3-6 to illustrate a fun
damental principle of quantum mechanics. Figure 3.2 shows that the particle is more 
likely to be found near the center of the box for the n = 1 state but that the probability 
density becomes more uniformly distributed as n increases. Figure 3.4 shows that the 
probability density, 1/J1~(x)1/J11 (x.) = (2/a) sin2 mrx/a, for n = 20 is fairly uniformly 
distributed from 0 to a. 

1.0 
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tl -.. 
>< t:: 
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x 

FIGURE 3.4 
The probability density, 1/J,~(x)1/f,,(x) = (2/a) sin2 nrrx /a for n = 20, illustrating the corre
spondence principle, which says that the particle tends to behave classically in the limit of 
large n. 

and 

In fact, a variation of Example 3- 6 (Problem 3- 12) gives 

Prob(O < x < a/4) = Prob(3a/ 4 < x < a) = { ~ ,._ 1 - - - - 1 (- 1)2 

4 2rrn 

Prob(a/ 4 ~ x ~ a/2) = Prob(a/ 2 ~ x ~ 3a/4) = { ~ ( - I) 9 
-+---
4 2rrn 

n even 

n odd 

n even 

n odd 
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In both cases, the probabilities approach 1/4 more and more closely as n grows larger. 
A similar result is found for any equi-sized intervals. In other words, the probability 
density becomes uniform as n increases, which is the expected behavior of a classical 
particle, which has no preferred position between 0 and a. 

The results illustrate the correspondence principle, according to which quantum
mechanical results and classical-mechanical results tend to agree in the limit of large 
quantum numbers. The large quantum number limit is often called the classical limit. 

3.7 The Average Momentum of a Particle in a Box Is Zero 

We can use the probability distribution 1/1,~(x)ifr,,(x) to calculate averages and stan
dard deviations (MathChapter B) of various physical quantities such as position and 
momentum. Using the example of a particle in a box, we see that 

{ 

2 . 2 111TXd 
- Stn -- X 

f(x)dx. = ; a (3.29) 

otherwise 

is the probability that the particle is found between x and x + dx. These probabilities 
are plotted in Figure 3.2b. The average value of x, or the mean position of the particle, 
is given by 

21° nn:x (x) = - x sin2 --dx 
a o a 

(3.30) 

The integral in Equation 3.30 equals a 2 /4 (Problem B- 8). Therefore, 

2 a2 a 
(x) = - . - = -

a 4 2 
(for all n) (3.31) 

This is the physically expected result because the particle "sees" nothing except the 
walls at x = 0 and x =a, and so by symmetry (x) must be a/2. 

We can calculate the spread about (x) by calculating the variance, a_;. First we 
calculate (x.2), which is (Problem B- 9) 

21° nn:x (x2) = - x 2 sin2 --dx 
a o a 

= (__!!__) 2 (4rr2n2 - 2) = a2 - ____i!.__ 
2n:n 3 3 2n2rr2 

(3.32) 

The variance of x is given by 

a 2 = (x 2) - (x)2 = - - -- = - -- - 2 a2 a2 ( a ) 2 (n2112 ) 
x 12 2n2rr2 2nn 3 
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and so the standard deviation is 

o'. = __!!___ ( rr2n2 - 2) 1/2 
.\ 2rrn 3 

(3.33) 

We shall see that ax is directly involved in the Heisenberg uncertainty principle. 
Problem 3- 18 has you show that (x), (x2), and ax go to the classical limit as n ~ oo. 

A problem arises if we wish to calculate the average energy or momentum because 
these quantities are represented by differential operators. Recall that the energy and 
momentum operators are 

and 

~ /'i,2 d2 
H = - --- + V(x) 

2mdx 2 

PA - ' -I< d 
- - Ln -

x dx 

The problem is that we must decide whether the operator works on 1/1* (x )1/1 (x )dx or on 
1/1 (x) or on 1/1* (x) alone. To determine this, let's go back to the Schrodinger equation 
in operator notation: 

(3.34) 

lfwe multiply this equation from the left (see Problem 3- 25) by 1/f
1
7(x) and integrate 

over all values of x, we obtain 

f 1/11~(x)H 1/111 (x)dx = f 1/11~(x) E,, 1/111 (x)dx = E11 f 1/f1~(x)1/f11 (x)dx = E11 (3.35) 

where the second step follows because £ 11 is a number and the last step follows because 
1/f11 (x) is normalized. Equation 3.35 suggests that we sandwich the operator between a 
wave function 1/1,, (x) and its complex conjugate 1/1,7 (x) to calculate the average value 
of the physical quantity associated with that operator. We will set this up as a formal 
postulate in Chapter 4, but our assumption is that 

(s) = f 1/f1~(x)S1/111 (x)dx (3.36) 

where Sis the quanttun-mechanical operator associated with the physical quantity s, 
and (s) is the average value of sin the state described by the wave function. For example, 
the average momentum of a particle in a box in the state described by 1/1,, (x) is 

[° [(2) 112 nrrx] ( d) [(2) 112 nrrx ] (p) = Jo ;; sin -;;- - iii dx ;; sin -;;- dx (3.37) 
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In this particular case, 1/111 (x) is real, but generally the operator is sandwiched in between 
1/t,7(x) and 1/f11 (x) and so operates only on 1/f 11(x) because only 1/111 (x) lies to the right of 
the operator. We did not have to worry about this when we calculated (x) above because 
the position operator X is simply the "multiply by x" operator and its placement in the 
integrand in Equation 3.36 makes no difference. 

Ifwe simplify Equation 3.37, then we find that 

2:rrn 1a nrrx nrrx 
(p) = - i/i-

2
- sin -- cos --dx 

a o a a 

By consulting the table of integrals in the inside front cover or Problem 3- 19, we find 
that this integral is equal to zero, and so 

(p) = 0 (3.38) 

Thus, a particle in a box is equally likely to be moving in either direction. 

3.8 The Uncertainty Principle Says That crpa.r > n/2 

Now let's calculate the variance of the momentwn, a~= (p2) - (p)2, ofa particle in a 

box. To calculate (p2), we use 

(3.39) 

and remember that P} means apply fax twice in succession. Using Equation 3.16, 

t [(2) 112 
nrrx] ( d2) [(2) 112 

nrrx] (p
2
) = Jo -;; sin --;;- - li

2 
dx2 -;; sin --;;- dx 

= sin -- sin --dx 
2n2rr21i2 1a nrrx nrrx 

a3 o a a 

=--- ·-=---
a3 2 a2 

(3.40) 

The square root of (p2) is called the root-mean-square momentum. Note how Equa
tion 3.40 is consistent with the equation 

(£) = (£) = (p2) = n2h2 
2m 2m 8ma2 

Using Equation 3.40 and 3.38, we see that 
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and 

nnli 
ap=-

a 
(3.41) 

Because the variance a2, and hence the standard deviation a , is a measure of the spread 
of a distribution about its mean value, we can interpret a as a measure of the uncertainty 
involved in any measurement. For the case of a particle in a box, we have been able to 
evaluate ax and aP explicitly in Equations 3.33 and 3.41. We interpret these quantities 
as the uncertainty involved when we measure the position or the momentum of the 
particle, respectively. We expect to obtain a distribution of measured values because 
the position of the particle is given by the probability distribution, Equation 3.29. 

Equation 3.41 shows that the uncertainty in a measurement of p is inversely 
proportional to a. Thus, the more we try to localize the particle, the greater is the 
uncertainty in its momentum. The uncertainty in the position of the particle is directly 
proportional to a (Equation 3.33), which simply means that the larger the region over 
which the particle can be found, the greater is the uncertainty in its position. A particle 
that can range over the entire x axis ( - oo < x < oo) is called a free particle. In 
the case of a free particle, a---+ oo in Equat ion 3.41, and there is no uncertainty in 
the momentum. The momentum of a free particle has a definite value (see Problem 
3- 35). The uncertainty in the position, however, is infinite. Thus, we see that there is a 

reciprocal relation between the uncertainty in momentum and position. If we take the 
product of ax and a 11 , then we have 

Ii ( 2 2 ) 1/2 
axap = 2 rr 3n - 2 (3.42) 

The value of the square-root term here is never less than 1, and so we write 

(3.43) 

Equation 3.43 is one version of the Heisenberg uncertainty principle. We have been 
able to derive Equation 3.43 explicitly here because the mathematical manipulations 
for a particle in a box are fairly simple. 

Let's try to summarize what we have teamed concerning the uncertainty principle. 
A free particle has a definite momentum, but it s position is completely indefinite. When 
we localize a particle by restricting it to a region of length a, it no longer has a definite 
momentum, and the spread in its momentum is given by Equation 3.41. Ifwe let the 
length a of the region go to zero, so that we have localized the particle precisely and 
there is no uncertainty in its position, then Equation 3.41 shows that there is an infinite 
uncertainty in the momentum. The uncertainty principle says that the minimum product 
of the two uncertainties is on the order of the Planck constant. 
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3.9 The Problem of a Particle in a Three-Dimensional Box 
Is a Simple Extension of the One-Dimensional Case 

The simplest three-dimensional quantum-mechanical system is the three-dimensional 
version of a particle in a box. In this case, the particle is confined to lie within a 
rectangular parallelepiped with sides of lengths a, b, and c (Figure 3.5). 

a 

c 

x 

FI G URE 3.5 
A rectangular parallelepiped of sides a, b, and c. In the problem of a particle in a three
dimensional box, the particle is restricted to lie within the region shown above. 

The Schrodinger equation for this system is the three-dimensional extension of 
Equation 3 .1 7. 

li2 (a21/t a21/I a21/t) - - - + - + - =£1/f(x, y, z) 
2m ()x2 oy2 (}z2 

(3.44) 

Equation 3.44 is often written in the form 

where the operator ("del squared"), 

82 02 02 

'V2=- + - + -
()x2 ()y2 022 

(3.45) 

is called the Laplacian operator. The Laplacian operator appears in many physical 
problems. 



3.9. The Problem of a Particle in a Three-Dimensional Box 

The wave function 1/f(x, y, z) satisfies the boundary conditions that it vanishes at 
all the walls of the box, and so 

1/1 (0, y, z) = 1/f(a , y, z) = 0 

1/1 (x, 0, z) = 1/f(x, b, z) = 0 

1/f(x, y, 0) = 1/f(x, y, c) = 0 

for all y and z 

for all x and z 

for all x and y 

(3.46) 

We will use the method of separation of variables to solve Equation 3.46. We write 

1/f(x, y , z) = X (x)Y(y)Z(z) (3.47) 

Substitute Equation 3.47 into Equation 3.44, and then divide through by 1/f (x, y, z) = 
X (x) Y (y)Z(z) to obtain 

li2 I d2X li2 I d 2Y li2 I d 2Z ------ - ----- - ----- = E (3.48) 
2m X(x) dx2 2m Y(y) dy 2 2m Z(z) dz2 

Each of the three terms on the left side of Equation 3.48 is a function of only x, y, or z, 
respectively. Because x, y, and z are independent variables, the value of each term can 
be varied independently, and so each term must equal a constant for Equation 3.48 to 
be valid for all values of x , y, and z. Thus, we can write Equation 3.48 as 

li2 1 d 2 x 
- ----- =Er 

2m X(x) dx2 · 

li2 1 d 2Y 
----- =E 

2m Y(y) d y 2 y 

li2 I d 2Z 
------ =Ez 

2m Z(z) dz2 

where E.0 Ey, and £ 2 are constants and where 

(3.49) 

(3.50) 

From Equation 3.46, the boundary conditions associated with Equation 3.47 are 
that 

X (O) = X (a) = 0 

Y(O) = Y(b) = 0 

Z(O) = Z(c) = 0 

(3.51) 
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Thus, we see that Equations 3 .50 and 3 .51 are the same as for the one-dimensional case 
of a particle in a box. Following the same development as in Section 3.5, we obtain 

n rrx 
X (x) = Ax sin-x

a 

. n yrry 
Y(y) =Av sm --

. b 

Z( ) -A . n2rrz 
Z - 2 Stn 

c 

nx = I, 2, 3, ... 

ny =I, 2, 3, ... 

n2 =I, 2, 3, ... 

According to Equation 3.47, the solution to Equation 3.44 is 

(3.52) 

(3.53) 

with n_0 n y, and n 2 independently assuming the values I, 2, 3, .... The normalization 
constant AxAyAz is found from the equation 

fo
0 

dx fo b dy fo e dz1fr* (x, y , z)1/f(x, y , z) = 1 (3.54) 

Problem 3- 30 shows that 

(3.55) 

Thus, the normalized wave functions of a particle in a three-dimensional box are 

_ . nx x . y . n 2rr z 
( 

8 
) 

1/ 2 rr - n rr y 
1/111 11 11 - - sm -- sm -- sm --

{ 

nx = I, 2, 3, .. . 

n y = I, 2, 3, .. . 
x Y ' abc a b c 

n2 =I, 2, 3, .. . 

Ifwe substitute Equation 3.56 into EquaJtion 3.44, then we obtain 

h2 ( n2 n2 n2 ) E = - ....!. + 2. + 2 
11 , 11 / l z 8 2 b2 2 · m a c { 

nx = 1, 2, 3, .. . 

n y = 1, 2, 3, .. . 

n2 = I, 2, 3, .. . 

Equation 3.57 is the three-dimensional extension ofEquation 3.21. 

(3.56) 

(3.57) 

We should expect by symmetry that the average position of a particle in a three
dimens ional box is at the center of the box, but we can show this by direct calculation. 



3.9. The Problem of a Particle in a Three-Dimensional Box 

EXAMPLE 3-7 
Show that the average position of a particle confined to the region shown in Figure 3 .5 
is the point (a/2, b/2, c/2). 

SO LUTI ON: The position operator in three dimensions is (see MathChapter C) 

R= Xi + f j + Zk 

and the average position is given by 

(r} =la dx lb dy le dzi/!*(x, y, z)Rifr(x, y, z) 

= i (x} + j(y} + k (z} 

Let's evaluate (x} first. Using Equation 3.56, we have 

The second and third integrals here are unity by the normalization condition of a particle 
in a one-dimensional box (Equation 3.27). The first integral is just (x} for a particle 
in a one-dimensional box. Referring to Equation 3.31, we see that (x} = a/2. The 
calculation for (y} and (z} are similar, and so we see that 

(} a . b. c k 
r =-1 + -1 + -

2 2 2 

Thus, the average position of the particle is in the center of the box. 

In a similar manner, we should expect from the case of a particle in a one
dimensional box that the average momentum of a particle in a three-dimensional box 
is zero. The momentum operator in three dimensions is 

P~ . 1'; (· a . a k a ) = - rn 1-+J-+ -ax oy oz (3.58) 

and so 

(3.59) 

It is a straightforward exercise to show that (p} = 0 (see Problem 3-3 1). 
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An interesting feature of a particle in a three-dimensional box occurs when the 
sides of the box are equal. In this case, a= b = c in Equation 3.57, and so 

17.2 
E = -· - (n2 + n2 + n2) 

n ,n yn z Sma2 x y z 
(3.60) 

Only one set of values nx, ny, and n2 corresponds to the lowest energy level. This 
level, £ 1 I I> is said to be nondegenerate. However, three sets of values of n.0 n1,, and n2 

correspond to the second energy level, and we say that this level is three-fold degenerate, 
or 

6h2 

E211 = E121 = E112 = --2 8ma 

Figure 3.6 shows the distribution of the fust few energy levels ofa particle in a cube. 

(n x, ny,nz) D ege neracy 

19 (3,3,1)(3,1,3)(1,3,3) 3 
18 ( 4, l , 1)(1,4, I)( 1, 1,4) 3 
17 (3.2,2)(2,3,2)(2,2,3) 3 

"'" 14 (3,2,1)(3,1,2)(2,3 , 1) 
!;;'. (1,3 ,2)(1 ,2,3)(2,J,3) 6 
+ 12 (2,2,2) I "' "' s:: 11 (3,l,l)(J ,3,!)(l,1,3) 3 + 

"' '< 
I:: 9 (2,2,1)(2,1,2)(1,2,2) 3 

6 (2, l, I)( 1,2, l )( 1, 1,2) 3 

3 ( 1, 1, 1) 

0 ~-----------------

FIGURE 3.6 
The energy levels for a particle in a cube, showing degeneracies. 

Note that the degeneracy occurs because of the symmetry introduced when the 
general rectangular box becomes a cube and that the degeneracy is " lifted" when the 
symmetry is destroyed by making the sides of different lengths. A general principle of 
quantum mechanics states that degeneracies are the result of underlying symmetry and 
are lifted when the symmetry is broken. 



3.9. The Problem of a Particle in a Three-Dimensional Box 

According to Equation 3. 5 3, the wave functions for a particle in a three-dimensional 
box factor into products of wave functions for a particle in a one-dimensional box. In 
addition, Equation 3.57 shows that the energy eigenvalues are sums of terms corre
sponding to the x, y, and z directions. In other words, the problem of a particle in 
a three-dimensional box reduces to three one-dimensional problems. This is no acci
dent. It is a direct result of the fact that the Hamiltonian operator for a particle in a 
three-dimensional box is a sum of three independent terms: 

where 

~ n,2 02 
Hv= - -- etc. 

,, 2m ox 2 

In such a case, we say that the Hamiltonian operator is separable. 
Thus, we see that if ii is separable- that is, if H can be written as the sum of terms 

involving independent coordinates, say 

(3.61) 

wheres and ware the independent coordinates- then the eigenfunctions of H are given 

by the products of the eigenfunctions of fJ 1 and H2, 

where 

H1(s)¢11 (s) = E
11
¢

11
(s) 

H2(w)<p111 (w) = E111 <p111 (w) 

(3.62) 

(3.63) 

Furthermore, the eigenvalues of Hare the sums of the eigenvalues of H1 and H2, 

(3.64) 

This important result provides a significant simplification because it reduces the original 
problem to several simpler problems. 

We have used the simple case of a particle in a box to illustrate some of the general 
principles and results of quantum mechanics. In Chapter 4, we present and discuss a 
set of postulates that we use throughout the remainder ofthis book. 
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Problems 
3-1. Evaluate g = Af, where A and fare given below: 

A f 

(a) SQRT x4 

d3 
(b) - 3 + x3 e-ax 

dx 

(c) lo 1 

dx x 3 
- 2x + 3 

a2 a2 a2 
(d) - + - + - x3y2z4 

ox2 oy2 oz2 

3-2. Determine whether the following operators are linear or nonlinear: 

(a) Af (x) = SQRf (x) [square f(x)] 

(b) Af(x) = f*(x) [form the complex conjugate of f(x)] 

(c) Af(x) = 0 [multiply f (x) by zero] 

(d) Af(x) = [f(x)]- 1 [take the reciprocal of f(x)] 

(e) Af(x) = f(O) [evaluate f(x) at x = 0) 

(f) Af(x) = In f(x) [take the logarithm of f(x)] 

3-3. In each case, show that f (x) is an eigenfunction of the operator given. Find the eigenvalue . 

.4 f(x) 

d2 
(a) - coswx 

dx 2 

(b) !!_ ei(J)t 
dt 

d2 d etJX (c) - +2- + 3 
dx2 dx 

(d) i_ x2e6y 
ay 

3-4. Show that (cos ax) (cos by) (cos cz) is an eigenfunction of the operator, 

2 a2 a2 a2 
v =- + - + -

ax2 oy2 oz2 

which is called the Laplacian operator. 



Problems 

3- 5. Write out the operator A2 for A= 
d2 d 

(a) -
2 

(b) - +x 
dx dx 

d2 d 
(c) - - 2x - + l 

dx2 dx 

Hint: Be sure to include f (x ) before carrying out the operations. 

3- 6. Determine whether or not the following pain of operators commute. 

A 8 

(a) 
d d 2 d 

- + 2-
dx dx2 dx 

(b) 
d 

x 
dx 

(c) SQR SQRT 

(d) 
a a 

ax ay 

3- 7. In ordinary algebra, (P + Q) (P - Q) = P2 - Q2. Expand (P + Q)(P - Q). Under what 
conditions do we find the same result as in the case of ordinary algebra? 

3-8. Ifwe operate on the particle- in-a-box wave functions (Equations 3.27) with the momentum 

operator (Equation 3. l I), we find 

PAB . nTCX ' " Ba (. nTCX) S111 -- = - In - Sill --
a ax a 

= _ ilinTC B cos nTCx 
a a 

Note that this is not an eigenvalue equation, and so we say that the momentum of a particle 
in a box does not have a fixed, definite value. Although the particle does not have a definite 
momentum, we can use the classical equation E = ri /2m to define formally some sort 
of effective momentum. Using Equation 3.2 l for E, show that p = nh /2a and that the 
de Broglie wavelengths associated with these momenta are A. = h / p = 2a / n. Show that 
this last equation says that an integral number of half-wavelengths fit into the box or that 
Figure 3.2 corresponds to standing de Broglie waves or matter waves. 

3-9. In Section 3.5, we applied the equations for a particle in a box to the TC electrons in 

butadiene. This simple model is called the free-electron model. Using the same argument, 
show that the length of hexatriene can be estimated to be 867 pm. Show that the first 
electronic transition is predicted to occur at 2.8 x 104 cm- 1. (Remember that hexatriene 

has six TC electrons.) 

3-10. Prove that if 1/f (x) is a solution to the Schrodinger equation, then any constant times 1/1 (x) 
is also a solution. 

3-11 . In this problem, we will prove that the form of the Schrodinger equation imposes the 
condition that the first derivative of a wav·e function be continuous. The Schrodinger 
equation is 

d 21{! 2m - + - [E - V(x)]1/f (x) = 0 
dx2 ;,,2 
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If we integrate both sides from a - E to a + E, where a is an arbitrary value of x and E is 
infinitesimally small, then we have 

di/I I di/I I 2m 1"+€ - - - = - [V(x) - E]1/f(x)dx 
dx x=att dx x=a- € Ji,2 a-€ 

Now show that di/I/ dx is continuous if V (x) is continuous. 
Suppose now that V(x) is not continuous at x = a, as in 

vr ____ _ 

a 

Show that 

di/I I di/I I 2m - - - = - 2 (Vi + V,. - 2£)1/f (a)E 
dx x=att dx x=t1- € Ii, 

so that d1{!/dx is continuous even if V(x) has a.finite discontinuity. What if V(x) has an 
infinite discontinuity, as in the problem of a particle in a box? Are the first derivatives of 
the wave ftmctions continuous at the boundaries of the box? 

3-12. Show that the probability associated with the state 1/1,, for a particle in a one-dimensional 
box of length a obeys the following relationships: 

and 

Prob(O < x < a/4) = Prob(3a/4 < x <a) = I ~ n - 1 - - - - I (- 1)2 

4 27rn 

Prob(a/4 ::: x ::: a / 2) = Prob(a/2 ::: x ::: 3a/4) = I ~ (-1) ";' 
- + ---
4 27rn 

n even 

n odd 

n even 

n odd 

3-1 3. What are the units, if any, for the wave function of a particle in a one-dimensional box? 

3-1 4. Using a table of integrals, show that 

la n7rx a 
sin2 --dx = -

o a 2 

la n7rx a2 
x sin2 --dx = -

a 4 
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and 

lo" . 2 . 2 nrrxd _ ( a )
3 (4rr3n3 

2n ) X Sill -- X - -- --- - 7r 
o a 2rrn 3 

All of these integrals can be evaluated from 

la nnx 
I ({J) = efix sin2 - dx 

a 

Show that the above integrals are given by I (0), I' (0), and ! " (0), respectively, where the 
primes denote differentiation with respect to {J. Using a table of integrals, evaluate I ({J) 
and then the above three integrals by differentiation. 

3-1 5 . Show that 

a 
{x) = -

2 

for all the states of a particle in a box. Is this result physically reasonable? 

3-16. Show that {p) = 0 for all states of a one-dimensional box oflength a. 

3-1 7. Show that 

for a particle in a box is less than a, the width of the box, for any value of n. If Cfx is the 
tmcertainty in the position of the particle, could Cfx ever be larger than a? 

3-18. A classical particle in a box has an equi- likelihood of being found anywhere within the 
region 0 ::: x ::: a. Consequently, its probability distribution is 

dx 
p(x)dx = -

a 

Show that {x) = a/2 and {x2) = a 2/3 for this system. Now show that {x2) (Equation 3.32) 
and Cfx (Equation 3.33) for a quantum-mechanical particle in a box take on the classical 
values as n ~ oo. This result is an example of the correspondence principle. 

3-19. Using the trigonometric identity 

sin 28 = 2 sine cos e 

show that 

la . nnx nrrx d () 
Sill -- cos -- x = 

o a a 

3-20. Prove that 
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3-21. Using the trigonometric identity 

. . . I ( l R sm a Sill f3 = - cos a - fJ) - - cos(a + ,., ) 
2 2 

show that the particle-in-a-box wave functions (Equations 3.27) satisfy the relation 

t 1{!* (x)1{!111(x)dx = 0 lo II 
m =I= n 

(The asterisk in this case is superfluous because the functions are real.) Ifa set offtlllctions 
satisfies the above integral condition, we say that the set is orthogonal and, in particular, 
that 1{!111 (x) is ort.hogonal to 1{!11 (x). If, in addition, the functions are normalized, then we say 
that the set is orthonormal. 

3-22. Prove that the set of functions 

n = 0, ± I, ± 2, ... 

is orthonormal (cf. Problem 3-21) over the interval - a ~ x ~ a. A compact way to express 
orthonormality in the 1{111 is to write 

!
a 

-a 1/r,;, (x )1/111 (x )dx = 811111 

The symbol 811111 is called a Kronecker delta and is defined by 

8,,,,, = { ~ ifm = n 

if m =I= n 

3- 23. In problems dealing with a particle in a box, we often need to evaluate integrals of the 
type 

. nrrx . mrrx d 
Sill -- sm -- x lo

ll 

o a a 
and lo

ll nrrx mrrx d 
cos -- cos -- x 

o a a 

Integrals such as these are easy to evaluate if you convert the trigonometric functions to 
complex exponentials by using the identities (see MathChapter A) 

eifl + e-i8 
cosB =----

2 

and then realize that the set offunctions 

and 

1/r
11

(x) = a-l/2ei11rrx /a 

e;e _ e-ifl 
sinB =----

2i 

n = 0, ± 1, ± 2, ... 

is orthonormal on the interval - a ~ x ~ a (Problem 3-22). Show that 

!o

a . nrrx . mrrx !oa nrrx mrrx a 
sm -- sm --dx = cos -- cos --dx = - 811111 o a a o a a 2 
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where 811111 is the Kronecker delta (defined in Problem 3-22). Also show that 

la nrcx mrcx 
cos -- sin --dx = 0 

o a a 

3- 24. Show that the set of functions 

is orthonormal (Problem 3-21). 

3- 25 . In going from Equation 3.34 to 3.35, we multiplied Equation 3.34 from the left by 1/f*(x) 
and then integrated over all values of x to obtain Equation 3.35. Does it make any difference 
whether we multiplied from the left or the right? 

3-26. Calculate (x} and (x2} for the n = 2 state of a particle in a one-dimensional box of 
length a. Show that 

erx = !!.._ (4rc2 - 2) 1/2 
4rc 3 

3- 27. Calculate (p) and (p2} for the n = 2 state of a particle in a one-dimensional box of 
length a. Show that 

h 
er,, = -

a 

3- 28. Consider a particle of mass m in a one-dimensional box of length a. Its average energy 
is given by 

(£ } =_I (p2} 
2m 

Because (p } = 0, (p 2
} = er~, where er,, can be called the uncertainty in p. Using the 

uncertainty principle, show that the energy must be at least as large as !i2 /8ma 2 because erx, 
the uncertainty in x., cannot be larger than a. 

3-29. Discuss the degeneracies of the first few energy levels of a particle in a three-dimensional 
box when a f= b f= c. 

3- 30. Show that the normalized wave function for a particle in a three-dimensional box with 
sides of length a, b, and c is 

( 
8 ) 1

1
2

. nrcx . n ,rcy . n ,rcz 
1/f(x, y, z) = - sm _ x _ sm _)_ sm - --

abc a b c 

3-31. Show that (p} = 0 for the ground state of a particle in a three-dimensional box with sides 
of length a, b, and c. 

3-32. What are the degeneracies of the first four energy levels for a particle in a three
dimensional box with a = b = 1.5 c? 
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3-33. The Schrodinger equation for a particle of mass m constrained to move on a circle of 
radius a is 

where I = rna2 is the moment of inertia and e is the angle that describes the position of the 
particle around the ring. Show by direct substitution that the solutions to this equation are 

1/1 (B) = Ae;"o 

where n = ± (2/ E) 112 /It Argue that the appropriate boundary condition is 1/1 (B) = 
1/1 (B + 21r) and use this condition to show that 

n = 0, ± 1, ± 2, ... 

Show that the normalization constant A is (2rr )-112. Discuss how you might use these results 
for a free-electron model of benzene. 

3-34. Set up the problem of a particle in a box with its walls located at - a and + a. Show that 
the energies are equal to those of a box with walls located at 0 and 2a. (These energies may 
be obtained from the results that we derived in the chapter simply by replacing a by 2a.) 
Show, however, that the wave functions are not the same and are given by 

l 
l . 111rx 

l /2 Sill --
a 2a 

1/111(x) = 1 nnx 
l /2 cos --
a 2a 

n even 

n odd 

Does it bother you that the wave functions seem to depend upon whether the walls are 
located at ±a or 0 and 2a'! Surely the particle "knows" only that it has a region of length 2a 
in vvhich to move and cannot be affected by where you place the origin for the two sets of 
wave functions. What does this tell you? Do you think that any experimentally observable 
properties depend upon where you choose to place the origin of the x axis? Show that 
axer P > n/2, exactly as we obtained in Section 3 .8. 

3-35. The quantized energies of a particle in a box result from the boundary conditions, or from 
tl1e fact that the particle is restricted to .a finite region. In this problem, we investigate the 
quantum-mechanical problem of a free particle, one that is not restricted to a finite region. 
The potential energy V(x) is equal to zero and the Schrodinger equation is 

d
2

1/I + 2mE 1/J(x) = 0 
dx2 ri2 

- OO < X < OO 

Note that the particle can lie anywhere along the x axis in this problem. Show that the two 
solutions of this Schrodinger equation are 
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and 

where 

(2mE) 112 
k =----

h 

Show that if E is allowed to take on negative values, then the wave ftmctions become 
tmbounded for large x . Therefore, we will require that the energy, E, be a positive quantity. 

To get a physical interpretation of the states that 1/11(x) and ifi2(x) describe, operate on 
1/11 (x) and 1/12 (x) with the momentum operator P (Equation 3.11 ), and show that 

and 

' d i/12 
Pi/12 = - i Ii - = - n,ki/12 

dx 

Notice that these are eigenvalue equations. Our interpretation of these two equations is that 
1/11 describes a free particle with fixed momentum l'ik and that i/12 describes a particle with 
fixed momentum - hk. Thus, i/11 describes a particle moving to the right and 1/12 describes 
a particle moving to the left, both with a fixed momentum. Notice also that there are no 
restrictions on k, and so the particle can have any value of momentum. Now show that 

Notice that the energy is not quantized; the energy of the particle can have any positive 
value in this case because no boundaries are associated with this problem. 

Last, show that ifir(x)ifi1(x) = ATA1 = IAtl2 = constant, and that 1/12(x)ifi2(x) = 
Ai,A2 = IA212 = constant. Discuss this result in terms of the probabilistic interpretation 
of 1/1*1/f . Also discuss the application of the tmcertainty principle to this problem. What are 
aP and a/! 

3-36. Derive the equation for the allowed energies of a particle in a one-dimensional box by 
assuming that the particle is described by standing de Broglie waves within the box. 

3- 37. In Chapter 4, we will encounter the time-dependent Schri:idinger equation 

HW(x, t) = i Ii o'll (x, t) 
or 

where '!I is now a ftmction ofboth position and time. Show that if the Hamiltonian operator 
does not contain time explicitly [ H = H (x) ]. then tllis partial differential equation can be 
separated into two ordinary differential equations by setting '!I (x, t) = if! (x)f (t). What is 
the separation constant in t11is problem? Generalize this result to three dimensions. What is 
the function f (t)? 

127 



128 Chapter 3 I The SchrOdinger Equation and a Particle in a Box 

3-38. Using the result of Problem 3- 37, what is the time-dependent wave function for the 
ground state of a particle in a one-dimensional box of length a? Use this wave ftmction to 
evaluate the average value of x. Are you surprised? 

3- 39. We can use the wave functions of Problem 3-34 to illustrate some fundamental symmetry 
properties of wave functions. Show that the wave functions are alternately symmetric and 
antisymmetric or even and odd with respect to the operation x ~ - x, which is a reflection 
through the x = 0 line. This symmetry property of the wave function is a consequence of 
the symmetry of the Hamiltonian operator, as we shall now show. The Schrodinger equation 
may be written as 

ii (x )1/111 (x) = £ 11 1/111 (x) 

Reflection through the x = 0 line gives x ~ - x, and so 

il(- x)l/1,,(- x) = £ 11 1/111 (- x) 

Now show that il(x) = il(- x) (i.e., that ii is symmetric), and so show that 

il(x)l/111 (- x) = £ 111{!11 ( - x) 

Thus, we see that 1{!11 (- x) is also an eigenfunction of fl belonging to the same eigenvalue £ 11 • 

Now, if there is only one eigenfunction associated with each eigenvalue (we call this a 
nondegenerate case), then argue that 1/1,.(x) and 1{111 ( - x) must differ by a multiplicative 
constant [i.e., that 1{!11 ( - x) = c1{!11 (x)]. By applying the inversion operation again to this 
equation, show that c =± I and that all the wave fm1ctions must be either even or odd with 
respect to reflection through the x = 0 line because the Hamiltonian operator is symmetric. 
Thus, we see that the symmetry of the Hamiltonian operator influences the symmetry of the 
wave functions. 
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MA TH CHA PTER c 
Vectors 

A vector is a quantity that has both magnitude and direction. Examples of vectors are 
position, force, velocity, and momentum. We specify the position of something, for 
example, by giving not only its distance from a certain point but also its direction from 
that point. We often represent a vector by an arrow, where the length of the arrow is the 
magnitude of the vector and its direction is the same as the direction of the vector. 

Two vectors can be added together to get a new vector. Consider the two vectors u 
and v in Figure C. l. (We denote vectors by boldface symbols.) To find w = u + v, we 
place the tail of u at the tip of v and then draw w from the tail of v to the tip of u, as 
shown in the figure. We could also have placed the tail of u at the origin and then placed 
the tail of v at the tip of u and drawn w from the tail of u to the tip of v. As Figure C. 1 
indicates, we get the same result either way, so we see that 

(C.l) 

Vector addition is commutative. 

FIGUREC.1 

An illustration of the addition of two vectors, 
u + v=v + u=w. 

To subtract two vectors, we draw one of them in the opposite direction and then 
add it to the other. Writing a vector in its opposite direction is equivalent to forming 
the vector -v. Thus, mathematically we have 

t = u - v = u + (-v) (C.2) 129 



130 MathChapter C I Vectors 

Generally, a number a times a vector is a new vector that is parallel to u but whose 
length is a times the length of u. If a is positive, then au lies in the same direction as u, 
but if a is negative, then a u lies in the opposite direction. 

z 

y 
x 

FIGURE C.2 
Th.e ftmdamental wlit vectors i, j, and k of a cartesian 
coordinate system. 

A useful set of vectors are the vectors that are of unit length and point along the 
positive x, y, and z axes of a cartesian coordinate system. These unit vectors (unit 
length), which we designate by i, j , and k, respectively, are shown in Figure C.2. We 
shall always draw a cartesian coordinate system so that it is right-handed. A right
handed coordinate system is such that when you curl the four fingers of your right hand 
from i to j , your thumb points along k (Figure C.3). 

z z 

y y 

x x 

FIGURE C.3 
An illustration of a right-handed cartesian coordinate system (right) and a left-banded cartesian 
coordinate system (left). 

Any three-dimensional vector u can be described in terms of these unit vectors, 

(C.3) 
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z 

FI GU RE C.4 
The components of a vector u are its projections 
along the x, y, and z axes, showing that the length 
of u is equal to (u; + u;, + u~) 1/ 2. 

where, for example, ux i is ux units long and lies in the direction of i. The quantities u.P 
u),, and u2 in Equation C.3 are the components of u . They are the projections of u 
along the respective cartesian axes (Figure C.4). In terms of components, the sum or 
difference of two vectors is given by 

(C.4) 

Figure C.4 shows that the length of u is given by 

u = lul = (u; + u; + u;) 1t2 (C.5) 

EX AMP LE C- 1 
If u = 2i - j + 3k and v = - i + 2j - k , then what is the length of u + v? 

SOLUTI ON: Using EquationC.4, we have 

u + v = (2 - l)i + (- 1 + 2)j + (3 - l)k = i + j + 2k 

and using Equation C.5 gives 

There are two ways to form the product of two vectors, and both have many 
applications in physical chemistry. One way yields a scalar quantity (in other words, 
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just a number), and the other yields a vector. Not surprisingly, we call the result of the 
first method a scalar product and the result of the second method a vector product. 

The scalar product of two vectors u and v is defined as 

u. v = 1u11 v1 cos e (C.6) 

where e is the angle between u and v. Note from the definition that 

U·V = V·U (C.7) 

Taking a scalar product is a commutative operation. The dot between u and vis such a 
standard notation that u ·vis often called the dot product of u and v. The dot products 
of the unit vectors i, j , and k are 

i · i = j · j = k · k = 1111 11 cos 0° = I 

i. j = j. i = i. k = k. i = j. k = k. j = 111111cos90° = 0 
(C.8) 

We can use Equations C.8 to evaluate the dot product of two vectors: 

and so 

(C.9) 

EXAMPLEC-2 
Find the length of u = 2 i - j + 3 k. 

SOLUTION: Equation C.9 with u = v gives 

u. u = u2 + u 2 + u2 = l ul2 
x ·'' z 

Therefore, 

lu l = (u · u) 112 = (4 + 1+ 9) 112 = .JL4 
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EXAMPLE C-3 
Find the angle between the two vectors u = i + 3 j - k and v = j - k . 

SOLUTION : We use Equation C.6, but first we must find 

and 

Therefore, 

ore= 31.48°. 

lu l = (u · u)112 = (I +9 + 1) 1/2 = JJi 

lvl = (v · v)1/ 2 = (0 +I+ 1) 112 = .J2 

U·V = 0 + 3 + 1=4 

U·V 4 
cos e = -- = -- = o.8528 

lullvl ../2i 

Because cos 90° = 0, the dot product of vectors that are perpendicular to each other 
is equal to zero. For example, the dot products between the i, j , and k cartesian unit 
vectors are equal to zero, as Equation C.8 says. 

EXAMPLE C-4 

Sh th h 1 . 1 • 1 k I . 2 . 1 k d ow att evectors v1 = r-; •+ r-; J + - , v2 =- •- 17 J+ /7 ·,an 
v3 v3 .J3 J6 v6 v6 

v3 = - ~ i + ~ k are of unit length and are mutually perpendicular. 

SOLUTION: The lengths are given by 

( L l 1) 112 

(v 1 · v 1)
1
1
2 = - + - + - = 1 

3 3 3 

(v2 . v2) 1/2 = - + - + - = I (
I 4 ') 1/2 

6 6 6 

( 1 1) 1/ 2 
(v 3 . V3) 1/2 = z + 0 + z = L 

The dot products ber.veen the different vectors are 

133 



134 MathChapter C I Vectors 

l l 
Vt· V3= - - + 0 + - = 0 

.J6 J6 

l L 
V2 · V3 = - -- + 0 + -- = 0 .Jl2 JI2 

None of the vector operations that we have used so far are limited to two or three 
dimensions. We can easily generalize Equation C.9 to N dimensions by writing 

N 

U· V = "' U · V· ~ .I.I 
j =I 

(C. I 0) 

The length of an N -dimensional vector is given by 

(C.1 I) 

If the dot product of two N -dimensional vectors is equal to zero, then we say that 
the two vectors are orthogonal. Thus, the term orthogonal is just a generalization of 
perpendicular. Furthermore, if the length of a vector is equal to 1, then the vector is said 
to be normalized. A set of mutually orthogonal vectors that are also normalized is said 
to be orthonormal. It is common notation to represent N-dimensional vectors by just 
listing their components within parentheses. Problem C- 7 has you show that the set of 
vectors ( l/J3, l/ J3, 0, l/J3), (l/J3, - l/J3, l/J3, 0), (0, l/J3, l/.J3, - l/.J3), 
and (1/ .J3, 0, - 1/ .J3, - 1/ J3) is orthonormal. 

One application of a dot product involves the definition of work. Recall that work 
is defined as force times distance, where "force" means the component of force that 
lies in the same direction as the displacement. If we let F be the force and d be the 
displacement, then work is defined as 

work=F · d (C.12) 

We can write EquationC.12 as (F cos B)(d) to emphasize that F cos e is the component 
ofF in the direction of d (Figure C.5). 

l-- Fcose --1 d 

FI G UR E C.5 
Work is defined as w = F · d, or (F cos B)d, 
where F cos B is the component of F along d. 
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z 

x 

FIGURE C.6 
A dipole moment is a vector that points from a negative 
charge, - q , to a positive charge, + q, and whose 
magnitude is qr. 

Another important application of a dot product involves the interaction of a dipole 
moment with an electric field. You may have learned in organic chemistry that the 
separation of opposite charges in a molecule gives rise to a dipole moment, which is 
often indicated by an arrow pointing from the negative charge to the positive charge. 
For example, because a chlorine atom is more electronegative than a hydrogen atom, 
HCl has a dipole moment, which we indicate by writing HCI. Strictly speaking, a dipole 
moment is a vector quantity whose magnitude is equal to the product of the positive 
charge and the distance between the positive and negative charges and whose direction 
is from the negative charge to the positive charge. Thus, for the two separated charges 
illustrated in Figure C.6, the dipole moment Jl is equal to 

µ, =qr 

We will learn later that if we apply an electric field E to a dipole moment, then the 
potential energy of interaction will be 

V = -µ, · E (C.13) 

The vector product of two vectors is a vector defined by 

u x v = lul lvl c sin e (C.14) 

where e is the angle between u and v and c is a wlit vector perpendicular to the plane 
formed by u and v. The direction of c is given by the right-hand rule: If the four fingers 
of your right hand curl from u to v, then c lies along the direction of your thumb. 
(See Figure C.3 for a similar construction.) The notation given in Equation C.14 is so 
commonly used that the vector product is usually called the cross product. Because 
the direction of c is given by the right-hand rule, the cross product operation is not 
commutative, and, in particular 

u xv = -v x u (C.15) 
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The cross products of the cartesian unit vectors are 

i x i = j x j = k x k = 111111csin0° = 0 

i x j = -j x i = 1111 11k sin90° = k 

j x k = -k x j = i 

k x i = -i x k = j 

In terms of components of u and v, we have (Problem C- 10) 

MathChapter C I Vectors 

(C.1 6) 

(C.17) 

Equation C.17 can be conveniently expressed as a determinant (see MathChapter E): 

j k 

U X V = Ux Uy U 2 
(C.1 8) 

Vx Vy Vz 

Equations C.17 and C.18 are equivalent. 

EXAMPLE C-5 
Given u = - 2i + j + k and v = 3i - j + k , determine w = u xv. 

SOLUTION: Using Equation C.J 7, we have 

w = [ (l)(l) - ( 1)(- 1)] i + [(1)(3) - ( - 2)(l)]j + [ (- 2)( - 1) - (1)(3)] k 

= 2 i + 5 j - k 

One physically important application of a cross product involves the definition of 
angular momentum. If a particle has a momentum p = mv at a position r from a fixed 
point (as in Figure C.7), then its angular momentum is defined by 

l = r x p (C.19) 

Note that the angular momentum is a vector perpendicular to the plane formed by r 
and p (Figure C.8). In terms of components, I is equal to (see Equation C.17) 

(C.20) 

We will see that angular momentum plays an important role in quantum mechanics. 
Another example that involves a cross product is the equation that gives the force F 

on a particle of charge q moving with velocity v through a magnetic field B: 

F =q(v x B) 
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z 

r 

\ 
\ 

y 

F I GURE C.7 
The angular momenttm1 of a particle of momentum 
p and position r from a fixed center is a vector 
perpendicular to the plane formed by r and p and in 
the direction of r x p. 

FIGURE C.8 
Angular momentum is a vector quantity that lies 
perpendicular to the plane formed by r and p and is 
directed such that the vectors r , p, and I form a right
handed coordinate system. 

Note that the force is perpendicular to v, and so the effect ofB is to cause the motion 
of the particle to curve, not to speed up or slow down. 

We can also take derivatives of vectors. Suppose that the components of momen
tum, p, depend upon time. Then 

d p(t) dpx(t) . dpy(I') . dpz(l) k --=-- •+ - - J+ --
dt dt dt dt 

(C.2 1) 

(There are no derivatives of i, j , and k because they are fixed in space.) Newton's law 
of motion is 

dp =F 
dt 

(C.22) 

This law is actually three separate equations, one for each component. Because p = mv, 
if m is a constant, we can write Newton's equation as 

dv 
m- =F 

dt 
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F I G UR E C.9 
A set of level curves (orange) for the sutface 
z = f(x, y) and the path V f(x, y) (black), which 
follows the direction of steepest descent. 

Furthermore, because v = dr / dt, we can also express Newton's equations as 

(C.23) 

Once again, Equation C.23 represents a set of three equations, one for each component. 
There are a couple of differential vector operators that occur frequently in chemical 

and physical problems. One of these is the gradient, which is defined by 

v J (x, y, z) =grad/ (x, y, z) = i of + / I + k of ox oy oz (C.24) 

Note that the gradient operator, V, operates on a scalar function. The vector V f is called 
the gradient vector off (x, y, z). Consider a set of contour lines on a topographical map 
or a set of isotherms or isobars on a weather map or a set of equipotentials in a potential 
energy diagram. Those lines are collectively called level curves. If a surface is described 
by z = f(x, y), then the level curves are given by z = constant (Figure C.9). The path 
traced out by V f in Figure C.9 is normal (perpendicular) to each level curve that it 
crosses and follows the direction of steepest descent. For a set of equipotentials, for 
example, V f represents the corresponding electric field and traces out the path that a 
charged particle will follow (Figure C.10). 

F I GU RE C.10 
Tile equipotentials (orange) and the electric field 
(black) of an electric dipole formed by equal and 
opposite charges. 

Many physical laws are expressed in terms of a gradient vector. For example, Fick 's 
law of diffusion says that the flux of a solute is proportional to the gradient of its 
concentration, or if c(x, y, z, t) is the concentration of solute at the point (x, y, z) 
at time t, then 



Problems 

flux of solute= - D'\lc(x, y, z, t) 

where D is called the diffusion constant. Similarly, Fourier's law of heat flow says that 
the flux of heat is described by 

flux of heat= - A. '\IT (x, y, z, t) 

where T is the temperature and A. is the thermal conductivity. If V (x, y, z) is a me
chanical potential energy experienced by a body, then the force on the body is given 
by 

F = - '\! V (x, y, z) (C.25) 

In addition, if</> (x, y, z) is an electrostatic potential, then the electric field associated 
with that potential is given by 

E= - '\/ <f>(x, y, z) (C.26) 

EXAMPLE C-6 
Suppose that a particle experiences a potential energy 

k 2 k v2 k 2 
V( ) 

xX y. zZ 
x. y, z = - 2- + - 2- + 2 ' 

where the k's are constant. Derive an expression for the force acting on the particle. 

SOLUTION: We use Equation C.25 to write 

Problems 

F( ) 
. av . av k av 

x y z = - 1- - 1- - 
, ' ax ()y oz 

C-1. Find the length of the vector v = 2 i - j + 3 k . 

C-2. Find the length of the vector r = x i + y j and of the vector r = x i + y j + z k . 

C-3. Prove that u · v = 0 if u and v are perpendicular to each other. Two vectors that are 
perpendicular to each other are said to be orthogonal. 

C-4. Show that the vectors u = 2 i - 4 j - 2 k and v = 3 i + 4 j - 5 k are orthogonal. 
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C-5. Show that the vector r = 2 i - 3 k lies entirely in a plane perpendicular to the y axis. 

C-6. Find the angle between the two vectors u = - i + 2 j + k and v = 3 i - j + 2 k . 

C-7. Show that the set of vectors ( l/J3, l/ ..Ji, 0, l/J3) , (1/J3, - l/J3, l/J3, 0) , 
(0, l/..J3, l/J3, - 1/..Ji), and (l/..J3, 0, - l/J3, - l/J3) is orthonormal. 

C-8. Determine w = u xv given that u = - i + 2 j + k and v = 3 i - j + 2 k. What is v x u 
equal to? 

C-9. Show that u x u = 0. 

C-10. Using Equation C.16, prove that u x v is given by Equation C. 17. 

C-11. Show that! = Ill = mvr for circular motion. 

C-12. Show that 

and 

d du dv 
- (u · v) = - · v + u · -
dt dt dt 

d du dv 
- (u x v) = - x v + u x -
dt dt dt 

C-13. Using the results of Problem C- 12, prove that 

C-14. In vector notation, Newton's equations for a single particle are 

By operating on this equation from the left by r x and using the result of Problem C-13, 
show that 

d ( dr) m - r x - =r x F 
dt dt 

Because momentmn is defined as p= mv = m d r , the above expression reads 
dt 

d 
- (r x p) =r x F 
dt 

But r x p =I, the angular momentum, and so we have 

d i 
-=r x F 
dt 



Problems 

This is the form of Newton's equation for a rotating system. Notice that d l/dt = 0, or that 
angular momentum is conserved ifr x F = 0. Can you identify r x F? 

C-15. Find the gradient of f(x, y , z) = x2 - y z + xz2 at the point (1, l, I). 

C-16. The electrostatic potential produced by a dipole moment µ, located at the origin and 
directed along the x axis is given by 

(x, y, z =I= 0) 

Derive an expression for the electric field associated with this potential. 

C-17. We proved the &hwartz inequality for complex numbers in Problem A-16. For vectors, 
the Schwartz inequality takes the form 

Why do you think that this is so? Do you see a parallel between this result for two
dimensional vectors and the complex number version? 

C-18. We proved the triangle inequality for complex munbers in Problem A-17. For vectors, 
the triangle inequality takes the form 

iu + vi S iul + !vi 

Prove this inequality by starting with 

iu + vl2 = iui2 + lvl2 + 2u · v 

and then using the Schwartz inequality (previous problem). Why do you think this is called 
the triangle inequality? 
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Niels Bohr was born in Copenhagen, Denmark, on October 7, 1885, and died therein 1962. 
In 1911, Bohr received his Ph.D. in physics from the University of Copenhagen. He then 
spent a year with J. J. Thompson and Ernest Ruthetford in England, where he formulated his 
theory of the hydrogen atom and its atomic spectrum. In 1913, he returned to the University 
of Copenhagen, where he remained for the rest ofhis life. In 1920, he was named director of 
the Institute ofTheoretical Physics, which was supported largely by the Carlsberg Brewery 
and was an international center for theoretical physics during the 1920s and '30s, when 
quantum mechanics was being developed. After World War II, Bohr worked energetically 
for peaceful uses of atomic energy. He organized the first Atoms for Peace Conference in 
1955 and received the first Atoms for Peace Prize in 1957. Bohr was awarded the Nobel 
Prize in Physics in 1922 "for his investigation of the structure of atoms and of the radiation 
emanating from them." 

Werner Heisenberg was born on December 5, 190 l, in Duisberg, Germany, grew up in 
Munich, and died in 1976. In 1923, Heisenberg received his Ph.D. in physics from the 
University of Munich. He then spent a year working with Max Born at the University of 
Gottingen and three years with Niels Bohr in Copenhagen. He was chair of theoretical 
physics at the University ofLeipzig from 1927 to 1941, the youngest to have received such 
an appointment. Because of a deep loyalty to Germany, Heisenberg opted to stay in Germany 
when the Nazis came to power. After World War IJ, he was named director of the Max Planck 
Institute for Physics, where he strove to rebuild German science. Heisenberg developed 
one of the first formulations of quantum mechanics, which was based on matrix algebra. 
Heisenberg was awarded the 1932 Nobel Prize in Physics "for the creation of quantum 
mechanics." His role in Nazi Germany is somewhat clouded, prompting one author (David 
Cassidy) to title his biography of Heisenberg Uncertainty (W. H. Freeman: New York, 1993). 



CHAPTER 4 
The Postulates and General Principles 

of Quantum Mechanics 

Up to now we have made a number of conjectures concerning the formulation of 
quantum mechanics. For example, we have been led to suspect that the variables of 
classical mechanics are represented in quantum mechanics by operators. These operate 
on wave functions to give the average or expected results of measurements according to 
Equation 3.36. In this chapter we shall formalize the various conjectures that we have 
made in Chapter 3 as a set of postulates and then discuss some general theorems that 
follow from these postulates. This is similar to setting up a set of axioms in geometry and 
then logically deducing the consequences of these axioms. The ultimate test of whether 
the axioms or postulates are sensible is to compare the end results to experimental data. 
As one gains experience and insight in an area, one can propose more abstract and 
economical postulates, but here we shall present a fairly elementary set that will suffice 
for all systems that we shall discuss in this book, and for almost all systems of interest 
in chemistry. 

4.1 The Stale of a Syslem Is Completely Specified by lls Wave Function 

Classical mechanics deals with quantities called dynamical variables, such as position, 
momentum, angular momentum, and energy. A measurable dynamical variable is called 
an observable. The classical-mechanical state of a one-body system at any particular 
time is specified completely by the three position coordinates (x , y , z) and the three 
momenta or velocities (v.n Vy , v 2 ) at that time. The time evolution of the system is 
governed by Newton's equations, 

(4.1) 
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where F'.n F),, and F2 are the components of the force F(x, y , z). Realize that generally 
each force component depends upon x, y, and z. To emphasize this, we write 

d2 y 
m dt 2 = Fy(x , y , z) 

Note that each of these equations is a second-order equation, and so there will be two 
integration constants from each one. We can choose the integration constants to be the 
initial positions and initial velocities and write them as x0, y0, z0, vx0, v y0, and v 20. 

The solutions to Equations 4.2 are x (t) , y (t), and z(t) , which describe the position 
of the particle as a function of time. The position of the particle depends not only on 
the time but also on the initial conditions. To emphasize this, we write the solutions to 
Equations 4.2 as 

y (t ) = y (t; Xo, Yo' zo, v xO• VyO• Vzo) 

z(l) = z(t ; x0, y0 , z0, vxO• v yO• u20) 

We can write these three equations in vector notation: 

r(t) = r (i ; ro, vo) 

The vector r (l) describes the position of the particle as a function of time; r (l) is called 
the trajectory of the particle. Classical mechanics provides a method for calculating the 
trajectory of a particle in terms of the forces acting upon the particle through Newton's 
equations (Equations 4.2). 

If there are N particles in the system, then it takes 3N coordinates and 3N velocities 
to specify the state of the system. There are 3N second-order differential equations and 
hence 3N initial positions and 3N initial velocities. The trajectory of the system is the 
position of each of the N particles in the system as a function of time and as a function 
of the initial conditions. An N-body system may be mathematically more complicated 
than a one-body system, but no new concepts need to be introduced. 

Thus we see that in classical mechanics we can specify the state of a system by 
giving 3N positions and 3N velocities or momenta. We should suspect immediately 
that this is not going to be so in quantum mechanics because the uncertainty principle 
tells us that we cannot specify or determine the position and momentum of a particle 
simultaneously with infinite precision. The uncertainty principle is of no practical 
importance for macroscopic bodies, and so classical mechanics is a perfectly adequate 
prescription for macroscopic bodies; but for small bodies such as electrons, atoms, and 
molecules, the consequences of the uncertainty principle are far from negligible and 
so the classical-mechanical picture is not valid. This leads us to our first postulate of 
quantum mechanics. 



4. 1. The State of a System Is Completely Specified by Its Wave Function 

Postulate 1 
The state of a quantum-mechanical system is completely specified by a function W (r, t) 
that depends on the coordinates of the particle and on time. This function, called the 
wave function or state function, has the important property that w *(r , 1)1¥ (r , 1)dxdydz 
is the probability that the particle lies in the volume element dxdy dz located at rat 
time 1. 

If there is more than one particle, say two, then we write 

for the probability that particle 1 lies in the volume element dx 1dy 1dz 1 at r 1 and that 
particle 2 lies in the volume element dx2d y2d z2 at r 2 at time 1. Postulate I says that the 
state of a quantum-mechanical system such as two electrons is completely specified by 
this function and that nothing else is required!. 

Because the square of the wave function has a probabilistic interpretation, it must 
satisfy certain physical requirements. For example, a wave function must be normalized, 
so that in the case of one particle, for simplicity, we have 

fr { { dx dydz w *(r , 1)w(r , t) = I 
J l au space 

(4.3) 

for all time. The notation "all space" here means that we integrate over all possible 
values of x , y , and z. 

It is convenient to abbreviate Equation 4.3 by letting dx dy dz = dr and to write 

1_: dr w*(r , t ) w(r, t) = I (4.4) 

with the understanding that this is really a triple integral over all possible values of x, 
y, and z. For the specific case of a three-dimensional particle in a box, the limits are 
(0, a ), (0, b) , and (0, c) . 

EXAMPLE 4-1 
The wave functions for a particle restricted to lie in a rectangular region of lengths a 
and b (a particle in a two-dimensional box) are 

( 
4 ) 

112 
. n x1CX . n .v1C'Y 

1/111 ,, ,(x , y) = - srn -- sm --
" ' ab a b 

n,., n. " = l , Z, ... { 0 5 x 5 a 
. 0 5y5 b 

Show that these wave functions are normalized. 

SOLUTION : We wish to show that 

dxdy1/f* (x, y)1/f(x, y ) = - dxdy sin2 _ ,_ sin2 _ Y_ = 1 1" 1b ( 4 ) 1°1b n .7tx n rry 
o o ab o o a b 
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This double integral actually factors into a product of two single integrals: 

( 
4 ) 1a d . 2 nxn:x 1b d . 2 nyn:y ? 1 - xsm -- ysm -- = 

ab o a o b 

Equation 3.26 shows that the first integral is equal to a/2 and that the second is equal 
to b/2, so that we have 

and thus the above wave functions are normalized. 

A less stringent condition than Equation 4.4 is that the wave function must be 
able to be normalized. This can be so only if the integral in Equation 4.4 is finite. 
If this is the case, we say that W (r , t) is square integrable (cf. Problem 4- 1). If the 
integral in Equation 4.4 equals a constant c rather than 1, then we can normalize 
W (r, t) by dividing it by c 112. In addition to being normalized, or at least normalizable, 
because W*(r , t)W(r, t) dr: is a probability, we require that W(r , t) and its first spatial 
derivative be single-valued, continuous, and finite (cf. Problem 4-4). We summarize 
these requirements by saying that W (r , t) must be well behaved. 

EXAMPLE 4-2 
Determine whether each of the following functions is acceptable or not as a state 
function over the indicated intervals. 

(a) e-x (0, oo) 

(b) e-x (- oo, oo) 

(c) sin- 1 x (- 1, I) 

(d) sin x (0, oo) 
x 

(e) e-lxl (- oo, oo) 

SOL UTI ON: 

(a) Acceptable; e-x is single-valued, continuous, finite, and quadratically integrable 
over the interval (0, oo). 
(b) Not acceptable; e-x cannot be normalized over the interval (- oo, oo) because e-x 

diverges as x -+ - oo. 
(c) Not acceptable; sin- 1 x is a multivalued ftmction. For example, 

. - I I 71: Ir 2 71: 4 
Sill = 2' 2 + 71:' 2 + 71: ' .•• 

(d) Acceptable; realize that sin x / x is finite at x = 0. 
(e) Not acceptable; the first derivative of e-lxl is not continuous at x = 0. 



4.2. Quantum-Mechanical Operators Represent Classical-Mechanica l Var iables 

4.2 Quanlum-Mechanical Operators Represent 
Classical-Mechanical Variables 

In Chapter 3, we concluded that classical-mechanical quantities are represented by 
linear operators in quantum mechanics. We now formalize this conclusion by our next 
postulate. 

Postulate 2 
To eve1y observable in classical mechanics there corresponds a linear operator in 
quantum. mechanics. 

We have seen some examples of the correspondence between observables and 
operators in Chapter 3. These correspondences are listed in Table 4.1. The only new 
entry in Table 4.1 is that for the angular momentum, which requires some comment. 

We discussed circular motion in some detail in Section 1.7. In that particular case, 
the angular momentum l is given by l = mvr. Just like linear momentum, however, 
angular momentum is actually a vector quantity. If a particle is at some point r and 
has momentum p, then its angular momentum is defined by I = r x p. As we saw in 
MathChapter C, this vector cross product has a magnitude Ir 11 p I sin B, where B is 
the angle between r and p and its direction is perpendicular to the plane formed by r 
and p. The components of I = r x p are (Equation C.20) 

Ix= YPz - zpy 

Ly =ZPx - XfJz 

12 =xpy - YPx 

(4.5) 

Note that the angular momentum operators given in Table 4.1 can be obtained from 
Equation 4.5 by Jetting the linear momenta P.o P.i,, and Pz assume their operator 
equivalents. 

According to Postulate 2, all quantum-mechanical operators are linear. There is 
an important property of linear operators that we have not discussed yet. Consider an 
eigenvalue problem with a two-fold degeneracy; that is, consider the two equations 

and 

Both 1/11 and 1/12 have the same eigenvalue a. If this is the case, then, any linear 
combination of 1/11 and 1/12, say c11/f1 + c21/f2, is also an eigenfunction of A with the 
eigenvalue a. The proofrelies on the linear property of A (Section 3.2): 

A(c11/f1 + c21f;2) = c1A1/11 + c2A1/12 

= c1a1f;1 + c2a1f;2=a(c11/f1 + c21/f2) 

147 



148 Chapter 4 I The Postulates and General Pr inciples of Quantum Mechanics 

T A B l E 4.1 
Classical-Mechanical Observables and Their Corresponding Quantum-Mechanical 
Operators 

Observable 

Name Symbol Symbol 

Position x 

r 

Momentum Px 

p 

Kinetic energy 

T 

Potential energy V(x) V(x) 

Operator 

Operation 

Multiply by x 

Multiply by r 

·1 a - t i,-
ox 

. "'c· a . a + k a ) - In t- + J- -
ax ay az 

n,2 02 

2m ax2 
n,2 02 02 02 

- - ( - + - + - ) 
2m ox2 oy2 az2 

= _!Y!._v2 
2m 

Multiply by V(x) 

V(x, y, z) V(x, y, z) Multiply by V(x, y, z) 

Total energy E 

Angular momentum l,. = YPz - zpy l,. 

EXAMPLE 4-3 
Consider the eigenvalue problem 

112 02 02 02 
- - ( - + - + - ) 

2m ox2 oy2 oz2 
+ V(x, y, z) 

n,2 
= -~'V2 + V(x, y, z) 

.un 

- in(y.! - z~) 
az ay 
a a 

- in(z - - x - ) 
ax az 

-in(x~ - y~) 
ay ax 

where m is a real (not imaginary or complex) number. The two eigenfunctions of 
A= d2 /d</> 2 are cf>111 (¢) = eim¢ and cf>_111 (</J) = e-im<P. We can easily show that each 
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of these eigenfunctions has the eigenvalue - m.2• Show that any linear combination of 
¢ 111 (<p) and ¢ _ 111 ( </>) is also an eigenfunction of A = d2 / d<J>2 . 

SOLUTI O N : 

Example 4- 3 helps show that this result is directly due to the linear property of 
quantum-mechanical operators. Although we have considered only a two-fold degen
eracy, the general result is obvious. We will use this property of linear operators when 
we discuss the hydrogen atom in Chapter 7. 

4.3 Observable Quantities Musl Be Eigenvalues of 
Quanlum-Mechanical Operators 

We now present our third postulate: 

Postulate 3 
In any measurement of the observable associated with 1he opera/or A, the only values 
that will ever be observed are the eigenvalues a, which satisfy the eigenvalue equation 

(4.6) 

Generally, an operator will have a set of eigenfunctions and eigenvalues, and we 
indicate this by writing 

A \fl,, = all \{Ill (4.7) 

Thus, in any experiment designed to measure the observable corresponding to A, the 
only values we find are a1, a2, a3, • • •• The set of eigenvalues {all} of an operator A is 

called the spectrum of A. 
As a specific example, consider the measurement of the energy. The operator 

corresponding to the energy is the Hamiltonian operator, and its eigenvalue equation is 

(4.8) 

This is just the Schrodinger equation. The solution of this equation gives the \f!11 and Ell. 

For the case of the particle in a box, Ell= n2h2 / 8ma2. Postulate 3 says that if we measure 
the energy of a particle in a box, we shall find one of these energies and no others. 

Notice that the Schrodinger equation is just one of many possible eigenvalue 
equations because there is one for each possible operator. Equation 4.8 is the most 
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0 a x 

I 
t 
Vo 

t 
F I GURE 4.1 
A potential well with finite potential. The potential energy V (x) that describes the system 
illustrated in this figure is given by V (x) = 0 for 0 ~ x ~ a and V (x) = V0 for x < 0 and x > a. 

important and most famous one, however, because the energy spectrum of a system 
is one of its most important properties. Because of the equation f).£ = h v, we see 
that the experimentally observed spectrum of the system is intimately related to the 
mathematical spectrum. This is the motivation for calling the set of eigenvalues of 
an operator its sp ectrum, and this is also why the Schrodinger equation is a special 
eigenvalue equation. 

The particle in a box is a bound system, and for bound systems the spectrum is 
discrete. For an unbound system, the spectrum is continuous. (See Problem 3- 35.) For 
other systems, such as a particle in a box with finite walls (Figure 4.1), the spectrum 
can have both discrete and continuous parts. The energies below V0 in Figure 4.1 are 
discrete and those with E > V0 are continuous. As the value of V0 increases, the system 
becomes a particle in a box because the large potential V0 restricts the particle to lie 
within the well between 0 and a. 

If a system is in a state described by l.IJm an eigenfunction of A, then a measurement 

of the observable corresponding to A will yield the value a11 and only a11 • It is important 
to realize, however, that the {\1111 } are very special functions, and it is possible that a 
system will not be in one of these states. Postulate I does not say that a system must 
be in a state described by an eigenfunct ion. Any suitably well-behaved function is a 
possible wave function or state function. What, then, if we measure the energy of a 
system that is in a state described by l.lJ that is not an eigenfunction of H? Indeed 
our observed value will be one of the values £ 11 , but which one it will be cannot be 
predicted with certainty. In fact, if we were to measure the energy of each member of a 
collection of similarly described systems, all in the state described by \II , then we would 
observe a distribution of energies, but each member of this distribution will be one of 
the energies Ew This leads to our fourth postulate. 

Postulate 4 
If a SJ'Stem is in a state described by a normalized wave function \II , then the average 
value of the observable corresp onding to A is given by 

(a) = j_: '11* Aw dr: (4.9) 
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According to Postulate 4, if we were to measure the energy of each member of a 
collection of s imilarly prepared systems, each described by \II , then the average of the 
observed values is given by Equation 4.9 with A = fi. 

EXAMPLE 4-4 
Suppose that a particle in a box is in the state represented by the normalized state 
function. 

I (30) l / 2 

w (x) = a; x (a - x) 

otherwise 

Calculate the average energy of this system. 

SOLUTION: The normalization integral of\ll(x) is elementary: 

According to Equation 4.9, the average energy associated with this state is 

la A la ( 112 d2 ) (£} = w*(x) H w(x)dx = w *(x ) - - · -
2 

w(x) dx 
o o 2m dx 

15/l,2 la [ d2 ] = - -- x(a - x) - x(a - x) dx 
ma5 o dx2 

3Qfi,2 la 5Ji2 5h2 
= -- x(a - x)dx = -- = ---

ma5 o ma2 41l'2ma2 

Note that this value is not one of the energy eigenvalues of a particle in a box (Equa
tion 3.21). Which one is it closest to? Which eigenfunction (Equation 3.27) is w(x) 
most similar to? Does this result seem sensible? 

Suppose that \II just happens to be an eigenfunction of A; that is, suppose that 
\II = 1/111 where 

Then 

(a)= 1
00 

if!,7A1/111 dr=1
00 

if!,7a11 if!11 dr=a11 f00 

if!;71/111 dr=a11 (4.10) 
- oo - oo - oo 
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Furthermore, if A1fr11 = anlfim then 

A.2 A A A 2 
A 1/r,, = A(A 1/1,,) = A(a,, 1/f,,) = a

11
1jr11 

and so 

(4. 11) 

From Equations 4.10 and 4.11, we see that the variance of the measurement (cf. 
Math Chapter B) gives 

a 2 = (a2) - (a)2 = a2 - a2 = 0 
11 II 11 

( 4.12) 

Thus, Postulate 3 says that the only value that we measure is the value a,,. Often, 
however, the system is not in a state described by an eigenfunction, and one measures 
a distribution of values whose average is given by Postulate 4. 

EXAMPLE 4-5 
Show by direct calculation that er~ = ( E2 } - ( E)2 = 0 for a particle in a box, for which 

(2) l/2 . n1'lX 
1/r11 (X) = ; Sill - a-

ln other words, show that the only values of the energy that can be observed are the 
energy eigenvalues, E11 = n2h2 /8ma2 (Equation 3.21). 

SO LUTION: The operator that corresponds to the observable Eis the Hamiltonian 
operator, which for a particle in a box is Equation 3.14 with V (x) = 0: 

The average energy is given by 

A fi2 d2 
H = - ---

2m dx2 

[" 
(E} =Jo 1/r,7(x)Hl/r11(x)dx 

=- sin -- - -- sm --dx 2 la . n1'lx ( fi
2 

d
2 

) . n1'l x 
a o a 2m dx2 a 

= fi2 . ~ . ( n1C)2 ru sin2 n1'lX dx = n2h2 =Ell 
2m a a Jo a 8ma2 
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Similarly, 

(£2} = fo t1 1f!,;(x)H21f!11 (x)dx = fo t1 1f!,7(x)H[H1f!11 (x)]dx 

2 lot' . nrrx ( li
2 

d
2 

) ( /i
2 

d
2 

) . nrrx = - sm - - -- - --- sm - dx 
a o a 2m dx2 2m. dx2 a 

=-·- sm - - sm - dx li4 2 fo t1 . nrrx ( d
4 

) . nrrx 

4m2 a o a dx 4 a 

=-·-· - sin2 - dx 1i
4 

2 (nrr )4 fo" nrrx 
4m2 a a o a 

4,.4 ( 2h2 )2 = _ n_ 1 _. = _n_ = E2 = (£}2 
64m2a4 8ma2 11 

Therefore, a~ = (£ 2} - (£}2 = 0, and so we find that the energies of a particle in a box 
in a state described by 1f!11 (x) above can be observed to have only the values E" £ 2, ... . 

4.4 The Commutator of Two Operalors Plays a Central Role 
in Lhe Uncertainty Principle 

When two operators act sequentially on a function, as in AB f (x), we apply each 
operator in turn, working from right to ten 

AB j(x) =A [B f(x) ] = Ah(x) 

where h(x) = B f(x). An important difference between operators and ordinary alge
braic quantities is that operators do not necessarily commute. If 

ABf(x) = BA f(x) (commutative) (4.13) 

for arbitrary f (x.), then we say that A and B commute. ff 

ABf(x) f- BA J(x) ( noncommutative) (4.14) 

for arbitrary f(x), then we say that A and B do not commute. For example, if A= d/ dx 
and B = x (multiply by x), then 

and 

~A d df 
ABf(x) = -[xj(x)]= f(x) + x-

dx dx 

~ ~ d df 
BAJ (x) = x - f(x) = x -

dx dx 
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Therefore, ABf(x) I= BA f(x), and A and B do not commute. In this particular case, 
we have 

AB f (x) - B Af (x) =I (x) 

or 

(AB - B A)f(x) = j f(x) (4.15) 

where we have introduced the identity operator i, which simply multiplies f (x) by 
unity. Because f (x) is arbitrary, we can write Equation 4.15 as an operator equation by 
suppressing f (x) on both sides of the equation to give 

AB - BA = i (4.16) 

Realize that an operator equality like this is valid only if it is true for all f (x). The 
combination of A and B appearing in Equation 4.16 occurs often and is called the 
commutator, [A, B], of A and B: 

[A , B] =AB - BA ( 4.17) 

If [A, B]f(x) = 0 for all f(x) on which the commutator acts, then we write that 
[A, B] = 0 and we say that A and B commute. 

EXAMPLE 4-6 
Let A= d/dx and B = x2 . Evaluate the commutator [A , B]. 

SOLUTION: We let A and B act upon an arbitrary flmction f (x): 

A A d 2 2df 
ABf(x) = - [x f(x)] = 2xf(x) +x -

dx dx 

BAf(x) =x2 .!!_ f(x) = x 2df 
dx dx 

By subtracting these two results, we obtain 

(AB - BA)f(x) = 2xf<x) 

Because, and only because, f (x) is arbitrary, we write 

[A, B]=2xi 

When evaluating a commutator, it is essential to include a function f(x) as we have 
done; otherwise, we can obtain a spurious result. To this end, note well that 
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A A AA A A d 2 2 d 
[A , B] = AB - BA = - x - x -

2 d 
=I= 2x - x -

dx 

dx dx 

a result that is obtained by forgetting to include the function f (x). Such errors will not 
occur if an arbitrary ftmction f (x) is included from the outset. 

EXAMPLE 4-7 
For a one-dimensional system, the momentum operator is (Table 4. l) 

and the position operator is 

Evaluate [P0 X]. 

P
A 'I< d 

= - tn 
x dx 

(multiply by x) 

SOLUTION: We let [ ? ... , X] act upon an arbitrary ftmction f (x): 

[P ... , X]f (x) = P,.X f (x) - x P,J(x) 

= - ih!!_ [xf (x)] + xi It!!_ f (x) 
dx dx 

'llf ( ) '/j df + 'Ii df = - /1, X - /1,X - I ,X -
dX dx 

= - ihf(x) 

Because f (x) is arbitrary, we write this result as 

[P,., x] = - ilif 

where i is the unit operator (the multiply-by-one operator). 

(4.18) 

If two operators do not commute, then their corresponding observable quantities 
do not have simultaneously well-defined values, and in fact, 

cr;cr~::: - ~ (/ 1/r* [A , B]ifr dx) 
2 

(4.19) 
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where al and a~ are 

al= f 1/l*(A - (a))21/I dx 

a~= f 1/l*(B - (b)) 21/I dx 

(4.20) 

(4.21) 

and 1/1 is a suitably behaved state function. The proof of Equation 4.19 is left to the 
problems. (See Problem 4-47.) 

Let's see how to use Equation 4.19 in the case where A and B are the momentum 
and position operators. In this case (see Equation 4.18), 

[A, BJ = [ i\, x] = - ili f 

If we substitute Equation 4 .22 into Equation 4 .19, then we find that 

or 

a2a2 > -~ [/ 1/1*(- i/i)l/I dx]2 
p x - 4 

By taking the square root of both sides, we have 

which is the Heisenberg uncertainty principle for momentum and position. 

(4.22) 

(4.23) 

4.5 Quantum-Mechanical Operators Must Be Hermitian Operators 

Table 4.1 contains a list of some commonly occurring quantum-mechanical operators. 
We stated previously that these operators must have certain properties. We noticed that 
they all are linear, and this is one requirement that we impose. A more subtle requirement 
arises if we consider Postulate 3, which says that, in any measurement of the observable 
associated with the operator A, the only values that are ever observed are the eigenvalues 
of A. We have seen, however, that wave functions, and operators generally, are complex 
quantities, but certainly the eigenvalues must be real quantities if they are to correspond 
to the result of experimental measurement. In an equation, we have 

(4.24) 
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where A and if! may be complex but a must be real. We shall insist, then, that quantum
mechanical operators have only real eigenvalues. Clearly, this places a certain restriction 
on the operator A. 

To see what this restriction is, we multiply Equation 4.24 from the left by 1/1* and 
integrate to obtain 

(4.25) 

Now take the complex conjugate of Equation 4.24, 

A*1/!* = a*1f!* = a1f!* (4.26) 

where the equality a* =a recognizes that a is real. Multiply Equation 4.26 from the 
left by if! and integrate 

f if! A*1f!*dx = a J 1/11/!*dx = a (4.27) 

Equating the left sides of Equations 4.25 and 4.27 gives 

f 1/1* Al/! dx = J if! A*1f!*dx (4.28) 

The operator A must satisfy Equation 4.28 to assure that its eigenvalues are real. An 
operator that satisfies Equation 4.28 for any well-behaved function is called a Hermitian 
operator. Thus, we can write the definition of a Hermitian operator as an operator that 
satisfies the relation 

1
00 

f* Af dx = f
00 

f A* f* dx 
-oo 1-oo 

(4.29) 

where f (x ) is any well-behaved function. Hermitian operators have real eigenvalues. 
Postulate 2 should be modified to read as follows: 

Postulate 1! 
To every observable in classical mechanics there corresponds a linem; Hermitian 
operator in quantum mechanics. 

All the operators in Table 4.1 are Hermitian. How do you determine if an operator 
is Hermitian? Consider the operator A = d / dx. Does A satisfy Equation 4.29? Let's 
substitute A = d/ dx into Equation 4.29 and integrate by parts: 

100 d 100 df I loo 1
00 

df* f* - f dx = f* -dx = f*f - f -dx 
- oo dx -oo dx - oo - oo dx 
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For a wave function to be normalizable, it must vanish at infinity, and so the first term 
on the right side here is zero. Therefore, we have 

1
00 

d 100 

d r -· f dx= - 1- · f* dx 
- oo dx - oo dx 

For an arbitrary function f (x), d/ dx does not satisfy Equation 4.29 and so is not 
Hermitian. 

Let's consider the momentum operator fa= - ilid/dx. Substitution into Equa
tion 4.29 and integration by parts gives 

100 ( d ) 100 

df 100 

df* f* - iii- f dx = - d i J*- dx =in f - dx 
- oo dx - oo dx - oo dx 

and 

100 A 100 ( d )* 100 

df* f P* !* dx = f - in-_ f* dx =in f -. dx 
- oo - oo dx - oo dx 

Thus, we see that P does, indeed, satisfy Equation 4.29. Therefore, the momentum 
operator is a Hermitian operator. 

EXAMPLE 4-8 

Prove that the kinetic energy operator is Hermitian. 

A /'i2 d2 
T= - ---

2m dx2 

SOLUTION: As always, we shall assume that f vanishes at infinity. Thus, following 
the procedure of integrating by parts twice, 

/i,2 l oo * d2 f fi2 I '* df loo Ji,2 l oo df* df - - f - dx = - - f - + - --dx 
2m -oo dx2 2m dx 2m - oo dx dx 

- 00 

Ji,21 tlf* loo fi2 l oo d2 f * 
=- --f - - --fdx 

2m dx 2m -oo dx 2 
- 00 

and so we see that 

Joo f* ( - fi,2 d22) f dx =Joo f ( - /j,2 d22) f* dx 
-oo 2m dx -oo 2m dx 

=Joo f ( - /j,2 d22) * f* dx 
-oo 2m dx 

Thus, Equation 4.29 is satisfied, and the kinetic energy operator is Hermitian. 
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The definition of a Hermitian operator that is given by Equation 4.29 is not the 
most general definition. A more general definition of a Hermitian operator is given by 

1
00 

dx f,~ (x )Af,,(x) = f
00 

dx f,, (x )A* f,~(x) 
- oo 1-oo (4.30) 

where f,,(x) and f,11 (x ) are any two well-behaved functions. We shall use this definition 
quite often. It so happens that it is possible to prove that Equation 4.30 follows from 
Equation 4.29, and so the definition given by Equation 4.29 suffices if you know this. 
Problem 4- 20 leads you through the proof. 

This is a good time to introduce a notation that is extremely widely used. Let 
{ /,, (x)} be some set of well-behaved functions that we label by an integer n. These 
functions might, but not necessarily, be the eigenfunctions of some operator 6. In this 
new notational scheme, we shall express f, 1 (x) as I n ) . Instead of denoting the complex 
conjugate of f,, (x) by I n ) *, we denote it by { n 1. The integral of t,; (x) /,, (x) in this 
notation is expressed as { n I n ) , or 

1
00 

dx t,; (x)J;, (x ) = { n I n ) 
- oo 

Normalization corresponds to writing { n I n ) = I. More generally, 

1_: dx f,~ (x) f,1 (x) = { m I n ) (4.3 1) 

You can see that ( m In )* = ( n I m } by taking the complex conjugate of both sides of 
Equation 4.31. Continuing, for an operator A we write 

1_: dx fi~(x) Af,,(x) = ( m I A In ) (4.32) 

Note that we enclose A between vertical lines instead of writing ( m I An ) , which is 
not incorrect but simply not often done. In this notation, the two sides of Equation 4.30 
become 

1_: dx f,~ (x)Af,1 (x) = ( m I A I n ) 

and 

1_: dx f, ,(x )A* f,~(x) = [/_: dx t,; (x)Af,11 (x)r = { n I A Im )* 

and so A is a Hermitian operator if 

{ m I A In ) = ( n I A Im)* (4.33) 
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Equation 4.33 gives the definition of a Hermitian operator (Equation 4.30) in this new 
notation. 

This notation is due to the British physicist Paul Dirac. The quantities I n) are 
called kets, and the ( m I are called bras. This nomenclature arises from the fact that 
integrals such as those in Equation 4.32 are denoted by brackets, ( m I A In). The 
notational scheme is called Dirac notation or bracket notation. This notation may be 
new to you, but it is very economical and we shall use it gradually more often as we go 
along. Problems 4- 27 and 4- 28 give you practice with this bracket notation. 

4.6 The Eigenfunclions of Hermilian Operalors Are O rthogonal 

We have been led naturally to the definition and use ofHem1itian operators by requiring 
that quantum-mechanical operators have real eigenvalues. Not only are the eigenvalues 
of Hermitian operators real, but their eigenfunctions satisfy a rather special condition 
as well. Consider the two eigenvalue equations 

A 1/1111 = am 1/Jm (4.34) 

We multiply the first of Equations 4.34by1/1,;, and integrate; then we take the complex 
conjugate of the second, multiply by 1/1,,, and integrate to obtain 

or 

1
00 

1/1,;, A 1/lll dx =all 100 

1/11; 11/111 dx. 
- oo - oo 

- a* * dx 100 

- Ill 1/11111/lll 

( m I A I n ) = all ( m I n ) 

( n I A I m ) * = a1~1 ( m I n ) 

- oo 

in the bracket notation. By subtracting Equations 4.35 or 4.36, we obtain 

1
00 

l/J,;,A1/lll dx -100 

1/lllA*i./11; 1 dx =(all - a,:1) 100 

1/11; 1 1/Jll dx 
- oo - oo - oo 

or 

( m I A I n ) - ( n I A I m ) * = (a11 - a,:
1

) ( m I n ) 

(4.35) 

(4.36) 

(4.37) 

( 4.38) 
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Because A is Hermitian, either Equation 4.30 or 4.33 shows that the left side here is 
zero, and so we have 

(all - a,:,) f 00 lfr,:, 1/!ll dx = (all - a,:,) { m I n ) = 0 Loo 
(4.39) 

There are twopossibilitiestoconsiderin Equation4.39, n = m andn # m. Whenn = m, 
the integral is unity by normalization and so we have 

all =a,~ (4.40) 

which is just another proof that the eigenvalues are real. 
When n # m, we have 

(all - a,,J f 00 1/!,;
1
1/r11 dx. = (all - a111 ) ( m I n ) = 0 

- oo 
m#n (4.41) 

Now if the system is nondegenerate, all # a111 , and 

1
00 

1/r,;,1/rll dx = (m I n)= 0 
- oo 

(4.42) 

A set of eigenfunctions that satisfies the condition in Equation 4.42 is said to be 
orthogonal. We have just proved that the eigenfunctions of a Hermitian operator are 
orthogonal, at least for a nondegenerate system. The particle in a box is a nondegenerate 
system. The wave functions for this system are (Equation 3.27) 

(2) 112 
. mrx lf!ll(x.) = - sm --

a a 
n = 1, 2, .. . ( 4.43) 

It is easy to prove that these functions are orthogonal if one uses the trigonometric 
identity 

sin a sin f3 = 2 cos(a - {3) - 2 cos(a + {3) 
2 2 

(4.44) 

Then 

21a . nrrx . mrrx d ·. 11a (n - m)rrx d I 1a (n + m)rrx d ··. - sm -- sm -- J: = - cos x - - cos J: 
ao a a ao a ao a 

(4.45) 

Because n and m are integers, both integrands on the right side of Equation 4.45 are 
of the form cos(Nrrx/a) where N is an integer. Consequently, both integrals start at 
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FIGURE 4.2 
An illustration of the fact that the integrals of cos Nn:x /a vanish ifthe limits of integration start 
at zero and extend over a half or complete cycle of cos x. 

zero and go over half or complete cycles of the cosine and equal zero if m =fan. (See 
Figure 4.2.) Thus, 

21a. nnx. mnx 
- sm --sm-- dx=O 
a o a a 

(4.46) 

The wave functions of a particle in a box are orthogonal. 
When n = m in Equation 4.45, the integrand of the first integral on the right side 

is equal to unity because cos 0 = 1. The second integral on the right side vanishes and 
so we have 

21a nnx - sin? -- dx = 1 
a o a 

(4.47) 

or the particle-in-a-box wave functions are normalized. A set of functions that are both 
normalized and orthogonal to each other is called an orthonormal set. We can express 
the condition of orthonormality by writing 

1
00 

1/t,:1ft11 dx=(m l n)=811111 

- oo 
(4.48) 

where 

m=n 

m =fan 
(4.49) 

The symbol 811111 occurs frequently and is called the Kronecker delta. (See Problem 
4-26.) 

EXAMPLE 4-9 
According to Problem 3- 33, the eigenfunctions of a particle constrained to move on a 
circular ring of radius a are 

m =0, ±I, ±2, ... 
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where e describes the angular position of the particle about the ring. Clearly, 
0 ::: e ::: 27T. Prove that these eigenfunctions form an orthonormal set. 

SOLUTION: To prove that a set of functions forms an orthonormal set, we must show 
that they satisfy Equation 4.48. To see if they do, we have 

= _..!__ { 2,-, ei<11-111)8 de 
27T lo 

= - cos(n - m)e de + _!____ sin(n - m)e de 
I 1 2..'T . 1 2..'T 

27T 0 27T 0 

For n =!= m, the final two integrals vanish because they are over complete cycles of the 
cosine and sine. For n = m, the last integral vanishes because sin 0 = 0, and the next 
to last gives 27T because cos 0 = I. Thus, 

{2;r 
lo 1/l,~1 (e)1{!11 (8) de = 811111 

and the 1/f111 (e) form an orthonormal set. 

When we proved that the eigenfunctions. of a Hermitian operator are orthogonal, 
we assumed that the system was nondegenerate. For simplicity, let's consider the case 
in which two states, described by 1/11and1/12, have the same eigenvalue a 1• By referring 
to Equation 4.41, we see that it does not follow that 1/11 and ijt2 are orthogonal because 
a 1 = a2 in this case. The two eigenvalue equations are 

Now let's consider a linear combination of 1/r1and1/r2, say</>= c 11/t1 + c 21/t2. Then 

A</>= A(c 11/t1 + c21/t2) = c 1A1/r1 + c2A1/t2 

= a1c11ft1 + a1c21ft2 = a1(c11ft1 + c21ft2) 

=a1¢ 

T hus, we see that if 1/t1and 1/12 describe a two-fold degenerate state with eigenvalue a., 
then any linear combination of 1/11 and 1/12 is also an eigenfunction with eigenvalue a 1• 

It is convenient to choose two linear combinations of 1/1 1 and 1/12, call them ¢ 1 and ¢ 2, 

such that 
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To see how to do this in practice, we choose 

and 

where 1/11 and 1/12 are normalized and c is a constant to be determined. Because 1/11 is 
normalized, ¢ 1 is normalized. We choose c such that ¢ 1 and ¢2 are orthogonal: 

l: <1>;<1>2 dx = { ¢1 I ¢2) = l: 1/t;(1/t2 + c1ft1) dx 

= 1_: 1/t~1/t2dx + c 1_: 1/t~1/t 1 dx = { 1/11 I 1/12) + c = 0 

If c is chosen to be 

then ¢ 1 and ¢ 2 will be orthogonal. We can then normalize ¢2 by requiring that 
{ ¢ 2 I ¢ 2 ) = 1. (This procedure can be generalized to the case of n functions and is 
called the Gram-Schmidt orthonormalization procedure.) So even if there is a degen
eracy, we can construct the eigenfunctions of a Hermitian operator such that they are 
orthonormal and say that they form an orthonormal set (Equation 4.48). 

4.7 If Two Operators Commute, They Have a Mutual Set 
of Eigenfunctions 

Suppose that two operators A and B have the same set of eigenfunctions, so that we 
have 

and !3¢,, = b,,¢11 (4.50) 

Equations 4.50 imply that the quantities corresponding to A and B have simultaneously 
sharply defined values. According to Equations 4.50, the values that we observe are a11 

and b,,. We shall prove that if two operators have the same set of eigenfunctions, then 
they necessarily commute. To prove this, we must show that 

[A, B]f (x) = o (4.51) 

for an arbitrary function f (x). We can expand f (x) in terms of the complete set of 
eigenfunctions of A and B (see Equation 4.56), and write 

f (x) = L c11 ¢11 (x) 
11 
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Ifwe substitute this expansion into Equation 4.51 , then we obtain 

[A, B]f (x) = L c11 [A, B] ¢11 (x) 
II 

= L c11 (a11b11 - b11a11 )¢11 (x) = 0 (4.52) 
11 

Because f (x) is arbitrary, [A, B] = 0. Thus, we see that A and B commute if they have 
the same set of eigenfunctions. 

The converse is also true; if A and B commute, then they have a mutual set of 
eigenfunctions. Let the eigenvalue equations of A and B be 

and (4.53) 

Because A and B commute, we have 

[A, B]<Pa = 0 = AB<f>a - BA<f>a 

= A(B<f>a) - a(B<f>a) = 0 

and so 

(4.54) 

Equation 4.54 implies that B<f>a is an eigenfunction of A. If the system is nondenegerate, 
there is only one eigenfunction <Pa for each eigenvalue a, and so Equation 4.54 says that 

B<f>a = (constant)¢a (4.55) 

But Equation 4.54 says that <Pa is an eigenfunction of B as well as an eigenfunction 
of A. Because the system is nondegenerate, there is only one eigenfunction of B for 
each eigenvalue b, and so Equation 4.54 implies that <Pa and ¢bare the same (within an 
unimportant multiplicative constant). Thus, we see that if A and B commute, then they 
have the same set of eigenfunctions; and because they have mutual eigenfunctions, the 
observables corresponding to A and B have simultaneously sharply defined values. We 
have proved this only in the case in which there is no degeneracy, but it is true even for 
a degenerate system. 

4.8 The Probability of Obtaining a Certain Value of an Observable 
in a Measurement Is Given by a Fourier Coefficient 

Consider a fairly arbitrary function f (x). We assume that if { 1/111 (x)} is some orthonor
mal set defined over the same interval as f (x) and satisfying the same boundary 
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conditions as f (x), then it is possible to write j(x) as 

00 

j(x) = L c,,if!ll(x) (4.56) 
ll=I 

A set offunctions such as the 1/1,,(x) here is said to be complete ifEquation 4.56 holds for 
a suitably arbitrary function f (x). It is generally difficult to prove completeness, and in 
practice one usually assumes that the ortlhonormal set associated with some Hermitian 
operator is complete. Ifwe multiply both sides of Equation 4.56 by if!,;, (x) and integrate, 
then we find 

(4.57) 

All the terms in the summation equal zero except for the one term where n = m. 
The last equality in Equation 4.57 follows from the fact that 81111l = 0 for every term 
in the summation except for the term in which m = n, and then 811111 = 1 (Problem 
4-26). Equation 4.57 gives us a simple formula for the coefficients in the expansion, 
Equation 4.56, 

en= J00 

if!,~(x)f(x) dx 
- oo 

(4.58) 

The expansion of a function in terms of an orthonormal set as in Equation 4.56 
is an important and useful technique in many branches of physics and chemistry. We 
can illustrate the procedure by considering a particle in a box. In Example 4-4, we 
calculated the average energy of a particle in a box if it is in the state described by the 
normalized wave function (30/a5) 112 x (a - x). Let's expand this function in terms of 
the orthonormal complete set of eigenfunctions of a particle in a box. If we substitute 
Equation 3.27for1/!ll (x) into Equation 4.56, then we obtain 

( 2) 112 00 

. nrr x 
j(x) = -;; L ell sm--;-

ll= I 
0,:Sx,:Sa (4.59) 

Equation 4.58 gives 

(2) 1/ 2 { a nrrx 
ell= -;; Jo f(x) sin --;;- dx (4.60) 

In our case, 

(
30) 1/ 2 

j(x)= as x(a - x) (4.61) 
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Ifwe substitute Equation 4.61 into Equation 4.60, we find that 

(
60) 

1
t
2 1a nrrx c11 = - x(a - x) sin -- dx 

a6 o a 

Therefore, we find that 

= (~~yi' [2 (n",r)' o - cosmrl] 

for odd values of n 

for even values of n 
(4.62) 

Problem 4-48 explores why en= 0 for even values of n. We shall soon show that c,~ is 
the probability that we obtain theenergy E,, = n2h2 / 8ma2 if we measure the energy ofa 
particle in a box described by the wave function given by Equation 4.61. The expansion 
of a function in terms of an orthonormal set is called a Fourier expansion or a Fourier 
series. Because Equation 4.59 contains only sine functions, it is called a Fourier sine 
series, in particular. The coefficients c,, in the expansion are called Fourier coefficients. 

Postulate 3 says that the only values of the observable corresponding to A that one 
obtains in a measurement are the eigenvalues of A. Postulate 4 tells us how to calculate 
the average in a series of measurements: 

{a)= 100 

W*(x) A W(x) dx 
- oo 

(4.63) 

If W(x) is an eigenstate of A, then we observe only one value of a; but in the general 
case, when we carry out a series of measurements, we observe a distribution of the set 
of possible results {a11 }, whose average is given by Equation 4.63. If the system is in a 
state described by W(x), then what is the probability of obtaining the particular result 
a11 in a single measurement? To answer this question, we consider a measurement of the 
energy, so that A= ii and (a}=(£ } in Equat ion4.63. Using an equation like Equation 
4.56 for W(x), we have 

(£ ) = 1_: W*(x) H W(x) dx 

= /_
00 [L c;ifr,~(x)] H [L c1111fr111 (x)] dx 
OO 11 Ill 

(4.64) 
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Ifwe use the fact that Hi/f111 (x) = E11i1f1111 (x), Equation 4.64 becomes 

(4.65) 

The integral here is equal to the Kronecker delta 811111 and so Equation 4.65 becomes 

(E) = L L C,:c111 E111811111 

II Ill 

or 

(4.66) 
II II 

Recall that the average of a set of energies is defined as 

(4.67) 
JI 

where p11 is the probability of observing the value Ew By comparing Equations 4.66 
and 4.67, we see that we can interpret I c11 12 as the probability of observing E11 when 
carrying out a measurement on the system, or 

probability ofobserving E11 = I c1112 (4.68) 

Suppose the system is in an energy eigenstate, say i/f1(x), so that Hi/t1(x) = 
E 11/t1(x). Then all the c11 's are zero, except for cl> which is equal to unity. According to 
Equation 4.68, the probability of observing E 1 is unity, in agreement with Postulate 3. 
Example 4- 10 illustrates the case where the system is not in an energy eigenstate. 

EXAMPLE 4- 10 
Consider the system discussed in Example 4-4. We have a particle in a box that is 
described by the normalized wave function 

(30) l / 2 
f(x) = as x(a - x) 

Calculate the probability that if we were to measure the energy of the particle, the 
value £ 11 = n2h2 /8ma2 wouJd result. Show that the sum of these probabilites is mlity. 
Using these probabilities, calculate (£ } and compare the result to the value found in 
Example4~. 

SOLUTION: We're going to need the values of two series in this solution: 

oo I 

I: c21 + 1)4 
J=O 

and 
oo I 

I: c21 + 1)6 
J=O 
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Both series occur in numerous handbooks; for example, if you look up 'Sums of recip
rocal powers' in the index of the CRC Standard Mathematical Tables and Formulas, 
you find that 

00 l Jr4 

~ (2j + 1)4 = 96 
J= v 

and 
oo I ;r6 

f; (2j + 1)6 = 960 

We're now ready to go on. The energy eigenfunctions of a particle in a box are 
(2/a) 112 sin(n;rx /a). According to Equation 4.68, we must determine the Fourier 
coefficients {c11} in the expansion 

( ) 

1/ 2 00 

/(x) = ~ L c11 sin n:x 
11= 1 

In Section 4.8, we showed that (Equation 4.62) 

1
8(15) 112 

c11 = ;r3n3 

0 

if n is odd 

if n is even 

The probability of observing the energy n2h2 /8ma 2 is 

1
960 

probability of observing £ 11 = I c11 1
2 = ;6n6 

if n is odd 

if n is even 

To show that these probabilities sum to unity, we must show that 

00 
2 960 · 

00 
I 960 

00 
l ? 

L c11 = ~ L n6 = ~ L (2j + 1)6 = 1 
11 = 1 II odd j =<J 

00 

The value of the summation here is rr6 /960, and so we see that L c;, does indeed 

equal l. The average energy is given by Equation 4.66: 

(£} = ~ c2 £11 = "'"' ( 960) ( n2h2) 
L 11 L rr6n6 8ma2 
11 = 1 11odd 

120'12 1 120h2 00 
I 

= nm:6a2 L n4 = m7C6a2 L (2j + 1)4 
II odd j =<J 

The value of the summation here is 7!4 /96 and so we see that 

(£} = Sh
2 

47t2ma2 

which is exactly the value that we obtained in Example ~. 
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4.9 The Time Dependence of Wave Funclions Is Governed by 
the Time-Dependent Schrodinger Equation 

We need one more postulate. Notice that the wave function in Postulate 1 contains time 
explicitly. This is something that we have not considered yet. Except for this one thing, 
we have used all the tacitly given postulates in Chapter 3, and so all our discussion so 
far should have been fairly familiar. Now we must discuss the time dependence of wave 
functions. The time dependence of wave functions is governed by the time-dependent 
Schrodinger equation. We cannot derive the time-dependent Schrodinger equation any 
more than we can derive the time-independent Schrodinger equation. It is difficult to 
try to justify the form of the time-dependent Schrodinger equation without using some 
arguments that are beyond the level of this book, and so we shall simply postulate 
its form and then show that it is consistent with the time-independent Schrodinger 
equation. 

Postulate 5 
The wave function or state function of a system evolves in time according to the time
dependent Schrodinger equation 

A aw 
HW(x. t) =iii 

() t 
(4.69) 

Postulate 5 is the only one of the postulates presented here that we did not use in 
Chapter 3 and that should be new. For most systems that we shall study in this book, ii 
does not contain time explicitly, and in this case we can apply the method of separation 
of variables and write 

W(x, l) = 1/t(x)f(l) 

Ifwe substitute this into Equation 4.69 and divide both sides by 1/t(x)f(t), we obtain 

_I_. H l/f(x) = ~ df 
1/f(x) f (t ) dt 

(4.70) 

If ii does not contain time explicitly, then the left side of Equation 4.70 is a function of 
x only and the right side is a function oft only, and so both sides must equal a constant. 
If we denote the separation constant by E , then Equation 4.70 gives 

Hl/J(x ) = E lfr(x) (4.71) 

and 

df i dt = - hEf(t) (4.72) 
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The first of these two equations is what we have been calling the Schrodinger equa
tion. In view of Equation 4.69, Equation 4.71 is often called the time-independent 
Schrodinger equation. 

Equation 4.72 can be integrated immediately to give 

f(t) = e- iEt /li 

and so W(x, t) is of the form 

W(x, t) = 1/!(x)e- iEt/li (4.73) 

Ifwe use the relation E = h v = lir.u, we can write Equation 4.73 as 

W(x, t) = 1/!(x)e- iwt (4.74) 

It is interesting to note that Equation 4.74 oscillates harmonically in time and is 
characteristic of wave motion. Yet the time-dependent Schrodinger equation does not 
have the same form as a classical wave equation. The Schrodinger equation has a first 
derivative in time, whereas the classical wave equation (Equation 2. 1) has a second 
derivative in time. Nevertheless, the Schrodinger equation does have wavelike solutions, 
which is one reason why quantum mechanics is sometimes called wave mechanics. 

There is a set of solutions to Equation 4.71, and we write Equation 4. 73 as 

~ (1: r)-·'· (x)e- iE,,t /li. ,, .; ,. - o/n (4.75) 

If the system happens to be in one of the eigenstates given by Equation 4.75, then 

W,~(x, t)W,,(x, t)dx = 1/!,~(x)1/f,,(x)dx (4.76) 

Thus, the probability density and the averages calculated from Equation 4.75 are inde
pendent of time, and the 1/1,,(x) are called stationary-state wave functions. Stationary 
states are of central importance in chemistry. For example, in later chapters we shall 
represent an atom or a molecule by a set of stationary energy states and express the 
spectroscopic properties of the system in terms of transitions from one stationary state 
to another. The Bohr model of a hydrogen atom is a simple illustration of the idea. 

It is important to realize that a system is not generally in a state described by a 
wave function of the form of Equation 4.75. The general solution to Equation 4.69 is a 
superposition ofEquation 4.75: 

W(x, l) = L c,,1/f,,(x)e- iE,,t /fi (4.77) 
II 

For simplicity, let 's consider a case in which W (x, t) is a summation of only two terms: 
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The probability density in this case is 

W*(x, t)W(x, t) 

= [crlfr~ (x )e; E11 /fi + c;lf!; (x )e; £21 ffi][ci1fri(x)e- ; E11 /fi + c21fr2(x)e- ; £ 21 ffi ] 

= l c1 1 21/r~(x)1fr1(x) + lc2121/r;(x)ifr2(x) 

[
i (E 1 - E2)t] + c~c21/f~(x)l/12 (x) exp Ii 

The third and fourth terms here contain time explicitly, and so W*(x, l)W(x, t) is not 
independent of time. In this case, we do not have a stationary state. 

Suppose, for example, that I.{! (x, r) is a linear combination of the first two eigen
states of a particle in a box, 

where £ 11 = n2h2 /8ma 2. Suppose, furthermore, that both states occur on an equal foot
ing, so that c1 = c2. For simplicity, let's assume that c1 = c2 = real. We can determine 
c1 and c2 by requiring that I.{! (x, t) be normalized: 

1
0 2c21o 

dx W*(x, t)W(x, t ) = - 1 dx 
o a o ( 

· rrx · 2rrx ) e'E11 /fi sin - + e'E21 /fi sin --
a a 

( 
'E f l' 7CX ' E /" 2rrx) x e- ' 1

1 ' sin '7 + e- 1 
2

1 "sin "7 

2c
2 [1a rr x 1° 2rrx = - 1 dx sin2 -' + dx sin2 --

a o a o a 

+ 2 cos _(E_2_ - _E_i)_t [°' dx sin _rr_x sin -2rr_x] 
Ii Jo a a 

2c~ (a a ) 2 = - - + - + 0 = 2c1 = 1 
a 2 2 

or c1=(1/2) 112• In going from the second line to the third line, we used the fact that 

and in going from the third line to the last line, we used the fact that sin (rrx/a) and 
sin (2rr x /a) are orthogonal over the interval 0 :S x :S a. 
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0 2 

FI CURE 4.3 
The time dependence of the average position of a particle in a box calculated from the state 
function given by Equation 4.79. The particle oscillates about the midpoint of the well from 
x /a = 0.32 to x /a = 0.68 with a frequency w 12• 

Therefore, our normalized time-dependent state function is (Problem 4-33) 

( ) 

1/ 2 ' ( ) 1/ 2 ' '' ( ) l - iE r/li . 7L't I - i E2t / li . 2rrx 
't' X,l = - e 1 sm -+ - e sm --

a a a a 
(4.78) 

Let's use \II (x, l) to calculate (x), the average position of the particle within the box. 

(x) = laa dx W*(x, t)xW(x, t) 

I ia . Jl'X I ia. . 2Jtx = - dx x sm2 - + - dx x sm2 --
a o a a o a 

2 cos w t 1a . rrx . 2rrx + 12 dxxsm-sm--
a o a a 

a 16a 
= - - - COSW12t 

2 9rr2 
(4.79) 

where w12 = (£2 - £ 1)//i (Problem 4- 34). Figure 4.3 shows (x)/a plotted against t. 
Notice that the average position of the particle oscillates about the midpoint of the well 
with frequency Ct> 12 . Problems 4-39 and 4-40 have you redo this calculation for linear 
combinations of other states. 

We can also plot the probability density associated with W(x, t) in Equation 4.78. 
The probability density is given by 

probability density = W*(x, t)W(x, t ) 

I . 2 rr x . 2 2rr x 2 . rr x . 2rr x 
= - sm - + - sm -- + - sm - sm -- cosw 12t 

a a a a a a a 

(4.80) 
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FIGURE 4.4 
The probability density associated with Equation 4.80 plotted against x fort = 0, rr /2w, rr/ w, 
3rr /2w, and 2rr / w. 

Equation 4.80 is plotted against x for several values of 1 in Figure 4.4. Note how the 
probability density periodically moves from one side of the box to the other as a function 
of time. 

We can use the time-dependent Schrodinger equation to derive an explicit expres
sion for the time dependence of the average value ofan operator. Start with 

( A }= f dr W*(x , t)A(x, t)W(x, l ) (4.81) 

Differentiate with respect to t to obtain 

d ( A } =f dr aw* Aw +f drW* 0A w+f dr W*A 0w 
dl 01 ot 01 

(4.82) 

Now we use Equation 4.69 for oW* /81 and aw /81 to write Equation 4.82 as 

Using the fact that H is a Hermitian operator, we can rewrite Equation 4.83 as 

-- = - dr W*H A\11 - - drW*AHW + -d ( A } i f A .A if AA (a;\ ) 
di ri ri ai 

i A A A A (a;\ ) 
=-::( W I HA - AH I W } + -

Ii ~ 

= i ( w I [H, A] I w > + (a;\ ) 
Ii ai (4.84) 

Equation 4.84 is the quantum-mechanical equation of motion of the average value 
of A. In fact, if we just undo the indicated integrations in Equation 4.84, we have the 
quantum-mechanical equation of motion of the operator A itself. 
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dA =!.. [H, AJ + &A 
dt Ii or 

(4.85) 

Note from Equation 4.84 that if A commutes with if and does not depend explicitly on 
time, thend (A ) /dt = 0, which means that (A ) is a constant of motion, or is conserved. 

EXAMPLE 4- 11 
Show that the energy is conserved if the Hamiltonian operator does not depend explic
itly on time. 

SOLUTION: H commutes with itself, and so Equation 4.84 tells us that d ( H} / dt = 
dE/ dt = 0 if H does not depend explicitly on time. 

4.10 Quan Lum Mechanics Can Describe Lhe Two-Slil Experimenl 

Let the sets { 1fr11 (x )} and { £,,} be given by 

H1/r11 (x ) = E,,1/r,,(x ) 

for some system. You should be convinced by now that if a system is some superposition 
state or mixed state described by 

\ll(x, 1) = L c111fr11(x)e- iE,,1/fi (4.86) 
ll 

then a measurement of the energy will yield one of the values £ 11 with a probability 
lc11!2. Suppose we measure the energy at some time t0 and obtain the value £ 3. Now 
suppose that we are able to measure the energy immediately after 10, say at t0 + E, where 
E is vanishingly small. What value of the energy will we observe? Well, we just found 
it to be £ 3, and unless we are willing to allow the system to change its state essentially 
infinitely rapidly (which we are not), then we must observe the value £ 3 again. This 
means that the state of the system is no longer given by Equation 4.86, but is simply 

(4.87) 

We say that the wave function has "collapsed" from the superposition given by Equa
tion 4.86 to the single state described by Equation 4.87. For classical systems, a mea
surement of some property of the system does not alter the system in any significant 
way, but for quantum-mechanical systems, the measurement process has a profound 
effect. Problem 4-42 explores the consequences of measuring the position of a particle 
with a subsequent measurement of its energy. 
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The interpretation of the measurement process that we have given here is due 
primarily to Bohr and Heisenberg, and is called the Copenhagen interpretation. In the 
quantum mechanics literature in the 1920s and '30s, there were fervent disagreements 
about the interpretation of quantum mechanics. For example, Einstein and Schrodinger 
never accepted its probabilistic interpretation and the doctrine of the Copenhagen 
school. Einstein, in particular, always fe lt that there was something missing in the 
formalism, and that quantum mechanics was incomplete in some sense. Questions 
such as "Can you claim that a particle even has a property such as momenhun until 
you measure it?" were hotly debated in the early years of quantum mechanics, but the 
Copenhagen school eventually won over most scientists, possibly due to the strong 
personalitites of Bohr and Heisenberg. Although the Copenhagen interpretation has 
held sway over the years, other interpretations have become increasingly deliberated 
since the 1980s. There is an extensive, fascinating semipopular literature on this subject. 
Some references are given at the end of this chapter. The one entitled In Search of 
Schrodinger '.s Cat is based upon a thought experiment proposed by Schrodinger in 
which a cat is in a state that is a superposition of a live cat and a dead cat, and just what 
such a state actually means. 

We should emphasize that there never was a question about the validity of the 
results of quantum mechanics. In fact, quantum mechanics might be the most successful 
calculational tool in the history of science. It is simply the interpretation of its equations 
that is an issue. In this book, we' ll take the easy way out and just accept the Copenhagen 
view. Let's see how this picture can be used to describe the two-slit experiment that we 
discussed in Section 1.13. We start with the Schrodinger equation for a free particle of 
energy E. By a free particle, we mean that there are no boundaries and the potential is 
equal to zero everywhere. 

112 a2 \fl aw 
- --- = i li -

2m ax 2 ot 
Following the development in Section 4.9, we obtain 

W(x , l ) = Aif! (x )e- i Et/fi 

where if! (x) in this case is given by 

112 d21/t - --- = £1/f (x) 
2m dx 2 

(4.88) 

The solutions to this equation are 1/t (x) = e ±ikx, wherek = (2mE /112) 112. Because there 
is no potential energy, Eis simply the kinetic energy, p 2 / 2m. Thus, we see that lik = p , 
and write 

(4.89) 

where w = E /Ii, lik = p , and A is the amplitude, which we take to be real for simplicity. 
The quantity k, called the wave vector, is equal to 2:n: / 1.., as you can see by substih1ting 
the de Broglie condition, p = h/ 1.., into p = lik. 



4.1 0. Quantum Meehan ics Can Describe the Two-SI it Experiment 

p 

F I GURE 4.5 
A schematic illustration of the geometry of a two-slit experiment. 

Equation 4.89 is the same as Equation 2.54. Fork> 0 (k < 0), it represents a har
monic wave of wavelength A. and frequency (J) traveling to the right (left) with velocity 
w/ k = vA.. Notice that there are no restrictions on the energy and the momentum in this 
case, and that they are continuous because there are no boundary conditions. (There 
are no boundaries, as there are for a particle in a box.) Equation 4.89 represents a free 
particle. 

Let's now go back to the two-slit experiment in Section 1.13. Figure 4.5 illustrates 
the geometry that we use for this discussion. Let 1/r1 (x1) be the wave function of a particle 
that goes through slit 1and1/r2(x2) be that for slit 2. We don't know which slitthe particle 
has gone through, and so the wave function beyond the slits is a superposition of the 
two states, or 

(4.90) 

where x1 is the distance from slit 1 and x2 is that from slit 2. Equation 4.90 is a funda
mental tenet of quantum mechanics. The probability density for finding the particle at 
some point is given by W * (x 1, x2, t) W (x 1, x2, t), which, assuming for simplicity that 
A 1 and A 2 are real, is given by 

probability density = (A1e- ikx1 + A 1e - ikx2)(A2eikx1 + A 2eikx2) 

=A~ + A~ + 2A 1A2 cos k(x2 - xi) (4.91) 

This result gives the observed interference pattern. When lx2 - xii is an integral mul
tiple of A., then cos k(x2 - x 1) = cos(2rr lx2 - xii/A.)= cos(2rrn) = 1, and we have 
constructive interference. When lx2 - xii is an odd integral multiple of A./2, then 
cos k(x2 - x 1) = nJT, which equals - 1 for n = 1, 3, ... , and so we have destructive 
interference. 
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FIGURE 4.6 
The wave function of a quantum-mechanical free particle approaching and then passing through 
an opaque screen with two narrow slits and then impinging on a second screen to produce an 
interference pattern. 

Suppose now we use a detector and find that the particle actually goes through slit I. 
In this case, the W(x 1, x2, l) in Equation 4.90 collapses to W1(x 1, t), and we obtain 

probability density= A,e - i (kx1 - uJ1 ) A,ei (kx1 - wt) 

=A~ (4.92) 

This is the result that would obtain if slit 2 were closed. Thus, the measurement of which 
slit that the particle goes through collapses the superposition wave function to that one 
component that represents passage through that given slit. At least, this is according to 
the Copenhagen interpretation. 

The above treatment is fairly simplified, taking the wave function of the particle to 
be one-dimensional, but it does capture the essence of the process. Figure 4.6 shows 
the result of a more advanced calculation of a particle incident upon the two-slit screen 
and then passing through it. The solution to the Schrodinger equation for this process 
shows the particle as a spherical wave approaching the two-slit screen and as a more 
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complicated wave as it emerges from the screen. The emerging wave function leads to 
an interference pattern when it strikes the second screen. 

Before concluding this chapter, we summarize our set of postulates: 

Postulate 1 
The state of a quantum-mechanical system is completely specified by a function \II (r , t) 
that depend<; on the coordinates of the particle and on time. This function, called the 
wave function or slate function, has the important property that \II * (r , t) \II (r , t )dxd yd z 
is the probability that the particle lies in the volume element dxdydz located at r at 
time t. 

Postulate 2 
To every observable in classical mechanics there corresponds a linear, Hermitian 
operator in quantum mechanics. 

Postulate 3 
In any measurement of the observable associated with the operator A, the only values 
that will ever be observed are the eigenvalues aw which satisfy the eigenvalue equation 

Postulate 4 
If a system is in a state described by a normalized wave function \II, then the average 
value of the observable corresponding lo A is given by 

(a)= J
00 

W*Awdr 
- oo 

Postulate 5 
The wave function or state function of a system evolves in time according to the time
dependent Schrodinger equation 

Problerns 

Hw(x, z) = in°w 
&1 

4-1. Which of the fol lowing candidates for wave functions are normalizable over the indicated 

intervals? 

(b) e-x ( - oo. oo) 

(c) e;8 (0 , 2rr) (d) cosh x (0, oo) 

(e) x e-x (0, oo) 

Normalize those that can be normalized. Are the others suitable wave functions? 
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4-2. Which of the following wave functions are normalized over the indicated two-dimensional 
intervals? 

(a.) e- (x2 +.v2)/2 Q 0 
~ x < oo, :::: y < 00 

(b) e-<x+y)/2 0 :S x < oo, 0 ~ y < oo 

( 
4 ) l /

2 
. TC X . TC y 

(c) - SUl - SUl -
ab a b 

0 :=: x ~ a, 0 :=: y :=: b 

Normalize those that aren't. 

4-3. Why does l/f *t/I have to be everywhere real, nonnegative, finite, and of definite value? 

4-4. In this problem, we will prove that the form of the Schrodinger equation imposes the 
condition that the first derivative of a wave function be continuous. The SchrOdinger 
equation is 

d
2

t/J + 2m [E - V (x)]t/f (x) = 0 
dx2 Ji,2 

Ifwe integrate both sides from a - E to a + E, where a is an arbitrary value of x and Eis 
infinitesimally small, then we have 

d l/f I d l/f I 2m 1a+E - - - = - [V(x) - E]if!(x)dx 
dx x=11~ dx x =a-E Ji2 a-€ 

Now show that dl/f /dx is continuous if V(x) is continuous. 
Suppose now that V (x) is not continuous at x = a, as in 

----------'-----------x 
a 

Show that 

so that dt/J/dx is continuous even if V(x) bas afinite discontinuity. What if V (x) has an 
infinite discontinuity, as in the problem of a particle in a box? Are the first derivatives of 
the wave functions continuous at the boundaries of the box? 
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4-5. Determine whether the following ftmctions are acceptable or not as state functions over 
the indicated intervals. 

I 
(a) - (0, oo) (b) e-2x sinh x (0, oo) 

x 

(c)e-xcosx (0,oo) (d)ex (- 00,00) 

(e) e-xsinhx (0,oo) 

4-6. Consider the linear differential equation 

a(x)y"(x) + b(x)y'(x) + c(x)y(x) = 0 

where y"(x ) and y'(x) are standard notation for d2y/dx 2 and dy/dx, respectively. Show 
that if y 1(x) and y2(x) are each solutions to the above differential equation, then so is 
y(x) = c1y 1(x) + c2y2(x), where c 1 and c2 are constants. 

4-7. Calculate the values of a1 = (E2} - (E}2 for a particle in a box in the state described by 

(630) '12 
ijl(x) = ~ x2(a - x)2 0 ::=: x ::=: a 

4-8. Consider a free particle constrained to move over the rectangular region 0 ::=: x ::=: a, 
0 ::=: y ::=: b. The energy eigenftmctions of this system are 

( 
4 

) 

1/2 n rry . nx7T:X . y 1/111 11 .(x,y) = - Slll -- Slll --
·" ! ab a b { 

nx = 1, 2, 3, .. . 

ny = I, 2, 3, .. . 

The Hamiltonian operator for this system is 

Show that if the system is one of its eigenstates, then 

a~ = (E2
} - (E} 2 = 0 

4-9. The momentum operator in two dimensions is 

PA "("8 ,0) = - in 1- + J-
OX ay 

Using the wave ftmction given in Problem 4-8, calculate the value of ( p } and then 

Compare your result with a; in the one-dimensional case. 
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4- 10. Suppose that a particle in a two-dimensional box (cf. Problem 4- 8) is in the state 

Show that 1/1 (x, y) is normalized, and then calculate the value of ( £} associated with the 
state described by 1/1 (x, y). 

4- 11 . Evaluate the commutator [A, B], where A and Bare given below. 

A fJ 

(a) 
d2 

dx2 
x 

(b) 
d d 

- - x - + x 
dx dx 

(c) lox dx 
d 

dx 
d2 d 

(d) - - x - + x2 
dx2 dx 

4- 12 . Referring to Table 4.1 for the operator expressions for angular momentum, show that 

and 

[ix, i y]= in.i, 

ri),, i,J = in.i x 

[iz; , ixJ =ihLy 

(Do you see a pattern here to help remember these commutation relations?) What do 
these expressions say about the ability to measure the components of angular momentum 
simultaneously? 

4- 13 . Defining 

l2 = i2 + L2 + i2 x .v z 

show that L 2 corrunutes with each component separately. What does this result tell you 
about the ability to measure the square of the total angular momentum and its components 
simultaneously? 

4-14. The operators 

and 

play a central role in the quantum-mechanical theory of angular momentum. (See the 
Appendix to Chapter 5.) Show that 
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and that 

riz, i_J = - Ii i_ 

4- 15. Consider a particle in a two-dimensional box. Determine [X, P1,] , [X, Px], [Y , !\], and 

rr, Pxl 

4- 16. Can the position and kinetic energy of an electron be measured simultaneously to arbitrary 
precision? (See Problem 4-42.) 

4-1 7. Using the result of Problem 4- 15, what are the "uncertainty relationships" b.x b.py and 
b.y b.p x equal to? 

4-18. Which of the following operators is Hermitian: d/ dx , id/dx, d 2/ dx2, id2 / dx2, xd/dx, 
and x'! Assume that the fonctions on which these operators operate are appropriately well 
behaved at infinity. 

4- 19. Show that if A is Hermitian, then A - ( a } is Hermitian. Show that the stun of t\vo 

Hermitian operators is Hermitian. 

4-20. To prove that Equation 4.30 follows from Equation 4.29, first write Equation 4.30 with 
f and with g: 

J f* A f dx = J f A* f* dx and J g* A g dx = J g A*g* dx 

Now let 1/1 = ctf + c2g, where c1 and c2 are .arbitrary complex constants, to write 

If we expand both sides and use the first two ·equations, we find that 

Rearrange tills into 

Notice that the two sides of this equation are complex conjugates of each other. If z = x + i y 
and z = z*, then show that this implies that z is real. Thus, both sides of tills equation are 
real. But because c1 and c2 are arbitrary complex constants, the only way for both sides to 
be real is for both integrals to equal zero. Show that this implies Equation 4.30. 

4-21. Show that if A is Hermitian, then 

f A*l/I* 8 1/1 dx = f 1/1* A 8 1/1 dx 

Hint : Use Equation 4.30. 
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4-22. Show that 

1/lo(x) = rc- l/4e-x2; 2 

1/11(x) = (4/rc)lf4xe-x2; 2 

1/12(x) = (47T)-1/4(2x2 - l)e-.x2;2 

are orthonormal over the interval - oo < x < oo. 

4-23. Show that the polynomials 

P0(x) = I, and 

satisfy the orthogonality relation 

I 3 
P3(x) = - (5x - 3x) 

2 

! I 28111 
P1(x)P11 (x)dx = -

-1 2l + 1 
I = 0, J, 2, 3 

4-24. Show that the set of functions { (2/ a) 112 cos(nrr x /a)}, n = 0, I, 2, ... , is orthonormal 
over the interval 0 s x s a. 

4-25. Generate an orthogonal set of polynomials (<J>j(x), j = I, 2, 3} over the interval - 1 s 
x s 1 starting with f0(x) = I, f 1(x) = x, and f2.(x) = x 2. Instead of normalizing the final 
result, choose a multiplicative constant such that <Pj (l) = l. Compare these polynomials to 

those in the previous problem. 

4- 26. Prove that if 811111 is the Kronecker delta 

then 

00 

L cn8,,111 = c111 

11 = 1 

These results will be used often. 

and. 

n = m 

n i=m 

fl 111 II 

4-27. Express the orthonormality of the set of functions { l/f11 (x)} in Dirac notation. Express the 

eigenfunction expansion <P (x) = L e,. 'ljr,, (x) and the coefficients e11 in Dirac notation. 
II 

4-28. A general state function, expressed in the form of a ket vector I <P ), can be written as a 
superposition of the eigenstates I I), 12) , ... of an operator A with eigenvalues a" a2, ... 

(in other words, Al n ) = a11 I n )): 

I <I> ) = e 1 I I)+ e2 I 2) + · · · = L e11 I n) 
II 
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Show that c,, = ( n I </> } . This quantity is called the amplitude of measuring a11 if a measure

ment of A is made in the state I </>}. The probability of obtaining a11 is c,:c,,. Show that I </> } 
can be written as 

II 

Similarly, the corresponding bra vector of I </> } can be written in tenns of the corresponding 
bra vectors of the I n} as 

II 

Show that < = (<Pl n}. Show that (</>I can be written as 

(</>I = L (</>In} ( n I 
II 

Now show that if ( </> I is normalized, then 

(</>I</>} = I = (</>In}( nl </>} 

and use this result to argue that 

L l n}(nl = I 
II 

is a unit operator. 

4-29. Given the three polynomials f 0(x) = a0 , f 1 (x) = a1 + b1x, and f2(x) = a2 + b2x + c2x 2, 

find the constants such that the f's form an orthonormal set over the interval 0 S x S I. 

4-30. Using the orthogonality of the set {sin(mrx/ a)} over the interval 0 S x S a, show that if 

00 

. " . nrrx f (x) = L., b11 Stn --
11 = 1 a 

then 

2 la . . nnx 
b11 = - f (x) sm -- dx 

a o a 
n = 1,2, ... 

Use this to show that the Fourier expansion of f (x) = x, 0 S x S a, is 

2a 
00 

(- 1)11+1 • nrrx 
X =- L Stn --

1( 11= 1 n a 
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4-31. We can define functions of operators through their Maclaurin series (MathChapter D). 
For example, we define the operator exp (S) by 

s 00 
CS)" 

e =2:-
nl 

11 = 0 . 

A > ? > > 

Under what conditions does the equality eA+B = eAe8 hold? 

4-32. In this chapter, we learned that if 1/1,, is an eigenfunction of the time-independent 
Schrodinger equation, then 

IJ!,,(x, t) = 1/1,, (x)e-iE,.r /li 

Show that if 1/f111 (x) and 1/1,, (x) are both stationary states of fl, then the state 

satisfies the time-dependent Schrodinger equation. 

4-33 . Show that IJ! (x, t) given by Equation 4.78 is normalized 

4-34. Verify Equation 4.79. 

N 

4-35. What is the normalization constant for IJ! (x, t) = L 1/1,,(x)e-i E,.t /Ii if the 1/1,, (x) are 

orthonormalized? 

4-36. Superimpose the behavior of ( x } for a classical particle moving with the same period 
onto Figure 4.3. 

4- 37 . Show that the average energy of a particle described by Equation 4 .78 is a constant. 

4-38. What would be the form of IJ! (x, t) in Equation 4. 78 if it were a superposition of the 
three lowest states instead of two? 

4- 39. Derive an expression for the average position ofa particle in a box in a state described by 

With what frequency does the particle oscillate about the midpoint of the box? 

4-40. Calculate the amplitude associated with the oscillation of a particle in a box in a state 
described by 

( ) 

1/ 2 ( . ) 1/ 2 '" ( ) J -i£11//i · 1TX l -i£4 1/ li. · 4JrX 
'I! x, t = - e sm - + - e sm --

a a a a 

What is the frequency? Compare the amplitude here with that in the previous problem. 
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4- 41. Use a program such as MathCad or Mathematica to plot the time evolution of the 
probability density for a particle in a box in a state described in the previous problem. 
Plot your result through one cycle. 

4-42. In this problem, we shall develop the consequence of measuring the position of a particle 
in a box. If we find that the particle is located between a / 2 - E /2 and a /2 + E/2, then its 
wave function may be ideally represented by 

X < a/2 - E/2 

a/2 - E/2 < x < a/2 + E/2 

X > a/2 + E/2 

Plot </>€ (x) and show that it is normalized. The parameter E is in a sense a gauge of the 
accuracy of the measurement; the smaller the value of E, the more accurate the measurement. 
Now let's suppose we measure the energy of the particle. The probability that we observe 
the value E11 is given by the value of I c11 12 in the expansion 

00 

</>€(x) = L c,.1/!11(x)e-iE,.1 / li 

11= 1 

where 1/f11 (x) = (2/ a) l/2 sin mrx /a and E,, = n2h2/8ma2. Multiply both sides ofthis equa
tion by 1/f111 (x) and integrate over x from 0 to a to get 

c = e'Emt /h </> (x)1/f (x) dx = sin - sin --
. . · 1a 2Jf2alf 2eiE111 1/li m7r tn.1TE 

111 0 € 
111 E l/2mrc 2 · 2a 

Now show that the probability of observing E 11 is given by 

p(E11 ) = I ~a (-1-)2 
sin2 nrcE 

E nrc 2a 

if n is even 

if n is odd 

Plot p (E11 ) against n for E /a = 0.10, 0.050, and 0.0 I 0. Interpret the result in terms of the 
uncertainty principle. 

4-43. Starting with 

(x } = f \JI * (x , t)x \JI (x , t )dx 

and the time-dependent Schrodinger equation, show that 

d(x} J * i A A m- = \JI - [H, x] \JI dx = ( P,.} 
dt Ii, 

Interpret this result. 
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4-44. Use Equation 4.84 to show that 

d(Px} = / _ dV) 
dr \ dx 

Interpret th.is result, which is known as Ehrenfesr :~theorem. 

4-45. In this problem, we shall prove the Schwartz inequality, which says that if f and g are 
two suitably well-behaved functions, then 

In order to prove the Schwartz inequality, we start with 

J (f + A.g)*(f + A.g) dx 2: 0 

where A. is an arbitrary complex number. Expand this to find 

I A. 1
2 J g*g dx + A. J J*g dx + A.* J g* f dx + J f* f dx 2: 0 

This inequality must be true for any complex A. and, in particular, choose 

J g* f dx 
A. = -~---! g*g dx 

( / gf*dx r 
J g*g dx 

Show that this choice of A. gives the Schwartz inequality: 

( / f*fdx) ( / g*gdx) ::: I J f*gdxl

2 

When does the equality hold? 

4-46. In this problem, we shall prove that if f (x) and g(x) are suitably behaved functions, then 

[ / f*(x)f(x) dx] [ / g*(x)g(x) dx] 2: ~ [ / (f*(x)g(x) + f(x)g*(x)) dx r 
We shall use this inequality to derive Equation 4.19 in the next problem. First, let 

A = J f*(x)f(x) dx B = j f*(x)g(x) dx C = J g*(x)g(x) dx 



Problems 

Now argue that 

J [A.f*(x) + g*(x)][A.f(x) + g(x)]dx = AA.2 + (B + B *)), + C 

is equal to or greater than zero for real values of A.. Show that A > 0, C > 0, and that 
B + B *::: 0, and then argue that the roots of the quadratic form AA.2 + ( B + B *)A. + C 
cannot be real. Show that this can be so only if 

AC 2: ~ (B + B *)
2 

which is the same as the above inequality. 

4-47. We shall derive Equation 4. I 9 in this problem. You need the inequality that is derived in 
the previous problem to do this problem. Referring to the previous problem, let 

f(x) = (A - (a})1/f(x) and g(x) = i (B - ( b })1/f(x ) 

where 1/1 (x) is any suitably behaved function . Substitute these into the left side of the 
inequality in the previous problem and use the fact that A - ( a } and B - ( b} are Hermitian 
(Problem 4-19) to write 

a}r~ 2: Hi f dx (A - ( a }) *1/l*(x )(B - ( b })1/f(x) 

- i J dx cf:J - ( b })*1/l*(x)(A - (a })1/f(x)f 

Use the Hermitian property of A - (a} and B - ( b} again to write the right side as 

-~ { f dx 1/l*(x) [AB - (a }B - A( b } + (a}( b } 

- f3 J.. + ( b } J.. + f3 ( a } - ( a } ( b } J 1/1 (x ) J2 

Now use the fact that ( a } and ( b } are just munbers to write 

crier~ 2: -~ { J dx 1/l*(x)[A , B] 1/f (x)} 
2 

which is Equation 4.1 9. 

4-48. Show that sin(mrx /a) is an even fonction of x about a/2 if n is odd and is an odd function 
about a /2 if n is even. Use this result to show that the c11 in Equation 4.60 are zero for even 
values of n. 
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Problems 4-49 through 4-54 deal with systems with piecewise constant potentials. 

4-49. Consider a particle moving in the potential energy 

V(x ) 

Vo---------
Region I 

whose mathematical form is 

0 

V(x) = { O 
Vo 

Region 2 

x<O 

X>O 

x 

where V0 is a constant. Show that if E > V0, then the solutions to the Schrodinger equation 

in the two regions (I and 2) are (see Problem 3- 35) 

X<O ( I) 

and 

X>O (2) 

where 

k = ( 2m.£ )1/2 
I Jj,2 and 

k = [2m.(£ - Vo)] 1/2 
2 Jj,2 (3) 

As we learned in Problem 3-35, eikx represents a particle traveling to the right and e-ikx 

represents a particle traveling to the left. The physical problem we wish to set up is a particle 

of energy E traveling to the right and incident on a potential barrier of height V0 . If we wish 
to exclude the case of a particle traveling to the left in region 2, we set D = 0 in equation 2. 
The squares of the coefficients in equations I and 2 represent the probability that the particle 

is traveling in a certain direction in a given region. For example, I A12 is the probability that 
the particle is traveling with momentum +hk1 in the region x < 0. If we consider many 

particles, N0 , in.<>tead of just one, then we can interpret IA12N0 to be the number of particles 

with momentum /ik1 in the region x < 0. The number of these particles that pass a given 
point per unit time is given by vlAl2N0, where the velocity vis given by hk1/m.. 

Now apply the conditions that 1/J(.x) and dl/J/dx must be continuous at x = 0 (see 

Problem 4-4) to obtain 



Problems 

and 

Now define a quantity 

hkdBl2 No/m IBl2 
r - ---

- likilAl2No/m - IA12 

and show that 

Similarly, define 

and show that 

The symbols r and t stand for reflection coefficient and transmission coefficient, respec
tively. Give a physical interpretation of these designations. Show that r + t = l. Would you 
have expected the particle to have been reflected even though its energy, E, is greater than 
the barrier height, V0? Show that r -+ 0 and t -+ I as V0 -+ 0. 

4-50. Show that r = I for the system described in Problem 4-49 but with E < V0. Discuss the 
physical interpretation of this result. 

4-51. In th.is problem, we introduce the idea of quantum-mechanical tunneling, wh.ich plays a 
central role in such diverse processes as the a decay of nuclei, electron-transfer reactions, 
and hydrogen bond.ing. Consider a particle it1 the potential energy regions as shown below. 

Regi on l 

Mathematically, we have 

Regi o n 2 

0 a 

Reg ion 3 

X < O 

O<x<a 

x>a 

x 
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Show that if E < V0 , the solution to the Schrodinger equation in each region is given by 

and 

where 

(
2mE) '/2 

k1 = -
Ji,2 

and 

x < 0 

x >a 

k = [2m (V0 - £)] '12 

2 Ji,2 

(1) 

(2) 

(3) 

(4) 

If we exclude the situation of the particle coming from large positive values of x, then 

F = 0 in equation 3. Following Problem 4-49, argue that the transmission coefficient, the 

probability the particle will get past the barrier, is given by 

1£12 
t =--

IA12 
(5) 

Now use the fact that ifi(x) and d i/I/ dx must be continuous at x = 0 and x = a to obtain 

A + B = C + D (6) 

and 

(7) 

Eliminate B from equations 6 to get A in terms of C and D. Then solve equations 7 for C 

and D in terms of E. Substitute these results into the equation for A in terms of C and D 
to get the intermediate result 

Now use the relations sinh x = (ex - e-x)/2 and cosh x = (ex+ e-x)/2 (Problem A-11) 
to get 

E _ 4ik1k2e-ik1a 

A - 2(kf - ki) sinh k2a + 4i k1k2 cosh k2a 

Now mul tiply the right side by its complex conjugate and use the relation cosh2 x = 
l + sinh2 x to get 



Problems 

Finally, use the definition of k 1 and k2 to show that the probability the particle gets through 
the barrier (even though it does not have enough energy!) is 

t = ----------- (8) 

or 

I =---------
sinh2(v 112(1 - a)112] 

l + 0 
4a(l - a) 

(9) 

where v0 = 2ma2V0/h2, E: = 2ma2 E/h2, and a = E/ V0 = t:/v0. Figure 4.7 shows a plot of 
t versus a for v0 = 10. To plot t versus a for values of a > 1, you need to use the relation 
sinh ix = i sin x (Problem A-12). What wouJd the classical result look like? 

1.0 

0.6 

0.2 

0.0 1.0 2.0 3.0 4.0 5.0 

FIGURE 4.7 
A plot of the probability that a particle of energy E will penetrate a barrier of height V0 plotted 
against the ratio E/ V0 (equation 9 ofproblem 4-51 with v0 = 10). 

4-52. Use the result of Problem 4-51 to determine the probability that an electron with a 
kinetic energy 8.0 x 10-21 J will tunnel through a 1.0 run thick potential barrier with 
V0 = 12.0 x 10-2 1 J. 

4-53. Problem 4- 51 shows that the probability that a particle of relative energy E / V0 will 
penetrate a rectangular potential barrier of height V0 and thickness a is 

I =---------
sinh2[v 112(1- a) 112] 

I + o 
4a(l - a) 

where v0 = 2m V0a2/h2 and a = E / V0. What is the limit oft as a --+ l? Plott against a for 
v0 = 1/2, 1, and 2. Interpret your results. 
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4- 54. In this problem, we will consider a particle in a.finite potential well, 

l 
Region l Vo 

1 
- a 

whose mathematical form is 

V(x ) 

Region 

[ 

Vo 

V (x) = 0 

Vo 

I 
0 

l 
2 Vo Region 3 

! 
a 

x < - a 

- a < x <a 

X>a 

x 

(1) 

Note that this potential describes what we have called a "particle in a box" if V0 ~ oo. Show 

that ifO < E < V0, the solution to the Schrodinger equation in each region is 

where 

1/11(X) = Ai 1x x < - a 

1/12(x) = B sin ax+ C cos ax 

k = [ 2m CVo - £) ] 1; 2 
l [i2 

and 

- a <x <a (2) 

(3) 

Now apply the conditions that 1/J(x) and dl/J/ dx must be continuous at x = - a and x = a 
to obtain 

Ae-kia = - B sin aa + C cosaa 

De-k•" = B sin aa + C cos aa 

and 

Add and subtract equations 4 and 5 and add and subtract equations 6 and 7 to obtain 

2C cosaa = (A + D)e-kia 

(4) 

(5) 

(6) 

(7) 

(8) 



Problems 

2B sin aa = (D - A)e-kia 

2aC sin aa = k 1 (A + D )e-k1t1 

and 

Now divide equation I 0 by equation 8 to get 

a sin aa 
--- = atanaa = k1 
cosaa 

and then divide equation I I by equation 9 to get 

a cosaa . 
. = a cot aa = - k 1 

sm aa 

( D =I= - A and C = 0) 

(D =I= A and B = 0) 

(9) 

(JO) 

(11) 

(12) 

(13) 

Referring back to equation 3, note that equations 12 and 13 give the allowed values of E 
in terms of V0. It turns out that these two equations cannot be solved simultaneously, so we 

have two sets of equations: 

atanaa = k1 (14) 

and 

a cotaa = - k1 (15) 

Let's consider equation 14 first. Multiply both sides by a and use the definitions of a 

and k1 to get 

( 
2ma

2 E) 112 
( 2ma

2 E) 112 
[ 2ma

2 
] 

112 

-- tan -- = --(Vo - E) 
Ji2 Ji2 Ji2 

(16) 

Show that this equation simplifies to 

F: l/2 tanF:1/2 = (vo - e) 1/ 2 (17) 

where F: = 2ma2E/li,2 and v0 = 2ma2 V0/li2 . Thus, if we fix v0 (actually '2ma 2V0/li2), then 
we can use equation 17 to solve for the allowed. values of e (actually 2ma2 E //i2). Equation 17 
cannot be solved analytically, but if we plot both F: 112 tan F: l/2 and (v0 - F:) 112 versus F: on the 

same graph, then the solutions are given by the intersections of the two curves. Figure 4.8a 
shows such a plot for v0 = 12. 

The intersections occur at F: = 2ma2E/h2 = J.47 and 11.37. The other value(s) of F: 

are given by the solutions to equation 15, which are obtained by finding the intersection 
of - F: 112 cot F: l/2 and (v0 - F:) l/2 plotted against F:. Such a plot is shown in Figure 4.8b for 

v0 = J 2, giving F: = 2ma2 E /n2 = 5.68. Thus, we see there are only three bound states for a 
well of depth V0 = I 2/i2 /2ma2. The important point here is not the numerical values of E, 
but the fact that there is only a finite number of bound states. Show that there are only two 

bound states for v0 = 2ma2V0/lt2 = 4. 
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(a) 
10 (b) 10 

FIGURE 4.8 
(a) Plots of both e 1/2 tan el/2 (solid curve) and (12 - e) 112 (dotted curve) versus e. The 
intersections of the curves give the allowed values of e for a one-dimensional potential well of 
depth V0 = I 2/i2 /2ma2• (b) Plots of both - € 112 cot e 112 (solid curve) and ( 12 - e) 112 (dotted 
curve) plotted against e. The intersection gives an allowed value of e for a one-dimensional 
potential well of depth V0 = 121i2 /2ma2 . 
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MA TH C H A PT ER D 
Series and Limits 

Frequently, we need to investigate the behavior of an equation for small values (or 
perhaps large values) of one of the variables in the equation. For example, in Chap
ter 1 we derived the low-frequency behavior of the Planck blackbody distribution law 
(Equation 1.2): 

(T)dv= 8rrh v
3
dv 

Pv 3 "li v I c e" -
(D.l) 

To do this, we used the fact that ex can be written as the infinite series (i.e., a series 
containing an unending number of terms) 

00 2 ' 
r x" x X 3 

e· = L: - =I + x + - + - + ... 
0 

n! 2! 3! 
n= 

(D.2) 

and then realized if x is small, then x 2, x 3, etc., are even smaller. We can express this 
result by writing 

where 0 (x2) is a bookkeeping device that reminds us we are neglecting terms involving 
x 2 and higher powers of x. If we apply this result to Equation D. l , we have 

(T)d 
_ 8rrh v3dv 

Pv .V-
c3 1 + ,Bhv + 0[(,8hv)2]- l 

8rrh v3dv 
~ 7 ,Bhv 

= 8rrksT v2dv 
c3 197 
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Thus, we see that Pv (T) goes as v2 for small values of v. In this Math Chapter, we will 
review some useful series and apply them to some physical problems. 

One of the most useful series we will use is the geometric series: 

00 

-
1
- = """' x 11 = 1 + x + x 2 + .x3 + .. . 

1- x ~ 
11=0 

lxl < 1 (D.3) 

This result can be derived by algebraically dividing 1 by 1 - x , or by the following trick. 
Consider the finite series (i.e., a series with a finite number of terms) 

Now multiply SN by x : 

Now notice that 

or that 

1- x N+ I 
SN = ----

1- x 

If lxl < 1, then xN+ I ---+ 0 as N---+ oo, so we recover Equation D.3. 

(D.4) 

Recovering Equation D.3 from Equation D.4 brings us to an important point re
garding infinite series: Equation D.3 is valid only if lxl < l. It makes no sense at all if 
Ix I :'.'.: 1. We say that the infinite series in Equation D.3 converges for Ix I < 1 and diverges 
for lxl :'.'.: 1. How can we tell whether a given infinite series converges or diverges? There 
are a number of so-called convergence tests, but one simple and useful one is the ratio 

test. To apply the ratio test, we form the ratio of the (n + l)th term, u,,+1> to the nth 
term, u,, , and then let n become very large: 

I. IU"+'I r = 1m --
11~00 Un 

(D.5) 

If r < 1, the series converges; if r > I, the series diverges; and if r = 1, the test is 
inconclusive. Let's apply this test to the geometric series (Equation D.3): 

l
x11+11 

r = lim -- = lxl 
n -+ oo I x" I 

Thus, we see that the series converges if lxl < 1 and diverges if lxl > 1. It actually 
diverges at x = 1, but the ratio test does not tell us that. We would have to use a more 
sophisticated convergence test to determine the behavior at x = l. 



MathChapter D I Series and Limits 

For the exponential series (Equation D.2), we have 

. 1x11

+
1/(n+I)!I . I x I r = hm = lim --

11 -+ x"/ n! 11-+oo n + I 

Thus, we conclude that the exponential series converges for alJ values of x. 
In Chapter 5, we encounter the summation 

00 

S = L e - 11hv/ k6T (D.6) 

11=0 

where v represents the vibrational frequency of a diatomic molecule and the other 
symbols have their usual meanings. We can sum this series by letting 

in which case we have 

lxl < l 

According to Equation 0 .3, S = I/ ( I - x ), or 

S= 1 
1 - e- hv/ k6T 

(D.7) 

We say that S has been eva luated in closed form because its numerical eva luation 
requires only a fin ite number of steps, in contrast to Equation D.6, which would requi re 
an infinite number of steps. 

A practical question that arises is how we find the infinite series that corresponds 
to a given function. For example, how do we derive Equation D.2? First, assume that 
the function .f (x) can be expressed as a power series (i.e., a series in powers ofx ): 

where the c1 are to be determined. Then let x = 0 and find that c0 = /(0). Now 
differentiate once with respect to x, 

and let x = 0 to find that c 1 = (df/ dx)x=O· Differentiate again, 
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and let x = 0 to get c2 = (d2 f / dx 2)x=-0/2. Differentiate once more, 

d3f 
- , = 3 · 2c3 + 4 · 3 · 2x + · · · 
dx:> 

and let x = 0 to get c3 = (d3 f / dx3) x=o/3 !. The general result is 

1 (d11 !) en=- --
n! dxn x=O 

so we can write 

(D.8) 

f(x)=f(O) +(d!) x +_!_(d
2
f) x2 +_!_(d

3f) . x3 +··· (D.9) 
dx x = O 2! dx 2 x=O 3! dx3 x=O 

Equation D.9 is called the Maclaurin series of f(x). If we apply Equation D.9 to 
f(x) =ex, we find that 

so 

(
d

11eX ) - =l 
dxn x=O 

x2 x3 
ex=l + x +-+-+··· 

2! 3! 

Some other important Maclaurin series, which can be obtained from a straightfor
ward application of Equation D.9 (Problem D- 13) are 

and 

. x3 xs x7 
sm x = x - - + - - - + ... 

3! 5! 7! 

x2 x4 x6 
cos x = 1 - - + - - - + ... 

2! 4! 6! 

x2 x:; x 4 
ln(l + x)=x - - + - - - +· · · 

2 3 4 

(1 )11 1 
n(n - 1) 2 n(n - l)(n - 2) 3 + x = + nx + x + x + · · · 

2! 3! 

(D.10) 

(D.11) 

(D.12) 

x 2 < 1 (D.13) 

Series D. l 0 and D.11 converge for all values of x, but as indicated, Series D.1 2 
converges only for - 1 < x .:S 1 and Series D.13 converges only for x 2 < 1. Note that 
if n is a positive integer in Series D.13, the series tnmcates. For example, if n = 2 or 3, 
we have 

(1+x)2 = 1 + 2x + x 2 
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and 

( 1 + x)3 = l + 3x + 3x 2 + x 3 

Equation D.13 for a positive integer is called the binomial expansion. If n is not a positive 
integer, the series continues indefinitely, and Equation D.13 is called the binomial series. 
For example, 

x I 
( I + x) 112 = 1 + - - - x 2 + O(x3

) 
2 8 

x 3 
(1 + x) - 112 =I - - + - x2 + O(x3) 

2 8 

(D.14) 

(D.15) 

Any handbook of mathematical tables will have the Maclaurin series for many func
tions. Problem D- 20 discusses a Taylor series, which is an extension of a Maclaurin 
series. 

We can use the series presented here to derive a number of results used throughout 
the book. For example, the limit 

I
. sin x 
un -

x-.o x 

occurs several times. Because this limit gives 0/0, we could use l 'Hopital's rnle, which 
tells us that 

d sin x 

lim _si_n_x = Jim _ d_x_-_ = Jim cos x = 1 
x -+ 0 x x -+ 0 dx x -+0 

dx 

We could derive the same result by dividing Equation D.10 by x and then letting x ~ 0. 
(These two methods are really equivalent. See Problem D-21.) 

We will do one final example involving series and limits. Einstein's theory of the 
temperature dependence of the molar heat capacity of a crystal is given by 

(D. 16) 

where R is the molar gas constant and e E is a constant, called the Einstein constant, 
that is characteristic of the solid (cf. Section 1.4). We'll now show that this equation 
gives the Dulong and Petit limit (C v ~ 3R) at high temperatures. First let x = 8 Ef T 
in Equation D.16 to obtain 

e- x 
Cv=3Rx2 

. 
(1- e--1)2 

(D.17) 
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When T is large, x is small, and so we shall use 

Equation D.17 becomes 

Cv = 3Rx2 l - x + O(x2)-----+ 3R 
(x + O(x2))2 

as .x ~ 0 (T ~ oo). This result is called the law of Dulong and Petit; the molar heat 
capacity of a crystal becomes 3R = 24.9 J · K- 1 ·mo1- 1 for a monatomic crystal at high 
temperatures. By "high temperatures" we actually mean that T » 8£, which for many 
substances is less than I 000 K. 

Problems 
D-1. Calculate the percentage difference between ex and l + x for x = 0.0050, 0.0100, 

0.0150, ... ' 0.1000. 

D-2. Calculate the percentage difference between ln(l + x) and x for x = 0.0050, 0.0100, 
0.0150, ... '0.1000. 

D-3. Write out the expansion of (1 + x) 112 through the quadratic term. 

D-4. Write out the expansion of (I + x)-112 through the quadratic term. 

D-5. Show that 

D-6. Evaluate the series 

D-7. Evaluate the series 

D-8. Evaluate the series 

--
1
- = 1+ 2x + 3x2 + 4x3 + ... 

(1 - x)2 

l 1 I I 
S =- + - + - + - + ··· 

2 4 8 16 

00 1 
S= "L., 311 

11= 0 

00 ( - l)11+I 
S="-L., 211 

11 = 1 

D-9. Numbers whose decimal formula are recurring decimals such as 0.272 727 ... are rational 
numbers, meaning that they can be expressed as the ratio of two numbers (in other words, 
as a fraction) . Show that 0.272 727 ... = 27 /99. 



Problems 

D-10. Show that 0.142 857 142 857 142 857 ... = 1/ 7. (See the previous problem.) 

D-11. Series of the form 

00 

S(x) = .L: nx11 

11 = 0 

occur frequently in physical problems. To find a closed expression for S(x), we start with 

00 

__ L_=L x11 
1- x 

11= 0 

Notice now that S(x) can be expressed as 

d 00 00 

x - .L: x" = .L: nx11 

dx 11= 0 11= 0 

and show that S(x) = x/( I - x)2. 

D-12. Using the method introduced in the previous problem, show that 

S(x) = ~ n2x11 = x(l + x) 
L., ( 1 - x)3 
11=0 

D-1 3. Use Equation D.9 to derive Equations D. I 0 and D. l l. 

D-14. Show that Equations D.2, D. I 0, and D.11 are consistent with the relation eix = 
cos x + i sin x. 

D-15. Use Equation D.2 and the definitions 

to show that 

ex - e-x 
sinhx=---

2 
and 

ex + e-x 
coshx =---

2 

x3 xs 
sinh x = x + - + - + · · · 

3! 5! 

x2 x 4 
cosh x = I + - + - + · · · 

2! 4! 

D-16. Show that Equations D.10 and D.11 and the results of the previous problem are consistent 
with the relations 

sinix = isinhx cos ix = coshx 

sinhix = isinx cosh ix = cos x 
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D-17. Evaluate the limit of 

asx ~ 0. 

D- 18. Eva I uate the integral 

-x . 2 
f (x) = e sm x 

x2 

I =lo" x2e-x cos2 xdx 

MathChapter D I Series and Lim its 

for small values of a by expanding I in powers of a through quadratic terms. 

D- 19. Prove that the series for sin x converges for all values of x. 

D-20. A Maclaurin series is an expansion about the point x = 0. A series of the form 

f(x) = Co + Ci (X - Xo) + C2(X - xo)2 + ... 

is an expansion about the point x0 and is called a Taylor series. First show that c0 = f (x0). 

Now differentiate both sides of the above expansion with respect to x and then let x = x0 

to show that c 1 = (df /dx)x=xo· Now show that 

I (d"f) c =- --
/J I " n. dx x= o 

and so 

(
df) l (d2 f) 2 f (x) = f (xo) + - (x - xo) + - - 2 (x - xo) + · · · 
dx x=xo 2 dx x=xo 

D-21. Show that l'Hopital's rule amounts to forming a Taylor expansion of both the munerator 
and the denominator. Evaluate the limit 

both ways. 

D-22. Start with 

Now let x = I/ x to write 

lim ln(l + x) - x 
x-+O x2 

I 2 
--= l + x + x +··· 
1- x 

I x l 1 
--=--= 1+ - + - + ··· 
1 _ ~ x - 1 x x2 

x 



Problems 

Now add these two expressions to get 

l l 2 
[ = .. ·+ - + - + 2+x+x +· .. 

x2 x 

Does this make sense? What went wrong? 

0 - 23. The energy ofa quantum-mechanical harmonic oscillator is given by £11 = (11 + i)h v, 

11 = 0. I, 2, ... , where h is the Planck constant and v is the fundamental frequency of the 

oscillator. The average vibrational energy ofa harmonic oscillator in an ideal gas is given by 

00 

~ . _ ( l _ e-lrv/kp,T ) ""' £ e-11/r v/knT 
cvib - ~ IJ 

11 =-0 

where kn is the Boltzmann constant and T is the kelvin temperature. Show that 

hv h ve-lrv/ keT 
Evib = - + -----2 J _ e-lri>/knT 
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CHA PT ER 5 
The Harmonic Oscillator and 

Vibrational Spectroscopy 

The vibration of a diatomic molecule can be described by a harmonic oscillator. In 
this chapter, we shall first study a classical harmonic oscillator and then present and 
discuss the energies and the corresponding wave functions of a quantum-mechanical 
harmonic oscillator. We shall use the quantum-mechanical energies to describe the 
infrared spectrum of a diatomic molecule and learn how to determine molecular force 
constants. Then we shall discuss selection rules for a harmonic oscillator, and finally 
normal coordinates, which describe the vibrational motion of polyatomic molecules. 

5.1 A Harmonic Osci llator Obeys Hooke's Law 

Consider a mass m connected to a wall by a spring, as shown in Figure 5.1. 

OlfOOO 
~------1 

™<> 
~z-1 

FIGURE 5.1 
A mass connected to a wall by a spring. If the force acting 
upon the mass is directly proportional to the displacement 
of the spri11g from its undistorted length, then the force law 
is called Hooke's law. 207 
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Suppose further that no gravitational force is acting on m so that the only force is due 
to the spring. If we let 10 be the equilibrium, or undistorted, length of the spring, then 
the restoring force must be some function of the displacement of the spring from its 
equilibrium length. Let this displacement be denoted by x = l - 10, where I is the length 
of the spring. T he simplest assumption we can make about the force on m as a function 
of the displacement is that the force is directly proportional to the displacement and to 
write 

f = - k(l - 10) = - kx (5. I) 

The negative sign indicates that the force points to the right in Figure 5.1 ifthe spring is 
compressed (I < 10) and points to the left ifthe spring is stretched (l > L0). Equation 5.1 
is called Hooke '.<; law and the (positive) proportionality constant k is called the force 
constant of the spring. A small value of k implies a weak or loose spring, and a large 
value of k implies a stiff spring. 

Newton's equation with a Hooke's law force is 

d21 
m - = - k(l - lo) 

dt2 

If we let x = l - 10, then d 21/ dt 2 = d2 x / dt 2 (10 is a constant) and we have 

d 2x 
m - + kx = O 

di2 

(5.2) 

(5.3) 

According to Section 2.3, the general solution to this equation is (Problem 5- 2) 

x(t) = c 1 sin (t)f + c2 cos (t)t (5.4) 

where 

(5.5) 

EXAMPLES-1 
Show that Equation 5.4 can be written in the fonn 

x (t) = A sin(u>t + </>) (5.6) 

SOLUTION: The easiest way to prove this is to write 

sin(wt + ¢>) = sin wt cos¢> + cos wt sin¢> 



5. 1. A Harmonic Oscillator Obeys Hooke's Law 

and substitute this into Equation 5.6 to obtain 

x(t) = A cos</> sin wt + A sin</> cos wt 

= c t sin wt+ c2 cos wt 

where 

Ct= A cos¢ and 

Equation 5 .6 shows that the displacement oscillates sinusoidally, or harmonically, with 
a natural frequency w = (k/ m) t/2. In Equation 5.6, A, the maximum displacement, is 

the amplitude of the vibration and</> is the phase angle. 

Suppose we stretch the spring so that its displacement is A and then let go. The 
initial velocity in this case is zero and so from Equation 5.4, we have 

and 

x(O) =c2 =A 

(dx) = 0 = c111> 
dt r=O 

These two equations imply that c 1 = 0 and c2 =A in Equation 5.4, and so 

x(t) =A cos wt (5.7) 

The displacement versus time is plotted in Figure 5.2, which shows that the mass 
oscillates back and forth between A and - A with a frequency w radians per second, or 
v = w/ 2rr cycles per second. The quantity A is called the amplitude of the vibration. 

FIGURE 5.2 
An illustration of the displacement of a harmonic oscillator versus time. 
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5.2 The Energy of a Harmonic Oscillator Is Conserved 

Let's look at the total energy of a harmonic oscillator. The force is given by Equation 5 .1. 
Recall from physics that a force can be expressed as a derivative of a potential energy 
or that 

so that the potential energy is 

dV 
f(x) = - 

dx 

V(x)= - f f(x)dx + constant 

Using Equation 5.1 for /(x) , we see that 

k 
V(x) = -x2 + constant 

2 

(5.8) 

(5.9) 

(5.10) 

The constant term here is an arbitrary constant that can be used to fix the zero of energy. 
Ifwe choose the potential energy of the system to be zero when the spring is undistorted 
(x = 0), then we have 

k 
V(x) = - x 2 

2 

for the potential energy associated with a simple harmonic oscillator. 
The kinetic energy is 

T = ~m (d')2 = ~m (dx)2 
2 dt 2 dt 

Using Equation 5.7 for x(t), we see that 

and 

l 
V = -kA2 cos2 wt 

2 

Both T and V are plotted in Figure 5.3. The total energy is 

E = T + V = ~ma:i2 A 2 sin2 r.ut + ~kA 2 cos2 r.ut 
2 2 

(5.11) 

(5.12) 

(5.13) 

(5.14) 
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E = T(x) + V(x) 

/ 

1 T(x) 

V(x) 

- A 0 +A 
x 

F I G URE 5.3 
The kinetic energy [curve labeled T (x)] and the potential energy [curve labeled V(x)] ofa 
harmonic oscillator during one oscillation. The spring is fully compressed at - A and fully 
stretched at + A. The equilibrium length is x = 0. The total energy is the horizontal curve 
labelled£, which is the sum of T(x) and V (x). 

Ifwe recall that w = (k/m) 112, we see that the coefficient of the first term is kA2 /2, so 
that the total energy becomes 

kA2 

E = -(sin2 wt + cos2 wt) 
2 

kA2 

2 
(5.15) 

Thus, we see that the total energy is a constant and, in particular, is equal to the potential 
energy at its largest displacement, where the kinetic energy is zero. Figure 5.3 shows 
how the total energy is distributed between the kinetic energy and the potential energy. 
Each oscillates between + A and - A but in such a way that their sum is always a 
constant. We say that the total energy is conserved and that the system is a conservative 
system. 

EXAMPLE 5-2 
Using the more general equation 

x(t) = C sin(wt + </>) 

prove that the total energy of a harmonic oscillator is 

E= ~C2 
2 
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SOLUTION: 

( 

2 
l dx l 2 

E = T + V = - m - ) + - kx 
2 dt 2 

m k 
= - ulc2 cos\M + </>) + - c2 sin2(M + </>) 

2 2 

Using the fact that ltJ2 = k / m, we have 

k k 
E = -C2[cos2(ltJt + </>) + sin2(ltJt + </>)] = -C2 

2 2 

The concept of a conservative system is important and is worth discussing in more 
detail. For a system to be conservative, the force must be derivable from a potential 
energy function that is a function of only the spatial coordinates describing the system. 
In the case of a simple harmonic oscillator, V (x, y, z) is given by Equation 5.11 in 
three dimensions, and the force is given by Equation 5.8. For a single particle in three 
dimensions, we have V = V (x, y, z) and 

or, in vector notation 

av 
fr(x, y, z) = - -;-

ax 

av 
fy(x, y, z) = -oy 

av 
fz(x, y, z) =- a; 

f (x, y, z) = - V' V(x, y, z) 

where V' is the gradient operator, defined by (MathChapter C) 

~ .a . a k a v = I-+J-+ -ax ay az 

(5.16) 

(5.17) 

To prove that Equation 5.16 implies. that the system is conservative, consider the 
one-dimensional case for simplicity. In this case, Newton's equation is 

d2x dV 
m-= - -

dt2 dx 

If we integrate both sides of Equation 5.18, then the right side becomes 

f dV 
- - dx = - V (x) + constant 

dx 

(5.18) 

(5.19) 



5.3. The Equation for a Harmonic-Oscillator Model of a Diatomic Molecule 

and the left side becomes 

J d
2
x J d2

x dx m - dx=m -- dt 
dt 2 dt 2 dt 

= m J !!_ (dx)2 

2 dt dt 
m (dx) 2 

dt = - - + constant 
2 dt 

(5.20) 

By equating Equations 5.19 and 5.20, we find that 

m (dx)2 

- - + V(x) =constant 
2 dt 

(5.21) 

or that the total energy is conserved. Thus, we see that if the force can be expressed 
as the derivative of a potential energy that is a function of the spatial coordinates only, 
then the system is conservative. 

5.3 The Equation for a Harmonic-Oscillator Model of a Dialomic 
Molecule Conlains the Reduced Mass of the Molecule 

The simple harmonic oscillator is a good model for a vibrating diatomic molecule. A 
diatomic molecule, however, does not look like the system pictured in Figure 5.1, but 
more like two masses connected by a spring, as in Figure 5.4. In this case we have two 
equations of motion, one for each mass: 

and 

d2\'. , 2 
m2-- = - k(x2 - xi - lo) 

dt 2 

FIGURE 5.4 

(5.22) 

(5.23) 

'----------------- x 
Two masses connected by a spring, which 
is a model used to describe the vibrational 
motion of a diatomic molecule. 
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where l0 is the undistorted length of the spring. Note that if x 2 - x 1 > l0, the spring is 
stretched and the force on mass m 1 is toward the right and that on mass m2 is toward the 
left. This is why the force term in Equation 5.22 is positive and that in Equation 5.23 
is negative. Note also that the force on m 1 is equal and opposite to the force on m2, as 
it should be according to Newton's third law (action and reaction). 

Ifwe add Equations 5.22 and 5.23, we find that 

This form suggests that we introduce a center-of-mass coordinate 

X = m 1x1 + m 2x2 

M 

where M = m 1 + m2, so that we can write Equation 5.24 in the form 

(5.24) 

(5.25) 

(5.26) 

There is no force term here, so Equation 5.26 shows that the center of mass moves 
uniformly in time with a constant momentum (Problem 5- 1 ). 

The vibrational motion of the two-mass or two-body system in Figure 5.4 must 
depend upon only the relative separation of the two masses, or upon the relative 
coordinate 

(5.27) 

If we divide Equation 5.23 by m2 and subtract Equation 5.22 divided by m 1, we find 
that 

or 

Ifwe let 

__!_ + - 1- = m 1 + m2 
m 1 m2 m 1m2 JL 

and introduce x = x2 - x 1 - l0 from Equation 5.27, then we have 

(5.28) 
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The quantity µ, that we have defined is called the reduced mass. 
Equation 5.28 is an important result with a nice physical interpretation. If we 

compare Equation 5.28 with Equation 5.3, we see that Equation 5.28 is the same except 
for the substitution of the reduced massµ,. Thus, the two-body system in Figure 5.4 can 
be treated as easily as the one-body problem in Figure 5. I by using the reduced mass of 
the two-body system. In particular, the motion of the system is governed by Equation 5. 6 
but with w = (k/ µ,) 112• Generally, ifthe potential energy depends upon only the relative 
distance between two bodies, then we can introduce relative coordinates such as x 2 - x 1 
and reduce a two-body problem to a one-body problem. This important and useful 
theorem of classical mechanics is discussed in Problems 5- 6 and 5- 7. 

5 .4 The Harmonic-Oscillator Approximalion Resulls from lhe 
Expansion of an Internuclear Potential Around lls Minimum 

Before we discuss the quantum-mechanical treatment of a harmonic oscillator, we 
should discuss how good an approximation it is for a vibrating diatomic molecule. 
The internuclear potential for a diatomic molecule is illustrated by the solid line in 
Figure 5.5. Notice that the curve rises steeply to the left of the minimum due to the 
difficulty of pushing the two nuclei closer together. The curve to the right side of the 
equilibrium position rises initially but eventually levels off. The potential energy at 
large separations is essentially the bond energy. The dashed line shows the potential 
!k(l - /0)2 associated with Hooke's law. 

F I GURE 5.5 
A comparison of the harmonic-oscillator potential (kl2 /2; dashed line) with the complete 
internuclear potential (solid line) of a diatomic molecule. The harmonic-oscillator potential is 
a satisfactory approximation at small displacements from L0. 
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Although the harmonic-oscillator potential may appear to be a terrible approxima
tion to the experimental curve, note that it is, indeed, a good approximation in the region 
of the minimum. This region is the physically important region for many molecules at 
room temperature. Although the harmonic oscillator unrealistically allows the displace
ment to vary from - oo to + oo, these large displacements produce potential energies 
that are so large that they do not often occur in practice. The harmonic oscillator is a 
good approximation for vibrations with small amplitudes. 

We can put the previous discussion into mathematical terms by considering the Tay
lor expansion (see MathChapter D) of the potential energy V (l) about the equilibrium 
bond length l = 10 . The first few terms in this expansion are 

(dV) I (d2V) 2 V (!) = V (10) + - (l - 10) + - -
2 

(l - 10) 
di /=lo 2! dl /=lo 

+ - - (l - 10)3 + ... l (d3V) 
3! dl3 /=lo 

(5.29) 

The first term in Equation 5.29 is a constant and depends upon where we choose 
the zero of energy. It is convenient to choose the zero of energy such that V (l0) 

equals zero and relate V (l) to this convention. The second term on the right side 
of Equation 5.29 involves the quantity (dV / dl)i=1o· Because the point l = 10 is the 
minimum of the potential energy curve, d V / di vanishes there, so there is no linear 
term in the displacement in Equation 5 .29. Note that d V / dl is the force acting between 
the two nuclei, and the fact that d V / di vanishes at l = 10 means that the force acting 
between the nuclei is zero at this point. This is why l = 10 is called the equilibrium bond 
length. 

Ifwedenote/ - 10 byx, (d2 V / dl2)1=Io byk, and (d 3 V / dl3) 1=1
0 

by y3, Equation5.29 
becomes 

V(x) = ~k(l - 10)2 + ~ y3(l - l0) 3 + · · · 
2 6 

I 2 1 3 
= - kx + - y3x + · · · 

2 6 
(5.30) 

If we restrict ourselves to small displacements, then x will be smal I and we can neglect 
the terms beyond the quadratic term in Equation 5 .30, showing that the general potential 
energy function V (l) can be approximated by a harmonic-oscillator potential. Note that 
the force constant is equal to the curvature of V (/) at the minimum. We can consider 
corrections or extensions of the harmonic-oscillator model by the higher-order terms in 
Equation 5 .30. These are called anharmonic terms and will be considered in Section 5. 7. 
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F IGURE 5.6 
The Morse potential-energy curve V(l) =De( l - e-fi(l-lol)2 plotted against the internuclear 
displacement l for H2. The values of the parameters for H2 are De = 7.61 x 10- 19 J , 
f3 = 0.0193 pm- 1, and L0 = 74.1 pm. 

EXAMPLE 5-3 
An analytic expression that is a good approximation to an intermolecular potential 
energy curve is a Morse potential: 

First let x = l - 10 so that we can write 

where De and f3 are parameters that depend upon the molecule. The parameter De is 
the dissociation energy of the molecule measured from the minimum of V(l), and f3 
is a measure of the curvature of V (l) at its minimum. Figure 5 .6 shows V (/) plotted 
against l for H2. Derive a relation between the force constant and the parameters De 
and {3. 

SOLUTI ON: We now expand V (x) about x = 0 (Equation 5.30), using 

V(O) = 0 

and 
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Therefore, we can write 

Comparing this result with Equation 5. 11 gives 

5.5 The Energy Levels of a Quantum-Mechanical Harmonic Osci llalor 
Are £ 11 =hv(v + i) wi th v =0, l, 2, .. . 

The Schrodinger equation for a one-dimensional harmonic oscillator is 

112 d21/f 
- ---

2 
+ V(x.)1/f(x) = £1/f(x) 

2µ dx 

with V (x) = 4kx2. Thus, we must solve the second-order differential equation 

d
2

1/f 2µ ( l 2) - + - E - - kx 1/f(x)=O 
dx2 112 2 

- OO<X<OO (5.31) 

This differential equation, however, does not have constant coefficients, so we cannot 
use the method we developed in Section 2.2. In fact, when a differential equation does 
not have constant coefficients, there is no simple, general technique for solving it, and 
each case must be considered individually. One method that often works, however 
laborious it is, is to substitute a power series into the differential equation and then 
determine each coefficient in the series sequentially. This method is called the power 
series method and is discussed in any book on differential equations. We present an 
alternative method of solving Equation 5.31 using operator methods in the appendix 
at the end of the chapter. This method involves no knowledge of differential equations 
and involves only algebraic manipulations of certain operators. 

When Equation 5.3 1 is solved, well-behaved, finite solutions can be obtained only 
if the energy is restricted to the quantized values 

where 

v = 0, I, 2, ... 

v = _I (!::_) t/ 2 

2rr µ 

(5.32) 

(5.33) 

The energies are plotted in Figure 5.7. Note that the energy levels are equally spaced, 
with a separation h v. This uniform spacing between energy levels is a property peculiar 
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l 
FIGURE 5.7 
The energy levels of a quantmn-mechanical 
harmonic oscillator. The curve is a parabola 
representing the potential energy, V(x ) = kx 2/2. 

to the quadratic potential of a harmonic oscillator. Note also that the energy of the 
ground state, the state with v = 0, is ~hv and is not zero as the lowest classical energy 
is. This energy is called the zero-point energy of the harmonic oscillator and is a direct 
result of the uncertainty principle. The energy of a harmonic oscillator can be written 
in the form (p2 /2µ,) + (kx2 /2), and so we see that a zero value for the energy would 
require that both p and x or, more precisely, the expectation values of P2 and X2 be 
simultaneously zero, in violation of the uncertainty principle. 

5.6 The Harmonic Oscil lator Accou nls for the Infrared Spectrum 
of a Diatomic Molecule 

We now discuss the spectroscopic predictions of a harmonic oscillator. If we model 
the potential energy function of a diatomic molecule as a harmonic oscillator, then, 
according to Equation 5 .32, the vibrational energy levels of the diatomic molecule are 
given by 

v = 0, 1, 2, ... (5.34) 

A diatomic molecule can make a transition from one vibrational energy state to another 
by absorbing or emitting electromagnetic radiation whose observed frequency satisfies 
the Bohr frequency condition 

llE = h Vobs (5.35) 

We will prove in Chapter 8 that the harmonic-oscillator model allows transitions only 
between adjacent energy states, so that we have the condition that !lv = ±1. Such a 
condition is called a selection rule. 

For absorption to occur, fl v = + l and so 

(5.36) 
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Thus, the observed frequency of the radiation absorbed is 

- 1 ( k) 1/2 
Vobs- - -

2n µ, 
(Hz) (5.37) 

Furthermore, because successive energy states of a harmonic oscillator are separated by 
the same energy, f).£ is the same for all allowed transitions, so this model predicts that 
the spectrum consists of just one line whose frequency is given by Equation 5.37. This 
prediction is in good accord with experiment, and this line is called the fundamental 
vibrational frequency . For diatomic molecules, these lines occur at around 1014 Hz, 
which is in the infrared region. 

It is customary in discussions of vibrational spectroscopy to write Equation 5.34 
in the form 

where G(v) = Evf he and 

w= _l_ (!5__) 1;2 (cm - 1) 
2nc µ, 

(5.38) 

(5.39) 

Both G(u ), which is called the vibrational term, and w have units of cm - 1, called wave 
numbers. The tilde on w emphasizes that i:V has units of wave numbers. 

Equation 5.39 enables us to determine force constants if the fundamental vibra
tional frequency is known. For example, forH35Cl, Wobs is 2.886 x 103 cm- 1 and so, 
according to Equation 5.39, the force constant ofH35Cl is 

k = (2ncw)2µ, 

= [2n(2.998 x 108 m ·s- 1)(2 .886 x 103 cm- 1)(100 cm·m- 1)]2 

x (35.0 amu)( l.00 amu) (1.661 x 10_27 kg ·amu- I) 
(35.0 + 1.00) amu 

= 4.78 x 102 kg ·s- 1 = 4.78 x 102 N ·m- 1 

EXAMPLE 5-4 
The infrared spectrum of75Br 19F consists of an intense line at 380 cm-1. Calculate the 
force constant of75Br19p. 

SOLUTION: The force constant is given by 

k = (2rtcw)2µ, 
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The reduced mass is 

µ. = (75.0amu)(l9.0amu)(l.661 x 10 _27 kg·amu-1)= 2.52 x 10-26kg 
(75.0 + 19.0) amu 

and so 

k = [2rr(2.998 x 108 m·s-1)(380 cm-1)(100 cm·m- 1))2(2.52 x J0-26 kg) 

= 129kg·s-2 = 129N·m- 1 

Force constants for diatomic molecules are of the order of 102 to 103 N · m- 1. 

Table 5 .1 lists the vibrational spectroscopic parameters of some diatomic molecules. 
We will also see in Section 5 .12 that not only must f>. v = ± 1 in the harmonic-oscillator 
model but that the dipole moment of the molecule must change as the molecule vibrates 
if the molecule is to absorb infrared radiation. Thus, the harmonic-oscillator model 
predicts that HCJ absorbs in the infrared but N2 does not. We will see that this prediction 

TAB l E 5.1 
Vibrational Spectroscopic Parameters of Some Diatomic Molecules 

Molecule We/cm- 1 Xewe/cm- l b k/N·m- 1 l(v = O)/pm a D0/kJ · moJ- 1 b 

H2 4403 .56 123.86 510 74.14 432.1 

D2 3116.33 62.51 527 74.15 439.6 

H 19F 4138.32 89.88 920 91.68 566.2 

H35CI 2990.94 52.819 478 127.46 427.8 

H79Br 2648.97 45.218 381 141.44 362.6 
H1211 2309.0l 39.644 291 160.92 294.7 
12c160 2169.81 13.288 1857 l 12.83 1070.2 
14Nt6o 1904.20 14.075 1550 115.08 626.8 
14Nl4N 2358.57 14.324 2243 109.77 941.6 
160160 1580.19 j l.98 1142 120.75 493.6 
19p l9p 916.64 11.236 454 141.19 154.6 
3sc13sc1 559.72 2.675 319 198.79 239.2 
79Br79Br 325.321 1.0774 240 228.1 l 190.I 
12711271 214.502 0.6147 170 266.63 148.8 
23Na23Na 159.125 0.7255 17 307.89 69.5 
39K39K 92.021 0.2829 9.7 390.51 49.6 

a. The quantity I ( v = 0) is the average internuclear separation in the v = 0 state. 
b. The meanings of XeWe, and D0 are explained in Section 5.7. 
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is in good agreement w ith experiment. There are, indeed, deviations from the harmonic
oscillator model, but we will see in the next section that not only are they fairly small but 
that we can systematically introduce corrections and extensions to account for them. 

5.7 Overtones Are Observed in Vibrational Spectra 

Thus far we have treated the vibrational motion of a diatomic molecule by means of 
a harmonic-oscillator model. We saw in Section 5.4, however, that the internuclear 
potential energy is not a simple parabola but is more like that illustrated in Figure 5.5. 
The dashed line in Figure 5.5 depicts the harmonic oscillator. Recall from Equation 5 .29 
that the potential energy V (l) may be expanded in a Taylor series about 10 , the value of 
I at the minimum of V(l), to give [recall that (dV / dl) 10 =OJ 

1 (d2 V) 2 1 (d3V) 3 V (!) - V (10) = - - (l - 10) + - - (l - l0) + · · · 
2! dl2 l=lo 3! dt3 /=lo 

=~x2 + Y3x3 + Y4x4 +··· 
2 6 24 

(5.40) 

where x is the displacement of the nuclei from their equilibrium separation, k is the 
(Hooke's law) force constant, and Yj =(di V /di i)t=Io· The harmonic-oscillator approx
imation consists of keeping only the quadratic term in Equation 5.40, and it predicts 
that there will be only one line ·in the vibrational spectrum of a diatomic molecule. Ex

perimental data show there is, indeed, one dominant line (the fundamental), but there 
are also lines of weaker intensity at almost integral multiples of the fundamental. These 
lines are called over/ones (Table 5.2). lfthe anharmonic terms in Equation 5.40 are in
cluded in the Hamiltonian operator for the vibrational motion of a diatomic molecule, 
the Schrodinger equation can be solved lby a technique called perturbation theory (see 
Chapter 8) to give 

T A BLE 5.2 
The Vibrational Spectrum ofH35Ct 

Wobs/cm- 1 

Harmonic Anharmonic 
oscillator oscillator w(O ~ v)/ 

Transition Wobs/cm-1 w = 2885.90v o> = 2988.90v - 5 l.60v(v + I) vw(O ~ 1) 

0 ~ I (fundamental) 2885.9 2885.9 2885.7 1.000 

0 ~ 2 (first overtone) 5668.0 577 l.8 5668.2 0.982 

0 ~ 3 (second overtone) 8347.0 8657.7 8347.5 0.964 

0 ~ 4 (third overtone) 10 923.l JI 543.6 10 923.6 0.946 

0 ~ 5 (fourth overtone) 13 396.5 14 429.5 13 396.5 0.928 
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v = 0, 1, 2, ... (5 .41) 

where Xe is called the anhannonicity constant. The anharmonic correction in Equa
tion 5 .41 is much smaller than the harmonic term because Xe « 1 (cf. Table 5 .2). 

Figures 5.8 and 5.9 show the levels given by Equation 5.41. Notice that the levels are 
not equally spaced as they are for a harmonic oscillator and, in fact, that their separation 
decreases with increasing v. This is reflected by the numbers in the last column of 
Table 5.2. The values of We and wefe extracted from the data are slightly different 
from those in Table 5.1 because of higher-order effects. Notice from Figure 5.9 that 
the harmonic-oscillator approximation is best for small values of v, which are the most 
important values at room temperature (Problem 5-40) . 
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F IG URE 5.9 

FIGURE 5.8 
The energy levels of a har
monic oscillator (dotted 
horizontal lines) and the 
energy levels of an an
harmonic oscillator (solid 
horizontal lines) superim
posed on the harmonic
oscillator potential (dotted 
color) and the anharmonic
oscillator potential (solid 
color) . 

The vibrational energy states of H35CJ (g) cal
culated in the harmonic-oscillator approxima
tion and with a correction for anharmonicity. 
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Figure 5.8 also shows two quantities De and D0. The energy difference between 
the minimum of the potential well at the dissociation limit is De; the energy difference 
between the zero-point vibrational energy and the dissociation limit is D0. They are 
related by 

I 
D0 = De - - hv 

2 

It is D0 that is measured experimentally. 

(5.42) 

The selection rule for an anharmonic oscillator is that !). v can have any integral 
value, although the intensities of the f;. v = ± 2, ± 3, ... transitions are much less than 
for the !). v = ±I transitions. If we recognize that most diatomic molecules are in the 
ground vibrational state at room temperahrre (Problem 5-40), the frequencies of the 
observed 0 ~ v transitions will be given by 

v =I, 2, ... (5.43) 

The application of Equation 5.43 to the spectrum ofH35CI is given in Table 5.2. You 
can see that the agreement with experimental data is a substantial improvement over 
the harmonic-oscillator approximation. 

EXAMPLE 5-5 
Given that we = 536. LO cm- 1 and xewe = 3.4 cm- 1 for 23Na 19F(g), calculate the fre
quencies of the first and second vibrational overtone transitions. 

SO LUTI ON: We use Equation 5.43: 

V = I, 2, ... 

The fundamental is given by letting v = 1, and the first two overtones are given by 
letting v = 2 and 3. 

Fundamental: Wobs = We - 2.Xeli'>e = 529.3 cm-1 

First overtone: wobs = 2we - 6xe&e = 1051.8 cm- 1 

Second overtone: &'>obs = 3we- 12Xeli'>e = 1567.5 cm-1 

Note that the overtones are not quite integral multiples of the fundamental frequency, 
and the fundamental frequency is less than the frequency for pure harmonic motion. 
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5.8 The Harmonic-Oscillator Wave Functions Involve 
Hermile Polynomials 

The wave functions corresponding to the Ev for a harmonic oscillator are nondegenerate 
and are given by 

(5.44) 

where 

(5.45) 

and the middle entry in Equation 5.44 represents iftv(x) in the bracket notation. The 
normalization constant N v is 

N- ~ 1 
( ) 

1/4 

V - (2Vu!)l/ 2 7r 
(5.46) 

and the H v (ex 112 x) are polynomials called Hermite polynomials. The first few Hermite 
polynomials are listed in Table 5.3. Note that Hv(O is a uth-degree polynomial in~. 
The first few harmonic-oscillator wave functions are listed in Table 5.4 and plotted in 
Figure 5.10. 

Although we have not actually solved the Schrodinger equation for a harmonic 
oscillator (Equation 5 .31 ), we can at least show that the functions given by Equation 5 .44 

TAB l E 5.3 
The First Few Hermite Polynomials a 

HoW = l H1 (~) = 2~ 

H2m = 4~ 2 - 2 H3(~) = 8~3 - 1 2~ 
H4(~) = 16~4 - 48~2 + 12 H5W = 32~ 5 - 160~3 + 120~ 

a. The variab le ( is equal to a 112x, where a = (kµ,) 112 /Ii. 

T A B l E 5.4 
The First Few Harmonic-Oscillator Wave Functions, Equation 5.44 a 

( ) 

1/4 
i/lo(x) = 10} = ; e-ax212 

( ) 

1/4 
1/t2(x) = 12} = 4: (2ax2 - l )e-ax212 

(
4 3) 1/

4 
1/t1(x) = 11} = : xe-ax2/2 

( 

3 ) 1/4 
1/t3(x) = 13} = ;Jr (2ax3 - 3x)e-ax

2
/ 2 

a. The parameter a= (kµ,) 112 /IL 
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x 
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l 'IJ~(x)l2 
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E 

2. hv 
2 

]_ hv 
2 

1 hv 
2 

l hv 
2 

_!_ hv 
2 
0 

F I GURE 5.1 0 
(a) The normalized harmonic-oscillator wave functions. (b) The probability densities for a 
harmonic oscillator. As in Figure 5.7, the potential energy is indicated by the parabolas in (a) 
and (b). 

are solutions. For example, let 's consider i.fto(x ), which according to Table 5.4 is 

( 

1/ 4 

1/lo(x) = 10) = ; ) e- ax2;2 

Substitution of this equation into Equation 5 .31 with £ 0 = ~ /i(l) yields 

d
2
1f;0 2µ, ( 1 2) --+ - E0 - -kx 1f;0(x) = 0 

dx 2 li2 2 

(a) l/4 ( 2 ,2 - ax2/2 - ax2/2 2µ, (/i,(1) kx2) (a) l/4 - ax2/ 2? 0 - a x e - ae ) + - - - - - e = 
7r /i2 2 2 7r 

or 

Using the relations a= (kp,jli2) 112 and (1) = (k/J.i) 112, we see that everything cancels 
on the left side of the above expression .. Thus, 1f;0(x) is a solution to Equation 5.31. 
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Problem 5- 21 involves proving explicitly tha11/f1(x) and 1/f2(x) are solutions ofEqua
tion 5.31. 

We can also show explicitly that the 1flv (x) are normalized, or that N v given by 
Equation 5.46 is the normalization constant. 

EXAMPLE 5-6 
Show that i/lo(x) and i/!1(x) are normalized. 

SO LUTI ON: According to Table 5.4, 

and 

Then 

and 

J
oo (4 3) l/2 Joo (4 3) l/2 [ I ( . ) l/2] 

- oo 1/l~(x)dx = ( 111) = : - oo x
2
e-""'

2

dx = ; 
2

a ~ =I 

The integrals here are given inside the front cover of the book and evaluated in 
Problem 5- 23. 

We can appeal to the general results of Chapter 4 to argue that the harmonic
oscillator wave functions are orthogonal. The energy eigenvalues are nondegenerate, 
so 

Joo dx1flv(x.)1flv1 (x) = (v lv' ) = 0 
- oo 

v # v' 

or, more explicitly, that 

v # v' 

We say that the Hermite polynomials are orthogonal with respect to the weighting 
function e-~2 . 
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EXAMPLE 5-7 
Show explicitly that 1/Jo(x) and 1/11(x) for the harmonic oscillator are orthogonal. 

SOLUTION: 

and ( 
3) 1/4 ,,, ( ) 4a -a..-2 /2 \V ix= - xe 

1C 

so 

1/11(x)1/Jo(x)dx = ( I I 0 } = ~ xe-ax
2 
dx = 0 100 (2 2) 1/2 j oo 

-00 7( - 00 

because the integrand is an odd function of x (MathChapter B), as we shall show in 
the next section. 

Problem 5- 22 has you verify that the harmonic-oscillator wave functions are orthogonal 
for a few other cases. 

5.9 Hermite Polynomials Are Either Even or Odd Functions 

As we discussed in MathChapter B, an even function is a function that satisfies 

f(x)=f( - x) (even) (5.47) 

and an odd function is one that satisfies 

f(x) = - f( - x) (odd) (5.48) 

Examples of an even and an odd function are shown in Figure 5 .11. An even function is 
symmetric when reflected across they axis, and an odd function changes sign. Functions 
such as x 2, e- x

2
, cos x, and cosh x are even functions, and x 3, sin x, and .:u- x

2 
are odd 

functions. Most functions, such as ex, x + x 2, In x, and sin x + cos x, are neither even 
nor odd. 

EXAMPL E 5-8 

Determine whether the following functions are even, odd, or neither . 

(a) x sin x 
. 2 (b) e_, cos x (c) x2 sin x 
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f(x) f(x) 

(a) (b) 

FIGURE 5.11 
Graphs of(a) an even function and (b) an odd function. 

SO LUTI ON: 

(a) x sin x = (- x) sin(- x) = (- x)( - sin x) = x sin x and so is an even function 
of x. 

(b .2 ( ·)2 ( 2 . ) e-" cos x = e- -.> cos - x) = e-x cos x 1s even. 

(c) x2 sin x = - [(- x)2 sin(- x)] and so is odd. 

(d) eix = cos x + i sin x =fa cos(- x) + i sin(- x) = cosx - i sin x = e-ix and so 
is neither even nor odd. 

The Hermite polynomials are even or odd functions. 

EXAMPLE 5-9 
Show that the Hermite polynomials Hv (0 are even if v is even and odd if v is odd. 

SOLUTION: Using Table 5.3, 

H0(e ) = I is even. 

H1(0 = 2e = - 2(- 0 = - H1(- 0 and so is odd. 

H2(0 = 4e 2 - 2 = 4(-e)2 - 2 = H2(-e) is even. 

H3<e) = 8e 3 - 12e = - [8(-e)3 - 12(- 0) = - H3(- 0 and so is odd. 
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The even-odd property of a function is a rather special and important property. 
Figure 5 .11 b shows that if f (x) is an odd function, then 

JA f(x) dx = 0 
- A 

f(x) odd (5.49) 

because the areas on each side of they axis cancel. This is a useful property. According 
to Equation 5.44, the harmonic-oscillator wave functions are 

Because the ifru(x) are even when v is an even integer and odd when v is an odd integer, 
if!~(x) is an even function for any value of v. According to Equation 5.49, then, 

(x) = (u lx lv) = f 00 if!u(x)xif!u(x) dx = 0 
- oo 

(5.50) 

because the integrand is an odd function for any value of v. Thus, the average displace
ment of a harmonic oscillator is zero for all the quantum states of a harmonic oscillator, 
or the average internuclear separation is the equilibrium bond length l0. 

The average momentum is given by 

~ Joo ( d) (p) = (v lPx lv) = 1fiu(x) - iii- Vru(x)dx 
- oo dx 

(5.51) 

The derivative of an odd (even) function is even (odd), so this integral vanishes because 
the integrand is the product of an odd and even function and hence is overall odd. Thus, 
(p) = 0 for a harmonic operator. 

As Figure 5.11 shows, even functions have the property that 

1A dxf(x) = 2 { A dxf(x) 
- A lo 

f(x) even (5.52) 

We shall use such symmetry arguments often. 

5.10 There Are Many Useful Relalions Among Hermile Polynomials 

We can evaluate {x 2) for the ground state of a harmonic oscillator by using ifro (x) in 
Table 5.4 and evaluating the integral 
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Letting~ =<A: 112 x and using Equation 5.52, we have 

2 2 la oo 2 ~2 l Ii (x } = -- d~ ~ e- = - = ---
<A:n: 1/ 2 0 2<A: 2(J.lk) 1/ 2 

(5.53) 

In general, we would have to evaluate 

(5.54) 

where we have used Equation 5.44 for 1/Jv(x) and have let~ =<A: 112x in the last step. 
There are a number of relations involving the Hermite polynomials that can be used 

to evaluate integrals like Equation 5.54. A particularly useful one is 

(5.55) 

Equation 5.55 is a recursion formula for the Hv(~). 

EXAMPLE 5-10 
Show explicitly that the first few Hermite polynomials satisfy the recursion formula 
given by Equation 5.55. 

SOLUTION: To do this, we shall use the recursion formula to generate Hermite 
polynomials starting with Ho(O and Hi(~). Setting v = I in Equation 5.55, we have 

Substituting Ho(O = land Hi(~) = 2~ into this equation gives 

Now let v = 2 in Equation 5.55: 

H3(0 = 2~ H2(0 - 4Hi (0 

= 2~(4~ 2 
- 2) - 4(20 = se- 12~ 
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With v = 3, we have 

H4(0 = 2e HJ(~) - 6H2(0 

= 2e<&e - 120 - 6C4e2 
- 2) 

= 16e4 
- 4&e2 + 12 

All these results agree with the entries in Table 5.3. 

Recursion formulas can be used to evaluate integrals involving Hermite polynomi
als. For example, consider 

(5.56) 

We have shown earlier that this integral is equal to zero because of the even-odd 
character of the 1f!v(x), but let's show this using Equation 5.55. Using Equation 5.44, 
Equation 5.56 becomes 

(5.57) 

According to Equation 5.55, 

(5.58) 

and when this is substituted into Equation 5.57, we have 

But both of these integrals are equal to zero because of orthogonality. Notice that we 
did not have to know the form of the Hermite polynomials to show that (0 = 0. 

This example did not give us anything new because we could have evaluated (~) 
by symmetry. Let's consider the more difficult case, 

(5.59) 

Multiply Equation 5.58 by~ to write 
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Now apply Equation 5.58 to each of the two terms on the right to obtain 

e Hv(O = v [ (v - l) Hv- 2<0 + ~ Hv<O] + ~ [ (v + l)Hu(O + ~ Hv+2(~)] 

= v(v - l)Hu- 2CO + (v + ~) Hv(O + ~Hv+iCO 

When we substitute this into Equation 5.59, we obtain 

<~ 2) = <v1e1v) 

= N~ 1_: d~ Hu(O [ v(v - l)Hu- 2CO + ( v + ~) Hu(O + ~Hv+2(0] 

The two integrals involving Hv_2(0 and Hv+2(0 vanish by orthogonality, and we are 
left with 

(~ 2} = (u + ~) N~ 1_: d~ Hu(OHv(Oe-~2 

1 
=v +-

2 

because of normalization. Because ~ = ex 112x, we have 

(x 2) = -(~ 2} = - v + - = v + -I 1 ( 1) Ii ( I) 
ex ex 2 (µ,k) l / 2 2 

(5.60) 

Notice that Equation 5.60 agrees with Equation 5.53 when v = 0. The evaluation of (p} 
and (p2 ) by this method is left to Problem 5- 27. 

5.11 The Vibralions of Polyalomic Molecules Are Represenled 
by Normal Coordinates 

T he vibrational spectra of polyatomic molecules turn out to be easily understood in 
the harmonic-oscillator approximation. The key point is the introduction of normal 
coordinates, which we discuss in this section. 

Consider a molecule containing N nuclei. A complete specification of this molecule 
in space requires 3N coordinates, three cartesian coordinates for each nucleus. We 
say that the N-atomic molecule has a total of 3N degrees of freedom. Of these 3N 
coordinates, three can be used to specify the center of mass of the molecule. Motion 
along these three coordinates corresponds to translational motion of the center of mass 
of the molecule, and so we call these three coordinates translational degrees of freedom. 
It requires two coordinates to specify the orientation of a linear molecule about its center 
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T AB L E 5.5 
The Number of Various Degrees of Freedom of a Polyatomic 
Molecule Containing N Atoms 

Linear Nonlinear 

Translational degrees of freedom 3 

Rotational degrees of freedom 2 

Vibrational degrees of freedom 3N - 5 

3 

3 

3N - 6 

of mass and three coordinates to specify the orientation of a nonlinear molecule about 
its center of mass. Because motion along these coordinates corresponds to rotational 
motion, we say that a linear molecule has two degrees of rotational freedom and that a 
nonlinear molecule has three degrees of rotational freedom. The remaining coordinates 
(3N - 5 for a linear molecule and 3N - 6 for a nonlinear molecule) specify the relative 
positions of the N nuclei. Because motion along these coordinates corresponds to 
vibrational motion, we say that a linear molecule has 3N - 5 vibrational degrees of 
freedom and that a nonlinear molecule has 3N - 6 vibrational degrees of freedom. 
These results are summarized in Table 5 .. 5. 

EXAMPLE5-11 
Determine the number of various degrees of freedom of HCI, C02, H20 , NH3, and 
CH4. 

SOLUTION: 

Total Translational Rotational Vibrational 

HCI 6 3 2 

C02 (linear) 9 3 2 4 

H 20 9 3 3 3 

NH3 12 3 3 6 

CfLi 15 3 3 9 

In the absence of external fields, the energy of a molecule does not depend upon 
the position of its center of mass or its orientation. The potential energy of a polyatomic 
molecule is therefore a function of only the 3N - 5 or3N - 6 vibrational coordinates. If 
we let the displacements about the equilibrium values of these coordinates be denoted by 
x i> X2, ... , x Nvib' where N vib is the number of vibrational degrees of freedom, then the 
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potential energy is given by the multidimensional generalization of the one-dimensional 
case given by Equation 5.29: 

Nvib Nva, ( (J2 ) 
.0..V =V(x1,x2, ... ,xNv;b) - V(O,O, ... • O)= ~ LL ~ x;x; +··· 

2 i= I .i= I <Jx;fh; 

I Nvib Nvib 

= 2 L L fiJxix.i + · · · 
i = I j = I 

(5.61) 

In general, there are other terms that contain higher powers of x;, but these anharmonic 
terms are neglected here. The presence of the cross terms in Equation 5.61 makes 
the solution of the corresponding Schrodinger equation very difficult to obtain. A 
theorem of classical mechanics, however, allows us to eliminate all the cross terms 
in Equation 5.61. The details are too specialized to go into here, but a straightforward 
procedure using matrix algebra can be used to find a new set of coordinates { Q 1}, such 
that 

Nvib 
i L . 2 .0..V =- F

1
Q. 

2 . J 
.i=I 

(5.62) 

Note the lack of cross terms in this expression. These new coordinates are called 
normal coordinates or normal modes. In terms of normal coordinates, the vibrational 
Hamiltonian operator is 

(5.63) 

Recall from Section 3.9 that if a Hamiltonian operator can be written as a sum of 
independent terms, the total wave function is a product of individual wave functions and 
the energy is a sum of independent energies. Applying this theorem to Equation 5.63, 
we have 

and 

Nvib 

E vib = L hv;(V; + !> 
j=I 

(5.64) 

each v1 =0, I, 2, ... (5.65) 
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The practical consequence of Equations 5.64 and 5.65 is that under the harmonic
oscillator approximation, the vibrational motion of a polyatomic molecule appears as 
Nvib independent harmonic oscillators. In the absence of degeneracies, each will have 
its own characteristic fundamental frequency v1. The normal modes of two molecules 
are shown in Figure 5.12. 

F I GURE 5.12 
The normal modes of a formaldehyde molecule (H2CO) and a chloromethane molecule (CH 3Cl). 
For a given normal mode, the arrows indicate how the atoms move. Each atom oscillates about 
its equilibrium position with the same frequency and phase, but different atoms have different 
amplitudes of oscillation. Although specific molecules are indicated, the normal modes are 
characteristic of the symmetry of the molecules and so are more general. Each of the v4 , v5, and 
v6 modes ofCH3Cl is doubly degenerate, so the total number of normal modes is 9. 



5. 12. The Harmonic-Oscillator Selection Rule Is D.v =±I 

5.12 The Harmonic-Oscillalor Seleclion Rule Is .6.v = ±1 

We said in Section 5 .6 that transitions between harmonic-oscillator states can occur only 
between adjacent levels. This condition, which we shall discuss in this section, is called 
a seleciion rule. We shall show in Section 8.6 that if a harmonic oscillator is irradiated 
with electromagnetic radiation propagating in the z direction, then the probability that 
the oscillator makes a transition from state v to state v' is proportional to the square of 
the integral 

(5.66) 

where µ,
2 

is the z component of the dipole moment. This type of integral, which occurs 
frequently in spectroscopy, is called a dipole transition momenl. 

We now expand µ,
2
(x) a.bout the equilibrium nuclear separation: 

J.Lz(x) =/.Lo + (dµ,) x + ... 
dx o 

(5.67) 

where µ,0 is the dipole moment at the equilibrium bond length and x is the displacement 
from that equilibrium value. Thus, when x = 0, µ, 2 = µ,0. Ifwe substitute Equation 5.67 
into Equation 5.66, we have two terms: 

I l OO (dµ) l OO (vlµ, 2 lv) = J.Lo dx1frv(x)1frv1(x) + - . dx 1frv(x)x1frv1(x) 
- oo dx o - oo 

(5.68) 

The first integral here vanishes if v =I= v' due to the orthogonality of the harmonic
oscillator wave functions. The second integral can be evaluated in general by using 
Equation 5.58: 

(5.69) 

Ifwe substitute Equation 5.69 into Equation 5.68, letting ex 112x =~,we obtain 

(vlµ, 2 ju1
) = _v_v - H,J(O vHv_ 1(0 + -Hv+i(O e- f. d~ (5.70) N N, (dµ,) l oo [ l ] 2 

ex d~ 0 - oo 2 

Using now the orthogonality property of the Hermite polynomials, we see that (v jµ, 2 I u') 
vanishes unless u' = v ± I. Thus, the selection rule for vibrational transitions under the 
harmonic-oscillator approximation is that ~ v = ± 1. In addition, the factor (dµ,/ d00 

in front of the transition moment integral reminds us that the dipole moment of the 
molecule must vary during a vibration (Equation 5.67), or the transition will not take 
place. 

237 



238 Chapter 5 I The Harmonic Oscillator and Vibrat ional Spectroscopy 

EXAMPLES-12 
Using the explicit formulas for the Hermite polynomials given in Table 5 .3, show that 
a 0 ~ I vibrational transition is allowed and that a 0 ~ 2 transition is forbidden. 

SOLU TI ON: Letting ~ = a 112x in Table 5.3, we have 

The dipole transition moment is given by the integral 

The transition is allowed if 10_, v =I= 0 and is forbidden if lo4 v = 0. For v = I, we have 

because the integrand is everywhere positive. For v = 2, 

( ) 
l/21 00 a 3 , 2 • 

10_,2 <X - (~ - ~)e-, dt; = 0 
21l' -00 

because the integrand is an odd function and the limits go from - oo to + oo. 

A selection rule for vibrational absorption spectroscopy is that the dipole moment 
of the molecule must vary during the normal mode motion. When this is so, the normal 
mode is said to be infrared ac1ive. Otherwise, it is infrared inactive. The normal modes 
of H20 are as follows: 

Note that the dipole moment changes dUiing the motion of all three normal modes, so 
all three normal modes of H20 are infrared active. Therefore, H20 has three bands in 
its infrared spectrum. For C02, there are four normal modes (3N - 5): 
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There is no change in the dipole moment during the symmetric stretch of C02 (v1), 

so this mode is infrared inactive. The other modes are infrared active, but the bending 
mode (v2) is doubly degenerate, so it leads to only one infrared band. 

Appendix: Operator Method Solution to the 
Schrodinger Equation for a Harmonic Oscillator 

The Schrodinger equation for a harmonic operator is 

Ji2 d2l/I 1 
- --- + -kx21/f =El/I 

2µ dx2 2 
(1) 

As we mentioned in Section 5.5, this is a linear differential equation in 1/f (x), but it does 
not have constant coefficients. A standard method to solve such equations is to assume 
that 1/1 (x) can be expressed as a power series in x: 

00 

l/f(x) = L a11x
11 

11 = 0 

We substitute this expression into the differential equation and obtain a set of algebraic 
equations for the a11 • This method is called the power series method, and is at best 
tedious. 

There is an alternative method of solving equation l that is based on operator 
methods", which is not only much easier than the power series method, but is also 
much more elegant. In this appendix, we shall use operator methods to determine the 
eigenvalues and eigenfunctions of a harmonic oscillator. Operator methods are used 
frequently in quantum mechanics and they are well worth assimilating. 
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The Hamiltonian operator of a harmonic oscillator is given by 

2 2 A2 
A Ii d l 2 p kA2 

H = ---- + - kx = - + - X 
2µ, dx2 2 2µ, 2 

where k = µ,02 is the force constant and f> and X are the momentum and position 
operators, respectively. Ifwe introduce new operators 

p = (µ,/i0 ) - 1/2 p and (2) 

then the Hamiltonian operator can be written as 

A2 
A p k A 2 /i(J) A2 A2 

H = - + - X = - (p + x) 
2µ, 2 2 

(3) 

Using the fact that [P, X] = - iii, we have 

[ A A] AA AA l (PAXA XAPA) 1 ( 'k) . p,x =px - xp=n - =Ii, - 111 = - i (4) 

We now define the (not necessarily Hermitian) operators a+ and a_ by 

A 1 (A , A) 
G+ = ,J2 X - LjJ and A l (A , A) a_ = ,J2 X + LjJ (5) 

Using these definitions, we have 

A A l (A oA)(A • A) l[A2 ' (AA AA) A2] a_a+ = - x + 1. p x - t p = - x + 1 px - x p + p 
2 2 

= ~<;2 + J32 + 1) 
2 

(6) 

Similarly, 

(7) 

Equations 6 and 7 give us 

(8) 

Note that the Hamiltonian operator, equation 3, can be written as 

(9) 
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To make equation 9 more transparent, we denote the operator a+a- by v and write 
equation 9 as 

(10) 

Equation l 0 is an operator form of the eigenvalues, E v = liw(v + 4), of a harmonic 
oscillator. We might expect that the eigenvalues of v are 0, l, 2, ... , but we don't know 
that at this point. 

So far all we've done is to express H in a new notation [although the form 
of equation 10 suggests the eigenvalues liw(v + 4)]. Now let 's explore some of the 
properties of a+ and a_. Start with the Schrodinger equation written in the fo1m 

Ifwe multiply from the left by a_, then we obtain 

Now use equation 6 to write this equation as 

or, using equation 3, 

IUu (j)2 + x2 + 2) I a_ v) =Ev j(l_v) 
2 

(l l ) 

(12) 

Equation 12 has an important interpretation: the function ja_ v) is an eigenfunction 
corresponding to an energy of one unit (in terms of /Uv) less than that of Iv). We can 
express this result by writing 

I a_ v ) oc I v - 1 ) (13) 

Similarly, by starting with 

A ( A A l) H lv)=liw a_a+ - 2 lv)=EvM 

instead of equation 11 and then multiplying from the left by a+, we obtain 
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Using equation 7 for a+a- gives 

or 

(14) 

Thus, a+ operating on lf!v gives 1frv+I (to within a multiplicative constant) and a_lf!v 
gives 1frv- I (to within a multiplicative constant). The operators a+ and a_ are called 
raising or lowering operators, or simply ladder operators. If we think of each rung of a 
ladder as a quantum state, then the operators a+ and a_ enable us to move up and down 
the ladder once we know the wave function of a single rung. 

Although we know that il+ and a_ are raising and lowering operators, we still 
don't know what values v can take on, so let's look at the operator v = a+a_. Let the 
eigenvalues of v be denoted by v , so that we have 

v lv ) =vlv) (15) 

Don't be put off by the notation here; v represents an operator, Iv) is its eigenvector, 
and v is its eigenvalue. Using this notation, equation l 0 becomes 

where once again, we do not yet know the possible values that v can take on. 
It's easy to show, however, that v, the eigenvalue of the number operator v, must be 

equal to or greater than zero. To prove this, multiply equation 15 from the left by (v I to 
get 

v = ( v I v I v ) = ( v I a+a- I v ) 

= ( v I }i (x - i p)a_ I v ) 

Using the fact that x and p are Hermitian, we have 

v = ( v I Ji (x - i 13)a_ I v ) = ( }i (£ + i f3 )v I a_ v ) = ( a_ v I a_ v ) ::: o 

because this last expression represents the integral of the magnitude of ja_ v) squared. 
Thus, 

(16) 



Problems 

Now, because la_v) ex Iv - 1) and v::: 0, there must be some minimum value of v. 
Let this value be vmin- By definition, then, we must have 

Multiply from the left by a+ to get 

which says that Vmin = o. Furthermore, repeall:ed application of the raising operator a+ 
shows that v = 0, 1, 2, ... , so the energy eigenvalues of a harmonic oscillator are given 
by liw(v + i ), v = 0, 1, 2, .... 

Now that we know the allowed energies, we can determine the corresponding wave 
functions. Start with 

a_IO) = iL 1/to = o 

Using the definition of a_, we have 

-
1- Cx + i [J)i/to = o 

,Ji. 

which, using equations 2, becomes 

1 [ ( J,ll'.t>) 1/2 ·. ( Ji ) 1/ 2 d ] ' -- - x + - - ifto - 0 
Ji Ii µu> dx 

or 

di/to µ,w - = --Xi/to 
dx Ii 

This equation can be integrated to give 

(17) 

(18) 

where c is just a normalization constant. This result for ijt0(x) is the same as that given 
in Table 5.4 when you use the relation k = µw2. All the other eigenfunctions can be 
obtained from ijt0(x) by a repeated application of the raising operator a+ (Problem 
5-45). 

Problems 

5-1. Show that the equation Md2 X/dt2 = 0 (Equation 5.26) implies that the motion is uniform. 

5-2. Verify that x (t) = A sin wt + B cos wt, where w = (k / m) 112 is a solution to Newton's 
equation for a harmonic oscillator. 
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5- 3. Verify that x(t) = C sin(wt + </>) is a solution to Newton's equation for a harmonic oscil
lator. 

5-4. The general solution for the classical harmonic oscillator is x(t) = C sin(wt + </>).Show 
that the displacement oscillates between + c and - C with a frequency of w radian·s- 1 or 

v = w /2rr cycle· s- 1• What is the period of the oscillations; that is, how long does it take to 
undergo one cycle? 

5-5. From Problem 5-4, we see that the period ofa harmonic vibration is r = l/v. The average 
of the kinetic energy over one cycle is given by 

(T) = - -- cos2(wt + <P)dt l lo' mw
2
C

2 

!' 0 2 

Show that (T} = E/2, where Eis the total energy. Show also that (V} = E/2, where the 
instantaneous potential energy is given by 

kC2 
V = - sin2(wt + </>) 

2 

interpret the result (T} = (V}. 

5-6. Consider two masses m 1 and m 2 in one dimension, interacting through a potential that 
depends only upon their relative separation (x 1 - x2), so that V(x 1, x2) = V (x1 - x2). Given 
that the force acting upon the jth particle is fj = - (aV /oxj), show that / 1 = - f2 . What 
law is this? 

Newton's equations for m 1 and m2 are 

d2x 1 av m,--= - -
dt2 ax , and 

Now introduce center-of-mass and relat ive coordinates by 

X = m 1X1 + m2x2 

M 

where M = m 1 + m2, and solve for x 1 and x2 to obtain 

and 

Show that Newton's equations in these coordinates are 

and 



Problems 

Now add these two equations to find 

Interpret this result. Now divide the first equation by m 1 and the second by m2 and subtract 
to obtain 

or 

d2x av 
µ.,-= - -

dt2 ax 

whereµ., = m 1m2/ (m 1 + m2) is the reduced mass. Interpret this result , and discuss how the 
original two-body problem has been reduced to t\vo one-body problems. 

5- 7. Extend the results of Problem 5- 6 to three d imensions. Realize that in three dimensions 
the relative separation is given by 

5-8. Show that the reduced mass of two equal masses, m, is m./2. 

5-9. Example 5- 3 shows that a Maclaurin expansion of a Morse potential leads to 

V(x) = Dfl2x2 + · · · 

Given that D = 7.31 x w- 19 J·molecule- 1andf:I = 1.81x1010 m- 1 forHCl, calculatethe 
force constant ofHCI. Plot the Morse potential for HCI, and plot the corresponding harmonic 
oscillator potential on the same graph (cf. Figure 5.5). 

5-10. Use the result of Example 5- 3 and Equation 5.39 to show that 

( ) 

l / 2 

fJ = 2rr CWobs :V 
Given that wobs = 2886 cm- 1 and D = 440.2 kJ · mo1- 1 for H35CI, calculate .B . Compare 
your result with that in Problem 5-9. 

5- 11 . Carry out the Maclaurin expansion of the Morse potential in Example 5- 3 through tenns 
in x4 . Express y3 in Equation 5.30 in terms of D and (:I. 

5-1 2. It turns out that the solution of the Schrodinger equation for the Morse potential can be 
expressed as 

- ( 1) --( 1)2 

G(v) = We v + 2 - WeXe V + 2 
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_ hcwe 
x --

e - 4D 

Given that we = 2886 cm-1 and D = 440.2 kJ ·mo1-1 for H35CI, calculate Xe and we.Xe. 

5- 13. In the infrared spectrum of H127I, there is an intense line at 2309 cm- 1• Calculate the 
force constant ofH 127I and the period of vibration ofH 127I. 

5- 14. The force constant of 35CI35CI is 319 N · m- 1• Calculate the fundamental vibrational 
frequency and the zero-point energy of 35CJ35CI. 

5-15. The fundamental line in the infrared spectrum of 12C 160 occurs at 2143.0 cm- 1, and the 
first overtone occurs at 4260.0 cm - 1

. Calculate the values of We and XeWe for 12C 160 . 

5-16. Using the parameters given in Table 5.1, calculate the fundamental and the first three 
overtones ofH79Br. 

5- 17. The frequencies of the vibrational transitions in the anharmonic-oscillator approximation 
are given by Equation 5.43. Show how the values of both We and XeWe may be obtained by 
plotting Wobs/v versus (v + 1). Use this method and the data in Table 5.1 to determine the 
values of We and XeWe for H35Cl. 

5- 18. The following data are obtained from the infrared spectrum of 127 I35Cl. Using the method 
of Problem 5-17, determine the values of we and xewe from these data. 

Transition Frequency/cm-1 

o ~ 1 381.20 

0 ~ 2 759.60 

0 ~ 3 1135.00 

o ~ 4 1507.40 

o ~ 5 1877.00 

5- 19. The vibrational term of a diatomic molecule is given to a good approximation by 

where v is the vibrational quantmn number. Show that the spacing between the adjacent 
levels ~G is given by 

~G = G(v + I) - G(v) = we{l - 2ie(v + I)} (I) 

The diatomic molecule dissociates in the limit that ~G ~ 0. Show that the maximum 
vibrational quantum number, Vmax• is given by 



Problems 

Use this result to show that the dissociation energy De of the diatomic molecule can be 
written as 

(2) 

Referring to equation 1, explain how the constants We and Xe can be evaluated from a plot of 
!J.G versus v + I. This type of plot is called a Birge-Sponerplot. Once the values of We and.Xe 
are known, equation 2 can be used to determine the dissociation energy of the molecule. 
Use the following experimental data for H2 to calculate the dissociation energy, De. 

v G(v)/cm- 1 v G(v)/cm- 1 

0 4161.12 7 26 830.97 

8087.11 8 29123.93 

2 11 782.35 9 31 .150.19 

3 15 250.36 lO 32 886.85 

4 18497.92 11 34 301.83 

5 21 505.65 12 35 351.0 I 

6 24 287.83 13 35 972.97 

Explain why your Birge-Sponer plot is not linear for high values of v. How does the value 
of De obtained from the Birge-Sponer analysis compare with the experimental value of 
38 269.48 cm- 1? 

5-20. An analysis of the vibrational spectrum of the ground-electronic-state homonuclear 
diatomic molecule C2 gives We = 1854.71 cm- 1 and we.Xe = 13.34 cm- 1• Suggest an ex
perimental method that can be used to determine these spectroscopic parameters. Use the 
expression derived in Problem 5- 19 to determine the number of vibrational levels for the 
ground state ofC2. 

5-21. Verify that 1/11 (x) and 1/!2(x) given in Table 5.4 satisfy the Schrodinger equation for a 
harmonic oscillator. 

5- 22. Show explicitly for a harmonic oscillator that 1/!o(O is 01ihogonal to 1/11 Ce), 1/!2(e), and 
1/!3(e) and that 1/11(0 is orthogonal to 1/!2m and 1/!J(O (see Table 5.4). 

5-23. To normalize the harmonic-oscillator wave f1mctions and calculate various expectation 
values, we must be able to evaluate integrals .of the fonn 

v = 0, 1, 2, ... 

We can simply either look them up in a table of integrals or continue this problem. First, 
show that 
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The case v = 0 can be handled by the following trick. Show that the square of ! 0(a) can be 
written in the form 

I 2(a) = 4 dxdye-a(x + y) l oo looo 2 2 

0 0 

Now convert to plane polar coordinates, Jetting 

r2 = x2 + y2 and dxdy = rdrdB 

Show that the appropriate limits of integration are 0 ~ r < oo and 0 ~ e ~ rt /2 and that 

r 12 roo 2 
It(a) = 4 lo dB lo drre-'

11 

which is elementary and gives 

2 rt I rt 
I (a) = 4 · - · - = -0 2 2a a 

or 

( ) 

l/ 2 

/ 0(a) = ; 

Now prove that the I v(a) may be obtained by repeated differentiation of !0(a) with respect 
to a and, in particular, that 

dvlo(a) = (- WI (a) 
da V V 

Use this result and the fact that /0(a) = (rt/a) 112 to generate / 1(a), I2(a), and so forth. 

5-24. Prove that the product of two even functions is even, that the product of two odd functions 
is even, and that the product of an even and an odd function is odd. 

5-25. Prove that the derivative of an even (odd) function is odd (even). 

5-26. Show that 

1
00 5 Ii 

(x2
} = 1/f2(x)x 21/f2(x)dx = - -----ip 

- 00 2 (µ,k) 

for a harmonic oscillator. Note that (x2} 112 is the square root of the mean of the square of 

the displacement (the root-mean-square displacement) of the oscillator. 

5-27. Show that (p} = 0 and that 

for a harmonic oscillator. 



Problems 

5-28. Use the result of the previous two problems to show that £ 2 = 5hv/2 . 

5- 29. Prove that 

(T} = ( V(x)} = Ev 
2 

for a one-dimensional harmonic oscillator for v = 0 and v = I. 

5-30. Show that the eigenfunctions and eigenvalues of a three-dimensional harmonic oscillator 
whose potential energy is 

V (x, y, z) = ~kxx2 + ~k y2 + ~k z2 
2 2 y 2 z 

are 

where 

(u = x, y, or z) 

and 

where 

Discuss the degeneracy of this system when the oscillator is isotropic-that is, when 
kx = ky = kz. Make a diagram like that shown in Figure 3.6. 

5-31. There are a number of general relations between the Hermite polynomials and their 
derivatives (which we wi LI not derive). Some of these are 

dHv(O = 2~H (1') - H (t) 
d~ v '> v+ I '> 

and 
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Such connecting relations are called recut:~ion formulas. Verify these formulas explicitly 
using the first few Hermite polynomials given in Table 5.3. 

5-32. Use the recursion formulas for the Hermite polynomials given in Problem 5-31 to show 
that (p) = 0 and (p2) = n(µ,k) lf2(v + ~). Rememberthat the momentum operator involves 
a differentiation with respect to x' note. 

5-33. It can be proved generally that 

2 1 ( I) Ii ( .I) (x ) = - v + - = -- v + -
a 2 (µ,k) 112 2 

and that 

3 3/i2 
(x4) = -

2 
(2v2 + 2v + 1) = - (2v2 + 2v + I) 

4a 4µ,k 

for a harmonic oscillator. Verify these formulas explicitly for the first two states of a 
harmonic oscillator. 

5-34. This problem is similar to Problem 3-39. Show that the harmonic-oscillator wave func
tions are alternately even and odd functions of x because the Hamiltonian operator obeys 
ii (x) = ii ( - x). Define a reflection operator R by 

Ru(x) = u( - x) 

Show that R is linear and that it commutes with ii . Show also that the eigenvalues of R 
are ± I. What are its eigenfunctions? Show that the harmonic-oscillator wave functions are 
eigenfunctions of k Note that they are eigenfunctions of both ii and k What does this 
observation say about ii and R? 

5-35 . Use Ehrenfest's theorem (Problem 4-44) to show that (Px) does not depend upon time 
for a one-dimensional harmonic oscillator. 

5-36. Figure 5.13 compares the probability distribution associated with 1{110(0 to the classical 
distribution. (See also Problem 3-18.) This problem illustrates what is meant by the classical 
distribution. Consider 

x(t) = A sin(wt + ¢) 

which can be written as 

wt = sin - I ( ~) - ¢> 

Now 

(I) 
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. . 

- 5 - 3 - l 3 5 

FIGURE 5.13 
The probability distribution function of a 
harmonic oscillator in the v = 10 state. The 
dashed line is that for a classical harmonic 
oscillator with the same energy. The vertical 
lines ate ~· ±4.6 represent the extreme limits 
of the classical harmonic motion. 

This equation gives the time that the oscillator spends between x and x + dx. We can 
convert equation l to a probability distribution in x by dividing by the time that it takes 
for the oscillator to go from - A to A. Show that this time is TC /w and that the probability 
distribution in x is 

dx 
p(x)dx = -;:::::::;;:=~ 

rc-JA2 - x 2 
(2) 

Show that p(x) is normalized. Why does p(x) achieve its maximum value atx =±A? Now 
use the fact that e = a 112x ' where Ci = (k µ,/ /i2) 112' to show that 

p(e)de = J d~ 
2 TC a A - e (3) 

Show that the limits of e are ± (aA2) 112 =±(21) 112, and compare this result to the vertical 

lines shown in Figure 5.13 .Hint: You need to use the fact that kA2 /2 = £ 10 (n = 10). Finally, 
plot equation 3 and compare your result with the curve in Figure 5.13 . 

5-37. We can use the harmonic-oscillator wav·e function to ilJustrate tunneling, a strictly 
quantum-mechancial property. The probability that the displacement of a harmonic os

cillator in its ground state lies between x and x + dx is given by 

( ) 

l / 2 

P(x) dx = 1/l~(x) dx = ;. e-ax
2 

dx (1) 

The energy of the oscillator in its ground state is (/'i/2)(k/µ.,) 112• Show that the greatest 
displacement that this oscillator can have classically is its amplitude 

[ 
Ii ] l/ 2 1 

A = (kµ.,) 112 = et 112 
(2) 
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According to equation I, however, there is a nonzero probability that the displacement of the 
oscillator will exceed this classical value and tunnel into the classically forbidden region. 
Show that this probability is given by 

1
-tf - 1/ 2 00 00 

P (x ) dx + 1. P (x ) dx = ~12 f e-z
2 

dz 
- oo a-~ 1T JL 

(3) 

The integral here cannot be evaluated in closed form but occurs so frequently in a number 
of different fields (such as the kinetic theory of gases and statistics) that it is well tabulated 
under the name complementaty error.function, erfc(x), which is defined as 

2 [00 
erfc(x) = 7r l/2 Jx e-z2 dz (4) 

By referring to tables, it can be found that the probability that the displacement of the 
molecule will exceed its classical amplitude is 0.16. 

5- 38. Problem 5- 37 shows that although a classical harmonic oscillator has a fixed amplitude, a 
quantum-mechanical harmonic oscillator does not. We can, however, use (x2} as a measure 
of the square of the amplitude, and, in particular, we can use the square root of (x2}, the 

root-mean-square value of x , Arms = Xrrms = (x2} 112, as a measure of the amplitude. Show 
that 

[ 
Ii ] 1/2 ( h ) 1/ 2 

A - x - -
rms - rms - 2(µ,k) l/2 - 4 rrcwobstl 

for the ground state of a harmonic oscillator. Thus, we can calculate (x2} 112 in terms of &obs· 

Show that A rms = 7.58 pm for H35CI. The bond length ofHCI is 127 pm, and so we can see 
that the root-mean-square amplitude is only about 5% of the bond length. This is typical of 

diatomic molecules. 

5-39. The fi.mdamental vibrational frequency of H79Br is 2.63 x 103 cm-1 and l is 141 pm. 

Calculate the root-mean-square displacement in the ground state and compare your result 
to l. 

5-40. In this problem, we'll calculate the fraction of diatomic molecules in a particular vibra
tional state at a temperature Tusing the harmonic-oscillator approximation. A fundamental 
equation of physical chemistry is the Boltzmann distribution, which says that the number 
of molecules with an energy Ej is proportional to e-Ei/k8T, where k3 is the Boltzmann 
constant and T is the kelvin temperature. Thus, we write 

N -E ·/kllT io:.e ' 

Using the fact that L Nj = N , show that the fraction of molecules wi th an energy Ej is 

given by 

Q(T) 
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The denominator here, Q (T), is called a partition function. Show that the partition function 
of a harmonic oscillator [E j = (j + ~)hv] is 

00 

Hint: You need to use the geometric series L xj = (1- x)- 1 for lx l < I. Now show that 
j=O 

and, in particular, that 

Now show that / 0 ~ l at300K fora typical molecule, with we = LOOO cm- 1. Plot the fraction 
of molecules in the jth vibrational state at T = 300 K. 

5-41. Calculate the fraction of HBr molecules in the ground vibrational state at 300 Kand 
2000 K. Take We to be 2650 cm- 1• 

5-42. Determine the number of translational, rotational, and vibrational degrees of freedom in 

(b) ocs 

5-43. In this problem, we will prove the so-called quantum-mechanical virial theorem. Start 
with H1{! = £1{!, where 

A fi2 2, 
H = - - \l + V(x, y, z) 

2m 

Using the fact that fl is a Hermitian operator, show that 

f 1/l"[il, A]1/ld< = o 

where A is any linear operator. Choose A to be 

A = - ili x- +y- +z-A ( a a a) 
ox ay az 

and show that 

[H , A] = ili x- +y- +z- - - (P + P + P) A A ( av av av) iii A 2 A 2 A 2 

ax oy oz m x .Y z 

." ( av av av) 2 ."TA = tn x- +y- +z- - tn 
ax ay oz 

(l) 

(2) 
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where Tis the kinetic energy operator. Now use equation l and show that 

( 
av av av) A x - +y - + z- = 2(T} 
ax ay oz 

(3) 

Equation 3 is the quantum-mechanical virial theorem. 

5-44. Use the virial theorem (Problem 5-43) to prove that (f} = (V} = E /2 for a ha1monic 
oscillator. 

5-45. Use the fact that 

aift -- - x - - p A - I [(f.1,{J)) l/2 
A ( Ii )l/

2 
A] 

+ " ..J2 Ii µ,w 
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MA TH CHA PT E R E 
Spherical Coordinates 

Although cartesian coordinates (x , y , and z) are suitable for many problems, there are 
many other problems for which they prove to be cumbersome. A particularly important 
type of such a problem occurs when the system being described has some sort of a 
natural center, as in the case of an atom, where the (heavy) nucleus serves as one. In 
describing atomic systems, as well as many other systems, it is most convenient to use 
spherical coordinates (Figure E. l ). 

z 

x ... ... ... ... 

Y FIGURE E.1 
A representation of a spherical coordinate system . 
A point is specified by the spherical coordinates r, 
e, and ¢>. 

Instead of locating a point in space by specifying the cartesian coordinates x, y, 
and z, we can equally well locate the same point by specifying the spherical coordinates 
r, (), and </>. From Figure E. l , we can see that the relations between the two sets of 
coordinates are given by 

x = r sin fJ cos </> 

y = r sin fJ sin </> 

z = r cos B 

(E.I) 
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This coordinate system is called a spherical coordinate system because the graph of the 
equation r = c = constant is a sphere of radius c centered at the origin. 

Occasionally, we need to know r, e, and <P in terms of x, y, and z. These relations 
are given by (Problem E- 1) 

( )
1/2 

r = x 2 + y2 + z2 

z 
cos e = -----

(x2 + y2 + 2 2)1/ 2 

tan¢= ~ 
x 

(E.2) 

Any point on the surface ofasphere ofunitradius can be specified by the values ofB 
and¢. The angle e represents the declination from the north pole, and hence 0 .:Se .:Sn:. 
The angle <P represents the angle about the equator, and so 0 _:s <P _:s 2n:. Although there 
is a natural zero value fore (along the north pole), there is none for¢. Conventionally, 
the angle <P is measured from the x axis, as illustrated in Figure E. l. Note that r, being 
the distance from the origin, is intrinsically a positive quantity. In mathematical terms, 
0 .:Sr < oo. 

In Chapter 6, we will encounter integrals involving spherical coordinates. The 
differential volume element in cartesian coordinates is dxdydz, but it is not quite 
so simple in spherical coordinates. Figure E.2 shows a differential volume element 
in spherical coordinates, which can be seen to be 

d V = (r sin Bd<P )(rdB)dr = r 2 sin BdrdBd<P (E.3) 

Let's use Equation E.3 to evaluate the volume of a sphere of radius a. In this case, 
0 .:s r .:s a' 0 .:s e .:s 71: ' and 0 .:s <P .:s 2n:. Therefore, 

t' r { 2n (a3) 4n:a3 
V =lo r 2

dr lo sin BdB lo d</J = 3 (2)(2n) = -
3

-

Similarly, if we integrate only over e and ¢, then we obtain 

r { 2n 
dV = r

2
dr lo sin BdB lo d</J = 4n:r

2
dr (E.4) 

This quantity is the volume of a spherical shell of radius rand thickness dr (FigureE.3). 
The factor 4n:r2 represents the surface area of the spherical shell and dr is its thickness. 

The quantity 

dA = r 2 sin BdBd<P (E.5) 
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z 

rsin Od<f! 

FIGURE E.2 

l 
T 
dr 

y 

A geometrical construction of the differential volume element in spherical coordinates. 

FIGURE E.3 
A spherical shell of radius rand thickness 
dr. The volume of such a shell is 4rr r2dr , 
which is its area (4rr r 2) times its thickness 
(dr) . 

is the differential area on the surface of a sphere of radius r. (See Figure E.2.) If we 
integrate Equation E.5 over all values of e and¢ , then we obtain A = 4rr r 2, the area of 
the surface of a sphere of radius r. 
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Often, the integral we need to evaluate will be of the form 

{ DO re { 27l 
I = lo lo lo F(r, (), </J)r

2 
sin BdrdBd</J (E.6) 

When writing multiple integrals, for convenience we use a notation that treats an integral 
like an operator. To this end, we write the triple integral in Equation E.6 in the form 

{ DO r { 27l 
I = lo drr

2 Jo d() sin () lo d</JF(r, B, </J) (E.7) 

In Equation E. 7, each integral "acts on" everything that lies to its right; in other 
words, we first integrate F (r, (), </J) over </J from 0 to 2n:, then multiply the result 
by sin () and integrate over () from 0 to n:, and finally multiply that result by r 2 and 
integrate over r from 0 to oo. The advantage of the notation in Equation E.7 is that the 
integration variable and its associated limits are always unambiguous. As an example 
of the application of this notation, let's evaluate Equation E.7 with 

F(r, B, </J) = -
1
- r 2e_ ,. sin2 () cos2 </J 

32n: 

(We will learn in Chapter 7 that this function is the square of a 2px hydrogen atomic 
orbital.) If we substitute F(r, (), </J) into Equation E. 7, we obtain 

J 1DO 17l la 2n I = -- drr2 d() sin() d</J r 2e- r s in2 () cos2 </J 
32rr o o o 

The integral over </J gives 

r2n 
lo dcp cos

2 
<P = n: 

so that 

I = _..!.._ { DO drr2 { n dB s in () r2e_,. s in2 () 

32 lo lo (E.8) 

The integral over B, le, is 

It is often convenient to perform a transformation of variables and let x = cos() in 
integrals involving e. Then s in ()dB becomes - dx and the limits become + I to - 1, so 
in this case we have 

le= d()sin.)B= - dx(I - x 2)= dx(l - x 2)=2 - -=-1n ' i-1 1' 2 4 
o I - I 3 3 
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Using this result in Equation E.8 gives 

I = - drr4e- r = -(4!) = l I 100 I 
24 0 24 

where we have used the general integral 

This fina l result for I s imply shows that our above expression for a 2p x hydrogen atomic 
orbital is norma lized. 

Frequently, the integrand in Equation E. 7 will be a function only of r, in which 
case we say that the integrand is spherically symmetric. Let's look at Equation E.7 
when F(r, fJ, ¢) = /(r): 

roo r r 27r 
I = l o drr

2 
l o dfJ sin fJ l o d</>f ( r ) (E.9) 

Because f (r ) is independent of fJ and ¢ , we can integrate over</> to get 2Jr and then 
integrate over f) to get 2: 

r sin f)df) = 1' dx = 2 
l o - 1 

Therefore, Equation E.9 becomes 

(E. 10) 

The point here is that if F (r, e. </>) =I (r ), then Equation E.7 becomes effectively a one
dirnensional integral with a factor of 4rrr2dr multiplying the integrand. The quantity 
4rrr 2dr is the volume ofa spherical shell ofradius rand thicknessdr. 

EXAMPLE E- 1 
We will learn in Chapter 7 that a Is hydrogen atomic orbital is given by 

Show that the square of this function is normalized. 
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SOLUTI ON: Realize that f (r) is a spherically symmetric function of x, y, and z, 
where r = (x2 + y2 + z2) 112. Therefore, we use Equation E.10 and write 

4 2 
=- · --=J a& (2/a0)3 

If we restrict ourselves to the surface of a sphere of unit radius, then the angular 
part of Equation E.5 gives us the differential surface area 

dA =sin ()d()def> (E.11) 

If we integrate over the entire spherical surface (0 :S () :S JT, 0 :S ¢> :S 2rr ), then 

rr r2n 
A= lo sin8dB lo def> =4rr (E.12) 

which is the area of a sphere of unit radius. 
We call the solid enclosed by the surface that co1U1ects the origin and the area d A a 

solid angle, as shown in Figure E.4. Because of Equation E.12, we say that a complete 
solid angle is 4rr, just as we say that a complete angle of a circle is 2rr. We often denote 
a solid angle by dQ, so that we sometimes write 

and Equation E.12 becomes 

z 

x 

dQ =sin 8d8d¢> (E.13) 

1 dQ=4JT 
sphere 

(E.14) 

y FIGURE E.4 
The solid angle, dQ, subtended by the 
differential area element dA = sin 8d8d</J. 
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In discussing the quantum theory of a hydrogen atom in Chapter 7, we will fre
quently encounter angular integrals of the form 

1 =lo" dB sin (:) lo2ir d<f>F (B, </>) (E.1 5) 

ote that we are integrating F ((:), </>) over the surface of a sphere. For example, we will 
encounter the integral 

1 = - d<P dB(sin2 (:) cos2 0) sin e 15 lo 2;r lo" 
8rr o o 

The value of this integral is 

EXAMPLE E- 2 
Show that 

where 

and 

SOLUTI ON : 

1 = ( ~~ ) 1" dB sin
2 

(:) cos
2 

(:)sin e fo
2

" cl</> 

= ~ 1' (I - x 2)x2dx = ~ [~ - ~ ] = I 
4 - I 4 3 5 

( 3)1/2 . 
Yi'(8 . </J) = - Srr e'"'sin e 

3 !o;r 12:r I = - - dB sin3 B d</Je-i;q, 
8Jr 0 0 

The integral over </J is an integral over a complete cycle of sin 2¢ and cos 2¢ and 
therefore l = 0. We say that Y1

1(B. </J) and Yi 1(8, </J) are orthogonal over the surface 
of a unit sphere. 
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There is one final topic involving spherical coordinates that we should discuss here. 
The operator 

occurs frequently in physical problems. The operator 

2 02 02 02 
'\/ = -+-+-ox2 oy2 oz2 

(E. 16) 

is called the Laplacian operator. When dealing with problems involving a center of 
symmetry, so that we use spherical coordinates, we express \/2 in terms of spherical 
coordinates rather than cartesian coordinates. The conversion of \/2 from cartesian 
coordinates to spherical coordinates can be carried out starting with Equation E. l, but 
it is a long, tedious exercise involving partial derivatives that perhaps you should do 
once, but probably never again. The final result is (see Problems E- 13 and E-14) 

'\/ = -- r - + - sm {} - + -2 1 o ( 2 o ) 1 o ( . o ) 1 o2 

r2 or or r2 sin () o() oe r2 sin2 e o</>2 
(E.1 7) 

EXAMPLE E- 3 
Show that u(r, e, </>) = I/ r is a solution to 'V 2u = 0. (This equation is called Laplace :~ 
equation.) 

S 0 Lu TI 0 N: The fact that u depends only upon r means that 'V2u reduces to 

If we substitute u = l/r into this expression, we find that r 2ou/or = - I and that 
'V2u = 0. 

EXAMPLE E-4 
Show that u (B, </>) = Y1

1 (B, </>) given in Example E-2 satisfies the equation 'V2u = c
2 

u, 
/' 

where c is a constant. What is the value of c? 

SOLUTION: Because u(B, </>)is independent of r, we start with 

"72 l a ( . eau ) l a2
u 

v U=---- Sill - + --~ 
,.2 sin e ae ae ,.2 sin2 e o</>2 

Substituting 

( 
3 ) 1/ 2 . 

u(B, </>) = - Srr e"" sine 



Problems 

into \12u gives 

V 2u = - - ---(cos2 e - sin2 8) - e'"' ( 
3 ) 

1
1
2 

[ ei<P sine . J 
8rr r2 sine r2 sin2 e 

= _ (2-) 112 
ei<f> ( 1 - 2 sin

2 e _ _ l ) 
8rr r2 sine sine 

= 2 _ e SID 
( 

3 
) 

112 i<P . 8 

8rr r2 

or c = - 2. 

Problen1s 

E-1. Derive Equations E.2 from Equations E . I. 

E-2. Express the following points given in cartesian coordinates in terms of spherical coordi
nates: (x, y, z): ( I, 0, O); (0, 1, O); (0, 0, l); (0, 0, - 1). 

E-3. Describe the graphs of the following equations: 

(a) r = 5 (b) e = rr/4 (c) <P = rr/2 

E-4. Use Equation E.3 to determine the volume of a hemisphere of radius a. 

E-5. Use Equation E.5 to determine the surface area of a hemisphere of radius a. 

E-6. Evaluate the integral 

r I= Jo cos2 e sin3 8d8 

by letting x = cos e. 

E-7. We will learn in Chapter 7 that a 2py hydrogen atom orbital is given by 

1 r/ 2 · · 1/12,, = r,;-- re- sm e sm <P 
,. > 4-v 2rr 

Show that l{!2p, is normalized. (Don't forget to square 1/12Py first .) 

E-8. We will learn in Chapter 7 that a 2s hydrogen atomic orbital is given by 

1 r/ 2 1/12. = --(2 - r)e-
• 4.Jiii 

Show that 1/12s is normalized. 
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E-9. Show that 

0 ( 3 )'~ Y1 (B, ¢) = 
4

rr cos e 

( 
3 ) 1/ 2 . 

Yi' (B, ¢) = - Srr e"" sin e 

and 

are orthonormal over the surface of a sphere. 

E-10. Evaluate the average of cos e and cos2 e over the surface of a sphere. 

E-11. We shall frequently use the notation dr to represent the volume element in spherical 
coordinates. Evaluate the integral 

I = J d re-r cos2 e 

where the integral is over a!J space (in other words, over all possible values ofr, e, and rp ). 

E-12. Show that the two fonctions 

are orthogonal over all space (in other words, over all possible values of r, e, and¢). 

E-13. Consider the transformation from cartesian coordinates to plane polar coordinates, 

y 
(r, 0) 

x 

where 

x = r cose r = (x2 + y2) 1/ 2 

B = tan- 1 (~) 
(1) 

y = r sine 

If a function f (r, 8) depends upon the polar coordinates r and e, then the chain rule of 
partial differentiation says that 

(af) (af) (ar) (af ) (ae) 
ax )' = (Jr e ax )' + ae ,. ox )' (2) 



Problems 

and that 

( af) (af) (a,.) (af) (ae) 
oy x = or B oy x + oe r oy x 

(3) 

For simplicity, we will assume that r is equal to a constant, l, so that we can ignore terms 
involving derivatives with respect tor. In other words, we will consider a particle that is 
constrained to move on the circumference of a circle. This system is sometimes called a 
particle on a ring. Using equations 1 and 2, show that 

(
af) sine (af) ax .l' = - - l - ae ,. and (

af) = cos e (af) 
ay ... t ae ,. 

Now apply equation 2 again to show that 

(:~· ) )' = [ :x (:~)J = [ a
0
e (:~),l (:~) .l' 

={;_[- sine (af) ] } ( - sine) 
ae t ae ,. , t 

= sinecose (af) + sin
2

e (a
2
f) 

t2 ae t2 ae2 

Similarly, show that 

( a2f) 
a 2 y x 

and that 

sine cos e 
/2 (

af) + cos
2

e (a
2
f) 

ae t2 ae2 

(4) 

E-14. Generalize Problem E-13 to the case of a particle moving in a plane under the influence 
of a central force; in other words, convert 

2 a2 a2 
\1 =- + 

Jx2 ay2 

to plane polar coordinates, this time without assuming that r is a constant. Use the method of 
separation of variables to separate the equation for this problem. Solve the angular equation. 

E-15 . Show that u (r, e, </>) = r sin e cos</> satisfies Laplace's equation, V2u = 0. 

E-16. Show that u (r, e, </>) = r 2 sin2 B cos 2</> satisfies Laplace's equation, V2u = 0. 
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Pieter Zeeman was born on May 25, 1865, in a small village on the isle of Schou wen, 
Zee land, the Netherlands, and ctied in Amsterdam in 1943. Although he showed early signs 
of excellence in science, he had to leave his small village and move to Delft to study Greek 
and Latin, which were required for acceptance to the University of Leyden. In 1885, he 
became a student at Leyden, where he became an assistant to the prominent physicist, 
Hendrik Lorentz. After obtaining his doctorate in 1893, he remained at Leyden except for 
a brief period of time to study in Strasbourg. In 1896, he announced his ctiscovery of the 
magnetic splitting of spectral lines, and the following year he received a position at the 
University of Amsterdam. He received many offers of prestigous chairs in other countries 
but chose to remain at Amsterdam, where he remained until he reached the mandatory 
retirement age in 1935. In 1923, the university had a new laboratory specially built for 
his work, which is now called the Zeeman Laboratory. Zeeman was an excellent teacher, 
remembered fondly by his many students. Outside of science, he was interested in literature 
and drama and he enjoyed entertaining his collaborators and students at his home. He 
shared the Nobel Prize in Physics in 1902 (the second one awarded) with Lorentz for "their 
researches into the influence of magnetism upon ractiation phenomena." 



CHAPTER 6 
The Rigid Rotator and 

Rotational Spectroscopy 

The rotation of a diatomic molecule can be described by a rigid rotator, which is like 
a rotating dumbbell. Using the concept of a reduced mass, we can picture the rotator 
as a body of reduced mass J.l rotating about a fixed center. This problem lends itself 
naturally to spherical coordinates, and the wave functions are functions of (;I and ¢, the 
two angles in spherical coordinates (MathChapter E). The wave functions are called 
spherical harmonics and occur in many problems involving a fixed center. In fact, we 
shall see in the next chapter that the s, p, d, etc., orbitals of a hydrogen atom are 
described by spherical harmonics. 

Solving the Schrodinger equation for a rigid rotator is a fairly lengthy process, 
and so in most of this chapter we shall simply present and discuss the energies and 
the corresponding wave functions. We shall use the allowed energies to describe the 
microwave spectrum of a diatomic molecule and see how you can determine bond 
lengths. 

6.1 The Energy Levels of a Rig id Rotator Are E = n2 J (J + 1)/2/ 

In this section, we will discuss a simple model for a rotating diatomic molecule. The 
model consists of two point masses m 1 and m 2 at fixed distances 11 and 12 from their 
center of mass (cf. Figure 6.1). Because the distance between the two masses is fixed, 
this model is referred to as the rigid-rotator model. Even though a diatomic molecule 
vibrates as it rotates, the vibrational amplitude is small compared with the bond length, 
so considering the bond length fixed is a good approximation (see Problem 5- 38). 

Let the molecule rotate about its center of mass at a frequency of vro1 cycles per 
second. The velocities of the two masses are u1=2rrl1vro1 and v2 = 2rrl2 vro1, which we 
write as v1 = l 1w and v 2 = l2w, where w (radians per second) = 2rr Vrot and is called the 
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FIGURE 6.1 
Two masses, m 1 and m2, rotating about 
their center of mass. 

angular velocity (Section 1.7). T he kinet ic energy of the rigid rotator is 

12121 2 22 
T = - m 1v1 + - m2 v2 = - (m 1/ 1 + m2l2)w 

2 2 2 

=~I w2 
2 

(6.1) 

where / , the moment of inertia, is given by 

(6.2) 

Using the fact that the location of the center of mass is given by m 1/ 1 = m2/2, the moment 
of inertia can be rewritten as (Problem 6- 1) 

I = µ12 (6.3) 

where I= 11+ 12 (the fixed separation of the two masses) andµ is the reduced mass 
(Section 5.3). In Section 1.7, we discussed a single body of mass m rotating at a 
distance I from a fixed center. In that case, the moment of inertia, I , was equal to 
m/2. By comparing Equation 6.3 w ith this result, we may consider Equation 6.3 to be 
an equation for the moment of inertia of a single body of mass µ rotating at a distance l 
from a fixed center. Thus, we have transformed a two-body problem into an equivalent 
one-body problem, just as we did for a harmonic oscillator in Section 5.3. 

Following Equations 1.17 and 1.19, the angular momentum L is 

and the kinetic energy is 

L = I w 

l 2 
T=-

21 

(6.4) 

(6.5) 
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T here is no potential energy term because in the absence of any external forces (e.g., 
electric or magnetic forces) the energy of the molecule does not depend on its orientation 
in space. The Hamiltonian operator of a rigid rotator is therefore just the kinetic energy 
operator. Using the operator T given in Table 4.1 and the correspondences between 
linear and rotating systems given in Table 1.2, we can write the Hamiltonian operator 
of a rigid rotator as 

(r constant) (6.6) 

where \72 is the Laplacian operator. We encountered \72 in cartesian coordinates in Sec
tion 3.9, but ifthe system has a natural center of symmetry, such as one particle revolv
ing around one fixed at the origin, then using spherical coordinates (MathChapter E) is 
much more convenient. Therefore, we must convert \72 from cartesian coordinates to 
spherical coordinates. This conversion involves a tedious exercise in the chain rule of 
partial differentiation, which is best left as a problem (see Problems 6- 2 and 6- 3). The 
final result is 

\72 = ~ _i_ (r2_i_) + 1 a (sin e_i_ ) + 1 (£_) (6.7) 
r 2 ar ar 8,,P r 2 sin e ae ae r,,P r 2 sin2 e &</>2 r,8 

where the subscripts indicate which variables are held constant. The rigid rotator is a 
special case where r is equal to a constant, l, so Equation 6.7 becomes 

v 2 = _!__l _ _i_ (sin e_i_) + _!_ _1_£_ 
/2 sin e ae ae 12 sin2 e &¢ 2 

(r constant) (6.8) 

Ifwe use this result in Equation 6.6, we obtain 

A . n2 [ 1 a ( a ) 1 ( a2 ) J 
H = - 2/ sin e ae sine ae + sin2 fJ &¢ 2 (6.9) 

Because H = l 2 / 2/, we see we can make the correspondence 

i2 = - /i2 [ -
1 _i_ (sin eJ!_) + _ l (£_)] 

sin e ae ae sin2 e &¢2 (6.10) 

Note that the square of the angular momenrum is a naturally occurring operator in 
quantum mechanics. Bothe and¢ are unitless, so Equation 6.10 shows that the natural 
units of angular momentum are Ii for atomic and molecular systems. We will make use 
of this fact later. 

The orientation of a rigid rotator is completely specified by the two angles e and¢, 
so rigid-rotator wave functions depend upon only these two variables. T he rigid-rotator 
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wave functions are customarily denoted by Y ((), </>),so the Schrodinger equation for a 
rigid rotator reads 

HY((),</>)= EY((), </>) 

or 

/i2 [ 1 a ( . a ) i ( a2 )] - - -- sm() - + -- -- Y(() </>) = EY(() </>) 
2/ sin () CJ() CJ() sin 2 () &¢2 ' ' 

Ifwe multiply E quation 6.11 by sin2 ()and let 

f3 
= 2/ E 

Ji2 

we find the partial differential equation 

sin ()-2.._ (sin () a y) + 82
y2 + ({3 s in2 ()) y = 0 

ae ae &</> 

(6.11) 

(6.12) 

(6.13) 

To solve Equation 6.13, we again use the method of separation of variables and let 

Y((), </>) = 8(())<1>(</>) (6.14) 

Ifwe substitute Equation 6.14 into Equation 6.13 and divide by G(())<t>(</>), we find 

sin() d (· ()de ) f3. 2() 1 d
2

<t> 0 --- sm - + sm + ----= 
G(()) d() d() <t> (</>) d</>2 

(6.15) 

Because () and </> are independent variables, we must have 

sin() d (· ()dG ) f3. 2() 2 ---- sm - + sm =m 
8(()) d() d() 

(6.16) 

and 

1 d2<t> 2 
---- = - m 
<t> (</>) d</>2 

(6.17) 

where m 2 is a constant. We use m2 as a separation constant in anticipation of using the 
square of the separation constant in later equations. 

Because Equation 6.17 contains only constant coefficients, it is relatively easy to 
solve. Its solutions are 

and (6.18) 
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The requirement that ct> (¢) be a single-valued function of <P is 

ct> (¢ + 2rr) = ct> (¢) (6.19) 

By substituting Equation 6.18 into Equation 6.19, we see that 

A eim(¢ + 2Jr) _ A eimlfi 
Ill - Ill (6.20) 

and that 

(6.2 1) 

Equations 6.20 and 6.21 together imply that 

e±i2nm = I (6.22) 

In terms of sines and cosines, Equation 6.22 is (Equation A.6) 

cos(2rrm) ± i sin(2rrm) = l 

which implies that m = 0, ±1, ± 2, ... , because cos 2rrm = 1 and sin 2rrm = 0 for 
m = 0, ±I, ±2, .... Thus, Equations 6.18 can be written as one equation: 

"' (A-.) A imlfi -vm 'I' = me m = 0, ±I, ± 2, ... (6.23) 

We can find the value of Am by requiring that the ct>m(</J) be normalized. 

EXAMPLE 6-1 
Determine the value of A

111 
in Equation 6.23. 

SOLUTION: The Am in Equation 6.23 are determined by the requirement that the 
<l>111 (</>) are normalized. The nonnalization condition is that 

Using Equation 6.20 for the <Pm(</>) , we have 

or 
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or 

Am = (2.rr)-1;2 

Thus, the normalized version of Equation 6.23 is 

<I> (A.) - _I_ e; m<P 
m 'I' - (2rr) l/2 m = 0, ±I, ±2, . .. (6.24) 

When we solve Equation 6.16, it turns out naturally that f3, given by Equation 6.12, 
must obey the condition 

f3 = J(.J + 1) J = 0, 1, 2, ... 

Substituting this result into Equation 6.12 gives 

/i2 
E1 = -J(J + 1) = B.!(J + 1) 

2/ 
J = 0, 1, 2, ... (6.25) 

where B = /i2 / 2/ is called the rotational constant of the molecule. Once again, we 
obtain a set of discrete energy levels. In addition to the allowed energies given by 
Equation 6.25, we also find that each energy level has a degeneracy 8.1 given by 

8.1=2.1 +1 (6.26) 

We'll see later that this degeneracy is due to the fact that m can take on the values -J 
through +J. 

A standard method to solve Equation 6.16 and obtain the result f3 = J ( J + 1) for 
J = 0, I, 2, ... is by the power series method, which we mentioned in Section 5.5 for a 
harmonic oscillator. We also pointed out there that we could use a more elegant method 
using operators to obtain the eigenvalues and eigenfunctions, and this is also true for a 
rigid rotator. We present this operator method for a rigid rotator in the appendix at the 
end of the chapter. 

6.2 The Rigid Rolator Is a Model for a Rotating Dialomic Molecule 

The allowed energies of a rigid rotator are given by Equation 6.25. We will show in 
Section 6.7 that the selection rnle for the rigid rotator says that transitions are allowed 
only from adjacent states or that 

f;.j =±1 (6.27) 

In addition to the requirement that f;.J = ± 1, the molecule must also possess a perma
nent dipole moment to absorb electromagnetic radiation. Thus, HCI has a pure rotational 



6.2. The Rigid Rotator Is a Model for a Rotating Diatom ic Molecule 

spectrum, but N2 does not. In the case of absorption of electromagnetic radiation, the 
molecule goes from a state with a quantum number J to one with J + 1. The energy 
difference, then, is 

Ji2 
!:::..E = E.1+ i - E.1 = 

21 
[(.! + l)(J + 2) - J(.! + I)] 

Ji2 h2 
= -(./ + 1) = -(./ + 1) 

I 4rr2 I 
J = 0, 1, 2, ... (6.28) 

The energy levels and the absorption transitions are shown in Figure 6.2. 
Using the Bohr frequency condition !:::..£ = hvobs> the frequencies at which the 

absorption transitions occur are 

FIGURE 6.2 

0 ..... ..... 
ce 

h 
Vobs = - 2-(J + 1) 

4rr I 

J 

4 

3 

2 

;j £ = 413 

J = 0, 1, 2, ... 

,1£ = 813 

Spectrum ~~--~-~--~--~~~ 
0 211 

v -

(6.29) 

The energy levels and absorption transitions of a rigid rotator. The absorption transitions occur 
between adjacent levels, so the absorption spectrum shown below the energy levels consists of 
a series of equally spaced lines. The quantity Bis h/8rr2c/ (Equation 6.33). 
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The reduced mass of a diatomic molecule is typically around 10- 25 to 10- 26 kg, 
and a typical bond distance is approximately 10- 10 m (100 pm), so the moment of 
inertia of a diatomic molecule typically ranges from 10- 45 to l 0- 46 kg · m 2. Substituting 
I= 5 x 1 o-46 kg·m2 into Equation 6.29 shows that the absorption frequencies are 
about 2 x 1010 to 10 11 Hz (cf. Problem 6-4). By referring to Figure 1.11 in Problem 
1- 1, we see that these frequencies lie in the microwave region. Consequently, rotational 
transitions of diatomic molecules occur in the microwave region, and the study of 
rotational transitions in molecules is called microwave spectroscopy . 

It is common practice in microwave spectroscopy to write Equation 6.29 as 

Vobs = 2B(J + 1) ./ = 0, 1, 2, ... (6.30) 

where 

h 
(Hz) (6.31) B=--

8,rr:2 / 

is the rotational constant expressed in units of hertz. Furthermore, the transition fre
quency in Equation 6.29 is commonly expressed in terms of wave numbers (cm - 1) 

rather than hertz (Hz). Ifwe use the relat ion iJJ = v/c, then Equation 6.30 becomes 

&lobs= 2B(J + I) .I = 0, 1, 2, ... (6.32) 

where B is the rotational constant expressed in units of wave numbers: 

- h I B = -- (cm- ) 
8rr:2cl 

(6.33) 

The tilde here emphasizes that B has units of wave numbers. From either Equation 6.30 
or 6.32, we see that the rigid-rotator model predicts that the microwave spectrum of 
a diatomic molecule consists of a series of equaJly spaced lines with a separation of 
2B Hz or 2B cm- 1, as shown in Figure 6.2. From the separation between the absorption 
frequencies, we can determine the rotational constant and hence the moment of inertia 
of the molecule. Furthermore, because I = µ,l 2, where l is the internuclear distance 
or bond length, we can determine the bond length. This procedure is illustrated in 
Example 6- 2. 

EXAMPLE 6- 2 
To a good approximation, the microwave spectrum of H35CI consists of a series of 
equally spaced lines, separated by 6.26 x 10 11 Hz. Calculate the bond length ofH35CI. 

SOLUTION: According to Equation 6.30, the spacing of the lines in the microwave 
spectrum of H35Cl is given by 

2B =-h-
4rc2J 
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and so 

_ h _ = 6.26 x 10 11 Hz 
4rr2/ 

Solving this equation for I , we have 

I= 6.626 x 10-34 J·s = 2.68 x 10-47 kg·m2 
4rr2(6.26 x 1011 s- 1) 

The reduced mass of H35CJ is 

µ, = ( l.00amu)(35.0amu)(1.66 1 x 10-27 kg·amu- I) = l.66x rn-27 kg 
36.0 amu 

Using the fact that I = µ12, we obtain 

l = 2· x lO g·m = 1.29x10- 10 m = l29pm 
( 

68 - 47 k 2) 1/ 2 

1.661 x 10-21 kg 

Problems 6-5 through 6-8 give other examples of the determination of bond 
lengths from microwave data. 

6.3 Rolational Transitions Accompany Vibralional Transitions 

In the previous chapter, we showed that the vibrational motion of a diatomic molecule 
can be well approximated by a ha1monic oscillator, and in this chapter, we have just 
seen that the rotational motion of a diatomic molecule can be well represented by a 
rigid rotator. We combine these ideas and say that the rotational-vibrational motion of 
a diatomic molecule can be well approximated by the rigid rotator- harmonic oscillator 
model. 

Within the rigid rotator- harmonic oscillator approximation, the rotational and 
vibrational energy of a diatomic molecule is given by the sum of Equations 5.32 and 
6.25: 

Ev,.1 = (v + ~) hv +BJ(.! + 1) (6.34) 

Ifwe express Ev 1 in terms of wave numbers (cm- 1) by dividing by he, we obtain 

- I -
E v .. ! = (v + 2)w +BJ(./ + 1) 

where 

w= _ l (!!:_)1;2 
2n: c µ, 

v = 0, 1, 2, ... J = 0, 1, 2, .. . (6.35) 

and 
- h 
B=--

8n:2cf 
(6.36) 
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FI G URE 6.3 
An energy diagram showing the rotational levels associated with each vibrational state for a 
diatomic molecule. 

Typical values of w and B are of the order of 103 cm - t and 1 cm - 1, respectively, so 
the spacing between vibrational energy levels is about 100 to l 000 times the spacing 
between rotational levels. This result is shown schematically in Figure 6.3. 

When a molecule absorbs infrared radiation, the vibrational transition is accompa
nied by a rotational transition. The selection rules for absorption of infrared radiation 
in the rigid rotator- harmonic oscillator approximation are 

~v= +1 

~J = ± l 

For the case ~J = + l, Equation 6.35 gives 

absorption (6.37) 

= (v + ~) w+ B(J + l)(J + 2) - (v + ~) w- B.J (J + 1) 

=w + 2i3u + 1) ./ = 0, 1, 2, ... (6.38) 

and likewise for the case~.!= - 1, we have 

Vobs(~./ = - 1) = E u+ l ,.1 - 1 - E u,.! =W - 2B.I .1 = 1, 2, ... (6.39) 

In both Equations 6.38 and 6.39, J is the initial rotational quantum number. 
Typically, w ~ 103 cm- 1 and B ~ 1 cm- 1, so the spectrnm predicted by Equations 6.38 
and 6.39 contains lines at 103 cm- 1 ± integral multiples of ~ l cm- 1. Notice that 



6.3. Rotationa I Transitions Accompany Vibrat ional Transit ions 

P branch R branch 

2400 2500 ~ - I 2600 
v I cm 

2700 

F I GU R E 6.4 
The rotation-vibration spectrum of the 0 ~ l vibrational transition of HBr(g ). The R branch and 
the P branch are indicated in the figure. (Adapted from Barrow, G., Introduction to Molecular 
Spectroscopy; McGraw-Hill: New York, l962. Used with permission of McGraw-Hill Book 
Company.) 

there is no line at w because the transition f),_J = 0 is forbidden. The rotation-vibration 
spectrum ofHBr(g) is shown in Figure 6.4. 

The gap centered around 2560 cm- 1 corresponds to the missing line at w. On each 
side of the gap is a series of lines whose spacing is about 10 cm- 1• The series toward 
the high-frequency side is called the R branch and is due to rotational transitions with 
f),_ .I = + 1. The series toward the low frequencies is called the P branch and is due to 
rotational transitions with f),_.f = - 1. 

EXAMPLE 6-3 
The bond length of 12C 14N is 117 pm and its force constant is L630 N · m- 1. Predict 
the rotation-vibration spectnun of 12C 14N. 

SOLUTION: First we must calculate the fundamental frequency wand the rotational 
constant B (Equations 6.36). Both quantities require the reduced mass, which is 

µ. = (12.0 amu)(l4.0 amu) (1.661 x io-27 kg ·amu-') = L07 x I0-26 kg 
(l2.0 + 14.0) amu 

Using Equation 6.36 for w, 

_ I (k) 112 
I ( 1630N·m-

1 
)'

12 

w = 2rrc µ, = 2rr(2.998 x 10s m) 1.07 x 10-26 kg 

= 2.07 x 105 m- 1 = 2.07 x !03 cm-1 
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and for fJ , 

- h h 
B=--=---

8rr2c I 8rr2cµ,l2 

6.626 X 10-34 J ·S 

8rr2(2. 998 x I 08 m · s-1) ( 1.07 x J0-26 kg) (1 17 x 10-12 m)2 

= 191 m- 1 = l.91 cm- 1 

The rotation-vibration spectrum will consist of lines at w ± 2B.T where .I = 1, 2, 
3, .... There will be no line at w, and the separation of the lines in the P and R 
branches will be 2B = 3.82 cm- 1 (cf. Figure 6.4 for HBr). 

If we compare the results of Example 6-3 with experimental data, or look closely 
at Figure 6.4, we see several features we cannot explain. Close examination shows that 
the lines in the R branch are more closely spaced with increasing frequency and that the 
lines of the P branch become further apart with decreasing frequency. We will discuss 
the spacing of the lines in the R and P branches in the next section. 

6.4 Rolation-Vibration lnteraclion Accounts for the Unequal 
Spacing of the Lines in the P and R Branches of a 
Rotation-Vibration Spectrum 

The energies of a rigid rotator-harmonic oscillator are given by (Equation 6.35) 

- - I -Ev,.!= w(v + 2) +BJ(.! + I) 

where B = h/8rr2c/ = h/8rr2cµ,l2. Because the vibrational amplitude increases with 
the vibrational state (cf. Figure 6.3), we expect that l should increase slightly with v, 
causing B to decrease with increasing v. We will indicate the dependence of B upon v 

by using Bv in place of B: 

(6.40) 

The dependence of B on v is called rotation-vibration interaction. If we consider 
av= 0---+ I transition, then the frequencies of the P and R branches will be given by 

vR(!::;../ = +I)= E1,.1+1 - Eo .. 1 

3 - I -
= - ii.> + B1(J + 1)(1 + 2) - - ii.> - B0J(J +I) 

2 2 
- - - - - - 2 = w + 2B1 + (3B1 - B0).J + (B 1 - B0)J J = 0, !, 2, ... 

(6.41) 
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and 

vp(f;.J = - 1) = E1 ,.1 - 1 - Eo..1 

- - - - - 2 = (t) - (B1 + Bo)J + (B1 - Bo)J 
(6.42) 

J = 1, 2, 3, ... 

In both cases, .I corresponds to the initial rotational quantum number. Note that Equa
tions 6.41 and 6.42 reduce to Equations 6.38 and 6.39 if B1 = B0. Because the bond 
length increases with increasing v, B 1 < B0, and therefore the spacing between the lines 
in the R branch decreases and the spacing between the lines in the P branch increases 
with increasing J. This behavior is reflected in Figure 6.4. 

EXAMPLE 6-4 
The lines in the R and P branches are customarily labeled by the initial value of 
the rotational quantum munber giving rise to the lines. Thus, the lines given by 
Equation 6.41 are R(O), R( I), R(2), ... , and those given by Equation 6.42 are P( I), 
P(2), .... Given the following data for 1H 1271 

Line Frequency/cm- 1 

R(O) 2242.087 

R( I) 2254.257 

P(l) 2216.723 

P (2) 2203.541 

calculate 80 andB 1 and l (v = 0) and l (v = I). Take the reduced mass of the molecule 
to be J.660 x 10-27 kg. 

SO LUTI ON: Using Equation 6.41 with .I = Oand 1 andEquation6.42 with .I = I and 
2, we have 

-l - -2242.087 cm = w0 +28 1 } 
- - R branch 

2254.257 cm- 1 = w0 + 681 - 2Bo 

and 

2216.723 cm- 1 = w0 - 2B0 } 
- - P branch 

2203.541 cm- 1 = w0 + 2B1 - 680 

lfwe subtract the first line of the P branch from the second line of the R branch, we find 

37.534cm- 1 = 6B 1 
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or fJ 1 = 6.256 cm-1. If we subtract the second line of the P branch from the first line 

of the R branch, we find 

38.546 crn- 1 = 6B0 

or 80 = 6.424 cm- 1. Using the fact that Bv = h/8rr2cµ,l2(v), we obtain l(v = 0) = 
162.0pmandl(v = I) = 164.lpm. 

The dependence of Bv on vis usually expressed as 

(6.43) 

Using the values of B0 and B 1 from the above example, we find that Be= 6.508 cm- 1 

and that lie= 0.168 cm - I . Values of Be and lie as well as other spectroscopic parameters 
are given in Table 6.1. 

T AB l E 6.1 
Some Rotational Spectroscopic Parameters of Some Diatomic Molecules in the Ground 
Electronic State 

Molecule Be/cm- 1 &e/cm- 1 D/cm- 1 L(v = 0)/pm Do/kJ ·mo1-1 

H2 60.8530 3.0622 4.71 x 10-2 74.14 432.1 

H'9p 20.9557 0.798 2.15 x 10-3 91.68 566.2 

H35Ct 10.5934 0.3072 5.319 x 10-4 127.46 427.8 

H79Br 8.4649 0.2333 3.458 x 10-4 141.44 362.6 
H1211 6.510 0.1689 2.069 x 10-4 160.92 294.7 
12c160 1.9313 0.0175 6.122 x 10-6 112.83 1070.2 
14Nt60 l.6719 0.0171 5.4 x 10-6 115.08 626.8 
14N '4N l.9982 0.0173 5.76 x LQ-6 109.77 941.6 
160160 l.4456 0.0159 4.84 x 10-6 120.75 493 .6 
19p l9p 0.8902 0.1385 3.3 x LQ-6 141.19 154.6 
3sc1Jsc1 0.2440 0.00149 1.86 x 10-1 198.79 239.2 
79Br79Br 0.082'1 0.00319 2.09 x 10-8 228.11 190.I 
12111211 0.03737 0.00011 4.25 x LQ-9 266.63 148.8 
3sc119p 0.5165 0.00437 8.77 x 10-1 162.83 252.5 
23Na23Na 0.1547 0.00087 5.81 x 10-1 307.89 69.5 
39K39K 0.05674 0.000165 8.63 x 10-8 390.51 49.6 
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TABLE 6.2 
The Rotational Absorption Spectnun ofH35CI 

- - 3 
Wcalc = 2B(J + 1) - 4D(J + I) 

WcaJc = 2B(.l + 1) B = 10.395 cm- 1 

Transition Wobs/cm- 1 t::,&obs/cm-1 B= I0.340cm- 1 D = 0.0004 cm-1 

3 -7 4 83.03 82.72 83.06 

21.07 

4 -7 5 104.10 103.40 103.75 

20.20 

5 -7 6 124.30 124.08 124.39 

20.73 

6 -7 7 145.03 144.76 144.98 

20.48 

7 -7 8 165.51 165.44 165.50 

20.35 

8 -7 9 185.86 186.12 185.94 

20.52 

9 -7 10 206.38 206.80 206.30 

20.12 

10 -7 11 226.50 227.48 226.56 

6.5 The Lines in a Pure Rolalional Speclrum Are Not Equally Spaced 

Table 6.2 lists some of the observed lines in the pure rotational spectrum (no vibrational 
transitions) ofH35Cl. The differences listed in the third column clearly show that the 
lines are not exactly equally spaced as the rigid-rotator approximation predicts. The 
discrepancy can be resolved by realizing that a chemical bond is not truly rigid. As 
the molecule rotates more energetically (increasing J), the centrifugal force causes the 
bond to stretch slightly (Problem 6- 26). This small effect can be treated by perturbation 
theory (Chapter 8), and the end result is that the energy can be written as 

E.1 =BJ (J + 1) - f)J 2 (J + 1)2 (6.44) 

where bis called the centrifugal distortion constant. Rigid-rotator and nonrigid-rotator 
energy levels are sketched in Figure 6.5. 

The frequencies of the absorption due to J ~ J + 1 transitions are given by 

w=EJ+i - E.1 

= 2su + 1) - 4D(J + 1)3 J = 0, 1, 2, ... (6.45) 
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J 
--- --- - -- - 5 - -- - -- ---

--- - - - - - -- 4 - - -- - - ---

l.t.J..., ----- -- ---3 --- -- ----

---- -- ----2 ------ ---

------ -- - -1 -- - --- ---
FIGURE 6.5 

--- -- -- --- 0 -- -- ----- The rotational energy levels of a rigid rotator 
(left) and a nonrigid rotator (right). 

The predictions of this equation are given in Table 6.2, where we obtain ii = 
10.395 cm- 1 andD = 0.0004 cm- 1 for H35Cl by fitting Equation 6.45 to the experi
mental data. These values differ s lightly from those in Table 6.1 because of higher-order 
effects. The inclusion of centrifugal distortion alters the extracted value of ii (see Prob
lems 6- 22 and 6- 23). 

6.6 The Wave Functions of a Rigid Rolalor Are Called 
Spherical Harmonics 

The wave functions of a rigid rotator are given by the solutions to Equation 6.11. To solve 
Equation 6.11, we assumed separation of variables and wrote Y(e, ¢) = 8(e)<t>(¢) 
(Equation 6.14). The resulting differential equation for <1>(¢) (Equation 6.17) is rela
tively easy to solve, and we showed that its solutions are 

<1>(¢)= 1 eimr/> 
(2rr) 1/2 

m =0, ±1, ± 2, ... (6.46) 

The differential equation for 8(t9), Equation 6.16, is not as easy to solve because it 
does not have constant coefficients. It is convenient to letx =cos t9 and e (t9) = P(x) in 
Equation 6.16. (This x should not be confused with the cartesian coordinate, x .) Because 
0 :S t9 :S rr, the range of x is -1 :S x :S + 1. Under the change of variable, x = cos e, 
Equation 6.16 becomes (Problem 6- 27) 

(l - x2)- - 2x- + {3 - -- P(x)=O d
2

P dP [ m
2 

] 

dx 2 dx 1 - x 2 
(6.47) 

with m = 0, ± 1, ± 2, .... Equation 6.47 for P(x) is called Legendre '.\' equation and is a 
well-known equation in classical physics. It occurs in a variety of problems formulated 
in spherical coordinates. When Equation 6.47 is solved, it is found that f3 must equal 
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J (./ + 1) with J = 0, I, 2, ... , and that lml ::S J , where lml denotes the magnitude of 
m, if the solutions are to remain finite. Thus, Equation 6.47 can be written as 

d
2

P dP [ m
2 

] (I - x2)-
2 

- 2x- + J(.J + I) - --
2 

P(x) = 0 
h ~ I- x 

(6.48) 

with J = 0, I, 2, ... , and m = 0, ±I, ±2, ... , ±J. 
The solutions to Equation 6.48 are most easily discussed by considering them = 0 

case first. When m = 0, the solutions to Equation 6.48 are called Legendre polyno
mials and are denoted by P.1(x ) . Legendre polynomials arise in a number of physical 
problems. The first few Legendre polynomials are listed in Table 6.3. 

EXAMPLE 6-5 

Prove that the first few Legendre polynomials satisfy Equation 6.48 when m = 0. 

SO LUTI ON: Equation 6.48 with m = 0 is 

d 2P dP 
(I - x2) -

2 
- 2x - + .! (.! + l)P(x) = 0 

dx dx 
(I) 

The first Legendre polynomial, P0(x) = I, is clearly a solution of equation I with .I= 0. 
When we substitute P1(x) = x into equation l with .I= I, we obtain 

- 2x + 1(2)x = 0 

and so P1(x) is a solution. For P2(x), equation I is 

(I - x 2)(3) - 2x(3x) + 2(3)[~(3x2 - I)]= (3 - 3x2) - 6x2 + (9x 2 - 3) = 0 

T AB l E 6.3 
The First Few Legendre Polynomials 3 

Po(x) = 1 

P1(x) = x 

P2 (x) = i C3x 2 - 1) 

P3(x) = 1<Sx 3 - 3x) 

P4 (x) = ~ (35x4 - 30x2 + 3) 

a. Legendre polynomials are the solutions 

to Equation 6.48 with m = 0. The subscript 

indexing the Legendre polynomials is the va lue 

of J in Equation 6.48. 
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Notice from Table 6.3 that P1 (x) is an even function of x if l is even and an odd 
function of x if l is odd. The factors in front of the P.1(x) are chosen such that P.1(1) = 1. 
In addition, although we will not prove it, it can be shown generally that the P.1(x) in 
Table 6.3 are orthogonal, or that 

f 
1 

P.1(x )P.f'(x)dx = (1 1i') =0 
- I 

l i= .!' (6.49) 

Keep in mind here that the limits on x correspond to the natural, physical limits on 
e (0 ton:) in spherical coordinates because x =cos e. The Legendre polynomials are 
normalized by the general relation 

f 
I 2 
[P.1(x )fdx = (./ I l ) = --. 

- I 21 + I 
(6.50) 

Equation 6.50 shows that the normalization constant of P.1 (x) is [(21 + 1)/ 2)112. 

Although the Legendre polynomials arise only in the case m = 0, they are custom
arily studied first because the solutions for them i= 0 case, called associated Legendre 
functions, are defined in terms of the Legendre polynomials. Ifwe denote the associated 
Legendre functions by PY" 1 (x ), then their defining relation is 

(6.51) 

Note that only the magnitude of m is relevant here because the defining differential 
equation, Equation 6.48, depends on only m2. Because the leading term in P1 (x) isx.t 

(see Table 6.3), Equation 6.51 shows that P.~111 1 (x) = Oifm > l. The first few associated 
Legendre functions (Problem 6- 31) are given in Table 6.4. 

Before we discuss a few of the properties of the associated Legendre functions, 
let's be sure to realize that e and not xis the variable of physical interest. Table 6.4 also 
lists the associated Legendre functions in terms of cos e and sine. Note that the factors 
( I - x 2) 112 in Table 6.4 become sin e when the associated Legendre functions are ex
pressed in the variable e. Because x = cos e, then dx = - sin e dB and Equations 6.49 
and 6.50 can be written as 

P.1(x )P.l' (x)dx = P.1 (cos B) P.11(cos B) sin BdB = --1..L f J Ian 28 
- I 0 21 + 1 

(6.52) 

Because the differential volume element in spherical coordinates is d r = 
r2 sin BdrdBd¢, we see that the factor sin BdB in Equation 6.52 is the " B" part of 
dr in spherical coordinates. 
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TAB l E 6.4 
The First Few Associated Legendre Functions PY"1(x) 

Pg(x) = I 

P~(x) = x = cose 

Pi'(x) = (l - x 2) 112 = sin B 

Pf(x) = ~(3x2 - 1) = iC3 cos2 B - 1) 

Pd(x) = 3x(l - x2) 112 = 3 cos e sin B 

Pf(x) = 3(1 - x2) = 3 sin2 e 
Pf(x) = ~ (5x3 - 3x) = iC5 cos3 e - 3 cos B) 

Pi(x) = ~(5x2 - 1)(1 - x 2) 112 = ~(5 cos2 e - I) sine 

P:j'(x) = 15x(l - x 2) = 15 cos e sin2 e 
P](x) = 15(l - x2) 312 = 15sin3 e 

The associated Legendre functions satisfy the relation 

= 2 (J + lm l) !0 
(21 + 1) (J - lml)! J.l' 

(6.53) 

[Remember that O! = 1 (Problem 6-47).) Equation 6.53 can be used to show that the 
normalization constant of the associated Legendre functions is 

N - [(2J + 1) (J - lm l) !]
112 

1111 
- 2 (.! + Im I) ! 

(6.54) 

Thus, the (normalized) 8(8) part of Equation 6.14 is given by 

em(B) = [21 + l (J - lml) !]1;2 plml(cosB) 
.! 2 (.J + lml) ! .! 

(6.55) 

EXAMPLE 6-6 
Use Equation 6.53 in both the x and e variables and Table 6.4 to prove that Pi'(x) and 
P2

1(x) are orthogonal. 

SOLUTION: According to Equation 6.53, we must prove that 

{' Pi'(x)Pd(x)dx = 0 ]_, 
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From Table 6.4, we have 

f 
1 

(l - x2) 112[3x(l - x2) 112]dx = 3 f
1 

x(l - x2) dx = 0 
- I - I 

In terms of e, we have (from Equation 6.53 and Table 6.4) 

rrr rrr lo (sin8)(3cosBsinB)sinBdB = 3 lo sin3 B cosBdB = 0 

Returning to the original problem now, the solutions to Equation 6.11, which are not 
only the rigid-rotator wave functions but also the angular part of the hydrogen atomic 
orbitals, are given by 6'.~1 (&)'1.>111 (¢) (Equation 6.14). Using Equations 6.55 and 6.46, 
we see that the normalized functions 

y m(e, </>) = im+lml [ (2J + l) (J - lml) !] 
112 

plml(cos B)ei11uf> 
.I 4rr (J + lml) ! .I 

(6.56) 

with .I = 0, 1, 2, ... and m = 0, ± 1, ± 2, . .. , ±J satisfy Equation 6.11. The peculiar
looking factor of i 111+ lml in Equation 6.56 is simply a convention that is used by most 
authors. Note that this factor is equal to 1 when m is odd and negative and is equal to - 1 
when m is odd and positive (Problem 6- 34). Note that the spherical harmonics given 
in Table 6.5 display this convention. The Y.'J' (B, </>) form an orthonormal set 

(6.57) 

Note that the Yj'(B , </>) are orthonormal with respect to sine d&d<f> and not just 
d&d<f>. MathChapter E shows that the factor sine d&d<f> has a simple physical inter-

TABLE 6.5 
The First Few Spherical Harmonics, YJ' (B , </>)a 

yO __ l_ 
o - (4rr) 1/2 

( 
3 ) 1/ 2 . 

Y1
1 = - &rr sin Be"" 

( 
5 ) 1/ 2 Yf = - (3 cos2 e - 1) 

16rr 

( 
15) l/2 . 

y2- I = &rr sin 8 COS Be-•¢ 

( )

1/ 2 

Y -2 _ ~ . 2 8 -2;,p 
2 - sm e 

32rr 

0 ( 3 ) 1/ 2 
Y1 = 

4
rr cosB 

( ) 

1/ 2 

Y-1 _ ~ . e -i<P 
1 - sm e 

8rr 

Y1 = - - sin e cosBe1<P ( 
15) 1/ 2 . 

2 8rr 

( ) 

1/ 2 

Y2 _ ~ . 29 2i¢ 
2 - sm e 

32rr 

a. The negative signs in Y
1
1(B, <f>) and Yd(B, <f>) are s imply a convention. 
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pretation. The differential volume element in spherical coordinates is r2 sin() d()d<f>. 
If r is a constant, as it is in the case of a rigid rotator, and set equal to unity for con
venience, then the spherical coordinate volume element becomes a surface element 
dA =sin () d()d<f>. If this surface element is integrated over() and¢, we obtain 4rr, the 
surface area of a sphere of unit radius (Problem 6-35). Thus, sin () d()d<f> is an area ele
ment on the surface of a sphere ofunitradius. According to Equation 6.56, the Y;1 ((), ¢) 
are orthonormal over a spherical surface and so are called spherical harmonics. 

EXAMPLE 6-7 
Show that Y1-

1(B, </>) is normalized and that it is orthogonal to Yi(B, ¢> ). 

SO LUTION: Using Y[1 (B, </>) from Table 6. 5, the normalization condition is 

1
rr 12rr 3 1rr 1 2.,-r ? dBsinB d<J>Y1-

1(B,¢>)*Y1-
1(B,¢>)=- dBsinBsin2 B d<J>=l 

o o 8rr o o 

Letting x = cos B, we have 

-· 27t (L - x 2)dx=- 2 - - =I 3 1' 3 ( 2) 
8rr - I 4 3 

The orthogonality condition is 

( 15) 112 ( 3 ) 112 r ;r r 2Jt . . 
= - &n &rr J o dB sin B J o d</> (e-•<P sin B cos B)(e-•<P sin 8) 

( 
45 ) 1/2 1 ;r lo2rr . = - --

2 
dB sin3 B cos B d</> e-2•<P 

64rr o o 

The integral over</> is zero because it is the integral of cos 2</> and sin 2</> over complete 
cycles. Thus, we see that Y( 1(B, </>)and Yi(B, </>)are orthogonal. 

In summary, the Schrodinger equation for a rigid rotator is 

J = 0, 1, 2, ... (6.58) 

where H is given by Equation 6.9. Because H = L2 /21, f,,2 is given by 

L = - Ii --- sm() - +----A
2 2 [ i & ( . & ) 1 &

2 J 
sin () 8() 8() sin2 () 8¢2 

(6.59) 

287 



288 Chapter 6 I The Rigid Rotator and Rotat ional Spectroscopy 

The eigenvalue equation for L 2 is 

(6.60) 

Thus, we see that the spherical harmonics are also eigenfunctions off 2 and that the 
square of the angular momentum can have only the values given by 

J = 0, 1, 2, ... (6.6 1) 

EXAMPLE 6-8 
Show that Yi(8, </>) is an eigenftu1ction of f2 with eigenvalue L 2 = 2!i. (See Equa
tion 6.60.) 

SOLUTION: From Table 6.5, we have 

( 
3 ) 1/ 2 . 

Yi' (8, </>) = 
8

n sin 8e"P 

The "8" part of the differential operator in brackets in Equation 6.59 gives ei<f>( cos2 8 -
sin2 8) /sin 8, and the "<//'part gives - e i<f>/sin 8. If we add these two results, we get 

Therefore, 

(cos2 8 - sin2 8 - l)ei<P 

sine 

which is Equation 6.60 with .I = I. 

2ei<P sin2 8 2ei</> . 8 
----= - Sill 

sine 

Angular momentum plays an important role in quantum mechanics, as it does 
in classical mechanics, and so we shall discuss angular momentum more fully in 
Section 6.8. 

6.7 The Selection Rule in Lhe Rigid-Rolalor Approximalion Is ti.I= ±1 

As we said when we discussed the selection rule for a harmonic oscillator in Sec
tion 5.12, the probability that a molecule makes a transition from one vibrational state 
to another when it is irradiated with electromagnetic radiation in the z direction is given 
by the square of an integral of the form 
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We called this integral a transition dipole moment. In the case of a rigid rotator, 
the transition dipole moment integral takes the form (we shall derive this result in 
Section 8.6) 

(J ', m' I µ, 2 I J, m) = { m r r.;:' (B, </> )* µ,zY:f1 (B, </>)sin BdBd</> 
l o l o 

Using the fact that µ, 2 = µ,0 cos e gives 

[ 2n r 
(.!', m' I 11-z I J, m) = 11-o l o l o r;:' (B' </>)*Y,;1(e, </>)cos e sin BdBd</> (6.62) 

Notice that µ,0 must be nonzero for the transition moment to be nonzero. Thus, we have 
now proven our earlier assertion that a molecule must have a permanent dipole moment 
for it to have a pure rotational spectrum, at least in the rigid-rotator approximation. Now 
let's prove that f;.J = ±I. Recall that (Equation 6.56) 

ym(e "') - im+lml N p lml(cos B)eim<P 
.I ''f' - .Im .I (6.63) 

where N.1 111 is given by Equation 6.54. Substitute Equation 6.63 into Equation 6.62 and 
let x =cos e to obtain 

1 1 i (m - 1111),P 11111
1 lml 12n j ' 

(J,m l µ, 2 l .!,m)=µ,0N.11 1111N.1111 d<f>e dxxP.I' (x)P.1 (x) 
0 - I 

(6.64) 

The integral over</> is zero unless m = m', so we find that f;.m = 0 is part of the rigid
rotator selection rule. Integration over </> for m = m' gives a factor of 2rc, so we have 

{J~ m I µ, 2 I J , m) = 2rcµ,oN .!'m N.1111 f 1 

dx PY:'1(x)x PY"1(x) 
- I 

(6.65) 

We can evaluate this integral in general by using the recursion formula (Problem 6- 33) 

(6.66) 

By using this relation in Equation 6.65, we obtain 

x [(J - lml + [) plml (x) + (J + lml) plml (x)] 
2.l +I .l+I 2./ +I ./ - I 

Using the orthogonality relation for the P.t (x) (Equation 6.53 ), we find that the above 
integral will vanish unless J ' = J + 1 or.!'= J - I. This finding leads to the selection 
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rule J ' = J ± 1, or ~J = ±1. Thus, we have shown that the selection rule for pure 
rotational spectra in the rigid-rotator approximation is that the molecule must have a 
permanent dipole moment and that ~J = ±1 and ~m = 0. 

EXAMPLE 6-9 
Using the explicit fonnulas for the spherical harmonics given in Table 6.3, show that 
the rotational transition J = 0 ---+ .I = I is allowed, but .I = 0 ---+ .I = 2 is forbidden in 
microwave spectroscopy (in the rigid-rotator approximation). 

SOLUTION: Referring to Equation 6.62, we see that we must show that the integral 

r2rr t' 
Io .... q= lo lo Y~11 (B,</>)*Yg(e,</>)cos8sinBdBd</> 

is nonzero and that 

[ 2,' [ " 
Io....,.2= lo lo Y~'(B, </>)* Yg(B,</>)cosBsinBdBd</> 

is equal to zero. In either case, we can easily see that the integral over</> will be zero 
unless m = 0, so we will concentrate only on thee integration. For I0....,. 1, we have 

I o_,. I= 21C t ' (2-) 112 

cos 8 (~) 
112 

cos e sin 8de lo 41T 47r 

= .J31I dxx 2 = - 1 # 0 
2 - I J3 

For I 0....,. 2, we have 

1JT ( 5 ) 1/ 2 ( l ) 1/ 2 
10 ..... 2 = 211' - (3 cos2 8 - I) - cos e sin 8dB 

1611' 41!' 

=- dx(3x 3 -x)=0 ,J511 
4 - I 

because the integrand is an odd function of x. 

6.8 The Precise Values o( lhe Three Components of Angular 
Momenlum Cannol Be Measured Simultaneously 

In this section, we will explore some of the quantum-mechanical properties of angular 
momentum. Angular momentum plays a key role not only in the theory of the rigid 
rotator, but in the theory of the hydrogen atom as well. In fact, we're going to see in the 
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next chapter that the spherical harmonics are the angular wave functions of a hydrogen 
atom as well as the rigid-rotator wave function. To keep things general, we'll use l for 
angular momentum and m for its z component in this section. 

Recall that angular momentum is a vector quantity. The quantum-mechanical 
operators corresponding to the three components of angular momentum are given in 
Table 4.1. These operators are obtained from the classical expressions (Equation C.20) 
by replacing the classical momenta by their quantmn-mechanical equivalents to obtain 

A A A ( a a) Lx=yP2 - zPv= - ili y-- z -. az ay 

A A A ( a a) Lv=ZPx - x P2 = - ili z- . - x -. ax oz 

A A .A ( a a) L2 =xPy - YP.r = - iii x - - y -
oy ax 

Through a straightforward, but somewhat tedious, exercise in partial differentiation, 
we can convert these equations into spherical coordinates (Problems 6-38 and 6-39) 
to obtain 

L = - in(- sinA._!!__ _ cotOcosA._i_) 
x ..,, aa ..,, o<P 

LA .Ii ( a 0 . a ) Y = - 1 cos¢ - - cot sm <P -
aa o<P 

(6.67) 

A a 
L = - ili-

z o<P 

Using the definition of the spherical harmonics (Equations 6.56), we see that all 
the <P dependence of the spherical harmonics occurs in the factor eimt/J in <t>m(<P), and 
so the spherical harmonics are eigenfunctions ofL 2 : 

L ym(a A.) - N L p lml(cos O)eimt/J z I , 'I' - Im z I 

- N P lml (cos O) L eim¢ 
- Im f z 

= llmY/11 (0, ¢) (6.68) 

Equation 6.68 shows that measured values of L 2 are integral multiples of Ii. Notice 
that Ii is a fundamental measure of the angular momentum of a quantum-mechanical 
system. 

The spherical harmonics are not eigenfunctions of Lx or Ly, however, as the 
following example shows. 
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EXAMPLE6-10 
Use Equation 6.67 to show that Y[ 1(8, ¢)is not an eigenfunction of Lx. 

SOLUTION: From Table 6.5, Y1-
1(8, </>) = (3/8:n:) 112 sin ee-iif>. Using the first of 

Equations 6.67, we have 

( 

~ ) 1/ 2 
= - ih 

8
: cos 8(- sin¢+ i cos <f>)e-iif> 

But the term in parentheses is 

- sin ¢ + i cos </> = 
(eiif> - e-iif>) + i (eiif> + e-iif>) 

2i 2 

Therefore, 

Note that 

because of the orthogonality of r,- 1(8, cp) and Y~(B, ¢ ). 

In the notation that we are using in this section, Equation 6.60 reads 

(6.69) 

Because the spherical harmonics are simultaneous eigenfunctions ofboth L 2 and L2 , we 
can determine precise values of L 2 and L 2 simultaneously (Section 4.4), which implies 
that the operators L2 and L2 commute. 
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EXAMPLE 6-1 1 
Prove that the operators L 2 and Lz commute. 

SOLUTI ON: Using L2 from Equation 6.59 and L, from Equation 6.67, we have 

L2Lzf = - H2 
[ -

1
- ~ (sine~) + - 1-£_] (-i /1, af ) 

sin e ae ae sin2 e a<1>2 o</> 

=iH3 - -- sine-- + ----[ 
1 a ( a

2 
f ) 1 a3 

f J 
sine ae aea<1> sin2 e iJ¢3 

and 

i L2f = (-ih_!_) {- /i,2 [ -
1 ~(sine~) + - 1 £]} f 

z o</> sin e ae ae sin2 e o</>2 

= ;/i,3 [-'-~ ( sine a2f ) + _ L_ a3 f J 
sin e ae a<1>ae sin2 e iJ¢3 

where in writing the last line here we have recognized that (a /iJ</>) does not affect tenns 
involving e. Because 

for any function well enough behaved to be a wave function, we see that 

or that 

because f is arbitrary. 

We can use Equations 6.60 and 6.68 to prove that lml :S l, or that m = 0, ±1, 
±2, ... , ±l. It follows from Equation 6.68 that 

(6.70) 

Subtracting Equation 6.70 from 6.60 gives 
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Furthermore, because 

then 

(6.71) 

Thus, the observed values of L; + L~, are [l(l +I) - m2] n2. But because L; + L~, is 
the sum of two squared terms, it cannot be negative, and so we have . 

or 

l(l + l)~m2 (6.72) 

Because land mare integers, Equation 6.72 says that 

lml ~l 

or that the only possible values of the integer m are 

m =0, ±1, ± 2, ... , ±I (6.73) 

This result might be familiar as the condition of the magnetic quantum number associ
ated with the hydrogen atom. 

Equation 6.73 shows that there are 2l + 1 values of m for each value of l. Let's look 
at the case of I = 1 for which I (l + 1) = 2. Because l = I, m can have only the values 0 
and ±I. Using the equations 

m=0,±1 

and 

m = 0, ±I 

we see that 

ILi = (L 2) 112 = hn 

and 

L 2 = - n, O, +n 
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z 

)' 

x 

F I GURE 6.6 
The m = + I component of the angular
momentmn state, I = 1. The angular 
momentmn describes a cone because the 
x and y components cannot be specified. 
The projection of the motion onto the x-y 
plane is a circle of radius Ii centered at the 
origin (Example 6-12). 

where ILi is the magnitude of the angular-momentum vector. Note that the maximum 
value of L 2 is less than ILi, which implies that L and L 2 cannot point in the same 
direction. This is illustrated in Figure 6.6, which shows L2 with a value +Ii and ILi 
with its value h !i. 

Now let's try to specify Lx and L ),. Problem 6-41 has you prove that L.n i v, and 
L

2 
commute with L2. . . 

But they do not commute among themselves. In particular, we have 

[L_p Ly]=; 11L2 

[L.\,, Lz] = iliLx 

[Lv Lx] = iliLy 

(6.74) 

(6.75) 

(Do you see a cyclic pattern in these three commutator equations?) Equations 6.74 
and 6.75 imply that although it is possible to observe precise values of L 2 and L 2 

simultaneously, it is not possible to observe precise values of Lx and L y simultaneously 
because they do not commute with each other. Even though Lx and L y do not have 
precise values, they do have an average value, and Problem 6-42 shows that (Lx) = 
(L y) = 0. These results are illustrated in Figure 6.6, which shows L 2 with a value of 

+Ii and ILi with a value of !ih. A nice classical interpretation of these results is 
that l precesses about the z axis, mapping out the surface of the cone shown there. 
The average values of (Lx ) and (Ly) are zero. This picture is in nice accord with the 
uncertainty principle: by specifying L 2 exactly, we have a complete uncertainty in the 
angle¢ associated with l 2 • 
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EXAMPLE 6- 12 
Show that the projection onto the x-y plane of the motion of the ang1ilar-momentum 
vector with L 2 = 2/i2 and L, = /l, is a circle ofradius h in the x-y plane. 

SO LU TI ON: From the cone i11 Figure 6.6, we see that the x-y projection will be a 
circle. To determine the radius, r, of the circle, consider the x, z cross section: 

z 

r 

x 

Because we have a right triangle, r2 + n2 = 2/i2 and so r = Ii. Thus, we also see that 
while we know the magnitude of the angular momentum and its z component, we do 
not know the direction in which the vector Lx i + Lyj points. 

Before leaving this section, we should address the following question: What is 
so special about the z direction? The answer is that nothing at all is special about the 
z direction. We could have chosen either the x or y direction as the unique direction and 
all the above results would be the same, except for exchanging x or y for z. For example, 
we can know both L2 and Lx precisely simuJtaneously, in which case Ly and L2 do not 
have precise values. It is customary to choose the z direction because the expression for 
L2 in spherical coordinates is so much simpler than for Lx or Ly (cf. Equation 6.67). The 
rotating system does not know x from y from z and, in fact, this inability to distinguish 
between the three directions explains the (21 + 1)-fold degeneracy. 

Append ix: Detern1ination of the Eigenvalues of 

i 2 and i 2 by Operator Methods 

In the appendix to Chapter 5, we determined the energies and the wave functions 
of a harmonic oscillator using operator methods. The key step was expressing the 
Hamiltonian operator in terms of a raising operator and a lowering operator and then 
using the commutation relation [I\, X] = - i/'L In this appendix, we shall use an 
analogous procedure to determine the eigenfunctions and eigenvalues of L2 and i 2 . 

This procedure is very commonly used in general discussions of angular momentum. 
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We learned in this chapter that the eigenvalues of L2 are !i2l(l + 1) with I= 
0, 1, 2, ... , and that the eigenvalues of L2 are mli with m = 0, ± 1, ... , ± I. Further
more, because f} and L

2 
commute, they have mutual eigenfunctions, which are the 

spherical harmonics, Yj1'(B, </>),but we don't need to know this here. All we need to 

know is that L2 and L2 commute, so that they have mutual eigenfunctions. To empha

size this point, let if! IX f3 be the mutual (normalized) eigenfunctions of i 2 and Lz such 
that 

~2 2 2 
L 1/r f3 IX = Ii f3 l/t f3 IX and (1) 

or 

(2a) 

and 

(2b) 

in the bracket notation. We operate on equation 2b with L2 and subtract the result from 
equation 2a to obtain 

Because L 2 - L; = L; + L;, corresponds to a nonnegative quantity, we know that 

or that 

(f3 a 1Z; + z ;,1/3 a )= (f3 a 1l 2 - z;1f3 a ) 

= li2(f32 - a2) ({3 a I f3 a ) 

= li2(f32 - a 2) :::_ 0 

Because f3 is fixed, the possible values of a must be finite in number. 

(3) 

To determine the possible values of a, we start with Equations 6. 74 and 6.7S , which 
say that 

"'2 A :''2 A "2 A 

[L ,LxJ=[L , Ly]=[L ,L2 ]=0 

[L.o Ly]= i ni.2 

[L y, Lz] = iliLx 

[L 2 , Lx] = ilily 

(4) 

(Sa) 

(Sb) 

(Sc) 
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where [ 2 = £; + L; + £;.We now introduce the(notnecessarily Hermitian) operators 

and 

Using equations 4 and 5, it's easy to show that 

and 

For example, 

Now let 

"'2 A "2 A 

[L , L+] = [L , L _] = 0 

[LZ' i +1 = liL+ 

[f2 , L+1 = f 2 cfx + i Ly)) - c( .. + iLy)L2 

= L2 f.r - [_J_,z + i(LJ.,y - LyLz) 

= iliLy + i (- iliLx) = li(Lx + iiy) = li L+ 

Operate on both sides of equation 11 with f 2 and use equation 9 to write 

= (liL + + L+Lz)1/tpa 

= liL+ 1/r f3 a + li<xL+ 1/r f3 a 

= li(a + l)L+ 1/1 f3 a 

= /i(a + 1)1/r;~ 

(6) 

(7) 

(8) 

(9) 

(10) 

( 11) 

( 12) 

Ifwe operate on both sides of equation 11 with l 2 and use the fact that l 2 commutes 
with L2 (equation 4), then we obtain 

(13) 
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Thus, the result of operating on 1/1 f3 a by L+ is to produce 1/1f3 a+1 from 1/1 f3 m or in bracket 
notation, 

L+I fJ a) = c+I fJ a + 1) (14) 

where c+ is just a normalization constant. The operator L+ is a raising operator. 

Repeated application of L+ on I fJ a ) produces a sequence of eigenfunctions of L2 , 

I fJ a), I fJ a + 1), lfJ a + 2), ... , so long as the result is nonzero. 
Similarly, it is easy to show that L_ is a lowering operator, in the sense that 

L_j fJ a)= c_I fJ a - I) (15) 

Consecutive application of L_ on I fJ a ) produces a sequence of eigenfunctions of 

L2 , I fJ a ), I fJ a - 1), lfJ a - 2), ... , so long as the result is nonzero. Notice that 
consecutive applications of L+ and L_ on I fJ a ) produces the set of eigenfunctions 

of L2 , I fJ a), I fJ a ± I), I fJ a ± 2), ... , so long as none of these is nonzero. The a 
index of the eigenfunctions increases or decreases in unit steps, forming a ladder of 
eigenvalues. For this reason, L+ and L_ are called ladder operators. 

According to equation 3, - fJ :S a :S fJ. Let a max be the largest possible value of a. 
By definition, then, we have 

(16) 

Operate on equation 16 with L_ to obtain 

(17) 

Now express L_L+ in terms of L 2 and L2 by writing 

-"2 "' 2 ' A A A A 

= Lx + L y + i (Lx L y - L yLx) 

= L2 - z; - liL 2 

Substitute this result into equation 17 to obtain 

" "' "2 "' 2 - " L _L+I fJ <Xmax) = (L - L
2 

- liLz) I fJ <Xmax) 

= li2(fJ 2 
- a;,ax - amax) I fJ amax) = O 

from which we see that 

(18) 
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Similarly, we start with 

and then operate with L+ to obtain 

(19) 

We can find a relation between amax and amin by equating equations 18 and 19: 

Solving for amax gives 

- 1 1 2 1/2 amax - - - ± - Cl - 4amin + 4a · ) 
2 2 mm 

1 1 
= - - ± - ( 1 - 2a · ) 2 2 mm 

=amin - 1 or 

Clearly, amax cannot be equal to amin - 1 (by definition), and so we see that amax = 

- amin· Furthermore, because as we have seen above, the eigenvalues of L2 vary in unit 
steps, the eigenvalues of L2 extend from + amax to - amax in unit steps. This is possible 
only if amax is itself an integer (or possibly a half-integer). Thus, if we let amax = l = 

an integer, then we find that 

a =0, ±1, ±2, ±3, ... , ±l (20) 

Ifwe substitute amax = l into equation 18, we see that 

l = 0, 1, 2, ... (21) 

in accord with our results in the chapter. 
We can use operator methods to determine the eigenfunctions also. We did this for 

a harmonic osci!Jator in the appendix to Chapter 5, but here we shall just refer to the 
reference to Townsend at the end of the chapter. 

Problerns 

6-1. Show that the moment of inertia for a rigid rotator can be wri tten as I = µ,l2 , where 
l = l1+ 12 (the fixed separation of the two masses) and µ, is the reduced mass. 



Problems 

6-2. Consider the transformation from cartesian coordinates to plane polar coordinates, 

y 
(r , fl) 

x 

where 

x = r cos fJ r = (x2 + y2)1/ 2 

y =r sine e = tan- 1 (~) 
(1) 

If a function f (r, B) depends upon the polar coordinates r and fJ, then the chain rule of 
partial differentiation says that 

(af) (af) (a,.) (af) (oe ) ax y = or (/ ax y + ofJ r ax y 
(2) 

and that 

(af ) (a/) (a,.) (a/) (ae ) 
ay x = or (/ oy x + ofJ r oy x 

(3) 

For simplicity, we will assume that r is equal to a constant, l, so that we can ignore terms 
involving derivatives with respect tor. In other words, we will consider a particle that is 
constrained to move on the circumference of a circle. This system is sometimes called a 
particle on a ring. Using equations l and 2, show that 

and (of) = cosfJ (of) 
ay x t ae ,. 

Now apply equation 2 again to show that 

= sinBcosB (o!) + sin
2

fJ (o2f) 
12 ae 12 ae2 

Similarly, show that 

(
02{) 
ay x 

sin e cos e 
[2 (of)+ cos

2
e (a2f) 

ae t2 ae2 

(4) 
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and that 

v2 . = a2f + a2f - _.!. (a21) 
f ax2 ay2 t2 a82 

Now show that the Schrooinger equation for a particle of mass m constrained to move on a 
circle of radius r is (see Problem 3- 34) 

- 11,2 a21/f (8) = E (8) 
21 a82 1/f 

where I = m/2 is the moment of inertia. Solve this equation and determine the allowed 
values of E. 

6-3. Generalize Problem 6- 2 to the case of.a particle moving in a plane under the influence of 
a central force; in other words, convert 

2 a2 a2 
v =-+ -

ax2 iJy2 

to plane polar coordinates, this time without assuming that r is a constant. Use the method of 
separation of variables to separate the equation for this problem. Solve the angular equation. 

6-4. Show that rotational transitions of a diatomic molecule occur in the microwave region or 
the far infrared region of the spectrum. 

6- 5. In the far infrared spectrum of H79Br, there is a series of lines separated by 16. 72 cm-1• 

Calculate the values of the moment of inertia and the internuclear separation in H79Br. 

6-6. The J = 0 to J = 1 transition for carbon monoxide ( 12C 160) occurs at 1.153 x 105 MHz. 
Calculate the value of the bond length in carbon monoxide. 

6-7. The spacing between the lines in the microwave spectrum of H35CJ is 6.350 x 10 11 Hz. 
Calculate the bond length of H 35CJ. 

6-8. The microwave spectrum of 39K 1271 consists of a series of lines whose spacing is almost 
constant at 3634 MHz. Calculate the bond length of 39K 127 1. 

6- 9. The equilibrium internuclear distance of H 127I is 160.4 pm. Calculate the value of Bin 
wave numbers and megahertz. 

6-10. Assuming the rotation of a diatomic molecule in the .! = 10 st.ate may be approximated 
by classical mechanics, calculate how many revolutions per second 23Na35CI makes in the 
J = 10 rotational state. The rotational constant of23Na35CI is 6500 MHz. 

6- 11. The results we derived for a rigid rotator apply to linear polyatomic molecules as well as to 
diatomic molecules. Given thatthe moment of inertia I for H 12C 14N is l.89 x 10-46 kg·m2 

(cf. Problem 6- 12), predict the microwave spectrum ofH12C 14N. 

6- 12 . This problem involves the calculation of the moment of inertia of a linear triatomic 
molecule such as H 12C 14N (see Problem 6-11). The moment of inertia of any set of point 
masses is 



Problems 

where l j is the distance of the jth mass from the center of mass. Thus, the moment of inertia 

ofH12C 14N is 

Show that equation I can be written as 

1 
= mHmcr~c + mHmNr~N + mcmNr~N 

mH + mc + mN 

(1) 

where the r's are the various internuclear distances. Given that rHc = I 06.8 pm and r CN = 
I l5.6 pm, calculate the value of I and compare the result with that given in Problem 6-11. 

6-1 3 . The following lines were observed in the microwave absorption spectrum of H 1271 and 
D 1271 between 60 cm - I and 90 cm-1. 

H127 I 64.275 77.130 89.985 

0 1271 65.070 71.577 78.094 84.591 

Use the rigid-rotator approximation to determine the values of B, I, and l ( v = 0) for each 
molecule. Take the mass of 127! to be 126.904 amu and the mass ofD to be 2.013 amu. 

6-14. Given that B = 56 000 MHz and ii> = 2143.0 cm-1 for CO, calculate the frequencies of 
the first few lines of the R and P branches in the rotation-vibration spectrum of CO. 

6-15. Given that l = 156 pm and k = 250 N·m- 1 for 6LiF, use the rigid rotator-harmonic 
oscillator approximation to construct to sca1e an energy-level diagram for the first five 
rotational levels in the v = 0 and v = I vibrational states. Indicate the allowed transitions in 
an absorption experiment, and calculate the frequencies of the first few lines in the R and 
P branches of the rotation-vibration spectrum of 6LiF. 

6-16. Using the values of We, XeWe, Be, and cie given in Tables 5 .1 and 6.1, construct to scale 
an energy-level diagram for the first five rotational levels in the v = 0 and v = 1 vibrational 
states for H35CI. Indicate the allowed transitions in an absorption experiment, and calculate 
the frequencies of the first few lines in the R and P branches. 

6-1 7. The following data are obtained for the rotation-vibration spectrum of H 127 I. Determine 
B0, B1, Be, and cie from these data. 

Line Frequency/cm- 1 

R(O) 2242.6 

R(J) 2254.8 

P(l) 2217.1 

P(2) 2203 .8 
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6- 18. The following spectroscopic constants were determined for pure samples of 74Ge32S and 
n oe32S: 

Molecule 

5593.08 

5640.06 

22.44 

22.74 

D/k:Hz 

2.349 

2.388 

l(v = O)/pm 

0.20120 

0.20120 

Determine the frequency of the J = 0 to J = l transition for 74Ge32S and 72Ge32S in their 
ground vibrational state. The width of a microwave absorption line is on the order of I KHz. 
Could you distinguish a pure sample of 74Ge32S from a 50/50 mixture of 74Ge32S and 
72Ge32S using microwave spectroscopy? 

6- 19. An analysis of the rotational spectrum of 12C32S gives the following results: 

0 0.81708 

0.81116 

2 0.80524 

3 0.79932 

Determine the values of Be and ae from these data. 

6- 20. How many degrees of vibrational freedom are there for NH3, C02, CH4, and CzH6? 

6- 21. The following data are obtained for the rotation-vibration spectnun ofH79Br. Determine 
80, 81, Be, and ae from these data. 

Line Frequency/cm- 1 

R(O) 2642.60 

R(l) 2658.36 

P (l) 2609.67 

P(2) 2592.51 

6- 22. The frequencies of the rotational transitions in the nonrigid-rotator approximation are 
given by Equation 6.45. Show how both Band D may be obtained by plotting v/(J + I) 
versus (.! + 1)2. Use this method and the data in Table 6.2 to determine both iJ and i5 
for H35CI. 

6- 23. The following data are obtained in the microwave spectrum of 12C160. Use the method 
of Problem 6-22 to determine the values of fJ and i5 from these data. 

Transitions Frequency/cm-1 

o ~ L 3.84540 

1 ~ 2 7.69060 

2 ~ 3 11.53550 

3 ~ 4 15 .37990 
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4 - 5 
5 - 6 

19.22380 

23.06685 

6-24. Using the parameters given in Table 6.1, calculate the frequencies (in cm- 1) oft he 0 - l, 

I - 2, 2 - 3, and 3 - 4 rotational transitions in the ground vibrational state of H35CI in 
the nonrigid-rotator approximation. 

6- 25. Use the data in Table 6.1 to calculate the ratio of centrifugal distortion energy to the total 
rotational energy of H35CI and 35Cl35CI in the .l = 10 state. 

6-26. Jn this problem, we shall develop a semiclassical derivation of Equation 6.45. As usual, 
we'll consider one atom to be fixed at the origin with the other atom rotating about it with 
a reduced mass µ, . Because the molecule is nonrigid, as the molecule rotates fast.er and 

faster (increasing .!), the centrifugal force causes the bond to stretch. The extent of the 
stretching of the bond can be determined by balancing the Hooke's law force [k(l - l0)] and 
the centrifugal force (µ,v 2/ l = µ,lw2, Equation 1.20): 

( I) 

In equation I , l0 is the bond length when there is no rotation (.l = 0). The total energy of the 
rotator is made up of a kinetic energy part and a potential energy part, which we write as 

l 2 l 2 
E = -I w + - k(l - lo) 

2 2 
(2) 

Substitute equation 1 into equation 2 and show that the result can be written as 

L2 L4 
E=- + --

2µ,l2 2µ,2kz6 
(3) 

where L = I w. Now use the quantum condition L 2 = /i,2J ( .! + I) to obtain 

(4) 

Finally, solve equation 1 for l/ l2, and eliminate w by using w = L/ I = L/ /.ll2 to obtain 

Now substitute this result into equation 4 to obtain 

/i,2 /i,4 2 2 
E1 = - J(.! + 1) - - 2- 6 .l (./ + I) 

2µ,l0 2 µ, kl0 

6- 27. In terms of the variable B, Legendre's equation is 

sin B !!.._ [sin B de (B) J + (fl2 sin2 B - m2)8(B) = o 
dB dB 
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Letx = cos 8 and P(x) = 6(8) and show that 

(1 - x2) d2 P(x) - 2x d P(x) + (fJ -~) P(x) = 0 
dx2 dx 1- x 2 

6-28. Show that the Legendre polynomials given in Table 6.3 satisfy Equation 6.48 with m = 0. 

6-29. Show that the orthogonality integral for the Legendre polynomials, Equation 6.49, is 
equivalent to 

r Jo J>i(cos 8)P,,(cos 8) sin 8d8 = 0 l =fa n 

6-30. Show that the Legendre polynomials given in Table 6.3 satisfy the orthogonality and 

normalization conditions given by Equations 6.49 and 6.50. 

6-31. Use Equation 6.5 l to generate the associated Legendre functions in Table 6.4. 

6-32. Show that the first few associated Legendre functions given in Table 6.4 are solutions to 
Equation 6.48 and that they satisfy the orthonormality condition (Equation 6.53). 

6-33. There are a number of recursion formulas for the associated Legendre functions. Show 
that the first few associated Legendre functions in Table 6.4 satisfy the recursion formula 
(Equation 6.66) 

(2/ + l)x P)111 1
(x) = (l - !ml + 1) P)ZI (x) + (l + Im I) P): 1

1(x) 

6-34. Show that the factor ;m+Jml = 1 when m is odd and negative and that it equals - l when 
m is odd and positive. 

6-35. Show that the integral of sin 8 d8d</J over the surface of a sphere is equal to 4tr. 

6-36. Show that the first few spherical harmonics in Table 6.5 satisfy the orthonormality 

condition (Equation 6.57). 

6-37. Using explicit expressions for Yf"(8, </J), show that 

This is a special case of the general theorem 

+I 

L IY/11 (8, </J) l2 = constant 
m=-1 

known as Unsold's theorem. What is the physical significance of this result? 

6-38. In cartesian coordinates, 



Problems 

Convert this equation to spherical coordinates, showing that 

6-39. Convert Lx and Ly from cartesian coordinates to spherical coordinates. 

6- 40. Compute the value of L2Y(B, ¢) forthe following functions: 

(a) 1/(47r)112 

(c) (3 /87r) 112 sin e ei<P 

Do you find anything interesting about the results? 

6-41. Prove that L2 commutes with Lx, Ly, and iz but that 

[L" , L,] = iliLx 

(Hint: Use cartesian coordinates.) Do you see a pattern in these formulas? 

6-42. It is a somewhat advanced exercise to prove generally that (Lx} = (L
1
,} = 0, but prove 

that they are zero at least for the first few/, m states by using the sphericai harmonics given 
in Table 6.5. 

6-43. Calculate the ratio of the dipole transition moments for the 0 -* I and I -* 2 rotational 
transitions in the rigid-rotator approximation. 

6-44. In this problem, we'll calculate the fraction of diatomic molecules in a particular ro
tational level at a temperature T using the rigid-rotator approxinrntion. A fundamental 

equation of physical chemistry is the Boltzmann distribution, which says that the number 
of molecules with an energy E1 is proportional to e-E.1 / kBT, where k3 is the Boltzmann 
constant and T is the kelvin temperature. Furthermore, because the degeneracy of the Jth 
rotational level is 2.1 + 1, we write 

or 

where c is a proportionality constant. Plot N 1/N0 versus J for H35CI (B = 10.60 cm- 1) 

and 127I35CI (B = 0.114 cm-1) at 300 K. Treating .I as a continuous parameter, show that 

the value of J in the most populated rotational state is the nearest integer to 

Calculate lmax for H35CI (B = I0.60cm- 1) and 127I35CI (B = 0.l 14cm- 1) at 300K. 
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6-45. The summation that occurs in the rotational Boltzmann distribution (previous problem) 
can be evaluated approximately by converting the summation to an integral. Show that 

f c2.1 + I) exp [-B.T(.l + I) ] ~ ( '°exp [-B.T(J + I) ] d [.!(.! + I)] 
j =() kBT lo ksT 

kBT 8rc2cl kBT 

fJ h 

This is an excellent approximation for values of B / k8 T less than 0.05 or so. Using this 
result, calculate and plot the fraction of 127I 35CJ molecules in the .Ith rotational state versus 
.! at 25°C. (B = 0.114 cm- 1.) 

6-46. Can you use the result of the previous problem to rationalize the envelope of the lines in 
the P and R branches in the rotation-vibration spectrum in Figure 6.4? 

6-47. Many students are mystified when they see that O! = I. The standard formula n! = 
n(n - l) · · · l is applicable only for n = l , 2, 3, ... . Euler showed that we could extend 
the idea of a factorial to other numbers through the definite integral 

I = 100 

x"e-x dx II 

0 

Integration repeatedly by parts shows that / 11 = n(n - I) · · · l when n = I, 2, 3, ... , so that 
/ 11 gives our "standard" result in that case. However, there is no reason for n to be restricted 

in the above integral , and we can use it to define n! for other values of 11 . Use this extended 
definition to show that O! = I. What about (1/2) !? Even (- 1/2) !? For a more complete 
discussion of n! for a general value of n, read about the gamma function in any applied 
mathematics book. 
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MA TH CHA PT E R F 
Determinants 

In the next chapter we will encounter n linear algebraic equations in n unknowns. 
Such equations can be solved by means of dete1minants, which we discuss in this 
MathChapter. Consider the pair of linear algebraic equations 

a11X + a12Y =di 

a21x + a22Y = d2 
(F. 1) 

Ifwe multiply the first of these equations by a 22 and the second by a12 and then subtract, 
we obtain 

or 

a22d1 - a12d2 x=------
a11a22 - a12a21 

(F.2) 

Similarly, if we multiply the first by a 21 and the second by a 11 and then subtract, we get 

(F.3) 

Notice that the denominators in both Equations F.2 and F.3 are the same. We represent 

a 11a 22 - a 12a 21 by the quantity I a 11 a 12 I, which equals a 11a 22 - a 12a 21 and is called a 
a21 a22 

2 x 2 determinant. The reason for introducing this notation is that it readily generalizes 
to the treatment of n linear algebraic equations in n unknowns. Generally, an n x n 
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determinant is a square array of n2 elements arranged inn rows and n columns. A 3 x 3 
determinant is given by 

a,, a12 a13 

a21 a22 a23 = 

a31 a32 a33 

a, 1a22a33 + a21a32a13 + a12a23a31 
(F.4) 

- a31a22a13 - a21a12a33 - a, 1023a32 

(We will prove this soon.) Notice that the element aiJ occurs at the intersection of the 
ith row and the )th column. 

Equation F.4 and the corresponding equations for evaluating higher-order determi
nants can be obtained in a systematic manner. First we define a cofactor. The cofactor, 
A;j, of an element aij is an (n - I) x (n - I) determinant obtained by deleting the 
ith row and the )th column, multiplied by (- J)i+J. For example, A 12, the cofactor of 
element a12 of 

is 

EXAMPLE F-1 

o, 1 012 013 

D = 021 022 a23 

031 a32 a33 

Evaluate the cofactor of each of the first-row elements in 

2 - J 

D = 0 3 - I 

2 - 2 

SOLUTION: The cofactor of a 1 I is 

The cofactor of a12 is 

1+210 - 11 A12= (- l) 2 l = - 2 

and the cofactor of a 13 is 

A13= (- 1) = - 6 1+310 31 
2 - 2 
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We can use cofactors to evaluate determinants. The value of the 3 x 3 determinant 
in Equation F.4 can be obtained from the formula 

a11 a12 a13 

a21 a22 a23 =a11A11 + a12A12 + a13A13 

1 a31 a32 a33 1 

Thus, the value of D in Example F- 1 is 

D = (2)(1) + (- 1)(- 2) + (1)(- 6) = - 2 

EXAMPLE F-2 

(F.5) 

Evaluate D in Example F- 1 by expanding in terms of the first column of elements 
instead of the first row. 

SOLUTIO N: We will use the formula 

The various cofactors are 

and 

and so 

A11=(- 1)2I -~ - ~1 = 1 

A21= ( - 1)
3 l =~ ~I = - I 

4 1- 1 11 A31=(- J) = - 2 
3 - I 

D = (2)(1) + (0)(- 1) + (2)(- 2) = - 2 

Notice that we obtained the same answer for D as we did for Example F- 1. This 
result illustrates the general fact that a determinant may be evaluated by expanding 
in terms of the cofactors of the elements of any row or any column. If we choose the 
second row of D , then we obtain 

1

-1 
D = (0)(- 1)3 

- 2 ~I + (3)(- 1)41 ~ ~I + (- 1)(-1)5 1 ~ -11 = - 2 
- 2 

Although we have discussed only 3 x 3 determinants, the procedure is readily extended 
to determinants of any order. 
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EXAMPLE F-3 
In Chapter 11 we will meet the determinantal equation 

x 0 0 

1 x 1 0 
=0 

0 l x l 

0 0 j x 

Expand this determinantal equation into a quartic equation for x. 

SOLUTI ON: Expand about the first row of elements to obtain 

x 

x I x 

0 

0 

x 

0 

0 x =0 

0 l x 

Now expand about the first column of each of the 3 x 3 determinants to obtain 

(x)(x)lx 11 - (x)(l)ll 01 - (l)lx '1=0 
I x I x I x 

or 

x 2(x 2 - 1) - x(x) - (l)(x2 - I)= 0 

or 

x4 - 3x2 + I= 0 

Note that because we can choose any row or column to expand the detenninant, it is 
easiest to take the one with the most zeroes! 

A number of properties of determinants are useful to know: 

1. The value of a determinant is unchanged if the rows are made into columns 
in the same order; in other words, first row becomes first column, second row 
becomes second column, and so on. For example, 

2 

- ] 0 

3 

5 1 

- ] = 2 

2 5 

- 1 3 

0 

- 1 21 

2. If any two rows or columns are the same, the value of the determinant is zero. 
For example, 
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4 2 

- I 0 

3 

41 
- I =0 

3 

3. If any two rows or columns are interchanged, the sign of the determinant is 
changed. For example, 

3 - I 

- 6 4 5 -

2 2 

3 - 1 

4 - 6 5 

2 2 

4. If every element in a row or column is multiplied by a factor k, the value of the 
determinant is multiplied by k. For example, 

5. Ifanyroworcolumn is written as the sum ordifferenceoftwoormore terms, the 
determinant can be written as the sum or difference of two or more determinants 
according to 

I a11 ± a;J ' a12 a13 a11 a12 a13 a11 a12 a13 

l a21 ± a~1 a22 a23 a21 a22 a23 ± 
I 

a22 Cl23 a21 

a31 ± a;I a32 a33 a31 a32 a33 
I 

a32 Cl33 a31 

For example, 

1

3 3I I 2 + 1 
2 6 = - 2 + 4 ~I = 1 -~ ~ I + I~ ~ I 

6. The value of a determinant is unchanged if one row or column is added or 
subtracted to another, as in 

a11 a12 a13 a11 + a12 a12 a13 

a21 a22 a23 = a21 + a12 a22 a23 

a31 a32 a33 a31 + a32 a32 a33 

For example, 

I - 1 3 0 - I 3 0 - I 3 

4 0 2 4 0 2 4 0 2 

I 1 2 13 2 7 2 3 1 
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In the first case we add column 2 to column 1, and in the second case we added 
row 2 to row 3. This procedure may be repeated n times to obtain 

a11 a12 a13 a11 + na12 a12 a13 

a21 a22 a23 a21 + na22 a22 a23 (F.6) 

a31 a32 a33 a31 + na32 a32 a33 

This result is easy to prove: 

a11 + na12 a12 013 I a11 a12 a13 l a12 a12 a13 

a21 + na22 a22 a23 - a21 a22 a23 + n a22 a22 a23 

a31 + na32 a32 a33 a31 a32 a33 a32 a32 a33 

a11 a12 a13 

- a21 a22 a23 + o 

a31 a32 a33 

where we used m le 5 to write the first line. The second determinant on the right 
s ide equals zero because two columns are the same. 

We provided these rules because simultaneous linear algebraic equations can be 
solved in terms of determinants. For simplicity, we will consider only a pair of equations, 
but the final result is easy to generalize. Consider the two equations 

a11x + a12y=d1 

a21x + a22y = d2 
(F.7) 

If d1 = d2 = 0, the equations are said to be homogeneous. Otherwise, they are called 
inhomogeneous. Let's assume at first that they are inhomogeneous. The determinant of 
the coefficients of x and y is 

According to rule 4, 

Furthermore, according to rule 6, 

1 a11x + a12Y 

I a21x + a22y 
(F.8) 
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Ifwe substitute Equation F.7 into Equation F. 8, then we have 

Solving for x gives 

Similarly, we get 

I 
d1 a12 I 
d2 a22 x=----

1 

a11 a12 I 

a21 a22 

I 
a11 d1 I 

y = a21 d2 

I 
a11 a12 I 
a21 a22 

(F.9) 

(F. l 0) 

Notice that Equations F. 9 and F. l 0 are identical to Equations F. 2 and F. 3. The 
solution for x and y in terms of determinants is called Cramer's rule. Note that the deter
minant in the numerator is obtained by replacing the column in D that is associated with 
the unknown quantity and replacing it with the column associated with the right sides of 
Equations F. 7. This result is readily extended to more than two simultaneous equations. 

EXAMPLE F-4 
Solve the equations 

and 

x + y + z = 2 

2x - y - z = 1 

x + 2y - z = - 3 

SOLUTI ON: The extension of Equations F.9 and F.10 is 
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Similarly, 

l 2 l 

2 I - I 

y = 
I - 3 - I 

l I I 

- 9 
=-= - 1 

9 

2 - I - l 

l 2 - I 

What happens if d 1 = d2 = 0 in Equation F.7? In that case, we find that x = y = 0, 
which is an obvious solution called a trivial solution. The only way that we could obtain 
a nontrivial solution for a set of homogeneous equations is for the denominator in 
Equations F. 9 and F.10 to be zero, or for 

(F. 11) 

In Chapter 8, we will meet equations such as 

and 

where the Hij and S;i are known quantities and cl> c2, and E are to be determined. We 
can appeal to Equation F. 11 , which says that for a nontrivial solution (in other words, 
one for which both c1 and c2 are not equal to zero) to exist, we must have 

I 
H11 - ES11 

H12 - ES12 
(F.12) 



Problems 

When this determinant is expanded, we obtain a quadratic equation in E , yielding two 
roots. The determinant in Equation F.12 is called a secular determinant and Equa
tion F.12 itself constitutes a secular determinantal equation. 

EXAMPLE F-5 
Find the roots of the determinantal equation 

1
2 - A. 3 1=0 

3 4 - A. 

SOLUTION: Expand the determinant to obtain (2 - A.)(4 - A.) - 9 = 0 or 
A.2 - 6A. - l = 0. The two roots are 

6 J40 
A. =-±-=3±Jl0 

2 2 

Although we considered only two simultaneous homogeneous algebraic equations, 
Equation F.11 is readily extended to any number. We will use this result in Chapter 8. 

Problems 
F-1. Evaluate the determinant 

Add column 2 to column I to get 

2 

D = - l 3 2 

2 0 

3 

2 3 2 

2 0 

and evaluate it. Compare your result with the value of D. Now add row 2 to row I of D 
to get 

4 3 

- 1 3 2 

2 0 

and evaluate it. Compare your result with the value of D above. 
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F-2. Interchange columns l and 3 in Din Problem F-1 and evaluate the resulting determinant. 
Compare your result with the value of D. Interchange rows l and 2 and do the same. 

F-3. Evaluate the determinant 

D = - 2 

6 

4 - 2 

- 3 

Can you determine its value by inspection? What about 

2 6 
D = - 4 4 - 2 

2 - 3 

F-4. Find the values of x that satisfy the following determinantal equation: 

x l 

l x 0 0 
= 0 

l 0 x 0 

0 0 x 

F-5. Find the values of x that satisfy the following determinantal equation: 

x 0 1 

l x 0 
= 0 

0 l x 

l 0 I x 

F-6. Show that 

cos B - sin B 0 

sin B cos B 0 = I 
0 0 

F-7. Find the three roots of the determinantal equation 

I - A. 0 

I - A. = 0 

0 I - A. 

F-8. Solve the following set of equations using Cramer's mle: 

x + y = 2 

3x - 2y = 5 



Problems 

F- 9. Solve the following set of equations using Cramer's rule: 

x + 2y + 3z = - 5 

- x - 3y + z = - 14 

2x + y + z = l 

F-10. Determine the values of x for which the following equations will have a nontrivial 
solution. 
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George Uhlenbeck (at left) was born on December 6, 1900, in Batavia, Java (now Jakarta, 
Indonesia), and died in 1988 in Boulder, Colorado. When he was six years old, his family 
moved to The Hague, the Netherlands. After graduating from the University of Leiden in 
1920, Uhlenbeck began his graduate studies there with Paul Ehrenfest. While an assistant to 
Ehrenfest in 1925, Uhlenbeck, working with a fellow graduate student, Samuel Goudsmit, 
made his most important discovery- electron spin. He eventually wrote his dissertation 
in Copenhagen in 1927, and then received a position at the University of Michigan. He 
returned to the Netherlands in 1935, but left shortly before World War II for the United 
States, where he taught at the University of Michigan and later at Rockefeller University. 
Uhlenbeck was an inspiring teacher with organized and extremely clear lectures. 

Samuel Goudsmit (at right) was born on July 11, 1902, in The Hague, the Netherlands, and 
died in 1978 in Reno, Nevada. In 1919, he entered the University of Leiden, and later did 
experimental work from 1923 to 1926 at the University of Amsterdam with Pieter Zeeman. 
He received his Ph.D. from the University of Leiden in 1927, and then immigrated to the 
United States with Uhlenbeck to accept a position at the University of Michigan. During 
World War II, he served with the Al sos Mission in Europe, where he traveled with the U.S. 
Army through newly occupied territory to assess the progress of the German atomic bomb 
project. Goudsmit wrote an account of this mission in a book titled A/sos. He served as the 
editor-in-chief of the American Physical Society for over twenty years, founding Physical 
Review Letters in 1958. 

In spite of the importance of their discovery of electron spin, Uhlenbeck and Goudsmit 
never rece ived the Nobel Prize. 



CHAPT E R 7 
The H ydrogen Atom 

We are now ready to study the hydrogen atom, which is of particular interest to chemists 
because it serves as the prototype for more complex atoms and, therefore, molecules. 
In addition, probably every chemistry student has studied the results of a quantum
mechanical treatment of the hydrogen atom in general chemistry, and in this chapter we 
will see that the familiar hydrogen atomic orbitals and their properties emerge naturally 
as solutions to the Schrodinger equation. 

In the first three sections, we discuss the wave functions of an electron in a hydrogen 
atom, or the hydrogen atomic orbitals, quantitatively. We use the equations for the 
orbitals to calculate a number of properties of a hydrogen atom. Then in Section 7.4, 
we discuss the Zeeman effect, which describes the spectrum of a hydrogen atom in 
an external magnetic field. The Zeeman effect is not of direct interest to most chemists 
(although he received the 1902 Nobel Prize in Physics for this work), but the discussion 
in Section 7.4 leads directly to the introduction of electron spin, which certainly 
is of interest to most chemists. After incorporating electron spin into our quantum
mechanical formalism, we then show how the electronic states of a hydrogen atom 
can be described by way of term symbols, which depend upon the interaction between 
the spin of the electron and its orbital angular momentum. The final section, which 
is optional, completes our discussion of the Zeeman effect and shows how it depends 
upon electron spin. 

7.1 The Schrodinger Equation for a Hydrogen Alom Can Be 
Solved Exactly 

The electron and the proton in a hydrogen atom interact through a coulombic potential: 

e2 
V(r)= - --

4JTEor 
(7.1) 
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where e is the charge on the proton, € 0 is the permittivity of free space, and r is 
the distance between the electron and the proton. The factor 4rrE0 arises because 
we are using SI units. The spherical geometry of the model suggests that we use a 
spherical coordinate system with the proton at the origin. The Hamiltonian operator for 
a hydrogen atom is 

li2 e2 
A 2 
H = - - V - --

2me 

where me is the mass of the electron, and the Schrodinger equation is 

Ji2 
- - '\121/f(r, fJ, </>) + V(r)l/f(r, 8, </>) = El/f(r, 8, </>) 

2me 

where V2 is the Laplacian operator in spherical coordinates (Equation 6.7): 

(7.2) 

(7.3) 

V2 = _!_ _i_ (r2 _i_) + 1 ~ (sin () ~) + 1 £ (7.4) 
r 2 or or r2 sin f) ofJ ofJ r2 sin2 () o¢2 

Ifwe substitute Equation 7.4 into Equation 7.3, we obtain 

- n,2 [ _!_ _i_ (r2 o1/f) + l _i_ (sin f) ol/f) + l &21/f] 
2me r 2 or or r 2 sin() ae o() r2 sin2 () o</>2 (7.5) 

+ V(r)l/f(r, 8, </>) = Eifr(r, 8, </> ) 

At first sight, this partial differential equation looks exceedingly complicated. To bring 
Equation 7.5 into a more manageable form, first multiply through by 2mer2 to obtain 

The second term here, the one containing all the () and </> dependence, is nothing but 
L21/f according to Equation 6.59. Thus, we can write the Schrodinger equation in the 
form 

Notice now that if we consider the entire left side of Equation 7 .7 to be an operator 
acting upon 1/f(r, fJ , ¢),then this operator consists ofa part that depends upon only r 
(the first and third terms) and a part that depends upon only() and</> (the second term). 
According to Section 3.9, 1/f (r, 8, </>)factors into the product ofa function that depends 
upon only r and one that depends upon only() and ¢. Furthermore, thee,</> factor 
must be an eigenfunction of L 2, which, according to Equation 6.60, we know to be the 



7. 1. The Schrod inger Equation for a Hydrogen Atom Can Be Solved Exactly 

TABLE 7.1 
The First Few Spherical Harmonics 

y o __ l_ 
o - (4rr) 1/2 

Y 1 = - - sin Be'"' ( 
3 ) 1/ 2 . 

I 811" 

( 
5 ) 1/ 2 

Yf = - (3 cos2 B - 1) 
1611" 

- ( 15) 1/
2 

. . Y2 
1 = 

8
rr sm B cos Be-1.P 

Y-2 15 . 2 B -2i"' 
( ) 

1/ 2 

= - Sill e .,, 
2 32rr 

spherical harmonics Yj'1'((J, ¢ ) (Section 6.6): 

yo = - cosB ( 
3 ) 1/ 2 

I 4rr 

y- I = - sin Be-'"' ( 
3 ) 1/2 . 

I 811" 

Y1 = - - sin B cos Be'"' ( 15) 1/2 . 

2 8rr 

( 
15 ) 1/ 2 . 

r5 = 32rr sin
2 

Be
2
'"' 

I= 0, I, 2, ... 

- l ~ m1 ~ +I 
(7.8) 

It is customary to write Equation 7 .8 in terms of I and m1 instead of J and m when 
applying it to a hydrogen atom. The first few spherical harmonics are given in Table 6.5, 

but we reproduce them here in Table 7.1 for convenience. 
Consequently, if we let 

(J Ill/ (J l/f(r, ,¢)= R(r)Y1 ( ,¢) (7.9) 

and use Equation 7.8, Equation 7.7 becomes (Problem 7- 2) 

_ _!!!_!!_ (r 2dR) + [/i2l(l + I) + V(r) - E]R(r) =0 
2mer2 dr dr 2mer2 

(7.10) 

Equation 7 .10 is called the radial equation for the hydrogen atom and is the only new 
equation that we have to study in order to have a complete solution to the hydrogen 
atom. 

Notice that the square of the angular momentum is quantized and conserved in 
a central field, just as it is conserved classically in a central field. Equation 7. I 0 has 
the direct physical interpretation that the total energy E is the sum of a radial kinetic 
energy, an angular kinetic energy, and the potential energy. Equation 7 .10 is an ordinary 
differential equation in r. It is somewhat tedious to solve, but once solved, we find 
that for solutions to be acceptable as wave functions, the energy must be quantized 
according to 

n = 1, 2, ... (7. 11) 
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324 Chapter 7 I The Hydrogen Atom 

lfwe introduce the Bohr radius from Section 1.8, a0 = E0h2/ rrmee2 = 4rrE01i2 / mee2, 

then Equation 7 .11 becomes 

e2 
En= - ----

8rrE0aon2 
n= 1,2, ... (7.12) 

It is surely remarkable that these are the same energies obtained from the Bohr model of 
the hydrogen atom. Of course, the electron now is not restricted to the sharply defined 
orbits of Bohr, but is described by its wave function, 1/1 (r, e, ¢). 

In the course of solving Equation 7. I 0, we find not only that an integer occurs 
naturally but that n must satisfy the condition that n '.::: l + 1, which is usually written as 

O:Sl:Sn -1 n = I , 2, . .. (7.13) 

because we have already seen in the previous chapter that the smallest possible value 
of I is zero. (Equation 7 .13 might be familiar from general chemistry.) The solutions 
to Equation 7.10, called the radial wave functions, depend on two quantum numbers n 
and l and are given by 

R111(r) = - (n - l - 1) . _3_ /e- rfnao L21+1 -3:.._ 
{ 

I }1/2 ( )/+3/2 ( ) 
2n [(n + I) !] 3 na0 n+l na0 

(7.14) 

where the L~i:, 1 are polynomials called associated Laguerre polynomials. The first few 
radial wave functions are given in Table 7 .2. 

T A BL E 7.2 
The Hydrogen-like Radial Wave Functions, R,,1(r ) , for 
n = I, 2, and 3 a 

R 1o(r) = 2 (~) 
312 

.e-P 

R20(r) = (~)
312 

(2 - p)e- Pl2 
2a0 

R21(r) = ~ (~)3/2 p e- P/2 
·v3 2a0 

R3o(r) = ~ (~)
312 

(27 - 18p + 2p2)e- Pl3 

27 3a0 

R31(r) = _.!._ (
22

)
312 

p (6 - p)e- Pl3 

27 3a0 

a. T he quantity Z is the nuclear charge, and p = Zr /a0, where 

a0 is die Bohr radius . 



7. 1. The Schrod inger Equation for a Hydrogen Atom Can Be Solved Exactly 

The radial wave functions given by Equation 7 .14 may look complicated, but notice 
that each one is just a polynomial multiplied by an exponential. The combinatorial factor 
in front assures that the R111(r) are normalized with respect to an integration over r, or 
that R111(r) satisfy 

(7.15) 

Note that the volume element here is r2dr, which is the "r" part of the spherical 
coordinate volume element r 2 sin ()drd(}d</J. Problem 7- 3 has you show that the radial 
wave functions in Table 7.2 are normalized. 

The complete hydrogen atomic wave functions are 

(7.16) 

The first few hydrogen atomic wave functions are given in Table 7.3. The normalization 

T A BLE 7.3 
The Complete Hydrogen-like Atomic Wave Functions 
for n = I, 2, and 3 a 

I ( z) 3/2 1/1100 = - - e-P 
.ft ao 

I ( z ) 3/2 1/1200 = -- - (2 - p)e-Pl2 

45 ao 
I ( z ) 3/2 1/1210 = -- - pe-P/2 COS 8 

4.Jbr ao 
l (2)312 . 1/121±1 = ±-- - pe-P/2 sinee±•<P 

8,Jii a0 

1 ( 2 )312 1/1300 = -.-- - (27 - 18p + 2p2)e-Pl3 

8J.J31r ao 
h ( 2) 3/2 1/13 10= -. - - p(6 - p)e-Pl3 cos e 

81,Jii ao 
1 ( 2 )312 1/J3 1± I = ±-.-- - p(6 - p)e-P/3 sin 8e±i¢ 

8 lft ao 

l ( z ) 3/2 1/J320 = -- - p2e-Pl3(3 cos2 8 - 1) 
81.Jfur ao 

1 ( z )3/2 . 1/132±1 = ±-.-- - p 2e-Pl3 sin e cos ee±•¢ 
81.fi ao 

( )

3/2 
I Z 2 3 · 2 ±2i 1/132±2 = --- - p e-PI sm Be ¢ 

162,Jii a0 

a. The quantity Z is the nuclear charge, and p = Zr /a0 , where 

a0 is the Bohr radius. 
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326 Chapter 7 I The Hydrogen Atom 

condition for hydrogen atomic wave functions is 

Because H is Hermitian (Section 4.5), the functions if!,, 1 1111 must also be orthogonal. 
This orthonormality relationship is given by 

(7.17) 

where the o's are Kronecker deltas- that is, oij = 0 when i # j and = 1 when i = j. 
Equation 7 .1 7 in the bracket notation is 

(7 .18) 

Note that 1/tn 11111 (r, e, ¢) = I n I m1) depends upon three quantum numbers. These 

functions are simultaneous eigenfunctions of H, L 2, and L2 , which mutually commute: 

The three mutually commuting operators assure the existence of the simultaneous 
eigenfunctions depending upon three quantum numbers. This is why the hydrogen 
atomic wave functions 1jt1111111 (r, e, ¢) depend upon n, I, and m1; n for the Hamiltonian 

operator (the energy), I for the L2 operator (the orbital angular momentum), and m1 for 
the L2 operator (the z component of the orbital angular momentum) of the commuting 
set of operators. 

Because fl, L2, and L
2 

commute wiith fl, their corresponding physical observable 
quantities (energy, orbital angular momentum and its z component) are conserved (see 
Equation 4.85). Their corresponding quantum numbers, n, l, and m1, which are fixed 
and so can be used to label the wave function, are said to be good quantum numbers. 
Good quantum numbers are those associated with conserved quantities. 

EXAMPLE 7-1 
Show that the hydrogen-like atomic wav·e function 1/12 10 in Table 7.3 is nonnalized and 
that it is orthogonal to 1/1200. 

SOLUTION: The orthonormality conclition is given by Equation 7.18. Using 1/1210 

from Table 7.3, 



7.2. s Orbita ls Are Spherical ly Symmetric 

oo ;r 2rr l z 3/ 2 

[ ]

2 

(21012 10) = f drr2 f dBsinB f def> p ( - ) pe-Pl2 cos8 
lo lo lo · _, 2rr ao 

= - - dr r4e-21 fao dB sm B coSZ B def> 1 (z)51oo . 1 rr . 1 2..-r 
32rr a0 o o o 

= _ l (~)
5 (a0

)

5 

(24) (~) (2;r) = 1 
32;r a0 Z 3 

and so 1/f 210 is normalized. To show that it is orthogonal to 1f;200, 

x [ - ' (~)
312 (2 _ Zr) e-Zr/2ao] 

j32ii ao ao 

= - - dr r3 2 - _.!_ e-Zi /ao dB sin& cos& def> 
1 (z)41oo ( z) . · 1o rr /o2ir 

32;r ao o ao o o 

The integral over fJ here vanishes, so 1/f 2 10 and 1/f 200 are orthogonal. 

7.2 s Orbitals Are Spherically Symmetric 

The hydrogen atomic wave functions depend upon three quantum numbers, n, l, and m1. 

The quantum number n is called the principal quantum number and has the values 
I, 2, .... The energy of the hydrogen atom depends upon only the principal quantum 
number through the equation E11 = - e2 /8rrr=oaon2. The quantum number l is called 
the angular-momentum quantum number and has the values 0, 1, ... , n - I. The 
magnitude of the angular momentum of the electron about the proton is determined 
completely by l through ILi = li,Jl(I + 1). Note that the form of the radial wave 
functions depends upon both n and /. The value of I is customarily denoted by a letter, 
with I= 0 being denoted bys, l = 1 by p, l = 2 by d, l = 3 by/, with higher values of 
l denoted by the alphabetic sequence following f . The origin of the letters s, p, d, f 
is historic and has to do with the designation of the observed spectral lines of atomic 
sodium. (The letterss, p, d, and f stand forsharp,principal, diffuse, and fundamental.) 
A wave function with n = 1 and l = 0 is called a ls wave function; one with n = 2 and 
l = 0 is called a 2s wave function, and so on. 

The third quantum number m1 is called the magnetic quantum number and takes on 
the 21 + 1 values m1 = 0, ± 1, ±2, ... ±I. The z component of the angular momentum 
is determined completely by m1 through £ 2 = m11i. The quantum number m1 is called the 
magnetic quantum number because the energy of a hydrogen atom in a magnetic field 
depends on m1. In the absence of a magnetic field, each energy level has a degeneracy 
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FIGURE 7.1 
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The splitting of the 2p state of a hydrogen atom into three components in a magnetic field. 

of 21 + 1. In the presence of a magnetic field, these levels split, and the energy depends 
upon the particular value of m1 (Section 7.4). This splitting is illustrated in Figure 7.1 
and is called the Zeeman effect, which is discussed in Section 7.4. In this case, E is a 
function of both the quantum numbers n and m1. 

The complete hydrogen atomic wave functions depend on three variables, so plot
ting or displaying them is difficult. The radial and angular parts are commonly consid
ered separately. The state of lowest energy of a hydrogen atom is the Is state. The radial 
function associated with the ls state is (Table 7.2) 

R ( -) _ 2 - r/ao 
Is I - 3/ 2 e 

ao 

As mentioned above, the radial wave functions are normalized with respect to integra
tion over r, so 

(7.19) 

From Equation 7.19, we see that the probability that the electron lies between r and 
r + dr is [R11 i(r)] 2r2dr, and plots of r 2 R,~1 (r) are shown in Figure 7.2 for Z = 1. An 
important observation from the plots in Figure 7 .2 is that the number of nodes in the 
radial function is equal to n - l - 1. (The point r = 0 is not considered to be a node.) 

For the ls state, the probability that il:he electron lies between rand r + dr is 

Prob = 4
3
r 2e- 2rfaodr 

ao 
(7.20) 

This result is contrary to the Bohr model in which the electron is incorrectly restricted 
to lie in fixed, well-defined orbits. Figure 7.3 shows surface plots of both the wave 
functions , 1/f(r) , and the associated probability densities, 1jl2(r), for the Is , 2s , and 3s 

states of atomic hydrogen. The nucleus I ies in the center of the horizontal plane in each 
case. 



7.2. s Orbita ls Are Spherically Symmetric 
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F I CURE 7.2 
The probability densi ties r 2[ R111(r )] 2 associated with the radial parts of the hydrogen atomic 
wave functions . 

EXAMPLE 7-2 
Calculate the probability that an electron described by a hydrogen atomic ls wave 
function will be found within one Bohr radius of the nucleus. 

SOLUTI ON: The probability that the electron will be found within one Bohr radius 
of the nucleus is obtained by integrating Equation 7.20 from 0 to a0: 

= L - se-2 = 0.323 
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'lf! 2s 1./J3s 

F I GURE 7.3 
Surface plots of both 1/f (r) and 1{!2(r) for the ls, 2s, and 1~ states of atomic hydrogen. The 
nucleus lies in the center of the horizontal plane in each case. 

We must keep in mind that we are dealing with only the radial parts of the total 
wave function here. The radial parts are easy to display because they depend on only 
the one coordinate, r. The angular parts depend on both e and </> and so are somewhat 
more difficult to display. The I = 0 case is easy, however, because when I = 0, m1 must 
equal zero and so we have rgce, </>),which according to Table 7.1 is 

0 1 Y0 (0,</> )= r.c 
v4rr 

rg(e, </>) is normalized with respect to integration over a spherical surface: 

1n 12n I 1n 12n 
de sin e d<f> rg(e, <f> )*Yg(e, </>) = - de sine d<f> = 1 

o o 4rr o o 



7.2. s Orbita ls Are Spherically Symmetric 

In this particular case, there is no angular dependence and the wave function is spheri
cally symmetric; in other words, it has the same value for every choice of (8, ¢).The 
complete Ls wave function is 

(7.21) 

We have displayed the r, e, and</> dependence on the left side of Equation 7.21, even 
though thee and</> dependence drops out, to emphasize that 1/ris(r, e, </>)is the complete 
wave function. For example, the normalization condition is 

roo r r2lf 
lo drr

2 lo de s in e lo d<f> Vr~v(r, e, </> )1/r1s(r, e, </>) = (100 1 100) = 1 

The hydrogen atomic wave functions are called orbitals, and, in particular, Equa
tion 7 .21 describes the ls orbital; an electron in the ls state is called a ls electron. 

The probability that a ls electron lies between r and r + dr from the nucleus is 
obtained by integrating 1/r~5 (r, e, ¢)if!L5 (r, e, </> ) over all values of e and¢ according to 

Prob(ls) = r 2dr r dB sin fJ { 2lr d<f> 1/!
1
* (r, fJ, </>)ift1s(r, e, </>) lo lo s 

(7.22) 

in agreement with Equation 7.20. 
We can use Equation 7 .22 to calculate the average value of r. For example, 

(7.23) 

Equation 7 .22 can be used to determine the most probable distance of a ls electron from 
the nucleus. 

EXAMPLE 7-3 
Show that the most probable value of r (rmp) in a Ls orbital is a0. 

SOLUTION: To determine the most probable value of r, we find the value of r that 
maximizes the probability density of r or that maximizes 

If we differentiate f (r) and set the result equal to zero, we find that t'mp = a0 , the Bohr 
radius. 
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The average potential energy in the ls state is given by 

{V(r))i5 ={100 I V 1100) = 12

n d</J 1n de sine 100 
dr r2 1/f~5 ( -

4
:;or) 1/!1s 

e2 1 00 . = --3 dr re- 21 /ao 
JrEoao o 

e2 
(7.24) = - ---

It is interesting to note that (V(r)) = 2(£). Because (T) + (V) = {£ ),where (T) is 
the average kinetic energy, we have {V) = - 2(T), or 

{V) = - 2 
(T ) 

(7.25) 

for this case. Although we have derived Equation 7.25 only for the ls state of the 
hydrogen atom, it is generally true for any system in which the potential energy is 
coulombic. Equation 7.25 is an example of the virial theorem and is valid for all atoms 
and molecules. We shall refer to the virial theorem several times throughout this book. 
The virial theorem is proved in Problem 5-43. 

The next simplest orbital is the 2s orbital. A 2s orbital is given by 

(7.26) 

which is also spherically symmetric. In fact, because any s orbital will have the angular 
factor rgce, </J), alls orbitals are spherically symmetric. By referring to Table 7.3, we 
see that 

(7.27) 

Remember that 1/!2s is normalized with respect to an integration over r, e, and </J. The 
average value of r in the 2~ state of a hydrogen atom is (cf. Problem 7- 12) 

(r hs = (200 I r 1200) 

{ 00 r {2n (7.28) 
= l o dr r

3 l o de sine lo d</J 1/t;5(r, e, </J)1/t2s (r, e, </J) = 6ao 

showing that a 2s electron is on the average a much greater distance from the nucleus 
than a L~ electron. In fact, using the general properties of the radial wave functions, we 
can show that (r ) = ~aon2 for an ns electron. 

EXAMPLE 7-4 
Show that the vi rial theorem is valid for the 2s state of a hydrogen atom. 



7.2. s Orbita ls Are Spherical ly Symmetric 

SOLUTI ON: Recall from Equation 7.25 that the virial theorem says that (V} / (T} = 
- 2, or equivalently, that (V(r)} = 2(£}. 

12,,. l ,,. l oo ( e2 ) (V(r)b = d<f> d8sin8 drr21/I~, - -- 1/t2s 
o o o 4rrE0r 

e2 ( J ) 3 l oo ( r ) 2 . = - -- - drr 2 - - e-i /ao 
32rrE0 a0 o a0 

Letting x = r/a0 , 

(V(r)h. = _ __ _:_ dx (4x - 4x2 + x 3)e-x e2 I l oo 
32rrE0 a0 o 

e2 
---= 2E2 
l 6rrEoao 

or equivalently, (Vhsl (T}i,, = - 2. 

Table 7.4 lists values of (rk)1111111 = (n l m1 I rk I n l m1) for k = 2, 1, - 1, - 2, 
and - 3. 

T A B l E 7.4 
Values of (rk}1111111 = (n I m1 I r k I n l m1} for a Hydrogen-like Atom or Ion 
with Nuclear Charge Z fork = 2, J, - 1, - 2, and - 3 

.2 .2 . a5n
4 

{ . 3 [ l (l + 1) - ~] } 
(1 }1111111 = (nlm1 l 1 l nlm1} = z 2 1+ 2 1- n2 

a0n
2 

{ 1 [ l (l + !)]} (r }1111111 = (n lm11r l nlm1} = z 1+ 2 1- ---;;2 

( ~) = (n l m1 I ~ I n l m1 ) = ~ 
r 11I1111 r aon 

(~) = (n l m1 
r 1111111 

( 1 ) ( - = nlm1 
r 3 11I1111 

Source: Pauling, L., Wilson, E. B. Introduction to Quantum Chemisuy . McGraw-Hill: 

New York, 1935. 
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7.3 There Are Three p Orbitals for Each Value of the 
Principal Quantum Number, 11 :'.:'.. 2 

When l # 0, the hydrogen atomic wave ftmctions are not spherically symmetric; they 
depend on e and ¢. In this section, we will concentrate on the angular parts of the 
hydrogen wave functions. Let's first consider states with l = 1, or p orbitals. Because 
m1 = 0 or ± l when l = 1, there are three p orbitals for each value of n. The angular 
part of the p orbitals is given by the three spherical harmonics Yf(e, </>)and Y~ 1 (e, ¢). 
The simplest of these spherical harmonics is 

0 ( 3 ) 
1
1

2 

Y1 (8, </>) = 
4

7T cos 0 (7.29) 

which is readily shown to be normalized, because 

- dB sine d<f> cos2 e = - sine cos2 Ode= - x2dx = 1 3 17r 12n 31n 311 
4Jr 0 0 2 0 2 - I 

In the last step, we let cos e = x. 
A common way to present the angular functions is as three-dimensional figures. 

Figure 7.4 is the familiar tangent-sphere picture of a p orbital often presented in general 
chemistry texts. Although the tangent-sphere picture represents the shape of the angular 
part of p orbitals, it is nol a faithful representation of the shape of a Pz orbital because 
the radial functions are not included. 

Figure 7 .5 shows surface plots of both 1f;211 and 1f;2
2 for atomic hydrogen. Note that 

z Pz 
the positive and negative lobes in 1f;2p, in Figure 7.4 appear as a peak and a depression 
in Figure 7.5. 

Because a complete wave function generally depends on three coordinates, wave 
functions are difficult to display clearly. One useful and instructive way, however, is the 
following: The quantity if!*1f;dr: is the probability that the electron is located within the 

z z 

F I GURE 7.4 
Three-dimensional polar plots of the angular part of the real representation of the hydrogen 
atomic wave functions for I = l (see Equation 7 .31). 



7.3. There Are Three p Orbita ls for Each Value of the Principal Quantum Number, n ~ 2 

F I GURE 7.5 
Surface plots of 1/12Pz and 1/!Jp. for atomic hydrogen. The nucleus lies in the center of the 
horizontal plane in each case. -

volume element d r. Thus, we can divide space into little volume elements and compute 
the average or some representative value of 1/1 *1/1 within each volume element and then 
represent the value of 1/1*1/I by the density of dots in a picture. Figure 7.6 shows such 
plots for several orbitals. 

An alternate way to represent complete wave functions is as contour maps. Fig
ure 7.7a shows a contour map for a ls orbital In each case, the nine contours shown 
enclose the 10%, 20%, ... , 90% probability of finding the electron within each contour. 
Note that the contour maps appear as cross sections of the plots in Figure 7.5. 
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.· . . 

·"-I >· 
~ . .. 

Is 2s 

F I GU R E 7.6 
Probability density plots in a planar cross section of some hydrogen atomic orbitals. The density 
of the dots is proportional to the probability of finding the electron in that region. 

It is interesting to compare the depictions of the 2 p0 and 3 p0 orbitals in Figures 7.4 
and 7. 7. The expressions for these orbitals are 

and 

Both orbitals have the same angular part, which is represented in Figure 7.4. The radial 
functions have n - l - l nodes, however, and so R 21 (r) has no nodes and R 31 (r ) has 
one. The difference in the shapes of the 2p0 and 3p0 orbitals in Figures 7.4 and 7.7 is due 
to the node in R31 (r). This example illustrates the inadequacy of the "tangent-sphere" 
representation of p orbitals. 

The angular functions with m1 i= 0 are more difficult to represent pictorially because 
they not only depend on <P in addition to e, but are complex as well. In particular, the 
l = l states with m1 i= 0 are 



7.3. There Are Three p Orbita ls for Each Value of the Principal Quantum Number, n ~ 2 

Is 2s 3s 

FI CURE 7.7 
Probability contour plots for some hydrogen atomic orbitals. The nine contours shown in each 
case enclose the I 0%, 20%, . . . , 90% probability of finding the electron within each contour. 
The scale of the figure is indicated by hash marks: one mark corresponds to one Bohr radius a0 . 

Note that the different orbitals are presented on different scales (see Figure 7.6). The contour 
values were taken from Gerhold, G., McMurchie, L., Tye, T., Percentage Contour Maps of 
Electron Densities in Atoms. Am. J Phys .. 40, 998 (1972). 

( 
3 ) 1/ 2 . 

Y~ 1 (e, ¢) = -
8

rr sinee+•4> 

(7.30) 

( 
3 ) 1/ 2 . r;- 1(8,¢)= 

8
1T I Sin ee- •ef> 

The probability densities associated with Y~ 1 (B, ¢)and Y1-
1(B, ¢)are the same because 

and 
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Because Yt (e, ¢) and Yj" 1(B, ¢) correspond to the same energy, we know from 
Section 4.2 that any linear combination of Y~1 and Yj 1 is also an energy eigenfunction 
with the same energy. It is customary to use the combinations 

1 - I + I · · . ( 3 ) 1/2 
Py = .J2(Y1 + Y1 ) = 

4
rr sm e sm <P 

(7 .31) 

"Tangent-sphere" plots of Px and Py are shown in Figure 7.4. They have the same 
shape as the Pz function except that they are directed along the x and y axes. The three 
functions P.n Py, and Pz are often used as the angular part of hydrogen atomic wave 
functions because they are real and have easily visualized directional properties. 

Forthel = 2case,m1 =0, ±1, and±2, andsotherearefived orbitals.Form,= ±1 
and ± 2, we take linear combinations as we did above for the p functions. The customary 
linear combinations are (Problem 7- 23) 

( 
5 ) 1/2 

dz2 = y~ = - (3 cos2 e - 1) 
16rr 

I - I + I · · . ( 15) 1/ 2 
dyz = .J2(Y2 + Y2 ) = 

4
rr sm B cos B sm ¢ (7.32) 

( )

1/ 2 
1 + 2 - 2 15 . 2 . 

dxy = r;:;; (Y2 - Y2 ) = - sm B sm 2¢ 
- v2i 16Jr 

The angular parts of the five d orbitals are shown in Figure 7 .8. Note that the last 
four orbitals given in Equations 7 .32 differ only in their orientation. Figure 7. 8 suggests 
the rationale of the notation of the d orbitals: d

2
2 lies along the z axis, dx2 - y2 lies along 

the x and y axes, dxy lies in the x-y plane, dxz lies in the x- z plane, and d yz lies in the 
y-z plane. Figures 7.4 and 7 .8 illustrate a nice pictorial interpretation of the magnetic 
quantum number, m1. Note that I m1 I, the magnitude of m1, is equal to the number of 
nodal planes that contain the z axis in Figures 7.4 and 7.8. For example, p2 , with m1 = 0, 
has no nodal plane containing the z axis, but Px and Py, with I m1 I= 1, each has one. 
Similarly, d 22, with m 1 = 0, has none, dxz and d yz> with I m 1 I = 1, have one, and dx2- y2 

and dxy> with I m 1 I = 2, have two. 
There is no fundamental reason to choose linear combinations of spherical har

monics such that the angular wave functions are real, but most chemists use the five 



7.4. The Energy Levels of a Hydrogen Atom Are Spl it by a Magnetic Field 

z 

d; 

z z z 

F I G UR E 7.8 
Three-dimensional plots of the angular part of the real representation of the hydrogen atomic 
wave functions for l = 2. Such plots show the directional character of these orbitals but are not 
good representations of the shape of these orbitals because the radial functions are not included. 

d orbitals given by Equations 7.32 because the functions in Equations 7.32 are real 
and have convenient directional properties. The real representations of the hydrogen 
atomic wave functions are given in Table 7.5. The functions in Table 7.5 a.re the linear 
combinations of the complex wave functions in Table 7.3. Both sets are equivalent, but 
chemists normally use the real functions in Table 7.5. We will see in later chapters that 
molecular wave functions can be built out of atomic orbitals, and ifthe atomic orbitals 
have a definite directional character, we can U1Se chemical intuition to decide which are 
the more important atomic orbitals to use to describe molecular orbitals. 

7.4 The Energy Levels of a Hydrogen Atom Are Split 
by a Magnetic Field 

In this section, we shall discuss a hydrogen atom in an external magnetic field. We shall 
see that the magnetic field causes the energy levels to be split into sublevels, which 
leads to a splitting of the spectral Jines in hydrogen. This splitting is called the Zeeman 
effect. Before discussing the Zeeman effect, however, we shall review some facts and 
equations concerning magnetic dipoles and magnetic fields. 
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T A BL E 7.5 
The Complete Hydrogen-like Atomic Wave Functions 
Expressed as Real FtU1ctions for n = 1, 2, and 3 a 

I (z)3/2 
1/lis = ..J1i ao e-P 

1 ( 2 )3/2 1/J2s = -- - (2 - p)e-P/2 
4.J2]f a0 

I ( z )
3
/
2 

1/12 = -- - pe-P/2 COS 8 
Pz 4.J2]r ao 

1 ( z ) 3/2 1/12, = -- - pe-P/2 sin 8 COS </J 
Lr 4.J2]f ao 

1 ( z ) 3/2 1/12 = --. - pe-Pl2 sine sin <P 
Py 45 ao 

1 (z)3/2 1/111 = -- - (27 - 18p + 2p2)e-p/3 
81-5 ao 

Ji (z)312 . 1/13 = -- - p(6 - p)e-Pf3 cos e 
Pz 81.fi ao 

Ji ( 2 ) 312 . 1/13, = -. - - p(6 - p)e-P/3 Sill 8 COS </J 
1-., 81.fi ao 

.J2 ( z )3/2 
1/f3p" = -- - p(6 - p)e-Pl3 sine sin <P 

· 81.fi ao 

l ( z ) 3
/2 1/lx1 

2 
= -- - p2e-Pl3(3 cos2 e - I) 

z 81Jfur ao 

.J2 ( 2 ) 312 . 1/13d = -- - p 2e-Pl3 sm e cos e cos <P 
·" 81.fi a0 

Ji (z)3;2 . . 
1/Jxl,.- = r;; - p2e-Pl3 

Slll 8 COS 8 Sill </J 
.- 81.._,rr a0 

I ( z)3/2 1/13d = -- - p 2e-Pl3 sin2 e cos 2¢ 
. .2 - y2 HJ21f ao 

1/J3d = -- - p2e-Pl3 sm2 8 Slll 2</J I (2)3/2 . . 
- xy 81J2;r ao 

a. The quantity Z is the nuclear charge, and p = Zr/ a0 , where a0 is the 
Bohr radius. 

The motion of an electric charge aroWld a closed loop produces a magnetic dipole 
m whose magnih1de is given by 

m=iA (7.33) 

where i is the current in amperes (coulombs per second) and A is the area of the loop 
in square meters. Ifwe consider a circular loop for simplicity, then 
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. qv 
t= --

2rrr 
(7.34) 

where v is the velocity of the charge q and r is the radius of the circle. Substituting 
Equation 7.34 and A= n: r2 into Equation 7.33 gives 

qrv 
m=-

2 

More generally, if the orbit is not circular, then Equation 7.35 becomes 

q(r x v) 
m = ""----

2 

(7.35) 

(7.36) 

Note that Equation 7.36 reduces to Equation 7.35 for the case of a circular orbit 
(Problem 7- 32). We can express m in terms of angular momentum by using the fact 
that L = r x p and p = m v, so that Equation 7.36 becomes 

m =_i_ L 
2m 

(7.37) 

Note that m and L are perpendicular to the plane of the motion. For an electron, 
q = - I e I and Equation 7.37 becomes 

m = -~ L 
2me 

where me is the mass of the electron. 

(7.38) 

A magnetic dipole will interact with a magnetic field, and the potential energy of 
a magnetic dipole in a magnetic field is given by 

V= - m·B (7.39) 

where B is the strength of the magnetic field. The quantity B is defined through the 
equation 

F = q (v x B) (7.40) 

where Fis the force acting upon a charge q moving with a velocity v in a magnetic field 
of strength B. The SI units of magnetic field strength are Lesia (T). From Equation 7.40, 
we see that one tesla is equal to one newton/ ampere· meter. If, as usual, we take the 
magnetic field to be in the z direction, then Equation 7.39 becomes 

(7.41) 

Using Equation 7.38 for m 2 , we have 

(7.42) 
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If we replace L 2 by its operator equivalent L2 , then Equation 7.42 gives the part of 
the hydrogen atom Hamiltonian operator that accounts for the external magnetic field. 
Thus, the Hamiltonian operator for a hydrogen atom in an external magnetic field is 

(7.43) 

where H0 is the Hamiltonian operator in the absence of a magnetic field. The corre
sponding Schrodinger equation is 

(7.44) 

The hydrogen atomic wave functions are eigenfunctions of both H0 and L2 , and so they 
are also eigenfunctions of H in Equation 7.43. In particular, we have 

and 

Therefore, the energy levels of a hydrogen atom in a magnetic field are 

{ 
n = 1, 2, 3, ... 

m1= 0, ±1, ±2, .. . , ±I 
(7.45) 

where {38 , defined as 

(7.46) 

is called a Bohr magneton. Numerically, a Bohr magneton has the value (Problem 7- 34) 

f3s = 9.2740 x 10- 24 J · T- 1 (7.47) 

According to Equation 7.45, a state with given values of n and l is split into 2l + 1 
levels by an external magnetic field. For example, Figure 7. 9 shows the results for the ls 
and 2p states of atomic hydrogen. The ls state is not split (2l + I = 1), but the 2p state 
is split into three levels (2/ + I = 3). Figure 7.9 suggests that the 2p to ls transition in 
atomic hydrogen will be split into three distinct transitions instead of just one. 



7.4. The Energy Levels of a Hydrogen Atom Are Spli t by a Magnetic Field 

1 
Energy 

Spectrum 

F I CURE 7.9 

2p 

ls 

No magnetic 
field 

rn 

------ ---

Magnetic 
field 

- - - +--.---

- - - -------

+l 

0 

- 1 

0 

The splitting of the 2p state of a hydrogen atom in an external magnetic field. The 2p state is 
split into three closely spaced levels. In an external magnetic field, the 2p to ls transition is split 
into three distinct transition frequencies. 

EXAMPLE 7-5 
Calculate the magnitude of the splitting of the 2p level of atomic hydrogen for a 
magnetic field strength of l .00 tesla and compare the result to the difference in energy 
between the ls and 2p states. 

SOLUTION: Equation 7.45 shows that the splitting is given by 

= (9.274 x 10-24 J-r1)(1.00T) m, 
= (9.274 x 10-24 J) m1 m1 =0, ± 1 

The energy difference between the unperturbed levels l s and 2p is 

mee
4 (I ) 18 E2 - £ 1 = - -- - - I = J.635 x 10- J 

p s 8E5fi2 4 

which shows numerically that the splitting is very small compared to the difference in 
energy between the Is and 2p levels. 
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The results of Example 7- 5 suggest that the three transitions shown in Figure 7.9 
lie very close together (Problem 7- 35), and we say that the 2p---+ ls transition becomes 
a triplet in the presence of an external magnetic field. 

It turns out that this is incorrect. The n = 2 to n = 1 transition is split into ten 
lines instead of three in the presence of an external magnetic field. In fact, we haven't 
mentioned it, but the n = 2 to n = 1 transition in the absence of an external magnetic 
field is split into two closely spaced lines. The frequencies of these two lines are 
82 258.921 cm- 1 and 82259.287 cm- 1; the difference between them is only 0.366 
cm- 1, but this is well within experimental error. It appears that something is missing. 
The "something" that is missing is electron spin, which we shall address in the next 
section. 

7.5 An Electron Has an lnlrinsic Spin Angular Momentum 

As early as 1921, the American physicist Arthur H. Compton, who was studying the 
scattering of X rays from crystal surfaces, was led to conclude that "the electron 
itself, spinning like a tiny gyroscope, is probably the ultimate magnetic particle." In 
1922, two German physicists, Otto Stern and Walther Gerlach, passed a beam of 
silver atoms (recall from general chemistry that a silver atom has a 4d 105s 1 outer 
electron configuration, and so has a single outer electron) through an inhomogeneous 
magnetic field in order to split the beam into its 2/ + l space-quantized components 
(Figure 7. I 0). A homogeneous magnetic field will orient magnetic dipoles but not 
exert a translational force. An inhomogeneous magnetic field, however, will exert a 
translational force (Problem 7- 36) and hence spatially separate magnetic dipoles that 
are oriented differently. Classically, a beam of magnetic dipoles will orient themselves 
through a continuous angle and so will become spread out in a continuous manner. 
Quantum-mechanically, however, a state with a given value of l wil1 be restricted to 

Oven 

Detector 

(a) (b) 

FIGURE 7. to 
(a) A schematic diagram of the Stern-Gerlach experiment. (b) A cross-sectional view of the 
pole pieces of the magnet depicting the inhomogeneous magnetic field that they produce. 
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FIGURE 7.11 

- i "'fo.·- ·Zl f ,......., J. . 

1~ 

A postcard from Walther Gerlach to Niels Bohr, dated February 8, 1922. The left side shows 
the pattern of the beam of silver atoms without a magnetic field, and the right side shows the 
pattern with the inhomogeneous magnetic field. Reproduced courtesy of Niels Bohr Archive, 
Copenhagen, Denmark. 

2l + 1 discrete orientations, and so such a system will be split into 2/ + 1 components 
by an inhomogeneous magnetic field. Stern and Gerlach found the quite unexpected 
result that a beam of silver atoms splits into only two parts (Figure 7 .11 ). Note that 
this corresponds to 2l + 1 = 2, or to l = 1/ 2. U p to now we have admitted only integer 
values of l. 

Another similar observation is the splitting that occurs in atomic spectra. For 
example, under high resolution it was observed that the n = 2 to n = 1 transition 
in atomic hydrogen is split into two closely spaced lines, called a doublet. These 
observations cannot be explained using the ideas and equations that we have developed 
up to now, and although there were indeed ingenious theories for all these observations, 
the later contributions of a number of people made these explanations more and more 
tenuous. In addition, why all the electrons in the ground state of an atom do not occur 
in the innermost shell, which is the shell of lowest energy, was not understood. Niels 
Bohr had done a great deal of work on the periodic system of the elements, and this 
was always an underlying nagging question. 

In 1925, Wolfgang Pauli showed that all these observations could be explained 
with the postulate that an electron can exist in two distinct states. Pauli introduced a 
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fourth quantum number in a rather ad hoc manner. This fourth quantum number, now 
called the spin quantum number ms, is restricted to the two values +i and - 4. It is 
interesting that Pauli did not give any interpretation to this fourth quantum number. The 
existence of a fourth quantum number was somewhat of a mystery because the three 
spatial coordinates of an electron account for n, I, and m1, but what is this quantum 
number due to? 

It was finally two young Dutch physicists, George Uhlenbeck and Samuel Goud
smit, in 1925, who showed that the two intrinsic states of an electron could be identified 
with two angular momenta, or spin, states. We have seen earlier that the orbital motion 
of electrons leads to an associated magnetic moment. 

We are going to simply graft the concept of spin onto the quantum theory and 
onto the postulates that we have developed earlier. This may appear to be a somewhat 
unsatisfactory way to proceed, but it turns out to be quite satisfactory for our purposes. 
In the early 1930s, the British physicist Paul Dirac developed a relativistic extension of 
quantum mechanics, and one of its greaitest successes is that spin arose in a perfectly 
natural way. We shall introduce spin here, however, in an ad hoc manner. 

We have seen from the Stern- Gerlach experiment that a beam of silver atoms splits 
into two components, implying that the magnetic moment of its single outer electron 
and its associated angular momentum is described by an angular-momentum quantum 
number, l = ! . Just as we have the eigenvalue equations for f.} and f 2, 

(7.48) 

and 

(7.49) 

we define the spin operators S2 and sz and their eigenfunctions a and fJ by the equations 

A2 •2 Sa =Ii s(s + l)a 

A 1 
Sp = - lia 

2 

A2 2 
S fJ = Ii s (s + 1) fJ 

1 
S= -

2 
(7.50) 

In a sense a= rij; and fJ = Y1/~12 , but this is a strictly formal association and a and 

{J, and even S2 and sz for that matter, do not have to be specified any further. 
Just as we can write that the value of the orbital angular momentum of an electron 

in a hydrogen atom is given by 

L = h)l(l + 1) (7.51) 

we can say that the spin angular momentum of an electron is 

S = li)s(s + 1) (7.52) 
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Unlike!, which can varyfromO tooo, scan haveonlythevalues = 4. Note that because 
s is not allowed to assume large values, the spin angular momentum can never assume 
classical behavior. Spin is strictly a nonclassical concept. The functions a and f3 in 
Equation 7.50 are called spin eigenfunctions. We assume that a and f3 are orthonormal, 
which we write formaUy as 

J a*a da = J {3* f3 da = l 

f a* f3 da = f af3* da = 0 

(7.53) 

where a is called the spin variable. The spin variable has no classical analog. We 
emphasize that Equations 7.53 are formal. The spin variable a is noi a continuous 
variable, having only two z components ±n/2. Some authors write Equations 7.53 as 
summations over a = ±1/ 2, but they are better written in the bracket notation: 

(a I a ) = ({3 I {3) = l 
(a l f3) = (f3 1a) =0 

(7.54) 

We can also express a and f3 in a different notation to emphasize their (spin) 
angular-momentum nature. For orbital angular momentum, we have 

Using this notation, Equations 7.48 and 7.49 become 

l = 0, l, 2, ... (7.55) 

and 

m 1=0, ±1, ... , ±l (7.56) 

For spin states, l ~ s = 4 and m1 ~ms = ±l/ 2, and so we make the correspondence 

Using this notation, Equations 7.50 become 

and 

l 
S=-

1 
m.=±-.. 2 

2 

(7.57) 

(7.58) 

(7.59) 
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and Equation 7 .54 becomes 

(s m~ I sm')= 8111 m' 
• S S• S 

(7.60) 

where 8
111 111, is the Kronecker delta. 

S• S 

We must now include the spin functions a and fJ with the spatial functions. To a 
first approximation, the spatial and spin parts of the wave function are independent and 
so we write 

or l/!11 ,1, 111,(r, B, ¢)fJ(a) (7.61) 

In the bracket notation, we have I n I m 1 ms). Thus, four quantum numbers are required 
to specify the state of an electron in a hydrogen atom. 

The complete one-electron wave function I n l m 1 ms) is called a spin orbital. The 
first two spin orbitals of a hydrogen atom are 

and 

_ I _ Z - Zr/ a0 
( 

3 ) 1/2 

'-l1100- !(r,a) - l IOO -2)- rra~ e fJ 

where r = (r, (),¢)and d r = r 2 sin Odrd0d¢. It follows that each of the spin orbitals 
is normalized because we can write 

J W~oo! (r , a)IJ!IOO~ (r , a) d rda = (1004 I lOOi) 

z31oo . = -
3 

e- 221 /ao 4rr r 2 dr(a I a) = I 
rra0 o 

EXAMPLE 7-6 
Show that the two spin orbitals ll' 1001(r , a) and ll' 100_ 1(r , a) are orthogonal. 

2 2 

SO LUTION: 

J z3fo oo . ll'~001 (r , a)ll'100_1 (r , a) drda = - 3 e-2Zi/ao 4nr2 dr (a I fJ} = O 
2 2 rr a0 o 

because (a I fJ} = 0. We can express the orthonormality of w 1001 and IJI 100_ 1 as one 
2 2 

equation by writing 
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Note that even though the " 100" part in these wave functions is normalized, the two 
wave fi.mctions are orthogonal due to the spin parts. 

The Hamiltonian operator given in Equation 7 .2 does not contain spin (it is strictly 
electrostatic), and so the corresponding energies are independent of the spin state. Thus, 
the wave functions In l m1 ~) and I n I m1 - i) have the same energy if Equation 7.2 is 
used for the Hamiltonian operator. 

7.6 Spin-Orbit Interaction Affects the Energies of a Hydrogen Atom 

We saw in Section 7.4 that an electron has a magnetic moment that is proportional to 
its orbital angular momentum, or that 

(7.62) 

We have subscripted m with an L here to emphasize that this magnetic moment is due 
to the orbital angular momentum of the electrnn. Given that the eigenvalues of L 2 are 
lil(l + 1), we can write the magnitude of m L as 

mi= _ I e Iii [l(/ + l))112 = - f3B [l(l + l))1; 2 
2me 

(7 .63) 

where {38 is the Bohr magneton. There is also a magnetic moment associated with the 
spin of the electron. It's given by an equation similar to Equation 7 .62, but in order 
to obtain agreement with a number of experimental observations, we must modify 
Equation 7.62 by introducing a factor g and write 

(7.64) 

and 

ms= - gf38 [s(s + 1)]112 (7.65) 

where g = 2. For several years, g was called the "anomalous" spin factor, but it 
appeared as a natural result when Dirac formulated his relativistic extension of quantum 
mechanics. 

According to Equation 7.64, then, we have 

gl e IS2 gl e llim5 ms= - --- = -
' 2me 2me 

= - g f3s ms= ±f3s (7.66) 
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In the Stern- Gerlach experiment, the two projections of the beam occurred at positions 
consistent with magnetic moments ±/38 , just as Equation 7 .66 predicts. 

As we pointed out above, the Hamiltonian operator in Equation 7.2 is strictly 
electrostatic, and does not contain spin. T his Hamiltonian operator yields the energies 
E,, = -mee4/8E~li2n2, which give a very good description of the hydrogen atomic 
spectrum. Nevertheless, there are discrepancies. For example, a close examination of 
the n = 2 to n = l transition shows that it consists of a doublet, which is one of many 
observations that led Uhlenbeck and Goudsmit to introduce electron spin into quantum 
mechanics. It was soon recognized that it was necessary to take into account the fact 
that the magnetic moment due to orbital angular momentum and the magnetic moment 
due to spin angular momentum interact with each other, just as two magnets interact 
with each other, and the energy of this interaction must be included in the Hamiltonian 
operator. When this is done, Equation 7 .2 becomes 

.A 11,2 2 e2 A A 

H = - -'\/ - -- + ~(r) L · S 
2me 4rrEor 

(7.67) 

where ~(r) is a function whose form is not necessary here. (See, however, Problem 
7-43.) The added term is called the spin-orbit interaclion te1m. 

Realize that spin-orbit interaction is a small effect in a hydrogen atom, and that 
the resultant energies are going to differ only slightly from the electrostatic energies 
E,, = -mee4/8E~li2n2 . We are not able to solve the Schrodinger equation exactly with 
the spin-orbit interaction term included, but because the effect of the term is small, 

we expect that the energies E,, = -mee4/8E~li2n2 will be altered only slightly by its 
inclusion. We can use a technique called perturbation theory to calculate how much 
the electrostatic energies are altered (perturbed). This will not be necessary for our 
purposes here, but we'll learn how to calculate the effect of perturbations in Chapter 8. 

There is one consequence of spin-orbit interaction that we must discuss here, 
however. When the spin-orbit interaction is taken into account, L2 and S2 no longer 

commute with H and so L and S are no longer conserved; only the total angular 
momentum, 

J = L + S (7.68) 

is conserved. In analogy with Equations 7.55 and 7.56 (and Equations 7.58 and 7.59), 
we have 

and (7.69) 

If spin-orbit interaction is considered, then the energy of a hydrogen atom depends 
upon n and j. We know that the allowed values of I are 0, 1, 2, . .. and the only 
allowed value of s is 1/2. What are the allowed values of j? This type of question 

arises frequently in quantum mechanics; we have two angular momenta and we wish to 
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determine the allowed values of their sum. This general problem is called addition of 
angular momenta. The general theory of the addition of angular momenta is a little bit 
involved, but it's fairly easy to determine the allowed values of j in this case, however, 
because s = 1/ 2 and ms can assume only two values, ± 1/ 2. 

There are 2l + 1 possible orbital angular-momentum states for a fixed value of I and 
2s + 1 = 2 possible spin angular-momentum states, giving 2(21 + 1) as the total number 
of states. Let's consider the case l = 0 first. There are only two possible states, those 
with mi= m1+ ms= 0 ± 1/ 2 = ±1/ 2. Since mi= ±1/ 2, then)= 1/ 2. (See Table 7.6.) 

Now let's consider the case for l = 1, for which there is a total of 2(2 x 1 + 1) = 6 
states. The largest possible value of mi = m1 + ms is mj = 1 + 1/ 2 = 3/ 2. In that case, 
j = 3/ 2 with 

3 1 I 3 
Jn·= - - -- --

} 2' 2' 2' 2 (; = ~) 
This accounts for four of the six states. There is only one way to obtain mi= 3/ 2, but 
there are two ways to obtain mi= 1/2-namely, mj = 0 + 1/ 2 and mj = 1 - 1/2. One 
of these is accounted for above as part of the j = 3 / 2 state, but there is one left over. 
This state, with mi = 1/ 2, must belong to the j = 1/2 state. Because a j = 1/ 2 state has 
two values of mi(± 1/2), we have 

1 1 
Jn ·= - --

} 2' 2 

This accounts for all six states, and so we see that j = I + s =I + f and j = I - s = 

I - ~·(See Table 7.6.) 
We need to consider only one more value of I to see the pattern. There are 

ten possible states when I = 2 (2 x 2 + 1). The largest possible value of mi is mi = 
2 + 1/2 = 5/ 2. Thus, we have j = 5/ 2 with 

5 3 1 1 3 5 
Jn ·= - - - -- -- --

} 2'2'2' 2' 2' 2 (. 5) 1= -
2 

This accounts for six of the ten possible states. There is only one way to obtain mi = 5 / 2, 
but there are two ways to obtain mi = 3/2- namely, mi = 1 + 1/ 2 and mi = 2 - 1/ 2. 
One of these is accounted for by the j = 5 /2 state above, but the other is not. It must 
belong to the j = 3 /2 state, with 

3 1 I 3 
Jn·= - - - - - -

} 2' 2' 2' 2 

This accounts for all ten states, and we see that j = I + s = 5/ 2 and j =I + s - 1=3/2. 
(See Table 7.6.) 
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T A B l E 7.6 
The Allowed Values of the Total Angular Momentum, j , for Various 
Values of l When the Orbital Angular Momentum, l , and the Spin Angular 
Momentum, s = 1/2, of a Single Electron Are Added a 

l = 0 2 states 

I l 
fl'I · = - - -] 2' 2 

I = I 6 states 

3 J l 3 
mj = 2' 2' - 2, - 2 

I l 
m· = - - -

1 2' 2 

I = 2 10 states 

5 3 l l 3 5 
mj = 2' 2' 2' - 2, - 2, - 2 

3 I l 3 
m· = - - - - - -

1 2' 2' 2' 2 

I = 3 14 states 

7531 I 3 5 7 
mj = 2' 2' 2' 2' - 2, - 2, - 2, - 2 

5 3 l 1 3 5 
m· = - - - - - - - - -

1 2'2'2' 2' 2' 2 

a. The total number of states for a given value of I is 2(2l + !). 

EXAMPLE 7-7 
Repeat the above analysis for l = 3. 

. I 
l =-

2 

. 3 
l =-

2 
. I 

l =-
2 

. 5 
l =-

2 
. 3 

l =-
2 

. 7 
l =-

2 
. 5 

l =-
2 

SOL UTI ON: There are 14 possible states, 2 (2 x 3 + I). The largest possible value of 
m j is 3 + 1/2 = 7 /2. Thus, we have j = 7 /2 with 

7531 I 3 5 7 
m· = - - - - - - - - - - - -

1 2'2'2'2' 2' 2' 2' 2 

which accounts for 8 of the 14 possible st.ates. There is only one way to obtain mj = 7 /2, 
but there are two ways to obtain mj = 5/2- namely, mj = 2 + 1/2 and mj = 3 - 1/2. 
One of these is accounted for by the j = 7 /2 state above, but the other is not. It must 
belong to the j = 5/2 state, with 

These two values of j accotmt for all 14 possible states. 
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Table 7.6 summarizes these results. Notice that we obtain j = l + s and l - s, 
except when l = 0, where we obtain only j = I + s. We can summarize all these results 
in one equation by writing 

J=l + s and 1 l - s I (7.70) 

When l = 0, we have j = 1/2; when l = 1, we have j = 3/2 and 1/2; and when l = 2, 
we have j = 5/2 and 3/2, and so on. 

7.7 The Electronic Energy Levels of a Hydrogen Atom 
Are Described by Term Symbols 

The electronic energies of a hydrogen atom depend only upon the principal quantum 
number n if we do not include spin-orbit interaction, but they depend upon n and j 
if we do. We designate the electronic states of a hydrogen atom by an atomic term 
symbol, which is expressed by the occupied orbital followed by the symbol 211. The 
left superscript here represents the multiplicity (degeneracy) of the spin, which is 
2s + 1 = 2. In writing a term symbol for atomic hydrogen, we make the correspondence 

= 0 1 2 3 4 

S P D F G etc. 

Therefore, the ground electronic state, for which I = 0 and j = 1/2, is designated by 
ls 2s112 · 

Table 7.7 lists the term symbols and the energies for the first few electronic states 
of atomic hydrogen. Except for a small difference between the various 2S 112 and 2P 112 
states, which is due to a subtle quantum-electrodynamic effect, the energies for each 
value of n depend only on j, due to spin-orbit coupling. Table 7. 7 is a screen shot of part 
of the actual output from a website (http://physics.nist.gov/PhysRejData/ASD/levels_ 
form.html) maintained by the National Institutes of Standards and Technology that lists 
the energy levels for essentially all the atoms and their ions. The notation HI in this case 
denotes a neutral hydrogen atom. We shall visitthis website for other atoms in Chapter 9, 
where we shall see that multielectron atoms are also described by atomic term symbols 
2s+i L J• where S is the total spin angular momentum, L is the total orbital angular 
momentum, and .I is the total angular momentum. In the case of atomic hydrogen, 
S = 1/ 2, L = I, and .I = j = l ± 1/2. 

Let's use Table 7. 7 to take a closer look at the atomic hydrogen spectrum. In 
particular, let's look at the Lyman series, which is the series of lines that arise from 
transitions from states with n ::::, 2 to the n = 1 state. (See Figure 1.10.) As we did in 
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T AB L E 7.7 
A Screen Shot of the First Few Electronic States of Atomic Hydrogen 

HI 167 Levels Found (Page 1 of 10) 

•s 2s 1,2 0 

2p 2pe 112 82 258.9206 
::i,.2 82 259 . 2865 

2s 2s 1,2 S2 258.9559 

3p 2p• 1,2 97 492.2130 
:l,12 97 492 .321 4 

3s 25 1,2 97 492.2235 

la 20 ::!12 97 492 . 3212 
s,.2 97 492 . 3574 

4p 2?" 1,2 102 823.8505 
::i,.2 102 823. 8962 

4s 2s 1,2 102 823.8549 

4d 20 :l/2 102 823 . 8961 
S,r

2 102 823 . 9114 

"' 2p 512 102 823 . 9113 
1,12 102 823.9190 

Sp 2p> 1,2 105 291.6306 
::i,2 105 291.6540 

Source: http://physics.nist.gov/PhysRejDatalASD/levels_jorm.html 



7.7. The Electronic Energy Levels of a Hydrogen Atom Are Descr ibed by Term Symbols 

Chapter 1, we can use the Rydberg formula to calculate the frequencies of the lines in 
the Lyman series: 

v= 109677.58 (1 - n
1
2

) cm- 1 n =2, 3, ... (7.71) 

Ifwe express our results in terms of wave numbers, we obtain the following: 

Transition Frequency/cm- 1 

2 -7 1 82 258.19 

3 -7 1 97 491.18 

4 -7 1 102 822.73 

5 -7 1 I 05 290.48 

Ifwe use Table 7.7, we see that there are three states for n = 2. Not all these states can 
make a transition to the ground state because of selection rules. Recall that selection 
rules are restrictions that govern the possible, or allowed, transitions from one state to 
another. In the case of atomic spectra, the selection rules are 

.0.L = ±1 

.0.S = 0 

.0.J = 0, ±1 

(7.72) 

except that a transition from a state with J = 0 to another state with J = 0 is not 
allowed (forbidden). The selection rules given by Equations 7.72 have been deduced 
experimentally and corroborated theoretically (see Problem 7-46). (The rule .0.L = ± 1 
follows from the principle of conservation of angular momentum because a photon has 
a spin angular momentum of Ii. ) 

The selection rules given in Equations 7.72 tell us that 2P ~ 2S transitions are 
allowed, butthat2 S ~ 2S transitions are not allowed because .0.L = 0 and that 2S ~ 2D 
transitions and 2F ~ 2P transitions are not allowed because .0.L = ±2, respectively, in 
these transitions. Thus, if we look closely at the Lyman series of atomic hydrogen, we 
see that the allowed transitions into the ground state are 

or 

( 

.0.L = 1 ) 
np 2P312 ~ ls 2S1; 2 .0.S = 0 

.0.l= - 1 
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No other transitions into the ls 2S112 ground state are allowed. Atomic term symbols 
are sometimes called spectroscopic term symbols because atomic spectral lines can be 
assigned to transitions between states that are described by atomic term symbols. 

The frequencies associated with the 2 ~ 1 transitions can be computed from 
Table 7.7; their values are 

v = (82258.9206 - 0.00) cm- 1=82 258.9206 cm- 1 

v = (82 259.2865 - 0.00) cm- 1=82259.2865 cm- 1 
(7.73) 

respectively. Then= 2 ton= l transition occurs at a frequency v = 82 258.19 cm- 1 

if we ignore spin-orbit coupling, but it consists of two closely spaced lines whose 
frequencies are given by Equations 7. 73 if spin-orbit coupling is included. This closely 
spaced pair of lines is called a doublet, and so we see that under high resolution, the 
first line of the Lyman series is a doublet. Table 7.7 shows that all the lines of the 
Lyman series are doublets and that the separation of the doublet lines decreases with 
increasing n. The increased spectral complexity caused by spin-orbit coupling is called 
fine structure. 

EXAMPLE 7-8 
Calculate the frequencies of the lines in the 3d 2D to 2p 2P transition for atomic 
hydrogen. 

SOLUTION: There are two 2p 2P states in atomic hydrogen, 2p 2P112 and 2p 2P312 . 

The allowed transition from the 3d 2D states into the 2p 2P112 state is 

v = (97 492.3212 - 82 258. 9206) cm - 1 = 15 233.4006 cm - 1 

and the 3d 20 ~ 2p 2P3; 2 transitions are 

3d 2D 312 ~ 2p 2P312 

v = (97 492.3212 - 82 259.2865) cm-1 = 15 233.0347 cm- 1 

and 

3d 2D s12 ~ 2p 2p3/ 2 

v = (97 492.3574 - 82 259.2865) cm- 1 = 15 233.0709 cm-1 

These three transitions are illustrated in Figure 7.12. Note that the 3d 2D512 ~ 2p 2P1; 2 

transition is not allowed because t::,J = 2 is not allowed. 
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' 2p 2p ______ , 

------- 3d 2Ds,2 
_,..... ___ 3d 2 D,,

2 

11 
1~1 

0.33 cm- 1 

FIGURE 7.12 
The fine structure of the spectral line asso
ciated with the 3d 2D ---+ 2p 2P transition in 
atomic hydrogen. 

7.8 The Speclrum of Atomic Hydrogen in an External Magnetic Field 
Is Accounted for by the Zeeman Effect 

We saw in Section 7.4 that the energy levels of a hydrogen atom are split by an external 
magnetic field (Figure 7 .9). We predicted at that time that the 2p ~ ls transition should 
be split into three lines, which is not in accord with experiment. In fact, ten lines are 
observed. We claimed that this discrepancy is due to the spin of the electron, and in this 
section, we shall see how these ten lines arise. 

Equations 7.62 and 7.64 show that the magnetic moments associated with orbital 
angular momentum and spin angular momenrum are given by 

and 

respectively. The total magnetic moment is m L + ms, and the energy of its interaction 
with an external magnetic field (which is taken to be in the z direction) is given by 

(7.74) 

If we replace L 2 and S2 by their operator equivalents, then Equation 7. 74 gives the part 
of the Hamiltonian operator that accounts for the external magnetic field. For typical 
magnetic field strengths, the effect of Vin Equation 7.74 is small and can be treated by 
perturbation theory. The final result is that the states given in Table 7.6 are split by 

(7.75) 

where mj = - j , - j + 1, . .. , 0, 1, ... , + j and 
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2p 2P 312- - - - - - - - - - - - - - - - - - - - - - - - - - - -

2p 2 p 1/2 - - - - - - - - - - - - - - - - - - - - - - - - -

ls 2S 112 - - - - - - - - - - - - - - - .. - - - - - - - - - - - - - - - - - - -

11 11 111 · 111 

FIGURE 7.13 
The Zeeman effect for the Is and 2 p levels of atomic hydrogen in a weak external magnetic 
field, showing the allowed transitions. A schematic diagram of the resulting spectrum is shown 
at the bottom. The dashed lines show the fine structure that is present in the absence of an 
external magnetic field. 

{
2(l+l) 

g(j, l) = 2l2L + l 
21 + l 

j =l + i 

. / I J = - 2 

This quantity g(J, l) is known as the Lande g factor. Note that g = 2 for the ls 2S112 

states, 2/3 for the 2p 2P112 states, and 4/3 for the 2p 2P312 states. 
Figure 7.13 shows the splitting of the ls 2S112, 2p 2P112, and 2p 2P312 states in an 

external magnetic field. The allowed transitions (t:.mj = 0, ±1) are indicated, along 
with a schematic sketch of the resulting spectrum. Note that there are ten lines in the 
2p ~ ls transition. 

EXAMPLE 7-9 
Using the data in Table 7. 7 , calculate the frequency (in cm-1) of the extreme right-hand 

transition in Figure 7.13 in an external magnetic field of 1.00 tesla. 

SO LUTION: The values oft, j, and m1 in the upper state (2p 2P312) are 1, 3/2, and 
1/2, respectively. Therefore, g = 4/3 in Equation 7.75 and we have 



7.9. The Schrodinger Equation for a Helium Atom Cannot Be Solved Exactly 

~£upper = ~fJB (~)(LOOT) = 2(9.274 x 10-24 J) 
3 2 3 

= (D (9.2740 x 10-24 1)(5.0341 x io22 cm-1.r1) 

= 0.3112 cm-1 

The energy of the upper state is, using the data in Table 7. 7, 

£upper = (82 259.2865 + 0.3112) cm-1 = 82 260.5977 cm- 1 

For the lower state (ls 2S 112), the values of l, j, and mj are 0, 1/2, and - 1/2, respectively. 
Therefore, g = 2 in Equation 7.75 and we have 

E1ower = 0 cm- 1
- 2fJs (~) (1.00 T) = - 0.4669 cm-1 

The frequency of the transition, then, is 

~E = Eupper - Ei(foNer = 82 261.0646 cm-l 

The frequency that we would calculate on the basis ofa purely electrostatic Hamiltonian 
operator is 

~E = (109 677.58 cm- 1
) (1 -D = 82 258.19 cm- 1 

7.9 The Schrodinger Equation for a Helium Alom 
Cannot Be Solved Exactly 

The next system to study is the helium atom, whose Schrodinger equation is 

(7.76) 

In this equation, R is the position of the helium nucleus, and r 1 and r2 are the positions 
of the two electrons; M is the mass of the nucleus, and m e is the electronic mass; 'V2 is 
the Laplacian operator with respect to the position of the nucleus, and 'V~ and VJ are the 
Laplacian operators with respect to the positions of the electronic coordinates. Realize 
that this is a three-body problem and not a two-body problem, and so the separation 
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into center-of-mass and relative coordinates is much more complicated than it is for 
hydrogen. Because M » me• however, regarding the nucleus as fixed relative to the 
motion of the electrons is still an excellent approximation. Under this approximation, 
we can fix the nucleus at the origin of a spherical coordinate system and write the 
Schrodinger equation as 

(7.77) 

Even this simplified equation cannot be solved exactly. 
The e2 / 4 rr Eo Ir 1 - r 21 term is called the interelectron ic repulsion term and is directly 

responsible for the difficulty associated with Equation 7.77. If this term were not there, 
the total Hamiltonian operator in Equation 7.77 would be the sum of the Hamiltonian 
operators of two hydrogen atoms. According to Equations 3.61 through 3.64, the total 
energy would be the sum of the energies of the two individual hydrogen atoms, and the 
wave function would be a product of two hydrogen atomic orbitals. 

Because we cannot solve Equation 7. 77 exactly, we must resort to some approxi
mation method. Fortunately, two quite different approximation methods that can yield 
extremely good results have found wide use in quantum chemistry. These are called the 
variational method and p erturbation the01y and are presented in the next chapter. 

Problen1s 

7-1. Show that both /i2V2 /2me and e2/47r€0r have the units of energy Uoules). 

7-2. Show that the substitution R (r) r;111 (B, </>) into Equation 7. 7 yields Equation 7. 10. 

7-3. Show that the radial functions given in Table 7.2 are normalized. 

7-4. Referring to Table 7.2, show tlmt R10(r) and R20(r) are orthononnal. 

7-5. Referring to Table 7.3, show that the first few hydrogen atomic wave functions are or
thonormal. 

7-6. Show explicitly that 

for the grmmd state of a hydrogen atom. 

7-7. Show explicitly that 

for a 2p0 state of a hydrogen atom. 



Problems 

7-8. Show that all of the following expressions for the ground state of a hydrogen atom are 
equivalent: 

7-9. Calculate the probability that a hydrogen Is electron will be found within a distance 2a0 
from the nucleus. 

7-10. Calculate the radius of the sphere that encloses a 50% probability of finding a hydrogen 
ls electron. Repeat the calculation for a 90% probability. 

7-11. Many problems involving the calculation of average values for the hydrogen atom require 
doing integrals of the form 

I = 100 

r"e-fir dr 
II 

0 

This integral can be evaluated readily by starting with the elementary integral 

/ 0({3) = e-fir dr = -1
00 l 

0 fJ 

Show that the derivatives of I ({3) are 

di [ 00 

d; = - Jo re-/3' dr 

and so on. Using the fact that /0({3) = 1/ fJ, show that the values of these two integrals are 
- 1/ {32 and 2/ {33

, respectively. Show that, in general, 

__ o = ( - 1)" r 11 e-f3'dr = (- l)11 - 1.-d" f 1"° t I 

df311 0 fJ"+ I 

and that 

I=~ 
II fJ"+ I 

7-12. Prove that the average value of r in the ls and 2~ states for a hydrogen-like atom is 
'3a0/2Z and 6a0/ Z, respectively. (Compare your result to Table 7.4.) 

7-13. Prove that (V) = 2(£ ) and, consequently, that (V) / (T) = - 2, for a 2p0 electron. 

7-14. By evaluating the appropriate integrals, compute (r ) in the 2s, 2p, and 3s states of the 
hydrogen atom; compare your results with Table 7.4 and the general formula 

(r 111) = ao (3n2 - l(l + l)] 
22 
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7- 15. By evaluating the appropriate integrals, compute ( 1/ r } in the 2.~, 2p, and 3s states of the 
hydrogen atom; compare your results with Table 7.4 and the general formula 

( ~ ),,./ 
7-16. Use the results in Table 7.4 to show that 1/ ( r } i= ( I/ r }. 

7-17. Show that the two maxima in the plot of r 2 Ri0(r) against r occur at (3 ± .J5)a0. (See 
Figure 7.2.) 

7-18. Calculate the value of (r} for the n = 2, I = 1 state and the n = 2, l = 0 state of the 
hydrogen atom. Are you surprised by the answers? Explain. 

7- 19. The average value of r for a hydrogen-like atom can be evaluated in general and is given 

by (see Table 7.4) 

(r},,1 = n:ao { l + ~ [ 1- l(l ~ 1) J} 
Verify this formula explicitly for the ijt21 1 orbital. 

7- 20. The average value of r2 for a hydrogen-like atom is given in Table 7.4. Verify the entry 

explicitly for the ijt210 orbital. 

7-21. The average values of 1/r, 1/r2 , and l/r3 are given in Table 7.4. Verify these entries 
explicitly for the 1/1210 orbital. 

7-22. ln Chapter 4, we learned that if 1/11 and 1/12 are solutions of the Schrodinger equation that 
have the same energy E,,, then c 11/11 + c2ijt2 is also a solution with that energy. Let 1/11 = 1/1210 

and 1/12 = 1/tw (see Table 7.3). What is the energy corresponding to 1/t = c11/11 + c2 ijt2, where 
c~ + c~ = 1? What does this result tell you about the uniqueness of the three p orbitals, Px• 
Py, and Pz? 

7-23. Verify the linear combinations given in Equations 7.32. 

7- 24. Show that the total probability density of the 2p orbitals is spherically symmetric by 
l 

evaluating L 1 1/12 ~11/ . (Use the wave functions in Table 7.3 .) 
1111= - l 

7-25. Show that the total probability density of the 3 d orbitals is spherically symmetric by 
2 

evaluating L 11/13211111
2. (Use the wave functions in Table 7.3.) 

1111= -2 

7- 26. Show that the sum of the probability densities for then = 3 states of a hydrogen atom is 
spherically symmetric. Do you expect this to be true for all values of n? Explain. 

7-27. The designations of the d orbitals can be rationalized in the following way. Equation 7.32 
shows that dxz goes as sine cos e cos¢. Using the relation between Cartesian and spher
ical coordinates, show that sine cos e cos <P is proportional to xz. Similarly, show that 
Sine COS e Sin <P (d\'Z) iS proportional tO yz, that Sin2 e COS 2¢ (dx2-y2) iS proportional tO 

x 2 - y2, and that sin2 e sin 2¢ (dxy) is proportional to xy. 



Problems 

7- 28. What is the degeneracy of each of the hydrogen atomic energy levels (neglecting spin
orbit interactions)? 

7-29. Set up the Hamiltonian operator for the system of an electron interacting with a fixed 
nucleus of atomic number 2 . The simplest such system is singly ionized helium, where 
2 = 2. We will call this a hydrogen-like system. Observe that the only difference between 
this Hamiltonian operator and the hydrogen Hamiltonian operator is the correspondence 
that e2 for the hydrogen atom becomes 2e2 for the hydrogen-like ion. Consequently, show 
that the energy becomes (cf. Equation 7.11 ) 

m 2 2e4 
E = - - e __ 

II 8 2h2 2 E0 n 
n = I, 2, ... 

Furthermore, now show that the solutions to the radial equation, Equation 7. I 0, are 

R,(r) = - (n - l - 1). 22 rle-Zr/m•oi21+l 22r 
{ 

I } l/2 ( ) 1+3/2 ( ) 
11 2n[(n + l)!] 3 na0 

11+1 na0 

Show that the Is orbital for this system is 

( 

3/2 
VtL< = _l_ 2) e-Zr/ao 

.fi ao 

and show that it is normalized Show that 

3a0 (r }=-
22 

and 

Last, compare the ionization energy of a hydrogen atom and that of a singly ionized helium 
atom. Express your answer in kilojoules per mole. 

7- 30. What is the ratio of the ground-state energy of atomic hydrogen to that of atomic 
deuterium? 

7- 31. The vi rial theorem is proved in general in Problem 5-43. Show that if V (x, y, z) is a 
coulombic potential 

then 

(V} = - 2(f} = 2(£} (l) 

where 

(£ ) = (f ) + (V) 

We proved that this result is valid for a ls electron in Section 7.2 and for a 2~ electron in 
Example 7-4. Although we proved equation 1 only for the case of one electron in the field 
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of one nucleus, equation l is valid for many-electron atoms and molecules. The proof is a 
straightforward extension of the proof developed in this problem. 

7-32. Show that Equation 7.36 reduces to Equation 7.35 in the case of a circular orbit. 

7-33. Show that V in Equation 7.42 has units of energy. 

7-34. Verify the value of a Bohr magneton, given in Equation 7.47. 

7-35 . Superconducting magnets have magnetic field strengths of the order of 15 T. Calculate 
the magnitude of the splitting shown in Figure 7.9 for a magnetic field of 15 T. Compare 
your result with the energy difference between the unperturbed ls and 2p levels. Show that 
the three distinct transitions shown in Figure 7.9 lie very close together. 

7- 36. Show that the force acting upon a magnetic dipole moment in a magnetic field Bz that 
varies in the z direction is given by Fz = m,oBz/oz. 

7-37. Explain why the spin functions a and f:i can be represented by I i i> and I i - i> in Dirac 
notation. 

7- 38. Townsend (see end-of-chapter references or Problem 7-43) gives the following formula 
for the shift of a hydrogen atom energy level due to spin-orbit coupling: 

~E - e x m c2 Z4a
4 

{ l 
so - 4n3(f + i)t(l + 1) - (l + I) 

j = l + i 
. [ I 

J = - 2 

The only new quantity in this expression is a, which is called the.fine structure constant , 
and is given by e2 /4rcE0/ic. Use this formula for ~Eso to show that the difference in energy 
between two states with the same value ·of n and l is 

2 2 4 4 
cliff = mec a 

2n3/(l + 1) 

5.843724 cm- 1 

n 3l(l + I) 

Calculate the difference in energies between the 2p 2P 112 and 2p 2P312 states of a hydrogen 
atom and compare your resul ts to what you obtain from Table 7.7. Do the same for the 
3 p 2P 112 and 3 p 2 P 312 states and the 4 p 2P 112 and 4 p 2P 312 states. 

7-39. Use the equation of the previous problem to calculate the difference in energy between 
the 3d 2D312 and 3d 2 D513 states and the 4d 2D312 and 4d 2D512 states of a hydrogen atom. 

How about for the 4f 2F512 and 4/ 2F712 states? 

7-40. Use the formula in Problem 7- 38 to determine the value of the fine structure constant. 
Take its reciprocal. 

7-41. Repeat Problem 7- 38 for a singly ionized helium atom. Go to http://physics.nist.gov/ 
PhysRefData.ASD/levelsJorm.html to see the energy levels of He+, and compare your 
results to the experimental values. 

7-42. Repeat Problem 7-39 for a singly ionized helium atom. Go to http://physics.nist.gov/ 
PhysRe.fData.ASD/levelsJonn.html to see the energy levels of He+, and compare your 
results to the experimental values. 



Problems 

7-43. This problem develops a heuristic derivation of the formula for t..Ew the shift in the 
hydrogen atom energy level due to spin-orbit interaction (the first formula in Problem 7-38). 
We start with an explicit fonnula for the Hamiltonian operator for spin-orbit interaction (see 
Townsend, end-of-chapter references): 

We want to take the average of this quantity. Show that Hso can be written as 

(Remember that J = L + S.) Although the inclusion of Hso into the hydrogen atom Hamil
tonian operator alters the wave functions, if the effect of Hso is small (as we are assuming), 
then we can use the hydrogen atomic wave functions as a good approximation. The hydro
gen atomic wave functions are eigetlfunctions of i2, i,, 52, and Sv but it's possible to build 
linear combinations of them that are eigenfunctions of .12, J,, i2, and 52 (denote them by 
I n,.!, MJ. l, S}), in which case.!, MJ. l, and Sare good quantum numbers. Use these 
wave functions to argue that 

( n, .!, Ml> l, S I Hsol n, .!, Ml> l, S} 

Now use the fact that (see Table 7.4) 

and that 

A2 '2 A2 2 . . 
(.! - l - S)l.l,MJ>l,S} = fi [.l(.l + l) - l(l + l) - S(S + l)]l.l,MJ,l,S} 

to obtain 

Finally, show that this result becomes 

t..E = e x m c2 Z4a 4 
{ l 

so 4n3/(l + l)(l + ~) - (l + I) 

j = l + i 
. l l 

J = - 2 

This is not a rigorous derivation, but it does give an idea of the "flavor" of the derivation. 

7-44. Extend Table 7.6 to the case l = 4. How many states are there? 
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7-45. Can you deduce a general formula for the total number of states for each value of l in 
Table 7.6? 

7-46. We'll see in Section 8.6 that the selection mle for electronic transitions in a hydrogen 
atom depends upon whether the integral 

I = ( n , l , m11 z I n', l', m;} 

is zero or nonzero. If I = 0, then the transition is forbidden; otherwise, it may occur. Show 
that I = 0 unless 6.1 =± I and 6.m 1 = 0 . Do you find any restriction on 6.n? 

7-47. Using the data in Table 7.7, calculate the frequency (in cm-1) of the extreme left-hand 
transition in Figure 7 .13 in an external magnetic field of 1.00 tesla. Compare your result to 
the frequency that you would obtain neglecting spin-orbit interaction. 

7-48. Using the data in Table 7.7, calculate the frequency (in cm- 1) of the second-from-right 
transition in Figure 7.13 in an external magnetic field of l.00 tesla. Compare your result to 
the frequency that you would obtain neglecting spin-orbit interaction. 
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MA TH CHA PT ER G 
Matrices 

Many physical operations such as magnification, rotation, and reflection through a 
plane can be represented mathematically by quantities called matrices. A matrix is a 
two-dimensional array that obeys a certain set of rules called matrix algebra. Even if 
matrices are entirely new to you, they are so convenient that learning some of their 
simpler properties is worthwhile. Furthermore, a great deal of quantum mechanics or 
modem quantum chemistry uses matrix algebra frequently. 

Consider the lower of the two vectors shown in Figure G. I. The x and y components 
of the vector are given by x 1 = r cos a and y1 = r sin a, where r is the length of r 1. Now 
let's rotate the vector counterclockwise through an angle e, so that x2 = r cos(a + B) 
and Y2 = r sin(a + B) (see Figure G.l). Using trigonometric formulas, we can write 

or 

y 

X2 = r cos( a + B) = r cos a cos e - r sin a sine 

y2 = r sin(a + B) = r cos a sine + r sin a cos e 

X2 = x, cos e - Yi sine 
Y2 =xi sin B + y 1 cos B 

FIGURE G.1 

(G.I) 

x 
An illustration of the rotation of a vector r through 
an angle e. 367 
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We can display the set of coefficients here in the form 

( 
cose 

R= 
sin e 

- sine) 
cos e 

(G.2) 

We have expressed R in the form of a matrix, which is an array of numbers (or functions 
in this case) that obeys the rules of matrix algebra. We will denote a matrix by a sans 
serif symbol (e.g., A, B, etc.). Unlike determinants (MathChapter F), matrices do not 
have to be square arrays. Furthermore, unlike determinants, matrices cannot be reduced 
to a s ingle number. The matrix R in Equation G.2 corresponds to a rotation through an 
angle e. 

The entries in a matrix A are called its matrix elements and are denoted by a;1, 

where, as in the case of determinants, i designates the row and j designates the coltunn. 
Two matrices, A and B, are equal if and only if they are of the same dimension and 
aij = bi.i for all i and j. In other words, equal matrices are identical. Matrices can be 
added or subtracted only if they have the same number of rows and coltunns, in which 
case the elements of the resultant matrix are given by aiJ + biJ . Thus, if 

A= ( - 3 6 4) 
1 0 2 

and 

then 

If we write 

(
- 6 

A+ A=2A= 2 

( 2 1 1) 
B= - 6 4 3 

12 8) 
0 4 

we see that scalar multiplication of a matrix means that each element is multiplied by 
the scalar. Thus, 

EXAMPLE G-1 

(
cM11 

cM = 
cM21 

cM12 ) 
cM22 

Using the matrices A and B above, form the matrix D = 3A - 28. 

SOLUTION: 

D = 3 ( -~ ~ ~) - 2 ( _~ 4 ~) 

=( -~ I~ '!) ( - 1~ ! ~) =( -;~ ~~ I~) 

(G.3) 
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One of the most important aspects of matrices is matrix multiplication. For sim
plicity, we will discuss the multiplication of square matrices first. Consider some linear 
transformation of (x1, y 1) into (.x2, Y2): 

represented by the matrix 

X2=a,1X1 + a12Y1 

Y2 = a21X1 + a22Y1 

Now let's transform (x2, Y2) into (x3, y3): 

represented by the matrix 

X3=b11X2 + b12Y2 

Y3 = b21X2 + b22Y2 

Let the transformation of (.x 1, y 1) directly into (x3, y3) be given by 

represented by the matrix 

Ct2 ) 
C22 

Symbolically, we can write that 

(G.4) 

(G.5) 

(G.6) 

(G.7) 

(G.8) 

(G.9) 

because C results from transforming from (x 1, y 1) to (x2, y2) by means of A, followed 
by transforming (x2, y2) to (x3, y3) by means of 8. Let's find the relation between the 
elements of C and those of A and 8. Substitute Equations G.4 into G.6 to obtain 

or 

X3 = b, ,(a, 1X1 + a12Y1) + h12(a21X1 + a22Y1) 

Y3=h21(a11X1 + a12Y1) + b22(a21.x1 + a22Y1) 

X3=(b11a11 + h12a21)x1 + (b11a12 + h12a22)Y1 

Y3=(b21a11 + b22a21)x1 + (b21a12 + b22a22)Y1 

(G.10) 
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Thus, we see that 

C = BA = (h11 
h21 

MathChapter G I Matrices 

This result may look complicated, but it has a nice pattern that we will illustrate two 
ways. Mathematically, the ijth element ofC is given by the formula 

ciJ = L h;kakj 

k 

Notice that we sum over the middle index. For example, 

c11 = L h1kak1=h11a11 + h12a21 
k 

(G.12) 

as in Equation G.11. A more pictorial way is to notice that any element in C can be 
obtained by multiplying elements in any row in B by the corresponding elements in 
any column in A, adding them, and then placing them in C where the row and column 
intersect. In terms of vectors, we take the dot product of the row ofB and the column of 
A and place the result at their intersection. For example, c 11 is obtained by multiplying 
the elements of row l of B with the elements of column l of A, or by the scheme 

and C12 by 

EXAMPLE G- 2 
FindC= BA if 

B = ( ~ ~ _ :) 

- l - 1 2 

:) 

and 
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SOLUTION: 

EXAMPLE C-3 

(

- 3 +2+ 1 0 +8+ 1 

= - 9 + 0 - I 0 + 0 - I 

3 - 1+2 0 - 4+2 

= ( - 1~ -~ -~ ) 
4 - 2 3 

- 1+ 0 + I ) 
- 3+ 0 - I 

1+ 0 +2 

The matrix R given by Equation G .2 represents a rotation through the angle e. Show that 
R2 represents a rotation through an angle 28. In other words, show that R2 represents 
two sequential applications of R. 

SOLUTI ON: 

R2 = (cos e - sine) (cos e - sin e ) 
sin e cos e sin e cos e 

(
cos2B - sin2 e - 2sinBcose) 

- 2 si11 e cos e cos2 e - sin 2 e 

Using standard trigonometric identities, we get 

2 (cos 28 R = 
sin28 

- sin28) 
cosW 

which represents rotation through an angle W. 

Matrices do not have to be square to be multiplied together, but either Equation G. I I 
or the pictorial method illustrated above suggests that the number of columns ofB must 
be equal to the number of rows of A. When this is so, A and B are said to be compatible. 
For example, Equations G.4 can be written in matrix form as 

(G.13) 
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An important aspect of matrix multiplication is that BA does not necessarily 
equal AB. For example, if 

and B = (~ -~) 
then 

AB = (o 2) (3 o) = (o -2) 
I 0 0 - I 3 0 

and 

BA = ( ~ _ ~ ) ( ~ ~) = ( _ ~ ~) 
and so AB =fa BA. If it does happen that AB = BA, then A and Bare said to commute. 

EXAMPLE G-4 
Do the matrices A and B commute if 

and 

SOLUTI ON: 

AB=(~ ~) 
and 

BA=(~ ~) 
so they do not commute. 

Another property of matrix multiplication that differs from ordinary scalar multi
plication is that the equation 

AB = O 

where 0 is the zero matrix (all elements equal to zero) does not imply that A or B 
necessarily is a zero matrix. For example, 

(1 1) (-1 l)=(o o) 
2 2 1 -1 0 0 
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A linear transformation that leaves (x1, y1) unaltered is called the identity transfor
mation, and the corresponding matrix is called the identity matrix or the unil matrix. 
All the elements of the unit matrix are equal to zero, except those along the diagonal, 
which equal one: 

l 0 0 0 

0 l 0 0 

I= 0 0 0 

0 0 0 

The elements of I are 8iJ, the Kronecker delta, which equals one when i = j and zero 
when i :/= j. The unit matrix has the property that 

IA = AI (G.14) 

The unit matrix is an example of a diagonal matrix. The only nonzero elements of 
a diagonal matrix are along its diagonal. Diagonal matrices are necessarily square 
matrices. 

If BA = AB = I, then Bis said to be the inverse of A, and is denoted by A- 1• Thus, 
A - 1 has the property that 

(G.15) 

If A represents some transformation, then A- 1 undoes that transformation and restores 
the original state. There are recipes for finding the inverse of a matrix, but we won't 
need them (see Problem G- 9, however). Nevertheless, it should be clear on physical 
grounds that the inverse of R in Equation G.2 is 

R- 1 = R(- t9) = . ( 
cose 

- sme 
sine) 
cose (G.16) 

which is obtained from R by replacing e by - e. In other words, if R(B) represents a 
rotation through an angle e, then R- 1 = R(- t9) and represents the reverse rotation. It 
is easy to show that Rand R- 1 satsify Equation G.15. Using Equations G.2 and G.16, 
we have 

R- 1 R = ( cos e sin e ) ( cos e - sin e ) 
- sin e cos e sin e cos e 

= ( cos
2 e +o sin 

2 e 0 ) 
cos2 e + sin2 e 

= (~ ~) 
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and 

RR- 1 = (cos f) 
sin fJ 

- sin fJ ) ( cos fJ sin fJ ) 
cos fJ - sin fJ cos fJ 

= ( cos
2 a +

0 
sin

2 a 0 ) 
cos2 fJ + s in2 fJ 

= (~ ~) 
Most of the matrices that occur in quantum mechanics are orthogonal. The char

acteristic property of an orthogonal matrix is that both its columns and its rows form a 
set of orthogonal vectors. For example, 

(G.17) 

is an orthogonal matrix. The vectors that make up the rows, for example, are normalized, 

and 

_!._[12 + g2 + (- 4)2] = l 
81 

_!_ [42 + (- 4)2 + (- 7)2] = I 
81 

and the dot products of its rows are 

I x 4 + 8 x (- 4) + (- 4)(- 7) = 0 

lx8 + 8x l + (- 4)(4)=0 

4 x 8 + (- 4)(1) + (- 7)(4) =0 

The same is true for its columns. 
It is very easy to find the inverse of an orthogonal matrix. First, we define the 

transpose of A, AT, as the matrix that we obtain from A by interchanging rows and 
columns. The transpose of Equation G.17 is 

AT= ( ~ _ : ~ ) 
- 4 - 7 4 

(G.18) 
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We ob ta in AT from A by simply flipping it about its ruagonal. In terms oft he elements of 

A, we have a~= aj;. lf AT= A, then the matrix is said to be symmetric. In terms of the 

elements of A, we have aij =a ji. Most matrices in quantum mechanics are symmetric. 
It turns out that the inverse of an orthogonal matrix is equal to its transpose, or 

(orthogonal matrix) (G.19) 

EXAMPLE G-5 
Show that AT given by Equation G.18 is equal to A- 1. 

SO LUTI ON: 

( ~ _: ~ ) ( ~ _: =~ ) = ( ~ ~ ~ ) 
- 4 - 7 4 8 4 0 0 I 

otice that the products of the rows of AT into the columns of A are exactly the same 
as those of our original definition of an orthogonal matrix. Thus, AT = A- 1 because both 

the rows and the columns of A form sets of orthogonal vectors. Orthogonal matrices 
correspond to rotations in space. When an orthogonal matrix A operates on a vector v, 
it simply rotates the vector. 

We can associate a determinant with a square matrix by writing 

detA =IAI = 

Thus, the determinant of R is 

I 
cosB 

sine 
- sine I 2 . 2 = cos e + s m e = 1 

costJ 

and det R- 1 = 1 also. If det A= 0, then A is said to be a singular matrix. Singular 
matrices do not have inverses. 

A quantity that frequently arises in group theory is the sum of the diagonal elements 
of a matrix, ca lied the trace of the matrix. Thus, the trace of the matrix 

( 
1/ 2 

B= 0 

\ I 

0 

2 

is 3, which we write as Tr B = 3 (Problem G- 15). 
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Problems 
G-1 . Given the two matrices 

and 

form the matrices C = 2 A - 3 B and D = 6 B - A. 

G-2. Given the three matrices 

A=~(O l) 
2 l 0 

I (0 -i) B= -
2 i 0 

show that A2 + B2 + C2 =11, where I is a unit matrix. Also show that 

AB - BA= iC 

BC - CB= iA 

CA - AC=iB 

G-3. Given the matrices 

show that 

AB - BA=iC 

BC - CB=iA 

CA - AC=iB 

and 

A2 + B2 + C2 = 21 

where I is a unit matrix. 

G-4. Do you see any similarity between the results of Problems G- 2 and G-3 and the commu
tation relations involving the components of angular momentum? 



Problems 

G-5. A three-dimensional rotation about the z axis can be represented by the matrix 

Show that 

Also show that 

- sine 

cose 

0 

det R = IRI =I 

( 

cose 

R- 1 = R(- 9) = - s~n e 
sine 

cose 

0 

G--6. Show that the matrix R in Problem G-5 is orthogonal. 

G-7. Given the matrices 

C3= (~ -_; ) 
I - 2 

( I 
(JV= ;3 n 

show that 

-n 

Calculate the determinant associated with each matrix. Calculate the trace of each matrix. 

G-8. Which of the matrices in Problem G-7 are orthogonal? 

G - 9. The inverse ofa matrix A can be found by using the following procedure: 

I. Replace each element of A by its cofactor in the corresponding determinant (see 
MathChapter F for a definition of a cofactor). 

2. Take the transpose of the matrix obtained in step I. 

3. Divide each element of the matrix obtained in step 2 by the determinant of A. 

For example, if 

A=(~ !) 
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then <let A = - 2 and 

Show that AA- 1 = A- 1A = I. Use the above procedure to find the inverse of 

A = ( ~ ~ ) 
Ji 0 (

0 2 3) 
B = 1 I I 

2 0 1 

and 

G- 10. Recall that a singular matrix is one whose determinant is equal to zero. Referring to the 
procedure in Problem G-9, do you see why a singular matrix has no inverse? 

G- 11. Consider the matrices A and S, 

A ~ ( ~ D (' 0 }) 0 Ji 
1 S = :;__ I 

0 0 Ji Ji 

First, show that Sis orthogonal. Then evaluate the matrix D = s-1AS = sT AS. What form 
does D have? 

G- 12. A matrix whose elements satisfy the relation aij = aj; is called Hermitian. You can think 

of a Hermitian matrix as a symmetric matrix in a complex space. Show that the eigenvalues 
of a Hermitian matrix are real. (Note the similarity bet\veen a Hermitian operator and 
a Hermitian matrix.) Hint: Start with Hx; = A;X; and H*xj = ).. jxj and multiply the first 
equation from the left by xj and the second from the left by X; and then use the Hermitian 
property of H. 

G- 13. Showthat (AB)T = BTAT. 

G-14. Show that (AB)- 1 = B- 1A-t. 

G- 15. Show that Tr AB = Tr BA. 

G- 16. Consider the simultaneous algebraic equations 

x +y = 3 

4x - 3y = 5 

Show that this pair of equations can be written in the matrix form 

Ax= c 

where 

C= (~) and A = (l l) 
4 - 3 

(1) 



Problems 

Now multiply equation l from the left by A- 1 to obtain 

(2) 

Now show that 

and that 

or that x = 2 and y = l. Do you see how this procedure generalizes to any number of 
simultaneous equations? 

G-17. Solve the following simultaneous algebraic equations by the matrix inverse method 
developed in Problem G- 16: 

First, show that 

and evaluate x = A- 1c. 

x +y - z = l 

2x - 2y +z = 6 

x + 3z = 0 
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Douglas Hartree and Vladimir Fock formulated an approximate method for calculating 
atomic (and molecular) properties in the 1930s that is still used today. 

Douglas Hartree was born on March 27, 1897, in Cambridge, England, and died in 1958. 
After receiving his Ph.D. in applied mathematics from the University of Cambridge in 1926, 
he spent the years 1929 to 1937 as the chair of applied mathematics and 1937 to 1946 as 
professor of theoretical physics at the University of Manchester. From 1946 until his death, 
he was Plummer Professor ofMathematical Physics at the University of Cambridge. Hartree 
pioneered the use of computers in research in the United Kingdom. He deve loped powerful 
methods ofnumerical analysis, which he applied to problems in atomic structure, ballistics, 
atmospheric physics, and hydrodynamics. Hartree was also an accomplished pianist and 
drummer. 

Vladimir Fock (also Fok) was born on December 22, 1898, in Petrograd (later Leningrad 
and now St. Petersburg), Russia, and died there in 1974. After graduating from Petrograd 
University in 1922, he spent the years 1924 to 1936 at the Leningrad Institute of Physics 
and Technology. From 1936 to 1953 he was at the Institute of Physics, USSR Academy of 
Science; then he returned to Leningrad University, where he remained until his death. Fock 
generalized the equations ofHartree to include the fact that electronic wave functions must 
be antisymmetric under the interchange ofany two electrons (the Pauli exclusion principle). 
Fock's research was in quantum electrodynamics, general relativity, and solid-srate physics. 
He was almost completely deaf as an adult. 



C H A PT E R 8 
Approximation M ethods 

We ended the previous chapter by saying that the Schrodinger equation cannot be solved 
exactly for any atom or molecule more complicated than a hydrogen atom. At first 
thought, this statement would appear to certainly deprive quantum mechanics of any 
interest to chemists, but, fortunately, approximation methods can be used to solve the 
Schrodinger equation to almost any desired accuracy. In this chapter, we will present 
the two most widely used of these methods, the variational method and perturbation 
theory. We will present the basic equations of the variational method and perturbation 
theory and then apply them to a variety of simple problems. 

8.1 The Varialional Method Provides an Upper Bound 
lo lhe Ground-Slale Energy of a System 

We will first illustrate the variational method. Consider the ground state of some arbi
trary system. The ground-state wave function 1/to and energy £ 0 satisfy the Schrodinger 
equation 

H 1/to = Eo'l/to (8. 1) 

Multiply Equation 8.1 from the left by 1/t 0 and integrate over all space to obtain 

Ea= f i./10H1/fodr = (1/to lH 11/lo) 
f 1/tol/to dr (1/lo 11/to} 

(8.2) 

where dr represents the appropriate volume element. We have not set the denominator 
equal to unity in Equation 8.2 to allow for the possibility that 1/Jo is not normalized 
beforehand. A beautiful theorem says that if we substitute any other function 4> for 1/Jo 
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into Equation 8.2 and calculate the corresponding energy according to 

f <P*H<f>dr (¢ I H I ¢ ) 
EiP = f </>* </> dr = ( </> I </> ) 

(8.3) 

then £1/J will be greater than the ground-state energy £ 0. In an equation, we have the 
variational principle 

(8.4) 

where the equality holds only if</> = 1/f 0, the exact wave function. We will not prove the 
variational principle here (although it is fairly easy), but Problem 8- 1 takes you through 
the proof step by step. 

The variational principle says that we can calculate an upper bound to £ 0 by using 
any trial function we wish. The closer ¢ is to 1/to in some sense, the closer £ 1/J will 
be to £ 0. We can choose a trial function </> such that it depends upon some arbitrary 
parameters, a, {3, y, ... , called variational parameters. The energy also will depend 
upon these variational parameters, and Equation 8.4 will read 

(8.5) 

Now we can minimize EiP with respect to each of the variational parameters and thus 
approach the exact ground-state energy £ 0. 

As a specific example, consider the ground state of a hydrogen atom. Although 
we know from Chapter 7 that we can so lve this problem exactly, let's assume that we 
cannot and use the variational method to determine an approximate solution. We will 
then compare our variational result to the exact result. Because I = 0 in the ground state, 
the Hamiltonian operator is (cf. Equation 7 .10) 

(8.6) 

Even if we did not know the exact solut ion, we would expect that the wave function 
decays to zero with increasing r. Consequently, as a trial function, we will try a 

Gaussian function of the form </> (r) = e - ar
2

, where a is a variational parameter. By 
a straightforward calculation, we can show that (cf. Problem 8-2) 

and that 

r'° ( )3/2 
4rr Jo <f>*(r)<f>(r)r

2
dr = ~ 
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T herefore, from Equation 8.3, 

(8.7) 

We now minimize E (a) with respect to a by differentiating E (a) with respect to a and 
setting the result equal to zero. We solve the equation 

dE(a) 3/i2 e2 
= 0 

da 2me (2rr )3/2Eoa 1/2 

for a to give 

m2e4 
a= e (8.8) 

i 8rr3Eg/i4 

as the value of a that minimizes E (a). Substituting Equation 8 .8 back into Equation 8. 7, 
we find that 

(8.9) 

compared with the exact value (Equation 7. 11) 

(8.10) 

Note that £min > £ 0, as the variational theorem assures us. 

The normalized trial function is given by ¢(r) = (2a/rr)314e- m
2

, where a is given 
by Equation 8.8, and the exact ground-state wave function (the hydrogen ls orbital) is 
given by (rra~) - 1f2e -rfao, whereao = 4rrEoli2 / mee2 is the Bohr radius. We can compare 
these two functions by first expressing a in terms of a0, which comes out to be 

Thus, we can write the trial function as 

¢(r) = _8_ _l_ e- (8/9n)r2/a~ 
( ) 

1/2 

33/ 2rr rra6 

T his result is compared with 1/ris in Figure 8. I. 
Our variational calculation for the ground-state energy of a hydrogen atom is within 

80% of the exact result. This result was obtained using a trial function with only one 
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1.0 

0.0 
2 4 0 2 4 

(a) (b) 

FIGURE 8.1 
(a) A comparison of the optimized (normalized) Gaussian trial wave function </>i.,(r) = 

(2a /rr)314e-a'
2

, where a is given by Equation 8.8 (dashed line), and the exact ground-state 
hydrogen wave function, 1/11.,(r) = ( l/rraJ) 112e-rfao, where a0 = 4rrE0n,2/mee2 is the Bohr 
radius (solid line). Both functions are plotted against the reduced distance, r / a0, and the vertical 
axis is expressed in units of L/(rra~) 112 . (b) Similar plots for r</>1..Cr) and r1/IL.(r). 

variational parameter. We can obtain progressively better results by using more flexible 
trial functions, containing more parameters. In fact, we will see an example of such a 
progression (Table 8.1 ) that approaches the exact energy in Section 8.3. 

EXAMPLE 8-1 
Consider the ground state of a harmonic oscillator. Even if we had not solved this 
problem exactly previously, we might expect that the ground-state wave function would 

be symmetric about x = 0 because the potential energy is. As a trial function , then, try 

</> = cos AX 
TC 7T 

- - <X< -
2A 2A 

where A is a variational parameter. Use this trial function, which is plotted in Figure 8.2, 

to calculate the ground-state energy of a harmonic oscillator. 

SOLUTION: The Hamiltonian operator for a harmonic oscillator is 

A r,,2 d2 k 2 
H= - -- + - x 

2f.l dx2 2 

and so the numerator in Equation 8.3 is 

f ;r/2A ( /i2 d2 k ) 
nmnerator = cos AX - - -

2 
+ - x 2 cos AX dx 

- rr/2A 2f.l dx 2 

= 1ln,2A + ( 7T3 - !:_) !._ 
4f.l 48 8 A3 



8 .1. The Variational Method Provides an Upper Bound to the Ground-State Energy of a System 

and the denominator in Equation 8.3 is 

denominator = cos2 ) ... x dx = -1
rr/ 2J.. 1'C 

-rr/ 2J.. 2A. 

Equation 8.3 gives 

nh ... 2 (rr2 1) k E(A.) = - + - - - -
2µ, 24 4 A,2 

Now, minin1izing E(A.) with respect to A. gives 

A. = [(rr2 _ ~) kµ,] t/4 
12 2 h2 

Substituting this value into E(A.) gives 

Emin = '.:._ _ 2 - h - = ( 1.1 4) - ll.w ( 

2 ) 1/2 l ( k) 1/ 2 J 

3 2 /.l 2 

compared to the exact value 

I 
£ 0 = - ll.w 

2 

Again, considering the simplicity of the trial function, we find quite good agreement 
with the exact result. Figure 8.2 compares the resulting variational wave function and 
the exact wave function for this case. 

-n/V. 0 x n /2J.. 

FIGURE 8.2 
A comparison of the exact ground-state 
wave function (dotted curve) of a harmonic 
oscillator and a trial function of the fonn 
cos A.x with - rr /2A. < x < rr: /2A. (solid curve), 
used in Example 8- 1, where A. is a variational 
parameter. 

As a final example, we will use the variational method to estimate the grotmd-state 
energy of a helium atom. We saw at the end of Chapter 7 that the Hamiltonian operator 
for a helium atom is 

(8.11 ) 
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The Schrodinger equation cannot be solved exactly for this system because of the term 
involving r 12. Equation 8.11 can be written in the form 

(8.12) 

where 

j = 1and2 (8.13) 

is the Hamiltonian operator for a single electron around a helium nucleus. Thus, HH( 1) 
and HH (2) satisfy the equation 

j = 1or2 (8.14) 

where 1f!H(rj, e j, ¢ j) is a hydrogen-like wave function with Z = 2 and where the E.i 
are given by (Problem 7- 29) 

j = l or 2 (8.1 5) 

with Z = 2. If we ignore the interelectronic repulsion term (e2 / 4rrE0r 12), then the 
Hamiltonian operator is separable and the ground-state wave function would be (Sec
tion 3.9) 

(8.16) 

where (Table 7.3) 

j =I or 2 (8.1 7) 

where a0 = 4rrE01i2 / mee2. We can use Equations 8.16 and 8.17 as a trial function using 
Z as a variational constant. Thus, we must evaluate 

(8.18) 

with fJ given by Equation 8.12. The integral is a bit lengthy, albeit straightforward, to 
evaluate and is carried out step by step in Problem 8- 18. The result is 

(8.19) 
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Equation 8.19 suggests that it is convenient to express E in units of mee4 / l 6rr 2E~li2 , 
and so we can write it as 

E(Z) = Z2 -
27 

Z 
8 

(8.20) 

Ifwe minimize E (Z) with respect to Z, we find that Zmin = 27 / 16. We substitute this 
result back into Equation 8.20 to obtain 

(
27)

2 

Emin = - 16 = - 2.8477 (8.21) 

compared with the most accurate calculated result of - 2.9037 ( in units of mee4
/ 

l 6rr2E~li2), which is in good agreement with the experimental result of - 2.9033. (See 
Problem 8-19.) Thus, we achieve a fairly good result, considering the simplicity of the 
trial function. 

The value of Z that minimizes E can be interpreted as an effective nuclear charge. 
The fact that Z comes out to be less than 2 reflects the fact that each electron partially 
screens the nucleus from the other, so that the net effective nuclear charge is reduced 
from 2 to 27/16. 

8.2 A Trial Function That Depends Linearly on the Variational 
Paramelers Leads to a Secular Delerminant 

As another example of the variational method, consider a particle in a one-dimensional 
box. Even without prior knowledge of the exact ground-state wave function, we should 
expect it to be symmetric about x = a/2 and to go to zero at the walls. One of 
the simplest functions with these properties is x" (a - x )", where n is an integer. 
Consequently, let's estimate £ 0 by using 

(8.22) 

as a trial function, where ci and c2 are to be determined variationally-that is, where ci 
and c2 are the variational parameters. If¢ in Equation 8.22 is used as a trial function, 
we find after quite a lengthy but straightforward calculation that 

compared with 

h2 
Emin = 0.125 002--

2 ma 

h2 h2 
E exact = --

2 
= 0.125 000--

2 8ma ma 

(8.23) 
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So we see that using a trial function with more than one parameter can produce 
impressive results. The price we pay is a correspondingly more lengthy calculation. 
Fortunately, there is a systematic way to handle a trial function such as Equation 8.22. 
Note that Equation 8.22 is a linear combination of functions. Such a trial function can 
be written generally as 

N 

¢ = L ellf,, (8.24) 
n= I 

where the ell are variational parameters and the f,, are arbitrary known functions (that 
at least satisfy the boundary conditions). We will use such a trial function often in later 
chapters. For simplicity, we will assume that N = 2 in Equation 8.22 and that the ell 
and f,, are real. We relax these restrictions in Problem 8- 24. 

Consider 

Then, 

J ¢H¢dr: = J (eif1 + e2f2)H(eif1 + e2fi )dr: 

= e~ J f 1H f 1dr: + e 1e2 J f 1H fidr: + e 1e2 J fiH f 1dr: + e~ J hH fidr: 

(8.25) 

where the H;1 are given by 

H;; = f f;H !; dr: = ( i I fl I J) (8.26) 

Because His Hermitian, the H;; are symmetric; in other words, H;1 = H1;. Using this 
result, Equation 8.25 becomes 

(8.27) 

Similarly, we have 

(8.28) 

where 

S;1 = S1; = f /;/; dr: = ( i I j ) (8.29) 
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The quantities HiJ and SiJ in Equations 8.26 and 8.29 are called matrix elements. By 
substituting Equations 8.27 and 8.28 into Equation 8.3, we find 

(8.30) 

where we emphasize here that Eis a function of the variational parameters c1 and c2. 

Before differentiating E (c1, c2) in Equation 8.30 with respect to c1 and c2, it is 
convenient to write it in the form 

Ifwe differentiate Equation 8.31 with respect to c., we find that 

Because we are minimizing E with respect to c., oE j(k 1= 0 and so Equation 8.32 
becomes 

(8.33) 

Similarly, by differentiating E (c1> c2) with respect to c2 instead of c., we find 

(8.34) 

Equations 8.33 and 8.34 constitute a pair of linear algebraic equations for c1 and c2. 

There is a nontrivial solution- that is, a solution that is not simply c1 = c2 = 0, if and 
only if the determinant of the coefficients vanishes (Math Chapter F), or if and only if 

I 
H11- ES11 

H 12 - ES12 
(8.35) 

Thus, we obtain a secular determinant and a secular equation (MathChapter F). The 
quadratic secular equation gives two values for E , and we take the smaller of the two 
as our variational approximation for the ground-state energy. 

To illustrate the use of Equation 8.35, let's go back to solving the problem of a 
particle in a one-dimensional box variationally using Equation 8.22 as a trial function. 
For convenience, we will set a = 1. In this case, 

/ 1 = x ( l - x ) and (8.36) 
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and the matrix elements (see Equations 8.26 and 8.29) are (see Problem 8- 20) 

EXAMPLE 8-2 

/i2 
H12= H 21 = --

30m 

n2 
H ---

22 - 105m 

1 
511=-

30 

1 
512= 521 = -

140 

5 __ l_ 
22 - 630 

Show explicitly that Ht2 = H2 t in Equation 8.37. 

SO LUTION: Using the Hamiltonian operator ofa particle in a box, we have 

= x(l - x) - --x 2(1 - x)2 dx 11 [ /i,2 d2 ] 

o 2n1dx2 

= _ 2_ x(I - x)(2 - 12x + 12x2) dx 
,-211 
2m o 

n,2 ( J ) Ji,2 = - - - - =--
2m 15 30m 

Similarly, 

H21= fo
1
f2Hf1dx= ( 2 1HI l } 

= x2(1 - x)2 - --x(l - x) dx 11 [ fi2 d2 ] 

o 2m dx2 

n,2 ( 1) 11,2 - - - - - --
2m 15 30m 

(8.37) 

Substituting the values of the matrix elements H;i and 5iJ given by Equations 8.37 
into the secular determinant (Equation 8.35) gives 



8.2. A Tr ial Funct ion That Depends Linearly on the Var iat ional Parameters Leads to a Secular Determinant 391 

1 B 1 B 
- -- ---
6 30 30 140 
1 B 1 B 

30 140 105 630 

where s = Em /li2. The corresponding secular equation is 

whose roots are 

s2 - 56s + 252 = 0 

B = 56 ± ,J2T2'8 = 51.065 
2 

and 4.93487 

We choose the smaller root and obtain 

/l,2 h 2 
Emin = 4.93487- = 0.125 002-

m m 

compared with (recall that a= 1) 

h 2 h2 
Eexact = - = 0.125 000-

8m m 

The excellent agreement here is better than should be expected normally for such a 
simple trial function. N ote that Emin > Eexact, as it must be. 

EXAMPL E 8- 3 
Determine the normalized trial function for our variational treatment of a particle i11 a 
box. 

SOLUTION: To determine the normalized trial function, we must determine c 1 and 
c2 in Equation 8.22. These quantities are given by Equations 8.33 and 8.34, which are 
the two algebraic equations that lead to the secular determinant (Equation 8.35). These 
two equations are not independent of each other, so we will use the first to calculate 
the ratio c2/ c 1: 

h
2 

- ( 4.93487/i
2

) __!__ 

6111 111 30 = 1.13342 
Ji2 ( Ji2) t - - 4.93487- -

30111 m 140 

or c2 = 1.13342c1. So far, then, we have 
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We now determine c1 by requiring </J(x) to be normalized. 

lo 1 

¢ 2(x) dx = cf lo 1[x2(1 - x)2 + 2.26684 x\1 - x)3 + 1.28464 x4 (1 - x)4
] dx = I 

0 

Instead of expanding out each integral, it is more convenient to use (CRC Standard 
Mathematica/ Tables and Formulae) 

f 1 

x 111 ( l - x),.,dx = mln! 
lo (m + n + I)! 

in which case 

[' <P2(x) dx =cf (2
! 
2

! + 2.26684 
3

! 
3

! + 1.28464 
4

! 
4
!) = 0.0515642 cf = J 

lo 5! 7! 9! 

giving us c 1 = 4.40378. Thus, the normalized trial function is 

</J(x) = 4.40378x(l - x) + 4.99133 x2 (1 - x)2 

Figure 8.3 compares </J(x) with the exact ground-state particle-in-a-box wave function 
(with a = 1), t/11(x) = 2112 sin rr.x. 

x 

FIGURE 8.3 
A comparison of the optimized and nor
malized trial function determined in Exam
ple 8-3 (black dotted curve) with the exact 
ground-state particle-in-a-box wave func
tion, t/11 (x) = 2112 sin rr x (solid curve). The 
two curves are essentially the same. 

You may wonder about the physical meaning of the other root to Equation 8.35. It 
turns out that it is an upper bound to the energy of the first excited state of a particle 
in a box. The value we calculated above is l.2935h2 / m, compared with the exact value 
of 4h 2 /8ma2, or 0.5000'72 / m. Thus, we see that although the second root is an upper 
bound to £ 2, it is a fairly crude one. Although there are methods to give better upper 
bounds to excited-state energies, we will restrict ourselves to a determination of only 
the ground-state energy. 

If we use a linear combination of N functions as in Equation 8.24, instead of 
using a linear combination of two functions as we have done so far, then we obtain 
N simultaneous linear algebraic equations for the cj 's: 
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c1(H1 I - ES, 1) + c2(H21 - ES21) + ... + cN(H 1N - ES1N) = 0 

c,(H 12 - ES12) + c2(H22 - ES22) + ... + cN(H2N - ES2N) = 0 

We can express these equations compactly by using the matrix notation 

Hc=ESc (8.38) 

where His an N x N matrix with matrix elements H;j, Sis an N x N matrix with 
matrix elements S;j, and c is an N x 1 column matrix whose elements are c;. To have 
a nontrivial solution to this set of homogeneous equations, we must have 

or 

H 11 - ES11 

H 12 - E S12 

H 12 - ES12 

H22 - ES22 

I H - ES I =0 

H 1N - ES1N 

H2N - ES2N 

(8.39) 

in matrix notation. In writing these equations, we have used the fact that if is a Her
mitian operator, so Hi.i = Hji· The secular equation associated with this secular deter
minant is an Nth-order polynomial in E. We choose the smallest root of the Nth-order 
secular equation as an approximation to the ground-state energy. The determination of 
the smallest root must usually be done numerically for values of N larger than two. 
This is actually a standard numerical problem, and a number of packaged computer 
programs do this. 

Once the smallest root of Equation 8.39 has been determined, we can substitute 
it back into Equations 8.38 to determine the c/s. As in Example 8- 3, only N - 1 of 
these equations are independent, and so we can use them to determine only the ratios 
c2/c1, c3/ci. ... , cN/c1> for example. We can then determine c1 by requiring that the 
trial function <P be normalized, as we did in Example 8- 3. 

EXAMPLE 8-4 
Use the variational method to calculate the ground-state energy of a particle in a box 
with a potential given by 

x < 0 

O< x < a 

x > a 
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Because the potential due to gravity is V (x) = mgx, where x is the height above the 
earth's surface, this problem is sometimes referred to as a particle in a gravitational well. 
The boundary conditions are the same as that for a particle in a box: ¢(0) = </>(a) = 0. 
This suggests that we might use a linear combination of the first two particle- in-a-box 
wave functions as the trial function. 

SO LUTI ON: For simplicity, we use 

(2) 1/2 (2) 1/ 2 2Jr 
</>(x) = c 1 ~ sin rrax + c2 ~ sin ax 

The matrix elements are 

= ~. + 2 Vo [ " dx x sin2 rrx = ~ + Vo 
8ma2 a2 Jo a 8ma2 2 

4h
2 2V0 lo" . 2 2rrx 4h2 

Vo H22 = - . - + - dx x Sill -- = --+ -
8ma2 a2 o a 8ma2 2 

2V0 loa . rrx . 2rrx 16V0 H 12 = H21 = - dxxslll - Sill --= - --
a2 o a a 9rr2 

and S 12 = 0 

The secular determinant is 

h2 Vo 
-- + - - £ 
8ma2 2 

16V0 

9rr2 

16Vo 
- 9rr2 

4h2 V0 --+ - - E 
8ma2 2 

Lett: = 8ma2 E/ h2 and v0 = 8ma2 V0/ h 2 to write this secular determinant as 

I + vo - e 
2 

_ 16v0 

9rr2 

16v0 
- 9rr2 

4+ Vo - t: 
2 

= () 

which leads to the quadratic equation 

2 ( vo ) ( v0 ) 256v5 t: - (5 + Vo )t: + I + - 4 + - - --= 0 
2 2 8 Lrr4 

or 

[ 
2] 1/2 

t: = 5 + v0 ± _!. 9 + ( 32v0) 
2 2 9rr2 

The negative sign gives the smaller value oft:. 
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10 - E 

5 -

10 20 

x a 

FIGUR E 8.4 
A plot of the energy of a particle in a 
gravitational well calculated variation
ally (solid curve) (Example 8-4) and 
the exact energy (dots) against v0, the 
magnitude of the potential at x = a. 

FIGURE 8.5 
The variational wave function forv0 = I 0 
determined from Example 8-4 (orange) 
and the exact wave function (black) 
plotted against x. 

This problem can actually be solved exactly in terms of Bessel functions [see 
Langhoff, P. W., Schrodinger Particle in a Gravitational Well, Am. J. Phys., 39, 954, 
( 1971 )], and Figure 8.4 compares the variational energy c; and the exact energy by 
plotting both against v0. Note that the variational energy lies above the exact energy, 
as you should expect. Problem 8-25 has you detennine the variational wave function 
for the case v0 = IO. Figure 8.5 compares this result to the exact wave function . 

Problems 8- 26, 8- 27, and 8- 29 use different trial functions to solve this problem. 

8.3 Trial Funclions Can Be Linear Combinations of Funclions 
That Also Contain Varialional Paramelers 

It is a fairly common practice to use a trial function of the form 

N 

<P= I:. c111 
} = I 
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T AB L E 8.1 
The Ground-State Energy of a Hydrogen 
Atom Using a Trial Function of the Form 

"\' N -<X ·r
2 h th d h <P = L-j= I cje 1 , W ere e cj an t eaj 

Are Treated as Variational Parameters 

N Em;11/(mee4 /I 6rr2E5li,2} 

- 0.424413 

2 - 0.485 813 

3 - 0.496 967 

4 - 0.499 276 

5 - 0.499 76 

6 - 0.499 88 

8 - 0.499 92 

16 - 0.499 98 

where the fi themselves contain variat ional parameters. An example of such a trial 
function for the hydrogen atom is 

where the s's and the cx/s are treated as variational parameters. We have seen in 
Section 8.1 that the use of one term gives an energy - 0.424(mee4 / l 6Jr 2E~li2) compared 
with the exact value of - 0.500(mee4/16rr2E51i2). Table 8.1 shows the results for taking 
more terms. We can see that the exact value is approached as N increases. Realize in 
this case, however, that we do not obtain a simple secular determinant, because ¢ is 
linear only in the 0 but not in the cxj. The minimization of E with respect to the ci 
and cxj is fairly complicated, involving 2N parameters, and must be done numerically. 
Fortunately, a number of readily available computer programs can be used to do this 
(Problem 8-30). 

8.4 Perlurbation Theory Expresses lhe Solution to One Problem 
in Terms of Anolher Problem Thal Has Been Solved Previously 

Suppose we wish to solve the Schrodinger equation 

for some particular system, but we are unable to find an exact solution as we have done 
for a harmonic oscillator, a rigid rotator, and a hydrogen atom in previous chapters. 
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It turns out that most systems cannot be solved exactly; some specific examples are a 
helium atom, an anharmonic oscillator, and a nonrigid rotator. 

We saw at the end of Chapter 7 that the Hamiltonian operator for a helium atom is 

(8.40) 

Equation 8.40 can be written in the form 

(8.41) 

where 

j = 1 and 2 (8.42) 

is the Hamiltonian operator for a single electron around a helium nucleus. Thus, HH (J) 
and HH(2) satisfy the equation 

j =I and 2 (8.43) 

where 1/!H (rj, e1, </> 1) is a hydrogen-like wave function with Z = 2 (Table 7.5) and 
where the E; are given by (Problem 7- 29) 

z2mee4 

8E0h2n} j = I and 2 (8.44) 

w ith Z = 2. Notice that if it were not for the interelectronic repulsion term e2 / 4rr E0r 12 
in Equation 8.4 I , the Hamiltonian operator for a helium atom would be separable and 
the helium atomic wave functions would be products of hydrogen-like wave functions 
(Section 3.9). 

Another example of a problem that could be solved readily if it were not for 
additional terms in the Hamiltonian operator is an anharmonic oscillator. Recall that the 
harmonic-oscillator potential arises naturally as the first term in a Taylor expansion of 
a general potential about the equilibrium nuclear separation. Consider an anharmonic 
oscillator whose potential energy is given by 

(8.45) 

The Hamiltonian operator is 

A Ji2 d 2 I 2 I 3 I 4 
H = - -- + - kx + - y3x + - y4x 

2J.l dx2 2 6 24 
(8.46) 

397 
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If y3 = y4 = 0, Equation 8.46 is the Hamiltonian operator for a harmonic oscillator, 
which was discussed in detail in Chapter 5. 

These two examples, with their Hamiltonian operators given by Equations 8.40 and 
8.46, introduce us to the basic idea behind perturbation theory. In both of these cases, the 
total Hamiltonian operator consists of two parts, one for which the Schrodinger equation 
can be solved exactly and an additional term, whose presence prevents an exact solution. 
We call the first term the unperturbed Hamiltonian operator and the additional term 
the perturbation. We shall denote the unperturbed Hamiltonian operator by iJ<0> and 
the perturbation by H (I) and write 

(8.47) 

Associated with H (O) is a Schrodinger equation, which we know how to solve, and so 
we have 

(8.48) 

where 1/t(O) and £ (O) are the known eigenfunctions and eigenvalues of H (O). Equa
tion 8.48 specifies the unperturbed system. In the case of a helium atom, we have 

Ji <O) = HH(l) + HH(2) 

1/t(O) = 1/tH(r,, 81 , </>1)1/tH(r2, B2, ¢2) 

E (O) = 4mee4 

8E5!i2ni 

fl. Cl) = e2 

4rrEor12 

4m e4 
e 

In the case of an anharmonic oscillator, we have (Section 5.8) 

fJ. (O) = - 112 d2 + ~kx2 
2µ, dx 2 2 

(a / Jr) I / 4 2 
l/t (O) = e - ax /2H (a lf2x) 

V (2V V !) J/ 2 V 

E~O) = ( v + ~) h v 

Ji<O = Y3x3 + Y4 x4 
6 24 

(8.49) 

(8.50) 

You might expect intuitively that if the perturbation terms are not large in some 
sense, then the solution to the complete, perturbed problem should be close to the 
solution to the unperturbed problem. A simple example of this is if the anharmonic 
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terms y3x
3/6 and y4x 4/24 are small. Thus, we expect that the unperturbed system is 

only perturbed and not altered drastically by the additional term. 

8.5 Perturbation Theory Consisls of a Sel of Successive Corrections 
to an Unperturbed Problem 

In this section, we shall derive the equation for a first-order correction to the energy. 
The problem that we wish to solve is 

(8.51) 

where 

(8.52) 

and where the problem 

H (0). ,,(0) = E (O) ,,,(O) 
'f'11 II 'f'11 (8.53) 

has been solved exactly previously, so that the 1f! (O) and E (O) are known. In order to 
Jl ,, 

keep track of the order of our perturbation expansion, it is convenient to introduce a 
parameter A. into the Hamiltonian operator: 

(8.54) 

The factor A. is simply a bookkeeping device that will help us identify to what order 
our resultant perturbation equations are valid. We shall see that terms linear in A. give us 
what we call first-order corrections, terms in A. 2 give us second-order corrections, and 
so on. At the end of the problem, once we have calculated corrections to the desired 
order, we shall simply set A. = I. 

The fact that H in Equation 8.51 is of the form Ji <Ol + ;,,Ji <ll means that 1f!11 and 
E 11 will depend upon A.. We assume that we can express the 1f!11 and E11 in Equation 8.51 
as power series in A., so that 

, 1, = ,1, (0) + A. , 1, (I) + A. 2.1, (2) + ... 
'f'n 'f'11 'f'11 'f'11 (8.55) 

and 

E = E (O) + A.E( I) + A. 2 E (2) + ... 
,, J1 11 ,, (8.56) 

If Equations 8.55 and 8.56 are to be useful, successive terms in their series must grow 
progressively less important, and we can obtain good approximations to 1f!11 and E11 with 
just a few terms. 

399 
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We substitute Equations 8.55 and 8.56 into Equation 8.5 1 to obtain 

( Ji (O) + A.H(l))(•1, (0) + A.,1, (1) + A. 2,,,(2) + .. ·) = (E(O) + A.E(I) + A. 2 £ (2) + .. ·) 
'Pn o/n 'Pn n n n 

x (,1, (0) + )..,1,(1) + )..2 ,1, (2) + .. ·) 
'f',, 'P J1 'f',, 

Each side of this equation is an expansion in A., which can be written as (Problem 8- 34) 

where 0 (A. 3) means terms of order A. 3 and higher. Notice that both terms in the first set 
of parentheses, the coefficient of A. 0, are of zero order; all four terms in the second set 
of parentheses, the coefficient of A. 1, are of first order; and so on. 

Because A. is an arbitrary parameter, the coefficients of each power of A. must equal 
zero separately for Equation 8.57 to hold. The terms in the first set of parentheses, the 
coefficent of A. 0, cancel because of Equation 8.53. Let's look at the coefficent of A. 1: 

Ji (0),1,( I) + Ji <0.1,(0) = E (0) ,1, (I) + E (l),1,(0) 
'+'n 'Pn 11 'Pn 11 'P11 (8.58) 

Equation 8.58 can be simplified considerably by multiplying both sides from the left by 
1/1,~0>* and integrating over all space. By doing this and then rearranging slightly, we get 

It is convenient (and economical) at this stage to use the bracket notation and write 
Equation 8.59 as 

(8.60) 

The integral in the last term in Equation 8.60 is unity because we take 1/1,~0> to be 
normalized. More importantly, however, the first term on the left side is equal to zero. 
To see this, remember that Ji<0> - E <0> is Hermitian, and so we have 

because of Equation 8.53. Thus, Equation 8.60 becomes 

E (I) = (·1, (0)1 Ji <l) 1,1,(-0)) = f dr: ,1, (0)* Ji (l),1, (0) 
11 '+'11 '+'11 '+'11 '+'11 (8.61) 

Equation 8.61 gives E,~o, the first-order correction to E,~0) . Through first order, then, 
the energy is given by 

(first order) (8.62) 
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0 

Let's use Equation 8.62 to calculate the energy through first order for the potential, 

n=3 

n = 2 

a x 

x < 0 

(8.63) 

x>a 

FI GU RE 8 .6 
The potential of a particle in a gravi
tational well. The unperturbed energies 
(dashed lines) and the first-order energies 
(solid lines) are shown. The perturbation 
potential is VoX /a, which represents the 
gravitational potential. 

T his potential represents a particle in a gravitational well (see Figure 8.6). We discussed 
this system variationally in Example 8-4. In attempting to solve a problem by pertur
bation theory, the first and most important step is to formulate the problem into an 
unperturbed part and a perturbation, or, in other words, to recognize what the unper
turbed problem might be. In this case, the unperturbed problem is a particle in a box, 
and so 

and 

1/t (O\x) = ~ sin mr x 
( ) 

1/ 2 

11 a a 
n = 1, 2, 3, ... 

2h2 
£ (0) = _n_ 

11 8ma2 
n =I, 2, 3, ... 

Using Equation 8.61 , 

if<O = Vox 
a 

O<x<a 

£ (1) = (1/r (O) I Vox 11/t(O)) = 2Vo [a dx x sin2 mrx 
11 11 a 11 a2 Jo a 

Vo 
= 

2 
n = 1, 2, ... 

(8.64) 

(8.65) 

(8.66) 

401 
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The ground-state energy through first order is 

(8.67) 

It is convenient to introduce units such thats= 8mEa2 / h2 and v0 = 8m V0a2 / h2, in 
which case Equation 8.67 becomes 

Vo 
B1 = l+ -

2 
(8.68) 

Note that Equation 8.68 is the same as the result obtained for the ground state in 
Example 8-4 through first order in v0 (Problem 8- 34). Figure 8.6 shows the potential 
well, the unperturbed energies, and their first-order corrections. 

EXAMPLE 8-5 
Calculate the first-order correction to the ground-state energy of an anharmonic oscil
lator whose potential is 

SOLUTION: ln this case, the unperturbed system is a harmonic oscillator and the 
perturbation is 

i1<1> = ~y x 3 + ~Y. x4 

6 3 
24 

4 

The ground-state wave function of a harmonic oscillator is 

where a = (kµ,//1,2) 112. The first-order correction to the ground-state energy is given 
by 

The integral involving y3x3 /6 here vanishes because the integrand is an odd function 
of x. The remaining integral is 

The integral here can be found in tables (see also Problem 5-23) and is equal to 
37r l/2 /8a 512, and so 
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£ ( 1) = ~ = h2y4 
II 320:2 32kµ, 

The total grow1d-state energy is 

hv /i2y4 . 
£ 0 = - + -- + higher-order terms 

2 32kµ 

Problem 8- 35 has you calculate E,~ 1) for n = l. 

We can apply perturbation theory to a helium atom whose Hamiltonian operator 
is given by Equations 8.41 and 8.42. For s imp licity, we will consider only the ground
state energy. If we consider the interelectronic repulsion term, e2 /4rr Ear 12, to be the 
perturbation, then the unperturbed wave functions and energies are the hydrogen-like 
quantities given by 

iJ <O) = HH(l) + HH (2) 

1/r (O) = Vr1s(ri. Bi. ¢1)1fl1s(r2, 02, ¢2) 
(8.69) 

and 

with Z = 2. Using Equation 8.61, we have 

(8.70) 

where 1fr1s(r j) is given by 

( 
3 ) 1/2 ,/, ( ) _ Z - Zr ·/ao 

'!'Is r j - - e ' 
Jl'Go 

j = 1or2 (8.7 1) 

The evaluation of the integral in Equation 8.70 is a little lengthy, but Problem 8- 39 (see 
also Problem 8-40) carries it out step by step. The final result is 

(8.72) 
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E = E(O) + £ ( 1) = - ~ Z 2 - ~ Z 2 + ~ z 
2 2 8 

2 5 
= - Z + -z 

8 
(8.73) 

Letting Z = 2 gives - 2.750 compared with our simple variational result ( - 2.8477) 
given by Equation 8.21 and the experimental result of - 2.9033. So we see that first-order 
perturbation theory gives a result that is about 5% in error. It turns out that second-order 
perturbation theory gives - 2.910 and that higher orders give - 2.9037. Thus, we see 
that both the variational method and the perturbation theory are able to achieve very 
good results if carried far enough. 

8.6 Selection Rules Are Derived from Time-Dependent 
Perturbation Theory 

The spectroscopic selection rules determine which transitions from one state to another 
are possible. The very nature of transitions implies a time-dependent phenomenon, so 
we must use the time-dependent Schrodinger equation (Equation 4.69), 

Hw=iliaw 
ar 

We showed in Section 4.9 that if H does not depend explicitly on time, then 

W (r t) - ''' (r) e- i E,,r/fi n ,. - 'f'n 

where i.ft11 (r ) satisfies the time-independent Schrbdinger equation, 

(8.74) 

Consider now a molecule interacting with electromagnetic radiation. The electro
magnetic field may be written approximately as 

E = E 0 cos 2JTV 1 (8.75) 

where v is the frequency of the radiation and E 0 is the electric field vector. If Jl is the 
dipole moment of the molecule, then the Hamiltonian operator for the interaction of 
the electric field with the molecule is (Problem 8-41) 

Ji(I) = -Jl · E = -Jl · Eo cos 2JTVt (8.76) 
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Thus, we must solve 

(8.77) 

where 

fJ = (J(O) + (J (I) = fJ <O) - µ, · E0 cos 2nvt (8.78) 

and fJ (O) is the Hamiltonian operator of the isolated molecule. We will see below that 
the time-dependent term fJ (I ) can cause transitions from one stationary state to another. 

To solve Equation 8.77, we will treat the time-dependent term fJ(I) as a small 
perturbation. The procedure we will use is caJled lime-dependent perturbation theory . 
Although an isolated molecule generally has an infinite number of stationary states, for 
s implicity of notation we will consider only a two-state system. The results, however, 
are quite general. For such a system, in the absence of time-dependent perturbations, 

(8.79) 

where there are only two stationary states, 1/11 and 1/12, with 

and (8.80) 

EXAMPLE 8-6 
Show that '11 1 and '112 given by Equations 8.80 satisfy Equation 8.79. 

SOLUTION: Substitute '11 1 (t) = 1/f 1e- i E1i /li. into Equation 8.79 to get 

and 

• "' i:) IJi I _ • "',1, !!._ - i E 1r /Ii. _ E ,1, - i E 11 /Ii. 
In - ln'f' I e - l 'f' l e at dt 

In the first I ine, we have used the fact that if <O) is independent of time, and in the second 
line, we have used the fact that 1/f1 is independent of t ime and that fl <O)'l/11 = E 11/11• The 

proof that '112 is also a solution is similar. 
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Assume now that initially the system is in state 1. We let the perturbation begin at 
t = 0 and assume that W (l) is a linear combination of W 1 (t) and W2 (l) with coefficients 
that depend upon time. Thus, we write 

(8.81) 

where a 1 (t) and a2(t) are to be determined. Recall from Chapter 4 that for such a 
linear combination, a; a; is the probability that the molecule is in state i. We substitute 
Equation 8.8 1 into Equation 8.77 to obtain 

(8.82) 

Using the result given in Example 8- 6, we can cancel the first two terms on both sides 
of Equation 8.82 to obtain 

(8.83) 

We now multiply Equation 8.83 by 1/t; and integrate over the spatial coordinates to get 

a 1(t) J 1/t; fJ <l)w1d r + a2(t) J 1/t; jf (l) W2dr 

= ilida, J 1ft;W1dr + ili da2 J 1ft;W2dr 
dt dt 

(8.84) 

The first integral on the right side vanishes because W1=1jt1e- iE1tffi (Equation 8.80) 
and because 1/12 and l/f 1 are orthogonal. Similarly, the second integral on the right side 
is equal to ilie - i E21 ffida2/ dt because w2 = 1jt2e - i E21 ffi and 1/12 is normalized. Solving 
Equation 8.84 for ilida2/ dt gives 

Using Equation 8.80 for W1 and W2 finally gives 

The system is initially in state 1, and so 

and a2(0) = 0 (8.86) 

Because fJ Ol is considered a small perturbation, there are not enough transitions out 
of state 1 to cause a 1 and a2 to differ appreciably from their initial values. Thus, as an 
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approximation, we may replace a 1(t) and a2(1) on the right side of Equations 8.85 by 
their initial values [a1(0) = 1, a2(0) =OJ to get 

.1_da2 _ [ - i(E1 - E2)t] f ·'·* HA ( l), 1, d 1 J, - exp '1'2 'I' 1 r 
dt Ii 

(8.87) 

For convenience only, we will take the electric field to be in the z direction, in which 
case we can write 

(8.88) 

where µ, 2 is the z component of the molecular dipole moment and £ 02 is the magni
tude of the electric field along the z axis. We substitute this expression for fJ (I) into 
Equation 8.87 and obtain 

da2 (µ, 2 )12£02 { [i (E2 - E 1+ liw)1] [i (E2 - E1 - liw)1] } - = - exp + exp 
dl 2i li Ii Ii 

(8.89) 

where we have defined 

(8.90) 

The quantity (µ, 2 )12 is the z component of the transition dipole moment between 
states l and 2. Note that if (µ, 2 ) 12 = 0, then dad dt = 0 and there will be no transitions 
out of state 1 into state 2. The dipole transit ion moment is what underlies selection 
rules. We have used this result in Sections 5.12 and 6.7. Transitions occur only between 
states for which the transition moment is nonzero. 

Before leaving this discussion, let's integrate Equation 8.89 between 0 and t to 
obtain 

(8.91) 

Because we have taken £ 2 > E" the so-called resonance denominators in Equation 8. 91 
cause the second term in this equation to become much larger than the first term and to 
be of major importance in determining a2(l ) when 

(8.92) 

Thus, we obtain in a natural way the Bohr frequency condition we have used repeatedly. 
When a system makes a transition from one state to another, it absorbs (or emits) a 
photon whose energy is equal to the difference in the energies of the two states. 
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The probability of absorption or the intensity of absorption is proportional to the 
probability of observing the molecules to be in state 2, which is given by a~(t)a2(t). 
Using only the second term in Equation 8.91, we obtain (Problem 8-43) 

(8.93) 

Equation 8.93 is plotted in Figure 8.7. Note that the plot indicates strong absorption 
when fi,(j) = hv ~ E2 - £1. 

- 2n Ji 2n 

FIGURE 8.7 
The fimction F(w) = sin2[(£2 - £ 1 - hw)t /2/i]/(£2 - £ 1 - /i,(1))2, which represents the 
probability of making a l --+ 2 transition at a frequency w in the time interval 0 to t, plotted 
against (£2 - £ 1 - /i,(l) )t /2/i, fort = I. Note that this function peaks when £ 2 - E 1 = /i,lt) = hv. 

Equation 8.93 is not applicable under normal conditions because the irradiating 
source consists of at least a narrow band of frequencies, and so Equation 8.93 must be 
averaged over this band. lfwe let g(w) be the frequency distribution of the irradiating 
source, then P1-+2(w, t) becomes 

p (t) = ( ,l )2 £2 1 sin2[ (£2 - EI - fi,(j) )t /2/i] (cu) dw 
1-+ 2 J z 12 Oz (£ E i<,.)2 g 

band 2 - I - IWJ 

(8.94) 

Figure 8.7 shows that sin2[ (£2 - E 1 - ruu )t /2/i)/ (£2 - E 1 - fi,(U ) 2 is strongly peaked 
around w12 = (£2 - £ 1)//i, and so if g(w) does not vary too strongly around w12, then 
to a good approximation, we may take g(w12) out from under the integral sign and write 
Equation 8.94 as 

(8.95) 
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Furthermore, because the integrand is peaked around w = w 12, we can write the inte
gration limits as - oo to oo and write 

Using the fact that 

Equation 8.96 becomes 

1
00 sin2 x 
-- dx =n: 

- oo x 2 

(8.96) 

(8.97) 

The spectroscopic absorption coefficient is the rate at which transitions occur, and so 
equals the time derivative of Equation 8.97, or 

W = ~ [ (µ, J 12Eoz]
2 

g(w ) 
l-t2 2 Ii 12 (8.98) 

This formula simply says that there must be radiation at the frequency i:o12 = 
(£2 - £ 1) / Ii for a transition to occur, which is just a formal statement of the Bohr 
frequency condition. Equation 8.98 is a form of what is called Fermi '.<> golden rule. 

Before we finish this chapter, let's go back to Equation 8.93. We said above that 
Equation 8.93 is not applicable under normal conditions. This is so not only because 
the irradiation source is not perfectly monochromatic, but also because collisions 
interfere with the absorption process. There are certain experiments, however, in which 
P1_.2 (w, t ) can be observed directly. An example of such an experiment is the following. 
A gas is irradiated by a very short pulse from an infrared laser that populates a specific 
excited rotational state (call it state I). Meanwhile, the gas is irradiated by microwave 
radiation that induces a transition from state I to another rotational state (call it state 2). 
The interaction between the molecules in state I and the microwave field acts as the 
time-dependent perturbation in Equation 8.88. After a short time t (of the order of 
nanoseconds), state 2 is interrogated by a pulse from a visible laser that dissociates 
the molecules in state 2, and the dissociation products are observed by fluorescence. 
The intensity of the fluorescence is directly proportional to the population of state 2, 
or to la2(t) f in Equation 8.93. The time t in Equation 8.93 is the time between the 
two laser pulses, £ 2 - E 1 is the difference in energy between the two rotational states 
( 1and2), and w is the frequency of the microwave radiation. Figure 8.8 shows the result 
of such an experiment, where the solid line is the experimental result and the dashed 
line is calculated according to Equation 8.93, modified somewhat for the experimental 
conditions. 
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FIGURE 8.8 
The frequency dependence of Equation 
8.93 for a spectroscopic experiment 
described by Muenter, J. S., Rebstein, 
J., Callegari, A., Rizzo, T. R., Pho
todissociation Detection of Microwave 
Transitions in Highly Excited Vibrational 
States. J Chem. Phys .. 111 , 3488 ( 1999). 
The solid line is the experimental curve, 
and the dashed line represents calculated 
values as described in their paper. 

8-1. This problem involves the proof of the variational principle (Equation 8.4). Let H1fr11 = 
£ 11 1/111 be the problem of interest, and let ¢> be our approximation to 1fr0• Even though we do 
not know the 1/111 , we can express¢ formally as 

¢ = L c111fr11 
II 

where the c11 are constants. Using the fact that the 1fr11 are orthonormal, show that 

Substitute ¢ as given above into 

to obtain 

E - "-f _<P_* H_A r/>_d_r 
"' - J ¢ *¢dr 



Problems 

Subtract £ 0 from the left side of the above equation and £ 0 L:,, C,:c,,/ L:,, C,:c,, from the 
right side to obtain 

Now explain why every term on the right side is either zero or positive, proving that E.p 2: £ 0. 

8-2. Show that the expression for a in a trial ftmction e-ar
2 

for a hydrogen atom is given by 

a= 8/9rra~, where a0 is the Bohr radius. 

8-3. Calculate the ground state energy of a hydrogen atom using a trial function of the form 
e-ar . Why does the result turn out to be so good? 

8-4. Use a trial function of the form ¢(x) = 1/ (1 + f3x 2) to calculate the ground-state energy 
of a harmonic oscillator. The necessary integrals are 

and 

1
00 dx Jr 

_
00 

(1 + f3x2)2 = 2{3 1/2 

1
00 dx (2n - 3) (2n - 5)(2n - 7) · · · (1) rr 

n 2: 2 
- oo (1 + f3x2) 11 - (2n - 2) (2n - 4) (2n - 6) · · . (2) f31/2 

1
00 x 2dx (2n - 5)(2n - 7) · · · (I) rr 

- oo (I + (Jx2)11 (2n - 2)(2n - 4) · · · (2) f33/2 
n 2: 3 

8-5. Use a trial function ¢(x) = 1/(1 + {Jx2)2 to calculate the ground-state energy of a harmonic 
oscillator variationally. The necessary integrals are given in the previous problem. 

8-6. If you were to use a trial function of the form </> (x) = ( 1 + cax2)e-ax
2

/ 2, where a = 
(kµ,/ n2) 112 and c is a variational parameter, to calculate the grotmd-state energy of a 

harmonic oscillator, what do you think the value of c will come out to be? Why? 

8-7. Use a trial function of the form</> (r) = re-ar with a as a variational parameter to calculate 

the grom1d-state energy of a hydrogen atom. 

8-8. Suppose we were to use a trial function of the form</> = c1e-ar + c2e-flr
2 

to carry out 
a variational calculation for the ground-state energy of a hydrogen atom. Can you guess 
without doing any calculations what c 1, c2 , a, and Emin will be? What about a trial function 

of the form</> = L~=I cke-<xkr-fikr
2
? 

8-9. Use a trial function of the form e-flx
2 

with fJ as a variational parameter to calculate 
the ground-state energy of a hannonic oscillator. Compare your result with the exact 

energy hv/2. Why is the agreement so good? 
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8- 10. Consider a three-dimensional, spherically symmetric, isotropic harmonic oscillator with 

V (r) = kr2 /2. Using a trial function e-ar
2 

with a as a variational parameter, calculate the 
ground-state energy. Do the same using e-ar. The Hamiltonian operator is 

Compare these results with the exact grow1d-state energy, E = ~ h v. Why is one of these 
so much better than the other? 

8- 11. Use a trial function of the form e-ax
2

/ 2 to calculate the ground-state energy ofa quartic 

oscillator, whose potential is V (x) = cx4 . 

8- 12. Use the variational method to calculate the ground-state energy of a particle constrained 
to move within the region 0 ::; x ::; a in a potential given by 

V(x) = I V0x 

V0 (a - x) 

O < x<~ 
- - 2 

a 
- <x <a 
2 - -

As a trial function, use a linear combination oft he first two particle- in-a-box wave functions: 

(2) 1
/
2 

. rcx (2)112 
. 2rcx 

</>(x) = c 1 ~ sm ~ + c2 ~ sm -;-

8- 13. Consider a particle of mass min the potential energy field described by 

I 
Vo 

V(x) = 0 

Vo 

x < - a 

- a < x < a 

X>a 

(See also the figure in Problem 4-55.) This problem describes a particle in a finite well. If 
V0 ~ oo, then we have a particle in a box. Using</> (x) = 12 - x 2 for - / < x < l and</> (x) = 0 
otherwise as a trial function with l as a variational parameter, calculate the ground-state 

energy of this system for a = 2.m Voa2 /fi.2 = 4 and 12. The exact ground-state energies are 
0.530/l,2 / ma2 and 0.736/'i,2 / ma2, respectively (see Problem 4-55). 

8- 14. Repeat the calculation in the previous problem for a trial function </> (x) = cos Ax for 
- re /2A < x < re /2).. and </> (x) = 0 otherwise. Use A as a variational parameter. 

8-15. Consider a particle that is confined to a sphere of radius a. The Hamiltonian operator for 
this system is (see Equation 7 . 10) 

H = _ _!!!___!!:_. (,.2!!._) + /l,2/(l + 1) 
2mr2 dr dr 2mr2 

In the ground state, I = 0 and so 

0 < r ::; a 



Problems 

As in the case of a particle in a rectangular box, <P (a) = 0. Use <P (r) = a - r to calculate an 
upper bound to the ground-state energy of this system. There is no variational parameter in 
this case, but the calculated energy is still an upper bound to the ground-state energy. The 
exact ground-state energy is 7t2/i2/2ma2 (see Problem 8- 17). 

8-16. Repeat the calculation in Problem 8- 15 using <P (r) = (a - r)2 as a trial function. Com
pare your result to the one obtained in the previous problem. The exact (normalized) wave 
function is given in the next problem. Compare plots of (1 - r) and (1 - r)2 (after normal
izing them) and the exact wave functions. 

8-1 7 . In this problem, we will solve the Schrodinger equation for the ground-state wave function 
and energy of a particle confined to a sphere of radius a. The Schrodinger equation is given 
by Equation 7.10 with l = 0 (ground state) and without the e2/47tEor term: 

_ _!f__ !!_ (,.2 d1/J ) = E 1/1 
2mr2 dr dr 

Substitute u = r 1/J into this equation to get 

The general solution to this equation is 

u(r) = A cos ar + B sin ca 

or 

' ''( ) A cos ar B sin ar 
'l'r = +---,. ,. 

where a = (2mE / !i2) 112. Which of these terms is finite at r = O? Now use the fact that 
1/f(a) = 0 to prove that 

aa = 7t 

for the ground state, or that the ground-state energy is 

Show that the normalized ground-state wave function is 

1/J(r) = (27Ca)-l/2 sin 7tr/a ,. 
8-18. This problem fills in the steps of the variational treatment of a helium atom. We use a 

trial function of the form 
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with Z as an adjustable parameter. The Hamiltonian operator of a helitun atom is 

We now evaluate 

The evaluation of this integral is greatly simplified if you recall that 

is an eigenfunction of a hydrogen-like Hamiltonian operator, one for which the nucleus has 

a charge Z. Show that the helium atom Hamiltonian operator can be written as 

where 

Show that 

E(Z) = t !~ { d r1d r 2e-Z<ri+r2) /ao [ - z2e2 - z2e2 + (Z - 2)e2 
a0rr2 J 8rrE0a0 8rrE0a0 4rrE0r 1 

+ (Z - 2)e2 + _ e_2 __ ] e-Z(ri+1"2)/ao 

4rr E0r2 4rr E0r 12 

The last integral is evaluated in Problem 8-39 or 8--40 and the others are elementary. Show 
that E (Z), in units of (mee4/16rr2E~n2), is given by 

E(Z) = - 2 2 + 2(2 - 2) - dr-- + - z 
z3 I e-2Zr 5 

1T r 8 

2 5 = - Z + 2(2 - 2)2 + -z 

= z2 _ 27 2 
8 

Now minimize E with respect to Zand show that 

8 

(
27)

2 

E = - - = - 2.8477 
16 

in units of mee4 / l 6rr2E~li2 . Interpret the value of Z that minimizes E. 



Problems 

8- 19. Use the spectral data for He and He+ from the website http://physics.nist.gov/PhysRef 
Data!ASD!levelsJorm.html to determine the experimental ground-state energy of a helium 
atom. 

8-20. Verify all the matrix elements in Equation 8.37. 

8-21. Consider a system subject to the potential 

V(x) = ~x2 + Y3x3 + Y4x 4 
2 6 24 

Calculate the ground-state energy of this system using a trial function of the form 

where 1/J0(x) and 1/12(x) are the harmonic-oscillator wave functions. 

8-22. It is quite common to assume a trial function of the form 

where the variational parameters and the ¢11 may be complex. Using the simple, special case 

show that the variational method leads to 

E _ cfc1H 11 + c7c2H12 + c1c2H21 + c2c2H22 
¢ - c7c 1S11 + c7c2S12 + c1c2S21 + c2c2S22 

where 

and 

because fl is a Hermitian operator. Now write the above equation for E,p as 

and show that if we set 

and 
oE,p 
-=0 ac; 
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we obtain 

and 

There is a nontrivial solution to this pair of equations if and only ifthe determinant 

I 
(Htt - E.pSt t.) 
(Ht2 - Eq,S[2) 

(H2t - E.pS2t) I = 0 
(H22 - Eq,S22) 

which gives a quadratic equation for Eq,. We choose the smaller solution as an approximation 
to the ground-state energy. 

8-23. You may have noticed in Example 8-4 that only the diagonal elements of the secular 
determinant contain E . Do you see why? If not, see the next problem. 

8-24. What does the secular determinant in Equation 8.39 look like if we expand <Pin Equa
tion 8.24 in an orthonormal set of functions? 

8-25. Determine the wave function corresponding to the energy in Example 8-4 for v0 = 10 
(see Figure 8.5). 

8-26. Repeat the calculation in Example 8-4 using a trial function of the form 

( 
2) t/2 . ]'[ x ( 2) t/2 . 371'. x 

</J(x) = Ct ;- sm-;; + c2 -; sm -;;-

What happened? What if we add sin 57rx/a to sin 7rx/a? 

8-27. Repeat the calculation in Example 8-4 using a trial function of the form 

(
2) t/2. 'T[X ( 2) t/2. 4'T[X 

<P (x) = Ct ~ sm -;; + c2 ~ sm -;;-

Compare your result for the energy to that obtained in Example 8-4 for v0 = 10. What do 
you think would happen if you used sin 6rr x/a instead of sin 4rr x /a? See the next problem 
for an explanation of what's going on. 

8-28. This problem shows that terms in a trial flmction that correspond to progressively higher 
energies contribute progressively less to the ground-state energy. For algebraic simplicity, 
assume that the Hamiltonian operator can be written in the form 

and choose a trial function 



Problems 

where 

HA (0) . 1,J. = EJ(O) . 1,J. . ·1 2 
'I' 'I' J = ' 

Show that the secular equation associated with the trial function is 

I
H 11 - E H12 l = JEf

0
)+ Ef

1
) - E 

H12 H22 - E H12 
( l) 

where 

Solve equation I for E to obtain 

E (O) + E <lJ + E (O) + E ( l) l/2 
E = t 1 2 2 ± ~ {(E(O) + E (l) _ E (O) _ E (l)] 2 + 4 H2 } (2) 

2 2 l l 2 2 12 

If we arbitrarily assume that Ef0l + Ef 1' < E~O) + Ei1>, then we take the positive sign in 
equation 2 and wri te 

E (O) + E(l) + E(OJ + E{lJ E(O) + E (l) - E (O) - E ( l) 
E = t t 2 2 + t t 2 2 

2 2 

Use the expansion ( I + x) 112 = l + x /2 + · · · to get 

(O) ( 1) H~2 
E = Et + Et + (OJ ( ll (O) (t) + ··· 

Et + Et - E2 - E2 
(3) 

Note that if E}0) + E:l) and Ei0) + Ei 1) are widely separated, the term involving H~2 in 

equation 3 is small. Therefore, the energy is simply that calculated using 1{!1 alone; the 1{!2 
part of the trial function contributes little to the overall energy. The general result is that 
terms in a trial function that correspond to higher and higher energies contribute less and 
less to the total ground-state energy. 

8-29 . Use a program such as Math Cad or Mathematica to repeat the calculation in Example 8-4 
using a trial function of the form 

. rrx . 2rrx . 4rrx 
</>(X) = Ct Sill - + C2 Sill -- + C3 Sill --

a a a 

for vo = 10. Compare yom answer to E: = 5 .155 95 from Example 8-4 and to E:exact = 5.0660. 

8-30 . Use a program such as MathCad or Mathematica to verify the first few entries in Table 8.1. 
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8-31. In this problem, we shall calculate the polarizability of a hydrogen atom using the 
variational method. The polarizability -of an atom is a measure of the distortion of the 
electronic distribution of the atom when it is placed in an external electric field. When 

an atom is placed in an external electric field, the field induces a dipole moment in the 
atom. It is a good approximation to say that the magnitude of the induced dipole moment 
is proportional to the strength of the electric field. In an equation, we have 

(1) 

where µ, is the magnitude of the induced dipole moment, c is the strength of the electric 
field, and a is a proportionality constant calJed the polarizability. The value of a depends 
upon the particular atom. 

The energy required to induce a dipole moment is given by 

lo
<. lo t. ae2 

E = - µ,dc' = - aC'dC' = - -
o 0 2 

(2) 

Equation 2 is the energy associated with a polarizable atom in an electric field. 
Consider now a hydrogen atom for simplicity. In a hydrogen atom, there is an instanta

neous dipole moment pointing from the electron to the nucleus. This instantaneous dipole 
moment is given by - er and interacts with an external electric field according to 

E = - f.l · e = er · e (3) 

If e is taken to be in the z direction, then equation 3 introduces a perturbation term to the 
Hamiltonian operator of the hydrogen atom that is of the fonn 

and so the complete Hamiltonian operator is 

(4) 

We can solve this problem using perturbation theory, but we shall use the variational method 
here to calculate the ground-state energy of a hydrogen atom in an external electric field. 

Problem 8-24 shows that it is convenient to write a trial fonction as a linear combination 
of orthonormal fonctions. In particular, in this case it is convenient to choose the orthonor
mal functions to be the eigenfonctions of the unperturbed system. Because the field induces 
a dipole in the z direction, let's take 

(5) 

as our trial fonction. Using the hydrogen atomic wave fonctions given in Table 7.5 , show 

that 



Problems 

.e2 
H11 = - --

2K0a0 

8 (2) 5 

H12 = ..J2 3 eca0 

where Ko = 4rrE0. Show that the two roots of the corresponding secular equation are 

5 e2 3 e2. ( 223 c;K~a~ ) l/2 
E = - 16K

0
a

0 
± 16 K

0
a

0 
1 + 3'2 _ e_2_ 

Now use the expansion of (I + x) 112 given in Equation D.14 to obtain 

2 t,2 
E = _ _ e_ - 2.96K0 a~~ + · · · 

2 Ko a0 2 

(6) 

(7) 

(8) 

Compare this result to the macroscopic equation (equation 2) to show that the polarizability 
of a hydrogen atom is 

(9) 

The exact value for the hydrogen atom is 9 Ko a3/2. Although the numerical value is in 

error by 35%, we do see that the polarizability is proportional to a3 (i.e., to a measure of the 
volume of the atom). This is a general result and can be used to estimate polarizabilities. 
Why is there nolinearterm inc, in the above equation for E'? What do you think a first-order 
perturbation calculation of the ls state would give? 

8-32. lt is instmctive to redo the calculation of the polarizability of a hydrogen atom in the 
previous problem using a trial ftmction of the form 

This t1ial function has the same symmetry as equation 5 in the previous problem, but it 
involves the 1/f3Pz orbital instead of the 1/12pz· Show that in this case 

or 

for a polarizability, a = 0.400 Ko a~. Note that, in this case, the energy is quite a bit higher 
than that in equation 8 of the previous problem, and in fact it is not very far from the Ls 
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energy, - e2/2 Ko a0. This result suggests that the 3pz orbital somehow does not play much 
of a role in the trial function, particularly compared to the trial function involving the Is 
and 2 Pz orbitals. These two calculations of the polarizability of a hydrogen atom illustrate 
a general principle that we discuss in Problem 8- 28. 

8- 33. Verify the expansion in Equation 8.57. 

8- 34. Use the series expansion of ( l + x) 112 (Equation D.14) to show that the variational result 
of Example 8-4 can be written as 

Vo 256 2 3 
.c: = l + - - --v + O(v ) 

2 243.ir4 ° 0 

8- 35. Calculate the first-order correction to the first excited state of an anharmonic oscillator 
whose potential is given in Example 8-5. 

8-36. Calculate the first-order correction to the energy ofa particle constrained to move within 
the region 0 :::;: x :::;: a in the potential 

V(x) ~ I 
Vo(a - x) 

where V0 is a constant. 

O < x < ~ 
- - 2 

a 
- <x < a 2 - -

8-37. Use first-order perturbation theory to calculate the first-order correction to the ground
state energy of a quartic oscillator whose potential energy is 

V(x) = cx4 

In this case, use a harmonic oscillator as the unperturbed system. What is the perturbing 
potential? 

8- 38. In Example 5-2, we introduced the Morse potential 

V(x) = D ( I - e-fl.•)2 

as a description of the internuclear potential energy of a diatomic molecule. First expand 

the Morse potential in a power series about x. (Hint: Use the expansion ex = I+ x + ~ + 
~ + · · · .) What is the Hamiltonian operator for the Morse potential? Show that the Hamil
tonian operator can be written in the form 

A li2 d2 2 3 4 
H = - -- + ax + bx + ex + · · · 

2{1, dx 2 
( l) 

How are the constants a, b, and c related to the constants D and {J'! What part of the 
Hamiltonian operator would you associate with f/ (O), and what are the functions 1/1,~0> and 

energies E,~0)? Use perturbation theory to evaluate the first-order corrections to the energy 
of the first three states that arise from the cubic and quartic terms. 



Problems 

8-39. Jn applying first-order perturbation theory to a helium atom, we must evaluate the integral 
(Equation 8. 70) 

where 

and Z = 2 fora helium atom. This same integral occms in a variational treatment of a helium 
atom, where in that case the value of Z is left arbitrary. This problem proves that 

Let r 1 and r2 be the radius vectors of electrons 1 and 2, respectively, and let B be the angle 
between these two vectors. Now this is generally not the B of spherical coordinates, but if 
we choose one of the radius vectors, say r t> to be the z axis, then the two B's are the same. 
Using the law of cosines, 

,. - (r 2 + r2 - 2r,. cosB.) 112 
l 2 - l 2 l 2 

show that £ ( 1l becomes 

lo
2

1r 11r dB sin B 
x d<J> 

o (r~ + ri - 2r1 r2 cos B) l/ 2 

Letting x = cos B, show that the integrand over B is 

2 
,.l > r2 

,. l 

2 
r1 < r2 

r2 
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Substituting this result into E< lJ, show that 

e2 4z3 l oo d. -2Zr1/ao 2 [ I -2Zr1/ao ( Z I )] =---- tie r - - e - + -
41rEo a~ o 1 r 1 a{) r 1 

Show that the energy through first order is 

compared with the exact result, Eexacr = -2.9037(mee4/16rr2E~li,2) . 

8-40. In the previous problem we evaluated the integral that occurs in the first-order perturba
tion theory treatment of a helium atom (see Equation 8. 70). In this problem we will evaluate 
the integral by another method, one that uses an expansion for I/ r 12 that is useful in many 
applications. We can write l/ r 12 as an expansion in tenns of spherical harmonics, 

l 00 +l 4n: r1 --- '°' '°' --~Y111 (B A..)Y111*(B A..) 
Ir - r I - L., L., 21 + I ,.1+1 I l> 'f'l 2• 'f'2 

l 2 / =() m= -1 > 

where B; and¢>; are the angles that describe r; in a spherical coordinate system and r < and 
'» are, respectively, the smaller and larger values ofr1 and r2. In other words, ifr 1 < r2, then 
r - r and r - r Substitute'" (r.) - (Z3/a3rr) 112e-Zr;/ao and the above expansion for < - [ > - 2• 'f' [J I - 0 . ' 

l/r12 into Equation 8.70, integrate over the angles, and show that all the terms except for 
the l = 0, m = 0 term vanish. Show that 

Now show that 



Problems 

2 4z6100 
[ ( 2z2,.2 22 . ) J _ e d . . -2Zq/ao -2Zri/ao I 1 I .I l - - ----6 ,,,,e e --2- + -- + -

4rrE0 a0 o a0 a0 

as in Problem 8--39. 

8- 41. Consider a molecule with a dipole moment JL in an electric field f. . We picture the dipole 
moment as a positive charge and a negative charge of magnitude q separated by a vector I. 

f= q& -& 

The field f. causes the dipole to rotate into a direction parallel to f.. Therefore, work is 
required to rotate the dipole to an angle B to e . The force causing the molecule to rotate is 
actually a torque (torque is the angular analog of force) and is given by l/2 times the force 
perpendicular to I at each end of the vector I. Show that this torque is equal to µf. sine and 
that the energy required to rotate the dipole from some initial angle 80 to some arbitrary 
angle e is 

l
e I , 

V = µf.. sin BdB 
0 

Given that 80 is customarily taken to be rr /2, show that 

v = - µ£cos e = - µ, . c. 

8-42 . Derive Equation 8.93 using the second term in Equation 8.91 (cf. Problem A-6). 
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8-43 . In this problem we shall derive the formulas of perturbation theory to second order in 
the perturbation. First, substitute Equation 8.6 l into Equation 8.58 to obtain an equation in 
which the only unknown quantity is 1/1,~ 1) . A standard way to solve the equation for 1/1,'. 1) is to 

expand the unknown 1/1,~1) in terms of the eigenfunctions of the unperturbed problem. Show 
that if we substitute 

,1,0) ="a .. 1,(0) 
'1'11 ~ 11]'1'] (1) 

j 

into Equation 8.58, multiply by 1/li 0
)* , and integrate, then we obtain 

There are two cases to consider here, k = n and k :fan. Show that when k = n, we obtain 
Equation 8.61 again and that when k :fa n , we obtain 

( .1, <O) I fJ(l) I . 1, (0l) H <tl 
'l'k '1'11 k11 

a11k = (O) (O) = (O) (0) 
E11 - Ek E11 - Ek 

(3) 

where 

H ( I) = (·1, (0) I fJ(ll I ,1, (0l} = j ,1, (0l* fJ ( I), 1, (0J dr 
k11 'l' k '1'11 'l'k '1'11 (4) 

Thus, we have determined all the a 'sin equation l except for a 11w We can determine a 1111 
by requiring that 1/111 in Equation 8.55 be normalized through first order, or through terms 
linear in A.. Show that this requirement is equivalent to requiring that 1/1,~o) be orthogonal to 

1/1,~ 1) and that it gives a1111 = 0. The complete wave function to first order, then, is 

( I) (0) 

- (0) " Hjll 1/lj - (0) ( I) 
1/111 - 1/111 + A. ~ (O) (O) - 1/111 + A. 1/111 

j F-11 E11 - Ej 
(5) 

which defines 1/1,~ l) . Now that we have 1[,r1~ 1), we can determine the second-order energy by 

setting the A. 2 term in Equation 8.57 equal to zero: 

H (0) ,1, (2) + fJOl,1,( I) _ E (0) ,1, (2) _ E (l) ,1, ( I) _ E (2),1,(0) = 0 
'Y IJ 'Y ll ll 'Y IJ 1J 'Y 1J /J 'Y ll (6) 

As with . i,( I) we write .i,(2) as 
'Y /J ' 'Y /l 

(2) - " (0) 1/111 - ~ bn.t 1/ls (7) 

Substitute this expression into equation 6, multiply from the left by 1/1,~?l* , and integrate to 
obtain 

b E(O) " H ( l) - b E(O) E< I) • E(2) 
,,,,, 111 + ~ a,,j mj - nm ,, + a11111 n + 0,,111 n (8) 

j 'F-11 



Problems 

Let n = m to get (remember that a,,,, = 0) 

Thus, the energy through second order is 

E = £ (0) + £ ( 1) + £ <2) 
" ll /J /J 

where £~ 1) is given by Equation 8.6l and E,~2) is given by equation 9. 

8-44. Derive the equation for E,, through second order by starting with 

E = (if!,, I fl 11/1,,} 
( 1{!,, 11/1,,} 

(9) 

8-45. Problem 8-43 shows that if!,~ 1) has the form 1/f,~ 1l = Lj;C" a,,ji/!]0>. Given that 1/1,~2) has a 

similar form, if!,~2) = L j;C,, b,,jif!j°l, show that a knowledge of the wave function through 
first order determines the energy through third order. 

8-46. Jn this problem we'll calculate the ground-state energy of a particle in a gravitational 
well (Example 8-4 and Equation 8.68) throu.gh second order in perturbation theory using 
the results of Problem 8-43 . From equation 9 of Problem 8-43, we see that the second-order 
correction to the ground-state (n = I) energy is given by 

[ 
( l) ] 2 

(2l " Htj 
Ei = L E<Ol _ £ (0) 

j;C l l j 

where 

and 1/1 i°l = (2/ a) 112 sin krc x /a . Show that 

2v. la . l 8jVo ( l) _ o . rcx . 1rcx _ - . 
H1. - - .- dx x sm - sm -- - rc2(I _ 12)2 

; a2 o a a 0 
j even 

j odd 

for j ~ 2. Now show that 

(2) 64 VJ 8ma2 00 j2 
E ----- L: I - rc4 h2 

j~2 
(j2 - 1)5 

(j e\rtfl) 

64v2 1t2 00 j2 __ o __ L: rc4 8ma2 
r~.2 

(j2 - 1)5 
(j even) 

where v0 = 8m Voa 2 / h2 . 
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Show that the energy through second order is 

e = e(O) +e< tJ +e(2) = l + vo + v2 [64 
l l l 2 0 :ir4 

where t: = 8mEa2 / h2 . 

Chapter 8 I Approximation Methods 

00 

j°?:.2 
(j e\•n) 

The summation here converges very rapidly; two terms give 0.01648, which is accurate 
to four significant figures. Therefore, 

e = l + Vo + 0.01083 v~ + O(v~) 
2 

Compare this result to that obtained in Problem 8-34. Comment on the comparison. The 
following figure compares this result to the exact energy as a function of v0. Note that the 
two sets of values agree for small values of v0, but diverge as v0 increases. 

6 

3 

5 10 
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MA TH CHA PT ER H 
Matrix Eigenvalue Problems 

The Schrodinger equation 

(H.1) 

is an eigenvalue problem; if! is the eigenfunction and E is the corresponding eigenvalue. 
We've seen in MathChapter G that operators can be represented by matrices, and so the 
matrix equation 

Ac =.AC (H.2) 

which is analogous to Equation H.l, is calledl a matrix eigenvalue problem, where c is 
an eigenvector of the matrix A and A. is the corresponding eigenvalue. Equations H. l 
and H.2 suggest that there is a strong relationship between the Schrodinger equation 
and a matrix eigenvalue problem. We have seen this relationship in Chapter 8, but we 
didn't develop it there. In fact, quantum mechanics can be presented entirely in terms of 
matrices instead of differential equations as we have done in this book. It 's traditional for 
quantum chemistry to be presented in terms of differential equations because chemistry 
students are presumably more comfortable or familiar with differential equations than 
with matrices; but, in fact, matrix algebra is much easier than differential equations, 
and most research in molecular quantum mechanics is couched in terms of matrices 
and matrix eigenvalue problems. 

To see explicitly the relation between the Schrodinger equation and a matrix 
eigenvalue problem, we expand the (unknown) eigenfunction if! in Equation H. l in 
terms of some convenient set of (real and normalized) functions <Pi: 

N 

1/1 = L C;</l; (H.3) 
i = I 

As N gets larger and larger, we expect Equation H.3 to become more and more exact 
if we choose the ¢; well. The unknown nature of if! is now represented by the set of 4 2 7 
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unknown coefficients {ed. We substitute Equation H.3 into Equation H.l, multiply by 
<Pj, and then integrate over all the coordinates to obtain the set of algebraic equations 

H , ,c, + H 12C2 + ... + H 1NCN = E(c, + c2S12 + ... + cNS1N) 

H21c1 + H22c2 + ... + H2NcN = E(c1S21 + c2 + ... + cNS1N) 
(H.4) 

= 

where the 

(H.5) 

and the 

are called matrix elements. We have used the fact that the</>; are normalized (S;; = 1) 
in writing Equation H.4. We can write Equation H.4 as a matrix eigenvalue problem 

Hc=ESc (H.6) 

Equation H.6 is equivalent to Equation 8.38. This type of equation appears oHen in 
quantum chemistry, and will appear repeatedly in later chapters. Equation H.6 becomes 
the same as Equation H.2 (with A = s- 1H) if we multiply Equation H.6 from the 
left by s-1• Thus, we see that the Schrodinger equation can be expressed as a matrix 
eigenvalue problem. 

Let's look at Equation H.2 more closely. Equation H.2 represents the system of 
homogeneous linear equations 

(a, I - A.)c, + a12C2 + ... + a1NCN = 0 

a 21c1 + (a22 - A.)c2 + · · · + a2NcN = 0 
(H.7) 

As we have seen a number of times before, the determinant of the c.i 's must be equal to 
zero in order to have a nontrivial solution; in other words, a solution where not all the 
c1 =0. Thus, we write 

det(A - A.I) = 0 (H.8) 

which leads to the secular equation, which is an Nth-degree polynomial equation in A.. 
The solution to this equation gives us N eigenvalues in Equation H.2. Associated with 
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each eigenvalue is an eigenvector. We obtain each eigenvector by substituting one of 
the values of A. into Equation H.4 and then solving for the c; 's. We did this repeatedly 
in Chapter 8. 

EXAMPLE H- 1 
Find the eigenvalues and eigenvectors of 

A=(~ ~) 
where a is a constant. 

SOLUTION: The determinant of A - A.I is given by 

det(A - A.I) = = (a - A.)2 - 1 = 0 
l
a - A. 1 I 

1 a - A. 

and so the eigenvalues are given by the solution to (a - A.)2 - I= 0, or A. = a± I. The 
equations for the eigenvectors are (see Equation H.7) 

(a - A.)c 1 + c2 = 0 

c1 +(a - A.)c2 = 0 

lfwe substitute A. = a+ J into these equations, we obtain 

- Ct + C2 = 0 

Cl - C2 = 0 

or c1 = c2. Thus, the eigenvector is (c1i c1) , where c1 is an arbitrary constant. We can 
fix the value of c1 by requiring that the eigenvector be normalized, in which case we 
have 

-( l/ .Ji) 
C1 - l/..J2 

The other normalized eigenvector is given by 

c = ( 1;.J2) 
2 - l/.J2 

It's an easy exercise to verify that Ac 1 = A. 1c 1 and that Ac2 = A.2c2. 

In Example H- 1, we solved a 2 x 2 eigenvalue problem. The algebra was simple 
because we had to solve only a quadratic equation to find the two eigenvalues. The alge
bra increases drastically as we go on to problems of dimension greater than two; even a 
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3 x 3 system leads to a cubic equation for A., which is usually quite tedious to solve, and 
the tedium grows rapidly with the size of the matrix. There are a number ofuser-friendly 
mathematical computer programs available nowadays that can easily handle very large 
matrices. Three such programs are MathCad, Maple, and Mathematica, each of which 
can perfo1m algebraic manipulations as well as do numerical calculations. At least one 
of these programs is available in most chemistry departments, and you should learn 
how to use one of these programs. Any of these programs, as well as others, can solve 
for all the eigenvalues and corresponding eigenvectors of a sizable matrix in seconds. 

Note that the two eigenvectors in Example H- 1 are orthonormal because 

c , . c, = (}i}i + }i}i) = 1 

C2 · C2 = [ }i ~ + ( - ~) ( - ~) J = 1 

and 

This is generally true for eigenvectors of distinct eigenvalues of a symmetric matrix; in 
other words, one for which A = Ar. This result is completely analogous to the fact 
that the nondegenerate eigenfunctions of Hermitian operators are orthonormal (see 
Section 4.6). Recall that a definition of a Hermitian operator A is 

(H.9) 

Ifwe let Aij = f dr:1/ft A1/lj , then Equation H.9 says that 

(Hermitian matrix) (H.10) 

A symmetrical matrix would have A;1 = A Ji· Equation H.10 is the extension of the 
definition of a symmetric matrix to a complex space, where the elements of the matrices 
may be complex. If A satisfies Equation H.10, it is said to be a Hermitian matrix . 
All matrices in quantum mechanics must be Hermitian because the eigenvalues of a 
Hermitian matrix are real, just as the eigenvalues of a Hermitian operator are real (see 
Section 4.6). 

EXAMPLE H-2 
Show that the eigenvectors of a Hermitian matrix are real and that the eigenvectors 
corresponding to distinct eigenvalues are orthogonal. 

SOLUTION: Start with Acj = A. j cj . Multiply both sides from the left by c7 to obtain 
c; Acj = A. j c7cj, which we write in the notation 

(H. l l ) 
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Now multiply A*c; = A.;c; from the left by cj to obtain cjA*c; = ),;cj c;, which we 
write as 

(H.12) 

But A is Hermitian, so Aij = A j;- Furthermore, cj c; = c7cj because the dot product of 
t\vo vectors is commutative. Comparing Equations H. I I and H. l 2 gives 

(H.13) 

If i = j , c7cj :=:: 0, and so ), j = A. j, which says that the eigenvalues are real. If i =I= j , 
then A; =I= A. j if there is no degeneracy, and so c7cj = 0, which says that C; and cj are 
orthogonal. 

Let's go back to Equation H.2, which we will write in the form 

k = 1, 2, ... , N (H.14) 

There are N eigenvalues A.k and N corresponding eigenvectors, ck. Now let's nom1alize 
the ck and form a matrix 

(H.15) 

where the notation means that the columns of S are the (normalized) eigenvectors 
of A. Because the columns of S consist of the eigenvectors of A, and because these 
eigenvectors form an orthonormal set if A is symmetric (which it usually is), S is 
an orthogonal matrix. In other words, s- 1 = sT. Furthermore, the matrix s has a 
remarkable property that we can see by operating on S with A to obtain (Problem H- 6) 

AS = (Ac1, Ac2, ... , AcN) 

= (A.1C1, A.2C2, ... , A.NcN) 

= SD (H.16) 

where 

o ~ (I 
0 0 

n A.2 0 
(H.17) 

0 0 

is a diagonal matrix whose elements are the eigenvalues of A. 
If we multiply Equation H.16 from the left by s-1, then we obtain 

(H.18) 
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because S is orthogonal. Equation H. 18 is called a similarity transformation. We say that 
the matrix A has been diagonalized by the similarity transformation in Equation H.18. 
Diagonalizing a matrix A is completely equivalent to solving the eigenvalue problem 
in Equation H.2, or, because Equations H. l and H.2 are equivalent, diagonalizing 
the Hamiltonian matrix is completely equivalent to solving the Schrodinger equation. 
Physically, A and D represent the same operation (such as a rotation or a reflection 
through a plane). Their different forms result from the fact that D is expressed in an 
optimum, or natural, coordinate system. Because of the central importance of matrix 
diagonalization in quantum mechanics, there are many sophisticated and efficient 
algorithms for matrix diagonalization in the numerical analysis literature. 

EXAMPLE H-3 
Diagonalize the matrix A in Example H- 1. 

SOLUTION: The matrix Sis given by 

- ~) 
Ji 

The inverse of S is 

s- '= ( ~ 
Ji 

- ~) 
Ji 

Using Equation H. l8, we have 

=(a + 1 . 0 ) = D 
0 a - l 

Notice that the elements of D are the eigenvalues of A. Notice also that the trace of A 
is equal to the trace of D, which equals A1 + A.2 (Problem H- 12). 

Problems 

H-1. Determine the eigenvalues and eigenvectors of A= ( ! ! ) . 
H . . . fA ( I - 2) -2. Determme the eigenvalues and eigenvectors o = _

2 
l . 



Problems 

H- 3. 

H-4. 

Det"minc tho e igcnv~u" •nd oigenvoctor.; of A = ( i 
Determine the eigenvalues and eigenvectors of A= ( ~ 

- I 

0 I) 
I 0 . 
0 0 

0 -1) 
I 0 . 
0 I 

H-5. Show that the matrix A = ( ~i 0 
l + i - 1- i 

1- i ) 
- 1

3
+ i is Hermitian. 

H-6. Verify that (A. 1C1 , AzCz, ... ' ANCN) =SD in Equation H.16. 

H- 7. The three eigenvectors of A in Problem H-4 are c1(- I, 0, I), c2(0. I, 0), and c3(1, 0, I), 

where c i. c2, and c3 are arbitrary. Choose them so that the three eigenvectors are normalized. 
Now form the matrix S whose columns consist of the three normalized eigenvectors. Find 

the inverse of sand then show explicitly that s-1 = sr, or thats is indeed orthogonal. 

H-8. Diagonalize the matrix in Problem H- 1. 

H-9. Diagonalize the matrix in Problem H- 2. 

H- 1 O. Diagonalize the matrix in Problem H-3. 

H- 11 . Diagonalize the matrix in Problem H-4. 

H- 12. Show that Tr D = Tr A. 

H- 13. Programs such as MathCad and Mathematica can find the eigenvalues and correspond

ing eigenvectors oflarge matrices in seconds. Use one of these programs to find the eigen
values and corresponding eigenvectors of 

a 0 0 0 

l a 0 0 0 

0 l a 0 0 
A= 

0 0 a 0 

0 0 0 I a 

0 0 0 a 
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Charlotte E. Moore was born in Ercildoun, Pennsylvania, on September 24, 1898, and 
died in 1990. After graduating from Swarthmore College in 1920, she worked at the 
Princeton University Observatory and the Mt. Wilson Observatory on stellar spectra and 
the determination of the sun's chemical composition. She earned a Ph.D. in astronomy in 
193 1 from the University of California at Berkeley on a Lick Fellowship. After receiving 
her Ph.D., she returned to Princeton, and in 1945 joined the spectroscopy section at the 
National Bureau of Standards (now the Nationa I Institute of Standards and Technology) until 
her retirement in 1968. Moore was placed in charge of an Atomic Energy Level Program, 
a program whose mission was to produce a current and more comp lete compilation of 
spectral data and atomic energy levels. She not only compiled published data but critically 
analyzed the data for each spectrum. When the data were insufficient or of dubious quality, 
she persuaded competent spectroscopists to carry out new observations and analysis. The 
result of her effort, Atomic Energy Levels (1949- 1958), is a classic work that provides 
data for 485 atomic species in a uniform, c lear format with standardized notation. In 1949, 
Moore was elected as an Associate of the Royal Astronomical Society, the first woman to 
receive this honor, breaking a 129-year tradition. In 1937, she married a fellow astronomer, 
Bancroft Sitterly, but always published under her maiden name. 



CHAPTER 9 
Many-Electron Atoms 

We concluded Chapter 7 with an introduction to the helium atom. We showed there that 
if we considered the nucleus to be fixed at the origin, then the Schrodinger equation has 
the form 

(9.1) 

where HH (j) is the hydrogen-like Hamiltonian operator of electron j (Equation 7 .77). 
If it were not for the presence of the interelectronic repulsion term, Equation 9. l would 
be immediately solvable. Its eigenfunctions would be products of hydrogen-like wave 
functions and its eigenvalues would be sums of the hydrogen-like energies of the two 
electrons (see Section 3.9). Helium is our first multielectron system, and although the 
helium atom may seem to be of minimal interest to chemists, we will discuss it in detail 
in this chapter because the solution of the helium atom illustrates the techniques used 
for more complex atoms. Then, after discussing electron spin and the Pauli exclusion 
principle, we will discuss the Hartree- Fock theory of many-electron atoms. F inally, 
we will discuss the term symbols of atoms and ions and how they are used to label 
electronic states. This chapter illustrates the powerful utility of quantum mechanics in 
analyzing the electronic properties of atoms. 

9.1 Atomic and Molecular Calculations Are Expressed in Atomic Unils 

We will apply both perturbation theory and the variational method to a helium atom, 
but before doing so, we will introduce a system of units, called atomic units, that is 
widely used in atomic and molecular calculations to simplify the equations. Natural 
units of mass and charge on an atomic or molecular scale are the mass of an electron 
and the magnitude of the charge on an electron (the charge on a proton). Equation 1.22 
suggests that a natural unit of angular momentum on an atomic or molecular scale is Ii. 4 3 5 
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T ABLE 9.1 
Atomic Units and Their SI Equivalents 

Property Atomic unit SI equivalent 

Mass Mass of an electron, me 9.1094 x 10-31 kg 

Charge Charge on a proton, e 1.6022 x 10-19 c 
Angular momentum Planck constant divided by 2rr, Ii 1.0546 X I0-34 J ·S 

Length 
. 4rr Eofi2 

5.2918 x 10-11 m Bohr radms, a0 = --2-mee 
m e4 e2 

4.3597 x 10- 18 J Energy e = --- = Eh 
I 6rr 2€5 fiZ 4Jr E oao 

Permittivity Ko = 4rrE0 l.1127 x 10-10 c2 .1-1.m-1 

A natural unit of length on an atomic scale is the Bohr radius (Equation 1.24), 

(9.2) 

and we saw repeatedly in Chapter 7 that a natural unit of energy is 

(9.3) 

It is convenient in atomic and molecular calculations to use units that are natural on 
that scale. The units that we wiJI adopt for atomic and molecular calculations are given 
in Table 9.1. This set of units is called atomic units. The atomic unit of energy is called 
a hartree and is denoted by Eh. Note that in atomic units the ground-state energy of a 
hydrogen atom is - ~ Eh (cf. Equation 7.11). 

EXAMPLE 9-1 
The unit of energy in atomic units is given by 

Express I Eh in units of joules (J), kilojoules per mole (kJ·mol- 1), wave numbers 
(cm- 1), and electron vol ts (eV). 

SOLUTION: To find I Eh expressed in joules, we substitute the SI values of me, e, 
4rrE0, and Ii into the above equation. Using these values from Table 9.1, we find 
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I Eh = (9.1094 x 10-31 kg)(l.6022 x 10- 19 C)4 

(1.1127 x 10- 1° C2 ·J-l.m-1)2(t.0546 x 10-34 J·s)2 

= 4.3597 x 10- 18 J 

If we multiply this result by the Avogadro constant, we obtain 

I E11 = 2625.5 kJ·mo1-1 

To express 1 Eh in wave numbers (cm- 1), we use the fact that 1Eh = 4.3597 x 10- 18 J 
along with the equation 

_ l hv E 4.3597 x 10-18 J 
v = - = - = - = ---------------

).. he ch (2.9979 x 108 m·s-1)(6.6261 x l0-34 J·s) 

= 2.1947 x 107 m- 1 = 2.1947 x 105 cm- 1 

so that we can write 

Last, to express IE h in terms of electron volts, we use the conversion factor 

I eV = J.6022 x 10-19 J 

Using the value of l Eh in joules obtained previously, we have 

1 Eh = (4.3597 x 10-18 J) ( I eV 
9 

) 
1.6022 x l0- 1 J 

= 27.2 11 eV 

The use of atomic units greatly s implifies most of the equations we will use in 
atomic and molecular calculations. For example, the Hamiltonian operator of a helium 
atom 

becomes simply 

(9.5) 

in atomic units (Problem 9- 6). An important aspect of the use of atomic units in atomic 
and molecular calculations is that the calculated energies are independent of the values 
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T A BLE 9.2 
Ground-State Energy of a Helium Atom a 

Ionization Ionization 
Method Energy/ Eh energy/Eh energy/kJ ·mo1-1 

Perturbation calculations 

Complete neglect of the - 4.0000 2.000 5250 
interelectronic repulsion term 

First-order perturbation theory - 2.7500 0.7500 1969 

Second-order perturbation - 2.9077 0.9077 2383 
theory 

Thirteenth-order perturbation - 2.903 724 33 0.903 724 33 2373 
theoryb 

Variational calculations 

(ls)2 withs = 1.6875 - 2.8477 0.8477 2226 

Eckart, Equation 9.13 c - 2.8757 0.8757 2299 

Hartree- Fock d - 2.861 68 0.8617 2262 

Hylleraas, e 10 parameters - 2.903 63 0.903 63 2372 

Pekeris, f I 078 parameters - 2.903 724 375 0.903 724 375 2373 

Experimental value - 2.9033 0.9033 2373 

a. These are nonrelativistic, fixed-nucleus approximation energies. Corrections for nuclear motion and 
relativistic corrections can be estimated to be 10- 4 Eh. 

b. Scheer, C. W., Knight, R. E. Two-Electron Atoms llT. A Sixth-Order Perturbation Study of the 11 S Ground 
State. Rev. Mod. Phys., 35, 426 ( 1963). 
c. Eckart, C. E. The Theory and Calculation of Screening Constants. Phys. Rev., 36, 878 (1930). 
d. Clementi, E., Roetti, C. Roothaan- Hartree- Fock atomic wavefi.mctions: Basis ftmctions and their 
coefficients for ground and certain excited states of neutra l and ionized atoms, Z :::;: 54. At. Daw Nucl. 
Data Tables, J 4 (3-4), 177 ( 1974). 

e. Hylleraas, E. A. Neue Berechnung der Energie des Heliums in Grundzustande, sowie des tiefSten Terms 
von Ortho-Helium. Z. Physik, 54, 347 (1929). 
f Pekeris, C. L. 11S and 23S States of Helium. Phys. Rev., JJ5, 1216 (1959). 

of physical constants such as the electron mass, the Planck constant, etc. As the values 
of physical constants are further refined by advances in experimental methodology, 
the energies calculated using atomic un its will not be affected by these refinements. 
For example, we will see in the next section that the most accurate calculation of the 
ground-state energy of a helium atom gives - 2.903 724 375 Eh (Table 9.2), which took 
months of computer time at the time the calculation was done. Because atomic units 
were used, this value will never have to be redetermined. 
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9.2 Bolh Perturbation Theory and lhe Variational Melhod Can Yield 
Good Resulls for a Helium Alom 

We applied first-order perturbation theory to a helium atom in Section 8.5 and found 
that the first-order correction to the energy is 5Z /8 Eh and that the energy of a helium 
atom through first order is given by 

2 5 11 
E= - Z + -Z= - -Eh= - 2.750Eh 

8 4 
(9.6) 

or - 72 19kJ·mo1- 1• The experimental value of the energy is - 2.9033£h, or 
- 7621 kJ ·mo1- 1, and so we see that first-order perturbation theory gives a result that 
is approximately 5% in error. Scheer and Knight (see Table 9.2) calculated the energy 
through many orders of perturbation theory and found that 

E 2 5 0 5 66 0 .008 70 0.000 889 
= - Z + - z - .1 7 + + + .. · 

8 z z2 (9.7) 

Equation 9.7 yields a value of - 2.9037 Eh, in good agreement with the experimental 
value of - 2.9033 Eh. 

We also used the variational method to calculate the ground-state energy of a helium 
atom in Section 8. 1. We used a (normalized) trial function of the form 1/f (r 1, r 2) = 
1/!Lr(r 1)1fr1s(r2) with 1/11s(r ) = (S-3 /n:)e-~ ,., wheres is a variational parameter. In other 
words, we used 

Thus, we had to evaluate 

In Section 8. 1, we found that E comes out to be 

2 27 
E(S°)=S' - - t 

8 

Minimizing E with respect to s gives Smin = 27/ 16 and 

(
27)

2 

Emin = - 16 Eh = - 2.847 66 Eh 

(9.8) 

(9.9) 

(9.10) 

(9.11) 

compared to the first-order perturbation theory result of - 2.7500 Eh and the higher
order result of - 2.903 7 Eh. [Problems 9- 7 through 9- 10 explain why Equation 9 .10 
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consists of a term that is quadratic in l; and a term that is linear in l;, and then develop 
the relation between minimizing E(l;) with respect to l; and the virial theorem.] 

The agreement we have found between first-order perturbation theory or our simple 
variational approximation and the experimental value of the energy may appear to be 
quite good, but let's examine this agreement more closely. The ionization energy (IE) 
of a helium atom is given by 

The energy of He+ is - 2Eh (Problem 9- 2), so we have 

or 

11 
IE= - 2 + - = 0.7500Eh 

4 

= 1969 kJ · mo1 - 1 (first-order perturbation theory) 

(
27)

2 

IE= - 2 + 16 = 0.8477 Eh 

= 2226 kJ ·mo1- 1 (our variational result) 

whereas the experimental value of the ionization energy is 0.9033 Eh, or 2373 kl· mo1- 1. 

Even our variational result, with its 6% discrepancy with the experimental total energy, 
is not too satisfactory if you realize that an error of 0.0056 Eh is equivalent to about 
150 kJ·mo1- 1, which is the same order of magnitude as the strength of a chemical bond. 

Example 9- 2 illustrates another shortcoming of the simple variational trial function 
that we have been using. 

EXAMPLE 9-2 
In Problem 9-11, we show that the generalization of Equation 9.10 for a helium-like 
two-electron atom or ion of nuclear charge Z is 

5 
E(S) = - 1;2 + 21;(1; - Z) + - l; 

8 
(9.12) 

(Note that Equation 9.12 reduces to Equation 9.10 when Z = 2.) Use this result to 
calculate the ionization energy of a hydride ion, and interpret your result. 

SOLUTION: To find the energy of a hydride ion, we Jet Z = 1 in Equation 9.12 to 
obtain 

2 11 
E(l;) = l; - - l; 

8 
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Minimize this with respect to ~ to obtain ~min = 11/ 16 and E = - ( 11/ 16)2 Eh = 
- 0.472 66 Eh. The ionjzation energy is given by 

1 ( 11)2 

IE = EH - Ew = - - + - = - 0.0273 Eh 
2 16 

This negative result for lE implies that the hydride ion is not stable with respect to 
a separated hydrogen atom and an electron (at rest); in other words, it will ionize 
spontaneously. This is not the case experimentally and, in fact, the ionization energy 
of a hydride jon is 0.0275 Eh. Clearly, we must be able to do better than this. 

One approach is the following. The trial function in Equation 9.8 assumes that both 
electrons have the same effective nuclear charge. This may be so in some average sense, 
but it will not be tme at all times because there w ill be instants of time where one electron 
is far from the nucleus and the other close to it, and so the effective nuclear charges 
will not be the same. We can account for this by using two variational parameters, 1;1 

and ;;2, in Equation 9.8. Ifwe were to just write a single product trial function, however, 
we would be distinguishing one electron from the other by the labels 1 and 2. (J/e shall 
have more to say about this in Section 9.4.) In order to treat the two electrons on an 
equal footing, we write i/!(r 1, r 2) as 

(9.13) 

where N is a normalization constant. 
When we use Equation 9.13 in Equation 9.9 to calculate E(1;1, 1;2), the integral is 

similar to the one for Equation 9.8, only a bit messier. Nevertheless, when E(1;1, 1;2) is 
minimized with respect to 1;1 and ;;2, we find that E = - 2.875 66Eh (Problem 9- 12), 
which is a significant improvementoverour simple variational treatment. The ionization 
energy comes out to be 0.8757 Eh, compared to 0.8477 E1i using Equation 9.8. (The 
accepted value is 0.9037 E1i.) Furthermore, the ionization energy of H- comes out to 
be + 0.0133 Eh, which is positive but still about a factor of 2 less than the accepted 
value. 

Although the trial function given by Equation 9 .13 leads to a significant improve
ment over the trial function given by Equation 9.8, we can do better yet. Because a 
suitable trial function may be almost any convenient function (that satisfies the botmd
ary conditions), we are not restricted to using ls hydrogen-like orbitals as we have done 
up to now. For example, we could use a linear combination of a ls orbital and a 2s orbital 
and write 

(9. 14) 

where ¢(r) = N[c1e-~' + c2(2 - r)e-~"12] and N is a no1malization constant. This 
trial function has three variational parameters, and will yield a better energy than 
using just a ls orbital. There is no reason (other than computational) not to go on and 
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include more hydrogen-like orbitals. Such a procedure has been very well developed and 
used extensively over the years. There is an important modification, however. Rather 
than using hydrogen-like orbitals, it is customary to use a set of functions that were 
introduced by the American physicist John Slater in the 1930s. These functions, which 
are called Slaler orbi1als, are of the form 

S ( ,., A-.) N 11 - 1 -~rym'(ll A-.) 11/1111 r, o' 'f' = 11/r e I o' 'f' (9.15) 

where N111 = (2{)'1+!/[(2n)!]112 is a normalization constant (Problem 9- 13) and the 
Y/11

'(fJ, </>)are the spherical harmonics (Section 6.6 and Table 6.5). The parameter { 
(zeta) is taken to be arbitrary and is not necessarily equal to Z / n as in the hydrogen
like orbitals. Note that the radial parts of Slater orbitals do not have nodes like hydrogen 
atomic orbitals do (Problem 9-14). 

EXAMPLE 9-3 
Show that S,, 1111/r, e, </>) is not orthogonal to S,,,1111/ r, e, </>). 

SOLUTI ON: Wemustshowthat 

100 l ;r 12rt 
I= drr2 de sine d</> s,:1111 (r, e, </>)S,,11111,(r, e, </>) 

0 0 I 

The integral over fJ and </> equals one because of the orthonormal ity of the spherical 
harmonics, Leaving 

But this integral cannot equal zero because the integrand is always positive. 

It has become a standard procedure in quantum chemistry to use a trial function 
of the form of Equation 9.14, where </> (r) is a linear combination of Slater orbitals. 
As we include more and more Slater orbitals, we reach a limit that is both practical 
and theoretical. In this limit, E = - 2.8617 Eh and the ionization energy is 0.8617 Eh, 
compared with the best variational values, - 2.9037 Eh and 0.9037 Eh, respectively. 
This limiting value is the best value of the energy that can be obtained using a trial 
function of the form of a product of one-electron wave functions (Equation 9.14). This 
limit is called the Hartree-Fock limit, and we will discuss it more fully in the next 
section. Note that the concept of electron orbitals is preserved in the Hartree-Fock 
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- <P1/r) 

FIGURE 9.1 
A comparison of the orbital that we obtained from a simple variational calculation [in other 
words, 1{!1,,(s = 27/ 16)) and the Hartree-Fock orbital given by Equation 9.16. 

approximation because Equation 9.14 represents the trial function as a product of one
electron functions, or orbitals. For example, we shall see in the next section that the 
Is orbital of a helium atom is well approximated by the two-term expression (Problem 
9- 15) 

<P 1s(r ) = 0.843 785 Sis(~ = 1.453 63) + 0.1 80 687 Sis(~ = 2.910 93) (9.16) 

where S1s<O is a Slater ls orbital (which happens to be the same as a hydrogen ls 
orbital). Because Equation 9.16 is a sum of two terms with different values of~' 
<P is (r ) given by Equation 9.16 is called a double-zeta orbital. Figure 9.1 compares 
Equation 9.16 to the simple one-parameter variational trial function (~3/rr) 112e-~" with 
s = 27/ 16. The energy associated withEquations9.14and 9.16 is - 2.8617 Eh. We shall 
see that this is the best energy that we can achieve using a trial function of the form of 
Equation 9.14 (in other words, using orbitals). 

If we do not restrict the trial function to be a product of single-electron orbitals, 
then we can go on and obtain essentially the exact energy. It has been found to be 
efficacious to include terms containing the interelectronic distance r 12 explicitly in the 
trial function. This was first done by Hylleraas in 1930, who used a trial function of the 
(unnormalized) form 

(9.17) 

Using sand c as variational parameters, Hylleraas obtained a value of E = - 2.8913 Eh, 
within less than 0.5%ofthe exact value. Hylleraas used a mechanical calculator to carry 
out his now classic calculations, but nowadays we can use a computer to easily carry 
out this procedure to a large number of terms to yield an energy that is essentially exact. 
The most extensive such calculation was carried out in 1959 by Pekeris, who obtained 
E = - 2.903 724 375 Eh using a trial function containing I 078 parameters. 

Although these calculations do show that we can obtain essentially exact energies 
by using the variational method with r 12 in the trial function explicitly, these calculations 
are quite difficult computationally and do not readily lend themselves to large atoms 
and molecules. Furthermore, we have abandoned the orbital concept altogether. The 
orbital concept has been of great use to chemists, so the scheme nowadays is to find 
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the Hartree-Fock orbitals mentioned above and correct them by some method such as 
perturbation theory. It is instructive to outline the Hartree-Fock procedure for a helium 
atom because the equations are fairly simple for this two-electron case and provide a 
nice physical interpretation, and so we do this in the next section. 

9.3 Hartree-Fock Equations Are Solved by a Self-Consislenl Procedure 

The starting point of the Hartree- Fock procedure for a helium atom is to write the 
two-electron wave function as a product of orbitals, as in Equation 9.14: 

(9. 18) 

The two functions on the right side of Equation 9.18 are the same because we are 
assuming that both electrons are in the same orbital, in accord with the Pauli exclusion 
principle. According to Equation 9.18, the probability distribution of electron 2 is 
i/!*(r 2)i/!(r 2)dr 2. We can also interpret this probability distribution classically as a 
charge density, and so we can say that the potential energy that electron 1 experiences 
at the point r 1 due to electron 2 is 

(9. 19) 

where the superscript "efr' emphasizes that v1err (r 1) is an effective, or average, po
tential. Note that v1err(r 1) is a function ofrl> because r 12 = lr2 - r d and we integrate 
over r2 in Equation 9.19, leaving r 1 behind. We now define an effective one-electron 
Hamiltonian operator by 

(9.20) 

In Equation 9 .20, the first term represents the kinetic energy of the electron, the second 
term represents its potential energy due to the electron-nucleus interaction, and the 
third term represents the potential energy due to its interaction with the other electron. 
The Schrodinger equation corresponding to this effective Hamiltonian operator is 

(9.2 1) 

There is a similar equation for i/! (r 2), but because i/! (r 1) and 1/1 (r 2) have the same func
tional form, we need to consider only one equation like Equation 9.21. Equation 9.21 
is the Hartree-Fock equation for a helium atom, and its solution gives the best orbital 
wave function for a helium atom. 

Although we have deduced Equation 9.21 by a physical argument, it is possible to 
derive Equation 9.21 directly by applying the variational principle to the energy of a 
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helium atom in an orbital approximation, 

(9.22) 

where we have assumed that the 1/r's are normalized. If we substitute Equation 9 .5 for 
if into Equation 9.22, then we find (Problem 9-17) 

(9.23) 

where 

f· =f dr 1/!*(r) (-~ \72 - 2
) 1/l(r ) 1 1 1 2 1 r · 1 

J 

(9.24) 

and 

(9.25) 

The integral 1 11 here is called a Coulomb integral (Problem 9- 18) because it has a clas
sical interpretation of the interaction between two charge distributions. Equation 9.21 
can be obtained by minimizing E with respect to 1f!. 

Equation 9 .21 looks like a straightforward eigenvalue problem, but there is a catch. 
Recall that Vt ff (r1) depends upon 1/! (r2) (see Equation 9.19). Thus, we must know the 

solution to Equation 9.21 before we even know H f ff (r 1) . The method of solving an 
equation like Equation 9.21 is by the self-consistent field method. We first guess the 
form of 1/!(r ). We next use 1/l(r ) to evaluate Vt ff (r1) by Equation 9.19 and then solve 
Equation 9.21 for a new 1/l (r1) . Usually, after one cycle like this, the 1/l (r ) that is used 
as input and the 1/1 (r 1) obtained as output differ. We then use this new 1/1 (r ) as input by 
calculating Vt ff (r 1) with this new 1/1 (r ) and then solve Equation 9 .21 for a newer 1/1 (r 1). 

This cyclic process is continued until the 1fr (r) used as input and the 1/1 (r ) obtained from 
Equation 9.21 are sufficiently close, or are self-consistent. The orbitals obtained by this 
method are the Hartree- Fock orbitals. 

The eigenvalue s 1 from Equation 9 .21 has the following physical significance. If 
we multiply Equation 9.21 from the left by 1/r*(r 1) and integrate, then we obtain 

(9.26) 

Using Equation 9.20 for iJtff and the definitions in Equations 9.24 and 9.25, we obtain 

(9.27) 

445 
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We first note that the total energy of a helium atom is not the sum of its orbital energies 
because 

(9.28) 

(See Equation 9.23.) If we compare Equations 9.27 and 9.23, then we see that 

(9.29) 

But according to Equation 9.24, 12 is the energy of a helium ion, calculated with the 
helium Hartree-Fock orbital ¢ (r). Thus, Equation 9 .29 suggests that the orbital energy 
Bi is an approximation to the ionization energy of a helium atom or that 

(9.30) 

Equation 9 .30 is known as Koopmans:~ approximation. Even within the Hartree-Fock 
approximation, Koopmans's approximation assumes that the same orbitals can be used 
to calculate the energy of the neutral atom and the energy of the ion. The value of - Bi 

(cf. Table 9.8) is 0.917 935 Eh, compared to the experimental value of0.904 Eh. 
Investigating the discrepancy between the self-consistent field energy and the exact 

energy is interesting. Because W(r 1, r 2) = 1f!(r i)1/!(r 2), the two electrons are assumed 
to interact only through some average, or effective, potential. We say, then, that the 
electrons are uncorrelated, and we define a correlation energy (Ecorr) by the equation 

correlation energy= Ec(>rr = Eexact - EHF (9.31) 

For a helium atom, the correlation energy is (see Table 9.2) 

Ecorr = (- 2.9037 + 2.8617) Eh 

= - 0.0420Eh = - 110 kJ ·mo1- 1 

Although the Hartree- Fock energy in this case is almost 99% of the exact energy, the 
difference is still 110 kJ · mo1- 1, which is unacceptably large because it is roughly of 
the same magnitude as the strength of a chemical bond. We will say more about this 
difference in Section 9.8 and Chapter 12. 

In practice, when carrying out a Hartree- Fock calculation, we use linear combi
nations of Slater orbitals for 1/t(r), varying the coefficients for each Slater orbital until 
convergence is obtained. We illustrate how a self-consistent field (SCF) calculation is 
done, using a helium atom as an example, in the appendix at the end of the chapter. We 
use a trial function of the form given by Equation 9.18 with 1/t (r1) and 1/t (r2) given by 

(9.32) 



9.4. Wave Functions Must Be Ant isymmetric in the Interchange of Any Two Electrons 

where the </>; are the Slater orbitals: 

i =I, 2 (9.33) 

For simplicity, we fix the values of {1 and s2 in the Slater orbitals by s1 = 1.453 63 and 
{ 2 = 2.910 93 and determine c1 and c2 self-consistently. This very calculation is actually 
done in the physical chemistry laboratory in some chemistry departments and is very 
similar to the one that is used extensively in modern molecular calculations. 

The final result from the calculation in the appendix is the orbital given by Equa
tion 9.16 and an energy of - 2.86167 Eh (cf. Table 9.2). We can use this Hartree- Fock 
SCF wave function to calculate the effective potential in Equation 9.20, which is shown 
in Figure 9.2 along with a I/ r potential (Problem 9-20). Note that y eff (r) goes as I/ r 
as r becomes large; the electron sees the helium nucleus screened completely by the 
other electron as r becomes large. 

2 4 6 

F I GURE 9.2 
The effective Hartree- Fock potential V~lf ( r) 
(solid line) that is used in Equation 9.20 and 
a l/r coulombic potential (dashed line). 

9.4 Wave Functions Musl Be Anlisymmelric in the lnlerchange 
of Any Two Electrons 

Recall from Chapter 7, where we studied the hydrogen atom, that we were led to 
introduce spin and the spin functions a and {3. We haven' t yet included spin in any 
of our calculations in this chapter, but we must do so now. As we did in Chapter 7, we 
include spin by multiplying the spatial orbital by a for s2 = + li/2 or by f3 for s2 = - /i/2 
and write 

IJl (x, y , z, a) = 1/t (x, y , z)a(a ) or 1/r(x , y , z)fJ(a) (9.34) 

The complete one-electron wave function IJl is called a spin orbital. Using the 
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hydrogen-like wave functions as specific examples, the first two spin orbitals of a 
hydrogen-like atom are 

(
z3) 1/2 - Zr 

WJOO~ = 1/!1s(r)a = -;- e a 

(9.35) 

( 
z3) 1/2 - Zr 

WIOO- ! = 1/11./r)fJ = -;- e fJ 

We showed in Section 7.5 that WJOo! and \11 100_ 1 are orthonormal: 
2 2 

and 

because the spatial part is normalized and (a I a) = (fJ I fJ) = 1 and (a I fJ) = 
(fJ l a)=O. 

You probably remember from general chemistry that no two electrons in an atom 
can have the same values of all four quanrum numbers, n, l, m1, and ms. This restriction 
is called the Pauli exclusion p1-inciple. There is another, more fundamental statement of 
the exclusion principle that restricts the form of a multielectron wave function. We will 
present the Pauli exclusion principle as another postulate of quantum mechanics, but 
before doing so we must introduce the idea of an antisymmetric wave function. Let's go 
back to a helium atom and write 

1/f(l, 2) = Lrn(l)ls{J(2) (9.36) 

where Isa and lsfJ are shorthand notation for W JOO! and W JOO - !, respectively, and 
2 2 

where the arguments 1 and 2 denote all four coordinates ( x, y, z, and a) of electrons 1 
and 2, respectively. Note that Equation 9 .36 corresponds to a product of the two wave 
functions given by Equation 9.35. Because no known experiment can distinguish one 
electron from another, we say that electrons are indistinguishable and, therefore, cannot 
be labeled. Thus, the wave function 

1/1(2, I)= lsa(2)lsfJ(l) (9.37) 

is equally as good as Equation 9.36. Mathematically, indistinguishability requires that 
we take linear combinations involving all possible labelings of the electrons. For a two
electron atom, we take the linear combinations of Equations 9.36 and 9.37 and write 

W1(1, 2) = lfr{l, 2) + 1/1(2, 1) = lsa( l)ls{J(2) + lsa(2) ls{J(l) (9.38) 

and 



9.4. Wave Functions Must Be Ant isymmetric in the Interchange of Any Two Electrons 

W2( 1, 2) = 1fr ( 1, 2) - 1fr (2, 1) = lsa( 1) ls,B (2) - Isa (2) ls,B ( 1) (9.39) 

Both W 1 and W2 describe states in which there are two indistinguishable electrons; 
one electron is in the spin orbital Isa and the other is in ls,B. Neither wave function 
specifies which electron is in each spin orbital, nor should they because the electrons 
are indistinguishable. 

Both of the wave functions W1 and W2 appear to be acceptable wave functions for 
the ground state of a helium atom, but it turns out experimentally that we must use 
the wave function W2. Note that W2 has the property that it changes sign when the two 
electrons are interchanged because 

(9.40) 

We say that W2(1, 2) is antisymmetric under the interchange of the two electrons. The 
observation that the ground state of a helium atom is described by only W2 is but one 
example of the Pauli exclusion principle: 

Postulate 6 
All electronic wave functions must be antisymmetric under the interchange of any two 
electrons. 

In Section 9.5, we will show that Postulate 6 implies the more familiar statement 
of the Pauli exclusion principle, that no two electrons in an atom can have the same 
values of the four quantum numbers, n, l, m1, and ms. 

EXAMPLE 9-4 
The wave function 1}12( I, 2) given by Equation 9.39 is not normalized as it stands. De
termine the normalization constant of 1}12 (I, 2) given that the" Is" parts are normalized. 

SOLUTION: We want to find the constant c such that 

First notice that 1}12 (I, 2) can be factored into the product of a spatial part and a spin 
part: 

1}12(1, 2) = ls(1)1s(2)[a(l)fl(2) - a(2)fl(l)] 

= ls(r1)ls(r 2)[a(a1)fl(a2) - a(a2)fl(a1)] (9.41) 

The normalization integral becomes the product of three integrals: 

I= c2(1s( I) I ls( l))( ls (2) I ls (2))(a(l)f3 ( 1) - a(2)/3(1) I a(l)fl(2) - a(2)fl(I)) 

The spatial integrals are equal to I because we have taken the Is orbitals to be normal
ized. Now let's look at the spin integrals. When the two terms in the integrand of the 
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spin integral are multiplied, we get four integrals. One of them is 

ff a *(<11)f3*(<12)et(<11)f3 (<12)da1d<12 = (a(1)f3(2) I a ( l)f3(2)) 

= (a(l) I a( l)}(f3(2) I {3(2)) = l 

where once again we point out that integrating over <11 and <12 is purely symbolic; <11 
and <12 are discrete variables. Another is 

(a( l)f3(2) I a (2)f3 ( 1)) = (a( l) I {3(1))({3 (2) I a(2)) = 0 

The other two are equal to I and 0, and so 

or c = l/ ..J2. 

9.5 Anlisymmetric Wave Funclions Can Be Represenled by 
Slater Determinants 

Now that we have introduced spin and have seen that we must use antisymmetric wave 
functions , we must ask why we could ignore the spin part of the wave function when 
we treated a helium atom in Section 9.2. The reason is that W2 can be factored into a 
spatial part and a spin part, as we saw in Equation 9.41inExample9-4. In Section 9.2, 
we used only the spatial part of W2, and the spatial part is just a product of two Slater ls 
orbitals. Ifwe use W2 in Equation 9.39 to calculate the ground-state energy of a helium 
atom, then we obtain 

E = (W2(1. 2) l H I W2(1. 2)) 

(W2(ll, 2) l W2(1, 2)) 

The numerator in Equation 9.42 is 

f ls* (r 1)ls*(r2)[a*(a1),B* (o-2) - a*(a2),B*(a1) ] 

x H ls(r 1) ls(r 2)[a(a1),B(a2) - a(a2),B(a1)]dr 1dr 2da1da2 

(9.42) 

(9.43) 

Because the Hamiltonian operator does not contain any spin operators, it does not affect 
the spin functions and so we can factor the integral in Equation 9.43 to give 



9.5. Antisymmetr ic Wave Funct ions Can Be Represented by Slater Determinants 

(9.44) 

x J [a* (a1)fi* (a2) - a*(a2)fi* (a1)][a(a1)fi(a2) - a(a2)fi(a1)] da1da2 

We showed in Example 9-4 that the total spin integral is equal to 2. The spin integral 
in the denominator in Equation 9.42 is also equal to 2 (they are the same) and so 
Equation 9.42 becomes 

(9.45) 

where 1f!(r 1, r2) is just the spatial part of 4'2(1, 2). Equation 9.45 is equivalent to 
Equation 9.42. It is important to realize that a factorization into a spatial part and a 
spin part does not occur in general. 

It is fairly easy to write the antisymmetric two-electron wave function by inspection, 
but what if we have a set of N spin orbitals and we need to construct an antisymmetric 
N-electron wave function? In the early 1930s, Slater introduced the use of determinants 
(Math Chapter F) to construct antisymmetric wave functions. If we use Equation 9 .41 
as an example, then we see that we can write l.{I (we will drop the subscript 2) in the 
form 

w(l, 2) =I lsa(l) 
lsa(2) 

ls,8(1) I 
Isfi (2) 

(9.46) 

We obtain Equation 9 .4 I upon expanding this determinant. The wave function l.{I (1, 2) 
given by Equation 9.46 is called a determinantal wave function. 

Two properties of determinants are of particular importance to us. The first is that 
the value of a determinant changes sign when we interchange any two rows or any two 
columns of the determinant. The second is that a determinant is equal to zero if any two 
rows or any two columns are the same (MathChapter F). 

Notice that when we interchange the two electrons in the determinantal wave 
function l.{I (1, 2) (Equation 9.46), we interchange the two rows and so change the sign 
of l.{I (I, 2). Furthermore, if we place both electrons in the same spin orbital, say, the 
Isa spin orbital, then l.{I (I, 2) becomes 

w(l, 2) =I Lrn(l) 
Isa (2) 

Isa(l) I= 0 
Isa(2) 

This determinant is equal to zero because the two columns are the same. Thus, we 
see that the determinantal representation of wave functions automatically satisfies the 
Pauli exclusion principle. Determinantal wave functions are always antisymmetric and 
vanish when any two electrons have the same four quantum numbers- that is, when 
both electrons occupy the same spin orbital. 
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We need to consider one more factor before our discussion of determinantal wave 
functions is complete. Recall from Example 9-4 that the normalization constant for 
W(l, 2) given by Equation 9.46 is l/,J2. Therefore, 

1 I lsa (1) w 1 2 - -( ' ) - ,J2 lsa(2) 
ls/3(1) I 
ls/3(2) 

(9.47) 

is a normalized two-electron determinantal wave function. The factor of 1/ ,J2 assures 
that W(l, 2) is normalized. 

We have developed the determinantal representation of wave functions using a 
two-electron system as an example. To generalize this development for an N-electron 
system, we use an N x N determinant. Furthermore, one can show (Problem 9- 27) 
that the normalization constant is ,JN!., and so we have the normalized N-electron 
determinantal wave function 

u 10) u2(1) u N(l) 

1 u 1(2) u2(2) uN(2) 
(9.48) W( l, 2, ... , N) =,JN!. 

N! 

u 1(N) u2(N) u N(N) 

where the u's in Equation 9.48 are spin orbitals. Notice that W( l, 2, ... , N) changes 
sign whenever two electrons (rows) are interchanged and vanishes if any two electrons 
occupy the same spin orbital (two identical columns). 

Let's consider a lithium atom. We cannot put all three electrons into ls orbitals 
because two columns in the determinantal wave function would be the same. Thus, an 
appropriate wave function for a lithium atom is 

EXAMPLE 9-5 

l sa( 1) 
1 

W(l, 2, 3) = ;::;-; lsa(2) 
-v3! 

lsa (3) 

ls/3(1) 2sa(l) 

ls/3(2) 2w(2) 

ls .f3 (3) 2sa (3) 

Write down the determinantal wave function of a beryllium atom. 

SOLUTION: The grotmd-state electron configttration of a beryllium atom is ls22s2. 

Therefore, 

Jsa(I) Ls(:l(I) 2rn(I) 2s(:l(l) 

I lsa(2) 1s(:l(2) 2sa(2) 2s(:l(2) 
IJl (I, 2, 3, 4) = r;:; 

·v4! lsa(3) 1s,B(3) 2sa(3) 2s(:l(3) 

lsa(4) Js,8(4) 2sa(4) 2s(:l(4) 
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The standard method for determining the optimal form of the spatial part of the 
spin orbitals in a determinantal wave function like this one is the Hartree- Fock self
consistent field (SCP) method, which we discuss in the next section. 

9.6 The Hartree-Fock Method Uses Anlisymmetric Wave Functions 

In Section 9.3, we discussed the Hartree-Fock method for a helium atom. The Hartree
Fock equation for this system is given by Equation 9.21, where HFff is given by 
Equation 9.20. A helium atom is a special case because the Slater determinant factors 
into a spatial part and a spin part, and so we were able to use Equation 9 .18 as the 
helium atomic wave function. This factorization into a spatial part and a spin part 
does not occur for atoms with more than two electrons, and so we must start with a 
complete Slater determinant such as Equation 9.48. The application of the Hartree
Fock method to atoms that contain three or more electrons introduces new terms that 
occur because of the determinantal nature of the wave functions. For simplicity, we 
shall consider only closed-shell systems consisting of2N electrons, in which the wave 
functions are represented by N doubly occupied spatial orbitals. In such cases, the 
atomic wave function is given by one Slater determinant. 

The Hamiltonian operator for a 2N -electron atom is 

~ I 2N 2 2N z 2N 1 
H = -- L \7.i - L - +LL -

2 }=I J=I rj }=I } > i r;j 

2N 2N l 

=L:h1+L:L:-
J=I .i=I } >i rij 

(9.49) 

where 

~ I 2 Z 
(9.50) h · = - -V' . --

1 2 1 r · 
J 

and the wave function is 

W( l, 2, .. ., 2N) 

1/f 1a (1) 1/11/3 (1) 1/1 Na( I) 1frNf3(1) 

l 1/f1a(2) 1/11/3 (2) 1{f Na (2) 1/!Nf3(2) (9.51) 
= 

,j(2N)! 

1/f 1a(2N) 1/11/3 (2N) 1frNa(2N) 1/!Nf3(2N) 
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The energy is given by 

E = (W(l, 2, ... '2N) IH I W(l, 2, ... '2N)) 

= f · · ·! d r 1da1 • • • dr2Nda2N w *(l, 2, ... , 2N)HW(l, 2, ... , 2N) (9.52) 

It is a straightforward, but worthwhile, exercise (Problem 9- 28) to show that Equa
tion 9.52 can be written as 

N N N 

E = 2 L l j + L L (2.l;j - Kij) (9.53) 
j=I i :od j =I 

where 

(9.54) 

(9.55) 

and 

(9.56) 

The factors of 2 in Equation 9.53 occur because we are considering a closed-shell 
system with 2N electrons, N of which have spin function a and N of which have 
spin function~· The .!;1 integrals are called Coulomb integrals and the Kij integrals 
are called exchange integrals if i # j. N ote that K;; =.!;;,however. 

EXAMPLE 9-6 
Show that Equation 9.53 for a helium atom is the same as Equation 9.23 . 

SOLUTION: Realize that N = l in Equation 9.53 for a helium atom. If we apply 
Equation 9.53 to a helium atom, then it becomes 

E =2l1 + 2.f11 - K11 

From the definitions of .lij (Equation 9. 55) and Kij (Equation 9. 56), we see that 
.111 =Kil• and so we have 

But this equation is exactly Equation 9.23 in different notation. 
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Before we go on, let's look at the structure of Equations 9.54 through 9.56. First 
note that Equation 9 .54 involves an integration over the spatial coordinates of only one 
electron. The reason for this is that the operator, - VJ /2 - Z / r,; = h .i, is a one-electron 
operator. Thus, when we evaluate the integral 

which appears in Equation 9.52, we can integrate over all the coordinates (both spatial 
and spin coordinates) except for r,;. Because the integration variables in Equation 9.57 
may be relabeled without changing the final result of the integration, we may relabel 
r .i as r l> which leads directly to Equation 9.54, where the j subscript now labels the 
spatial orbital. 

Both types of integrals .!;,; and K;,; involve integrations over the spatial coordinates 
of two electrons because the operator in this case, I/ r;1, is a two-electron operator, being 
equal to l/ lr; - r .i 1. Thus, when we evaluate the integrals leading to.!;,; and K;,; , we can 
integrate over all the spatial and spin coordinates except for r; and r ,;·We can relabel 
the integration variables r; and r .i by r 1 and r2. This leads directly to Equations 9.55 
and 9.56, where the i and j indices now end up on the spatial orbitals. 

You can see from the pattern here that we have no integrals involving integrations 
over the coordinates of three or more electrons because the Hamiltonian operator in 
Equation 9.49 involves only one- and two-electron operators. 

The spatial orbitals 1/f;(r;) are determined by applying the variational principle to 
Equation 9.52 or 9.53. When we do this, we obtain the following equations: 

i = 1, 2, ... , N (9.58) 

The eigenvalue in Equation 9 .58 is called the Hartree-Fock orbital energy. The operator 
F(r1), called the Fockoperator, is given by 

where 

N 

F(r1) = h(r 1) + I)2.!~(r 1 ) - k ,;(r 1) ] 

j 

f;(r 1), called the Coulomb operator, is given by 

(9.59) 

(9.60) 

(9.61) 
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and K /r 1), called the exchange operator, is given by 

(9.62) 

Note that the summation in the definition of the Fock operator F(r ) goes from l to 
N because there are N spatial orbitals. Note also that the Coulomb operator operating 
on 1/1; (r 1) gives a function ofr1 times 1/!;(r 1). The exchange operator acts differently, 
however; the function that it acts upon ends up under the integral sign. 

We can obtain an expression for the energy of the i th molecular orbital by multi
plying Equation 9.58 from the left by 1/!;*(r 1) and integrating over r 1 to obtain 

Using the above definition of the Fock operator, Equation 9 .63 becomes 

N 

B; = I;+ 2=(21;1 - KiJ) 
i=I 

(9.63) 

(9.64) 

where I; , 1;1, and KiJ are given by Equations 9.54, 9.55, and 9.56, respectively. Ifwe 
compare this result to Equation 9.53, we see that 

N 

E = I:(/; + B;) (9.65) 
i =I 

Note that E is not simply the sum of the Hartree- Fock orbital energies. 
Equations 9.58 through 9.62 are called the Harlree- Fock equations. As we have 

seen already, the Hartree-Fock equations must be solved by a self-consistent procedure, 
where we use an initial guess of the 1/!;( r ) to calculate F(r) and then use this result for 
F(r ) to calculate a new set of l/J;(r ). This iterative process is continued until a self
consistent set of orbitals is obtained. 

We carry out a simple Hartree- Fock calculation explicitly for a helium atom in 
the appendix to this chapter, where we express the helium ls atomic orbital as a linear 
combination of two Slater orbitals. This procedure was developed in the 1950s, just as 
computers were becoming generally available, by Clemens Roothaan of the University 
of Chicago. He expressed the atomic orbitals, if;;, as linear combinations of functions, 
¢ v(r ), v = I, ... , K , 

(9.66) 

which were usually, but not necessarily, taken to be Slater orbitals. The set of functions 
{¢v} is called a basis set, and the functions themselves are called basis functions. As 
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the basis set becomes larger and larger, the expansion, Equation 9 .66, leads to more and 
more accurate representations of the atomic orbitals. Eventually a limit is reached where 
the orbitals no longer improve. This limit is called the Hartree-Fock limit, and gives 
the best atomic orbitals. Don't forget, however, that even these optimum atomic orbitals 
constitute an approximation to the true atomic wave function because the Hartree- Fock 
approximation assumes that each electron experiences an average potential of all the 
other electrons. In other words, the motion of the electrons is uncorrelated. The true 
wave function cannot be written in terms of a single Slater determinant. 

If we substitute Equation 9.66 into Equation 9.58, we obtain 

(9.67) 

Now multiply both sides from the left by ¢;(r 1) and integrate over r 1 to obtain 

L Cv f dr 1 ¢;(r 1)F(r 1)¢v(r 1) = e L Cv f dr 1 <P; (r 1)¢v(r 1) 

v v 

We now define the overlap matrix S with matrix elements 

(9.68) 

and the Pock matrix F with matrix elements 

(9.69) 

Both of these matrices are K x K Hermitian matrices; they are real and symmetric if 
the basis set is chosen to be a set of real functions, which is usually the case. 

With these definitions, the Hartree- Fock equation, Equation 9.58, becomes 

µ,= l, 2, ... , K (9.70) 
v v 

Equations 9.70 are just a set of simultaneous equations for the cv and are called the 
Hartree- Fock- Roothaan equations. They can be written more compactly by writing 
them in matrix notation: 

Fc =e Sc (9.71) 

In Equation 9.71, F and Sare K x K matrices and c is a K x I column vector. The 
equation leads to a K x K secular determinant, which gives us K orbital energies, e, 
and K eigenvectors, c , which gives us K atomic orbitals. Equation 9.71 looks similar 
to Equation 8.38, but there is a difference. The F matrix in Equation 9.71 depends upon 
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the c1,, so Equations 9.70 and 9.7 1 are not linear algebraic equations. Equation 9.71 
must be solved self-consistently. The calculation done in the appendix is the solution 
of Equation 9. 7 1 for the case K = 2 (cf. Equat ion 9 .32). 

9.7 Harlree-Fock-Roothaan Alomic Wave Funclions 
Are Available On-Line 

The Hartree- Fock- Roothaan procedure is widely used for the calculation of atomic 
and molecular orbitals. An enormous amount of work was done along these lines in the 
1960s, particularly by Enrico Clementi and others at the University of Chicago. For a 
helium atom, for example, they found the five-term orbital 

<P1s(r) = o.768 38 S1s(s = J.417 14) + 0.223 46 sL~<s = 2.376 82) 

+ 0.004 082 S15 (s = 4.396 28) - 0.009 94 SL~<s = 0.526 99) 

+ 0.002 30 S15 (s = 7.842 52) 

which leads to an energy - 2.861680 Eh. The time-consuming (and costly) part of these 
calculations is the determination of the exponents because this involves a nonlinear 
optimization. Much of the value of this work was not just to determine the Hartree-Fock 
atomic orbitals, but to provide a set of"best" exponents to use in molecular calculations. 
Consequently, only the linear coefficients in the atomic orbitals need be optimized in 
molecular calculations. Although the resulting molecular energies and corresponding 
molecular orbitals are not the ve1y best that can be obtained (since the exponents in 
the orbitals are fixed), they turn out to be almost indistinguishable from molecular 
energies and molecular orbitals obtained from a complete (and much more demanding) 
optimization. We shall discuss this more fully in Chapter 12. 

Atomic orbitals calculated by the Hartree- Fock- Roothaan method have been re
calculated by Carlos Bunge and others and are available on-line at hllp:llwww.ccl.net/ 
cca/data/atomic-RHF-wavefunctionsltables. Figure 9.3 shows a screen capture of the 
first few lines of the website, giving the full citations and also the results for a helium 
atom. 

Let's look just at the SCF atomic orbital, which is given in the last set of lines in 
the figure. The first column gives the type of Slater orbital, the second column gives the 
orbital exponent of the Slater orbital, and the third column gives the linear coefficient. 
Thus, the SCF atomic orbital for a helium atom is given by 

1/tis = 1.347 900 S1s(s = 1.4595) - 0.001613 S1f(s = 5.3244) 

- 0. 100 506 S2s<s = 2.6298) - 0.210 779 S2s(s = 1.7504) (9.72) 

where 

11+ 1 
S ( ) (2S) 2 n - 1 - { r 

ns s = [4rr(2n)!]l/2r e (9.73) 
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ROOTBAAN-HARTREE-FOCK GROUND STATE ATOMIC WAVE FUNCTIONS 

Slater-type orbital expansions and expectation values for Z=2-54 

Reference: C.F.Bunge, J.A.Barrientos and A.V.Bunge, 
Atomic Data and Nuclear Data Tables 53,113-162(1993) 

Complementary reference: 
C. F.Bunge, J.A.Barrientos, A.V.Bunge and J.A.Cogordan, 
Phys. Rev. A46,3691-3696(1992). 

HELIUM, Z=2 

TOTAL ENERGY 
-2.861679993 

ls(2) lS 

KINETIC ENERGY 
2.861681613 

POTENTIAL ENERGY 
-5. 723361606 

RBOatO = 22.593709 Kato cusp ~ 1.999972 

ls 
ORB.ENERGY -0.917955 
<R> 0.927272 
<R**2> 1.184820 
<l/R> 1.687283 
<l/R**2> 5.995503 

lS 
3S 
2S 
2S 

1.4595 
5.3244 
2.6298 
1. 7504 

F IGURE 9.3 

1. 347900 
-0.001613 
-0.100506 
-0. 270779 

VIRIAL RATIO 
-1.999999434 

A screen shot of the first few lines of the website http:l/ www.ccl.net/cca/data/atomic-RHF
wavefunctionsltables, showing the Hartree- Fock-Roothaan ground-state atomic wave function 
of a helium atom. 

F I GURE 9.4 
A comparison of the SCF wave functions of a helium atom given by Equation 9.72 (solid line) 
with the one calculated in the appendix (dashed line). 

Problem 9- 32 has you show that lfris is normalized. Figure 9.4 compares this SCP 
wave function to the one that we calculate in the appendix. The two wave functions are 
essentially indistinguishable. 

Figure 9.5 shows the SCP results for a lithium atom. In this case, there are two 
orbitals, Is and 2s, to consider. The first column of the last set of Jines gives the type 
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LITHIUM, Z•3 

TOTAL ENERGY 
- 7.432726924 

ls(2)2s(l) 25 

KINETIC ENERGY 
7.432726876 

Chapter 9 I Many-Electron Atoms 

POTENTIAL ENERGY 
-14.86545380 

VIRIAL RATIO 
-2.000000007 

RHOatO • 87 . 852850 Kato cusp • 2.000847 

ls 2s 
ORB.ENERGY -2. 477741 -0 . 196323 
<R> 0 . 573125 3.873661 
<R**2> 0. 446803 17.738419 
<l/R> 2.685034 0 . 345391 
<l/R**2> 14.888309 0 .4 35420 

lS 4.3069 0.141279 -0 . 022416 
lS 2.4573 0 . 874231 - 0.135791 
JS 6.7850 -0.005201 0.000389 
25 7 .4527 - 0 . 002307 - 0 . 000068 
25 1.8504 0 . 006985 -0 . 076544 
25 0 . 7667 -0.000305 0 .34 0542 
25 0.6364 0.000760 0 . 715708 

F I GURE 9.5 
A screen shot of the results for a lithium atom from the website http://www.ccl.net/cca/data/ 
atomic-RHF-wavefunctions/tables 

of Slater orbital, the second column gives the orbital exponent of the Slater orbital, the 
third column gives the linear coefficients for the ls orbital, and the fourth column gives 
the linear coefficients for the 2s orbital. The thing to note here is that the ls and 2s 
orbitals share the same Slater orbitals with the same orbital exponents; they differ only 
in the coefficients of their expansions in terms of Slater orbitals. We shall see that this 
is typical of molecular orbitals as well. The SCF L~ and 2s orbitals of a lithium atom are 

and 

1/r1s = 0.141 279 s lf(s = 4.3069) + 0.874 231 s,s(s = 2.4573) 

- 0.005 201S3s(s=6.7850) - 0.002 307 S2s(s = 7.4527) 

+ 0.006 985 S2s(s = 1.8504) - 0.000 305 S2s(s = 0.7667) 

+ 0.000 760 S2f(s = 0.6364) 

1/r2s = - 0.022416 S1s(s = 4.3069) - 0.135 791S1s(s=2.4573) 

+ 0.000 389 S3s(s = 6.7850) - 0.000 068 S2s(s = 7.4527) 

- 0.076 544 Si.s<s = 1.8504) + 0.340 542 S2s(s = 0.7667) 

+ 0.715 708 Si.sCs = 0.6364) 

Problem 9- 33 has you show that 1/ris and 1fr2s are orthogonal. The SCF electron density 
in a lithium atom given by 



9.7. Hartree-Fock-Roothaan Atomic Wave Funct ions Are Available On-Line 

2 

FIGURE 9.6 
The SCF electron probability density ofa lithium atom calculated via Equation 9.74. 

(9.74) 

is plotted in Figure 9.6. Note how the shell str1Ucture of the atom is evident in the figure. 
(Problem 9- 34 helps you show that Equation 9.74 is the electron probability dens ity of 
a lithium atom.) 

EXAMPLE 9-7 
Go to the website http:/lwww.ccl.net!cca!data!atomic-RHF-wavefunctionsltables and 
write down the 2s orbital of a beryllium atom. 

SO LUTION: The orbital data from the website are 

BERYLLIUM, Z• 4 

TOTAL ENERGY 
-14.5 7302313 

ls(2)2s(2) 15 

KINETIC ENERGY 
14.57302427 

POTENTIAL ENERGY 
-29.14604740 

RBOatO • 222.35057 Kato ousp • 2 . 000214 

ls 2s 
ORB.ENERGY -4.732669 -0.309269 
<R> 0 . 414994 2.649396 
<R**2> 0.232955 8.426147 
<1/ R> 3 .681877 0.522523 
<1/ R**2> 27.753395 l. 055640 

15 5.7531 0 . 285107 - 0.016378 
15 3.7156 0.474813 - 0.155066 
35 9.9670 -0 . 001620 0.000426 
35 3.7128 0 . 052852 -0.059234 
25 4.4661 0.243499 -0.031925 
25 l.2919 0.000106 0 . 387968 
25 0.8555 -0 . 000032 0.685674 

VIRIAL RATIO 
-1.999999922 
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Using these values, we have 

1/12s = - 0.0 I 6 378 S1s(s = 5.7531) - 0.155 066 S1s(s = 3. 7156) 

+ 0.000 426 S1,(s = 9.9670) - 0.059 234 S3.1.(s = 3.7128) 

- 0.031925 S2 .. Cs = 4.4661) + 0.387968 S2 . .Cs = J.2919) 

+ o.685 674 s-i., cs- = o.8555) 

According to Koopmans's approximation, B; in Equation 9.58 is the ionization 
energy of an electron from the i th orbital. Table 9 .3 compares some ionization energies 
of neon and argon obtained by using Koopmans's approximation with those obtained by 
subtracting the Hartree- Fock energy of the neutral atom from that of the ion. You can 
see that Koopmans 's approximation gives results that are almost as good as the direct 
calculation. Figure 9.7 shows the ionization energies of the elements hydrogen through 
xenon plotted against atomic number. Both ionization energies obtained by Koopmans's 
approximation and experimental data are shown in the figure. This plot clearly shows 
the shell and subshell structure that students first learn in general chemistry. Given that 
there are no adjustable parameters involved in the calculated values in Figure 9.7, the 
agreement with experimental data is remarkable. 

Note that the order of the energies of the various subshells is in general agreement 
with observation for neutral atoms. In particular, the energies of the 2~ and 2p orbitals 
are not the same as they are for the hydrogen atom. The degeneracy of the 2~ and 

T AB l E 9.3 
Ionization Energies of Neon and Argon Obtained from Neutral Atom Orbital Energies 
(Koopmans 's Approximation) and by Subtracting the Hartree- Fock Energy of the Neutral 
Atom from the Hartree- Fock Energy of the Appropriate State of the Positive Ion 

Ionization energies/Ml ·mo1- 1 

Electron Resulting Koopmans's Direct Hartree--
removed orbital occupancy approximation Fock calcuJation Experimental 

Neon 

Is ls2s22p6 86.0 83.80 83.96 

2s ls22s2p6 5.07 4.76 4.68 

2p Ls22s22p5 2.23 1.92 2.08 

Argon 

Is ls2s22p61s23 p6 3 I 1.4 308.25 309.32 

2s ls22s2p 63s23 p6 32.35 31 .33 

2p ls22s22 p 53s23 p6 25.13 24.0 I 23.97 

3s ls22s22p 63s3p6 3.35 3.20 2.82 

3p ls22s22p63s 23p5 1.55 1.43 1.52 
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10 20 z 30 40 50 

F I GURE 9.7 
The ionization energies of neutral atoms of hydrogen through xenon plotted versus atomic 
number. The solid line connects the experimental data, and the crosses are calculated 
according to Koopmans's approximation. (From http://www.ccl.net/ccaldatalatomic-RHF
wav~functionsltables.) 

2p orbitals or, more generally, the fact that the energy depends on only the principal 
quantum number, is unique to the purely l/ r coulombic potential in the hydrogen atom. 
In aHartree- Fock calculation, the effective potential y eff (r j) is more complicated than 

.I 
1/ r (see Figure 9.2), and y eff (r1) breaks up the degeneracy found in the hydrogen 

.I 
atom, giving us the familiar ordering of the orbital energies we first learned in general 
chemistry. 

9.8 Correlalion Energy Is the Difference Between 
the Hartree-Fock Energy and lhe Exact Energy 

T he Hartree- Fock approximation yields the best energy that can be obtained using a 
determinantal wave function consisting of spin orbitals. The electrons are assumed to 
interact only through an average, or effective, potential and we say that the electrons are 
uncorrelated. In Section 9.3 , we defined a correlation energy (Eoorr) by the equation 

Ecorr = Eexact - EHF (9.75) 

When using Equation 9.75, both calculations should be based on the same Hamiltonian 
operator; for example, if spin-orbit interaction terms are included in one, then they 
should be included in the other. 

We saw in Section 9.3 that the correlation energy for a helium atom is -0.0420 Eh 
or -110 kJ · mo1- 1• Although the Hartree-Fock energy is almost 99% of the exact 
energy, the difference is of the order of the strength of a chemical bond. The correlation 
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energy increases with the number of electrons, so the inclusion of correlation is an 
important goal in quantum chemistry. 

The Eckart wave function given by Equation 9.13 included some correlation. Using 
two values of zeta acknowledges that the two electrons are not screened to equal extents, 
and we say that it includes some "in- out" correlation. Its energy is 0.0140 Eh better than 
Hartree-Fock, and so we see that it accounts for about a third of the correlation energy. 
The Hylleraas wave function given by Equation 9.17 accounts for about 70% of the 
correlation energy (Problem 9-38). 

Although both of these wave functions include a fair amount of correlation in spite 
of their relative simplicity, neither one can be extended in a convenient way to more 
complex atoms and molecules. There is a method, however, that is based upon the 
Hartree-Fock approximation, but can be used to calculate energies much better than 
Hartree-Fock energies. To explain this method, we have to use the results of the SCF 
calculation that we carry out in the appendix, where we use a linear combination of two 
Slater ls orbitals (Equation 9.32), 

This led to a 2 x 2 secular determinant (cf. Equation 9. 71 for K = 2) from which 
we found the lower eigenvalue (e = -0.917 935) and the corresponding (normalized) 
orbital to be 

1/t1(r ) = 0.843 785 Sis({ = 1.453 63) + 0.180 687 Sis({= 2.910 93) 

by an iterative process. (See the final table in the appendix.) The 2 x 2 secular deter
minant yields a second eigenvalue and a corresponding (normalized) second orbital, 
which comes out to be (Problem 9- 39) 

1/t2(r ) = 1.624 04 S15 ( { = 1.453 63) - 1.821 22 Sis({ = 2.910 93) 

This orbital represents an excited-state orbital. 

EXAMPLE 9- 8 
Show that i/f 1 (r) and •h (r) are orthogonal. Take 

(S1,1(s = 1.453 63) I S 1,1 (~ = 2.9LO 93)) = 0.837 524 (Problem 9-40). 

SOLUTION : 

(l/12 I i/11} = (1.624 04)(0.843 785)(S1..Cs = 1.453 63) I S1.1(s = J.453 63)} 

+ [( 1.624 04)(0.J 80 687) 

- (0.843 785)( i.82 t 22)](s LI <s = i.453 63) 1 s 1.v<s = 2.910 93)} 

- (0.180 687) (1.821 22) (S1s(~ = 2.910 93) I S1.1(s = 2.910 93)} 

= J.370 34 - 1.04127 - 0.329 07 = 0 



9.8. Correlation Energy Is the D ifference Between the Hartree-Fock Energy and the Exact Energy 

The ground state of a helium atom has the electron configuration 1/11 (1)1/11(2). 
(Remember that we do not have to include spin here because we are considering only a 
two-electron system at this point.) The orbital if!2(r) is not occupied in the ground state, 
and is called a virtual orbital. We can form an excited state by promoting an electron 
from the ground-state orbital i/11 to the virtual orbital 1/12. For example, if!2(1)1/t2(2) 
represents an electron configuration where both electrons are in the orbital i/12. Instead 
of using just 1ft1(1)1/t1(2), we could use 

(9.76) 

and let c1 and c2 be determined variationally. Because 1/11 (r) and 1/t2(r) are orthonormal, 
this leads to the secular equation 

where 
I H 1 I - E H 12 I- 0 

H 12 H22 - E 

H 1 I= (1/t1(1)1/t1(2) I A I i/11(1)1/11(2)) 

H 12 = (1/11(1)1/11(2) I H I l/12(1)1/12(2)) 

H12=(1/t2( l)1/t2(2) I H I1/t2(01/t2(2)) 

All the necessary integrals to evaluate H1 i, H 12, and H22 are contained in Table 9.7 in 
the appendix, and we get (Problem 9-41) 

1
- 2.86167 - E 0.290 023 I= 0 

0.290 023 3.247 37 - E 

from which we obtain E = - 2.875 41 Eh as the lower root. The difference between 
this value and the Hartree- Fock energy is f).E = - 2.875 41 Eh + 2.86167Eh = 
- 0.013 74 Eh, which is about one-third of the correlation energy. The values of c1 

and c2 in Equation 9.76 are c 1 = 0.998 864 and c2 = - 0.047 644, so \llc 1( 1, 2) comes 
out to be 

showing that 1jt1(1)1/t 1(2) is the dominant contribution. After all, the Hartree- Fock 
approximation does give about 99% of the exact energy. 

An advantage of this procedure is that all the necessary integrals had already been 
calculated in the previous Hartree- Fock calculation. A much more important feature, 
however, is that it becomes essentially exact in the limit. If we use a Hartree- Fock 
orbital that is a linear combination of K Slater orbitals, instead of just two as we did in 
Equation 9.27, 

K 

1/t(r) = L c.i¢/r) 
} = I 

(9.77) 
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then Equation 9.71 becomes a K x K secular determinant, and we obtain K orbitals, 
ijJ 1(r) through 1/JK(r). The first orbital (the one of lowest energy) is doubly occupied 
in the ground state of a helium atom, and the remaining K - 1 orbitals are virtual 
orbitals. We can use all these orbitals to form many-electron configurations and write 
Wc1(1, 2) as 

Wc1( 1, 2) =LL ci.il/J;(l)l/J,;(2) 
j 

(9.78) 

Equation 9.76 above is just a simple version of Equation 9.78. We can then use 
Equation 9.78 as a variational function to determine the energy and the corresponding 
wave function. 

The method we are describing is called configuration interaction (CD. That's why 
we subscripted W with "Cl" in the above equations. As we use larger and larger basis sets 
and include more and more configurations, we approach the exact result. Configuration 
interaction is one of several (post-Hartree-Fock) methods used by quantum chemists to 
go beyond the Hartree-Fock limit. For many-electron systems, the spin does not factor 
out as it does for a helium atom, and so Wc1(1, 2, ... , N) involves a summation over 
electron configurations described by Slater determinants. We shall have more to say 
about configuration interaction when we discuss molecular calculations. 

9.9 A Term Symbol Gives a Detailed Descriplion 
of an Electron Configuration 

In Section 7.7, we discussed term symbols for a hydrogen atom. In this section, 
we shall discuss term symbols for multielectron atoms. Electron configurations of 
atoms are ambiguous in the sense that a munber of sets of m1 and ms are consistent 
with a given electron configuration. For example, consider the ground-state electron 
configuration of a carbon atom, ls22s22p2. The two 2p electrons could be in any of the 
three 2p orbitals (m1 = 0, ±I) and have any spins consistent with the Pauli exclusion 
principle. The energies of these different states may differ, and so we require a more 
detailed designation of the electronic states of atoms. The scheme we will present here 
is based upon the idea of determining the total orbital angular momentum Land the total 
spin angular momentum S and then adding L and S together vectorially to obtain the 
total angular momentum J. The result of such a calculation, called Russell- Saunders 
coupling, is presented as an atomic term symbol, which has the form 

In a term symbol, L is the orbital angular-momentum quantum number, S is the 
spin quantum number, and .I is the angular-momentum quantum number. We will see 
that L will necessarily have values such as 0, 1, 2, .... Similar to assigning the letters 
s, p, d, and f to the values I = 0, 1, 2, and 3 of the orbital angular momentum for the 
hydrogen atom, we will make the following correspondence: 



9.9. A Term Symbol Gives a Detailed Description of an Eledron Configuration 

L = 0 

s 
1 2 3 4 5 

P D F G H 

We will also see that the spin quantum nwnber S will necessarily have values such as 
0, !, 1, ~' ... , and so the 2S + l left superscript on a term symbol will have values 
such as 1, 2, 3, .... The quantity 2S + 1 is called the spin multiplicity. Thus, ignoring 
for now the subscript .I, term symbols will be of the type 

Ip 

The orbital angular momentwn and the spin angular momentum are given by the 
vector sums 

(9.79) 

and 

(9.80) 

where the summations are over the electrons in the atom. The z components ofL and 
S are given by the scalar sums 

(9.81) 

and 

(9.82) 

Thus, although the angular momenta add vectorially as in Equations 9.79 and 9.80, the 
z components add as scalars (Figure 9.8). 

Just as the z component of I can assume the 2/ + 1 values m1 = l, l - 1, ... , 
0, ... , - l + 1, - l, the z component of L can assume the 2L + 1 values ML= L, 
L - 1, ... , 0, ... , -L + 1, -L. Similarly, Ms can take on the 2S + 1 values S, 
S - 1, ... , 0, ... , - S + 1, - S. Thus, the spin multiplicity is simply the 2S + 1 pro-
jections that the z component of S can assume. 

Let's consider the electron configuration ns2 (two electrons in an ns orbital). There 
is only one possible set of values of mil, m.d• m12, and ms2: 

0 +! 2 0 0 0 

The fact that the only value of ML is ML = 0 implies that L = 0. Similarly, the fact 
that the only value of Ms is Ms= 0 implies that S = 0. The total angular momentum J 
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is given by 

Chapter 9 I Many-Electron Atoms 

F I GURE 9.8 
A schematic i.llustration of the addition of angular-momentum 
vectors. 

(9.83) 

and the only value of its z component is 

(9.84) 

which implies that./ = 0. Consequently, for an ns2 electron configuration, L = 0, S = 0, 
and J = 0. The value L = 0 is written as Sin the term symbol, and so we find that the 
term symbol corresponding to an ns2 electron configuration is 1S0 (singlet S zero). 
Because the two electrons have opposite spins, the total spin angular momentum is 
zero. Both electrons also occupy an orbital that has no angular momentum, so the total 
angular momentum must be zero, which is what the 1S0 term indicates. 

An np6 electron configuration also w ill have a 1S0 term symbol. To understand 
this, realize that the six electrons in the three np orbitals have the quantum munbers 
(n, I, I, ±4), (n, I, 0, ±4), and (n, I, - 1, ±4). Therefore, when we add up all the mli 

and m.fi, we get ML= 0 and Ms= 0, and we have 1S0. 

EXAMPLE 9-9 
Show that the term symbol corresponding to an nd10 electron configuration is 1S0. 

SOLUTION: The ten d orbital electrons have the quantum numbers (n . 2, 2, ±~), 
(n, 2, 1, ±i), (n, 2, 0, ±i), (n, 2, - 1, ±i), and (n, 2, - 2, ±i). Therefore, M L = 0 
and Ms= 0, as for ns2 and np6 electron coufig11111tions, and the term symbol is 1S0• 



9.9. A Term Symbol Gives a Detailed Description of an Eledron Configuration 

Notice that ML and Ms are necessarily equal to zero for completely filled subshells 
because for every electron with a negative value of mfi, there is another electron with 
a corresponding positive value to cancel it; the same holds true for the values of msi· 
Thus, we can ignore the electrons in completely filled subshells when considering other 
electron configurations. For example, we ca.n ignore the contributions of the ls22.s2 

orbitals to the ls22.s22p2 electron configurations of a carbon atom when we discuss a 
carbon atom later. 

An example of an electron configuration that has a term symbol other than 1S0 is 
that of a helium atom with the excited-state electron configuration ls 12.s 1• To determine 
the possible values of m 11 , ms 1, m12, and m s2, we set up a table in the following manner: 
Because m11 and m12 can both have a maximum value of 0, the maximum value of ML 
is 0 (see Equation 9.81 ), and 0 is its only possible value. Similarly, because m.d and 
ms2 can both have values of± 1/2, Ms can be - 1, 0, or l. We now set up a table with 
its columns headed by the possible values of Ms and its rows headed by the possible 
values of ML> and we then fill in the sets of values of m.n, m.d , m12, and ms2 that are 
consistent with each value of ML and Ms. 

Ms 

0 - 1 

o o+, o+ o+, o- ;o- , o+ o- , o-

The notation o± means that m1 = 0 and ms= ±1/2. The possible sets of values 
of m 11 , m.d• m12, and ms2 that are consistent with each value of ML and Ms are called 
microstates, which are separated by semicolons when there is more than one microstate 
for a given value of ML and Ms. 

There are four microstates in this table because there are two possible spins(±!) 
for the electron in the ls orbital and two possible spins for the electron in the 2s orbital. 
Note that we include both o+, o- and o- , o+ because the electrons are in nonequiv
alent orbitals (i.e., ls and 2s). Note that all the values of ML in the above table are 
zero, so they all must correspond to L = 0. In addition, the largest value of Ms is 1. 
Consequently, S must equal l and the values Ms= 1, 0, and - 1 correspond to L = 0, 
S = 1, corresponding to a 3S state. This 3S state accounts for one microstate from each 
column in the above table. The middle column contains two microstates, but it makes 
no difference which one we choose. After eliminating one microstate from each col
umn co+, o+; o- ' o- ; and either o+, o- or o- ' o+), we are left with only the entry with 
ML= 0 and Ms= 0 (either o- , o+ or o+, o- ), which implies that L = 0 and S = 0, 
corresponding to a 1S state. These two pairs of L = 0, S =land L = 0, S = 0, along 
with their possible values of M.1, can be summarized as 

L = 0, S = 1 L = 0, S = 0 

ML =O, Ms= 1, 0, - 1 ML = 0, Ms=O 

M.1=ML + Ms=l,O, - l M.1=ML + Ms=O 
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The values of M.1 here imply that J = 1 for the L = 0, S = 1 case and that J = 0 for the 
L = 0, S = 0 case. The two term symbols corresponding to the electron configuration 
ls 12s 1 are 

and 

The 3S1 is called a triplet S state. These two term symbols correspond to two different 
electronic states with different energies. We will see below that the triplet state (3S 1) 

has a lower energy than the singlet state eso). 

9.10 The Allowed Values of J Are L + S, L + S - 1, ... , IL - SI 

As a final example of deducing atomic term symbols, we will consider a carbon atom, 
whose ground-state electron configuration is ls22s22p2. We have shown previously 
that we do not need to consider completely filled subshells because ML and Ms are 
necessarily zero for completely filled subshells. Consequently, we can focus on the 
electron configuration 2p2. Actually, our results will be valid for an np2 electron 
configuration where n = 2, 3, 4, ... , and so we shall consider two equivalent np 
orbitals. As for the case of ls 12s 1 above, we will make a table of possible values of 
m11' m.d• m 12, and ms2. Before we do this, however, Jet's see how many entries there 
will be in the table for np2. We are going to assign two electrons to two of six possible 
spin orbitals, (m1, ms) = (1, 1/ 2), (1,- [/ 2), (0,1 /2), (0, -1/2), (-1,112), (-1,-1/ 2). 
There are six choices for the first spin orbital and five choices for the second, giving a 
total of 6 x 5 = 30 choices. Because the electrons are indistinguishable, however, the 
order of the two spin orbitals chosen is irrelevant. Thus, we should divide the 30 choices 
by 2 to give 15 as the number of distinct ways of assigning the two electrons to the six 
spin orbitals. Generally, the number of distinct ways to assign N electrons to G spin 
orbitals belonging to the same subshell (equivalent orbitals) is given by 

G! 
(equivalent orbitals) (9.85) 

N!(G - N) ! 

Note that Equation 9.85 gives 15 if G = 6 and N = 2. 

EXAMPLE 9-10 
How many distinct ways are there of assigning two electrons to the nd orbitals? In other 
words, how many sets of m Ii and ms; are there for an nd2 electron configuration? 

SO LUTION: There are five nd orbitals, or lO nd spin orbitals. Thus, the number of 

distinct ways of placing two electrons in nd orbitals is 

~=45 
2! 8! 



9. 10. The Allowed Values of .I Are L + S, L + S - I , ... , IL - SI 

To determine the 15 possible sets of m11 , m.d, m12, and ms2 for an np2 electron 
configuration, we first determine the possible values of ML and Ms· Because m11 and m12 
can both have a maximum value of 1, the maximum value of ML is 2(seeEquation 9.81), 
and so its possible values are 2, 1, 0, - 1, and - 2. Similarly, because ms 1 and ms2 can 
each have a maximum value of 1/2, the maximum value of Ms is 1 (see Equation 9.82), 
and so its possible values are l, 0, and - 1. Using this information, we set up a table with 
its columns headed by the possible values of Ms and its rows headed by the possible 
values of ML> and then fill in the microstates consistent with each value of ML and Ms, 
as shown. 

Ms 

ML 1 0 - 1 

2 ~ i+, 1- -r:-t=-
' 

l o+, l+ i+, o- ; 1- , o+ o- , 1-

0 O* , O* ; l+, - 1+ l+, - 1- ; - 1+, 1- ;o+, o- 1- , - 1- ; o-, o-
- 1 o+, - 1+ o+, - 1- ;o- , - 1+ o- ' - 1-

- 2 i* 
' 

I* - 1+ , - 1- 1-
' 

1-

For example, the notation i+ above means that m11 = 1 and m.d = + 1/2, and 
- 1- means that m 12 = - 1 and ms2 = - 1/2. Unlike the earlier example in which we 
treated nonequivalent orbitals, we do not include both l+ , o- and o- , l+ in the Ms= 
0, ML= l position, because in this case, the orbitals are equivalent (two np orbitals). 
Consequently, the two microstates J+ , o- and o- , i+ are indistinguishable. The six 
microstates that are crossed out in the above table violate the Pauli exclusion principle. 
The remaining 15 microstates constitute all the possible microstates for an np2 electron 
configuration. 

We must now deduce the possible values of L and S from the tabulated values of 
ML and Ms. The largest value of ML is 2, which occurs only with Ms = 0. Therefore, 
there must be a state with L = 2 and S = 0 (1D). Because L = 2, ML= 2, I, 0, - 1, 
and - 2, and so the 1D state will account for one microstate in each row of the middle 
column of the above table. For those rows that contain more than one microstate (the 
second, third, and fourth rows), it makes no difference which microstate is chosen. We 
will arbitrarily choose the microstates 1+, o- ; l+, - 1- ; and o+, - 1- . 

If we eliminate these microstates from the table, we are left with the following 
table. 

Ms 

ML 1 0 - 1 

2 

1 o+, i+ 1- , o+ o- , i -

0 1+, - 1+ - 1+, 1- ; o+, o- 1- , - 1-

- 1 o+, - 1+ 0- , - 1+ o- , - 1-

- 2 
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The largest value of ML remammg is ML= I, implying L = I. There are 
microstates with ML= I, 0, - I associated with Ms= I (O+, J+; 1+, - I+;o+, - t+), 
with Ms= 0 ( 1- , o+; either - 1+, 1- or o+, o- ; o- , - 1+), and with Ms= - I (0- , 1- ; 
i-, - 1- ; o- , - 1- ). Therefore, these nine microstates correspond to L = I and S = I, 
or a 3P (triplet P) state. If we eliminate these nine microstates from the table, then we 
are left with only one microstate with ML= 0 and Ms= 0 at the center of the table, 
which implies L = 0 and S = 0 (1 S). 

So far, we have found the partially specified term symbols, 10 , 3P, and 1S. To 
complete the specification of these term symbols, we must determine the possible values 
of J in each case. Recall that M 1 = ML + M 8 . For the five entries corresponding 
to the 10 state, Ms= 0, and so the values of MJ are 2, I, 0, - 1, and - 2, which 
implies that J = 2. Thus, the complete term symbol of the 10 state is 1D2. Note 
that the degeneracy of this state is 5, or 21 + I. The values of M.1 for the nine 
entries for the 3P state are 2, I, I, 0, 0, - 1, 0, - 1, and - 2. We clearly have one set 
of 2, 1, 0, - 1, - 2 corresponding to J = 2. If we eliminate these five values, then we 
are left with I, 0, 0, - 1, which corresponds to J = 1 and J = 0. Thus, the 3P state has 
three possible values of J , so the term symbols are 3P2, 3P" and 3P0. The 1S state must 
be 1S0• In summary, then, the electronic states associated with an np2 configuration are 

The degeneracies of these states are 5, I, 3, 5, and I, respectively, which adds up to 15, 
the number of microstates that we started with. Table 9.4 lists the term symbols that 
arise from various electron configurations. 

T AB l E 9.4 
The Possible Term Symbols (Excluding the J Subscript) for Various Electron Configurations 
for Equivalent Electrons 

Electron 
configuration Term symbol (excluding the J subscript) 

s' 
P' 
p2, p4 

p3 

p ' , p5 

d 1
, d9 

d2, ds 

d3, d1 

d4, d6 

d5 

2s 
2p 

1S, 1D, 3P 

2p, 20 , 4s 

2p 

2D 

1S, 10 , 10 , 3P, 3F 
2P, 2D (twice), 2F, 20, 2H, 4P, 4F 
1S (twice), 1D (twice), 1F, 10 (twice), 11, 3P (twice), 3D, 3F (twice), 30, 3H, 5D 
2S, 2P, 2D (thrice), 2 F (twice), 20 (twice), 2H, 21, 4 P, 4 0 , 4 F, 40, 6S 



9. 10. The Al lowed Values of .I Are L + S, L + S - I , ... , IL - SI 

The values of J for the term symbols in Table 9.4 can be determined in terms of 
the values of L and S if we recall that 

The largest value that .I can have is in the case when both L and S are pointing in the 
same direction, so that J = L + S. The smallest value that J can have is when L and S 
are pointing in opposite directions, so that J = IL - S I. The values of J lying between 
L + S and IL - SI are obtained from 

J = L + S, L + S - 1, L + S - 2,. . ., IL - S I (9.86) 

Ifwe apply Equation 9.86 to the 3P term symbol above, then we see that the values of 
J are given by 

J = (1 + I), (I + I) - I, 1 - 1 

or J = 2, I, 0, as we deduced above. 

EXAMPLE 9-11 
Use Equation 9.86 to deduce the values of .T associated with the term symbols 2S, 3D, 
and 4 F. 

SOLUTION: For a 2S state, L = 0 and S = 1/2. Accord.ing to Equation 9.86, the only 
possible value of.! is 1/2, and so the term symbol will be 2S 112. For a 3D state, L = 2 
and S = l. Therefore, the values of .T will be 3, 2, and 1, and so the term symbols 
wiJI be 

For a 4F state, L = 3 and S = 3/2. Therefore, the values of.! will be 9/2, 7/2, 5/2, and 
3/2, and so the term symbols will be 

Example 9-1 1 shows that the " L and Spart" of a term symbol is sufficient to deduce 
the complete term symbol. 

There is a useful consistency test between Equation 9.85 and the term symbols 
associated with a given electron configuration. A term symbol 2s+1L will have 2S + 1 
entries for each value of ML in a table of possible values of the m/i and m s; (see the 
table of entries for np2). Because there are 2L + l values of ML for a given value of 
L , the total number of entries for each term symbol is (2S + 1) (2L + I). Applying this 

473 



474 Chapter 9 I Many-Electron Atoms 

result to the np2 case gives 

's 'D 

(I x 1) + (3 x 3) + (I x 5) = 15 

in agreement with the value that we calculated from Equation 9.85. 

EXAMPLE 9-12 
Show that Equation 9.85 and the term symbols for nd2 given in Table 9.4 are consistent. 

SO LU TI ON: The total munber of entries in a table of possible values of mli and ms; 

for an nd2 electron configuration is 

G! = _!_Q!_ = 45 
N! (G - N)! 2! 8! 

The term symbols given in Table 9.4 are 

's 'D 'G 

(Ix l)+(lx5) +(lx9) + (3x3) +(3x7)=45 

9.11 Hund's Rules Are Used Lo Delermine Lhe Tenn Symbol 
of Lhe Ground ElecLronic Stale 

Each of the states designated by a term symbol corresponds to a determinantal wave 
function that is an eigenfunction of L2 and S2, and each state corresponds to a certain 
energy. Although we could calculate the energy associated with each state, in practice, 
the various states are ordered according to three empirical rules formulated by the 
German spectroscopist Friedrich Hund. Hund's rules are as follows: 

1. The state with the largest value of S is the most stable (has the lowest energy), 
and stability decreases with decreasing S. 

2. For states with the same value of S, the state with the largest value of L is the 
most stable. 

3. If the states have the same value of L and S, then for a subshell that is less 
than half-filled, the state with the smallest value of .I is the most stable; for a 
subshell that is more than half-filled, the state with the largest value of .I is the 
most stable. 



9. 12. Atomic Term Symbols Are Used to Describe Atomic Spectra 

EXAMPLE 9-13 
Use Hund's rules to deduce the lowest energy state of an excited state of a beryllium 
atom whose electron configuration is Ls 22s 13s 1 and the ground state of a carbon atom. 

SO LU TI ON: The tenn symbols for a 2s 13s 1 configuration are (Problem 9-42) 

33 1 and 130 

According to the first ofHund's rules, the more stable state is the 33 1 state. 
The ground-state electron configuration of a carbon atom is p2. The term symbols 

for a p2 configuration are (see Table 9.4) 

According to the first ofHund's rules, the ground state is one of the 3P states. According 
to Hund's third rule, the most stable state is the 3P0 state. 

9.12 Alomic Term Symbols Are Used to Describe Atomic Speclra 

Atomic term symbols are sometimes called spectroscopic term symbols because atomic 
spectral lines can be assigned to transitions between states that are described by atomic 
term symbols. The energies of the electronic states of many atoms and ions are well 
tabulated in United States government publications. The standard hard-copy publication 
for many years was Atomic Energy Levels by Charlotte E. Moore (National Bureau of 
Standards Circular No. 467, U.S. Government Printing Office, 1949). These tables were 
usually referred to as "Moore's Tables." Nowadays, however, all these data and updates 
of these data are available on-line at a website http://physics.nist.gov/PhysRejData/ 
ASD/ maintained by the National Institute of Standards and Technology (NIST). 

Table 9.5 is a screen shot from the NIST website of the first few energy levels 
of atomic sodium. The ground-state electron configuration ls22s22p63s gives rise to 
the term 2S112, which is doubly degenerate, corresponding to M" = + 1/2 and - 1/2. 
The first excited state arises from the promotion of the outer-shell electron from the 3s 
orbital to the 3p orbital, and this gives rise to two states, 2 P112 and 2 P312. The first of 
these is two-fold degenerate (M.1 = 1/2, - 1/2) and the second is four-fold degenerate 
(M.1 = 3/2, 1/2, - 1/2, - 3/2). Notice in the table that terms with the same values of 
S and L are separated from each other, and that there is a small separation of energies 
within each term. The separation within each term is due to the different values of J , and 
is the resuJt of spin-orbit interaction, which we discussed in Section 7. 6 for a hydrogen 
atom and which we will discuss again in the next section. 

The spectrum of atomic sodium is due to transitions from one state to another in 
Table 9.5. As for many of the systems that we have studied earlier, not all transitions 
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T AB L E 9.5 
A Screen Shot of the First Few Electronic States of Atomic 
Sodium a 

Na I 409 Levels Found 

Data on Land• factors and level compo1t11on1 are no1 aY11llabte for this Ion 

Configuration Term J Level 
(cm-1) 

2p63s 2s 1/2 0 

2p63p 2p o 112 16 956.171 

3/2 16 973 . 368 

2p64s 2s 112 25 739.991 

2p63d 20 5/2 29 172.839 

3/2 29 172.889 

2p64p 2po 1/2 30 166.99 

3/2 30 172 . 58 

2p65s 2s 112 33 200.675 

2p64d 20 5/2 34 548 . 731 

3/2 34 548.766 

a. Source: 111e NIST webs ite http ://physics.nist.gov/ 
PhysRejData/ASD/levelsJorm.html 

are allowed; there are selection rules that govern which transitions are allowed. For 
Russell- Saunders coupling, the selection rules for multielectron atoms are 

~L = 0, ±I (L = 0 fr L = 0) 

~s = o (9.87) 

~.1 = 0,±1 (./ = Ofr.1 = 0) 

These selection rules have been deduced experimentally and corroborated theoretically. 
The selection rules tell us that 2P ~ 2S transitions are allowed, but 2D ~ 2S are 

not allowed because~ L = 2. Furthermore, 2S ~ 2S transitions are not allowed because 
L = 0 in both states. Figure 9.9 is an energy-level diagram of atomic sodium, showing 
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F I G URE 9.9 
An energy-level diagram of atomic sodiwn. 

the allowed electronic transitions. In addition to atomic-energy-level data, there is a 
wealth of atomic spectral lines available at the NlST website. 

EX AMPL E 9- 14 
Use Table 9.5 to calculate the wavelengths of the two lines in the doublet associated 
with the 3p 2P ~ 3s 2S transition in sodium, and compare your results with those of 
Figure 9.9. 
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SOLUTI ON: The two transitions are 

ii = 16956.172cm-1 

and 

ii = 16 973.368 cm-1 

The wavelengths are given by A. = 1/ii, or 

A = 5897.557 A and 589t.583A. 

If we compare these wavelengths with those in Figure 9.9, we see that there is a 
small discrepancy. This discrepancy is caused by the fact that wavelengths determined 

experimentally are measured in air, whereas the calculations using Table 9.5 provide 
wavelengths in a vacuum. We use the index of refraction in air in the region of these 
wavelengths (1 .000 29 at 0°C) to convert from one wavelength to another: 

Avac = 1.000 29 Aair 

If we divide each of the wavelengths obtained above by 1.000 29, then we obtain 

Aexpt = 5895.9 A and 5889.9 A. 

in excellent agreement with Figure 9.9. These wavelengths occur in the yellow region 
of the spectrum and account for the intense yellow doublet, called the sodium D line, 
which is characteristic of the emission spectrum of sodimn atoms. 

Figure 9.10 shows the energy-level diagram of a helium atom at a resolution at 
which the spin-orbit splittings are not significant. The principal feature of the helium 
energy-level diagram is that it indicates two separate sets of transitions. Notice from 
the figure that one set of transitions is among singlet states (S = 0) and the other 
is among triplet (S = I) states. No transitions occur between the two sets of states 
because of the t!.S = 0 selection rule. Thus, the only allowed transitions are between 
states with the same spin multiplicity. The observed spectrum of helium consists of two 
overlapping sets of lines. We should point out that the selection rules presented here are 
useful only for small spin-orbit coupling, and so they apply only to atoms with small 
atomic numbers. As the atomic number increases, the selection rules break down. For 
example, mercury has both singlet and triplet states like helium does, but many singlet
triplet state transitions are observed in the atomic spectrum of atomic mercury. In fact, 
the familiar intense purple line in the spectrum of atomic mercury is a single- triplet 
transition. 
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F I G UR E 9.10 
The energy-level diagram of a helium atom, showing the two separate sets of si11glet and triplet 
states. 

9.1 3 Russell-Saunders Coupling Is Most Useful for Lighl Atoms 

We shall conclude this chapter with a brief discussion of the theory behind atomic 
term symbols. In addition to the usual kinetic energy and electrostatic terms in the 
Hamiltonian operator of a many-electron atom, there are a number of magnetic and spin 
terms. The most important of these magnetic and spin terms is the spin-orbit interaction 
term, which, as we discussed in Section 7.6, represents the interaction of the magnetic 
moment associated with the spin of an electron with the magnetic field generated by the 
electric current produced by the electron's own orbital motion. There are other terms 
such as spin-spin interaction and orbit-orbit interaction, but these are numerically less 
important. The Hamiltonian operator for a multielectron atom can be written as 

~ 1L 2 L z L 1 L " H= -- 'V. - -+ -+ ~(r) l · S 
2 J r .I .I .I 

· · r1· · · i1· · J J .I < ./ ./ 

(9.88) 

where I 1ands1 are the individual electronic orbital momenta and spin angular momenta, 
respectively, and where ~(r1) is a scalar function of r1 whose form is not necessary here. 
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We can abbreviate Equation 9.88 by writ ing 

(9.89) 

where H0 represents the first two terms (no interelectronic interactions), Hee represents 
the third term (interelectronic repulsion), and Hso represents the fourth term (spin-orbit 
coupling) in Equation 9.88. 

Figure 9.11 is a schematic diagram of how the energies of the h 2, ls2s, and ls2p 
electron configurations of a helium atom are split by the Hee term and then by the 
Hso term. In the absence of the electron-electron repulsion term, Hee, the electron 
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A schematic diagram of how the energies of the Js 2
, l~2s, and ls 2p electron configurations of 

a helium atom are split by the electron-electron repulsion term and the spin-orbit interaction 
term. The energies in this figure are not to scale, the splitting due to spin-orbit coupling is much 
smaller than that due to electron-electron repulsiott 
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configurations Is2s and Is2p have the same energy. The inclusion of Hee splits each 
of the electron configurations ls2s and ls2p into two terms, as shown in the figure. 
When spin-orbit interaction is included, the 3P term that results from the Is2p electron 
configuration is further split into 3P2, 3P1' and 3P0 . The energies shown in Figure 9.11 
are not to scale; their actual values can be folllld at http://physics.nist.gov/PhysRejData/ 
ASD/levelsJorm. html. The splitting due to spin-orbit coupling is much smaller than that 
due to electron-electron repulsion. The scheme is known as Russell- Saunders coupling, 
and is usually a very good approximation for light atoms. 

We can also express the effect of spin-orbit coupling in terms of the multielectron 
wave functions. Because Hso is usually small relative to Hee for light atoms (Z < 40), 
it can be treated as a perturbation. In that case, the zero-order Hamiltonian operator is 

A (0) A A 

H =Ho +Hee (9.90) 

Although the individual orbital angular momenta, 11, and spin angular momenta, s;, 
commute with H0, they do not commute with H<0> = H0 +Hee and so are not con
served even to zero order. The total orbital angular-momentum operator, i-2, with L = 
11 +12 + · · · +IN, and the total spin angular-momentum operator S2, with S = 
s 1 + s2 + · · · + s N, however, do commute with H<0\ and so are conserved to zero 
order in the perturbation scheme. Recall from Equation 4.84 that the time dependence 
of the average of a physical quantity represented by an operator A is given by 

d (A) = !!:_ (1/l(t) I A 11/l(t)) 
dt dt 

1 A A a,4 
= /i,(1/t(t) I [H, A] 11/J(t)) + (1/r(t ) 

01 
1/J(t)) 

Thus, if A commutes with H (and does not depend explicitly upon time), the time 
derivative of its average value is zero, and (A) is a constant of motion, or, in other 
words, is conserved. Thus, the resulting quantum numbers L and S are good quantum 
numbers to zero order because they represent conserved quantities. This is why the term 
symbols are made up of Land S. 

The operators L2 and S2 do not commute with H = H0 +Hee + Hs0 , but because 
Hso is small, we say that L and S almost commute with fJ and that the quantum 
numbers L and Sare almost good quantum numbers. They would be perfectly good 
quantum numbers if there were no spin-orbit interaction. This makes sense physically 
because H (O) = H0 + Hee contains no term that represents an interaction between 
the orbital angular momentum and the spin angular momentum, and so each one is 
conserved separately. Neither one is conserved separately when we include the spin
orbit interaction term, in which case it is the total angular momentum, J = L + S, that is 
conserved. As we said above, however, ifthe spin-orbit interaction term is small relative 
to H (O) = H0 +Hee> then Land Sare almost conserved, and Land Sare almost good 
quantum numbers. 
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Because L 2' S2' Lz, and sz commute with H (O)' the zero-order wave functions are 

simultaneous eigenfunctions of H' L2' Lz, S2' and sz, and so can be labeled by L, ML> 
S, and Ms with 

H (O) I L , ML, S, Ms)= E(O) I L , Mv S, Ms) 

A2 . -2 
L I L , ML, S, Ms)= Ii L (L + I) I L , ML, S, Ms) 

L2 I L, Mv S, Ms)= liML I L, ML, S, Ms) 

A2 -2 S I L, ML• S, Ms)= Ii S(S + I) I L, ML, S, Ms) 

S2 I L, ML, S, Ms)= 11.Ms I L, ML, S, Ms) 

As we said above, this scheme is known as Russell- Saunders coupling. 
As the atomic number of the atom increases, the spin-orbit term becomes larger 

than the interelectronic term, and now H ee can be considered to be a small perturbation 
relative to the other terms in H. In this case L and S are no longer meaningful, and 
the individual total angular momenta j; = I; + s; become the approximately conserved 
quantities. One then couples the j's to obtain the total angular momentum. This scheme 
is called j - j coupling and is applicable to heavier atoms. In spite of the deterioration 
of L- S coupling as Z increases, it is still approximately useful, and so the electronic 
states of even heavy atoms are designated by term symbols of the form 2s+1 L .1 · 

Append ix: An SCF Calculation of a Helium Atom 

We're going to illustrate how an SCF calculation is done, using a helium atom as an 
example in this appendix. [This calculation is due to Snow, R. L., Bills, J. L ., A Simple 
Illustration of the SCF-LCAO-MO Method. J Chem. Educ., 52, 506 (1975).) We'll use 
a trial function of the form given by Equation 9. I 8 with if! (r 1) and 1/1 (r2) given by 

(I) 

where the¢; are the (normalized) Slater orbitals. 

(2) 

For simplicity, we'll fix the values of r 1 and r 2 in the Slater orbitals by r 1 = 1.453 63 and 
r2 = 2.910 93 and determine c, and C2 self-consistently. The procedure may seem to be 
a little complicated, but it is not. Just follow the procedme step by step, finishing with 
Table 9.8. As we said earlier, in practice, this procedure is carried out computationally, 
but it 's very instructive to follow the procedure by hand at least once. 
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We take Equation 9 .18 as the wave function of a helium atom 

(3) 

with if!(ri) given by equation I (Equation 9.32 of the chapter). Ifwe substitute \ll (r 1, r 2) 

into E = (\II I fJ I \II), we get (Problem 9- 59) 

where 

hij = h Ji= f d r 1 ¢;(r1) (-~ V'~ - ~) ¢1(r1) 

= f d r 1 ¢;(r1)h(r 1)¢1(r1) 

=(¢;(!) I h(l) I ¢ 10)) = (¢;(2) I h(2) I ¢ 1(2)) 

=(</J; l h l </J;) (5) 

8i;=8;; 

= c~ ( ¢;(1)¢1(2) I r;
2

1 </J,;(1)¢1(2)) + c 1c2(¢i(l)¢1(2) I r;
2

1 ¢;(1)¢2(2)) 

+ c2c1 ( </J;(l)</J2(2) l-1 I </J;(l)</J1(2)) + c~(</J; (l)</J2(2) 1-1 I </J;Cl)</>2(2)) (6) 
I r12 . I r12 I . 

and 

S;; = S;; = (</J;(l) I ¢;(1)) = (¢;(2) I ¢;(2)) = (</J; I </J;) (7) 

Let's look at each set of matrix elements in turn. The simplest to evaluate is SiJ. 

scr3i-3)112 
I ~ J 

(8) 
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Notice that S11 = S22 = l. To evaluate h;j , first use the fact that</>; (r) is an eigenfunction 

of a hydrogen-like Hamiltonian operator with charge~; with an eigenvalue - {//2 in 
atomic units: 

Now write 

- 2v2 - Z; = _2v2 - fl: - z - {; 
2 r 2 r r 

to obtain 

2 

(</>; I h I¢)= - {~ (</>; I ¢) - (Z - {j) (<t>; l~I ¢.i) 

The first integral is just S;; and the second integral is (Problem 9- 60) 

Therefore, 

( </>; If I ¢1 ) = fo00 

¢ 1(r)¢1(r)4rrr dr 

4({/{f) 1/ 2 

({; + {1)2 

(9) 

(IO) 

(11) 

The integrals in 8 iJ are more involved because they consist of an integration over 
the coordinates of both electrons. As i and j take on the values I and 2, there are s ix 
different integrals in equation 6. The integrals for i = j = I and i = j = 2 are the same 
as the integral for £ (1) in the perturbation treatment of a helium atom (Equation 8.72) 
and are equal to 

(12) 
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(13) 

The other integrals are listed analytically in Table 9.6, but they are also easy to evaluate 
numerically for given values of s 1 and s2 (Problem 9- 61 ). The numerical values of all 
the integrals in E in equations 5 and 6 for SI = 1.453 63 and s2 = 2.9 10 93 are given in 
Table 9.7. These are the values that we shall use in performing the SCF calculation for 
a helium atom. 

You may have noticed that the integral ( <h(l)¢1(2) I r:
2

1 ¢ 2(1)¢1(2)) (which you 

get from the first term in equation 6 by letting i = j = 2) does not appear in Table 9.6. 
The reason for this is that there are a number of symmeJ relations among the integrals 

in Table 9.6.For example, we can show that( ¢ 2(1)¢1(2) I r:
2

1 ¢2(1)¢1(2)) is equivalent 

to the third entry; we can relabel the coordinates without changing the value of the 

TABLE 9.6 
The Analytic Expressions for the Various Integrals in Equations 5 Through 8 

4(t3t3)1/2 

hij = (ti '+ lsj)3 [s;sj - zcsi + sj)J 

( ¢ 1(1)¢1(2) II _I I ¢1(1)¢ 1(2) ) = ~SI 
r12 8 

( <h(l)¢2(2) I r~2 I ¢ 2(1)¢i(2) ) = ~s2 

( ¢ 1(1)¢2(2) 1-1 I ¢ 1(1)¢2(2) ) = --1!k_ + tfti 
r1 2 SI + s2 (s1 + s2)3 

( ¢1(1)¢2(2) l-1 I ¢2(1)¢1(2) ) = 20(s1s2)3 
I r12 I Cs1 + s2)5 

( 
<t> ( I)<t> (2) l_!_ I <t> ( t)<t> (2) ) = 8(s1s2)

312
s10 Isf + 8s1s2,+ ti) 

I I r 12 I 
2 

(s1 + S2)2(3s1 + si).> 

( 
<t>iO)<t>

2
(2) l- 1 I ¢

2
(1)¢

2
(2) ) = sct1s2)

312
t2Csf + Bs1s2 + i 1t]) 

r 12 (s1 + s2)2(s I + 3s2)3 
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T AB LE 9.7 
The Ntunerical Values of the Various Integrals in Equations 5 Through 8 for ~1 =1.45363 and 
~2 = 2.910 93 

h11= -1.85074 h22 = -1.58510 

S12 = 0.837 524 

( </>1Cl)</>1(2) I r'.J ¢1(1)</>1(2)) = 0.908 519 

( </>2Cl)</>2(2) I r:
2 
I </>2Cl)</>2(2) ) = 1.819 33 

( </>1(1)</;>i(2) I r:
2 
I ¢1(1)</>2(2)) = 1.184 85 

( </>1 ( l)</>2 (2) I r:
2

1 </>20)</>1(2) ) = 0.956 719 

( </>1Cl)</>1(2) I r:
2

1 <t>1Cl)</>2(2)) = 0.906 058 

( </>1Cl)</>2(2) I r;
2

1 </>2Cl)</>2(2)) = 1.300 40 

integral because r 12, being simply the distance between the two electrons, is symmetric 
in the coordinates, so the third entry in Table 9.6 can be written as 

( </>1(l)</>2(2) I r :
2

1 </>1Cl)</>2(2)) = ( </>1(2)</>2(1) I r:
2

1 </>1(2)¢2(1)) 

= ( </>2( l)</>1(2) 1 r:J </>2(1)</>1(2)) 

where in the second equality all we did was to write the product ¢ 1(2)¢2(1) as 
¢2( 1)¢1(2) . This type of symmetry manipulation occurs frequently in quantum chem
istry. 

Now that we know the values of all the matrix elements in equation 4, we minimize 
E with respect to c1 and c2. We did something very similar to this in Section 8.2, 
where the trial function depended linearly on the variational parameters. This led us 
to a secular determinant and its corresponding secular equation, whose smaller root 
yielded the ground-state energy. Equation 4 may look similar to Equation 8.30, but 
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there is an important difference. The 8;j in equation 4 depend upon c1 and c2 through 
equations 6. When we minimize E given by equation 4 with respect to c1 and c2, we 
get a pair of simultaneous algebraic equations of the form 

c 1(F11 - sS11) + c2(F12 - sSd = 0 

c 1(F12 - sS12) + c 2(F22 - sS22) = 0 

and a corresponding secular equation 

where 

I F11 - sS11 

I F12 - sS12 

(14) 

(15) 

(16) 

are called the elements of the Fock matrix, F = { Fij}. As the notation implies, the 
Fij depend upon c 1 and c2• Thus, in order to determine the eigenvalues of the secular 
determinant, we must know c 1 and c2 to construct the Fi.i. But c 1 and c2 are determined 
from equations 14 for the smaller eigenvalue, s. Here's how we go about solving 
equations 14. 

We guess at the values of c1 and c2, say, c 1 = c2 = 0.50. We then construct the Fij 

from equations 5, 6, and 16. Using the values in Table 9.7, we obtain 

= - 1.850 74 + (~Y (0.908 519) + 2 (~ y (0.906 058) + (~Y (1. 184 85) 

= - 0.874 369 

Similarly, 

F12 = h12 + 812 

= - 1.883 47 + (~Y (0.906 058) + 2 (~Y (0.956 719) + (~Y ( 1.300 40) 

= - 0.853493 

F22 = h22 + 822 

= - 1.585 10 + (~Y (l.184 85) + 2 (~Y ( 1.300 40) + (~Y ( 1.819 33) 

= - 0. 183 860 
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Using these values and the values of SiJ in Table 9.7, we obtain 

or 

I 
- 0.874 370 - B 

- 0.853 493 - 0.837 524 B 

- 0.853 493 - 0.837 524 B I 
=0 

- 0.183 860 - B 

0.298 554 &2 
- 0.371414 B - 0.567 691=0 

The value of the lower root comes out to be - 0.890 717. 
Using this value in equations 14 gives cif c2 = 0.107 496/0.016 348 = 6.575 48. 

The normalization condition for <P (r) in Equation 9. 26 gives 

or that 

or c2 = 0.134 530 and c1 = 0.884 622. Finally, we can use equation 4 to calculate E, 
as shown in Table 9.8. We now repeat the calculation with these values of c 1 and c2 
until the results stabilize, as you can see by comparing successive lines in Table 9.8. 
Figure 9.12 shows c 1 and c2 plotted against the number of iterations. 

Before we leave this appendix, let's look at the entries in Table 9.8 more carefully. 
Notice that the total energy is stabilized to its final value by iteration 4, but the values of 
c1 and c2 continue to change for another five iterations, to the precision reported in the 

T AB LE 9.8 
The Successive Values of c" c2, F1" F12, F22 , E:, and E for the Iterative Procedure Used to Solve 
the Hartree- Fock- Roothaan Equations (Equations 14) 

Cl C2 F11 F12 F12 E: E 

0.500 000 0.500 000 - 0.788 038 - 0.762422 - 0.059 960 - 0.799 653 - 2.393 90 

0.884 622 0.134 530 - 0.902 671 - 0.923175 - 0.315 450 - 0.934 544 - 2.857 13 

0.835 790 0.189 639 - 0.886 271 - 0.900502 - 0.279 784 - 0.914 721 - 2.861 50 

0.845 342 0.178 940 - 0.889460 - 0.904919 - 0.286 743 - 0.918 563 - 2.861 67 

0.843 481 0.181 028 - 0.888 838 - 0.904058 - 0.285 386 - 0.917 813 - 2.861 67 

0.843 844 0.180 621 - 0.888 960 - 0.904226 - 0.285 651 - 0.917 959 - 2.861 67 

0.843 773 0.180 700 - 0.888 936 - 0.904193 - 0.285 599 - 0.917 93 l - 2.861 67 

0.843 787 0.180 685 - 0.888 940 - 0.904199 - 0.285 609 - 0.917 936 - 2.861 67 

0.843 785 0.180 687 - 0.888 940 - 0.904199 - 0.285 607 - 0.917935 - 2.861 67 

0.843 785 0.180 687 - 0.888 940 - 0.904199 - 0.285 607 - 0.917935 - 2.861 67 
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FIGURE 9.12 
A plot of c1 and c2 in Equation 9.32 plotted 
against the number of iterations. 

table. This shows that the Hartree-Fock energy is stable to first order in perturbations 
of the wave function (the c 1 and c2), whereas the wave function is not. This means that 
a stronger criterion on convergence of the solution is needed if properties other than 
the energy are going to be calculated from the wave function. 

Problems 
9-1. Show that the atomic tmit of energy can be written as 

9-2. Show that the energy of a helium ion in atomic tmits is - 2 En· 

9-3. Show that the speed ofan electron in the first Bohr orbit is e2 /4rrE01i = 2.188 x 106 m ·s-1. 

This speed is the tmit of speed in atomic units (see Table 9.1 ). 

9-4. Show that the speed of light is equal to 137 in atomic units. (Hint: Use the result of the 
previous problem.) 

9-5. Another way to introduce atomic units is to express mass as multiples of me, the mass of 
an electron (instead of kg); charge as multiples of e, the protonic charge (instead of C); 
angular momentum as multiples of /l, (instead of in J · s =kg · m2 • s-1); and permittivity as 
multiples of 4rrEo (instead of in C2 -s2 ·kg- 1·m-3) . This conversion can be achieved in all 
of our equations by letting me = e = Ii = 4rrE0 = I. Show that this procedure is consistent 
with the definition of atomic units used in the chapter. 

9-6. Derive Equation 9.5 from Equation 9.4. Be sure to remember that V2 has units of 
(distance )-2. 

9-7. In this problem, we shall show that Equation 9. l 0 has the form of a sum of a quadratic 
term in s and a linear term ins because of the form of the Hamiltonian operator ofan atom. 
Start wi th fl for an N-electron atom with nuclear charge Z: 

N N N 

A 1" 2 "z "" 1 A A H = - - ~ Vj - ~-:-- + ~ ~-:---- = T + V 
2 j = l j = I t j i<j j t ij 
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where f is the kinetic energy operator and V is the potential energy operator. Write out the 

expressions for T = (1/t I f 11/t}/(1/t 11/1) and V = (1/11V 11/1)/(1/111/1) using a wave func
tion of the form 1ft(x1, y1, ••• , YN• zN). Now write out the expressions for T(l;) = (1/t(l;) 

I f 11/l(l;)}/(1/t(l;) 11/l(l;)} using a wave function of the form 1/l(sx1, s Ji, ... , sYN• szN), 
where all the coordinates are scaled by a factor of s. Let x; = s x1, y; = sY1> and so on to 
show that 

Similarly, write out the expression for V (l;) = (1/1 (l;) I V 11/t (l;)} / (1/1 (l;) 11/t (l;)} and then 
show that 

9-8. Show that when we use Equation 9.8 in Equation 9.9, the average kinetic energy and 
average potential energy come out to be s 2 and - 27s /8, respectively. (Use the results of 
either Problem 8-39 or 8-40.) 

9- 9. Show that Equation 9.10 can be written as 

E(l;) = T(l;) + V(s) = s 2T(s = 1) + sV(s = l) 

where T Cs = l) and V Cs = l) are the average kinetic energy and the average potential 
energy, respectively, calculated with Equation 9.8 withs = 1 (cf Problem 9-7). 

9- 10. Use the results of the previous two pr·ohlems to show that T(s = I)/ V(s = 1) = - 8/27 
when you use Equation 9.8. What should this ratio equal according to the virial theorem? 
Now determine the value of s such that the ratio T (l;) / V (l;) satisfies the virial theorem and 
compare your result to the value of s obtained variationally. 

9- 11. Show that the generalization of Equation 9.10 for a two-electron atom or two-electron 
ion of nuclear charge Z is 

2 5 E<O = - s + 2scs - z) + - s 
8 

Show that this equation reduces to Equation 9.10 when Z = 2. 

9- 12. Use a program such as MathCad or Mathematica to evaluate E (s" s2) using Equa
tion 9.13 and then minimize the result with respect to both st and s2 to obtain E = 
- 2.875 66 Eh. 

9- 13. Show that the normalization constant for the radial part of Slater orbitals is 

(20"+~ / [ (2n) !)1/ 2 

9- 14. Compare the Slater orbital S200(r) to the hydrogen atomic orbital 1/f200(r) (Table 7.3) by 
plotting them together. Do the same for S300(r) and 1{!300(r ). 

9- 15. Show that Equation 9.16 is normalized. 



Problems 

9- 16. Compare our simple variational trial ftmction (s3/rr)lf2e-~,. withs = 27/16 with the 
SCF orbital given by Equation 9.16 by plotting them together (cf. Figure 9.1). 

9-1 7. Substitute Equation 9.5 for if into 

and show that 

where 

[ . = f dr 1/f*(r ) [-~ v2 
_ 

2
] 1/f(r ) 1 1 1 2 1 r . 1 

J 

and 

9-18. Why do you think that 111 in Equation 9.25 is called a Coulomb integral? 

9- 19. The normalized variational helium orbital we determined in Chapter 7 is 

1/11.1(r) = 1.2368e-27r/16 

A two-term Hartree-Fock orbital is given in Equation 9.16, 

1/11.1(r) = 0.843 785 S1s(s = 1.453 63) + 0.280 687 S1.1(s = 2.910 93) 

and a four-term orbital given by Equation 9.72 is 

1/Jis = 1.347 900 S1sCs = 1.4595) - o.oo 1613 S11 (s = 5.3244) 

- 0.100 506 Sis Cs = 2.6298) - 0.270 779 S2s(s = 1.7504) 

Compare these orbitals by plotting them on the same graph. 

9-20. Use the SCF orbital given in Equation 9.16 to calculate v,eff (r1) given in Equation 9.19 
and compare your result to Figure 9.2. 

9-21. Given that IJI (1, 2) = Isa (1) lsf3 (2) - Isa (2) lsf3 (I), prove that 

if the spatial part is normalized. 
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9-22. Why is distinguishing the two electrons in a helitun atom impossible, but distinguishing 
the two electrons in separated hydrogen atoms possible? Do you think the electrons are 
distinguishable in the diatomic H2 molecule? Explain your reasoning. 

9-23. Why is the angular dependence ofmultielectron atomic wave functions in the Hartree
Fock approximation the same as for hydrogen atomic wave functions? 

9-24. Why is the radial dependence of many-electron atomic wave functions in the Hartree

Fock approximation different from the radial dependence of hydrogen atomic wave func
tions? 

9-25. Show that the atomic determinantal wave function 

I I lsa(I) 1/1 --- ..J2 lsa(2) 
ls,B(I) I 
ls.B (2) 

is normalized ifthe Is orbitals are normalized. 

9-26. Show that the two-electron determinantal wave fi.mction in Problem 9-25 factors into a 
spatial part and a spin part. 

9-27. Argue that the normalization constant of an N x N Slater determinant of orthonormal 
spin orbitals is l/ .JN!. 

9-28. Show that the energy associated with the wave function in Equation 9.51 is 

N N N 

E = 2 L l j + L L (2Jij - Kij) 
j = I i = l j = l 

9-29. Show that Equation 9.52 can be expressed through Equations 9.53 to 9.56. 

9-30. The total z component of the spin angular-momentum operator for an N -electron sys
tem is 

Show that both 

and 

N 

sz.~otal = L: s,j 
j = I 

I I lsa(I) 1/t --- J2 lsa(2) 
ls,B(I) I 
ls.B (2) 

lsa(l) 
1 

1/1 = - l.rn(2) 
.J3! 

I.so: (3) 

ls,B(l) 2sa(l) 

ls,8(2) 2sa(2) 

ls,8(3) 2sa(3) 

are eigenfi.mctions of sz,total · What are the eigenvalues in each case? 



Problems 

9-31. Consider the determinantal atomic wave function 

1/12.1-1.B(l) I 
1/121-1.8(2) 

where 1/121± 1 is a hydrogen-like wave function. Show that Ill (I , 2) is an eigenfunction of 

A A A 

l z,total = L z l + lz2 

and 

s, total = szi + st2 

What are the eigenvalues? 

9-32. Use a program such as MathCad or Mathematica to show that Equation 9.72 is normal
ized 

9-33. Use a program such as MathCad or Mathematica to show that the two lithium atomic 
orbitals 1/11.1 and 1/12_. from http://www.ccl.net/cca/data/atomic-RHF-wavefimctionsltables 
are orthogonal. 

9-34. We're going to prove Equation 9.74 in this problem. The wave function of an N-electron 
system is a function of3N spatial coordinates and N spin coordinates, 1/f (x1, y 1, z1, a 1, ••• , 

xN, YN· ZN, aN). The normalization condition for this wave functon is 

where the integral over dr; = d x;dy;d z;da; symbolically signifies an integration over the 
spatial coordinates X;, y;, z;, and a summation over the spin coordinate a;. Now, the prob
ability that electron i will be found in the volume element dx;dY; dz; at the point x;, Y;. z; 

is given by the integral over all the coordinates (spatial and spin) except for X;, Y;. z;: 

The variables X;, y;, and z; are not integrated over here, so the result of the integrations 
over all the other (spatial and spin) variables is a function ofx; , y;, and z;. We'll denote this 
function by p(x;. y;, z;) and write 

Show that because the N electrons are indistinguishable, the probability density associated 
with any electron is just N times p(x;. Y;. z;) or, equivalently, that 
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494 Chapter 9 I Many-Electron Atoms 

This final expression for p(x, y, z) is the probability density of finding an electron in the 
volume dxdydz surrow1ding the point (x, y, z). 

Consider the SCF wave function of a helium atom, given by Equation 9.47: 

I . 
IJl (l, 2) = .J2[1sa(l)ls.B(2) - lsa(2)ls.B(I)] 

Now square \JI (I, 2) and integrate over the spin coordinate of electron 1 and both the spatial 
and spin coordinates of electron 2 to obtain ls 2( l). Electrons l and 2 are indistinguishable, 
so the probability density of a ground-state helium atom is given by 2 ls 2(r). 

Now let's look at the Slater determinant of a lithitun atom (Problem 9-30). Show that 
if we square \JI (I, 2, 3) and integrate over the spin coordinate of electron I and all the 
coordinates of electrons 2 and 3, then we obtain 

p(r) = 21/!~,(r) + 1"2.1(r) 

The general result is 

where the summation runs over all the orbitals and n j = 0, l, or 2 is the number of electrons 
in that orbital. 

9-35. Go to the website http:!lwww.ccl.net/cca/data/atomic-RHF-wavefunctions/tables and 
write down the 1/11.v orbital for a beryllium atom. Use a program such as MathCad or Math
ematica to show that the orbital is normalized and orthogonal to 1/121 (see also Example 9-7). 
Using 

p(r) = 21/12 (r) + 21/12 (r) Is · 2.1 

for the electron probability density of a beryllium atom, plot r 2p (r) against r. 

9-36. Go to the website http:llwww.ccl.net/ccaldata/atomic-RHF-wavefunctions/tables to ver
ify Koopmans's ionization energies of a neon atom and an argon atom and compare your 
results to those in Table 9.3. 

9-37. Go to the website http:l/www.ccl.net/cca!data/atomic-RHF-wavejimctions/tahles to re
produce Figure 9.7. 

9-38. Use the entries in Table 9.2 to calculate the percentage of the correlation energy of the 
Eckart and Hylleraas wave functions for a helium atom. 

9- 39. Verify that the virtual orbital obtained in the appendix is 

1/12(r) = 1.624 04 S1s(s = 1.453 63) - t.82122 S1s(s = 2.910 93) 

9-40. Show that 

(S1..<s = 1.453 63) I S1s(s = 2.910 93)} = 0.837 524 



Problems 

9- 41. Verify that the ll'c1 trial function given by Equation 9.76 leads to an energy of 
- 2.875 41 Eh· 

9-42. Determine the term symbols for a 2s 13.s 1 electron configuration. 

9-43. Determine the term symbols associated with an np 1 electron configuration. Show that 
these term symbols are the same as for an np5 electron configuration. 

9- 44. Show that the number of sets of magneti.c quantmn numbers (m1) and spin quantum 
numbers (m .. ) associated with any term symbol is equal to (2L + 1)(2S + I). Apply this 
result to the np2 case discussed in Section 9.10, and show that the term symbols 1S, 3P, 
and 1D account for all the possible sets of magnetic quantum munbers and spin quanttun 
numbers. 

9-45 . Calculate the munber of sets of magnetic quantum numbers (m 1) and spin quantum 
numbers (m .. ) forannd 8 electronconfiguration. Show that the term symbols 1S, 1D, 3P, 3F, 
and 10 accotmt for all possible term symbols. 

9- 46. Determine the term symbols for the electron configuration nsnp. Which tenn symbol 
corresponds to the lowest energy? 

9-47. How many sets of magnetic quantmn nmnbers (m1) and spin quantum numbers (m .. ) are 
there for an nsnd electron configuration? What are the term symbols? Which term symbol 
corresponds to the lowest energy? 

9-48. The term symbols for an nd2 electron configuration are 1S, 1 D, 10 , 3P, and 3F. Calculate 
the values of J associated with each of these tenn symbols. Which term symbol represents 

the ground state? 

9-49. The term symbols for an np3 electron configuration are 2P, 2D, and 4S. Calculate the 
values of .I associated with each of these term symbols. Which term symbol represents the 
ground state? 

9-50. What is the electron configuration of a magnesium atom in its ground state, and what is 
its ground-state term symbol? 

9-51 . Given that the electron configuration of a zirconium atom is [Kr] 4d25s2
, what is the 

ground-state term symbol for Zr? 

9-52. Given that the electron configuration of a palladium atom is [Kr] 4d 10, what is the ground
state term symbol for Pd? 

9- 53 . Consider the ls2p electron configuration for helium. What are the states (term symbols) 
that correspond to this electron configuration? What are the degeneracies of each state if we 
do not consider spin-orbit coupling? What will happen if you include the effect of spin-orbit 
coupling? 

9-54. Use Table 9.5 to calculate the wavelength of the 4d 2D312 ~ 3p 2P 112 transition in atomic 
sodium and compare your result with that given in Figure 9.9. Be sure to use the relation 
Avac = l.000 29 Aair (see Example 9-14). 

9- 55. The orbital designations s, p, d, and f come from an analysis of the spectrum of atomic 
sodium. The series oflines due tons 2S ~ 3p 2P transitions is called the sharp (s) series; 
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the series due to np 2P ~ 3s 2S transitions is called the principal (p) series; the series 
due to nd 2D ~ 3p 2P transitions is called the diffuse (d) series; and the series due to 
nf 2 F ~ 3d 2D transitions is called thefimdamental (f) series. Identify each of these series 
in Figure 9.9, and tabulate the wavelengths of the first few lines in each series. Now go to 
http://physics.nist.gov/PhysRe/Data/ASDI to calculate the wavelengths of the first few lines 
in each series and compare your results with those in Figure 9.9. Be sure to use the relation 
Avac = l.000 29 Aair (see Example 9- 14). 

9-56. Use the spectroscopic data for Li , Li+, and Lj++ in http://physics.nist.gov/PhysRefData/ 
ASDI to calculate the energy of a lithium atom and compare your result to the Hartree-Fock 
value in Figure 9.5. 

9-57. In this problem, we will derive an expl icit expression for yeff (r 1) given by Equation 9. l 9 
using </J (r ) of the form (Z3/rr) 112e-Zr. (We have essentially done this problem in Problem 
8-39). Start with 

As in Problem 8-39, we use the law of cosines to write 

and so yeff becomes 

Problem 8-39 asks you to show that the integral over e is equal to 2/ r1 if r1 > r2 and is 
equal to 2/ r2 if r1 < r2. Thus, we have 

Now show that 

9-58. Repeat the previous problem using the expansion of J/ r 12 given in Problem 8-40. 

9-59. Derive equation 4 of the appendix. 

9-60. Evaluate ( </>; If. I </Jj ) for a ls Slater orbital. 

9-61. Use a program such as MathCad or Mathematica to verify the numerical values in 
Table 9.7. 
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Robe rt S. Mulliken was born in Newburyport, Massachusetts, on June 25, 1896, and died in 
Chicago in 1986. He received his Ph.D. in physical chemistry from the University of Chicago 
in 1921 , where his dissertation was on the separation of mercury isotopes by fractional 
distillation. He then went to Harvard University to continue his study of the behavior of 
isotopes. Realizing the importance of the new quantum theory to the understanding of 
atomic and molecular structure, he then spent a year in Europe studying quantum theory. 
After one year as an assistant professor at Washington Square College in New York City, 
he spent a year with Friedrich Hund at the University of Gottingen, during which time they 
developed molecular orbital theory. Upon lhis return to the United States in 1928, Mulliken 
accepted a position at the University of Chicago, where he remained until his formal 
retirement in 1961. He continued working on molecular orbital theory at Chicago, and 
one of his early important contributions was the introduction of the LCAO approximation. 
After World War 11, Mulliken and his collaborators p ioneered the use of computers for 
calculating and elucidating molecular structure. He was known by all his associates as an 
unassuming and good-natured man. He was awarded the Nobel Prize in Chemistry in 1966 
"for his fundamental work concerning bonds and the electronic structure of molecules by 
the molecular orbital method." 



CHAPTER 10 
The Chemical Bond: One- and 

Two-Electron Molecules 

One of the great achievements of quantum mechanics is its ability to describe the 
chemical bond. Before the development of quantum mechanics, chemists did not 
understand why two hydrogen atoms come together to form a stable chemical bond. 
We will see in this chapter that the existence of stable chemical bonds is described 
by quantum mechanics. Because the molecular ion Hi involves the simplest chemical 
bond, we will discuss it in detail. We shall use Hi to introduce molecular orbitals, and 
how they form from linear combinations of atomic orbitals (LCAO-MO). We shall then 
construct wave functions for H2 by forming Slater determinants from these molecular 
orbitals. We shall apply what is called molecular orbital theory to H2 by using these 
Slater determinants to calculate the electronic energy of H2, and to show that molecular 
orbital theory describes a stable chemical bond in H2. After discussing the deficiencies 
of molecular orbital theory, we shall show how to remedy them in a systematic way 
by a method called configuration interaction, in which the molecular wave function 
is written as a linear combination of Slater dete1minants that represent the ground 
state and various excited states, called configurations. We then develop a procedure 
to determine the optimum molecular orbitals, which is based on the Hartree- Fock self
consistent field theory that we developed in the previous chapter for atoms. We do 
this by introducing the Hartree- Fock- Roothaan equations, which give us the optimum 
molecular orbitals, called self-consistent field linear combinations of atomic orbitals, 
or SCF-LCAO-MO. The resulting SCF-LCAO-MO can be used to construct Slater 
dete1minants representing various configurations, which can then be used to improve 
the Hartree- Fock- Roothaan wave functions by configuration interaction. Configuration 
interaction is called a post-Hartre~Fock method because it systematically improves the 
Hartree- Fock- Roothaan wave functions. 499 
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10.1 The Born-Oppenheimer Approximation Simplifies the 
Schrodinger Equation for Molecules 

For simplicity, let 's consider the simplest neutral molecule, H2. The molecular Schro
dinger equation for H2 is 

( l 0.1) 

where Hmol is given by 

n2 fi2 e2 
Hmol = --(Vi + V~) - - ' (V~ + V~) - ---

2M 2me 4n€0r1A 

e2 e2 e2 e2 e2 
--- + +---

4n€orrn 4nEor2A 4rrEor2a 4rrEor12 4nEoR 
(10.2) 

where R = IRA - R8 1. In Equation 10.2, M is the mass of each hydrogen nucleus, me 
is the mass of an electron, the subscripts A and B refer to the nuclei of the individual 
atoms, the subscripts 1 and 2 refer to the individual electrons, and the various distances, 
r1A, r 1s, etc., are illustrated in Figure 10 .. l. 

FIGURE 10.1 
The definitions of the distances between the 
nuclei and the electrons involved in the Hamil
tonian operator for a hydrogen molecule (Equa
tion 10.2). 

The terms involving Vi and V~ represent the kinetic energy of the nuclei; those 
involving V~ and Vi represent the kinetic energy of the electrons; the next four terms 

represent the interaction of each electron with each nucleus; the term e2 /4nE0 r 12 
represents the repulsive interaction between the two electrons; and e2 / 4n Eo R represents 
the repulsion between the two nuclei, which are separated by a distance R. 

Because the nuclei are so much more massive than the electrons, they move slowly 
compared to the electrons, and so the electrons adjust essentially instantaneously to any 
motion of the nuclei. A systematic treatment of this observation assumes that 

(10.3) 

If Equation 10.3 is substituted into Equation 10.1 and terms of order me/ M are ne
glected, then two separate equations are obtained. One of these equations represents 
the motion of the electrons, 
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(10.4) 

where 

e2 e2 e2 

4rreorrn 4rreor2A 4rreor2B 

(10.5) 

Because the nuclei are considered to be fixed, the quantity R in Equation 10.5 is 
treated as a parameter; the energy Eel in Equation 10.4 will depend parametrically 
upon R. As usual, we will express all our equations in atomic units (Section 9.1), and 
so Equation 10.5 becomes (Problem l 0-1) 

(10.6) 

The other equation that we obtain from Equation 10.3, the one for 1frnuc1(RA, RB), 
represents the motion of the nuclei and leads to vibrational and rotational motion, which 
we have already discussed in Chapters 5 and 6. 

The approximate separation of a molecular Schrodinger equation such as Equa
tion 10.1 into one for the electronic motion (Equation 10.4) and one for the nuclear 
motion is called the Born-Oppenheimer approximation. The essence of the Born
Oppenheimer approximation is Equation 10.3, which assumes that the complete molec
ular wave function can be factored into an electronic part and a nuclear part. The 
practical result of the Born- Oppenheimer approximation is that we can ignore the nu
clear kinetic energy terms in the molecular Hamiltonian operator. Although we have 
discussed the application of the Born- Oppenheimer equation only to the case ofH2, its 
extension to other molecules is straightforward. 

10.2 The Hydrogen Molecular Ion, Ht, Is Lhe Protolype 
Diatomic Molecule 

The hydrogen molecular ion, Hi, is a stable molecular species with an equilibrium 
bond length of 105.7 pm (1.997 a0) and a potential-well depth, De, of0.10264£h 
(269.5 kJ ·mol- 1) (Problem 10- 3). Figure 10.2 shows the ground-state electronic energy 
of Hi plotted against the internuclear separation, R. The ground electronic state of Hi 
dissociates into a ground-state hydrogen atom (whose electronic energy is -1/2 Eh) 
and a proton (no electronic energy), and so the curve in Figure 10.1 goes to -1/ 2 Eh 
as R ~ oo. Carrington (see references) gives a nice discussion of the experimental 
properties of Hi in an article titled "The Simplest Molecule." 

The hydrogen molecular ion to some extent plays the same role for molecular 
calculations as the hydrogen atom does for atomic calculations. Just as we build up 
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2 4 6 8 

~.5 

~.6 r 
FIGURE 10.2 
The ground-state electronic energy of Hi plotted against the internuclear separation R. 

atomic orbitals for multielectron atoms by forming Slater determinants of hydrogen
Jike atomic orbitals, we shall build up molecular orbitals for multielectron molecules by 
forming Slater determinants of Hi-like molecular orbitals. The electronic Schrodinger 
equation for Hi is 

(10.7) 

where the Hamiltonian operator (in atomic units) in the Born-Oppenheimer approxi
mation is 

A l 2 1 1 1 
H = --'V ----+-

2 rA rs R 
(10.8) 

where r A and rs are the distances of the electron from nucleus A and B, respectively, 
and R is the internuclear separation, which we treat as a fixed parameter (Figure 10.3). 

FIGURE 10.3 
The parameters r A• r3 , and R for the Hi 
molecular ion. 

We shall see that the molecular wave function spreads over both nuclei, and so we 
refer to it as a molecular orbital, as opposed to an atomic orbital, which is centered on 
one nucleus. Like the hydrogen atom, with its one electron, the Schrodinger equation for 
the hydrogen molecular ion can be solved exactly. There is a coordinate system called 
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F I GURE 10.4 
The elliptical coordinate system: lines 
of constant A.= ( r A+ r 3 ) / R map out 
ellipses in the plane; lines of constant 
/.l = (rA - r8 ) / R map out hyperbolas; and 
rjJ is the angle that the plane makes about 
the internuclear axis. 

elliptical coordinates in which Equation 10.7 separates into three ordinary differential 
equations, just as the Schrodinger equation for the hydrogen atom does. A point in this 
elliptical coordinate system (Figure 10.4) is given by three coordinates 

).. = rA + rB 

R 
(10.9) 

and the angle ¢ , which is the angle that the (rA, rB, R) triangle makes about the 
internuclear axis. In terms of these coordinaites, the solution to Equation 10. 7 can be 
written as 

(10.10) 

where each factor in Equation l 0.10 satisfies an ordinary differential equation. Un
fortunately, however, these equations cannot be solved analytically in terms of sim
ple functions, and so the results must be expressed in the form of numerical tables. 
Figure l 0.5 shows the calculated electronic energy plotted against R for the ground 
state and several excited states of Hi . The curve for the ground state goes through a 
minimum, thus indicating a stable molecular species whose equilibrium internuclear 
separation is 2.00 a0 (106 pm). The calculated minimum energy is - 0.602 64 Eh, in 
excellent agreement with experiment. 

It is customary to plot the energy relative to a separated hydrogen atom and a proton 
so that the energy goes to zero at large values of R. This is shown in Figure 10.6. Note 
that the only difference between Figures l 0.5 and 10.6 is thatthe zero of energy is shifted 
by - 1/ 2 Eh, the energy of an isolated hydrogen atom. The minimum in Figure I 0.6 is 
- 0. l 02 64 Eh instead of - 0.602 64 Eh. 

The states in Figures 10.5 and 10.6 are dlesignated by the following notation. The 
operator, L2 , which represents the angular momentum about the internuclear axis, 
commutes with H, and so the total wave function must be an eigenfunction of L2 . 

We saw in Section 6.6 that L2 = - ilio/ o<P and that its eigenfunctions are ¢(¢) = 
(2n: )- 112eim<P with m = 0, ±1, ±2, .... Thus, m is a good quantum number and can 
be used to designate the states of Hi . States with m = 0 are called a states, those with 
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F I GU R E 10.5 
The electronic energy of Hi plotted against R for the ground state and several excited states. 
The curve for the ground state goes through .a minimum and thus represents a stable molecular 
species whose energy is the depth of the minimum. 

0.4 

0 

F I GU R E 10.6 
The electronic energy of Hi relative to a ground-state hydrogen atom and a proton plotted 
against R for the ground state and several excited states. The energy of the grow1d state in this 
case goes to zero for large values of Rand the depth of the minimum is - 0.102 64Eh· 

m = ± 1 are called n: states, those with m = ±2 are called 8 states, and so on. Figure 10. 7 
shows sketches of a states and n: states of Hi . The a state wave function is cylindrically 
symmetric, or has a circular cross section v iewed along the internuclear axis. (Note the 
correspondence between an atomics orbital and a molecular a orbital.) The n: state 
wave function has a cross section s imilar to an atomic p orbital. Note that a orbitals 
have no nodal planes and that n: orbitals have one nodal plane containing the internuclear 
axis. It turns out that 8 orbitals have two nodal planes containing the internuclear axis, 
and so on. This result coincides nicely with the angular wave functions of a hydrogen 
atom where lm11, the magnitude of magnetic quantum number, is the number of nodal 
planes in the angular wave function containing the z axis. 
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n 

F I CURE 10.7 
A sketch of a states and TC states: a states are cylindrically symmetric when viewed along the 
internuclear axis; TC states have cross sections similar to p orbitals. 

In addition to the value of m, the states can be labeled by their behavior under 
an inversion of the molecule through its center of symmetry- that is, reflecting the 
positions of all the particles through the point midway between the nuclei. Because of 
the symmetry of Hi , the inversion operator, call it Pinv> commutes with fl. Letting Pinv 
operate on 1/!(rA, r8 , R) gives 

A second operation 

amounts to the identity operation, and so we see that c2 = 1, or that c = ± 1. Thus, 
the wave functions of Ht either do not change or change in sign under inversion. If 
the wave function remains unchanged, then the state is designated by a g (for gerade, the 
German word for "even"); if it changes in sign, then the state is designated by a u (for 
ungerade, the German word for "odd"). Figure 10.8 is a scatter plot of the wave functions 
of the ground state and the first excited state of Hi . Both wave functions are cylindrically 
symmetric and so are a states. Note that the ground-state wave function is gerade and 
the first-excited-state wave function is ungerade. The ground state is designated by ag 
and the first excited-state by au. Figure 10.8 gives two designations for each state. The 
la

8 
means that this state is the first ag state, in order of increasing energy around the 

equilibrium bond length for the ground state; the a
8 

ls means that this state dissociates 
to a proton and a hydrogen atom in a ls state. 

Even though the Schrodinger equation for Ht can be solved exactly, the solutions 
are not all that easy to use numerically. Nevertheless, Hi serves as an excellent system 
to develop approximate methods that can be used for more complicated systems. We can 
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l~~ <7i:ls 

F I GURE 10.8 
An illustration of the cross section of the wave functions of the electronic ground state and 
first excited state of Hi. Note that the ground state is gerade and that the first excited state is 
tmgerade. The orbital has positive values in the orange regions and negative values in the black 
regions. 

compare the resu Its to assess their efficacy and gain physical insight into the nature of the 
solutions. In the next section .• we shaJI use Hi to develop molecular orbital theory, which 
is by far the most widely used approach to the bonding in multielectron molecules. 

10.3 Molecular Orbitals Are Constructed from a 
Linear Combination of Alomic Orbilals 

The method we will use to describe the bonding properties of molecules is called 
molecular orbital theory . Molecular orbital theory was developed in the early 1930s 
by Friedrich Hund and Robert Mulliken and is now the most commonly used method 
to calculate molecular properties. In molecular orbital theory, we construct molecular 
wave functions in a manner similar to the way we constructed atomic wave functions 
in Chapter 9, where we expressed atomic wave functions in terms of determinants 
involving single-electron wave functions called atomic orbitals. Here we wiJI express 
molecular wave functions in terms of determinants involving single-electron wave 
functions called molecular orbitals. The question that arises, then, is how to construct 
molecular orbitals. In this case, the Schrodinger equation for the one-electron molecular 
ion Ht is solved approximately using a linear combination of atomic orbitals, and the 
resulting orbitals are then used to construct determinantal wave functions for more 
complicated molecules. Although this approach may seem a crude way to proceed 
(after aJI, Ht can be solved exactly), it provides good physical insight into the nahire of 
chemical bonds in molecules and yields results in good agreement with experimental 
observations. Furthermore, this approacih can be systematically improved to give any 
desired degree of accuracy. 

The Hamiltonian operator for Ht in the Born- Oppenheimer approximation is given 
by Equation 10.8. RecalJ that the variational principle (Chapter 8) says that we can get 
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a good approximation to the energy if we use an appropriate trial function. As a trial 
function for 1/!;(rA, r8 ; R), we take the linear combination 

1/1 = cAlsA + c8 ls8 (10.11) 

where ls A and ls8 are hydrogen atomic orbitals centered on nuclei A and B, respectively. 
The molecular orbital given by Equation 10. 11 is a linear combination of atomic 
orbitals, and is called an LCAO molecular orbital. The ls A and ls8 orbitals, from which 
the molecular orbital is constructed, are called basis functions, and constitute a basis 
set . The basis set in this case is called a minimal basis set because two orbitals is the 
minimum number that can be used to enclose both nuclei. Equation I 0.11 consists of 
a s ingle orbital for each hydrogen atom. 

The secular equation associated with Equation I 0.11 is 

where 

and 

I 
HAA - E 

HsA - ES 
HAB - ES I 
Hss - E 

=0 

HAA = J dr lsA H lsA = {lsA I H I lsA) = {ls8 I H I Ls8 ) = H88 

HAB = J dr ls AH ls8 ={ls A IH I ls8 ) = H8A 

S = J dr lsAls8 = {lsA I ls8 ) 

(10. 12) 

(l0.13a) 

( 10.13b) 

(10.13c) 

In Equation 10.12, we used the fact that the Is orbitals are normalized ({lsA I lsA) = 
{ ls8 I ls8 ) = 1) and in Equation 10.13a, we used the fact that H AA= H88 by symmetry. 
Ifwe write out Equation 10.12, then we obtain 

or 

(HAA - E)2 - (HAB - ES)2 = 0 

E - HAA ±HAB 
±- l±S ( 10.14) 

Let's now look at the three integrals in Equations 10.13 in turn. We' ll start with S. 
Note that S involves the product of a ls orbital situated on nucleus A and one situated 
on nucleus B, where the two nuclei are separated by a distance R, as in Figure 10.9. This 
product is significant only for regions where the two atomic orbitals have a large overlap 
(Problem 10- 5). Consequently, S is called an overlap integral. The extent of overlap 
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FIGURE 10.9 
The overlap of the ls orbitals centered on hydrogen 
nuclei located at A and B, a distance R apart. The 
orange curve is the product of the two orbitals. 

and therefore the magnitude of the overlap integral depends upon the internuclear 
separation R. For large R, S is essentially zero. As R decreases, the value of S increases, 
approaching a value of one when R = 0, where the two orbitals overlap completely. 
Thus, we see that 0 :S S(R) :S l. The explicit evaluation of S(R) is given in Problem 
10- 6 (see also Problem 10- 7) and comes out to be 

(10.15) 

Equation I 0.15 is plotted in Figure I 0.10. 

S(R) 

5 10 

FIGURE 10.10 
The overlap integral S( R), Equation I 0.15, for 
two hydrogen-atom ls orbitals plotted versus the 
internuclear separation in atomic units. 

Now let's look at H AA (Equation 10.13a): 

= (ls A I-~ \721 lsA) + (is A I-r~ I ls A)+ (ls A I- r~ I ls A) 

+ (ls A I ~ I ls A) ( 1 0. 16) 

Because H AA can be considered to be the contribution to the energy when the electron is 
restricted to only one nucleus (nucleus A, in this case), HAA is said to consist ofatomic 
integrals. The first two integrals here a.re elementary, and are equal to 1/2 and - 1, 
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respectively (Problem 10- 8 ). The third integral can be evaluated by the same method 
that we used to evaluate S(R) above (see Problems 10-10 and 10- 11), and the fourth 
integral is simply equal to 1/ R since Risa constant and (ls A I ls A)= 1. Putting all this 
together, we have 

where 

Similarly, 

1 1 
HAA = - - + J (R) + -

2 R 

HAB = (l sA l- ~V2 1 lss) + (1sA I-r~ l lsa) 

+ (ls A I-r~ I Isa) + (ls A I ~ I lsa) 

(10.17) 

(10.18) 

(10.19) 

Because the electron is assigned to both nuclei in HAB, or can exchange from one 
nucleus to the other (in contrast to H AA, where the electron is restricted to one nucleus), 
HAB is said to consist of exchange integrals. 

EXAMPLE 10- 1 
Show that the second and third integrals in Equation 10.19 are equal . 

SOLUTION: Start with 

Because of the symmetry of Hi-, the value of the integral must remain the same if we 
interchange the labels of the two nuclei, so that 

But - 1/ r3 is just a scalar operator (multiply operator) and so 
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T A B LE 10.1 
The Integrals Needed for the Evaluation of E± for Hi When the Molecular Orbital Is Expressed 
as 1/1 = c1¢A + c2¢a a 

( I 
l 21 ) ( I l 21 ) I 2 - w ( w

2
) 2 [ S(w) ] ¢A - 2V' ¢s = ¢s - 2V' ¢A = 2( e I+ w - 3 = -( -

2
- + K (w) 

(¢A l- r~ l ¢A)=(¢s l- r~ l ¢s)= -~ 

(¢A l - r~l¢A)=(¢sl - r~l¢s)=(e-2w (1 + ~ ) - ~ =(l (w) 

(¢A l - r~ l ¢s)=(¢sl - r~l¢A)= -(e-w(l + w)=(K (w) 

a. <f>(r) = (1; 3/ n: ) 112e -~' is a normalized Slater Is orbital. When I; = I, we have a hydrogen Is orbital. In 

all cases, w = I; R. 

All the integrals in H AB are fairly easy and are evaluated in various problems, and 
the results are given in Table 10.1. Using the results from Table 10.1 with ( = l ( w = R), 
we write 

HAs(R) = - S(R) - K (R) + 2K(R) + S(R) 
2 R 

= _ S(R) + K (R) + S(R) 
2 R 

(10.20) 

where 

K (R ) = - e- R(I + R) ( 10.21) 

and S(R) is given by Equation 10.15. 
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Substituting Equations l 0.17 and 10.20 into Equation l 0.14 gives 

J(R) + ~ K(R) + S(R) 

E(R)= -~ + R ± R 
± 2 1 ± S(R) l ± S(R) 

(10.22) 

By identifying - 1/2 as the groillld-state energy of an isolated hydrogen atom and a bare 
proton, we can write Equation 10.22 in the form 

J(R) + ~ K(R) + S(R) 

!:::. E (R) = E - E = R ± R 
± ± ls 1 ± S(R) 1 ± S(R) 

(10.23) 

where !:::.E±(R) is the energy of Hi relative to the separated proton and hydrogen 
atom. It turns out that E+ (R) is always less than E _(R), and so represents the ground 
electronic state. 

Figure 10.11 shows a plot of l:::.E+ (R) of Hi as a function of the internuclear 
separation R calculated from Equation 10.23 (Problem 10- 12). The plot of l:::.E+ 
against R goes through a minimum and so describes a stable molecular species whose 
minimum energy (the value of l:::.E+ at Req) is - 0.064 83 Eh and whose bond length is 
Req = 2.493 a0 = 132 pm. The exact values for these quantities are - 0. l 02 64 Eh and 
Req = 2.00a0 = 106 pm. We also show the exact curve for E+ (R) for comparison. 

We can use Equation 10.23 to give a nice insight into the stability of a chemical 
bond. The numerator of the first term in Equation 10.23 involves integrals in which 
the electron is situated on only one atom, and, which we said above, are called atomic 
integrals. The numerator of the second term, on the other hand, involves integrals in 

8 

F I G URE 10.11 
The ground-state energy 6. E+ (R) of Hi calculated from Equation l 0.23 (orange curve) plotted 
as a ftmction of intermolecular separation R compared to the exact calculation for 6.E+(R) for 
Ht (black curve). 
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which the electron is situated on both nuclei, and so are exchange integrals. Exchange 
integrals arise because we have written the wave function in Equation 10.11 as a linear 
combination of atomic orbitals situated on both nuclei. This procedure is strictly a 
quantum-mechanical procedure and so we say that an exchange integral is a quanhtm
mechanical quantity. Figure 10.12 shows the atomic integrals J (R) + 1/ R and the 
exchange integrals K(R) + S(R)/R plotted against R. This figure nicely illustrates 
that it is the exchange integrals that lead to the stability of the bond in Hi, and that the 
existence of a stable chemical bond is a quantum-mechanical effect. 

FIGURE 10.12 
A plot of the atomic integrals, .l ( R) + 
1/ R (black curve), and the exchange 
integrals, K(R) + S(R)/ R (orange 
curve), in Equation 10.23 plotted 
against R. 

The other energy from Equation 10.23, f).£ _ (R), represents the first excited state of 
Hi and is plotted in Figure I 0.13. N ote that there is no minimum in the curve indicating 
that this excited state has no bound states. For comparison, we also show the exact 
energy. The agreement is fairly good. 

2 4 

FIGURE 10.13 
A comparison of the energy t..E_(R) of the first excited state of HI calculated from 
Equation l 0.23 with the exact energy. 
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10.4 The Simplest Molecular Orbital Treatment of Hi Yields 
a Bonding and an Antibonding Orbital 

Let's investigate the molecular orbitals corresponding to E±(R) in Equation 10.22. 

EXAMPLE 10-2 
Determine the molecular orbitals that correspond to the energies E+ and E_ in Equa
tion J 0.22. 

SOLUTI ON: To determine the coefficients cA and c8 in Equation 10.J 1, we must use 
the algebraic equations that lead to the secular determinant in Equation I 0.12. These 
equations are 

and 

If we substitute E+ from Equation 10.14 into either of the above equations, say, the 
first, and recognize that HAA = H88, then we obtain 

c (H - HAA + HAs) + c (H - HAA + HAB s) = o 
A AA I + S B AB I + S 

or 

or that cA = Cs· Consequently, the molecular orbital corresponding to E+ is 

By requiring 'if!+ to be normalized, we find that 

c~ (I + 2S + l) = I 

or that cA = l/J 2( 1 + S). Finally, then, we have 

1 
'if!+ = (lsA + Isa) 

J2(1 + S) 
(10.24) 

To find 1/f _,we substitute E_ into either equation 
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to obtain 

or that c A = - c8 . By requiring that 1{! _ be normalized, we find that 

ci (l - 2S + 1) = I 

or that cA = 1/J2( I - S). Consequently, we have 

1 
1/J_ = (lsA - lsa) 

J2(1 - S) 
(l 0.25) 

as the molecular orbital that corresponds to the energy E_. The fact that ci = c~ in 
each case is a direct consequence of the symmetry of Hi- If ci =!= c:Ii. then one nucleus 
would be favored over the other. 

According to Example I 0- 2, the two normalized wave functions that correspond 
to E+ and E_ are 

l 
ifr± = (L~A ± Isa) 

J2(1 ± S) 
(I 0.26) 

The two molecular orbitals 1/1 + and 1/1- describe quite different states. The orbital 1/J + 
describes a state that exhibits a stable chemical bond and is called a bonding orbital. The 
orbital 1/J_ leads to a repulsive interaction between the two nuclei for all internuclear 
separations and is called an antibonding orbital. 

Figure I 0.14 shows surface plots of the molecular orbitals 1/1 + and 1/J _ and their 
squares. Notice that electron density builds up in the internuclear region in the case of 
the bonding orbital, whereas there is a node at the midpoint between them in the case 
of the anti bonding orbital. In fact, there is a slight build-up of electron density outside 
the internuclear region. We often indicate a bonding or antibonding orbital by writing 
1/lb and 1/la, respectively. 

Figure 10.15 shows the quantity 

2 ( l 2 l 2) 8± = 1/1 ± - 2 rs A + 2 ls 8 = ±2 ~A Isa 

which is the difference between the electron density associated with either 1/1 + or 1/J _ 
and half the electron density of two noninteracting nuclei. Note that there is a buildup 
(positive peaks) of electron density between the nuclei in the case of 1/J + and a decrease 
(negative peaks) in the case of 1/J _. All descriptions of bonding recognize the buildup 
of electron density in the region between the two nuclei at the expense of the regions 
beyond the nuclei. Figures 10.14 and l 0.15 nicely illustrate this feature. 
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F I G U R E 10.14 
Surface plots of the molecular orbitals 1/J+ (a bonding orbital) and 1/J_ (an antibonding orbital) 
and their squares. 

10.5 The Hi Molecu lar Orbi tal l/J = (lsA + ls8 )/ j2(1 + S) Does Not 
Satisiy the Virial Theorem 

We have mentioned the virial theorem several times before. Let (T) be the average 
kinetic energy and { V) be the average potential energy of an atom or a molecule at 
its equilibrium bond length. The virial theorem says that {V)/{T) = -2. For example, 
notice in Figures 9.3 and 9.5 that the total energy, the kinetic energy, the potential 
energy, and the vi rial ratio are given. The value of { V) / {T) is a measure of the quality 
or the accuracy of the wave function used to calculate {T) and { V). 
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F I GURE 10.15 
Surface plots of 8+ and 8-, the difference between the electron density in which the electron is 
delocalized over the two nuclei and the electron density in which the electron is localized on 
one of the nuclei. 

Let's calculate (f) and (V) using the bonding orbital 1/1+ in Equation 10.24. 
Problem 10- 15 has you show that 

and 

~ - S(R ) - K (R ) 

(f )-(''' 1 - ~v2I ,,, )- =-2 ---=--2 --- 'I'+ 2 'I'+ - I + S(R) (10.27) 

(10.28) 
- 1+ .l(R ) + 2K(R) 1 = + -] + S(R) R 

EXAMPLE 10-3 
Show that (T} and (V} given by Equations L0.27 and 10.28 do not satisfy the virial 
theorem. 

SO LUTION: Letting R = 2.493a0 in Equations 10.27 and 10.28 (the values of Req 
using lf!+ from Example 10- 2) and using the entries in Table 10.1, we have 

(f} = 0.3827 Eh .and (V} = - 0.9475 Eh 
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and 

(~} = - l.6 1 56 ~ -2 
(T} 

Thus, we see that the molecular orbital given by Equation 10.24 does not satisfy 
the virial theorem. Furthermore, Problem 10- 17 has you show that it gives us a skewed 
picture of the bonding process in diatomic molecules. 

We can use a slight modification of our simple molecular orbital, however, to 
achieve a molecular orbital that does satisfy the virial theorem. Instead ofusing a linear 
combination of atomic ls orbitals, let's use (normalized) Slater L~ orbitals, 

( 
3) 1/2 

¢({, r) = ~ e-~r (10.29) 

and let s (zeta) be a variational parameter. Note that we have simply scaled r by a 
factor {. Our molecular orbital now is 

where, by symmetry, ci = c~, as in the previous section. 
The normalized molecular orbitals are given by 

(10.30) 

where (Table 10.1 and Problem 10- 18) 

Note that S({, R) = S({ R), which we can write as S(w), where w = { R as in 
Table 10.1. 

The kinetic energy and the potential energy that we obtain from Equation 10.30 are 
a simple extension of Equations 10.27 and 10.28 (Problem 10- 19): 

{2 - {2 [S(w) + K(w)] 
A 2 2 2 

(T+) = = { T+(w) 
1 + S(w) 

(10.31) 

and 

( v ) = - { + SJ ( w) + 2{ K ( w) + I = s v ( w) 
+ l + S(w) w + 

(10.32) 
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Note that these expressions reduce to Equations l 0.27 and 10.28 when { = 1. The total 
energy is given by 

(10.33) 

where T+(w) and V+(w) are defined in Equations 10.31 and 10.32. The fact that 
E+({, w) has the form { 2T+(w) + { V+ (w) is a direct result of the form of the Hamil
tonian operator (Problem I 0-20). 

Even though we are discussing the simplest molecular ion, Hi, its energy given 
by Equation 10.33 is a lengthy equation in { and w = { R , and we're going to see that 
the corresponding equations for H2 are even lengthier. Nevertheless, programs such as 
MathCad or Mathematica can handle these equations easily. We have reached a point 
in this book where you should seriously consider using such programs to carry out the 
calculations. These programs are relatively easy to learn and use, and are indispensable 
not only for the calculations in this chapter, but for many other applications as well. 
Furthermore, these programs are capable of carrying out algebraic manipulations and 
can relieve you of a Jot of tedious algebra and allow you to concentrate on the content 
of equations instead of getting bogged down in algebra. 

Equation 10.33 gives the energy as a function of {and R because w = ~ R. We can 
use one of the above programs to minimize E+({, R) numerically with respect to { and 
R, in which case we obtain (see also Problem 10- 21) 

Emin = - 0.586 51 Eh at ~ = l.238 and Req = 2.003ao 

This result is about 0.02 Eh (50 kJ · mol - 1) lower than that which we obtained for the 
molecular orbital with { = 1, where £min= - 0.564 83 Eh. In addition, the equilibrium 
bond length is in excellent agreement with the experimental value. Thus, the optimized 
energy provides a significant improvement. Table l 0.2 summarizes the various calcu
lations of the ground-state energy of Hi that we present in this chapter. 

EXAMPLE 10-4 
Show that the optimized energy of the g:round state of Hi satisfies the virial theorem. 

SOLUTION: Using the values ~ = J.238 and w = ( l.238)/(2.003 a0) = 2.480a0 in 
Equations 10.31and10.32 gives 

and so 

and 

( ~+} = - 2.0000 
(T+} 



10 .5. The Hi Molecular Orbita l i/f = (ls A+ l.~8)/ / 2( I + S) Does Not Satisfy the Vi rial Theorem 

T AB l E 10.2 
Results of Various Calculations of the Ground-State Electronic Energy of Ht a 

</> Emin/Eh Req/a0 

Ls(s = 1.000) - 0.564 83 2.49 

Ls Cs = 1.238) - 0.586 51 2.00 

Ls(s = 1.000) + a2pz(s = 1.000) - 0.565 91 2.00 

ls(s = 1.247) + b2pz(s = 1.247) - 0.599 07 2.00 

ls (s = 1.2458) + c2pz(s = 1.4224) - 0.600 36 2.00 

Ls(s = 1.244) + c ,2pz(s = J.152) + c23dz2 (s = 1.333) b - 0.6020 2.00 

Exactc - 0.602 64 2.00 

a. The molecular orbitals are of the form 1/Jb = cAif>A + c8¢>8, where if> is given in the table. 
b. Mulliken, R. S., Ermler, W. C. Diatomic Molecules. Academic Press: New York, 1977. 
c. Bates, D. R., Ledsluun, K , Stewart, A. L. Wave Flmctions of the Hydrogen Molecular Ion. 
Philos. Trans. Roy. Soc. London, Ser. A. 246, 2 15 (1953). 

Because E+ (l;, R ) in Equation 10.33 is a function of both l; and R through w = l; R , 

the value of l; that minimizes E+ depends upon R. The result l; = 1.238 that we showed 
above is valid only at R = 2.003 a0. To determine the optimized energy as a function 
of R, we must determine l;(R), the optimum value of l; as a function of R. We do 
this by minimizing E+(L R) with respect il:o l; for various values of R. (See also 
Problem l 0- 22.) In this manner, we can determine l;(R) numerically, which is plotted 
in Figure 10.16. Note that l; -* 2 when R -* 0 (the two nuclei have merged into one 
with a charge of + 2) and that l; -* 1 as R -* oo (the two nuclei, with charge + 1, are 
w idely separated). 

2.0 

I. 5 

1.0 
3 5 

F I GURE 10.16 
A plot of the optimum value of s (the one 
that minimizes the energy) plotted against R. 
Note that s ~ 2 as R ~ 0 and that s ~ l as 
R ~ oo. 

Now that we know l;(R) (numerically), we can use Equation 10.33 to calculate 
!).£+ (R) as a function of R. (Remember that w = l; R in Equation 10.33.) Figure 10.17 
is a plot of this optimized !).E+ (R) against R. Note that the optimized energy is a 
s ignificant improvement over the energy calcl\.llated with l; = 1. 

We can use Equations 10.31 and 10.32 along with l;(R) to plot the total energy, the 
kinetic energy, and the potential energy as a function of R , as shown in Figure 10.18. 
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M l Eh 

0.1 \ 

\ 
{;" = l 

FI C U RE 10.17 
A plot of the ground-state electronic energy of Hi, calculated with t = 1 (dashed curve), the 
optimized energy [t = s(R)] (dotted curve), and the exact energy (solid curve) against R. Note 
that the optimized energy is a considerable improvement over the energy calculated with s = I. 

0.2 

- 0.4 

F I C U R E 10.18 

t,,T 
\ 

" ' 

A plot of the kinetic energy (dashed curve), the potential energy (dotted curve), and the total 
energy (solid curve) of the optimized minimal basis set calculation of the ground electronic 
state of Ht plotted against R. 

The vertical scales have been adjusted so that all three curves go to zero as R ~ oo by 
adding 112 to the total energy, subtracting 112 from the kinetic energy, and adding 1 to 
the potential energy. Note that as the two nuclei are brought together, the kinetic energy 
decreases at first, and then rises rather steeply well before the equilibrium internuclear 
separation is reached. The potential energy, on the other hand, increases at first and then 
decreases monotonically as R approaches R eq and then rises as R ~ 0. The net effect 
is the curve for the total energy, showing the formation of a stable bond. This behavior 
is believed to be characteristic of bond formation. A key factor in bond formation is 
the increase in charge density near the nuclei due to the increased value of { = 1.238 
at R = R eq compared to { = 1 as R ~ oo. This effect lowers the potential energy, and 
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1.0 

0. 5 

2 4 

F I GURE 10.19 
A compa1ison of the plot of the exact 
energy (sol id curve) and the ~ = I (dashed 
curve) and optimized energies (black 
dotted curve) of the first excited state 
(a,; ls) of Hi versus R. 

although it increases the kinetic energy (because the electron is restricted to a smaller 
region), the net effect is a lowering of the total energy. (The reference to Mulliken and 
Ermler at the end of the chapter gives a fairly thorough discussion of the formation of 
chemical bonds.) 

Although we shall be primarily interested in ground-state calculations, we show 
both the { = 1 and optimized energies of the a,; ls state of Hi along with the exact 
energy plotted against R in Figure 10.19. The agreement among all three is quite good. 

10.6 The Inclusion of Polarization in a Basis Set Leads to 
a Considerable Improvement in the Energy 

We certainly are not limited to using a linear combination of only two atomic orbitals. 
After all, it is called a minimal basis set. For example, we could use a linear combination 
of the form 

where L~ and 2~ are (normalized) Slater-type orbitals 

( 

3 1/ 2 

ls = ~) e- sr and 

This will lead to a minimum energy of - 0.586 51 Eh at R = 2.00a0 with { = 1.24, 
which is essentially no improvement over using just a linear combination of two ls 
orbitals (- 0.586 51 Eh). The ground-state molecular orbital comes out to be 

1/1=0.7071 (ls A+ l.~8 ) + 0.00145 (2sA + 2s8) 

so you can see from the relative coefficients in 1/1 that the 2s orbitals contribute very little 
to 1/f. This exercise shows us that the inclusion of more terms in 1/1 does not necessarily 
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lead to significantly better results. Ifwe use some chemical intuition in choosing which 
type of atomic orbitals to include, however, we certainly can achieve much better results. 

For example, it is clear that the electron distribution in the hydrogen atom does 
not remain spherical as the two nuclei are brought together. The charge distribution 
in an isolated hydrogen atom is spherical. As a proton approaches a hydrogen atom, 
however, the proton attracts the electron and so the electronic charge distribution about 
the hydrogen atom becomes distorted, or polarized. If we let the internuclear axis be 
the z axis, then we might try a linear combination ofa ls and a 2p2 orbital to represent 
the polarized charge distribution and write 1f! as 

By symmetry, we expect that c1 = c2 andl c3 = c4 in the ground-state molecular orbital, 
so that we can write 

(10.34) 

where a is a variational parameter. (We can determine c 1 by requiring that 1f! be 
normalized.) Equation 10.34 emphasizes that we are taking a linear combination of 
two orbitals of the form¢= Is + a 2p2 . Figure 10.20 shows a contour plot of¢ for 
a= 0.14, which is the value of a that we obtain when we use Equation 10.34 to carry 
out a variational calculation. Note that¢· represents a charge distribution that is polar
ized by the neighboring nucleus. The two atomic orbitals ls and 2 p2 are said to constitute 
a polarized basis set. 

F I G U R E 10.20 
A surface plot of an orbital of the form 'Ls + 0.14 2Pz· 

The secular equation that arises from Equation I 0.34 is a 4 x 4 determinantal 
equation, which is easily handled with any number of readily available computer 
programs. If we take the ls and 2p2 orbitals to be the Slater orbitals S100(r, n and 
S210(r, 0 (Equation 9.15), 

and 

and let ~1 = ~2 , then Emin = - 0.599 07 Eh at R = 2.00a0 for~= 1.247 and a= 0.161. 
If we vary both ~ 1 and ~2 independently, then it turns out that Emin = - 0.600 36 Eh 
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when {1 = 1.2458, {2 = 1.4224, and a= 0.1380. Notice that a polarized basis set can 
yield a significant improvement in the energy. 

If we add some d-orbital character to 1/1 by including a 3d22 Slater orbital, 

3d
2

2 = _{_ (3 cos2 - l)r2e-~ r 
( 

7 ) 1/2 

l 8rr 

in Equation 10.34, then we obtain Emin = - 0.6020 Eh at R = 2.000a0 with ~ 1 = 1.244, 
{2 = 1.152, ~3 = 1.333, and the coefficients ofithe2p2 and 3d2 2 orbitals being 0.2214 and 
0.0782, respectively. Recall that the exact energy is - 0.602 64 Eh, so these calculations 
nicely illustrate that you can achieve very good results by using larger basis sets, 
particularly if the basis set is chosen judiciously. (See Table I 0.2.) 

10.7 The Schrodinger Equation for H 2 Cannot Be Solved Analytically 

The simplest neutral molecule is H2, having two electrons. Figure I 0.21 shows the 
experimental ground-state electronic energy of H2 plotted against the internuclear 
separation R. The ground electronic state of H2 dissociates into two ground-state 
hydrogen atoms, whose electronic energy is -1 Eh. The energy plotted in Figure I 0.21 
goes to -I Eh as R---+ oo and the depth of the well is -1.1 738 Eh. 

R!ao - 1.0 t----t--__,,_ ____ ....,..._=~ 

- 1.1 

F I G U R E 10.21 
The ground-state electronic energy of H2 
plotted against the internuclear separa
tion R. The minimum value of E(R) is 
equal to - 1. 174 Eh at Req = J .40a0 . 

The electronic Schrodinger equation ofH2 in the Born- Oppenheimer approxima
tion is 

where 

(10.35) 

Unlike for Hi, with its one electron, the Schrodinger equation for H2 cannot be solved 
exactly. We saw in Chapter 9 that Hylleraas was able to obtain essentially the exact 
ground-state energy of a helium atom by including the interelectronic distance r 12 
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explicitly in a trial wave function. A similar approach was applied to H2 with equal 
success by James and Coolidge as early as 1933. Using a trial function with 13 terms, 
they obtained an equilibrium bond length of 1.40 a0 and an energy of - 1.1735 Eh, in 
very good agreement with the experimental values. This pioneering work was extended 
in a classic series of papers by the two Polish physicists Wlodzimierz Kolos and 
Lutoslav Wolniewicz in the 1960s. They used trial functions containing up to l 00 terms, 
and found a minimum energy of - 1.174 475 Eh at R = 1.40 I a0. This value includes 
corrections for the Born- Oppenheimer approximation and relativistic effects, and so is 
essentially exact. 

This calculation was published in [ 968, at which time the authors pointed out 
that their calculated dissociation energy of H2, 36 117.3 cm- 1, was in disagreement 
with the experimental value, 36 113 .6 cm- 1• In the next year, Herzberg reported new 
measurements of D0 and found that D0 was between 36116.3 cm- 1and36 118.3 cm- 1, 

in superb agreement with the calculated value. Table 10.3, from Herzberg's paper, 
compares the theoretical and experimental values of D0 for H2, HD, and D2. Herzberg 
also gives an observed ionization energy ofH2 of 124 418.4 ± 0.4 cm- 1, compared to 
the calculated value of 124 417.3 cm - 1• 

T A BL E 10.3 
A Comparison of the Theoretical (Kolos and Wolniewicz) 
and Experimental Values (Herzberg) of D0(in Units of cm- 1) 

for H2, HD, and D2 a 

Theoretical value 

36117.9 

36405.5 

36 748.2 

Experimental value 

36 116.3- 36 118.3 

36 405 .8- 36 406.6 

36748.9 

a. Source: Herzberg, G., Dissociation Energy and Ionization Energy 
of Molecular Hydrogen. Phys. Rei~ Lett., 23, 108 1 (1969). 

So far, we have discussed only the ground state ofH2. Kolos and Wolniewicz have 
also calculated the electronic energies of several excited states of H2, which are shown 
in Figure 10.22. As you can see in the figure, the electronic states of diatomic molecules 
are denoted by term symbols, just as the electronic states of atoms are. We denote the 
states by the notation 

2S+ IA 

where A = Im I is the magnitude of the component of the total orbital angular mo
mentum about the internuclear axis. Atoms have a center of symmetry, so their elec
tronic angular momentum is conserved. Thus, the total orbital angular momentum, 
L, is a good quantum number (neglecting spin-orbit interaction), and we use that 
fact to denote an atomic term symbol by 2s+ 1 L , where L is the total orbital angu-
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8 

F I G U RE 10.22 
The energies of several electronic states of H2 calculated by Kolos and Wolniewicz [Potential
Energy Curves for the X1 ~:. B3~;t. and C 1 n11 States of the Hydrogen Molecule . .J Chem. 
Phys., 43, 2429 (1965), and Potential-Energy Curve for the B 1 ~;State of the Hydrogen 
Molecule . .J Chem. Phys .. 45, 509 (1966).] 

lar momentum. A diatomic molecule is symmetric about the internuclear axis, and 
so its angular momentum about that axis is conserved. Just as we used the notation 
S, P, D , ... for L = 0, 1, 2, ... , for atomic term symbols, we use A= L , TI , ~ • ... 
for A = 0, 1, 2, ... , for diatomic molecules. When A = 0, the orbitals are symmetric 
about the internuclear axis and so are O' orbitals; when A = 1, the orbitals are n: orbitals; 
similarly, A = 2 for 8 orbitals, and so on. Note also that A is equal to the number of 
nodal planes containing the internuclear axis. In addition, for homonuclear diatomic 
molecules, we add a g or au right subscript to 2s+ 1 A to indicate whether the electronic 
wave function does not change sign (g) or does change sign (u) upon inversion through 
the midpoint of the two nuclei. As we pointed out earlier, the bonding orbital of Hi 
(Figure 10.8) has gerade symmetry and the amtibonding orbital has ungerade symmetry. 

EXAMPLE 10-5 
Determine the term symbol of the minimal basis set of bonding and antibonding orbitals 
of Hi. 

SOLUTI ON: Both orbitals are a orbitals, so A= 0, and are denoted by~. Further
more, the total spin is 1/2, so 2S + l = 2. The bonding orbital is gerade, so its tenn 
symbol is 2 ~g (doublet-sigma-g). The antibonding state is denoted by 2 ~11 (doublet
sigma-u). 

Although Kolos and Wolniewicz were able to solve the Schrodinger equation for 
H2 essentially exactly using a trial function consisting of many terms, this approach is 
not practicable for molecules containing more than two electrons because of the terms 
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involving the interelectronic distance r 12 that they include in their trial functions. We 
need an approach that we can use for all types of molecules. 

10.8 The Ground-Stale Electron Configuration of H2 Is o-g 1.,2 

Using our success that we had for atoms as a guide, where we constructed atomic wave 
functions in terms of Slater determinants of single-electron orbitals, we' II construct the 
wave functions for molecules in terms of Slater determinants involving one-electron 
molecular orbitals. For one-electron molecular orbitals, we 'II use Hi molecular orbitals. 
In the simplest case of the minimal basis set calculation of Hi, we obtained two 
molecular orbitals: ab, a bonding orbital, and era, an antibonding orbital. These orbitals, 
which are a sum and a difference of Slater ls orbitals, can be written as 

(~3/rr)1/2e-{rA + (~3/rr)l/2e-{r8 
ab= {2[n + S(~R)]}l/2 (10.36) 

and 

(~3 /rr) l/2e- {rA _ ({3/rr)lf2e - {re 

aa = {2[ 1 - S({ R)]} 1/2 
(10.37) 

where we let { :/= 1 here for generality. 
Because ab is the molecular orbital corresponding to the ground-state energy of 

Hi, we can describe the ground state of H2 by placing two electrons with opposite 
spins in ab, just as we place two electrons in a ls atomic orbital to describe the helium 
atom. The Slater determinant corresponding to this assignment is 

1/1 - _l_ I crba(l) crb.8(1) I 
- .J2i aba (2) crb.B (2) 

= crb(l)ab(2) { ~[a(l).8(2) - a(2).8(1)]} (10.38) 

Once again, we see the spatial and spin parts of the wave function separate for this two
electron Slater determinant (see Example 9-4). Because the Hamiltonian operator is 
taken to be independent of spin, we can calculate the energy using only the spatial part 
of Equation l 0.38. Using Equation 10.36 for ab, we have a molecular wave function, 
1fiMo, of the form 

l 
i/!Mo = [JsA( l) + lss(l)][lsA(2) + lss(2)] 

2(1 + S) 
(10.39) 

when ls denotes a Slater ls orbital, ls= ({3/rr) 112e- {r. Note that 1.ftMo is a product 
of molecular orbitals, which in turn are linear combinations of atomic orbitals. This 
method of constructing molecular wave functions is known as the LCAO-MO (linear 



10 .8. The Ground-State Electron Configuration of H2 Is ag ls 2 

combination of atomic orbitals- molecular orbitals) method and has been successfully 
extended and applied to a variety of molecules, as we will see in this and the following 
chapters. 

The energy is given by 

(10.40) 

where H is given by Equation 10.35. When Equation 10.39 is substituted into Equa
tion l 0.40, we obtain a lengthy expression in{' and w = { R. In fact, it has aform similar 
to that for Hi in Equation 10 .3 3, except that the express ions for T ( w) and V ( w) are 
more complicated for H2. We've placed these results in the appendix at the end of the 
chapter so that they are readily available to reproduce some of the H2 results in this 
section (if you wish). 

We emphasize the dependence of EMo on { and R by writing Equation 10.40 as 

(10.4 1) 

Figure 10.23 shows E Mo plotted against R for { = 1. The minimum energy comes out 
to be - 1.0991 Eh at Req = 1.603 a0, compared to the "exact" value of - 1.1744 Eh and 
Req = 1.401 a0 (Table 10.4). Notice that Figure 10.23 shows something very discon
certing, however; the energy does not go to - 1 Eh, that of two isolated ground-state 
hydrogen atoms, as R---+ oo. In other words, this molecular orbital theory wave func
tion gives the wrong dissociation limit! Nor do things get any better if we use { as 
a variational parameter to yield an optimized energy, as shown in Figure 10.23. The 
values of the minimum energy (- 1.1282 Eh) and Req (1.385a0) improve some, but we 
still obtain a wrong dissociation limit. We can also see this difficulty if we plot the op
timized {against R, as in Figure 10.24. As R---+ 0, H2 merges into a helium atom, and 
Figure 10.24 shows that { = 27/16 = 1.6875 as R ---+ 0, which is the value of { when 

- 0.9 

- 1.1 

F I G U RE 10.23 
Both the optimized (orange) and the s = I (black) molecular orbital energies calculated with 
Equation I 0.4 l. In neither case does the energy go to the correct limit of - I Eh as R -+ oo. 
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2.0 ( 

L.5 
F I G U R E 1 0.24 

R!a0 
l. 0 t---~--.;::---~--~--

6 

The optimized value of s plotted against R for 
the molecular orbital given by Equation 10.36. 
The value of s should go to 1, that of an isolated 
hydrogen atom, as R ~ oo, but it does not. 

we optimize the energy of a helium atom using Slater orbitals (see Equation 9.11). 
For large values of R, we have isolated hydrogen atoms, and so { should go to 1 as 
R---+ oo, which it does not do. Fortunately, the explanation of this apparent disaster is 
well understood, as we shall now show. 

Let's expand lftMo in Equation 10.39 to write 

1/t ~ [lsA(l) + ls8 (1))[1sA(2) + ls8 (2)) 
MO 2(1 + S) 

lsA(l) ls8 (2) + lsA(2)ls8 (1) + lsA( l) lsA(2) + ls8 ( l)ls8 (2) 
(10.42) 

= 
2(1 + S) 

The first two terms represent two hydrogen atoms, each with an electron. This repre
sentation requires two terms because of the indistinguishability of the electrons; just 
one term, such as ls A (1) ls8 (2), would not do because ls A (2) ls8 (1) would be an equally 
good description. We shall come back to these terms later. The last two terms represent 
a situation where both electrons are on one atom. We can describe these two terms by 
the electron-dot formulas, 

and 

or as 

and 

Thus, we see that the third and fourth terms in Equation 10.42 represent ionic structures 
for H2. For large values of R, the molecular orbital wave function given by Equa
tion 10.42 represents a dissociation limit in which H2 dissociates to an average of two 
neutral hydrogen atoms and an ion pair, rather than two ground-state hydrogen atoms 
with an energy of -1 Eh. This is a well-known deficiency of simple molecular orbital 
theory, and we shall show how to correct for it in the next section. 

Because lftMo given by Equation 10.42 leads to a dissociation limit that consists 
of an average of two neutral hydrogen atoms and an ion pair, both EMo and { go to 
incorrect limits for large values of R. In fact, EMo---+ -0. 7119 Eh and { ---+ 0.843 75 
as R ---+ oo, and Examples 10- 6 and l 0- 7 give a nice interpretation of these values. 



10 .8. The Ground-State Electron Configuration of H2 Is ag ls 2 

T A B L E 10.4 
Results of Various Calculations of the Ground-State Energy of H2 

Wave function s Emin/ Eh Req/ao 

MO Minimal basis set l.000 - 1.0991 l.603 

MO Minimal basis set 1.193 - 1.1282 1.385 

Hartree- Fock a - 1.1336 1.400 

Cl Minimal basis set 1.000 - 1.1187 1.668 

CI Minimal basis set 1.194 - 1.1479 1.430 

CI Minimal basis set with polarization b - 1.1514 1.40 

CI Five termsb - 1.1672 1.40 

CI 33 termsc - l.l735 1.40 

Trial function with r 12 13 terms d - 1.1735 1.40 

Trial function with r12 with I 00 terms e - 1.1744 1.401 

Experimental f - 1.174 1.401 

a. Kolos, W., Roothaan, C. C. J. Accurnte Electronic Wave Functions for the 1-12 Molecule. 
Rev Mod. Phys., 32, 219 (1960). 
b. McLean, A. D., Weiss, A., Yoshimine, M. Configmation Interaction in the Hydrogen 
Molecule. Rev Mod. Phys., 32, 211 (1960). 
c. Hagstrom, S., Shull, H. The Nature of the Two-Electron Chemical Bond: ITI . Natmal 
Orbitals for H2. Rev. Mod. Phys., 35, 624 (1963). 
d. James, H. M., Coolidge, A. S. The Ground State of the Hydrogen Molecule. J. Chem. 

Phys., 1, 825 (1963). 
e. Kolos, W., Wolnie\\iicz, L. Accurate Adiabatic Treatment of the Ground State of the 
Hydrogen Molecule. J. Chem. Phys., 41, 3663 (1964); Improved Theoret ical Ground-State 
Energy of the Hydrogen Molecule .. !. Chern. Phys., 49, 404 (1968). 
f. Herzberg, G. The Dissociation Energy of the Hydrogen Molecule . . l Mot. Spectroscopy, 
33, 147 ( 1970). 

EXAMPLE 10-6 
Use the fact that iftMo leads to a dissociation limit that consists of an average of two 
neutral hydrogen atoms and an ion pair to show thats ~ 0.84375 as R ~· oo. Use the 
result of Example 9- 2. 

SO LUTI ON: The optimum value of s for a ground-state hydrogen atom using a Slater 
Is orbital is I. Example 9-2 shows that the optimum value of s for a hydride ion using 
a Slater ls orbital is s = 11/ 16. (The H + associated with H- has no electronic energy, 
and so can be ignored here.) The average ofl and 11/ 16 is 

1 ( ") 27 s = - l + - = - = 0.84375 
2 16 32 

in agreement with the value i11 Figure 9.24. (See also Problem 10-46 for a proof of this 
result.) 
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EXAMPLE 10-7 
According to Example L0- 6, the value of s in Figure J 0.24 goes to 27/32 as R - oo. 
Use this result to show that E1v1o in Figure L0.23 goes to - 0.7ll 9 Eh as R - oo. Use 
the result of Example 9-2. 

SOLUTION: ThesecondandthirdentriesinTable 10.1 give 

where we used the fact that <l>A in Table I 0.1 denotes a Slater Is orbital. According to 
Example 9-2, the corresponding value for the energy of a hydride ion is 

2 5 2 J I 
EwCO = s + 2;<< - I) + -s = s - - s 

8 8 

(As in Example J0-6, the H+ has no electronic energy, and so can be ignored here.) 
Therefore, E1v10 in Figure l0.24 is the average of 2£1_,2 

(0 and EH- ( S), or 

I l(2 2 II) E1v1o(O - -[2EH/0 + En-(OJ = - s - 2s + s - - s 
2 2 8 

2 27 =s - - ; 
16 

According to Example I 0-6, however, t = 27 /32, and so 

( 27)
2 

(27)
2 

(27)
2 

E1v10 -
32 

- 2 
32 

= -
32 

= - 0.7119 Eh 

in agreement with the value in Figure I 0.23. 

Before we go on to the next section, let's go back and look at the first two te1ms in 
Equation I 0.42, which we write as 

(10.43) 

In 1927, Reitler and London used Equation 10.43 to give the first satisfactory expla
nation of the stability of a chemical bond. Their method is known as the valence bond 
method (the reason for the VB subscript in Equation I 0.43 ). Although the valence bond 
method gave the first satisfactory description of a chemical bond, the method has been 
largely superseded by molecular orbital theory, and we mention it here primarily for 
historical reasons. 

To summarize, the simple minimal basis set molecular orbital for H2 can be 
written as 

1/tMo = 1/IVB + 1/tionic (10.44) 
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suggesting that the molecular orbital approach overemphasizes ionic terms, whereas 
the valence bond method underemphasizes (ignores) them. A correct approach would 
be to use a linear combination of the form 

(10.45) 

and let the variational principle decide the relative importance of each contribution. We 
shall see in the next section that we achieve this result if we use configuration interaction 
to improve the molecular orbital wave function. 

10.9 Configuration Interaction Gives the Correct Dissocialion Limit 

Consider our minimal basis set LCAO treatment of Hi, in which we obtained molecular 
orbitals 

and 
lsA - lss 

O' a = ----;::=== 
)2(1 - S) 

(10.46) 

In our molecular orbital discussion of H2, we used 

(10.4 7) 

or simply its spatial part, ab(l)ab(2). However, we can extend our molecular orbital 
treatment by using the antibonding molecular orbital O'a as well. We can combine ab 
and a3 with either of the spin functions a and f3 to form four possible molecular spin 
orbitals aba, abf3, a3a, and aaf3· We can assign the two electrons to these four spin 
orbitals in 4 x 3/2 = 6 different ways. This leads to a total of six Slater determinants, 

l I aba( !) 
D1 = ,J2 aba(2) 

abf3(1) I 
abf3(2) 

I I O'aa(l) 
D2 = ,J2 O'aa(2) 

O'af3(1) I 
O'af3(2) 

l I aba(l) O'aa(l) I 
D3 = ,J2 aba (2) aaa(2) 

l I aba( I) O'af3(1) I 
(10.48) 

D4 = ,J2 aba (2) O'af3 (2) 

l I abf3(1) 
Ds = ,J2 abf3(2) 

O'aa(l) I 
O'aa(2) 

l I abf3(1) 
D6= ,J2 abf3(2) 

O'af3(1) I 
O'af3(2) 

where the I/hare normalization constants (Problem 10- 29). 
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Because H2 is a two-electron system, we can work with only the spat ial parts of 
the above determinants and use (Problem 10-30) 

1/11 = ab(l)oh(2) 

1/12 = O'a(l)aa(2) 

1/13, 1/14, 1/ls = ab(l)aa(2) - aa(l)ab(2) 

1/16 = ab(l)aa(2) + a 3 (l)ab(2) 

( 10.49) 

If we take a linear combination of these six wave functions as a variational trial 
function, then we will get a 6 x 6 secular determinant, I Hij - E Sij 1. This 6 x 6 secular 
determinant will lead to a sixth-order polynomial equation in E, and the lowest root 
will be the ground-state energy. It turns out that there is a beautiful theorem that we can 
use to reduce the above problem to a quadratic equation. 

Let P AB be an operator that interchanges the nuclei A and B. If P AB operates on 
the wave functions in Equation 10.49, then notice that 

j = 1and2 
( 10.50) 

j = 3, 4, 5, and 6 

The wave functions 1/11 and ijr2 have eigenvalue + 1 and l/13 through 1/f 6 have eigen

value - 1. The Hamiltonian operator is symmetric in A and B, and so PAB commutes 
with H, or 

(10.51) 

Here is the theorem: Because P AB and fl commute, matrix elements of H, 

between states with different eigenvalues of P AB equal zero; or, H;; will be nonzero 

only between states with the same eigenvalue of P AB· Applying this theorem to the 
problem at hand gives 

if j = 3, 4, 5, or 6 

if j = 3, 4, 5, or 6 
( 10.52) 

This theorem and its variations are used extensively in quantum chemistry to simplify 
secular determinants, which are ubiquitous in molecular calculations. The proofofthis 
theorem and its relatives is short and fairly easy, but is left to Problem 10-34. 
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EXAMPLE 10-8 
Show that 

by interchanging A and Band showing that !BA= - /AB, or that /AB= 0. 

SOLU TI ON: Interchanging A and B has no effect on ab, but o-8 = - o-8 when A and B 
are interchanged. Because there is only one factor of o-8 in l AB> we see that /BA= - I AB> 

or that I AB= 0. You can verify all the results in Equation I 0.52 using this approach. 

Ifwe are going to use a linear combination of the six determinantal wave functions 
in Equation 10.49, then the above theorem tells us that the ground-state wave function 
1/11 has nonzero matrix elements only with 1/12. We say that 1/11 mixes only with 1/12. None 
of the other wave functions affect the final result, and so we shall use 

(10.53) 

instead of a linear combination of all six wave functions. Equation l 0.53 is a ground
state molecular orbital wave function with an excited-state configuration mixed in. The 
extension of simple molecular orbital theory to include excited-state configurations is 
called configuration interaction. The CI subscript in Equation 10.53 denotes that 1/1 Cl 

is a configuration-interaction wave function. 
Let's look at 1/lci given by Equation 10.53 in more detail. Using Equations 10.46, 

Equation 10.53 can be written out as 

1/lc1 =c1[1sA(l)lsA(2) + lsA(l)ls8 (2) + ls8 (l)lsA(2) + ls8 (l)ls8 (2)] 

+ c2[lsA(l) lsA(2) - lsA(l)ls8 (2) - ls8 (l)lsA(2) + ls8 (l)ls8 (2)] 

(10.54) 

Thus, we see that 1/!o given by Equation 10.53 is exactly the same as Equation 10.45. 
Let's use Equation 10.53 to calculate the electronic energy of H2 . This leads to the 

2 x 2 secular determinantal equation whose smaller root gives Ec1(s, R), where, as 
before, we emphasize that Ec1 depends upon s and R. As with our molecular orbital 
calculation in Section 10. 8, the evaluation of E is lengthy and we leave the details of 
the calculation to the appendix. 

Figure 10.25 shows Ec1 plotted against R for s = l. Notice that Ec1 goes to the 
correct dissociation limit of two isolated ground-state hydrogen atoms(£= - 1 Eb). 
The minimum value of Ec1 is - L 11865 Eh at Req = l.668a0 . The energy is improved 
over the s = 1 molecular orbital energy, but the value of Req is poor in these s = 1 
calculations. Figure l 0.25 also shows the optimized energy, which we obtain from 
Ec1(s, R) by minimizing Ecr(s, R) with respect to s at various values of R. This 
results in a significant improvement over the s = l result, giving a minimum energy 
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R/a0 - 1.0 r--t-t------=~------
6 8 

- 1.1 

FIG U RE 10.25 
The configuration-interaction energy Ec1 of the ground-state energy of H2 for s = l (dashed 
curve) and for an optimized value of s (dotted curve) plotted against R . The "exact" results of 
Kolos and Wolnjewicz (solid cuive) are shown for comparison. 

l.5 

F I G U RE 10.26 

R!a0 
l.O L----~-----

The optimized value of s in Equation 10.53 (the one 
that minimizes £ 0 ) plotted against R. Note that s goes 
to the correct limits as R ~ 0 and R ~ oo. 2 4 

of - l.14794Eh at Req = L430 a0 . Figure 10.26 shows the optimum value of~ (the 
one that minimizes Ec1) plotted against R. Note that contrary to Figure I 0.23 , ~ ---+ I 
as R ---+ oo, as it should. 

The values of c1 and c2 in Equation 10.53 also depend upon R. Figure 10.27 
shows c1 and c2 plotted against R. It turns out that (see the appendix) c1---+ t/ ,J2 and 
c2 ---+ - I/ ,J2 as R ---+ oo, which as Example 10- 9 shows, leads to the correct wave 
function for two isolated ground-state hydrogen atoms. 

----------
2~ FIGURE 10.27 

A plot of c1 and c2 for the optimized value 
of s in Equation 10.53 against R. Note that 
c , ~ vJ2 and C2 ~ - l/ J2 as R ~ 00. 
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EXAMPLE 10-9 
Show that 1/1 given by Equation I 0.53 goes to the wave function of two isolated ground
state hydrogen atoms as R ~ 00. Use the fact that c, ~ vJ2 and C2 ~ - vJ2. 

SO LU TI ON: Using Equation 10.49, we have 

1/Jc1 = Cl 1/11 + C21/J2 

= c1ab( l)ab(2) + c2a 3 ( l)a3 (2) 

I I = 
2312

[1sA(I) + lsB(l))[lsA(2) + lsB(2)] -
2312 

[lsA(l) - ls8(1))[1sA(2) - ls8(2)] 

I 
= 

2112
[lsA(l)ls8(2) + lsB(l)lsA(2)] 

But this result is the wave function of two isolated ground-state hydrogen atoms. 
Remember that we must use a linear combination of two terms because of the indis
tinguishability of the two electrons. 

Realize that all the calculations that we have carried out so far have been for a 
minimal basis set, consisting of one atomic orbital situated on each hydrogen nucleus. 
This minimal basis set leads to two molecular orbitals, a bonding orbital ab and an 
antibonding orbital O'a. It is important to realize that we obtained two molecular orbitals 
because we used a linear combination of two atomic orbitals. We used only two atomic 
orbitals solely for simplicity, and we could just as well have used a linear combination 
such as 

(10.55) 

and so on. This trial function will lead to a 6 x 6 secular determinant and consequently 
six molecular orbitals. Each of these molecular orbitals will have a corresponding 
energy. Let's order the orbitals, 1/ti. 1/12, . .. , 1/16 in order of increasing energy. The 
ground-state molecular wave function will be given by the Slater determinant 

1/J,{J(I) I 
1/11/J (2) 

(10.56) 

where N is just a normalization constant. Equation 10.56 describes two electrons of 
opposite spin in the molecular orbital 1/11• The other five orbitals are unoccupied in the 
ground state, and are called virtual orbitals (Figure 10.28). We can use these virtual 
orbitals to construct excited-state configurations to carry out a configuration-interaction 
calculation. In this case, we have a total of 6 molecular orbitals and so 12 spin orbitals 
(an ex and a f3 coupled with each molecular orbital). The total number of configurations 
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--- 00--_ 

-0- --0-2 ·<: __ _______ 00 00 ________ :::>·-0- -o-
2sA Pz A ------.. -------- 2p<B 2sa 

-- oo--· 

F I G U RE 10.28 
The six spatial molecular orbitals that are obtained when the LCAO-MO is a linear combination 
of six atomic orbitals, as in Equation 10.55. Only the molecular orbital of the lowest energy is 
occupied in the ground electronic state of H2 . The five unoccupied orbitals are called virtual 
orbitals. 

is equal to the number of ways that we can distribute 2 electrons among the 12 spin 
orbitals, or 

12! = 66 
(12 - 2)!2! 

Even though the number of configurations used may be large, we'll see that there are 
readily available computer programs that allow us to do this fairly painlessly. In fact, 
using more and more terms in Equation 10.55 and more and more configurations leads 
to the exact result, at least in principle. 

EXAMPLE 10- 10 
Derive a formula for the total number of configurations that you obtain from 2N 
electrons and 2K spin orbitals. Apply your result to the minimal basis configuration
interaction calculation that we did in the previous section. 

SOLUTION: The total number of configurations is equal to the munber of ways of 
distributing 2N identical objects into 2K containers, which is given by the binomial 
coefficient: 
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f nfi 
. (2K)l 

total number o co . gurat1ons = -----
(2K - 2N)!(2N)! 

( 10.57) 

For our minimal basis set calculation, K = 2 and N = 1, and so we have 4!/2! 2! = 6 
configurations, in agreement with the above calculation. 

McLean, Weiss, and Yoshine found a minimum energy of -1.167 23 Eh with a 
five-term CI wave function involving molecular orbitals consisting of 1~, 2~, and 2p 
Slater dete1minants, and Hagstrom and Schull found a minimum energy of - 1.1735 Eh 
using a 33-term CI function. (See Table 10.4.) We see that we can achieve increasingly 
better numerical results by using increasingly large basis sets. Our final task in this 
chapter is to learn how we determine the optimum molecular orbitals for larger basis 
sets. We're going to do this in a manner similar to that which we used to construct 
optimum atomic orbitals in the previous chapter. In the next section, we shall develop 
the Hartree- Fock- Roothaan method, which gives the optimum molecular orbitals in 
terms of linear combinations of atomic orbitals. 

10.10 The Hartree-Fock-Roolhaan Equations Give the Optimum 
Molecular Orbilals 

In Chapter 9, we developed the Hartree- Fock theory for atoms and applied it numer
ically to a helium atom. The Hartree-Fock theory has been extended to molecules in 
a practical way by Roothaan, and in this section, we shall derive the Hartree- Fock
Roothaan equations and then apply them numerically in a minimal basis set calcula
tion for H2. The Hartree-Fock- Roothaan equations for H2 are almost the same as the 
Hartree- Fock- Roothaan equations for a helium atom. Let's start with the Hamiltonian 
operator for H2: 

A l 
2 

2 
2 

( 1 1) 1 I H = - - L \71 + L --. - - + -. + -
2 .i=I .i= I ' JA r,;B '12 R 

(10.58) 

Because the internuclear repulsion term is a constant for a fixed geometry, we can ignore 
this term for now and add it later on. Because H2 is a two-electron molecule, the spatial 
part and the spin part of the ground-state wave function factor and we can write it as 

(10.59) 

where the ground-state energy is given by 

(10.60) 
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Substituting W (r1, r2) from Equation 10.59 into this expression gives (Problem 10- 36) 

(10.61) 

where 

f * [ l 2 1 I] / . = dr· 1/t (r -) - - 'V. - - - - 1fr(r ·) 1 1 1 2 1 r r 1 
jA JB 

(10.62) 

and 

(10.63) 

Notice that / 1= 12 by symmetry. 
Equations 10.61 through 10.63 differ from Equations 9.23 through 9.25 only in 

the definition of 11. Equation 9.23 represents the interaction of an electron with the 
helium nucleus, and Equation 10. 62 represents the interaction of an electron with the 
two hydrogen nuclei. Otherwise the equations are formally identical. 

We're now going to carry out a Hartree- Fock calculation, much like we did for 
a helium atom in the appendix to Chapter 9. First we'll write the LCAO-MO in 
Equation 10.59 as 

(10.64) 

where¢ A ( ¢ 8 ) is a normalized Slater orbital with { = 1.193 02 centered on atom A (B). 
We chose the value { = 1.193 02 because it is the optimum value of { at R = 1.385 43a0 
for this basis set (see Table 10.4). These are the values of { and Req (to six figures) that 
we obtained for the optimized molecular orbital theory calculation that we carried out 
in Section 10 .8. Having fixed the value of {, we shall determine the values of c 1 and c2 
by a Hartree- Fock self-consistent procedure. 

Following what we did in Chapter 9, we substitute Equation 10.64 into Equa
tion I 0.60 to obtain 

where 

i, j =A, B (I 0.66) 
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TABLE 10.5 
The Numerical Values of the Matrix Elements in Equations 10.66 Through 10.68 for s = 1.193 
at R = 1.385 43a0 

H1~re = H:;{e = - 1.132 95 Eh 

H~~re = H:;.re = - 0.974 75 Eh 

SAA= Sss = 1 

SAB = S(w) =0.68242 

G AA= 0.745 64ci + 0.893 59c1c2 + 0.813 35ci 

GAB= GsA = 0.446 75 ci + 0.364 98 c1c2 + 0.446 75 c~ 

Gss = 0.813 36c~ + 0.893 49c1c2 + 0.745 64c~ 

Gi.i = G1; = c~ (¢;(!)¢A (2) I r:J ¢1 (!)¢A (2)) + c1c2 ( ¢;(1)¢A (2) I r:J ¢,;(1)¢s(2)) 

+ c2c1 (<t>i(l)¢a(2) I r~J ¢;(1)¢A(2)) + c~ (<t>i(l)¢a(2) I r:2 1 ¢/1)¢a(2)) 

i, j =A, B (10.67) 

and 

i,j=A,B (10.68) 

with SAA = S88 = 1. All of these integrals are given in Tables 10. l and l 0.4, and 
the numerical values of all the terms in Equations 10.65 through 10.68 are given in 
Table 10.5 for~= 1.193 02 at R = l.385 43a0 (Problem 10-39). 

When we differentiate Equation 10.65 with respect to c1 and c2, we obtain the 
Hartree- Fock- Roothaan equations for this system: 

or 

(FAA - B)C1 + (FAB - eSAB)c2 = 0 

(FAB - eSAB)c1 + (Fas - B)C2 = 0 
(10.69) 

(10.70) 
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with the corresponding secular determinantal equation 

(10.71) 

where 

i, j =A, B (10.72) 

are the elements of the Fock matrix. As the notation implies, the Fij depend upon c 1 
and c2. Equation 10.71 is a quadratic equation in s. The matrix elements Fij depend 
upon c1 and c2, whose values we don't know. In the first step, we assume values for c 1 

and c2. Let's assume that cif c2 = 2. For our trial function to be normalized, we must 
have (Problem 10-40) 

(10.73) 

which, upon using SAs=0.68242 from Table 10.5, gives c 1=0.71937 and c2 = 
0.359 68. We can now use these values to calculate the G ij in Table l 0.5 and then 
use Equation 10.72 to calculate the F;1, whose values are given in Table 10.6. This 
initial guess of c 1 and c2 gives an energy 

E = 2(c~ HAA + 2c1c2HAB + c~Hss) + c~G AA + 2c1c2G AB + ciGss 

= c~(HAA + FAA) + 2c,c2(HAB + F AB) + c~(Hss + Fss) 

= - 1.805 53 Eh (10.74) 

If we add the 1/ R internuclear repulsion term (R = 1.385 43a0), then we get Eel= 
- 1.083 73 Eh. 

The next step is to use the F;1 to solve Equation 10. 71 for s, which gives e 1 = 
- 0.588 04 as the lower eigenvalue. Now that we knows" we can solve Equations 10.70 
for c 1 and c2: 

- 0.591 33 - (- 0.588 04)(0.682 42) 

- 0.410 68 - (0.588 04) 

= 1.0715 (10.75) 

Using this value, Equation 10.73 gives 

c, = 0.563 91 and C2 = 0.52627 (10.76) 

These values are given in the second line in Table 10.6. 
The next step is to use these new coefficients to calculate a new set of G ij· 

Using Fi.i = Hi.i + G;1, we calculate a new set of F;1, and a new value of s from 
Equation 10.71, then a new set of coefficients from Equation 10.70, and finally a new 
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T AB LE 10.6 
The Results of the SCF Calculation of H2 Using a Minimal Basis Set ofTwo Slater Determinants 
with~ = l. l93 02 (R = 1.385 43a0) a 

Ct C2 FAA FAB Fss £1 £2 

Initial guess 0.71937 0.359 68 - 0.410 68 - 0.59133 - 0.384 40 

l st iteration 0.563 91 0.526 27 - 0.405 41 - 0.60014 - 0.402 63 - 0.588 04 0.61049 

2nd iteration 0.54711 0.543 19 - 0.404 23 - 0.600 74 - 0.403 94 - 0.597 15 0.619 13 

3rd iteration 0.545 36 0.544 95 - 0.404 j l - 0.600 74 - 0.404 08 - 0.597 25 0.61922 

4th iteration 0.545 17 0.545 13 - 0.404 09 - 0.600 74 - 0.404 09 - 0.597 25 0.619 23 

5th iteration 0.545 15 0.545 15 - 0.404 09 - 0.600 74 - 0.404 09 - 0.597 25 0.619 23 

a. e 1 is the smaller e igenvalue and e2 is the larger e igenvalue of Equation 10. 71. Al l quantities are expressed 

in atomic units. 

value of E from Equation l 0.74. All these results are given in Table 10.6, along with the 
results of subsequent iterations. Notice that the energy has converged to the optimized 
molecular orbital theory result in three iterations. 

We've done this calculation to show how to use the Hartree-Fock- Roothaan equa
tions. In fact, the symmetry of H2 suggests that c1 = c2 in the ground state, and if we 
had started with c1 = c2, the entire calculation would have converged immediately and 
would be equivalent to the molecular orbital calculation. We chose c1/ c2 = 2 simply to 
illustrate the convergence numerically. 

Although we have derived the Hartree- Fock- Roothaan equations for the special 
case of a basis set consisting of only two Slater determinants, we shall see in Chapter 12 
that the procedure is readily extended to any number of base set functions and that 
a number of readily available computer packages can handle fairly large basis sets 
for molecules consisting of tens or even hundreds of atoms. In fact, although in the 
1960s and 1970s such calculations belonged to professional quantum chemists, they 
are now routine and are done as "experiments" in many organic and physical chemistry 
laboratory courses. 

As we use larger and larger basis sets, we achieve lower and lower energies, and 
eventually reach the Hartree- Fock limit. It is important to remember that if we use a 
basis set consisting of only a few terms and determine the coefficients self-consistently, 
then we may not necessarily achieve the Hartree- Fock limit. Thus, an SCF-LCAO-MO 
is not necessarily the same as a Hartree- Fock orbital. They are the same only if the 
SCF-LCAO-MO contains enough terms that the Hartree-Fock limit is reached. 

Table 10.7 shows the results of a Hartree-Fock- Roothaan calculation on H2 in 
which the Hartree-Fock limit is achieved. Note that the basis set in this case consists of 
12 Slater orbitals. Both the orbital exponents and the linear coefficients were optimized 
in this calculation., giving a Hartree-Fock limiting energy of - 1.133 629 Eh, compared 
to - 1.128 23 Eh for our minimal basis set calculation (using a fixed value of { for 
simplicity). 

541 

E e1 

- 1.083 73 

- l.l27 74 

- l.l28 22 

- 1.128 23 

- 1.128 23 

- I. l28 23 



542 Chapter 10 I The Chemical Bond: One- and Two-Electron Molecules 

T AB L E 10.7 
The Final Results for a Hartree-Fock- Roothaan Calculation 
of H2 in Which the Hartree- Fock Limit Is Achieved a 

Slater orbital Value of ~ Linear coefficient 

Is 1.188 63 0.903 74 

Is' 2.500 21 - 0.049 78 

2.s 0.79445 O.Ql I 44 

2s' 1.730 27 - 0.128 32 

3s 3.436 00 0.001 94 

2p, 1.055 29 0.039 84 

2p~ 1.985 53 0.024 13 

2p~' 4.081 82 - 0.000 94 

3p, 3.433 59 0.001 29 

3d,2 1.266 63 0.00649 

3d' 
z2 2.68042 0.003 93 

4/,3 2.708 08 0.001 03 

a. Source: Cade, P.E., Wahl, A. C., Hartree-Fock- Roothaan 

Wavefunctions for Diatomic Molecules: U. First-Row Homonuclear 
Systems A2, Af, and A; .At. Data N11cl. Data Tablev, 13,339 (1974). 

A basis set that consists of K atomic orbitals will lead to K molecular orbitals. In 
the case ofH2, the first of these will be occupied by electrons of opposite spin, the others 
will be unoccupied, or virtual orbitals. This leads naturally to using these orbitals to 
form excited-state Slater determinants in a configuration-interaction calculation. This 
procedure has been well developed, and has constituted one of the principal methods of 
going beyond the Hartree-Fock approximation, or one of the principal post-Hartree
Fock methods . 

We should point out here that Hartree- Fock- Roothaan molecular orbitals suffer 
from the same deficiency as the molecular orbitals that we found earlier in this chapter. 
At large R, the ground-state molecular orbital does not go to the wave function of two 
isolated ground-state hydrogen atoms. In other words, it does not give the correct dis
sociation limit. This may seem disconcerting, but it turns out not to be a problem for 
several reasons. One reason is that modifications of the Hartree- Fock- Roothaan equa
tions have been developed that do lead to the correct dissociation limit. This method 
is called unrestricted Hartree- Fock. We won 't consider any unrestricted Hartree-Fock 
calculations here, but you should be aware of the method. Another reason is that most 
post-Hartree- Fock methods, such as configuration interaction, do lead to the correct 
dissociation limit. We have, in fact, seen that this is so in the previous section. Still 
another reason, and perhaps most important of all, is that Hartree-Fock calculations 
usually yield quite acceptable equilibrium molecular geometries, as we shall see in 
Chapter 12. So, except for the calculation of potential energy curves, or more gener
ally, potential energy surfaces, which are of central importance in chemical kinetics, 
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Hartree- Fock calculations are quite acceptable. Because of the ready availability of 
computer packages for Hartree- Fock and post-Hartree- Fock calculations, molecular 
orbital theory, which is essentially Hartree- Fock theory, has become the "standard" for 
molecular calculations. 

Append ix: Molecular Orbital Theory of H2 

Even a minimal basis set molecular orbital theory calculation for H2 is a fairly lengthy 
algebraic exercise. The original calculations were done many years ago in the early days 
of quantum mechanics and have been greatly improved upon since, but they still reflect 
the basic features of a molecular calculation. In this appendix, we present the details of 
a minimal basis set molecular orbital theory and configuration-interaction calculation 
using Slater orbitals. The definitive reference for this material is the one to Slater in the 
end-of-chapter references. 

We start with the energy given by 

( I ) 

where iJ is given by Equation 10.35. When Equation 10.39 is substituted into equa
tion 1, we obtain 

E _ 2 [ 1- S(w) - 2K (w) ] [ - 2 + 2J (w) + 4K(w)] 
Mo - { + { 

l+S(w) l+ S(w) 

{ 
5/16 + J '(w)/2 + K'(w) + 2L(w) } ~ + { +-

[1 + S(w)]2 w 
(2) 

after some amount of algebra. 
Equation 2 may look complicated, but it's not. First of all, the discussion between 

equations 4 and 5 below shows that equation 2 is of the form 

(3) 

just as is Equation 10.33 for Hi . As we mentioned before, this result is a consequence of 
the form of the Hamiltonian operator. We have encountered the integrals, S(w), J (w), 
and K (w), in the first two terms of equation 2 in our Hi calculation, but J'(w), K '(w) , 
and L'(w) are new, and are given in Table 10.8. The first three integrals in Table 10.8 
are fairly easy to evaluate using an elliptical coordinate system as we did for Hi , but the 
fourth one is famously challenging. It may look fairly ugly, but it makes no difference to 
a computer. The function E 1 (x) that is part of K ' ( w) is called an exponential integral and 
is a well-tabulated function (see, for example, the reference to Abramowitz and Stegun 
at the end of the chapter) and is built into most mathematical computer packages such 
as MathCad and Mathematica. The constant y that appears in K'(w) is called Euler's 
constant, and is an irrational number that appears naturally in advanced calculus, much 
like rr and e. 
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T A B LE 10.8 
The Integrals over l/r12 That Occur in the Molecular Orbital Calculation of the Energy ofH2 a 

( <f>A(l)<f>A(2) lr'.J <f>A(l)<f>A(2)) =Si 
( ¢A(l)¢B(2) lr:J ¢A(l)¢B(2)) ={l '(w) 

[ 
1 - 2w ( 1 11 3w w

2
)] ={ - - e - + - + - + -

w w 8 4 6 

( ¢A(l)¢A(2) lr:J ¢A(l)¢B(2)) =~L(w) 

[ 
- w ( 1 5 ) - 3w ( 1 5 )] ={ e w+- +- +e - - - -

8 16w 8 16w 

( ¢A(l)¢A(2) I r'.J ¢B(l)¢B(2)) = { K '(w) 

{ { - 2w ( 25 23w 3 2 w
3

) =- - e - - + - + w + -
5 8 4 3 

+~[S2(w)(y + In w) - S' (w)2E 1(4w) + 2S(w)S'(w)E1(2w)] } b 
w 

a. Recal l that w = { R. 

b. S' (w) = ew (I - w + U:) , y = 0.577 21 ... (called Euler's constant) and £ 1(x) = fx00 e~' dt (called an 

exponential integral). 

Before we dissect equation 2, let's compare the Hamiltonian operators for Hi 
(Equation 10.8) and H2 (Equation 10.35). Notice that the Hamiltonian operator for 
H2 can be written in the form 

(4) 

where, as the notation suggests, HH+(i ) is the Hamiltonian operator of Hi (i) with 
2 

electron i. Now, let 's look at each of the four terms in equation 2 in turn. The first term 
is two times the kinetic energy of Hi given by Equation 10 .3 1, and the second term 
is two t imes the electron- nuclear interaction energy of Hi given by Equation 10.32. 
The fourth term is simply the internuclear repulsion energy, 1/ R. The only new term 
in equation 2 is the third term, which is due to the electron- electron interaction, which 
occurs in the Hamiltonian operator ofH2 but not in that of Hi. Thus, we see that the 
fourth term in equation 2 is due to 
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( 
,,, I _l I ,,, ) = { 5/ 16 + J' (w)/2 + K'(w) + 2L(w) } 
'l'MO r12 'l'MO s [ l + S(w)] 2 

(5) 

All the functions of w in equation 2 are given in Tables 10.1 and I 0.8, and so 
we know EMO as a function of r and w = r R. If we set s = I, then minimizing the 
energy with respect to R gives EMo = - I.0991EH at Req = l.603a0. This is best 
done (and easily done) using a program such as MathCad or Mathematica (Problem 
I 0-43). We can also treat r as a variational parameter and minimize EMo with respect 
to both r and R. (See Problem 10-44.) In this case, we get EMo = - 1.1282 Eh and 
Req = l.385a0 with r = 1.193, a considerable improvement over the calculation with 
s = I (cf. Table I 0.4). 

Ifwe plot EMo against R for r = 1, we get the black curve in Figure I 0.23, which as 
we discussed in the chapter, goes to the wrong dissociation limit as R ~ oo. Nor does 
optimizing r as a function of R improve things. (See Figure 10.23.) We showed in the 
chapter that this well-known deficiency of molecular orbital theory is obviated by using 
configuration interaction. In Section 10.9, we showed that we could use Equation I 0.53 
with 1/ti and 1/t2 given by the first two of Equations I 0.49 as a minimal basis set 
configuration-interaction wave function for H 2. This wave function leads to the 2 x 2 
determinantal equation 

where 

H1 I= (1/t1 I fJ I 1/11); 

S11=(1/t1 I 1/t1); 

I 
H 11 - ES1 1 H 12 - ES12 I =O 

H 12 - ES12 H22 - ES22 

H22 = (1/t2 I ii I 1/12) 

S22 = ( 1/t2 I 1/12); 

H 12 = H21 = (1/11 I ii I 1/12) 

S12 = (1/t1 I 1/t2) 

(6) 

(7) 

The integrals S;j are fairly easy to evaluate. We first show that Oh and a a are orthonormal 

(
lsA + Is8 lsA + ls8 ) 

(ab I ab) = 
/2(1 + S) /2(1 + S) 

= I + 2S + I = l 
2(1 + S) 

(
lsA - Ls-8 lsA - ls8 ) 

(aa I O"a) = 
/2(1 - S) /2(1 - S) 

= I - 2S + I = 1 
2(1 - S) 

(ab I O"a) = ( lsA + Ls-s ls A - lss ) 
/2(1 + S) /2(1 - S) 

_l + S - S - 1_
0 - 2~ -
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Using these results, we see that 

S11 = (1/11 I 1/11) = (ab(I)ab(2) I ab(l)ab(2)) 

= (ab(I) I ab(l))(ab(2) I ab(2)) = l x l = 1 

S22=(1/12 l 1/12) = (aa(l)aa(2) I aa(I)aa(2)) 

= (aa(l) I aa(I))(aa(2) I aa(2)) = 1 x 1=1 

S12 = (1/11 I 1/12) = (ab(I)ab(2) I aa(l)aa(2)) 

= (ab(I) I CTa(l))(ab(2) I aa(2)) = 0 x 0 = 0 

(8) 

The matrix elements of Hare tedious to evaluate, and are given in Table 10.9. All 
the necessary integrals were given already in Tables 10.1 and 10.8. 

T AB l E 10.9 
The Matrix Elements Hij and Sij That Occur in the Minimal Basis Set Configuration-Interaction 
Treatment of H2 a 

H 11U;, w) } = ( 2 [ 1 =F S(w) =F 2K(w)] + ~ 1-2 + 2./(w) ± 4K(w) 
H22(C w) l ± S(w) I± S(w) 

~ + J '(w) + K '(w) ± 2l(w) 
1 
l 

+ 16 2 + -
[l±S(w)] 2 w 

a. All the functions of w here are given in Tables a 0.1 and I 0.4. 

We can find the energy by solving equation 6 for£, 

£±((, w) = H11(~, w) + H22((, w) 
2 

± ~{[H11((, w) - H22((, w)]2 + 4H~2 (~, w)} 112 

2 

(9) 

where the H;_;((, w) are given in Table rn.9. Even though equation 9 is very lengthy, 
all the terms are known functions of~ and R (through w = ( R), and can be handled 
easily by any of a number of easy-to-use computer programs. It turns out in this case 
that E _(R) is always the smaller root, so we'll let Ec1 = E _. F igure 10.25 shows Ec 1 



Problems 

plotted against R for l; = 1. Notice that Ecr goes to the correct dissociation limit of two 
isolated ground-state hydrogen atoms ( E = - 1 Eh). 

Before we look at the optimized result, let 's see why we get the correct dissociation 
limit in this case (l; = 1). It turns out that all the integrals (the functions of w = l; R) in 
Table 10.9 go to zero as R---+ oo (Problem 10-47), and so 

H11 = H22 ----+ 1; 2 + l;(- 2 + 5/16) and (10) 

Consequently, 

(11) 

When l; = 1, Ecr = - 1 Eh, which is the exact energy of two isolated ground-state 
hydrogen atoms. 

We can also determine c 1 and c2 in Equation 10.53 from the two algebraic equations 
that lead to equation 6. Solving the first of these gives 

(12) 

We know H 11 (Table 10.9), E (equation 9), and H 12 (Table 10.9) as a function of l; 
and w = l; R, and so we know c 1/c2 as a function of l; and w. We can then find c1 and 
c2 individually by requiring that 1/rc1 given by Equation 10.53 be normalized, which 
amounts to the relation er + c~ = 1. The result is shown in Figure 10.27. We can now 

show that c 1---+ 1/h and c2 ---+ - 1/h as R---+ oo. Equations 10, 11, and 12 give us 

~----+ - (1; 2 
- 271;/16) - (1;2 

- 21;) = - 1 
C2 51; /16 

The normalization condition gives c 1 = - c2 = 1/ h. Notice that this result is indepen
dent of l;. 

We can use a program such as MathCad or Mathematica to minimize Ec1 with 
respect to l; at various values of R to generate an optimized Ec1 as a function of R. 
Figure 10.25 shows Ec1 plotted against R as well as the "exact" Kolos- Wolniewicz 
results. 

Problems 

10-1. Express the Hamiltonian operator for a hydrogen molecule in atomic units. 

10-2. The vibrational energy levels of Hi ( in cm-1) are given by Chase, M. W., Jr., et al., 
J Phys. Chem. Ref Data 1985, vol. 14, supplement no. I, also known as the JANAF 
Thermochemical Tables. These tables were updated in 1998 by M. W. Chase, Jr. as the 
NIST-.JANAF Thermochemical Tables, 4th ed. , monograph no. 9 (parts 1 and 2), available 
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from the American Institute of Physics. See www.nist.gov/srd(jpcrd_28.htm#janaf 

G(v) = 2323.23 (v + ~) - 67.39 (v + ~) 
2 

+ o.93 (v + ~)3 -0.029 (v + ~) 
4 

The molecule dissociates in the limit that llG(v) = G(v + I) - G(v) ~ 0, and so Vmm 

the maximum vibrational quantum number, is given by llG(vmaJ = 0. Plot llG(v) = 
G(v + I) - G(v) against v and show that Vmax = 18. 

10--3 . The JANAF tables (see the previous problem) give a value of Do = 255. 76 kJ ·mo1-1• 

Use the vibrational data in the previous problem to show that De = 269.45 kJ ·mo1-1 = 
0.102 64Eh · 

10--4. The value of De for Hi is 0.102 64 Eh, yet the minimum energy in Figure I 0.2 is 
- 0.602 64 Eh· Why is there a difference? 

10--5. Plot the product ls A ls6 along the internuclear axis for several values of R . 

10--6. The overlap integral, Equation I 0.1 Jc, and other integrals that arise in two-center sys
tems like Hi are called Mo-center integrals. Two-center integrals are most easily evaluated 
by using a coordinate system called elliptical coordinates. In this coordinate system (Fig
ure 10.4), there are two fixed points separated by a distance R. A point P is given by the 
three coordinates 

and the angle¢, which is the angle that the (rA, r3 , R) triangle makes about the interfocal 
axis. The differential volume element i111 elliptical coordinates is 

Given the above definitions of A., µ.,,and ¢, show that 

Now use elliptical coordinates to evaluate the overlap integral (Equation 10. I 3c): 

10--7. In this problem, we evaluate the overlap integral (Equation I 0. I 3c) using spherical 
coordinates centered on atom A. The integral to evaluate is (Problem 10-6) 



Problems 

where r A> rs, and e are shown in the figure. 

z -

To evaluate the above integral , we must express rs in terms of rA, e, and¢ . We can do this 
using the law of cosines: 

rs = (r~ + R2 - 2rAR cos 8) l/2 

So, the first integral we must consider is 

[ :tr ? 2 1/2 
I= lo e-<r;+R -2rARcos 8) sin BdB 

As usual, let cos B = x to get 

I = f I e-(1~ +R2-2,.A Rx) 1/2 d x 

- I 

Now let u = (ri + R2 - 2rA Rx) 112 and show that 

Show that the limits of the integrationoveru areu = rA + R whenx = - Landu = IR - rA I 
when x = 1. Then show that 
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Now substitute this result into S(R) above to get 

Compare the length of this problem to Problem I 0- 6. 

10--8. Show that the first two integrals in Eqlllation I 0.16 come out to be 1/2 and - 1, respectively. 

10--9. Show that the fourth integral in Equation 10.16 is equal to I/ R. 

10--10. Use the elliptical coordinate system of Problem I 0- 6 to derive analytic expressions for 
S, J, and K for the simple molecular orbital treatment of Ht. 

10--11. Let's use the method that we developed in Problem I 0-7 to evaluate the coulomb 
integral, .I , given by Equation l 0.18. Let 

Using the approach of Problem 10- 7, let cos B = x and u = (rl + R2 - 2r AR cos 8) 112 to 
show that 

Hint: You need to use the integrals 

and 

J 2 axd ax (x.2. 2x 2 ) xe x = e - - - + -
a a2 a 3 

10--12. Use the entries in Table 10.1 to plot ~ E+ against R . 

10--13. Use the entries in Table 10.1 to plot ~E_ against R. 

10--14. Show that 

1 1 
HAA = Has = - - + .I + -

2 R 



Problems 

and that 

s s 
HAB = - - + K + -

2 R 

in the simple molecular orbital treatment of Hi°- The quantities .I and K are given by 
Equations 10.18 and I 0.21, respectively. 

10- 15. Show that 

I S 

t _ -~v2 _ 2 2 ( I I ) 
- - - - K 

( ) - 1/1+ 2 1/1+ - l + S 

A ( I j I ) ( I l I ) ( 11 I ) - I + J + 2K I (V) = 1/1+ - rA 1/1+ + 1/1+ - r
8 

1/1+ + 1/1+ R 1/1+ = l + S + R 

10-16. Show that (f} + (V) from the previous problem agrees with E+ given by Equa
tion 10.22. 

10- 17. The change in the total energy when two atoms come together to form a stable bond 
must be negative, so that /::,. E < 0 at Req. Therefore, /::,. E = fJ. T + /::,. V < 0. Show that the 
virial theorem requires that fJ. V < 0. In addition, show that fJ. T > 0 upon bond formation. 
Using the fact that the kinetic energy of a hydrogen atom is J /2 £ 11 (see the second entry in 
Table LO. I), that its potential energy is - l Eh (see the fourth entry in Table lO. l ), and the 
result of Example 10-3, show that 

and 

upon bond formation. The signs of these results are just the opposite from that predicted by 
the virial theorem, which implies that the simple molecular orbital given by Equation J 0.26 
does not provide a satisfactory interpretation of bond formation. 

10-18. Show that the overlap integral between two Slater ls orbitals of the form </J(s, r) = 
(s3/rc) 112e-~' is given by 

10-19. Verify Equations 10.31 and I 0.32. 

10-20. In this problem we show that the form of Equations J 0.31 and I 0.32 are a direct result 
of the form of the Hamiltonian operator. Start with the Hamiltonian operator of a general 
molecule consisting of N electrons and n nuclei. 

N 
A J " 2 A 

H = - - ~ V. + V(x 1, y 1, z1, ••• , XN, YN · ZN, R1, R2, ... , R111 ) 

2 . 0 J 
1= 
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552 Chapter 10 I The Chemical Bond: One- and Two-Electron Molecules 

and 

where V consists of coulombic terms involving the coordinates of the electrons (x1, y 1, ••• , 

ZN) and them internuclear distances, Rh ... , R111 (mis not necessarily equal ton; consider 
a diatomic molecule). Suppose now we scale all the coordinates in 1/1 by a common factor 
oft; to write 

and use this wave function to calculate the average kinetic energy according to 

Letx~ = t;x1, ... , z'tv = t;zN, w1 = t; R 1, ... , w 111 = t; R111 and show that 

where 

Similarly, use the fact that all the terms in V (x 1, ••• , z N, R" ... , R111 ) are couJombic to 
show that 

(V} = (1/ICO I v 11/1(0}/(1/ICO 11/!Crn 

= t;(l/l(t; = 1) Iv 11/t(t; = I)}/(1/t(t; = 1) 11/t(t; = 1)} 

10-21. Instead of just minimizing E+(l;, R) numerically, we can do it analytically. Use Equa
tion I0.33 to show that the optimum value oft; as a function of w = t; R is given by 

dV+(w) 
- V+(w) - w -'---

dw 
t;=-------

dT (w) 
2T+(w) + w + 

dw 



Problems 

10-22. Realize thats in the previous problem is given as a function of w, not R. (Remember 
that w = s R.) Use a program such asMathCad or Mathematica to plot both s(w) and R(w) 
parametrically as functions of w to obtain a plot of s versus R. 

10- 23. In this problem, we shall prove that s ~ 2 as R ~ 0, as shown in Figure l 0.16. First 
show that 

as R ~ 0. Now show that 

I 
S(w) = l - 6w2 + O(w3

) 

2 
J(w) = - I+ -w2 + O(w3) 

3 

w2 
K(w) = - I+ - + O(w3

) 
2 

I w 2 

T+(w) = - - - + O(w3
) 

2 6 

l 2 2 3 
V+(w) = - - 2 + -w + O(w) 

w 3 

Substitute these results into s in Problem I 0-21 to obtain 

2w2 
s = 2 - - + O(w3

) 
3 

10-24. In this problem, we shall prove that s ~ I as R ~ oo, as shown in Figure l 0.16. First 
show that 

w2e-w 
S(w) = I - --

3 

.l(w) = e-2w 

K(w) = - we-w 

as R ~ oo. Now show that T(w) ~ 1/2 and V(w) ~ - 1. Substitute these results into s 
given in Problem 10-21 to show thats ~ I as R ~ oo. 

10-25. Plot 1/1+ and 1/f _given by Equations 10.24 and l 0.25 for several values of R along the 
internuclear axis. 

10-26. Show explicitly that ans orbital on one hydrogen atom and a Pz orbital on another have 
zero overlap. Use the 2~ and 2pz wave functions given in Table 7.5 to set up the overlap 
integral. Hint: You need not evaluate any integrals, but simply show that the overlap integral 
can be separated into two parts that exactly cancel one another. 

10-27. Show that IJ.E_ = (.! - K) /(I - S) for the antibonding orbital 1/f _ of Jfi. 
10-28. Show that 1/t given by Equation 10.38 is an eigenfunction of Sz = S, 1 + Sz2 with S, = 0. 
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10-29. Show that the determinantal wave functions in Equations 10.48 are normalized. 

10-30. The six wave functions given by Equations 10.49 are actually linear combinations of the 

determinantal wave functions given by Equations l 0.48. Show that 1/11 and 1/12 are the spatial 
parts of D 1 and D2, respectively; that two of 1/13, 1/f 4, or 1/ls are the spatial parts of D3 and D6; 
that the remaining one of 1/13, 1/14, or 1/15 is the spatial part of (D4 + D5)/Ji.; and that1/f 6 is the 
spatial partof(D4 - D5)/..J2. The reason that we take linear combinations (D4 ± D5)/..J2 

is because these combinations are eigenfunctions of S2. (We state this without proof.) 

10-31. Use the result of the previous problem to show that the complete wave functions (spin 

functions included) given by Equations 10.49 are 

I 
1/11 = ..J2ab(l)ab(2)[a(l),B(2) - a(2),B(l)] 

l 
1/12 = ..J2aa(l)aa(2)[a(l),8(2) - a(2),B(l)] 

1/13, 1/14, 1/ls = ~[ab(l)aa(2) - aa(l)ab(2)] h · [a(l),8(2) + a(2),B(l)] I 
a(l)a(2) 

-v2 ,B(l)fJ(2) 

Show that 

s, 1/11 = cs,, + s,2)1/11 = o 

Szi/12 = cs, , + s,2)1/12 = o 

s,1/13 = cs,, + s,2)1/13 = ll13 

Szi/14 = cs, , + s,2)1/14 = o 

sz 1/15 = csz 1 + s,2)1/15 = '115 

sz1/f6 = cs, , + s,2)1/16 = o 

It turns out that 1/13, 1/f 4, and 1/ls are wave functions of a triplet state and the others are wave 
functions of singlet states. 

10-32. Show that alJ six wave functions in the previous problem are antisymmetric. 

10-33. Use the symmetry argument developed in Example J 0-8 to show that H16 = 

(1/11 I fl 11/16} = 0for1/11and1/16 given in Equations 10.49. 

10-34. In this problem, we shall prove that if an operator fr commutes with fl, then matrix 
elements of fl, Hij = (1/1; I fl 11/lj}, between states with different eigenvalues of fr vanish. 

For simplicity, we prove this only for nondegenerate states. Let fr be an operator that 



Problems 

commutes with fl, and let its eigenvalues and eigenfunctions be denoted by ).. and 1/J ,_, 
respectively. Show that 

Now argue that HAJ..' = 0 unless ).. = >..'. For degenerate states, it is possible to take linear 
combinations of the degenerate eigenfi.mctions and carry out a similar proo( 

10-35. Determine the percentage of the correlation energy that the configuration-interaction 
calculation described in Section I 0.9 gives. 

10-36. Show that Equations l 0.61 through I 0.63 result when Equation 10.58 is substituted into 
Equation I 0.60. 

10- 37. Show that Equation 10.61 is the same as equation 2 of the appendix when we use 

1/11 = (ls A+ lss)/J2(l + S). 

10- 38. Substitute Equation 10.64 into Equation I 0.60 to derive Equation J 0.65 . 

10-39. Verify the entries in Table l 0.5 . 

10-40. Show that the normalization condition for Equation I 0.64 is ct+ 2c 1c2 SAs + c~ = l 
where SAB is the overlap integral involving </>A and </>s· 

10-41. Use a program such as MathCad or Mathematica to redo the Hartree- Fock- Roothaan 
calculation in Section 10.10, starting with c1 = c2. Explain why the result converges so 
rapidly. 

10-42. Why do the energies in Table l0.6 converge after three or four iterations but the 
coefficients in the wave function take five iterations? 

10-43. Use a program such as Math Cad or Mathematica to plot EMo given by equation 2 of 
the appendix against R for s = J, and compare your result to Figure 10.23. 

10-44. Use a program such as MathCad or Mathematica and the result of Problem 10-21 to 
determines as a function of w for EMo given by equation 2 of the appendix. Plots (w) and 
R(w) parametrically to gives plotted against R. Compare your result to that in Figure I 0.24. 

10-45. In this problem, we'll use the result of Problem J 0- 21 to show thats -4 27/16 as w -4 0 
for the molecular orbital calculation for H2 in the appendix. (See also Figure J0.24.) We'll 
use the fact that the definition of K'(w) in Table 10.8 has the following expansion: 

(See the reference to Abramowitz and Stegtm at the end of the chapter.) Using this expansion, 
first show that the second term in the definition of K' (w) (the one multiplied by 6/ w) goes 
to zero as w -4 0. (This is a good example of one in which you should keep track of the 
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order of the terms that you keep or ignore.) Now show that 

5 
K ' (w) = g + O(w) 

'( 5 J w) = - + O(w) 
8 

5 
L(w) = g + O(w) 

In Problem 10-23, we obtained 

I 
S(w) = l - - w2 + O(w3

) 
6 

2 
.T (w) = - I + - w2 + O(w3

) 
3 

w2 
K(w) = - 1 + - + 0(w3

) 
2 

Put this all together to show that 

and that 

T(w) = I + O(w) 

I 27 
V(w) =- - - + O(w) 

w 8 

Finally, use the result of Problem 10-2 l to show that 

s - 27/16 asw - 0 

10-46. This problem complements the previous problem in the sense that we'H show that 
s ~ 27 /32 as w ~ oo for the molecular orbital calculation for H2 done in the appendix. 
(See also Figure 10.24 and Example 10-6.) We 'II use the fact that 

e-x 1 2 
E i(x) - - (1 - - + O(x- )) 

x x 
asx - oo 

(See the reference to Abramowitz and Stegun at the end of the chapter.) Show that 

and that 

( ) 
27 l w 

V w - - - - - + O(we- ) 
16 2w 



References 

Now use the result of Problem I 0-21 to show that 

s - 27/ 32 as w- oo 

10-47. Show that all the integrals in Table I 0.8 go to zero as R ~ oo so that H 11 = H22 ~ 

s 2 - 271;/16, H12 ~ Ss/16, and E c 1 ~ s2 - s. 
10-48. In the Born- Oppenheimer approximation, we assume that because the nucle i are so 

much more massive than the electrons, the electrons can adjust essentially instantaneous ly to 
any nuclear motion, and hence we have a unique and well-defined energy, E (R), at each in

ternuclear separation R. Under this same approximation, £ ( R) is the internuclear potential 
and so is the potential fie ld in which the nuclei vibrate. Argue, then, that under the Born
Oppenheimer approximation, the force constant is independent of isotopic substitution. 
Using the above ideas, and given that the dissociation energy for H2 is Do = 430.3 kJ · mo1- 1 

and that the ftmdamental vibrational frequency v is 1.32 x I 014 s- 1, calculate Do and v for 
deuterimn, D2. Realize that the observed dissociation energy is given by 

j 
D0 = De - -hv 

2 

where De is the value of E (R) at Req . 
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CHAPTER 11 
Qualitative Theory of Chemical Bonding 

In the previous chapter, we discussed the chemical bonding in Hi and H2 in some 
quantitative detail. In the next chapter, we shall apply the Hartree- Fock- Roothaan 
method to polyatomic molecules, but before doing so, we shall discuss chemical 
bonding in a more qualitative manner in this chapter. In the previous chapter, we 
built a molecular wave function for the ground electronic state of H2 by placing both 
electrons in a bonding molecular orbital that we denoted by ab. The corresponding 
electron configuration is a~. We shall develop this procedure further and construct a 
set of molecular orbitals and then place electrons into these orbitals in accord with 
the Pauli exclusion principle and Hund's rules to build up molecular wave functions 
for diatomic molecules. This procedure is called molecular orbital theory, and you 
probably have learned some molecular orbital theory in other classes. We shall call the 
theory qualitative molecular orbital theory because we don't use it to make quantitative 
predictions like we do in Hartree- Fock- Roothaan theory, but using only rather general 
arguments and no detailed numerical calculations, we will be able to predict many 
interesting properties and trends for homonuclear diatomic molecules. For example, we 
will predict correctly that oxygen is a paramagnetic molecule, but we won't calculate 
the degree of paramagnetism numerically. 

Just as the electron configurations of atoms lead to atomic term symbols (Sec
tion 9.9), the electron configurations of molecules lead to molecular term symbols. In 
Section 11.4 we shall show how to determine molecular term symbols from electron 
configurations. Molecular term symbols are used to designate the various electronic 
states of molecules. They also designate the symmetry properties of molecules, which 
we shall discuss in Section 11.5. 

In the rest of the chapter, we discuss a simple theory of bonding in conjugated and 
aromatic organic molecules that in spite of its simplicity can be used to make many 
useful predictions. This theory, called Htickel molecular orbital theory, or usually just 
Hiickel theory, focuses on the rr electrons of conjugated systems. Although strictly 
speaking not a qualitative theory, it is used primarily to predict correlations and trends 
rather than precise numerical results. 559 
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11 .1 Molecular Orbitals Can Be Ordered According lo Their Energies 

In this section, we will construct a set of molecular orbitals and assign electrons to 
them in accord with the Pauli exclusion principle. This procedure will generate electron 
configurations for molecules similar to those discussed for atoms in Chapter 9. We will 
illustrate this procedure in some detail for homonuclear diatomic molecules and then 
present some results for heteronuclear diatomic molecules. 

We will use the LCAO- MO approximation and form molecular orbitals as linear 
combinations of atomic orbitals. Starting with the ls orbitals on each atom (as we did 
for a minimal basis set for H2 in the previous chapter), the first two (unnormalized) 
molecular orbitals we will discuss are 

if!±= ls A± l sB (11.1) 

These two molecular orbitals, which we called ab and aa in the previous chapter, are 
a orbitals as shown in Figure 11.1. Recall that a orbitals are symmetric about the 
internuclear axis, or have no nodal planes containing the internuclear (z) axis. 

+ 

o,,ls 

FIGURE 11.1 
The linear combination of two ls orbitals to give the bonding (er Ls or erg Ls) and antibonding 
molecular orbitals (er* ls or er" Is). The bonding orbital, erb, concentrates electron density in the 
region between the two nuclei, whereas the antibonding orbital, era, excludes electron density 
from that region and even has a nodal plane at the midpoint between the two nuclei. 

Because many combinations of atomic orbitals lead to a orbitals, we must identify 
which atomic orbitals constitute a particular a orbital. Molecular orbitals constructed 
from atomic L~ orbitals are denoted by a ls. Because a a ls orbital may be a bonding 
orbital or an antibonding orbital, we need to distinguish between the two possibilities. 



11.1. M olecu lar O rbita ls Can Be Ordered According to Their Energies 

There are two common ways to make this distinction. One way is to use the notation a11 Is 
and a11 Is, which, as in the previous chapter, indicates gerade and ungerade symmetry. 
We emphasize here, however, that the two molecular orbitals are built entirely from 
ls orbitals. The other way is to use a superscript asterisk to denote an antibonding 
orbital, so that the two orbitals in Figure I U are denoted by a Is (bonding) and a * ls 
(antibonding). Thus, we have two designations of the a Is orbitals: a Is and a * Is , or 
a

8 
Is and au ls. Both designations are commonly used, but we will use the g, u notation 

for molecular orbitals. Note that in the case of Is orbitals, the gerade symmetry leads 
to a bonding orbital and the ungerade symmetry leads to an antibonding orbital. 

Molecular orbitals constructed from other kinds of atomic orbitals are generated 
in a similar way. We saw in the previous chapter that accurate molecular orbitals 
are formed from linear combinations of many atomic orbitals, but here we use the 
simplest approximation, where only atomic orbitals of equal energies are combined to 
give molecular orbitals. Following the above approach for the a Is orbitals, the next 
combinations we consider are 2v A ± 2s8. These two molecular orbitals look similar 
to those plotted in Figure 11. l but are larger in extent because a 2s orbital is larger 
than a ls orbital. In addition, there are nodal spheres about each nucleus reflecting 
the radial nodes of the individual 2s wave functions (see Figure 7.2). Following the 
notation introduced above, the two molecular orbitals 2sA ± 2s8 are designated a82s 
and an2s. Because an atomic 2s orbital is associated with a higher energy than an 
atomic ls orbital, the energy of the a8 2s molecular orbital will be higherthan that of the 
a

8
Is molecular orbital. This difference can be demonstrated rigorously by calculating 

the energies associated with these molecular orbitals, as was done for the a
8 

Is and 
au Is molecular orbitals in Section 10.8. In addition, bonding orbitals are lower in 
energy than corresponding antibonding orbitals. This then gives an energy ordering 
a 

8 
Is < au ls < a 

8
2s < au 2s for the four molecular orbitals discussed so far. 

Now consider linear combinations of the 2p orbitals. Although a 2p orbital has 
the same energy as a 2s orbital in the case of atomic hydrogen, this is not true for 
other atoms, in which case E 2p > E 2s· As a result, the molecular orbitals built from 
2p orbitals will have a higher energy than the a82s and a112s orbitals. Defining the 
internuclear axis to be the z axis, Figures 11.2 and 11.3 show that the atomic 2 Pz orbitals 
combine to give a differently shaped molecular orbital than that made by combining 
either the atomic 2px or 2py orbitals. The two molecular orbitals 2pz,A ± 2pz,B are 
cylindrically symmetric about the internuclear axis and therefore are a orbitals. Once 
again, both a bonding orbital and an antibonding molecular orbital are generated, and 
the two orbitals are designated by a

8
2p2 and a112p2 , respectively. 

Unlike the 2 Pz orbitals, the 2 Px and 2p y orbitals combine to give molecular orbitals 
that are not cylindrically symmetric about the internuclear axis. Figure 11.3 shows that 
the y-z plane is a nodal plane in both the bonding and antibonding combinations of 
the 2px orbitals. As we learned in the previous chapter, molecular orbitals with one 
nodal plane that contains the internuclear axis are called n: orbitals. The bonding and 
antibonding molecular orbitals that arise from a combination of the 2px orbitals are 
denoted n:u2Px and n:

8
2p_p respectively. Note that the antibonding orbital n:

8
2px also 

has a second nodal plane perpendicular to the internuclear axis that is not present in the 
n:u2Px bonding orbital. The 2py orbitals combine in a similar manner, and the resulting 
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FIGURE 11 .2 
The <Yg2p, and a,,2p, molecular orbitals formed from linear combinations of the 2p, atomic 
orbitals. Note that the bonding orbital (ag2Pz) corresponds to the combination, 2pzA - 2pz8 , 

and that the antibonding orbital (a,,2pz) corresponds to the combination, 2PzA + 2PzB, in 
contrast to the corresponding combinations of s orbitals. The orange regions correspond to 
positive values, and the gray and black regions correspond to negative values of the molecular 
orbitals, respectively. 

z 

rr.,,2p, 

FIGURE 11.3 
The bonding 1l,.2p x and antibonding 1l g2Px molecular orbitals formed from linear combinations 
of the 2px atomic orbitals. The orange regions correspond to positive values, and the gray and 
black regions correspond to negative values of the molecular orbitals, respectively. 



11.1. Molecular Orbita ls Can Be Ordered According to Their Energies 

molecular orbitals look like those in Figure 11 .3 but are directed along the y axis instead 
ofthex axis. Thex- z plane is the nodal plane for the rru2Py and rrg2 Py orbitals. Because 
the 2px and 2py orbitals have identical energy and the resulting molecular orbitals differ 
only in their spatial orientation, the orbitals .rru2Px and rr,,2py are degenerate, as are 
n:

8
2px and n:

8
2py. Note that unlike the bonding a orbitals, the bonding rr orbitals have 

ungerade symmetry and the antibonding rr orbitals have gerade symmetry. 
The set of molecular orbitals that we have developed so far is enough to discuss the 

electron configurations of the homonuclear diatomic molecules H2 through Ne2. First, 
however, we need to know the order of these molecular orbitals with respect to energy. 
The order of the various molecular orbitals depends upon the atomic number (nuclear 
charge) on the nuclei. As the atomic number increases from three for lithium to nine 
for fluorine, the energies of the a

8
2p2 and rru2P.n n:11 2py orbitals approach each other 

and actually interchange order in going from N 2 to 0 2, as shown in Figure 11.4. The 
somewhat complicated ordering shown in Figure 11.4, which is consistent with calcu
lations and experimental spectroscopic observations, is reminiscent of the ordering of 
the energies of atomic orbitals as the atomic number increases. 

We will now use Figure 11.4 to deduce electron configurations of the homonuclear 
diatomic molecules H2 through Ne2. We shall do this by placing electrons into these 
orbitals in accord with the Pauli exclusion principle and Hund's rules, just as we did 

F I CURE 11.4 

* ++ ** ++ -ftft.* ** 
* * * 

The relative energies (not to scale) of the molecular orbitals for the homonuclear diatomic 
molecules Li2 through F2 . The rr11 2px and rr,,2py ·Orbitals are degenerate, as are the rr82px and 
rr8 2p" orbitals. 
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for many-electron atoms in Chapter 9. Recall from Section 9.11 that Hund's rules say 
that if orbitals are degenerate, then we place one electron into each orbital with parallel 
spins before we place two electrons into any one of the orbitals. 

11 .2 Electrons Are Placed inlo Molecular Orbitals in Accord wilh 
lhe Pauli Exclusion Principle 

For H2 through He2, we need to consider only the a g ls and au ls orbitals, the two 
molecular orbitals of lowest energy. Consider the ground-state electron configuration 
of H2 . According to the Pauli exclusion principle, two electrons of opposite spin are 
placed in the ag ls orbital. The electron configuration ofH2 is written as (ag L~)2 . The 
two electrons in the bonding orbital constitute a bonding pair of electrons and account 
for the single bond of H2 . 

Now consider He2. This molecule has four electrons, and its ground-state electron 
configuration is (agls)2(a11 1s)2. This assignment gives He2 one pair of bonding elec
trons and one pair of antibonding electrons. Electrons in bonding orbitals tend to draw 
nuclei together, whereas those in antibonding orbitals tend to push them apart. The re
sult of these opposing forces is that an electron in an anti bonding orbital approximately 
cancels the effect of an electron in a bonding orbital. Thus, in the case of He2, there 
is no net bonding. Simple molecular orbital theory predicts that diatomic helium does 
not exist. (Nevertheless, a very weakly bound molecule, with a bond energy of about 
0.01 kJ ·mo1- 1 and a bond length of about 6000 pm, was discovered in 1993.) 

The above results are formalized by defining a quantity called bond order by 

b d d _ ~ [ ( number of electrons) _ ( number of electrons ) ] 
on or er - . b d' b' I . 'b di b' 1 2 m on mg or 1ta s m anti on ng or 1ta s 

( 11.2) 

Single bonds have a bond order of one; double bonds have a bond order of two; and so 
on. The bond order for He2 is zero. As the following example shows, the bond order 
does not have to be a whole number; it can be a half-integer. 

EXAMPLE 11- 1 
Determine the bond order of Hei. 

SOLUTION: The ground-state electron configuration ofHeiis (ag ls)2(a11 Js ) 1, and so 
the bond order is 

I I 
bond order= -((2) - (I)] = -

2 2 

Table 11.1 gives the molecular orbital theory results for Ht, H2, Het, and He2. 

The qualitative theory that we are developing here does not give us the numerical value 
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T A BLEll.1 
Molecular Properties of Hi, H2, Hei, and He2 

Number of Ground-state Bond Bond Binding energy/ 
Species electrons electron configuration order length/pm kJ·mo1- 1 

Ht (agls) 1 1/2 106 269 

H2 2 (ag ls)2 75 458 

He+ 
2 3 (agls)2(a 11 Ls) 1 l/2 108 241 

He2 4 (ag ls)2(a 11 Ls)2 0 ~6000 ::::::0.01 

of the bond lengths and bond energies in Table 11.1, but it does give us the trends.We 
have to use the Hartree- Fock- Rootha.a.n method or some other numerical method to 
obtain actual numerical results. 

Now let's consider the homonuclear diatomic molecules Li2 through Ne2 . Each 
lithium atom has three electrons, so the ground-state electron configuration for Li2 is 
(a8 1~)2 (a,, ls)2(a

8
2s)2, and the bond order is one. We predict that a. diatomic lithium 

molecule is stable relative to two separated lithium atoms. Lithium vapor is known to 
contain diatomic lithium molecules, which have a. bond length of 267 pm and a bond 
energy of99.8 kJ·mo1- 1• (See Problems 11-ft and 11- 2.) 

Hartree-Fock- Roothaan contour maps of the electron density in the individual 
molecular orbitals and the total electron density in Li2 are shown in Figure 11.5. Each 
line in the contour maps corresponds to a fixed value of electron density. Contours 
a.re generally plotted for fixed increments of electron density. Thus, the distance be
tween contours provides information about how rapidly the electron density is changing. 
Figure 11.5 shows clearly that there is little difference between the electron densities 
of the a 8 ls and a,, ls molecular orbitals of Li2 and the electron densities of the two 
ls atomic orbitals of the individual lithium a.toms. This observation underlies the com
mon assumption that only electrons in the valence shell need be included in qualitative 
discussions of chemical bonding. In the case of Li2, the Is electrons are held tightly 
about ea.ch nucleus and do not participate significantly in the bonding. The ground
state electron configuration of Li2 can therefore be written as K K (a8 2s) 2, where K 
represents the filled n = l shell on a lithium atom. 

With increasing nuclear charge across the second row of the periodic table, the 
ls electrons are held even more tightly than are the ls electrons in lithium. Thus, to a 
good approximation, only the valence electrons need to be considered in writing elec
tron configurations of diatomic molecules beyond He2. The a 8 ls and a,, ls molecular 
orbitals a.re equivalent to the filled K shell on ea.ch a.tom. 

Diatomic boron is a particularly interesting case. This molecule has a total of 
six valence electrons (three from ea.ch boron atom). According to Figure 11.4, the 
ground-state electron configuration of B2 is K K (a8 2~)2 (a,, 2~)2 (n112pJ) 1(nu2Py) 1. As 
in the atomic case, Hund's rules apply, so we place one electron into ea.ch of the 
degenerate n,,2p orbitals such that their spins are parallel. Experimental measurements 
have determined that B2 does indeed have two llllpaired electrons (i.e., is paramagnetic). 
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Total 

a 2s g 

a
11
ls 

Electron-density contours for the molecular orbitals of Li2. Note that the electrons in the O'g Is 
and a11 ls orbitals are tightly held around the nucleus and do not participate to any large extent 
in the bonding. The electrons in tl1e ag2~ orbital are the ones responsible for the bonding in Li2. 

EXAMPLE 11- 2 
Use molecular orbital theory to pred.ict whether or not diatomic carbon exists. 

SOLUTION: The ground-state electron configuration of Ci is KK(ag2s)2(a112s)2 

(rr112px)2 (rr112p)2, giving a bond order of two. Thus, we predict that diatomic carbon 
exists. Experimental measurements have determined that C2 has no unpajred electrons 
(i.e., is diamagnetic). The correct prediction of the magnetic properties of B2 and C2 
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corroborates the ordering of the molecular orbital energies given in Figure 11.4 for 
Z = 5 and Z = 6. (See Problem 11-4.) 

The prediction of the correct electron configuration of an oxygen molecule is 
one of the most impressive successes of qualitative molecular orbital theory. Oxygen 
molecules are paramagnetic; experimental measurements indicate that the net spin of 
the oxygen molecule corresponds to two unpaired electrons of the same spin. The 
amount of oxygen in the air can be monitored by measuring the paramagnetism of 
a sample of the air. Because oxygen is the only major component in air that is para
magnetic, the measured paramagnetism of air is directly proportional to the amount 
of oxygen present. Linus Pauling developed this method, which was used to monitor 
oxygen levels in submarines and airplanes in World War II, and it is still used by 
physicians to monitor the oxygen content in blood during anesthesia. 

Let's see what molecular orbital theory has to say about this. The predicted ground
state electron configuration of 0 2 is K K (C1'82s)2(cr,,2s) 2(crg2p2 )

2(n:11 2p.r)2(n:112py)2 

(n:
8
2px) 1(n:

8
2py) 1• Because the n:

8
2px and n:

8
2py orbitals are degenerate, according to 

Hund's rule, we place one electron in each orbital such that the spins of the electrons are 
parallel. The occupation of the other molecular orbitals, K K(cr82s)2 (cr11 2~)2 (cr82p2)2 
(n:u2Px) 2(n:,,2py)2 , generates no net spin because all these occupied molecular orbitals 
contain two spin-paired electrons, so we predict that 0 2 in its ground state has two 
unpaired electrons. Thus, the molecular orbital configuration correctly accounts for the 
paramagnetic behavior of the 0 2 molecule. 

We can use molecular orbital theory to predict relative bond lengths and bond 
energies, as shown in Example 11- 3. 

EXAMPLE 11-3 
Discuss the relative bond lengths and bond energies of Oi, 0 2, 02, and o~-. 

SO LUTION: 0 2 has 12 valence electrons. According to Figure l l.4, the ground-state 
electron configurations and bond orders for these species are as follows: 

Ground-state electron configuration 

Oi K K (crg2s)2(cr112s)2(crg2Pz)2(n,,2px)2 (n112p.l,)2(ng2Px) 1 

02 K K (crg2s )2(cr,,2s )2(crg2Pz)2(rr112 Px )2(n112p.l,)2(ng2Px) 1(rrg2p.\,) 1 

02 K K ( crg2s )2( cr11 2s )2(crg2Pz)2 (rr112p,.)2 (rr112p.l,)2 (rrg2Px)2 (rr g2P y) 1 

0~- K K ( crg2s )2
( cr11 2s )2(crg2Pz)2 (n112px )2 (rr112 p.l,)2(ng2Px )2(rr g2p.l,)2 

Bond order 

We predict that the bond lengths decrease and the bond energies increase with 
increasing bond order. This prediction is in nice agreement with the experimental 
values, which are as follows: 
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Bond order Bond length/pm Bond energy/kJ ·mo1- 1 

o+ 
2 

21 
2 112 643 

02 2 121 494 

o-
2 

1.!. 
2 135 395 

o2-
2 149 

Note that removing an electron from 0 2 produces a stronger bond, in agreement with 
the MO prediction. 

Figure 11.6 illustrates the correlation between the predicted bond orders and the 
experimentally measured bond lengths and bond energies of the homonuclearmolecules 
B2 through Ne2. The results for the diatomic molecules of the elements in the second 
row of the periodic table are summarized in Table 11.2. 
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f I GU RE 11.6 
Plots of various bond properties for the homonuclear diatomic molecules B2 through Ne2. 
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T A B LE 11.2 
The Ground-State Electron Configurations and Various Physical Properties of Homonuclear 
Diatomic Molecules of Elements in the Second Row of the Periodic Table 

Ground-state Bond Bond Bond energy/ 
Species electron configuration order length/pm kJ·mo1- 1 

Li2 KK (ag2s)2 267 99.8 

Be2 K K (ag2s)2(a112s)2 0 245 ~ 9 

B2 K K (ag2s)2(a112s)2(7r112px) 1(7r112py) 1 159 289 

C 2 K K (ag2s )2(a112s )2 (7r112px)2 (7r112p.l,)2 2 124 599 

N2 K K (ag2s )2(a112s )2(7r112p_J2(7r112p y)2(ag2P z)2 3 110 942 

02 K K (ag2s )2 (a112s )2 (ag2p,)2(7r112 Px )2 (7r112py)2 2 121 494 
(7r g2Px) I (7r g2Py) I 

F2 K K (ag2s )2(a112s )2(ag2Pz)2(7r112 Px )2(7r112py)2 

(7r g2Px )2(7rg2Py)2 
141 154 

Ne2 K K (ag2s )2(a112s )2 (ag2p,)2(7r112p x)2 (7r112py)2 0 

(7r g2P x)2(7rg2P) 2
( C1112Pz)2 

The idea of atomic orbitals and molecular orbitals is rather abstract and sometimes 
appears far removed from reality. It so happens, however, that the electron configu
rations of molecules can be demonstrated experimentally. The approach used is very 
s imilar to the photoelectric effect discussed in Chapter I. If high-energy electromag
netic radiation is directed into a gas, electrons are ejected from the molecules in the gas. 
The energy required to eject an electron from a molecule, called the binding energy, is a 
direct measure of how strongly bound the electron is within the molecule. The binding 
energy of an electron within a molecule depends upon the molecular orbital the elec
tron occupies; the lower the energy of the molecular orbital, the more energy needed to 
remove an electron from that molecular orbital. 

The measurement of the energies of the electrons ejected by radiation incident on 
gaseous molecules is called photoelectron spectroscopy. A photoelectron spectrum of 
N2 is shown in Figure I 1.7. According to Figure 11.4, the ground-state configuration of 
N2 is K K (cr

8
2s)2(au2s)2(rr,,2px)2 (rru2Py) 2(a

8
2p2 )

2. The peaks in the photoelectron 
spectrum correspond to the energies of occupied molecular orbitals. Photoelectron 
spectra provide striking experimental support for the molecular orbital picture being 
developed here. 
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0
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I I ~~'~~~~~~~~~ 
40 38 v 4 3 2 
Ionization energy I Ml. mol- 1 

FIGURE 11.7 
The photoelectron spectrum ofN2. The peaks in this plot are caused by electrons being ejected 
from various molecular orbitals. 

11 .3 Molecular Orbital Theory Also Applies to 
Heteronuclear Diatomic Molecules 

The molecular orbital theory we have developed can be extended to heteronuclear 
diatomic molecules. It is important to realize that the energies of the atomic orbitals on 
the two atoms from which the molecular orbitals are constructed will now be different. 
This difference must be considered in light of the approximation made earlier that 
only orbitals of equal energy combine to give molecular orbitals. For small changes 
in atomic number, the energy difference for the same atomic orbital on the two bonded 
atoms is small (e.g., CO and NO). For many heteronucleardiatomicmolecules (e.g., HF 
and HCl), however, the energies of the respective atomic orbitals can be significantly 
different, and we will need to rethink which atomic orbitals are involved in constructing 
the molecular orbitals for such molecules. 

Let's consider a cyanide ion (CN- ) first. The atomic numbers of carbon (6) and 
nitrogen (7) differ by only one unit, so the energy ordering shown in Figure 11.4 may 
still be valid. The total number of valence electrons is 10 (carbon has four electrons 
and nitrogen has five electrons in the n = 2 shell), and the overall charge on the ion 
is -1. Accordingly, the ground-state electron configuration of CN- is predicted to be 
K K (a 82s)2(a,,2~)2 (n:,,2p_J2(n:,,2py) 2(ali2p2)2 , with a bond order of three. 

EXAMPLE 11- 4 
Discuss the bonding in a carbon monoxide molecule. CO. 

SO LUTION: A CO molecule has a total of LO valence electrons. Note that CO is 
isoelectronic with N2• The ground-state electron configuration of CO is therefore 
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K K(ag2s)2 (a 112s)2(rc,,2px)2(rc,,2py) 2(ag2p2 )
2, so the bond order is three. Because 

both N2 and CO have triple bonds and because all three atoms (N, 0 , C) are approx
imately the same size, we expect that the bond length and bond energy of CO are 
comparable with those ofN2. The experimental data are as follows: 

Bond length/pm Bond energy/kl· mo1- 1 

I I 0 

113 

942 

I 071 

The bond strength of CO is one of the largest known for diatomic molecules. 

Figure 11.8 presents the photoelectron spectrum of CO. The energies of the molec
ular orbitals are revealed nicely by these data. In addition, the photoelectron spectrum 
exhibits peaks characteristic of the atomic ls orbitals on carbon and oxygen. Notice the 
high binding energy of the ls atomic orbitals. This energy is a result of their being close 
to the nuclei, and these data further verify that the ls electrons do not play a significant 
role in the bonding of these molecules. 

Now consider the diatomic molecule HF. This molecule illustrates the case in which 
the valence electrons on the atoms occupy different electron shells. The energies of the 
valence electrons in the 2s and 2p atomic orbitals on the fluorine atom are - 1.572 Eh 
and - 0. 730 Eh, respectively (Problem 11- 20), and the energy of the valence electron in 
the ls atomic orbital on the hydrogen atom is - 0.500 Eh. Because the 2p atomic orbitals 

x2 

___...___..I _~ I I ty---~--..._--~--~---
52.5 52 29 28.5 4 3 2 

Io nization energy I MJ · mol - 1 

F I GURE 11.8 
The photoelectron spectrum of CO. The energies associated with various molecular orbitals are 
identified. The ag Is and er,, ls orbitals are essentially the Is electrons of the oxygen and carbon 
atoms, respectively. The relatively large binding energies of these electrons indicate that they 
are held tightly by the nuclei and play no role in bonding. 
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on fluorine are the closest in energy to the ls orbital on hydrogen, a first approximation 
to the molecular orbital would be to consider linear combinations of these orbitals. But 
which 2p atomic orbital should be used? 

Defining the z axis as the internuclear axis, Figure 11.9 shows the overlap of the 
fluorine 2p2 and 2px orbitals with the hydrogen ls orbital. The fluorine 2py orbital 
overlaps the hydrogen ls orbital in a similar manner as the 2px orbital, except that it 
is directed along the y axis instead of the x axis. The hydrogen ls and fluorine 2p2 

orbitals overlap constructively, so we can use linear combinations of these two orbitals. 
However, because of the change in sign of the 2px (2py) orbital with respect to the 
y-z plane (x- z plane) and the constant sign of the hydrogen ls orbital, the net overlap 
between the 2px (2py) orbital on fluorine and the ls orbital on hydrogen is zero for all 
internuclear distances. Thus, a first approximation to the molecular orbital would be 
the linear combinations of the fluorine 2p2 and hydrogen ls orbitals: 

(11.3) 

The molecular orbitals given by Equation 11.3 describe electron densities that are 
symmetric about the internuclear axis, so both are a molecular orbitals (one bond
ing, ab, and one antibonding, aa). Figure 11.10 shows the molecular orbital energy
level diagram for HF. (The lsp and 2sp orbitals are not shown.) The six lsH and 
2pp electrons occupy the three lowest energy orbitals in Figure 11.10 in accord with 
the Pauli exclusion principle, so the ground-state electron configuration of HF is 

(lsp)2(2sp) 2
(ab)

2(2PxF)2(2PyF)2
. The 2sF, 2PxF> and 2PyF orbitals are nonbonding or

bitals and constitute the lone electron pairs, and ab constitutes the single bond in the 
Lewis formula of HF. 

F I GURE 11.9 
The overlap of the fluorine 2pz and 2px orbitals with a hydrogen ls orbital. Because of the 
change in sign of the 2px orbital, the net overlap between the 2px orbital and hydrogen 'Ls orbital 
is zero for all internuclear distances. A set of two a molecular orbitals results from the overlap 
of the fluorine 2pz orbital and the hydrogen ls orbital. Only the bonding a orbital, ab, is shown. 
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A molecular orbital energy-level diagram of HF. The fluo1ine ls and 2s orbitals are not shown. 
Note that the 2PxF and 2PyF orbitals are nonbonding orbitals. 

11.4 The Electronic States of Molecules Are Designated by 
Molecular Term Symbols 

In Section 9.9, the electronic states of atoms were designated by atomic term symbols. 
The electronic states of molecules are also designated by term symbols. An atom has 
spherical symmetry and so the total orbital angular momentum operator L2 commutes 
with the Hamiltonian operator. Therefore, the total orbital angular momentum is con
served and L is a good quantum number. Recall that an atomic term symbol has the 
value of L as its central feature. A diatomic molecule has only cylindrical symmetry 
about its z axis (the internuclear axis) and so the z component of the total orbital angular 
momentum L2 commutes with the Hamiltonian operator. Therefore, the z component 
of the total orbital angular momentum is conserved and ML, the value of the z com
ponent, is a good quantum munber. We 'll see below that the value of ML is the central 
feature of a molecular term symbol. 

Molecular term symbols happen to be easier to deduce than atomic term symbols. 
The primary reason for this is that we deal with the z component of the total orbital 
angular momentum for molecules, whereas we deal with the total orbital angular 
momentum for atoms. In the molecular case, we deal with scalar quantities, while in 
the atomic case, we have to deal with vector quantities. 

Before going on to determine molecular te1m symbols from molecular electron 
configurations, we shall generalize the notation that we are using for molecular orbitals. 
The molecular orbital scheme that we have presented thus far is the simplest possible 
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molecular orbital formulation, in the sense that each of the molecular orbitals in 
Figures 11. l through 11.3 is formed from just one orbital on each nucleus. As we have 
seen in Section l 0.9, however, instead of using simply if! = Is A± ls8 , we can use a 
molecular orbital trial function of the form 

to achieve much better results. Because such calculations are done using linear com
binations of many atomic orbitals, the molecular orbital designations such as a 

8 
ls and 

a,,2p2 lose their significance, and molecular orbitals are more appropriately designated 
as the first a

8 
orbital (la8 ), the second a,, orbital (2a11) , the second rru orbital (2rr11) 

and so on. Using this notation, for example, the electron configuration of N2 becomes 
( la

8
) 2(la11 )

2(2a
8

) 2(2a1,)2(lrru)2(lrru)2(3a
8

) 2 instead of that given in Table 11.2. 
To determine molecular term symbols, we first calculate the possible values for 

the z component of the total orbital angular momentum, ML> which is the sum of the z 
components of the orbital angular momenta of the electrons occupying the molecular 
orbitals: 

(11.4) 

where m1 = 0 for a a orbital, m1 = ± l for arr orbital, and so on. The various values of 
IMLI are associated with capital Greek letters according to the following: 

IMil Letter 

0 ~ 

IT 

2 ~ 

3 <I> 

Once ML has been dete1mined, we then determine the possible values for the total 
z component of the spin angular momentum, Ms: 

M S = m.d + m s2 + ... (11.5) 

For S = 0, Ms = O; for S = 1/ 2, Ms=± 1/ 2; for S = 1, Ms = ±1, 0, and so on. Hence, 
as for atoms, the total spin S can be determined from the obtained values of Ms· For a 
particular set of ML and S, the molecular term symbol is then represented by 

The superscript 2S + l is the spin multiplicity and indicates the number of values of Ms 
for a particular value of S. Recall that the state is called a singlet if2S + 1 = I, a doublet 
if 2S + 1 = 2, a triplet if 2S + I = 3, and so on. The determination of molecular term 
symbols from molecular orbital electron configurations is best illustrated by example. 
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Consider the H2 molecule first. The ground-state electron configuration of H2 is 
( la

8
) 2, so m1 = 0 for each electron in the occupied a orbitals. Therefore, 

ML=0 + 0=0 

The spins of the two electrons must be paired to satisfy the Pauli exclusion principle, 
so 

l I 
Ms= +--- =0 

2 2 

Because the only value of Ms is 0, S must equal zero. Therefore, the term symbol for 
the ground-state electron configuration of H2 is 1 L: (a singlet sigma state). 

EXAMPLE 11-5 
Deduce the term symbols for Hei and He2. 

SOLUTION: Hei: The ground-state electron configuration is (lag)2(1a,,) 1. We need 
to consider the values of m1 and m., for all three electrons. The possible values are listed 
below. 

m11 =0 m.<1= + 1/2 

m12 =0 m_.2 = - 1/2 

tn13 = 0 ms3 =±1/2 

ML=O Ms=±l/2 

The fact that ML= 0 says that we have a ~ state. The Ms= ±1/ 2 corresponds to the 
two projections of S = 1/2, so the term symbol for the ground state ofHei is 2 ~ (a 
doublet sigma state). 

He2: The ground-state electron configuration is ( lag)2( la,,)2. In this case, ML= 0 
and Ms = 0. Therefore, the term symbol for the ground state ofHe2 is 

1 ~. 

Now consider B2. This molecule is more complicated and illustrates the general 
case that needs to be considered. The ground-state electron configuration of B2 is 
(la8) 2(la,,)2(2a1)2(2a,,)2(17T,,x) 1(17T,,y) 1• Because the first four molecular orbitals of 
B2 have ML= 0 and Ms= 0, only the two electrons that occupy the 1JT11 orbitals need 
be considered. The lrr11 orbitals are doubly degenerate and, according to Hund 's rules, 
each of these two electrons occupies its own l7Tu orbital and thus can have m1 = ±I and 
ms = ± 1/2. To determine the term symbol for the molecular electronic state, we use 
the same approach introduced for determining atomic term symbols. For the electron 
configuration (!JT11.J' (!JT11y) 1, the allowed values for ML are 2, 0, and - 2, and Ms can 
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take on values of 1, 0, and - 1. We now construct a table of all possible combinations 
of (m11 , ms 1) and (m12 , m.d that correspond to the possible values of ML and Ms· 

Ms 

1 0 - 1 

2 ~ l +, i- -t=:-t=-
' 

ML 0 i+, - 1+ i+, - 1- ; i- , - 1+ i - , - 1-

- 2 !'*' 
' 

l~- - 1+, - 1- 1-
' 

1-

In the entries of the above table, the superscripts + and - are used to designate 
the spin quantum numbers of ms = + 1/ 2 and ms = - 1/ 2, respectively. The numbers in 
each entry are the corresponding m1 quanhtm numbers. For example, the entry i+, - 1+ 
corresponds to m11 = 1, m.51 = 1/ 2 and m12 = - 1, ms2 = 1/2, or ML= m11 + m 12 = 0 
and Ms = m.51 + ms2 = 1. Not all the entries in the above table are allowed. The 
Pauli exclusion principle requires that no two electrons in the same orbitals have the 
same set of quantum numbers; hence the configurations 1 +, 1 +; 1- , 1- ; - 1+ , - 1 +; and 
- 1- , - 1- do not correspond to allowed quantum states and are crossed out. This leaves 
the following combinations of (m/J, ms1) and (m12 , msi) from which the allowed term 
symbols are to be derived. 

Ms 

0 

l +, 1-

- 1 

1+ , - 1+ i+, - 1- ; i- , - 1+ 1- , - 1-

- 1+, - 1-

Looking across the middle row, we have three configurations 1+, - 1+; i+, - 1- (or 
i-, - 1+); and i - , - 1- that correspond to ML= 0 and Ms= 1, 0, - 1, or a 31: state. 
This leaves the following: 

Ms 

0 - 1 

2 i+, 1-

Mi 0 i - , - 1+ 

- 2 - 1+, - 1-

Two of the remaining terms in the column (1+, 1- and - 1+, - 1- ) correspond to 
ML = 2 and - 2 (I M LI = 2) and Ms= 0, or to a 1 ~ state. The remaining term (1- , - 1+) 
corresponds to ML= 0 and Ms= 0 or to a 11: state. We find that there are three possible 
molecular states, 1 ~ , 31: , and 11:, for B2. Because Hund's rules apply to molecular 
electronic states as well as to atomic electronic states, the state with the largest spin 
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multiplicity will be the ground state ofB2. Thus, we predict that the ground state ofB2 
is a 3L state. 

EXAMPLE 11-6 
Deduce the term symbols for the ground states of 0 2 and ot. 
SO LUTION: The ground-state electron configuration of 0 2 is (Table 11.2) (lag)2 

(la,.)2(2ag)2(2a,.)2(3ag)2(17r,.x)2(17r,,")2(L7rg.x) 1(17rgy) 1. The only electrons that we 
need to consider in determining the molecular term symbol are the two that occupy the 
l7rg orbitals. This is identical to what we just discussed for the molecule B2. Thus, we 

know that according to Hund's rule, the term symbol for the ground state of 0 2 is 32;. 

The ground-state electron configuration of OI is (Example 11-3) ( lag)2(1a11)
2 

(2ag)2(2a
11

)
2(3ag)2( 17r,.x)2(17r,,")2(17rgx) 1. The only electron we need to consider in 

determining the term symbol is the one electron in the l7rg orbital. The allowed values 
of m1 and m.1 for an electron in a 17rg orbital are m 1 = ± 1 and ms = ± 1/2. These values 

correspond to ML = I and Ms = l /2, or a term symbol of 2n. 

11 .5 Molecular Term Symbols Designale the Symmelry Properties 
of Molecular Wave Functions 

Term symbols are also used to denote symmetry properties of molecular wave functions. 
For homonuclear diatomic molecules, inversion through the point midway between the 
two nuclei leaves the nuclear configuration of the molecule unchanged and so its con
stituent molecular orbitals have gerade or ungerade symmetry. Because a molecular 
electronic wave function consists of products of molecular orbitals of g and u symme
try, the overall molecular wave function must be either gerade or ungerade. Consider the 
s implest case of the product of two molecular orbitals. If both orbitals are gerade, the 
product is gerade. If both orbitals are ungerade, the product is also gerade because the 
product of two odd functions is an even function. If the two orbitals have opposite sym
metry, the product is ungerade. The resultant symmetry is indicated by either a g or a u 
right subscript on the molecular term symbol. For example, the ground-state electron 
configuration of 0 2 is ( la1/ (la11,)2(2a8 )2 (2a11 )

2(3a8 )2 (lrr11x)2(lrr11y)2(lrr8x) 1(lrr8y) 1. 

As usual, we can ignore completely filled orbitals and focus on (lrr
8
x) 1(lrr

8
y) 1. Ac

cording to Figures 11.2 and 11.3, the symmetry of (lrr8) 1(lrrg) 1 is g · g = g, so the 
molecular term symbol for the ground electronic state of 0 2 is 3L

8
. Similarly, that for 

O+ . 2n 
2 IS g· 

EXAMPLE 11 -7 
Determine the symmetry designation (g or u) for the term symbol of the ground-state 

electron configuration of B2. 
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SOLU TI ON: The ground-state electron configuration is (lag)2(1a11 )
2(2ag) 2(2a,,)2 

(3ag)2(br11,.)
1(lrr11y) 1

, corresponding to a term symbol of 3L;. As usual, we can ig
nore completely occupied orbitals, so the product of the symmetry of the molecular 
orbitals occupied by the two unpaired electrons is u · u = g, so the term symbol is 3L;g· 

The term symbols for heteronuclear diatomic molecules do not have a g or u 
designation because these molecules do not possess inversion symmetry. In addition 
to the glu designation on the term symbols for homonuclear diatomic molecules, I: 
electronic states are labeled with a + or - right superscript to indicate the behavior of 
the molecular wave function when it is reflected through a plane containing the nuclei. 
Because a orbitals are symmetric about the internuclear axis, they do not change sign 
when they are reflected through a plane containing the two nuclei. Figure 11.11 shows 
that one of the doubly degenerate rr,, orbitals changes sign and the other does not. 
Similarly, one of the doubly degenerate rr

8 
orbitals changes sign and the other one does 

not (see Figure 11.11 ). Using these observations, we can determine whether or not a I: 
electronic state is labeled with a + or - superscript. 

FI G URE 11.11 
The behavior of the two lrr,, orbitals with respect to a plane containing the two nuclei, which we 
arbitrarily choose as the y-z plane. (See Figure J 1.3.) 

EXAMPLE 11- 8 
Determine the complete molecular term symbol of the ground state of 0 2. 

SOLUTI ON: According to Example l 1- 6, the molecular term symbol of02 without 
the ± designation is 3L;g· The electron configuration is (filled orbitals) ( brgx) 1( lrrg.Y• 
so the symmetry with respect to a reflection through the x- z plane is (+ )(- ) = ( - ). 
Therefore, the complete term symbol for the ground state of 0 2 is 3L;i · 

EX AMPL E 11 - 9 
Determine the sign designation (+ )or ( - ) for the ground-state electron configuration 
ofHei. 
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SOLUTION: The grotmd-state electron configuration of Hef is ( lag)2( la,i, corre

sponding to a term symbol of 1 '.E11 • Because the lag and Ja11 orbitals are unchanged 
upon reflection through a plane containing the two nuclei, the total wave function is 
tmchanged. As a result, the complete term symbol for the ground state ofHef is 1 '.E;;. 

Table 11.3 lists the term symbols of the ground states of a number of homo
nuclear diatomic molecules and Problem 11- 23 involves the determination of these 
term symbols. 

T AB l E 11.3 
The Ground-State Electron Configurations and Term Symbols for the First- and Second-Row 
Homonuclear Diatomic Molecules. (Compare these electron configurations to those given in 
Table 11.2.) 

Molecule 

Hf 

H2 

Hei 
Li2 

B2 

C2 

Ni 
N2 

ot 
02 
F2 

Electron Configuration 

( lag) 1 

(lag)2 

(lag)2(1a11)
1 

( la g)2 ( la")2(2a g) 2 

(Iag)2 ( la11)
2 (2ag)2(20'11)

2( br11) 
1( lir11 )

1 

(lag )2 ( lau)2 (2a g) 2(20',,) 2( lir" )2 ( lir" )2 
22 2 2 2 2 I ( lag) ( la11) (2ag) (2a11) (lir11 ) (lir11 ) (3ag) 

(Ia g)2 (la11)
2 (2a g) 2(20'11) 

2( br,,)2 (hr11 )
2(3ag )2 

(lag )2 ( la11)
2 (2a g) 2(20',,) 2(30' g )2 ( lir11) 

2( br11 )
2 ( lir g) 1 

( lag )2 ( la11)2(2a g)2(2a11)
2(30' g )2(Jir,,) 2( l7T11 )

2 (lir g) 1 ( L7r g) 1 

(Ia g)2 (la11)
2 (2a g) 2(20'11) 

2(30' g)2 (hr11) 
2( lir11 )

2(lir g)2 (!Jr g)2 

Term Symbol 

So far we have considered mostly the ground electronic states of diatomic mole
cules. As we have seen, the electron configuration of the ground electronic state ofH2 
is (la 

8
) 2, whose molecular term symbol is 1 I: i. The first excited state has the electron 

configuration (la
8

) 1 (la,Y, which, as Example 11- 10 shows, gives rise to the term 

symbols 1I;t and 3I;t 

EXAMPLE 11-10 
Show that the electron configlll'ation (lag) 1(la11 ) 

1 gives rise to the term symbols 1'.E;; 
and 3 '.E+. 

II 

SOLUTION: The values ofm1are0 for both electrons, so ML= 0. The possible values 
of m .. 1 and m"2 are m.d = ±1/2 and m .. 2 = ±l/2, respectively, and so Ms= I, 0, - 1. 
We now construct a table of all possible combinations of (m11, ms 1) and (m12 , m,2) that 
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correspond to the possible values of M L and Ms. 

Ms 

0 - 1 

ML o o+, o+ o+, o-;o-, o+ o-, o-

Looking across the table, we see that the entries o+, o+; o+, o- (or o-, o+); and o-, o
correspond to ML = 0 and Ms = l, 0, and - 1, implying that S = l and giving a 3L: 
state. The remaining entry o-, o+ (or o+, o- ) corresponds to ML = 0 and Ms = 0, or 

a 1 I: state. 
The product lc:rg x la,, leads to a u state, so we have the states 3L:,, and 1 I:,,. 

Furthermore, both the O'g and c:r,, orbitals are symmetric with respect to a reflection 
through a plane containing the two nuclei, so the complete molecular term symbols 
are 3L:+ and 1 I:+. 

ll u 

Figure 11.12 shows the internuclear potential energy curves of the ground state 
and two excited states of H2. Note that the triplet state corresponding to an electron 
configuration of (la

8
) 1 ( la11 ) 

1 (a 3 L.: state) is always repulsive. The second excited state 
shown in Figure 11.12 corresponds to an electron configuration of (Ia

8
) 1(2a

8
) 1, or a 

- 0.500 

-0.625 
H ts + H2s 

H 1 .. +H 1s 

0 2 6 8 

FIGURE 11.12 
The internuclear potential energy curves of the ground state and t\vo of the excited electronic 
states of H2• Note that the two lowest curves go to - I £ 11 at large distances, indicating two 
isolated grotmd-state hydrogen atoms. (The ground state ofa hydrogen atom is - 1/ 2 Eh.) The 
other excited state shown dissociates into one ground-state hydrogen atom and one excited-state 
hydrogen atom with its electron in the atomic 2s orbital (Problem 11 - 25). 
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term symbol of 1 I:;. Like the ground-state H2 molecule, this excited state has a bond 
order of one. Because the 2a 

8 
orbital is larger than the la 

8 
orbital, however, we would 

predict that the bond length ofH2 is longer in this excited state than in the ground state. 
Experimental measurements confirm this prediction; the bond length is ~ 35% longer 
in this 1 I:; excited state than it is in the ground state. 

11 .6 Conjugated Hydrocarbons and Aromalic Hydrocarbons 
Can Be Trealed by a n--Electron Approximalion 

The molecular orbital energy-level diagram of the valence electrons in ethene, C2H4, 

is shown in Figure 11.13, and the photoelectron spectrum of ethene is shown in Fig
ure 11.14. Ethene has twelve valence electrons, so its ground-state valence electron 

c 
orbita l s 

FIGURE 11.13 

CzH4 
orbitals 

H 
orbita l s 

The molecular orbital energy-level diagram for the valence electrons of C2H4 . The first five 
orbitals are er orbitals, the sixth (HOMO) is a rr11 orbital, and the seventh (LUMO) is a n8 orbital. 
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1.0 1. 4 l. 8 2 .2 2 .6 

Io nizat io n e nergy I MJ 0 mo1- 1 

FIGURE 11.14 
The photoelectron spectrum of ethene. The energies of the peaks in the photoe\ectron spectrum 
can be used to determine the energy spacings between the lowest six molecular orbitals in 
Figure 11.13. 

configuration is (2a
8

) 2(2b1i,)2(lb2,.)2(lb38) 2(3a
8

) 2(lb3u)2. We simply consider la
8

, 

2b1u, etc., to be a shorthand notation for the molecular orbitals. Although not evi
dent from the notation, the lowest five states in Figure 11. 13 are a orbitals; the sixth 
state, the highest occupied molecular orbital (HOMO), is a rru orbital, and the seventh 
state, the lowest unoccupied molecular orbital (LUMO), is a rr

8 
orbital, as indicated in 

the figure. Figure 11.13 shows that the transition from the highest occupied molecular 
orbital to the lowest unoccupied molecular orbital is a rr11 ---+ rrR transition. It turns out 
that this is the case for all unsaturated hydrocarbons; the chemically active electrons 
are the rr electrons. This observation suggests that we can develop a simplified molec
ular orbital treatment of unsaturated hydrocarbons that includes only the rr orbitals. In 
this approximation, the relatively complicated energy-level diagram in Figure 11.13 
consists of simply two molecular orbitals, a rr11 orbital and arr 8 orbital (Figure 11.16). 

Ethene is a planar molecule, all of whose bond angles are approximately 120°. You 
learned in organic chemistry that the carbon atoms in ethene forms p 2 hybrid orbitals 
and that each C- H bond results from an overlap of the ls hydrogen orbital with an 
sp2 hybrid orbital on each carbon atom. Part of the C-C bond in ethene results from the 
overlap of ans p 2 hybrid orbital from each carbon atom. All five bonds are a bonds and 
collectively are called the a-bondframework of the ethene molecule (Figure 11.15). If 
this a-bond framework lies in the x-y plane, thus implying thatthe2px and 2p.v orbitals 
are used to construct the hybrid orbitals, then the overlap of the 2p2 orbitals, which are 
perpendicular to the plane of the a-bond framework, produces arr bond between the 
carbon atoms. We shall see that in large systems, such as conjugated polyenes and 
benzene, the rr orbitals can be delocalized over the entire molecule. In such cases, 
we could view the rr electrons moving in some fixed, effective, electrostatic potential 
due to the electrons in the a framework. This approximation is called the Tr-electron 
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ls l s 

~ 
sp2 sp2 7 sp2 sp2 

c t ! c 

~ sp2 sp2 ~ 
H~ VH 

Is I s 

F I GURE 11.15 
The (planar) a-bond framework of an ethene molecule. 

approximation. The Jr-electron approximation can be developed formally by starting 
with the Schrodinger equation, but we will simply accept it here as a physically intuitive 
approach to the bonding in unsaturated hydrocarbons. 

We now turn our attention to describing the delocalized molecular orbitals occupied 
by these rr electrons. Realize that the Hamiltonian operator we are considering contains 
an effective potential due to the electrons in the a framework and that the explicit form 
of this effective Hamiltonian operator has not been specified in our treatment so far, 
nor will we need to. With this in mind, let's return to ethene. Here, each carbon atom 
contributes a 2p2 orbital to the delocalized rr orbital, and using the same approach as 
we used to describe the a bond of the wave function ofH2, we would write the wave 
function of the rr orbital of ethene, 1/t :n:, as 

The secular determinant associated with this wave function is 

I 
H11 - ES11 

H 12 - ES12 

(I 1.6) 

(11.7) 

where the Hi.i are integrals involving the effective Hamiltonian operator and the S;j are 
overlap integrals involving 2p2 atomic orbitals. Because the carbon atoms in ethene 
are equivalent, H 11 = H22. The diagonal matr ix elements of the effective Hamiltonian 
operator in the secular determinant are called Coulomb integrals, and the off-diagonal 
matrix elements of the effective Hamiltonian operator are called resonance integrals 
or exchange integrals. Note that the resonance integral involves two atomic centers 
because it has contributions of atomic orbitals from two different carbon atoms. 

To determine the energies and the associated molecular orbitals, we need to either 
specify the effective Hamiltonian operator or propose approximations for evaluating the 
various entries in the secular determinant. Here, we examine an approximation proposed 
by Erich Ruckel in 1930, which along with various extensions and modifications has 



584 

;::.... 
Oj) 

a-f3 

Chapter 11 I Qualitative Theory of Chemica l Bond ing 

~ ------------ (1. 
c 

H a+f3 F I GU RE 11.1 6 
The ground-state electron configuration of the :n: 
electrons in ethene. 

found wide use in organic chemistry. There are three simple assertions of Huckel 
molecular orbital theory, at least in its simplest form. First, the overlap integrals, Sij, are 
set to zero unless i = j, where S;; = l. Second, all of the Coulomb integrals are assumed 
to be the same for all equivalent carbon atoms and are commonly denoted by a. Third, 
the resonance integrals involving nearest-neighbor carbon atoms are assumed to be the 
same and are denoted by {3; the remaining resonance integrals are set equal to zero. 
Thus, the Ruckel secular determinant for ethene (Equation 11.7) is given by 

l
a - £ f3 1=0 

fJ a - E 
( 11.8) 

where the two roots are E = a ± f3. 
There are two n: electrons in ethene. In the ground state, both electrons occupy 

the orbital of lowest energy. Because f3 is intrins ically negative, the lowest energy is 
E =a + f3, and then: -electronic energy of ethene is En = 2a + 2{3. Figure 11.16 shows 
an energy-level diagram for then: electrons of ethene (cf. F igure 11.13). Because a is 
used to specify the zero of energy, the two energies found from the secular determinant, 
E =a ± {3, must correspond to bonding and antibonding orbitals. 

EXAMPLE 11- 11 
Find the bonding and antibonding Hiickel molecular orbitals for ethene. 

SOLUTI ON: The equations for c1 and c2 associated with Equation 11.7 are 

and 

For E = a + {3, either equation yields c 1 = c2. Thus, 



11 .6. Conjugated Hydrocarbons and Aromat ic Hydrocarbons Can Be Treated by a .ir -Eledron Approximation 585 

The value of c 1 can be fotmd by requiring that the wave fi.mction be normalized. The 
normalization condition on 1/trr gives c~( I + 2S + I) = l. Using the Hiickel assumption 

that S = 0, we find that c 1 = l/.J2. 
Substituting E = a - fJ into either of the equations for c1 and c2 yields c1 = - c2, 

or 

The normalization condition gives c2 ( 1 - 2S + I) = I, or c 1 = 1/ .J2. 

The case of butadiene is more interesting than that of ethene. Although butadiene 
exists in both the cis and trans configurations, we will ignore that and picture the 
butadiene molecule as simply a linear sequence of four carbon atoms, each of which 
contributes a 2pz orbital to the Jr-electron orbital (Figure 11.17). 

F I GURE 11.17 
A schematic representation of the 2pz orbitals of each of 
the carbon atoms in the butadiene molecule. 

Because we are considering the linear combination of four atomic orbitals, the 
dimension of the secular determinant w ill be 4 x 4 and will give rise to four different 
energies and four different rr molecular orbitals. We can write all of the molecular 
orbitals, 1/t;, by the single expression 

4 

1/t; = L Cj;2Pzj 
J=I 

i = 1, 2, 3, 4 ( 11.9) 

where the c1; are the coefficients of the 2pz atomic orbital on the jth carbon atom (2p2 j) 
in the ith molecular orbital. The secular determinantal equation for the butadiene 
molecule is a 4 x 4 equation of the form IHij - ES;11= 0. Using the Hi.ickel approx
imations, Hjj =a, Sjj = 1, SiJ = 0 if i i= j and the H;1 = f3 for neighboring carbon 
atoms, and HiJ = 0 for distant carbon atoms,. the secular determinant becomes (Prob
lem 11- 29) 

a - E f3 0 0 

f3 a - E f3 0 
=0 (11.10) 

0 f3 a - E f3 
0 0 f3 a - E 
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If we factor f3 from each column and let x =(a - E)/{3, then we can rewrite this 
determinantal equation as 

x [ 0 0 1 

{34 1 x l 0 
=0 (11.11) 

0 [ x 

0 0 l x 

If this determinant is expanded, the secular equation (Math Chapter F) is x 4 
- 3x 2 + l = 

0, which gives 

2 3 ± ,JS 
x = ---

2 
(11.12) 

from which we find the four roots x = ± 1. 61804, ± 0. 61804. 
Recalling that x = (a - E)/ f3 and that f3 is a negative quantity, we can construct 

the following Hilckel energy-level diagram for butadiene. There are four rr electrons 
in butadiene and, in the ground state, these electrons occupy the two orbitals of lowest 
energy, as indicated in Figure 11.18. The total rr-electronic energy of butadiene is 

Err = 2(a + 1.618{3) + 2(a + 0.618{3) 

= 4a + 4.472{3 (11.13) 

We can make an interesting comparison of the energy given by Equation 11.13 with 
that predicted for a localized structure in which two rr electrons are localized between 
carbon atoms 1 and 2 and between carbon atoms 3 and 4, respectively. This localized 
structure is equivalent to two isolated ethene molecules. We found that the energy of 
the rr electrons in ethene is 2a + 2{3. Ifwe compare the energy of two ethene molecules 
with that obtained for the delocalized orbitals of butadiene, we see there is an energy 
stabilization that results from delocalization, Edeloc: 

Edeloc = Err(butadiene) - 2Err(ethene) = 0.472{3 < 0 (11.14) 

---- a- 1.618,8 

---- a - 0.618,8 

a 

- -+t-f - a+ 0 .618,8 

- -'lt+-f - a+ l.618,8 

F I GURE ll.18 
The ground-state electron configuration of the 7r 

electrons in butadiene. 
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Up to this point, we haven't specified the value of {3. Although Hiickel theory is primarily 
a qualitative theory, it can be used to make semiquantitative predictions if we assign a 
numerical value to f3. Using a variety of experimental data, f3 can be assigned a value 
around - 75 kJ ·mo1- 1. Ifwe use this value for {3, the delocalization energy ofbutadiene 
is on the order of 35 kJ·mo1 - 1 • This is the energy by which butadiene is stabilized 
relative to two isolated double bonds, or the stability that butadiene derives because 
its rr electrons are delocalized over the entire length of the molecule instead of being 
localized to the two end bonds. 

Associated with each of the four molecular orbital energies of butadiene that we 
have found is a molecular orbital. To specify these molecular orbitals, we need to 
determine the coefficients c 1; of Equation 11.9. The approach is the same as that carried 
out in Example 11- 11, but the algebra is quite a bit more lengthy. (If you let a program 
such as MathCad or Mathematica do the work, the algebra is easy.) The resulting 
molecular orbitals are (Problem 11- 31) 

1/11 = 0.3717 · 2p2 I + 0.6015 · 2p22+0.6015 · 2p2 3 + 0.3717 · 2p24 

£ 1=a +1.618{3 

1/r2 = 0.6015 · 2p2 1 + 0.3717 · 2p22 - 0.371 7 · 2p23 - 0.6015 · 2p24 

E2 =a + 0.618{3 
(11.15) 

1/13 = 0.6015 · 2pzl - 0.3717 · 2pz2 - 0.3717 · 2p23 + 0.6015 · 2p24 

£ 3 =a - 0.618.B 

1/14 = 0.3717 · 2pzl -0.6015 · 2Pz2 + 0.6015 · 2p2 3 - 0.371 7 · 2p24 

£4 =a - 1.618{3 

l/JI = 

'ljJ = 
2 

FIGURE 11.19 

'ljl3 = 

A schematic representation of the rr molecular orbitals ofbutadiene. Note that the corresponding 
energy increases with the munber of nodes. 
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These molecular orbitals are shown schematically in Figure 11.19. Notice that as the 
energy of the molecular orbital increases, so do the number of nodes. This is a general 
result for molecular orbitals. 

EXAMPLE 11-12 
Show that 1{! 1 in Equation 11.15 is normalized and that it is orthogonal to 1{!2. 

SOLUTION: We want to show first that 

Using the fact that Hiickel theory (as we have discussed it) sets all the overlap integrals 
to zero, we have 

(1/11 I 1/11) = (0.3717)2 + (0.60! 5)2 + (0.6015)2 + (0.3717)2 = J.000 

To show that 1/11 is orthogonal to 1{!2, we must show that 

Once again, because all the overlap integrals equal zero. we have 

(i/11 I 1/12) = J dr 1/lr1/12 = co.31t1)(0.6015) + co.60 t 5)(0J7 I 7) 

- (0.6015)(0.3717) - (0.3717)(0.6015) = 0 

It is straightforward to show that all four molecular orbitals in Equation 11.15 are 
normalized and that they are mutually orthogonal. 

11.7 Huckel Molecular Orbital Theory Can Be Used 
lo Calculale Bond Orders 

We can calculate the Jr-electron energy in terms of the coefficients c Ji in Equation 11.9. 
The rr -electron energy is given by 

E =" n £. 
7r L., .1.1 (11.16) 

where n1 is the number of electrons in the ith molecular orbital and E i is its energy. 
The energy of the ith molecular orbital is given by 

(l l.17) 
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where 

1/t; = L c,.;2Pzr 
,. 

(11.18) 

Ifwe substitute Equation 11.18 into Equation 11.17, we obtain (Problem 11- 33) 

( 11.19) 

Finally, we use Equation 11.16 to write 

(11.20) 

The summation over i in the first term in Equation 11.20 has the following inter
pretation. The probability density of an electron in the molecular orbital 1/t; is given by 

4 4 

=LL CjiCk;2Pz,;2Pzk 
} =I k=I 

4 4 4 

= L CJ;2P;j +LL C;;Ck;2p212Pzk 
}=I j =I k=I 

j# 

According to Example 11- 12, 

4 

"°" c2
. = 1 ~ ) 1 

}=I 

i = 1, 2, 3, 4 

( 11.21) 

(11.22) 

Equation 11.22 suggests that we interpret c]; as the fractional rr -electronic charge on 
the )th carbon atom due to an electron in the ith molecular orbital. Thus, the total 
re -electronic charge on the )th carbon atom is 

(11.23) 
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where n; is the nwnber of electrons in the ith molecular orbital. For butadiene, for 
example, 

q 1 = 2 ci1 + 2 ci2 + 0 c~3 + 0 c~4 
= 2(0.3717)2 + 2(0.6015) 2 = 1.000 

The other q's are also equal to unity, indicating that the rr electrons in butadiene are 
uniformly distributed over the molecule. 

The second term in Equation 11.20 suggests that the product c,.;csi is the rr
electronic charge in the i th molecular orbital between the adjacent carbon atoms r ands. 
We define then-bond order between adjacent carbon atoms rands by 

(11.24) 

In terms of p~~' we can write Equation I 1.20 as (Problem 11- 34) 

(11.25) 
r r s 

r¢s 

As Equation 11.25 implies, a bond order has physical meaning only between r and s 

for which there is a nonzero value of f3. 
For butadiene, we have 

= 2(0.3717)(0.6015) + 2(0.6015)(0.3717) 

= 0.8943 

= 2(0.6015)(0.6015) + 2(0.3717)(- 0.3717) 

= 0.4473 

Clearly, pf2 = p)4 by symmetry. Ifwe recall that there is a a bond between each carbon 
atom above, then we can define a total bond order 

17 total = l + P:n: 
rs rs (11.26) 

where the first term on the right side is due to the a bond between atoms r and s. For 
butadiene, we find that 

P :(;tal = p;~tal = 1.894 

p~~tal = 1.447 
(11.27) 

Equations 11.27 are in excellent agreement with the experimental observations involv
ing the reactivity of these bonds in butadiene. Figure 11.20 shows the correlation of 
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Bond order 

F I G U R E 11.20 
The correlation ofexperimental carbon
carbon bond lengths with Jr-electron 
bond order. 

experimental carbon- carbon bond lengths with the total bond order calculated from 
Hiickel theory. 

As our final example, we consider benzene. Benzene has six carbon atoms, each 
contributing a 2p2 orbital from which the rr molecular orbitals are to be constructed. 
Because we are considering linear combinations of six atomic orbitals, the dimension of 
the secular determinant will be 6 x 6 and will give rise to six different energies and six 
different rr molecular orbitals. The Hiickel secular determinantal equation for benzene 
is given by (Problem 11- 35) 

a - E f3 0 0 0 f3 
f3 a - E f3 0 0 0 

0 f3 a - E f3 0 0 
= 0 (I 1.28) 

0 0 f3 a - E f3 0 

0 0 0 f3 a - E f3 
f3 0 0 0 f3 a - E 

T his 6 x 6 secular determinant leads to a sixth-degree polynomial for E. Using the 
same approach as for butadiene, we let x = (a - E) / f3. The resulting determinant can 
be expanded to give 

x 6 
- 6x4 + 9x 2 - 4 = 0 (I 1.29) 

The six roots to this equation are x = ±1, ± 1, and ±2 (Problem 11- 36), giving the 
following energies for the six molecular orbitals: 

£4 = Es= a - f3 £ 6 = a - 2{3 (11.30) 

T he Hiickel energy-level diagram for benzene is given in F igure 11.21. The s ix rr 
electrons are placed into the three lowest-energy molecular orbitals. The total rr-electron 
energy in benzene is given by 

En = 2(a + 2{3 ) + 4(a + {3) = 6a + 8{3 (11.31) 
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a - 2{3 

a - f3 

a 

N a + (3 
F I G U R E 11 .21 

N a+ 2/3 
The ground-state electron configuration of the rc 
electrons in benzene. 

Compared with the rr-electron energy of three ethene molecules, the delocalization (or 
resonance) energy in benzene is 2{3. Thus, if we use the value f3 = - 75 kJ·mot- 1, we 
see that Ruckel molecular orbital theory predicts that benzene is stabilized by about 
150 kJ·mo1- 1• 

The resulting six 1T molecular orbitals of benzene are given by 

l 
1/11 = ,/6(2Pz1 + 2Pz2 + 2Pz3 + 2pz4 + 2pz5 + 2Pz6) 

l 
1/12 = ri(2Pz2 + 2pz3 - 2Pz5 - 2p,6) 

v4 -

l l l 1 1 
1/13 = .j3(2Pz1 + -;j_2Pz2 - 22Pz3 - 2pz4 - 22Pz5 + 22Pz6) 

1 
1/14 = ,J4(2Pz2 - 2Pz3 + 2Pz5 - 2Pz6) 

l l l 1 1 
1/15 = .j3(2Pz l - -:;,2Pz2 - -:;,2Pz3 + 2Pz4 - -:;,2Pz5 - -:;,2Pz6) E5 =a - {3 

(11.32) 

EXAMPLE 11-13 
Draw the rc molecular orbitals for benzene and indicate the nodal planes. 

SOLUTION: The solution is illustrated in Figure 11.22. Note that, as we found for 
ethene and butadiene, the energy increases with the number of nodal planes. 
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E = a. - 2{3 

E =a. -{3 

E =a.+ 2(3 

F I G U R E 11 .22 
The solution for Example 11- 13. 

EXAMPLE 11- 14 
Use the Hlickel molecular orbitals of benzene given by Equations 11.32 to calculate 
the rr-electronic charge on each carbon atom and the total bond orders in benzene. 

SO LU TI ON: Using Equation 11.23, we find the total rr -electronic charge on the nth 

carbon atom to be 

q - 2(c2 + c 2 + c2 ) II - Il l 112 113 

Therefore, 
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q5 = 2 - + - + - = I (I l I) 
6 4 12 

(1 .I 1) 
q6 = 2 (; + 4 + (2 = I 

Thus, we see that the re electrons are distributed uniformly around the benzene ring. 
Using Equation I J .24 for the re-bond orders, we have 

Therefore, 

P72 = 2 ( ~ + ~) = ~ 

PI3 = 2 ( ~ + ~ - 1~) = ~ 

P;4 = 2 ( ~ + ~) = ~ 

Thus, we find that alJ the bonds in benzene are equivalent, in nice agreement with the 
chemical properties of benzene. 
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11.8 Huckel Molecular Orbital Theory Can Be Formulated 
in Matrix Notalion 

Before we leave this chapter, let's cast all our Hi.ickel theory results in matrix notation. 
Not only is this a more economical notation, but it also lends itself to standard compu
tational algorithms. A secular determinant such as Equation 11. l 0 arises from a matrix 
eigenvalue problem of the form 

He = ES c (11.33) 

Because of our assumption that S;; = 8;1, the matrix S is the unit matrix I. Therefore, 
Equation 11.33 becomes 

He= Ee (11.34) 

If H is an N x N matrix, it will have N eigenvectors and N corresponding eigen
values. Ifwe let the eigenvectors be ca and the corresponding eigenvalues be Em then 
Equation 11.34 becomes 

(I 1.35) 

for a= 1, 2, ... , N. Because H is symmetric, we can choose the eigenvectors to be 
orthonormal> which says that 

N 

(ca)Tcb = L)c~)*c11 = Oab 

j = I 

(11.36) 

where ( c0
) T represents the complex conjugate of the transpose of ch. (If~ is a column 

vector, then (ca) T is a row vector, and (ca) T cb is a number.) 
We now define a matrix C whose columns are the (normalized) eigenvectors; in 

particular, the ath column of C is the normalized ca. The matrix elements of C are 
given by 

(11.37) 

Thus, C;a is the ith element of the eigenvector ~. The ath molecular orbital can be 
written in terms of the C;a by 

N 

ifra = L C;a2Pzi 
J=d 

Equation 11.38 is the generalization ofEquation 11.19. 

(11.38) 

595 



596 Chapter 11 I Qualitative Theory of Chemica l Bonding 

Problem 11- 51 has you show that 

HC = CD (11.39) 

where D is a diagonal matrix consisting of the eigenvalues of H corresponding to the 
columns ofC; in other words, Dai= EafJaj · 

EXAMPLE11 - 15 
Using our results for ethene, show that H C = CD. 

SOLUTION: The three matrices are 

_1 ) 
J2 

D= ( ex + fJ 0 ) 
0 ex - fJ 

Then 

( ) ( 

_L _J ) ( _J (ex + /J) -
1 

(ex - fJ) ) 
HG - ex fJ J2 ,J2 - ,J2 J2 

- fJ ex _L _ _ J - _J (ex+ /J) - - 1 (ex - fJ) 
.J2 ,J2 J2 J2 

and 

_I ) ( ) ( _ I (ex + {J) J2 ex + {J 0 .J2 
- _I 0 ex - fJ - _I (ex + {J) 

J2 .J2 

1 
- (ex - fJ) ) .J2 

_ _ 1 (ex - {J) 
.J2 

Problem 11-54 has you verify this result for butadiene. 

We can express Equations 11.23 and 11.24 in matrix notation by first defining 
a diagonal matrix n , whose elements are the occupation numbers of the molecular 
orbitals; in an equation, we have 

( 11.40) 

We call n the occupation number matrix. Finally, then, we define a matrix R by 

(11.41) 

It's straightforward to show that (Problem 11- 53) 

(1 1.42) 



Problems 

and that 

(11.43) 

Thus, the diagonal elements of Rare the fractional Jr-electronic charges, and the off
diagonal elements corresponding to neighboring carbon atoms are the bond orders. 

EXAMPLE 11- 16 
Evaluate the matrix R for ethene. 

SOLUTION: The matrices C and n are 

_;r ) 
.Ji. 

Therefore, 

1)(2 0)(1 ~)=(l I) 
- - 0 0 - - - l l 

.J2 .J2 J2 

Finally, if we define a diagonal matrix A whose elements are the values of a for each 
atom (so that Aij =a 18;) and a matrix B whose elements are fJ for nearest neighboring 
atoms, then it is easy to show that Equation I 1.25 becomes 

En= Tr(R A)+ Tr(R B) = Tr(R H) (1 l.44) 

in matrix notation. For example, in the case of ethene, we have 

a+ fJ) 
(X + fJ 

= 2a + 2fJ 

Hiickel molecular orbital theory has been applied to a great variety of organic 
molecules with some success and has been refined and extended in a number of ways 
so that it is now a useful tool and guide in organic chemistry. 

Problems 

11-1. According to the JANAF Thermochemical Tables (see References), the rotational con
stant of Li2 in its ground vibrational state is 0.669 cm- 1. Determine the bond length of 

Li2• 
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11 - 2. The vibrational energy (in cm-1) of Li2 in its ground electronic state is given in the 
JANAF Thermochemical Tables (see References) as 

G(v) = 351.39 ( v + D-2.578 (v + D 2 

- 0.00647 (v + D 3 

- 9.712x 10-5 (v + ~)
4 

Calculate the number of vibrational energy levels. (See Problem I 0- 2.) 

11-3 . The rotational constant of B2 in its grotmd vibrational state is given in the JANAF 
Thermochemical Tables (see References) as 1.228 cm- 1. Calculate the bond length ofB2. 

11 - 4. The rotational constant of ~ in its ground vibrational state is given in the JANAF 
Thennochemical Tables (see References) as 1.811 cm- 1. Calculate the bond length of C2. 

11-5. Use molecular orbital theory to explain why the dissociation energy ofN2 is greater than 
that of NI, but the dissociation energy of ot is greater than that of 0 2. 

11 - 6. Discuss the bond properties ofF2 and Fi using molecular orbital theory. 

11-7. Predict the relative stabilities of the species N2, Nt, and N;-. 

11-8. Predict the relative bond strengths and bond lengths of diatomic carbon, C2, and its 
negative ion, c2. 

11 - 9. The force constants for the diatomic molecules B2 through F2 are given in the table below. 
Is the order what you expect? Explain. 

Diatomic molecule k/N·m- 1 

B2 350 

C2 930 

N2 2260 

02 I 140 

F2 450 

11- 10. Write out the ground-state molecular orbital electron configurations for N a2 through 
Ar2. Would you predict a stable Mg2 molecule? 

11-11. In Section 11.2, we constructed molecular orbitals for homonuclear diatomic molecules 
using the n = 2 atomic orbitals on each of the bonded atoms. In this problem, we will 
consider the molecular orbitals that can be constructed from then = 3 atomic orbitals. These 
orbitals are important in describing diatomic molecules of the first row of the transition 
metals. Once again we choose the z axis to lie along the molecular bond. What are the 
designations for the 3sA ± 3s8 and 3pA ± 3p8 molecular orbitals? Then = 3 shell also 
contains a set of five '3t:l orbitals. (The shapes of the 3d atomic orbitals are shown in 
Figure 7 .8.) Given that molecular orbitals with two nodal planes that contain the internuclear 
axis are called 8 orbitals, show that ten 3dA ± 3d8 molecular orbitals consist of a bonding 



Problems 

a orbital, a pair of bonding TC orbitals, a pair of bonding 8 orbitals, and their corresponding 
antibonding orbitals. 

11-1 2. Determine the largest bond order for a first-row transition-metal homonuclear diatomic 
molecule. (See the previous problem.) 

11 -13. Determine the grorn1d-state molecular orbital electron configuration of NO+ and NO. 
Compare the bond order of these two species. 

11-14. Figure 11.l 0 plots a schematic representation of the energies of the molecularorbitals 
of HF. How will the energy-level diagram for the diatomic OH radical differ from that of 
HF? What is the highest occupied molecular orbital of OH? 

11 - 15. Using Figure I I. I 0, you found that the highest occupied molecular orbital for HF is 
a fluorine 2p atomic orbital. The measured ionization energies for an electron from this 
nonbonding molecular orbital of HF is 1550 kJ · mo1- 1. However, the measured ionization 
energy of a 2p electron from a fluorine atom is 1795 kJ ·mo1- 1• Why is the ionization energy 
of an electron from the 2p atomic orbital on fluorine greater for the fluorine atom than for 
an HF molecule? 

11 - 16. In this problem, we consider the heteronuclear diatomic molecule CO. The ionization 
energies of an electron from the valence atomic orbitals on the carbon atom and the oxygen 
atom are listed below. 

Atom Valence orbital Ionization energy I MI ·mo1-1 

0 2s 3.116 

2p l.524 

C 2s 1.872 

2p 1.023 

Use these data to construct a molecular orbital energy-level diagram for CO. What are the 
symmetry designations of the molecular orbitals of CO? What is the electron configura
tion of the ground state of CO? What is the bond order of CO? Is CO paramagnetic or 
diamagnetic? 

11 - 17. The molecule BF is isoelectronic with CO. However, the molecular orbitals for BF are 
different from those for CO. Unlike CO, the energy difference between the 2s orbitals of 
boron and fluorine is so large that the 2s orbital of boron combines with a 2p orbital on 
fluorine to make a molecular orbital. The remaining 2p orbitals on fluorine combine with 
t\vo of the 2p orbitals on B to form TC orbitals. The third 2p orbital on B is nonbond
ing. The energy ordering of the molecular orbitals is ift(2s8 + 2pF) < 1fr(2pg - 2pF) < 
ift(2s8 - 2pF) < 1/r(2p8 + 2pF) < ift(2p8 ). What are the symmetry designations of the 
molecular orbitals of BF? What is the electron configuration of the grom1d state of BF? 
What is the bond order of BF? Is BF diamagnetic or paramagnetic? How do the answers to 
these last two questions compare with those obtained for CO (Problem 11- 16)? 

11 - 18. The photoelectron spectrum of 0 2 exhibits two bands of 52.398MJ·mo1-1 and 
52.311 MJ · mo1- 1 that correspond to the ionization of an oxygen Ls electron. Explain this 
observation. 
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11 - 19. The experimental ionization energies for a fluorine Is electron from HF and F2 are 
66.981 and 67.217 MJ·mo1- 1, respectively. Explain why these ionization energies are dif
ferent even though the ls electrons of the fluorine are not involved in the chemical bond. 

11-20. Go to the website www.ccl.net/cca/data/atomic-RHF-wavefunctions!tables and verify 
that the 2.s and 2p orbital energies of a fluorine atom are - 1.572£h and - 0.730£h, 
respectively. 

11-21. When we built up the molecular orbitals for diatomic molecules, we combined only 
those orbitals with the same energy because we said that only those with similar energies 
mix well. This problem is meant to illustrate this idea. Consider two atomic orbitals XA 

and XB· Show that a linear combination of these orbitals leads to the secular determinant 

where 

I OtA - E f3 - Es I= 0 
{3 - ES cx8 - E 

where h eff is some effective one-electron Hamiltonian operator for the electron that occupies 
the molecular orbital</>. Show that 

It is usually a satisfactory first approximation to neglect S. Doing this, show that 

E± = OtA + Ot3 ± [(aA - Ot3)2 + 4{32]112 

2 

Now if XA and Xs have the same energy, show that ex A = cx3 = ex and that 

giving one level of f3 units below ex and one level of f3 units above a-that is, one level of 
f3 units more stable than the isolated orbital energy and one level of f3 units less stable. 

Now investigate the case in which OtA =f a 3 , say, cxA < cx3 . Show that 

E± = aA + 0ta ± aA - 0tB[1 + 4{32 .]1/2 
2 2 (OtA - 0t3)2 

OtA + Ot3 ± OtA - Ot3 [ ·I 2{3
2 

2{3
4 

] - + - + ··· 
- 2 2 (aA - a 8 ) 2 (a A - a 3 ) 4 

= OtA + 0t3 ± aA - Ot3 ± {3
2 

+ ... 

2 2 aA - OtB 



Problems 

where we have assumed that {3 2 < (a A - as) 2 and have used the expansion 

Show that 

x x 2 
(I + x) l/2 = l + - - - + · · · 

2 8 

and 

Using this result, discuss the stabilization-destabilization of a A and as versus the case 
above in which a A = as. For simplicity, assume initially that a A - as is large. 

11-22. Show that filled orbitals can be ignored in the determination of molecular term symbols. 

11 -23. Deduce the ground-state term symbols ofall the diatomic molecules given in Table 11.3. 

11-24. Determine the ground-state molecular term symbols of 0 2, N2, Ni°, and Oi. 
11-25. Calculate the sum of the energies of one hydrogen atom in the Is state and one in the 

2~ state and show that your result is consistent with Figure 11. J 2. 

11- 26. The highest occupied molecular orbitals for an excited electronic configuration of the 
oxygen molecule are (brg) 1(3a"l What are the molecular term symbols for oxygen with 
this electronic configuration? 

11-27. Show that the rr molecular orbital corresponding to the energy E = a - fJ for ethene is 

l/l;r = fiC2P,1 - 2Pz2). 

11- 28. Generalize our Hilckel molecular orbital treatment of ethene to include overlap of 2p, 1 
and 2p,2. Determine the energies and the orbitals in terms of the overlap integral, S. 

11- 29. Verify Equation 11.10. 

11 - 30 . Show that 

x 0 0 

I x 0 
= 0 

0 I x 

0 0 l x 

gives the algebraic equation x 4 - 3x2 + l = 0. 

11- 31. Show that the four rr molecular orbitals for butadiene are given by Equations 11.15. 

11 - 32. Show that the four molecular orbitals for butadiene (Equations 11. J 5) satisfy Equation 
11.25. 

11- 33 . Derive Equation 11.19. 

11-34. Show that 

r r S> r 
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where a, is the coulomb integral associated with the rth atom and fJ,..1 is the exchange integral 
between atoms r ands. The relation serves as a good check on the calculated energy levels. 

11-35. Derive the Hiickel theory secular determinant for benzene (see Equation 11.28). 

11-36. Show that the six roots of Equation 1128 are £ 1 = a + 2{3, £ 2 = £ 3 = a + {J, £ 4 = 
Es = a - fJ, and £ 6 = a - 2{3 . 

11-37. Calculate the Hiickel rr-electronic energies of cyclobutadiene. What do Htmd's rules 
say about the ground state of cyclobutadiene? Compare the stability of cyclobutadiene with 
that of two isolated ethylene molecules. 

11-38. Calculate the Hiickel rr-electronic energy of trimethylenemethane: 

H2 C . , CH2 
~- -/ c 

ll 
CH2 

11-39. Calculate the rr-electronic energy levels and the total rr-electronic energy of bicyclobu
tadiene: 

11-40. Show that the Hiickel molecular orbitals of benzene given in Equation l l.32 are or
thonormal. 

11-41. Set up the Hiickel molecular orbital theory determinantal equation for naphthalene. 

2 

8 3 

7 4 

6 5 

11-42. Use a program such as MathCad or Mathematica to show that a Hiickel calculation 
for naphthalene, C 10H8, gives the molecular orbital energy levels E; = a + m ;fJ, where the 
10 values ofm; are 2.3028, 1.6180, 1.3029, 1.0000, 0.6180, - 0.6180, - 1.0000, - 1.3029, 
- l.6180, and - 2.3028. Calculate the ground-state rr-electron energy and the delocalization 
energy of naphthalene. 

11-43. Use a program such as MathCad or Mathematica to determine the l 0 rr orbitals of 
napthalene. Calculate the rr-electronic charge on each carbon atom and the various bond 
orders. 



Problems 

11 - 44. Using Hiickel molecular orbital theory, determine whether the linear state (H-H-H) + 
or the triangular state 

of Hj is the more stable state. Repeat the calculation for H3 and H). 

11 - 45. Set up a Hiickel theory secular determinant for pyridine. 

11 - 46. Calculate the de localization energy, the charge on each carbon atom, and the bond orders 
for the ally! radical, cation, and anion. Sketch the molecular orbitals for the ally! system. 

11 - 47 . Because of the symmetry inherent in the Hiickel theory secular determinant of linear 
and cyclic conjugated polyenes, we can write mathematical formulas for the energy levels 
for an arbitrary number of carbon atoms in the system (for present purposes, we consider 
cyclic polyenes with only an even number of carbon atoms). These formulas are 

and 

rrn 
E,, = a + 2fJ cos -

N + I n = 1, 2, ... , N linear chains 

2rrn 
E,, = a + 2fJ cos - .

N 
n = 0, ±1,. . ., ± ( ~ - 1), ~ cyclic chains (N even) 

where N is the number of carbon atoms in th·e conjugated rr system. 

(a) Use these formulas to verify the results given in the chapter for butadiene and 
benzene. 

(b) Now use these formulas to predict energy levels for linear hexatriene (C6H8) and 
octatetraene (C8H 10) . How does the stabilization energy of these molecules per 
carbon atom vary as the chains grow in length? 

(c) Compare the results for hexatriene and benzene. Which molecule has a greater 
stabilization energy? Why? 

11 - 48. The problem of a linear conjugated polyene of N carbon atoms can be solved in general. 
The energies Ej and the coefficients of the atomic orbitals in the jth molecular orbital are 
given by 

and 

Ej =a + 2{J cos ~ 
N + 1 

. J Jr 

( 
2 

) 

1/2 'k 

cjk = N + 1 sm N + J 

j = I, 2, 3, ... , N 

k = 1, 2, 3, ... , N 

Determine the energy levels and the wave functions for butadiene using these formulas . 
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11 -49. We can calculate the electronic states of a hypothetical one-dimensional solid by mod
eling the solid as a one-dimensional array of atoms with one orbital per atom, and using 
Hiickel theory to calculate the allowed energies. Use the formula for Ej in the previous prob
lem to show that the energies will form essentially a continuous band of width 4(3. Hint: 
Calculate EN - E 1 and let N be very large so that you can use cos x ~ I - x2 /2 + · · ·. 

11-50. The band of electronic energies that we calculated in the previous problem can accom
modate N pairs of electrons of opposite spins, or a total of 2N electrons. If each atom 
contributes one electron (as in the case of a polyene), the band is occupied by a total of 
N electrons. Using some ideas you may have learned in general chemistry, would you ex
pect such a system to be a conductor or an insulator? 

11-51. Verify Equation 11.39. 

11-52. Write out the C matrix for butadiene and show that it is orthogonal. Recall (MathChap
ter G) that c T = c-1, or that cc T = c Tc = I for an orthogonal matrix. 

11 -53. Show that Equations I 1.42 and 11.43 are equivalent to Equations I 1.23 and 11.24. 

11-54. Use a program such as MathCad or Mathematica to show that HC = CD for butadiene. 

11-55. Use a program such as MathCad or Mathematica to show that the R matrix (Equa
tion 11.41) for butadiene is 

( 10000 0.8943 0 -0:73) 0.8943 1.0000 0.4473 

0 0.4473 1.0000 0.8943 

- 0.4473 0 0.8943 1.0000 

Interpret this result. 

11-56. Use a program such as MathCad or Mathematica to show that the R matrix (Equa
tion 11.41) for cyclobutadiene is 

('o 0.5 0 
0~5 ) 0.5 1.0 0.5 

0 0.5 1.0 0.5 

0.5 0 0.5 1.0 

Interpret this result. 

11-57. Use a program such as MathCad or Mathematica to show that the R matrix (Equa
tion 11.41) for bicyclobutadiene is 

( 

0.621268 

0.485071 

0.485071 

0.621268 

Interpret this result. 

0.48507 l 

J.37873 

- 0.621268 

0.485071 

0.485071 

- 0.621268 

l.37873 

0.485071 

0.621268 ) 
0.485071 

0.485071 

0.621268 
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collaborators were initially freely distributed, but later were packaged as a commercially 
available program called Gaussian, one of the most widely used computational quantum
chemical programs. The availability of such programs has made it possible for chemistry 
students at all levels to calculate molecular properties. Pople shared the 1998 Nobel Prize 
in Chemistry with Walter Kohn, who developed density functional theory. 

Clemens Roothaan was born in 1918 in Nijmegen, the Netherlands. In 1936, he entered 
the Technical University of Delfl and after graduating in 1940 continued there as a graduate 
student in physics. In 1943 Roothaan returned to his family's home in response to increasing 
Nazi oppression. Due to his younger brother's involvement with the underground resistance, 
he was arrested and spent the remainder of World War II in police lockup and eventually in 
concentration camps in the Netherlands and Germany. After the war, he received his master's 
degree from the University of Delft, and then went to the University of Chicago to work for 
Robert Mulliken, while teaching at the Catholic University of America in Washington, DC. 
ln 1950, he joined the physics department at the University of Chicago, where he remained 
until his retirement in 1988. Roothaan was a pioneer in the application of computers to 
quantum chemistry. 



CHAPTER 12 
The Hartree-Fock-Roothaan Method 

We developed the Hartree-Fock approximation for atoms in Chapter 9 and then the 
Hartree- Fock- Roothaan approximation using a minimal basis set for H2 in Chapter I 0. 
In this chapter, we shall develop the Hartree-Fock- Roothaan approximation for any 
molecule. This approximation gives us the optimal molecular orbital representation 
of the electronic stmcture of a molecule. It is an approximation because the very 
concept of molecular orbitals, or atomic orbitals in the case of atoms, assumes that 
the electrons interact in some average, or self-consistent, potential. The Hartree- Fock
Roothaan approximation is the standard starting point for ab initio molecular (and 
atomic) calculations and is the workhorse of molecular quantum chemistry. By an ab 
initio calculation, we mean one in which no empirical parameters are introduced; the 
calculation is done "from the beginning:' 

In the course of performing Hartree- Fock- Roothaan calculations, or Hartree- Fock 
calculations for short, we are led naturally to a discussion ofbasis sets. The contribution 
ofRoothaan to molecular Hartree-Fock calculations was to introduce a basis set, which 
converts the Hartree-Fock coupled differential equations into a set of matrix equations 
for the coefficients of the basis functions in the basis set. Modern quantum-chemical 
calculations use basis sets consisting of linear combinations of Gaussian functions, and 
a notation for these basis sets has evolved that has become pervasive in the quantum
chemical literature. We' ll learn what terms such as ST0-3G and 6-31G* mean in 
describing basis sets. 

There are a number of commercially available and on-line computer programs that 
make it possible for even beginning students to carry out reliable molecular calculations. 
Three of the most popular programs are Gaussian 03, GAMESS, and SPARTAN, with 
Gaussian being the most widely used. The 03 with the name Gaussian indicates the 
year (2003) that the current version was released. All these programs run on PC, Mac, 
and Unix computers. In Section 12.5, we shall illustrate how easy and user-friendly 
it is to set up a Hartree- Fock calculation using Gaussian 03. In the next section, we 
shall assess the results ofHartree- Fock calculations for various properties for a variety 
of molecules, and in the last section we shaJI briefly describe some commonly used 
post-Hartree- Fock methods. 607 
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12.1 The Hartree-Fock-Roolhaan Equations Give Lhe Optimum 
Molecular Orbitals as Linear Combinations of Atomic Orbi lals 

The Hartree- Fock approximation is the standard first approximation for all atomic and 
molecular calculations in modern quantum chemistry. Because there are a number of 
commercial and even free computer programs avaiJabJe, Hartree- Fock calculations 
are now routine, and as we said earlier, are even used in many organic chemistry 
and physical chemistry laboratory courses. We introduced Hartree-Fock theory for 
muJtielectron atomic systems in Chapter 9 and then for a minimal basis set calculation 
for H2 in Chapter I 0. 

In this section we shall restate the principal Hartree-Fock equations for polyatomic 
molecules and then introduce a basis set to express the molecular orbitals as linear 
combinations of atomic orbitals, thus leading to the Hartree-Fock- Roothaan equations, 
which serve as the starting point for almost all molecular calculations. You should be 
aware that aJ though the equations have summations and look complicated in the general 
case, we are going to Jet computers manipulate them and solve them, and they don't 
mind lots of summations and integrals because that's exactly what they're good at. Let's 
now discuss Hartree-Fock theory once again. 

In Section 9.6, we developed the Hartree- Fock method for atoms. For simplicity, 
we considered only closed-shell systems in which we have 2N electrons occupying 
N doubly occupied spatial orbitals. In such cases, the wave function is given by one 
Slater dete1minant. We shall consider only closed-shell systems here, which fortunately 
describe most molecules in their ground state. 

The Hamiltonian operator for a 2N-electron molecule with M nuclei in the Born
Oppenheimer approximation is given by 

2N 2N M 2N M M 
if= - ~ L v;2 - LL zA +LL___!_+ L L zAzs 

2 i=l i = l A= l r;A i = I .i >i r;; A B< A RAB 
(12.1) 

The first term here represents the kinetic energy of the electrons, the second term rep
resents the interaction of each electron with each nucleus, the third term represents 
the electron- electron interactions, and the fourth term represents the internuclear in
teractions. Because the internuclear repulsion terms are constants for a given molecular 
geometry, we can ignore them for now and simply include them later. 

The wave function is given by the (normalized) Slater determinant 

lft1a(I) 1/t1f3(1) lftNa(l) lftN{J(l) 

I lft1a(2) 1/t 1f3 (2) lftNa(2) lftNf3(2) 
\11(1, 2, ... , 2N) = j(2N)i. 

(2N)! 

1/!1a(2N) 1/11f3 (2N) l./!Na(2N) l./!Nf3(2N) 

and the energy is given by 

E = (W*(l, 2, ... '2N) I ii I W(l, 2, ... '2N)) (12.2) 
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As in the atomic case, it is a straightforward but worthwhile exercise (Problem 12- 1) 
to show that Equation 12.2 can be written as 

N N N 

E = 2 L 11 + L L(2Jij - K;1) (12.3) 
.i=I i =I .i=l 

where 

( 
M ) * 1 2 ZA /. =! dr if!.(r) - -V . - ""' - if! ·(r) 1 1 .I 1 2 1 ~ r .1 .1 
A JA 

(12.4) 

(12.5) 

(12.6) 

The factors of 2 in Equation 12.3 occur because we are considering a closed-shell 
system of 2N electrons, N of which have spin function a and N of which have spin 
function {3. The .Iii integrals are called coulomb integrals and the Kil integrals are 
called exchange integrals if i # j. Note that K;; = .Iii (Problem 12- 2). Note also that 
the 11 in Equation 12.4 differs from the I,; in the atomic case (Equation 9.67) because 
we sum over electron- nuclear interactions in Equation 12.4. In the atomic case, there 
is only one term (one nucleus) in the summation. 

As in the atomic case, the spatial orbitals 1/r; (r; ) are determined by applying the 
variational principle to Equation 12.3. When we do this, we find that the spatial orbitals 
that minimize the energy E satisfy the equations 

i = 1, 2, ... , N (12.7) 

where F(r1), the Pock operator, is given by 

N 

F(r1) = /(r 1) + L [2J1(r 1) - K/r1)] (12.8) 
.i=I 

where 

(12.9) 

l / r1), called the coulomb operator, is given by 

(12.10) 
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and K /r 1), called the exchange operator, is given by 

(12.11) 

The eigenvalue in Equation 12.7 is called the Hartree-Fock orbital energy. Note that 
the summation in the definition of the Fock operator F(r) goes from 1 to N because 
there are N spatial orbitals. Note also that the integrals in Equations 12. l 0 and 12.11 are 
functions of r 1 because 1/ r12 = l/ lr 1 - r 21 and we integrate over r2, leaving a function 
of r 1 behind. Furthermore, notice that the coulomb operator operating on 1/!;(r1) gives 
1/!;(r1) times a function of r 1• The exchange operator acts differently, however; the 
function that it acts upon ends up under the integral sign. 

We can obtain an expression for the energy of the i th molecular orbital by multi
plying Equation 12.7 from the left by if!;*(r 1) and integrating over r 1 to obtain 

Using the above definition of the Fock operator, Equation 12.12 becomes 

N 

B; = I; + L(2Jij - K;) 
j=I 

(12.12) 

(12.13) 

where Ii, Ju, and K;; are given by Equations 12.4 through 12.6, respectively. If we 
compare this result to Equation 12.3, we see that 

N 

E= :z=u; + s;) (12.14) 
i =I 

Note that E is not simply the sum of the Hartree- Fock orbital energies. 
Equations 12.7 through 12.14 are almost the same as Equations 9.58 through 9.65. 

The only difference is that in the atomic case there is only one term in the summation 
over A in Equation 12.9 because there is only one nucleus. As in the atomic case, 
the Fock operator in Equation 12. 7 depends upon all the orbitals, and so cannot be 
evaluated from Equations 12.10 and 12.11 until all the orbitals are known. Thus, 
Equation 12.7 represents a set of N coupled equations, which must be solved by a 
self-consistent procedure in which one assumes an initial set of orbitals 1/f;(r;) and then 
calculates an initial set ofFock operators. Using these Fock operators, we can now solve 
Equation 12.7 to find a new set of orbitals. These new orbitals are used to calculate a 
new set ofFock operators, which in turn are used to calculate a still new set of orbitals. 
This cyclic procedure is continued until the orbitals of one cycle are essentially the 
same as those in the previous cycle, or, in other words, until they are self-consistent. 

We have already carried out two fairly simple Hartree- Fock calculations explicitly. 
In Chapter 9, we carried out a Hartree- Fock SCF calculation for a helium atom, and in 
Chapter 10, we carried out a similar calculation for a hydrogen molecule. In each case, 
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we expressed the orbital (an atomic orbital in the case of a helium atom and a molecular 
orbital in the case of a hydrogen molecule) as a. linear combination of two Slater orbitals. 
In doing so, theHartree-Fock equations are converted into matrix equations, which can 
be solved routinely using matrix methods. This procedure was developed in the 1950s, 
just as computers were becoming generally available, by Clemens Roothaan of the 
University of Chicago. He expressed the molecular orbitals, 1/t, as linear combinations 
of basis functions, <Pv(r) , v = I, ... , K , 

(12.15) 

which were usually, but not necessarily, taken to be Slater orbitals. As the basis set 
becomes larger and larger, Equation 12.15 leads to more and more accurate represen
tations of the molecular orbitals. The limit is called the Hartree-Fock limit, and gives 
the best molecular orbitals. Don't forget, however, that even these optimum molecular 
orbitals constitute an approximation to the true molecular wave function because the 
Hartree- Fock approximation assumes that each electron experiences an average poten
tial of all the other electrons. In other words, the motion of the electrons is uncorrelated. 

Ifwe substitute Equation 12.15 into Equation 12.7 and then multiply both sides 
from the left by <P;(r1) and integrate over r1, then we obtain 

µ, = 1, 2, ... , K (12.16) 

where the Pock matrix elements are given by 

(12.17) 

and the overlap matrix elements are given by 

(12.18) 

Both of these matrices are K x K Hermitian matrices; they are real and symmetric 
if the basis set is chosen to be a set of real functions, which is usually the case. The 
set of algebraic equations for the Cv (Equation 12.16) are the Hartree-Fock- Roolhaan 
equations. They can be written more compactly by writing them in matrix notation: 

Fe = sSc (12.19) 

In Equation 12.19, F and Sare K x K matrices and c is a K x 1 column vector. The 
equation is very similar to our standard matrix eigenvalues problem (MathChapter H) 
and will lead to a K x K secular determinant, which will give us K orbital energies s 
and K eigenvectors c, which gives us K molecular orbitals. In the ground electronic 
state, the N spatial orbitals of lowest energy will be occupied by 2N electrons. 
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Realize that the elements of F given by Equation 12.17 depend upon the c 1 's in 
Equations 12.8 through 12.11. We can emphasize this by writing Equation 12.19 as 

F(c)c = sS c (12.20) 

As usual, Equation 12.20 must be solved by an iterative, self-consistent procedure. 
The Hartree- Fock- Roothaan method was very well developed in the 1960s by 

Roothaan and numerous coworkers. A typical result for the ground electronic state 
of N2 is given in Table 12.1. The first column in the table gives the basis sets for the 
resultant occupied molecular orbitals in the ground electronic state ofN2. The notation 
a

8
ls designates lsA + ls8 , and so forth. Similarly, a,, ls designates lsA - ls8 , and so 

on. Because N2 is a homonuclear diatomic molecule, the coefficients of sirni lar atomic 
orbitals on the two nuclei are such that they always occur as sums or differences. For 
example, a

8 
ls (5.682 98) is the sum of two Slater ls orbitals (one centered on each 

nucleus) with an orbital exponent ~ = 5.682 98; a,, ls(5 .955 34) is the difference of 
Slater ls orbitals with { = 5.955 34. The second column gives the coefficients of the 
members of the basis set in column 1 for the la

8 
molecular orbital, the one of lowest 

energy. The third column gives the coefficients of the basis set for the la,, molecular 
orbital of second lowest energy. The other columns give the coefficients for the indicated 
molecular orbitals. 

Recall that a orbitals are symmetric about the internuclear axis, so they consist of 
sums and differences of p2 , d

2
2, and / 2 3 atomic orbitals. Pi orbitals, on the other hand, 

have a node containing the internuclear axis, and so consist of sums and differences 
of Px, Py, and the appropriate d and f orbitals. (See Figure 11.3 for a pictorial 
representation of both arr,, and a rr

8 
orbital.) 

EXAMPLE 12-1 
Write out the basis set orbital ag2s(2.438 75) in the first column in Table 12.1. 

SOLUTION: The ag2s(2.438 75) signifies the sum of two Slater 2s orbitals, each with 
orbital exponents = 2.438 75. Using the fact that 

( 
5) 1/2 

Si_,(r) = ~7r re-~,. 

we see that the ag2s(2.438 75) orbital is given by 

ag2s(2.438 75) = N [S2.kA• 2.438 75) + S2.kB• 2.438 75)) 

where N is a normalization constant and s = 2.438 75. 
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TABLE12.1 
The Basis Set for the Ground State ofN2 at Its Equilibrium Internuclear Separation, l.094 A, 
and Values of the Expansion Coefficients for the Occupied MOs a,b 

MO 

Basis set functions lag la,, 2ag 2a,, 3ag 

ag L~ (5.682 98) 0.923 19 - 0.279 31 0.074 84 

ag L~ (10.34240) 0.152 04 - 0.006 15 0.002 62 

ag2s (1.453 49) 0.000 90 0.141 06 - 0.458 59 

ag2s (2.438 75) - 0.000 03 0.59948 - 0.176 62 

ag3s (7.04041) - 0.085 01 - 0.023 33 - 0.006 78 

ag2P (1.282 61) 0.00041 0.11602 0.429 14 

ag2P (2.569 88) 0.001 04 0.259 07 0.484 53 

ag2P (6.2 1698) 0.001 09 0.010 92 0.024 78 

ag3d (1.34142) 0.000 17 0.036 26 0.046 96 

ag3d (2.916 81) 0.000 98 0.039 48 0.030 65 

ag3d (5 .520 63) - 0.000 18 - 0.002 75 - 0.001 58 

ag4f (2.59449) 0.000 32 0.013 34 0.010 86 

a,,L~ (5.955 34) 0.934 06 - 0.243 70 

a,, ls ( 10.658 79) 0.114 83 - 0.00000 

a,,2s (1.570 44) - 0.01156 0.364 37 

a,,2s (2.489 65) 0.004 79 0.547 02 

a,,3s (7.291 69) - 0.053 43 - 0.03054 

a,,2p (1.485 49) - 0.006 79 - 0.413 55 

a,,2p (3.499 90) 0.002 94 - 0.10945 

a113d ( 1.690 03) - 0.00121 - 0.035 53 

rr,,2p (1.384 36) 

rr,,2p (2.532 88) 

rr,,2p (5 .691 76) 

rr,,3d (2.057 07) 

rr,,3d (2.70650) 

rr,,4f (3 .068 96) 

a. The orbita l energies (in hartrees) are i:: 1"'8 
= -15.681 95, £ 1"'• = - 15.678 33, £20'

8 
= - l.473 60, £20'., = 

-0.777 96, £3<!8 = -0.634 95, and Em.,= -0.615 44. 
b. Sourc.e: Cade, P. E., Wahl, A. C., Hartree- Fock- Roothaan Wavefunctions for Diatomic Molecules: II. 
First-Row Homonuclear Systems. At. Data Nucl. Data Tables, l3, 339 (1974). 
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Jrr,, 

0.469 21 

0.398 69 

0.031 41 

0.059 38 

0.017 38 

0.012 33 
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EXAMPL E 12- 2 
Use the information in Table J 2.1 to write out the la,, molecular orbital in terms of 
atomic orbitals. 

SO LUTI ON: Using the coefficients in the third coltunn, we have 

la,, = 0.934 06[S1s(r A• 5.955 34) - Sis(rg, 5.955 34)] 

+ 0.J 14 83[S1,, (rA, l0.658 79) - S1,,(r3 . 10.658 79)] 

- 0.011 56[Si_,.(rA, 1.570 44) - S2s(r8 , 1.570 44)] 

+ 0.004 79[Si_,(rA, 2.489 65) - S2_.(r3 , 2.489 65)) 

- 0.05343[S1,(rA, 7.29169) - S3.1 (rg, 7.29169)) 

- 0.006 79[S2pz (rA, 1.485 49) + S2p,(ra, 1.485 49)] 

+ 0.002 94[S2pz (r A, 3.499 90) + S2p= (r g, 3.499 90)] 

- 0.00121[S3dz
2

(r A, l.69003) - S311,
2

(r a.1.69003)) 

ln these equations, r A and r3 denote the three spherical coordinates of the electron in 
the (nonspherical) S2p, and S3d,

2 
orbitals. Note that ungerade symmetry is achieved 

from a sum of2pz orbitals (cf. Figure I 1.2). 

Figure 12.1 shows contour plots of the occupied molecular orbitals and the Hartree
Fock wave function of the ground state ofN2. Note that the Irr,, orbital is similar to that 
in Figure 11.3. This orbital is doubly degenerate; it can be built up from Px orbitals 
and from Py orbitals, for example, which differ only in their orientation about the 
internuclear axis. 

According to Table 12.1, the la
8

, la,,, 2a8 , 2011 , 3a
8

, and lrru (h:vo of these) 
are the seven lowest-energy molecular orbitals in order of increasing energy. There 
are 14 electrons in N2, and we place them two at a time with opposite spins into 
these orbitals to f01m the ground-state electron configuration of N2. This gives us the 
electron configuration la ff lai;2aJ 2a}3aJ Irr,;. Note that this electron configuration does 
not agree with the one in Table 11.2. In fact, a notorious and fortunately one of the 
few deficiencies of Hartree-Fock theory is that it gives the incorrect ordering of the 
energies of the 3a

8 
and lrr11 orbitals in N2 . The inclusion of electron correlation by any 

of a number of post-Hartree-Fock methods remedies this deficiency. (See the end-of
chapter references to Szabo and Ostlund for a good ruscussion ofthis.) 

12.2 Gaussian Basis Sets Are Almost Always Used 
in Molecular Calculations 

It would seem natural at this point to discuss Hartree- Fock- Roothaan calculations for 
polyatomic molecules. In doing so, however, we encounter a difficulty that plagued 
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2o;, l.nl/ 

1 o;, 2'1: 

F I GURE 12.1 
Contour plots of the occupied molecular orbitals and the Hartree- Fock wave function of the 
ground state ofN2. 

molecular calculations in the 1960s and early 1970s. The difficulty lies in the evaluation 
of the Fock matrix elements in Equation 12.17. These matrix elements consist of 
integrals of the form (Problem 12- 8) 

For diatomic molecules, the integrals depend only upon the internuclear separation and 
upon any orbital exponents in the basis set and so can be evaluated fairly easily, at least 
numerically. One problem, however, is that the number of different integrals that have 
to be evaluated goes roughly as K 4 / 8, where K is the size of the basis set. Thus, for 
a basis set with K = 100 (which is not an extraordinarily large basis set), there are 
over a million integrals to evaluate. This was no great obstacle, even with what we now 
think of as the limited computational power of the 1960s, and many high-quality (in 
other words, using large basis sets) Hartree- Fock- Roothaan calculations were done for 
diatomic molecules. 
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The difficulty with calculations on polyatomic molecules is that there are basis 
functions centered on all the nuclei, and so many (actually, most) of the above integrals 
will involve basis functions centered on more than two nuclei. These three- and four
centered integrals (multicentered integrals) are very difficult to evaluate, to say nothing 
of the fact that the number of basis functions, and so the number of integrals, increases 
significantly for polyatomic molecules. The resolution to this difficulty was proposed 
as early as 1950 by the British chemist, Frank Boys, who recognized that multicentered 
integrals can be evaluated analytically in simple form if we use Gaussian-type functions 
instead of Slater orbitals as the basis functions. Gaussian functions are of the form 

2a - 0/1'2 

( )

3/ 4 

g_~(r, a)= ---;;- e 

( 
128a5

) 
114 

.2 8x(r, x, a)= -;3 xe- a' 

( 5) 1/ 4 128a - ar2 
gy(r, y, a)= ~ ye 

(12.21) 

1 a - ar2 
( 

28 5) 1/4 
g2 (r, z, a)= ~ ze 

and so on. (See also Problem 12- 28.) The factors in front of these expressions are 
normalization constants (Problem 12- 9). Note that these Gaussian functions have the 
same angular symmetry as Slater orbitals. The primary difference is the Gaussian factor, 
e - ar

2
, instead of an exponential factor, e - { r. We shall see below that 8s Gaussian 

functions are used to represent alls orbitals, be they ls, 2s, 3s, and so forth. There is 
no such thing as a g L~ Gaussian function, for example. Similarly, 8x Gaussian functions 
are used to represent all Px orbitals, be they 2p_0 3p_0 and so forth. 

The advantage of using Gaussian functions is that the product of two Gaussian 
functions centered at two different positions can be written as a single Gaussian function 
centered at one position. This property reduces all three- and four-centered integrals 
to two-centered integrals, which in turn can be evaluated analytically. Problems 12- 10 
through 12- 17 review the properties of Gaussian functions and show how multi centered 
integrals are easy to evaluate using Gaussian functions. 

The idea of using Gaussian functions lay fairly dormant until John Pople and 
numerous coworkers developed their use into an extremely successful methodology that 
dominates essentially aJI modern molecular calculations. The basic idea is to replace 
Slater orbitals with Gaussian functions. The problem with this idea is that Slater orbitals 
and Gaussian functions have very different behavior for smaJI values of r (and for 
large values of r as well). Figure 12.2 compares a normalized Slater ls orbital with 
~ = 1, 

(12.22) 
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g.Jr) " 

l 3 

with a Gaussian s function, 

F I GURE 12.2 
A comparison ofa Slater Is orbital with 
s = I (dotted curve) (Equation 12.22) 
with a Gaussian function with a = 
0.2710 (solid curve) (Equation 12.23). 
This value of a is chosen to maximize 
the overlap between the two fi.mctions. 

(
2a) 3/4 - ar2 

8s= - e 
n: 

(12.23) 

with a = 0.2710. This value of a has been chosen to maximize the overlap between 
Stf(r) and 8s(r) (Problem 12- 19). Note that the Slater orbital has a cusp at r = 0 and 
is larger than the Gaussian function at large values of r. 

The discrepancy between a Slater orbital and a Gaussian function turns out to 
be s ignificant in molecular calculations. To overcome this difficulty, we use a linear 
combination of Gaussian functions to curve-fit one Slater orbital, the fit improving 
with N, the number of Gaussian functions used. Figure 12.3 shows this fit as a function 

0.8 STO 
ST0-3G 
ST0-2G 
STO-lG 

r!a0 
0 .0 L_ __ _L_ __ ___J---=~'.!!!!!!!!!!l~---i.--

o.o 1.0 2.0 3.0 4.0 

F I GURE 12.3 
The Slater orbital, STO (solid curve), compared with various contracted Gaussian functions 
consisting of one, two, and three primitive Gaussian fonctions (various dashed lines). 
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of N. For example, for N = 3, the Slater orbital Slf(r) = (l/n) 112e - ' is expressed by 

3 

slf(r) =I:: dlfi8s<r, alsi) 

i =I (12.24) 

= 0.4446 8s(r, 0.109 82) + 0.5353 8s(r, 0.405 77) + 0.1 543 g/r, 2.2277) 

where the 8s are Gaussian functions defined by Equation 12.21. This linear combination 
of Gaussian functions is used to represent the Slater orbital S Js(r ), and is called a 
contracted Gaussian function. The parameters of a contracted Gaussian function are 
fixed by some procedure such as curve-fitting a Slater orbital and are treated as a single 
fixed function in subsequent calculations. The individual Gaussian functions are called 
primitive Gaussians. Because we are using a contraction of three Gaussian functions 
to represent one Slater-type orbital, such a basis set is called the ST0-3G basis set. 
If we used a contraction of N Gaussian functions to represent the Slater orbital, then 
we would have an STO-NG basis set. In the ST0-3G basis set, all atomic orbitals are 
described by a contraction of three Gaussian functions, where the parameters are fixed 
by the curve-fitting scheme. Although this procedure leads to a proliferation of integrals 
to evaluate, each one is relatively easy, so that the overall procedure is quite efficient. 

A minimal basis set of H2 consists of a ls orbital centered on each nucleus. 
Strictly speaking, a minimal basis set consists of just the number of orbitals needed 
to accommodate all the electrons of an atom. Thus, a minimal basis set for the atoms, 
hydrogen and helium, and even lithium and beryllium, would consist of only s orbitals. 
Nevertheless, it has been found that better results are obtained if you include the set 
of 2p orbitals with lithium and beryllium atoms, and 3p orbitals with sodium and 
magnesium atoms, and so forth. Thus, m inimal basis sets are considered to be 

H, He: Is 

Li to Ne: Is 

2s, 2px, 2p.l" 2pz 

Na to Ar: Is 

2s, 2px, 2py, 2pz 

3s, 3px, 3p·'" 3pz 

for a total of 1, 5, and 9 basis functions for each row. 

EXAMPLE 12-3 
A minimal basis set for a calcium atom consists of 13 basis functions. Which orbitals 
do you think are included? 

SOLUTION: The electron configuration of a calcium atom is is22s22p63s23p64s2 for 
a total of I 0 orbitals. As in the case of Li, Be and Na, Mg, however, we include a set 
of 4p orbitals to give a total of 13 basis functions in a minimal basis set of a calcium 
atom. 
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EXAMPLE 12-4 
What would be the total number of primitive Gaussian functions for an ST0-3G 
minimal basis set for a methane molecule? 

SO LU TI ON: A minimal basis set for a hydrogen atom consists of just a ls orbital, 
which is represented by a contraction of three Gaussian functions, for a total of 12 
primitive Gaussian fi.mctions for the hydrogen atoms. A minimal basis set fort he carbon 
atom consists of five orbitals, each of which is represented by a contraction of three 
Gaussian functions for a total of 15 primitive Gaussian functions. The total number of 
primitive Gaussian functions for an ST0-3G minimal basis calculation of a methane 
molecule is 27. 

So far we have used contracted Gaussian functions to represent a Slater orbital 
with { = l. As we saw in Chapter l 0, such unoptimized orbital exponents yield rather 
poor results. In the calculations on diatomic molecules using Slater orbitals that we dis
cussed in Section 12.1, the orbital exponents were optimized by minimizing the energy 
with respect to all of them. For example, the orbital exponents listed in Table 12.1 for 
N2 are all optimized. Because the orbital exponents occur in exponentials, their opti
mization requires nonlinear numerical methods, which are notoriously demanding and 
time-consuming. Upon examining a great number of optimized atomic and molecular 
calculations in some detail, it was found that it was possible to choose a fixed set of 
exponents for the Slater orbitals that yield results that are almost as good as for fully op
timized calculations. This procedure saves an enormous amount of computation time, 
and we shall see that any deficiencies that it may have can be readily accounted for 
by using large basis sets. Table 12.2 lists the commonly used orbital exponents for the 
atoms H through Ne. Note immediately that the values of the orbital exponents are 
taken to be equal for Slater 2s and 2p orbitals.. A more extensive list is given by Hehre, 
Radom, Schleyer, and Pople (see the end-of-chapter references). 

According to Table 12.2, in carrying out calculations for molecules involving 
hydrogen atoms, we would use 

[ 
3] 1/2 = ( l.!4) e - 1.24r 

In Equation 12.24, we fit the Slater orbital S1.~(r, { = 1.00) to a sum of three Gaussian 
functions. Can we use this result to determine the three-term Gaussian fit to S1s (r, { = 
1.24)? The answer is that it is easy. Problem 12- 21 has you show that the values of 
the a's used to represent a Slater orbital with an arbitrary value of { are related to the 
values of the a 's in a contracted Gaussian function used to represent a Slater orbital 
with { = LOO by the scaling relation 

(12.25) 
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T AB LE 12.2 
Orbital Exponents, s, for the Slater Orbitals 
of the Atoms of the First Two Rows of the 
Periodic Table 

Atom 

H 

He 

Li 

Be 

B 

c 
N 

0 

F 

Ne 

s is 

l.24 

J.69 

2.69 

3.68 

4.68 

5.67 

6.67 

7.66 

8.56 

9.64 

s2s = s2p 

0.80 

l.l5 

l.50 

1.72 

l.95 

2.25 

2. 55 

2.88 

Because of this convenient scaling relation, Gaussian fits are usually made to Slater 
orbitals with;; = 1.00 and then the various Gaussian exponents are scaled according to 
Equation 12.25. The linear coefficients are the same, so all we have to do is to scale the 
exponents. 

EXAMPLE 12- 5 
Given the fit given by Equation 12.24, 

S1..(r, J.0000) = 0.4446gs(r, 0.109 82) + 0.5353g,(r, 0.405 77) 

+ O. l543 g,Jr, 2.2277) 

write out the corresponding fit for S1,,(r, s = 1.24). 

SOLUTION : Using Equation 12.25, we find that 

Therefore, 

a 1 = ( l.24)2(0 .I 09 82) = 0. 1688 

a2 = ( l.24)2(0.405 77) = 0.6239 

ll'3 = ( 1.24)2(2.2277) = 3.425 

SL,(r, s = 1.24) = 0.4446gs(r, O. l688) + 0.5353g,, (r, 0.6239) + 0.1543g .. (r , 3.425) 
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12.3 Exlended Basis Sels Must Be Used lo Oblain Accurale Results 

The STO-NG orbitals that we have discussed so far constitute a minimal basis set. 
Hartree- Fock-Roothaan calculations with minimal basis sets usually give adequate, but 
not great, results. Bond lengths typically are in error by several hundredths of angstroms 
and bond angles are in error by several degrees. One inadequacy of a minimal basis set 
is due to the fact that the orbital exponents are fixed, and so an orbital is unable to 
contract or expand in different molecular environments. The fixed orbital exponents 
simply make the orbitals too rigid. Although it's impractical to vary orbital exponents 
because of their nonlinearity, we can achieve almost the same result by using a linear 
combination of orbitals of the same type (same symmetry) but with different orbital 
exponents. 

For example, a 2s orbital be written as 

(12.26) 

where d is a parameter to be determined from the Hartree- Fock- Roothaan equations. 
The advantage of doing this can be seen as follows. The Slater orbitals S2s(r, <;1) and 
S2s(r, l;2) represent different-sized 2s orbitals for l;1 :f= l;2 (see Figure 12.4). 

Q 0 

S2s(r, 1) 

F I GURE 12.4 
An illustration of the dependence of the 
size of a 2.s orbital on the value of the 
orbital exponent. The values of~ are 1.00, 
2.00, and 4.00. 

Using a linear combination of S2s(r, s1) and S2s(r, l;2), we can construct an atomic 
orbital whose size can range between that specified by S2s(r, <; 1) and S25 (r, l;2) by 
varying the constant d in Equation 12.26, as shown in Figure 12.5. Because both 
functions are of the same type (S2~ in this case), the linear combination retains the 
desired symmetry of the atomic orbital. Basis sets generated from a sum of two orbitals 
are called double-zeta basis sets because each orbital in the basis set is the sum of h:vo 
orbitals that differ only in their value of the orbital exponent, l; (zeta). 

Usually only the valence orbitals are expressed by a double-zeta representation. The 
inner-shell electrons are still described by a single orbital. For example, the electrons 
in the ls atomic orbital on a carbon atom would be described by a single ls orbital 
with l; given in Table 12.2, whereas the electrons in the 2s atomic orbital would be 
described by a linear combination of two 2s orbitals with different values of the orbital 
exponent, l;. Basis sets that describe the inner-shell electrons by a single orbital and 
the valence shell electrons by a sum of orbitals are called split-valence basis sets. In 
the simplest split-valence basis set, hydrogen and helium atoms are represented by two 
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d >> 1 

0 + d D = 

d:::: 

,0 d << 1 

FI G URE12.5 
A linear combination of two orbitals of the same type (~.r in the case shown) but with different 
orbital exponents s 1 and s2 can generate an atomic orbital of adjustable size by varying the 
constant d in Equation 12.26. 

s-type orbitals and the next two rows of atoms in the periodic table are represented by 
two complete sets of valences and p orbitals. For the atoms hydrogen through argon, 
we have 

H,He: ls 

Is' 

Li through Ne: ls 

2s' 2J?' 2r7' 2,,, 
' x' y' · z 

2s11
, 2p~, 2~, 2p~ 

Na through Ar: ls 

2s, 2px, 2py, 2p, 

3s' 3p' 3p' 3p' 
' x' y' z 

3 II ~ II ~ II 3 II 
s , ~Px• ~Py' P, 
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EXAMPLE 12-6 
How many orbitals are used in a split-valence basis set calculation for methane, CH4? 

SOLUTION: Each hydrogen atom is assigned two Is orbitals; the carbon atom is 
assigned one ls orbital, two 2s orbitals, and two of each of the 2p orbitals. Thus, 
we have a total of4 x 2 + 1+ 2 + 2 x 3 = 17 orbitals. 

Up to this point, we have based our discussion on Slater orbitals. The term "double
zeta" basis set comes from the use of the sum of Slater orbitals with different orbital 
exponents (typically denoted by ( for Slater orbitals). Nevertheless, the Gaussian basis 
sets other than the STO-NG minimal basis sets that are in common use nowadays are 
no longer based on Slater orbitals. Consider the fairly simple basis set designated by 
3-21 G. The 3 indicates that each nonvalence orbital is represented by a sum of three 
Gaussian functions, which as a whole is called a contracted Gaussian function; the 
dash indicates that the basis set is a split-valence basis set; the 21 indicates that each 
valence orbital is represented by two contracted Gaussian functions, one consisting of 
two primitive Gaussian functions and the other consisting of one (hardly a contraction); 
and the G emphasizes that all the orbitals are expressed in terms of Gaussian functions. 

For example, for a hydrogen atom, which has no nonvalence orbitals, we write 

2 

¢~ (r ) = ~ d' I: 8s(r , c/ 1 J 
L5' L.t 1.5' l.S 

i =I (12.27) 

By convention, ¢~f(r) is such that it is more compact than ¢~f(r), meaning that ¢~f(r) 

is of greater extent than ¢~f(r). This w ill result when the orbital exponent in ¢;'.f(r) is 
smaller than those in ¢;/r). We shall refer to these orbitals as the compact and extended 
orbitals. 

For the atoms lithium through fluorine, we have 

3 

¢1s(r ) = L d;,1s8s(r , a;, Lf) 
i =I 

2 

¢2' (r ) = ~ d' 2 gf(r , a'. 2 ) 
S ~ I , S • I, SJ> 

i =I 

,i.." (r) - g (r a" ) '1'2s - s ' 2sp 

2 

¢~P(r) = L <2p82p(r, a~.2sp) 
i =I 

(12.28) 
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Let's be sure to understand everything in Equations 12.28. First note that the ls orbital, 
a nonvalence orbital, is represented by a contraction of three Gaussian functions, and 
hence the 3 in the 3-21 G designation. The ¢~s (r ) orbital, the compact 2s valence orbital, 
is represented by a contraction of two Gaussian functions, and hence the 2 in the 3-21 G 
designation. The primitive Gaussian functions in ¢~s are of the same form as those used 
in the ls contraction; only the values of the parameters are different. The ¢~5 (r ) orbital, 
the extended valence orbital, is represented by just one Gaussian function, and hence 
the 1 in the 3-21 G designation. Finally, and importantly, note that the compact 2s and 
2p orbitals, ¢ 2' (r ) and ¢ 2' (r ), have the same orbital exponents, and that the same is s p 

true for the extended valence orbitals ¢'2' (r) and ¢'2' (r). This is generally the case for s p 
Gaussian basis sets. 

The contribution of a carbon atom, for example, to a molecular orbital is given by 
a linear combination of the atomic orbitals in Equations 12.28: 

The molecular Hartree- Fock calculation treats the ¢'s as known quantities and deter
mines the linear coefficients, c 1. The question that arises here is where do these "known" 
quantities come from. In other words, how do we know the values of the d's and a's 
in Equations 12.28? A number of ways have been used by quantum chemists. We saw 
in the case of STO-NG basis sets that the contracted Gaussian functions were deter
mined by curve-fitting linear combinations of Gaussian functions to Slater orbitals. 
For split-valence basis sets and other extended basis sets, the parameters of contracted 
Gaussian functions like those in Equations 12.28 are determined directly from opti
mization of atomic energies, or perhaps the energies and bond lengths of a few small 
test molecules. This procedure and variations of this procedure have been used to pro
duce sets of atomic orbitals consisting of contracted Gaussian functions to be used in 
molecular calculations. We shall see in the next section that these basis sets are available 
on-line. 

EXAMPLE 12-7 
How many primitive Gaussian functions and how many contracted Gaussian functions 
are used in a 3-2 1 G calculation of a methane molecule, CH4? 

SOLUTION: Each hydrogen atom is assigned two ls orbitals; one of them is rep
resented by a contraction of two Gaussian functions and the other by one Gaussian 
fimction. Thus, the four hydrogen atoms are assigned 4 x 3 = 12 primitive Gaussian 
fonctions and 4 x 2 = 8 contracted Gaussian functions. The carbon atom is assigned 
one ls orbital, which is represented by a contraction of three Gaussian fimctions; two 
valence 2~ orbitals, one of which is represented by a contraction of two Gaussian fimc
tions and the other by just one Gaussian function; each of one set of the three 2p valence 
orbitals is represented by a contraction of two Gaussian fimctions, and each of the 2p 
orbitals in the other set is represented by just one Gaussian function. Thus, we have 
total of l x 3 + l x 2 + l x l + 3 x 2 + 3 x l = 15 primitive Gaussian fimctions and 
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nine contracted Gaussian fi.mctions for the carbon atom. The total number of primitive 
Gaussian functions for the molecule is 12 + 15 = 27 and the total number of contracted 
Gaussian functions is 17. 

We have used the 3-2 lG basis set to illustrate a split-valence basis set, but there 
is a whole family of split-valence basis sets. To specify how many primitive Gaussian 
functions are used in the contractions that are used for the various orbitals, we will 
use the notation N-MPG, where N, M, and P are integers. In this notation, N is the 
number of primitive Gaussian functions that are contracted to represent the inner-shell 
(nonvalence) orbitals, the hyphen indicates that we have a split-valence basis set, and 
the integers M and P designate the number of primitive Gaussian functions that are 
contracted to represent the two sets of split-valence-shell orbitals; M is the number of 
primitive Gaussian functions that are contracted to represent the more compact orbital 
(the one with the larger orbital exponents), and P is the number of primitive Gaussian 
functions that are contracted to represent the more extended orbital [the one with the 
smaller orbital exponent(s)]. The G simply tells us that we are using Gaussian functions. 

For example, one popular split-valence basis set is the 6-31 G basis set. Consider 
a carbon atom in the 6-3 tG basis. The 6 tells us that the ls orbital on the carbon 
atom (the nonvalence orbital) is represented by a contraction of six Gaussian functions. 
The hyphen indicates a split-valence basis set, telling us that the valence orbitals are 
split. One of the 2s orbitals, the compact one, is represented by a contraction of three 
Gaussian functions (hence the 3), with relatively large values of the a's. The other 2s 
orbital, the extended one, is represented by one Gaussian function (hence the 1 ), with 
a relatively small value of a. The 2 p orbitals are represented by contractions of three 
Gaussian functions (the compact 2p orbitals) and one Gaussian function (the extended 
2p orbitals). (See Problem 12-30.) 

EXAMPLE 12-8 
Describe the orbitals of a carbon atom in a 6-311 G basis set. This basis set describes a 
triple split-valence basis set. 

SOLUTION: In this case, the ls orbital (the nonvalence orbital) is represented by a 
contraction of six Gaussian functions. The valence orbitals are split into three orbitals 
each. One of the 2s orbitals, the compact one. is represented by a contraction of 
three Gaussian functions, with relatively large values of the a's. Another 2s orbital 
is represented by one Gaussian fi.mction, with a value of a smaller than those in the 
compact orbital, and another 2v orbital is represented by one Gaussian fi.mction with 
the smallest value of a. The 2p orbitals are also split into three, and are represented 
by contractions of three, one, and one Gaussian ftmctions, with decreasing values of 
the a's. (See Problem 12- 31.) 

625 



626 Chapter 12 I The Hartree-Fock-Roothaan Method 

12.4 Asterisks in lhe Designalion of a Basis Set Denote 
Orbital Polarizalion Terms 

Consider the formation of the minimal basis set a ls molecular orbital in H2, formed 
from a ls orbital on each hydrogen atom. As we discussed in Section 10.6, the electron 
distribution about each hydrogen atom does not remain spherically symmetric as the 
two atoms approach each other. We took this effect into account by constructing the 
molecular orbital from a linear combination of a ls orbital and a 2p2 orbital on each 
hydrogen atom instead of from just a ls orbital. ln this manner, we accommodate 
the fact that atomic orbitals distort as atoms are brought together, which is called 
polarization. We can account for polarization by including orbitals of a higher orbital 
angular-momentum quantum number, I, to a given orbital, just as we added a 2 Pz orbital 
to a ls hydrogen orbital in Section 10.6. In addition, d character can be added to the 
description of the valence electrons in 2 p orbitals, thereby providing a representation 
of the asymmetric shape of the electron density along the chemical bonds involving 
2p orbitals (Figure 12.6). The use of such functions for the second-row elements in 
the periodic table is denoted by an asterisk*; for example, the notation 6-310* [also 
designated by 6-31 G( d)] designates a 6-31 G basis set to which we add d orbitals to the 
p orbitals. The presence of a double asterisk, * *, denotes that polarization is also being 
taken into account for the orbital descriptions on hydrogen atoms by adding a p-type 
orbital to the hydrogen L~ orbital. In particular, the basis set 6-31 G* * [also denoted by 
6-31G(d,p)] is useful in systems in which hydrogen bonding occurs. 

2s(r ) + (30%)2px(r) = 

(a) 

(b) 

FIGURE 12.6 
An illustration of how polarization can be achieved by adding (a) a p orbital to an s orbital and 
(b) ad orbital to a p orbital. 
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EXAMPLE 12-9 
Write the general expressions for the ls orbital on a carbon atom in the 6-31 G** basis 
sets. 

SOLUTI ON: This is a split-valence basis set. The first munber of the designation 
indicates the total number of Gaussian functions that are contracted to represent the 
Is orbital. Thus, we have 

6 

c/>1s(r) = L dlsig,(r, alsi) 
i = l 

The ** on the 6-31 G** tells us that a set of Gaussian p orbitals is added to the 
representation of the ls orbital. Thus, we have 

6 

4>1.1 (r) = Ld1.1;g"(r, a1,,i) + d2p,gx(r, a2p) + d2p ,.gy(r, a2p) + d2pzgz(r, a2p) 
i = l 

The values of the d l.1 i and the a lsi are fixed by some chosen method as described 
above, and a standard Gaussian exponent ofo:2P = 1.1 is commonly used for the added 
p functions. The coefficients d2P=' d2P," and d2P.•· are optimized as pati of the Hartree
Fock variational calculation. 

In addition to adding polarization to 3-21 G and 6-31 G basis sets, for example, 
it is sometimes desirable to add what are ca.lied diffuse functions. Diffuse functions 
are Gaussian functions with fairly small orbital exponents, which cause the Gaussian 
functions to be large in extent. Diffuse functions are particularly useful for describing 
electrons that are relatively far from the nucleus, such as lone-pair electrons or electrons 
in anions. We usually add one diffuse function, composed of a single Gaussian function, 
for each valence orbital of the atoms beyond Hand He. A basis set with diffuse functions 
is designated by inserting a + sign before the G of the basis set designation to which 
the diffuse functions are added. For example, the 6-3 l+G* [6-3 l+G(d)] basis set for a 
carbon atom consists of the orbitals 

ls 

2s', 2p~., 2p;,, 2p~ 

2s" 21?" 2p" 2/?11 

' x' y' z 

five 3d orbitals 

2s+ , 2px+ , 2py+, 2p2 + 

for a total of 18 basis functions, where the orbitals 2s+ and so on are the diffuse orbitals. 
Of the basis sets that we have discussed, 3-21 G is considered to be a small basis 

set and the 6-3 l+G* and 6-3l+G** basis sets are considered to be moderate-sized. To 
give an idea about the relative results from these basis sets, we give the bond lengths 
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TAB LE 12.3 
Calculated and Experimental Bond Lengths (Angstroms) and Bond Angles (Degrees) for Small 
Molecules for Different Basis Sets 

Geometrical 
Molecule parameter ST0-3G 3-21G 3-210* 6-310* 6-310** 6-31+G** Expt. 

H2 r(HH) 0.712 0.735 0.735 0.730 0.732 0.733 0.742 

CH4 r(CH) 1.083 1.083 1.083 1.084 1.084 l.084 1.092 

NH3 r(NH) 1.003 1.003 l.003 1.002 1.001 1.000 1.012 

L(HNH) 104.2 112.4 112.4 107.2 107.6 108.9 106.7 

H20 r(OH) 0.990 0.967 0.967 0.947 0.943 0.943 0.958 

L(HOH) 100.0 107.6 107.6 105.5 105.9 107.l 104.5 

HF r(FH) 0.956 0.937 0.937 0.91 I 0.901 0.902 0.917 

SiH4 r(SiH) 1.422 1.487 1.475 1.475 1.476 1.476 1.481 

PH3 r(PH) 1.378 1.423 1.402 1.403 1.405 1.405 1.420 

L(HPH) 95.0 96.1 95.2 95.4 95.6 95.7 93.3 

H2S r(SH) 1.329 1.350 1.327 1.326 1.327 l .328 1.336 

L(HSH) 92.5 95 .8 94.4 94.4 94.4 94.4 92.l 

HCl r(CLH) 1.313 1.293 l .267 1.267 1.266 1.261 1.275 

and bond angles obtained from Hartree-Fock- Roothaan calculations for a number of 
small molecules in Table 12.3. 

All the results in Table 12.3 are easily calculated using any number of commercially 
available quantum chemistry programs. We're going to learn a little about using these 
programs in the next section. These programs have all the above basis sets built into 
them, so you never have to input them. Nevertheless, it's nice to have some knowledge 
about these basis sets rather than to just use them blindly. You can see the basis set used 
by any of the programs at http://gnode2.pn/.govlbse/portal (formerly http://www.emsl. 
pnl.gov(formslbasi.eforms.html), a website maintained by the government-supported 
Pacific Northwest Laboratory in Richland, Washington. For example, if you ask for 
the 6-31 G* * basis set that is used by Gaussian 94 for a carbon atom, you obtain the 
result shown in Figure 12.7. The first column of numbers lists the orbital exponents and 
the other columns list the linear coefficients. For the two sets of rows headed by SP, 
the second column gives the coefficients for the s orbitals and the third column gives 
the coefficients for the p orbitals. Notice that the 2s and 2p orbitals have the same 
orbital exponents. As we've said before, this is generally the case and leads to great 
computational efficiency. 

Figure 12.8 compares the ls orbital of a carbon atom from the 6-31 ** basis set 
shown in Figure 12.7 to the Hartree-Fock ls orbital given in the website http://•vww. 
cc/.net/cca/datalatomic-RHR-wavefunctionsltables given in Chapter 9. 
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c 0 
s 6 1.00 

3047.5249000 0 . 0018347 
457 .3695100 0 . 01 40373 
103.9486900 0 . 0688426 

29 . 2101550 0 .2321844 
9.2866630 0. 46 79413 
3.1639270 0.3623120 

SP 3 1. 00 
7.868272 4 -0. 1193324 0.0689991 
1 . 8812885 -0.1608542 0 .3164240 
0 . 544249 3 1 .14 34564 0 . 7443083 

SP 1 1.00 
0 . 1687144 1 . 0000000 1 . 0000000 

0 1 1.00 
0.8000000 1.0000000 

**** 

F IGURE 12.7 
A screen shot of the 6-31 G** basis set for a carbon atom taken from http://gnode2.pnl.gov/bse/ 
portal 

l 

F IGURE 12.8 
A comparison of the Is orbital given by Figure 12.7 (solid orange curve) and the Hartree- Fock 
Is orbital (dashed, black curve) given in the website http://www.ccl.netlcca/data/atomic-RHR
wavefunctions/tables 

EXAMPLE 12-10 
Use the entries in Figure 12. 7 to write out the contracted Gaussian functions for the 2~ 
and 2p orbitals. 

SOLUTI ON: The compact 2s orbital is given by 

4>~" = - 0.119 3324 g.,(r, 7.868 2724) - 0.160 8542g,(r, 1.8812885) 

+ 1.143 4564g,(r, 0.544 2493) 

and the extended 2s orbital is given by 

4>~ .. = g_,(r, 0. 168 7144) 
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where g .. (r, a) is given by Equation 12.21. Note that the orbital exponent of</>~, 
is much smaller than the orbital expo111ents of </>~,. This causes the <P~s orbital to 
be more extended than the <P~s orbital. Figure 12.9 compares the <1>; .. and <P~s or
bitals. 

The compact 2px orbital is given by 

</>~P.r = 0 .068 9991 gx (r, X, 7 .868 2724) + 0. 316 4240 gx (r, X, 1.88 I 2885) 

+ 0.744 3083g,.(r, x, 0.544 2493) 

and the extended 2px orbital is given by 

<P~p, = g,.(r, x, 0.168 7144) 

where gx (r, x, a) is given by Equation J 2.2 1. There are similar results for 2py and 2pz 
orbitals. Note that the 2~ and 2p orbitals share the same orbital exponents . 

...... </>2_'/r) .... 
........ r!a0 

... __ _ 
l 2 3 4 l 

FIGURE 12.9 

.. , 
' ' ' r<P" (r) 

', 2s 
' ' ' ' '.. r/a0 ---

2 3 4 5 

A comparison of the compact (solid curve) and extended (dashed curve) 2s orbitals for the 
6-31G** basis set given in Figure 12.7. 

When you go to the Pacific Northwest Laboratory website, you'll see that there are 
over 100 basis sets to choose from. The ones that we have discussed in this chapter are 
due to Pople and his coworkers and are sometimes called Pople-type basis sets. Another 
type of basis set has a designation such as cc-p VTZ, which stands for correlation 
consistent, polarized valence triple zeta. These cc-pxxx basis sets were developed by 
Thom Dunning for calculations that include electron correlation (see Section 12.7) and 
are commonly used in post-Hartree- Fock calculations. 
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12.5 Gaussian 03 and WebMO Are lhe Quanlum Chemistry 
Programs Mosl Commonly Used by Undergraduale 
Chemistry Students 

We have said that there are a number of commercially available computer programs 
that can be used by nonexperts to calculate molecular properties. Some of the most 
widely used programs are Gaussian 03, a commercially available program developed by 
Gaussian, Inc. (www.gaussian.com), GAMESS (General Atomic and Molecular Elec
tronic Structure System, www.msg.ameslab.gov/GAMESSI) , maintained by the Mark 
Gordon Research Group at the University of Iowa, and SPARTAN, another commer
cially available program developed by WaveFunction, Inc. (www.wavefun.com). When 
the first edition of this book was published in 1983, molecular calculations could be 
done only by professional quantum chemists, but they can now be carried out by any 
undergraduate chemistry student, thanks to the availability of programs such as the 
ones listed above. Not only do many college chemistry departments have a license for 
one or more of these programs, but the Shoder Education Foundation (http://chemist1y . 
ncsm.edu, formerly www.shoder.org/chemist1y ) has developed a North Carolina High 
School Computational Chemistry Server, where high school students carry out molecu
lar calculations. Table 12.4 lists some of the most popular quantum chemistry programs 
along with their websites. 

In this section, we shall use an acetaldehyde molecule (CH3CHO) to illustrate 
what is involved in running a Gaussian calculation, but the steps involved are very 
similar for the other programs. To carry out a calculation, you must specify the starting 
geometry or the coordinates of each atom in the molecule of interest and the model 
chemist1y to use. By the term "model chemistry;' we mean the combination of level 

TAB L E 12.4 
Some Popular Quantum Chemistry Programs and Their Websites 

Name Website Cost 

ACES fl www.aces2.de/ free 

ADF www.scm.com/ commercial 

Dalton www.kjemi.uio.no/software/dalton/ free 

GAMESS www.msg.ameslab.gov/ GAMESS free 

Gaussian www.gaussian.com commercial 

Jaquar www.schrodinger.com/ commercial 

Molpro www.molpro.net/ commercial 

MO PAC www.openmopac.net/ free 

NW Chem www.emsl.pnl.gov/docs/nwchemlnwchem.html free 

Q-Chem www.q-chem.com/ commercial 

SPARTAN www.wavefun.com/ commercial 
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of theory (such as Hartree- Fock, configuration interaction, and so on) and the basis 
set. In our case, we shall do a Hartree-Fock calculation using a 6-311 G( d,p) basis set. 
We designate this model chemistry by HF/6-31 IG(d,p). Early versions of Gaussian 
required that you create an input file containing the initial coordinates of all the atoms 
in the molecule, which could be quite demanding for large molecules. Fortunately, there 
are now graphical user interfaces that make setting up, running, and viewing the results 
of a Gaussian calculation much easier. We will illustrate the use of these interfaces 
for GaussView, developed by Gaussian, Inc., and packaged with Gaussian 03, and 
WebMO, a free web-based interface used by many educational institutions. WebMO 
also supports the use of GAMESS and several other quantum chemistry programs in 
addition to Gaussian. 

The first step in setting up a Gaussian calculation using Gauss View is to build the 
molecule pictorially from atoms and various bond types. Once the molecule is built, 
an initial set of atomic coordinates is automatically generated from the pictorial repre
sentation. This set of atomic coordinates is used as an initial geometry in the Gaussian 
calculation. We're using an acetaldehyde molecule as a simple illustrative example, but 
the pictorial molecule builder in GaussView and WebMO includes segments such as 
saturated rings, aromatic rings, and segments of biochemical molecules to build more 
complicated and larger molecules easily. 

The next step in the process is shown in Figure 12.10. You select Job Type [such as 
a single-point (fixed geometry) energy calculation, an optimization of the geometry, or 
an IR frequency calculation], and then Method, which specifies the model chemistry, 
which in our case is HF/6-31 IG(d,p). Upon submitting the job, you get a multipage 
output containing a plethora of information. 

Title-:. aceta.ldehyde 

K•~£ It opt freq hf/6-3llg(d.1>) goom- <onnectivity 

C1lv9</"l•lt. 0 l 

Method r litl• [link 0 J C.nor&l I Cuus I NllO Solv~1on 

Opt+f,.q 

01)C.1riu lo• M1n1.!i"V'MJD _ Ust COllS 

Calc.111~1 .. rot(.C Con.surut. Never :rJ ~ Use t~ljlht convergence cntuh1 

Co'"""'•"""" 01f•ul1 J:) ~ Comput• VCO 

AddltiOttll K~VWQ(d5: 

JJib_mit. l C&ncel ~ Edit... ) \ Retain J ~ Defaults .J l Help 

F I GURE 12.10 
A screen shot of the Gaussian Calculation Setup page in GaussYiew. This window specifies 
the model chemistry used in the calculation. 
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Orbital symmetries: 
Occupied (A') (A') (A') (A') (A') (A') (A') (A') (A") (A'J 

(A") (A'} 
Virtual (A') (A") (A') (A") (A') (A' ) (A') (A") (A') (A') 

(A") (A') (A') (A") (A') (A') (A') (A') (A') (A') 
(A") (A') (A") ( A ') (A") (A') (A") (A") ( A') (A') 
(A") (A') (A') (A') (A") (A') (A") (A') (A') (A") 
(A') (A') (A') (A") (A') (A') (A") (A') (A") (A') 
(A') (A") (A') (A") (A ' ) (A') (A ' ) ( A ") (A') (A') 
(A") (A') (A') (A') (A') (A') 

The electronic state is 1-A'. 
Alpha occ. eigenvalues -20.55164 -11.32875 -11.23673 -1.41113 -1.01990 
Alpha occ. eigenvalues -0.80098 -0.67954 -0.62903 -0.60721 -0.56246 
Alpha occ. eigenvalues -0.51064 -t0.42043 
Alpha virt . eigenvalues 0.15524 i0.15741 0.18606 0.21232 0. 23115 
Alpha virt. eigenvalues 0.35797 t0.38132 0 . 45501 0.48483 0 . 55389 
Alpha virt. eigenvalues 0.60494 i0.62239 0.74508 0.77882 0.78158 
Alpha virt. eigenvalues 0.79350 0.82958 0.89886 0 . 99840 1 . 00528 
Alpha virt. eigenvalues 1.11277 1.19368 1.19466 l.42478 1.45121 
Alpha virt. eigenvalues 1.63127 1.68850 1 . 70047 1 . 73056 1 . 73860 
Alpha virt . eigenvalues 1.75130 1.76317 1.87138 1.98182 2.01892 
Alpha virt. eigenvalues 2.16117 .2.16405 2.29676 2 . 39840 2 . 51390 
Alpha virt . eigenvalues 2.57097 2.70200 2.71707 2.72122 2 . 76078 
Alpha virt. eigenvalues 2.86622 .2.87903 3.03472 3 . 04821 3.11440 
Alpha virt. eigenvalues 3.28956 3.29205 3.46515 3.74522 3 . 85183 
Alpha virt. eigenvalues 3 . 91373 4.17384 4.18437 4 . 27206 4 . 52726 
Alpha virt. eigenvalues 5.43760 5.56623 6.15357 25.01426 25 . 08726 
Alpha virt. eigenvalues 51.66346 

FIGURE 12.11 
A screen shot of part of the output of Gaussian 03, showing the HF/6-311 G(d,p) orbital energies 
of acetaldehyde. The 24 electrons in acetaldehyde occupy the 12 molecular orbitals of lowest 
energies. The remaining 66 unoccupied orbitals are virtual orbitals. 

Figure 12.11 shows a screen shot of part of this output, showing the orbital energies 
of the 78 molecular orbitals involved. Let's make sure that we see why there are 78 basis 
functions, consequently yielding 78 orbitals, in this 6-311 G( d,p) basis set. The basic 
6-311 G basis set (a triple split-valence basis set) has three ls orbitals on each of the 
four hydrogen atoms and a ls orbital and three sets of2s, 2px, 2p),, and 2p2 orbitals 
on the oxygen atom and each of the two carbon atoms, for a total of 51 basis functions 
(so far). The ( d,p) augmentation adds three p orbitals to each hydrogen atom and five d 

orbitals to the oxygen atom and the two carbon atoms, adding 27 more basis functions 
to the 51 to give a total of78. This information is given in the Gaussian 03 output. 

EXAMPLE 12-1 1 
How many primitive Gaussian ftmctions are there in the 6-31 IG(d,p) basis set for 
ace ta I dehyde? 

SOLUTI ON: The ls, is', and Is'' hydrogen orbitals in this triple split-valence basis set 
are represented by three, one. and one Gaussian ftmctions, respectively, for a total of 
five for each hydrogen atom. Each of the three p orbitals added to each hydrogen atom is 
represented by one Gaussian function, for a total of eight Gaussian fimctions for each 
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hydrogen atom, for a total of 32 primitive Gaussian functions on the four hydrogen 
atoms. The Is orbitals of the oxygen atom and the carbon atoms are represented by 
six Gaussian functions; each of the 2.s, 2p,., 2p.l" and 2p, orbitals is represented by 
three Gaussian functions, and each of the 2s', 2p~, 2p',,, 2p:, and so forth, orbitals is 
represented by one Gaussian ftmction; and each of the d orbitals added to the oxygen 
atom and the two carbon atoms accounts for six Gaussian functions (see Problem 12-
28), for a total of 6 + 12 + 4 + 4 + 6 = 32 Gaussian functions for the oxygen atom and 
each carbon atom. The total munber of Gaussian functions involved in the 6-3 J IG(d,p) 
basis set for acetaldehyde is 32 + 3 x 32 = 128. This information is given in the 
Gaussian 03 output. 

Table 12.5 compares the calculated bond lengths and bond angles of acetaldehyde 
using the HF/6-311 G(d,p) model chemistry with the experimental values. You can see 
from this table that Hartree- Fock calculations yield fairly good geometries. We have 
excised only the orbital energies and the optimized geometry from the Gaussian 03 
output, but there is a great deal more info1mation listed, such as how the electron 
charge is distributed over the atoms in the molecule, IR and Raman vibrational spectral 
properties such as frequencies and intensities, electrical properties such as dipole 
moments and other multipole moments, NMR properties, and much more. 

Another commonly used interface is WebMO. As we said above, WebMO (www. 
webmo.net) is a free web-based interface for a number of computational chemistry 
progran1s. WebMO installs on any Unix computer (the server). It and any computational 

T AB LE 12.5 
A Comparison of the Bond Lengths and Bond Angles for Acetaldehyde Calculated 
with an HF/6-311 G( d,p) Model Chemistry with Experimental Values a 

Calculated value Experimental value 

R(C,O) 1.1819 1.216 

R(C,H) (aldehyde) 1.0986 1.114 

R(C,C) 1.5034 l.501 

R(C,H) (methyl) l.0819 1.086 

R(C,H) (methyl) 1.0870 1.086 

R(C,H) (methyl) 1.0870 1.086 

A(COH) 124.5673 123.9 

A(CCH) (aldehyde) 115.1790 117.5 

A(HCH) (methyl) 110.2088 108.3 

A(HCH) (methyl) 110.0354 108.3 

A(HCH) (methyl) 107.3411 108.3 

a. The bond lengths (the R's) are in angstroms and 1he bond angles (the A's) are in degrees. 
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programs also installed on the server can then be accessed from a standard web browser 
on any other computer, even a PC running Windows or a Mac in a dormitory or at home. 
This type of setup is used by almost one thousand chemistry departments around the 
world. 

To Jog into WebMO, you go to the internet address of the server and enter your 
user name and password, which you obtain from your system administrator. (Even if 
you do not have access to WebMO, you can log in as a guest and receive one minute 
of CPU time to run a calculation (which is enough time to rnn a number of Hartree
Fock calculations on the molecules that we have been considering) by going to www. 
webmo.net/demol, then log onto Demo Server, and then follow the instructions.) After 
logging in, you will see a WebMO Job Manager page, which displays a history of 
your past jobs. After clicking on Create New Job, you come to a pictorial molecule 
builder, which is comparable to that in GaussView. Once the molecule is built and 
the initial geometry is specified, you select Choose Computational Engine, where 
you can choose Gaussian from a list of computational programs that are available. 
Figure 12.12 shows the Configure Gaussian Job Options page, which is comparable 
to the Gaussian Calculation Setup page in Figure 12.10. Once you click on Submit 
Job, your job is run by Gaussian and you are returned to the WebMO Job Manager 
page. Clicking on a completed job displays a summary of the calculation, visualization 
of calculated quantities (dipole moment, pa.rtial charges, vibrational normal modes 
(Figure 12.13), spectra, and molecular orbitals), and a link to the output text of the 
program. 

Status 

!2 guest 

~webmo 

fJ 1:{)0 

a unlimited 

,a Jobs 

Progress 

• Job manager 

« 

• Build molecule 
• Choose engine 
• Job options 

Conf9ure opllOns tor 
the $eleeled pb at>d 
CO'll(>Ulal.onal engn e. 

• Submlljob 

.., Help 

F I GURE 12.12 

Job Opt.,ns l Advane<>d Proviow I Noto& 

Job Name ~cetaldehyde 

Calculation j Geometry Optim ization ..:J 

Theory I Hartree-Fock ..:J 

Basis Set I Accurate: 6- 3 11 +G(d,p) [:J 
Charge ~ 
MulUpllclty ,..., S-in-g-le_t _ ..:J""' 

A screen shot of the Configure Gaussian Job Options page in WebMO. 
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~webmo 

d 1:00 
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Actions 

~Job Manager 
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_J All files 

8 Print 

"'Help 
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Vibrational Mode 11 - 2,012.9 cm- 1 

RC$et Viewer I New Job Using This Geometry I Export Molecule I 

A screen shot of the View Job page in WebMO displaying one of the vibrational normal modes 
of acetaldehyde. 

12.6 Hartree-Fock- Roothaan Calculalions Have Been Carried Out 
for Many Molecules 

In this section, we'll review results ofHartree- Fock- Roothaan calculations for a num
ber of molecules. There is a huge literature on molecular Hartree- Fock calculations, and 
the primary goal of this section is to provide you with the ability to peruse this literature 
for yourself. The National Institute of Standards and Technology has a website (hllp:ll 
srdata.nist.govlcccbdb) called Computational Chemistry Comparison and Benchmark 
Data Base ( cccbdb). Its stated goals are " ( 1) Provide a benchmark set of molecules for 
the evaluation of ab initio computational methods and (2) Allow the comparison be
tween different ab initio computational methods for the prediction of thermochemical 
properties." The website gives the results of calculations of energies, geometries, vibra
tional frequencies, entropies, dipole moments, quadrnpole moments, polarizabilities, 
barriers to internal rotation, and other properties for hundreds of molecules. For each 
molecule, it lists the results of a given property using different model chemistries. It also 
lists experimental values for all these properties. Furthermore, this website has a link 
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called "bad calculations," which illustrates calculations that produce poor results for 
certain model chemistries and molecules and also a tutorial, which includes a glossary 
of computational terms. 

Figure 12.14 is a screen shot from the NIST cccbdb website of the result for the 
standard molar entropy (in units of J · K- 1• mol- 1) of acetaldehyde at 298 K calculated 
using various model chemistries. We chose to display the results for the standard molar 
entropy because its calculation (through statistical thermodynamic formulas) involves 
both the geometry of the molecule and its vibrational frequencies. The first row shows 
the results ofHartree- Fock calculations using increasingly sophisticated basis sets. The 
rest of the rows show results for various posil-Hartree- Fock methods, which we shall 
describe briefly in the next section. The NIST cccbdb website gives an experimental 
result of 263.95 J . K- 1 ·mol- 1• 
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F I G U RE 12.14 
A screen shot from the NIST website (http://srdata.nist.gov/cccbdb) for the standard molar 
entropy (in units of J · K- 1 ·mol- 1) of acetaldehyde at 298 K calculated using various model 
chemistries. 

Another excellent source of the results of ab initio molecular calculations is the 
book by Hehre, Radom, Schleyer, and Pop le referred to at the end of the chapter. This 
book presents a thorough discussion and comparison of calculations of many different 
molecular properties for many molecules. A more recent and equally valuable source 
is the book A Guide to Molecular Mechanics and Quantum Chemical Calculations by 
Hehre. There is also a Quantum Chemistry Literature Database website (http://qcldb2. 
ims.acjp/), maintained by a consortium of Japanese quantum chemists, which is a 
database of those papers published after 197& that treat ab initio calculations of atomic 
and molecular structures. 

The first thing that we shall investigate is how dependent the results ofHartree- Fock 
calculations are on the basis set. To keep things manageable, we'll follow Szabo and 
Ost lund (see the end-of-chapter references) and focus on the ten-electron series CH4, 

NH3, H20 , and HF. The Hartree-Fock method is variational with respect to the energy, 
and so we expect the energy to decrease with an increase in the basis set. Table 12.6 
shows the Hartree- Fock energies for a series of increasingly large basis sets. Notice that 
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T AB LE 12.6 
The Hartree- Fock Energies (in Hartrees) of the Ten-Electron Series CH4, NH3, H20 , and HF as 
a Function of the Basis Set Used a 

Hartree- Fock 
ST0-3G 3-210 6-3 IG* 6-31G** 6-31 IG* 6-3110** limit 

- 74.9659 - 75.5860 - 76.0107 - 76.0236 - 76.0324 - 76.0470 - 76.065 

- 55.4554 - 55.8722 - 56.1844 - 56. l 955 - 56.2010 - 56.2104 - 56.255 

- 39.7269 - 39.9769 - 40.1952 - 40.2021 - 40.2027 - 40.2090 - 40.225 

- 98.5728 - 99.4602 - 100.0029 - 100.0117 - 100.0345 - 100.0469 - 100.071 

a. Source: http://srdata.nist.gov/cccbdb 

the energy does decrease from left to right in the table. Note also that even the 6-311 G* * 
basis set does not provide a Hartree- Fock limit and that its energies are about 0.02 to 
0.03 hartrees (about 50 to 80 kJ ·mol- 1) higherthan the Hartree- Fock limit in each case. 

Certainly, geometries are more interesting than energies. Table 12.7 lists the cal
culated bond lengths (in angstroms) and bond angles for CH4 through HF for various 
basis sets. Note that the various calculated values do not necessarily vary monoton
ically because bond lengths and bond angles are not variational like the energy. The 
agreement with the experimental values is pretty good, being about 0.02 A in error for 
the bond lengths and one or two degrees for the bond angles. Even the 3-21 G basis set 
yields acceptable geometries. This relatively small basis set is often used to determine 
an initial geometry to be used in more sophisticated calculations involving large basis 
sets. 

T AB l E 12.7 
The Hartree- Fock Bond Lengths (in angstroms) and Bond Angles of the Ten-Electron 
Series CH4, NH3, H20 , and HF as a Function of the Basis Set Used a 

3-210 6-3 IG* 6-31 G** 6-31 LG* 6-31 IG** Experimental 

CH4 1.083 1.084 1.084 1.083 1.084 1.094 

109.5 109.5 109.5 109.5 109.5 109.5 

NH3 1.003 1.003 1.001 0.9990 l.OOl 1.012 

I 12.4 107.2 107.6 107.4 107.4 106.7 

H20 0.9665 0.9473 0.9430 0.9394 0.9410 0.958 

107.7 105.5 106.0 107.5 105.4 104.5 

HF 0.9376 0.9109 0.9005 0.8973 0.8960 0.917 

a. Source: http://srdata.nist.gov/cccbdb 
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T A BL E 12.8 
The Hartree-fock Dipole Moments (in Debyes) of the Ten-Electron Series NH3, H20 , and HF 
as a Function of the Basis Set Used 

ST0-30 3-210 6-310* 6-310** 6-3110* 6-3110** Experimental 

H20 1.709 2.388 2.199 2.148 2.317 2.318 1.850 

NH3 1.876 1.752 1.920 1.839 1.845 1.725 1.470 

HF 1.252 2.174 1.972 1.944 1.980 1.980 1.820 

Dipole moments (see Problems 12- 54 and 12- 55) are more sensitive to the model 
chemistry used than is geometry. Table 12.8 gives the calculated and experimental 
dipole moments ofNH3 through HF (the dipole moment ofCH4 is zero by symmetry). 
The ST0-3G basis set in this case doesn't even give the correct order H20 > HF > NH3, 

and the 3-21 G basis set and larger give results that are too large. You've got to use post
Hartree- Fock methods to obtain dipole moments that agree well with experimental 
values. 

Figures 12.15 through 12.17 show results for molecules other than CH4 through HF. 
Figure 12.15 shows HF/6-31 G** bond lengths of a number of hydrides of the general 
formula AH11 plotted against the experimental values. The solid line has a slope of one, 
so points on or near this line are in good agreement with experiment. Figure 12.16 shows 
a similar plot for HF/6-31 G** bond lengths for molecules containing two second- and 
third-row atoms. Both Figures 12.15 and 12.16 show that Hartree-Fock geometries are 
quite good. Figure 12.17 shows the HF/6-31 G** dipole moments plotted against the 
experimental values for a large number of molecules. Notice that many of the points lie 
below the line ofunit slope, indicating that Hartree- Fock dipole moments are often too 
large. Finally, Tables 12.9 and 12. l 0 give bond lengths and bond angles for a variety of 
organic compounds. 

2 

Experimental I A 
2 

F I G U R E 12.15 
The bond lengths of a number of hydrides of 
the general formula AH,, calculated with the 
HF/6-310** model chemistry plotted against 
the experimental values. The solid line has a 
unit slope. 
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FIGURE 12.16 
The A- B bond length of molecules of the 
general formula H11ABH111 , where A and Bare 
second- and third-row atoms calculated with 
the HF/6-310** model chemistry plotted 
against the expe1imental values. The solid 
line has a unit slope. 

FIGURE 12.1 7 
Tue dipole moments of selected molecules 
calculated with the HF/6-3 IG** model 
chemistry plotted against the experimental 
values. The solid line has a unit slope. 

Remember that all the results that we have presented here are Hartree- Fock results, 
and in most cases, we haven't yet reached the Hartree-Fock limit. In carrying out any 
ab initio calculation, there are two sources of error. One of them is due to the fact that 
we cannot employ an infinite basis set, and so the results from any finite basis set are 
subject to a basis set truncation error. The other source of error is due to the level of 
theory that we use, which varies from Hartree-Fock to full configuration interaction. 
Figure 12.18 is a schematic illustration of the various computational pathways from a 
Hartree-Fock calculation with a minimal basis set to an essentially exact calculation. 
Of course, using increasingly better model chemistries comes at a cost. 

Hartree- Fock gives reasonably good geometries, but its neglect of electron corre
lation is a serious deficiency when it comes to calculating bond energies and reaction 
energies. Even though Hartree- Fock calculations give over 95% of the total energy, 
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T A B L E 12.9 
Hartree- Fock Bond Lengths (in A) of a Number of Organic Molecules as a Function of the Basis 
Set Used 

Bond length I A 
Bond type Molecule ST0-30 3-210 3-210* 6-310* 6-3 l 0** Experimental 

C-C Ethane 1.542 1.542 1.547 1.527 1.536 

Propane 1.541 1.541 1.528 J.528 1.526 

Acetonitrile j .488 1.457 1.457 j .467 1.458 

Acetaldehyde 1.537 1.507 1.507 1.504 l.503 l.501 

1,3-Cyclopentadiene 1.522 1.519 1.519 1.507 1.506 j .506 

Cyclobutane 1.554 1.571 1.571 1.548 l.545 1.548 

C=C C ycl opropene 1.277 1.282 1.282 1.276 J.276 j .300 

Allene j .288 1.292 1.292 1.296 1.296 1.308 

Cyclobutene 1.314 1.326 1.326 l.322 1.322 1.332 

Ethene J.306 1.315 1.315 J.317 1.316 1.339 

C=:C Acetylene 1.180 1.188 1.188 1.185 1.186 1.203 

Propyne 1.170 1.188 1.188 1.184 1.187 1.206 

C- C Benzene 1.385 1.385 1.386 J.386 j .397 

C=:N Hydrogen cyanide 1.153 1.137 1.137 1.133 1.135 1.153 

Acetonitrile 1.154 1.139 1.139 1.133 J.135 1.157 

Hydrogen isocyanide l.170 1.160 1.160 l.154 1.155 1.169 

C=O Carbon dioxide 1.188 1.156 1.156 1.143 1.143 1.162 

Formaldehyde 1.216 1.212 1.212 1.184 1.193 

Acetone 1.219 1.211 1.210 l.192 1.222 

C- CI Tetrachloromethane 1.832 1.772 1.766 1.766 1.767 

Chloromethane 1.802 1.802 1.806 1.785 1.784 1.781 

the correlation energy- the difference between the Hartree-Fock energy and the exact 
energy- can be quite significant for chemical purposes. For example, the electron cor
relation energy ofH2, which is the difference between the Hartree- Fock and the exact 
energy, is 0.0404 hartrees, which looks pretty good until you realize that one hartree 
is equivalent to 2625 kJ·mo1- 1, in which case the correlation energy is 106 kJ ·mo1- 1, 

a sizable fraction of a typical chemical bond. In the next section, we shall discuss sev
eral methods that improve upon the Hartree- Fock results. Collectively, these results are 
called post-Hartree- Fock methods. 
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T A BLE 12.10 
Hartree- Fock Bond Angles of a Number of Organic Molecules as a Function of the Basis Set 
Used 

Formaldehyde 
0 -C-H 
H-C-H 

J-Butene 

C=C-C 
C-C-C 

Dimethyl ether 
C- 0 - C 

Form amide 
H- C- 0 
H- N-C 

Propane 
C- C-C 

CWoromethane 
Cl-C-H 
H- C- H 

D ichloromethane 
Cl- C- Cl 
H- C- H 

Methylene (CH2) 

H-C-H 

Propene 

00 

C-C-C 

HF 
limit 

3-21G 

122.5 
114.9 

124.9 
I I 1.2 

114.0 

111.6 

106.2 
112.5 

I L0.8 
I l4.5 

131.3 

124.7 

3-21G* 

122.5 
114.9 

124.9 
111.2 

114.0 

122.4 
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12.7 Post-Hartree-Fock Methods Can Yield Almost Exact Results 
for Molecular Properties 

Figure 12.19 shows a screen shot from the N IST cccbdb website (http://srdata.nist.gov/ 
cccbdb) for the energy of a water molecule calculated by various model chemistries. 
This figure and Figure 12.14 show the results of a number of post-Hartree-Fock calcu
lations. We'll discuss each of these methods briefly in turn, starting with M0Ller-Plesset 
perturbation theory, followed by configuration interaction, quadratic configuration in
teraction, coupled-cluster theory, and finally density functional theory. Recall that we 
defined electron correlation as the difference between the exact nonrelativistic ground
state electronic energy of a system within the Born- Oppenheimer approximation and 
the Hartree-Fock limiting energy, EHF· In an equation, we have 

Because post-Hartree-Fock methods give some amount of the correlation energy, they 
are also called electron correlation methods. 
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A screen shot from the NIST cccbdb website (http://srdata.nist.gov/cccbdb) for the energy of a 
water molecule calculated by various model chemistries. 

Ms ller-Plesset Perturbation Theory 

The basic idea ofM0ller- Plesset perturbation theory is to start with the Hartree-Fock 
wave function as the unperturbed wave function and then to improve it systematically by 
perturbation theory. It turns out that the M011er- Plesset (MP) perturbation theory energy 
through first order is equal to the Hartree- Fock energy. Second-order MP perturbation 
theory is the first correction to Hartree- Fock results and is designated by MP2 in 
Figure 12.19. The modifiers FC and FU denote frozen core, in which excitations from 
the nonvalence orbitals are not included, and full , in which excitations from all orbitals 
are included. The designation MP4 denotes fourth-order MP perturbation theory. All 
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the programs that we discussed in Section 12.5 have built-in MP perturbation theory 
routines. Figure 12.20 shows a plot of the relative times required for a calculation of 
the optimized geometry of a methanol molecule using various computational methods 
plotted against the size of the basis set. Note that the plot is a logarithmic plot; an 
MP2 calculation requires about a factor of two more time and that an MP4 calculation 
requires about a factor of 20 more time tihan a similar Hartree-Fock calculation. Some 
comparisons of MP perturbation theory results with the results of other post-Hartree
Fock methods are shown in Figure 12.19 and Table 12.11 (see end of section). 
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A logarithmic plot of the relative times required for a geometry optimization calculation of a 
methanol molecule using various computational methods as a ftmction of the size of the basis 
set. The lower set of four curves are HF, MP2, BLYP, and B3LYP; the middle set of three curves 
are CISD, CCD, and QCISD; and the upper set of four curves are CCSD, CCSDT, QCISDT, 
and MP4. (Data taken from http://srdata.nist.gov!cccbdb.) 

Configuration In teraction 

The two lines in Figure 12.19 labeled CID and CISD are configuration-interaction 
results. We presented a simple configuration-interaction calculation for H2 using a 
minimal basis set in Section 10.9. Ifwe use a basis set consisting of K basis functions, 
then a Hartree- Fock calculation yields K molecular orbitals, and so 2K spin orbitals. 
For the ground state of a closed-shell molecule consisting of2N electrons, the 2N spin 
orbitals of lowest energy will be occupied and the remaining 2K - 2N spin orbitals will 
be unoccupied (virtual spin orbitals). The starting point of a configuration-interaction 
calculation for a 2N-electron closed-shell system is W0, the Slater determinant formed 
from the 2N lowest-energy spin orbitals. Using W0 as our reference state, we describe 
all the excited configurations in terms of W0 by designating how they differ from W0. 

First, we have all those determinants that differ from W0 by replacing an occupied spin 
orbital by a virtual spin orbital. It is standard notation to denote occupied spin orbitals 
by X;, x1, .. . and virtual spin orbitals by Xa, Xb• ... and to let W~ be the determinant 
that we obtain by promoting an electron from the occupied spin orbital X; to the virtual 
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spin orbital Xa· The resulting determinant W~ is called a singly excited determinant. 

Now let's define a single excitation operator C 1 by 

(12.29) 
a 

where the cf are constants that are determined variationally. Equation 12.29 represents 
the sum of all possible single excitations from the ground-state determinant: excitations 
from each and every occupied spin orbital to each and every virtual spin orbital 
(Problem 12-42). 

We can continue this procedure and consider all possible doubly excited configu
rations 

CA , ,, '°' '°' ab,1,ab 
2'l'O = ~ ~ ci.i 'l';.i 

i <.i a < b 

(12.30) 

where the summations go over all values of i and j (with i < j) and all values of a 
and b (with a < b). The restriction on the summation indices (i < j and a < b) ensures 
that a given doubly excited configuration occurs only once in the summation. The full 
configuration-interaction wave function Wc1 is given by 

= co\llo +LL cf \llf +LL cfj'wfj' + · · · + L L cft::·\llrt::· 
.i i <j ll <b i <j < ... a<i1< ... 

(12.3 1) 

where the last term on the second line involves the promotion of all 2N electrons from 
the occupied spin orbitals to all possible virtual spin orbitals. 

The full configuration-interaction (full CI) wave function given by Equation 12.31 
is an exact solution of the 2N -electron problem for that basis set. In the limit of an 
infinite basis set, Equation 12.31 provides an exact solution to the Schrodinger equation. 
The number of terms in Equation 12.31 can be in the millions. For example, a full 
CI calculation on N2 using a 6-31 G* basis set involves over a million configurations. 
Consequently, a full CI calculation on any but the smallest molecules with modest basis 
sets is out of the question. Fortunately, early extensive CI calculations in the 1970s 
showed that doubly excited configurations make a major contribution to the energy. 
Because of this, a practical approach to CI calculations has been to trnncate \llc1 in 
Equation 12.31. 

If we set all the c11 except for c2 equal to zero, then we have what is called the 
configuration-interaction doubles (CID) apprnximation. It turns out computationally 
that it involves little extra computational effort to include single excitations, and so 
a frequently used CI approximation is CISD, configuration-interaction singles and 
doubles. 
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There are a number of examples where Hartree- Fock gives qualitatively incorrect 
results that are remedied by CI. We saw in Chapter 10 that Hartree- Fock gives the incor
rect dissociation limit of a diatomic molecule, but that CI gives the correct dissociation 
limit. Configuration interaction also gives the correct order of the ionization energies of 
N2, which, as we pointed out at the end of Section 12. 1, Hartree-Fock does not. Another 
example involves the calculation of the dipole moment of a carbon monoxide molecule, 
which long offered a challenge for quantum chemists. (See Problems 12- 54 through 
12- 57 for a review of dipole moments.) A simple electronegativity argument predicts 
that the oxygen atom should be the negative end and that the carbon atom should be 
the positive end of the dipole moment, whereas the opposite is true experimentally. 
Hartree-Fock, even with a very large basis set, gives the wrong direction of the dipole 
moment; in other words, it predicts that the oxygen atom is the negative end. Config
uration interaction, however, as well as the other post-Hartree- Fock methods that we 
discuss in this section, gives the correct direction of the dipole moment. 

Even though configuration interaction leads to huge computational demands, it 
is exact in principle and is also variational. Being variational is a desirable feature 
because you know that the energy is always an upper bound to the true energy. At one 
time, it was believed by most computational chemists that configuration interaction 
provided a practical method for molecular calculations. In fact, almost half of all ab 
initio molecular calculations in the 1960s were CI calculations. However, as more and 
more CI calculations were done, it became clear that the rate of convergence of CI 
calculations was distressingly slow. Including more and more terms in Equation 12.31 
did indeed give better results, but at a disappointingly slow rate. In addition to this, 
configuration interaction suffers from another deficiency that is particularly important 
for calculations on large molecules. 

Consider two N -electron molecules. The energy of these two molecules when they 
are widely separated is twice the energy of a single molecule. Suppose, however, that we 
treat the two molecules as a 2N -electron system, but in a geometric setup where the two 
molecules are widely separated. Surely, the energy that we calculate should be twice 
the energy of a single molecule, provided they are sufficiently far from each other. The 
fact is, however, that truncated versions of CI such as CISD and CID do not give the 
correct energy; it does not come out to be the energy of two isolated molecules. Surely, 
a sensible method should give the energy of n widely separated molecules treated as one 
"supermolecule" as being n times the energy of a single molecule. This requirement is 
called size consistency . It turns out that a full CI calculation is size-consistent because 
it is exact within the basis set, but truncated versions of CI are not necessarily size
consistent. There have been a number of remedies proposed for this deficiency; the 
entries in Figures 12.14 and 12.19 labeled QCISD and QCISD(T) are called quadratic 
configuration interaction and are versions of CI that are size-consistent. Figure 12.20 
shows, however, that these are quite time-demanding. 

Coupled-Cluster Theory 

The next computational method that we shall discuss (the one labeled CCD in Fig
ures 12.14 and 12.19) is not only size-consistent, but is more accurate than CI for a 
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comparable amount of computer resources. N evertheless, it is not variational, meaning 
that a larger basis set does not necessarily yield a more accurate energy. This method, 
called coupled-cluster theory, is one of the most successful and widely used post
Hartree- Fock methods, particularly for small molecules. Coupled-cluster theory was 
originally developed for the study of atomic nuclei in the late 1950s and then later for
mulated for molecular electronic structure calculations in the late 1970s. The derivation 
of the fundamental equation of coupled-cluster theory is fairly involved, but nowadays 
it is simply presented as an ansatz. The fundamental equation of coupled-cluster theory 
for an N -electron molecule is 

t 
\}Jexact = e \llo (12.32) 

where \110 is usually the reference Hartree- Fock determinantal wave function and f is 
an operator, 

where 

A A A A " 

T = T1 + T2 + T3 +···+ TN 

T1\110 = 'L t~\llt 
i ,a 

T2\llo = L i;;b\IJ~b 
i< j 
n <b 

(12.33) 

(12.34) 

(12.35) 

and so on, where the t~, t(jb, ... are constants that are determined from a set of nonlinear 
simultaneous algebraic equations (that we shall not present here). 

Equation 12.32 is formally exact, but numerically intractable as it stands. If we 
ignore all the terms in Equation 12.33 except f 2, then we have what is called the coupled
cluster doubles (CCD) approximation, 

(12.36) 

The coupled-cluster doubles approximation is much different than the configuration
interaction doubles approximation. To see why, expand the exponential in Equa
tion 12.36 according to ex= l + x + x 2/ 2! + x 3/ 3! +··· and write 

( 12.37) 

The first two terms of Equation 12.37 constitute the CID approximation, but there are 
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many additional terms in Equation 12.37. Using the definition of f2 in Equation 12.35, 
we have 

f}w0 = T2(T2W0) = f2 L itjbw:'t 
i<j 
a <b 

_~IQ. byA ,,,ab_ ~~ l abl cd , ,,abcd 
- L....., ij 2'¥;; - L.....,L....., i j kl 'i'ijkl 

i<j 
a <b 

i<j k <I 
a <b c<J 

(12.38) 

This term represents quadruple excitations, albeit only those that are in a sense prod
ucts of double excitations. It turns out, however, that such product terms often make 
dominant numerical contributions to quadruple excitations. Similarly, further terms in 
Equation 12.37 account for many sextuple, octuple, ... and further excitations. Thus, 
although CCD is obtained by replacing T by T2 in Equation 12.32, its exponential form 
introduces many excitations beyond double excitations. Furthermore, this is done at 
little added time and expense because the number of coefficients to be determined is 
roughly the same as for CID. If you let f in Equation 12.32 be f 1 + f 2 instead of just 
T2 , then you have CCSD, coupled-cluster singles and doubles. All the standard com
putational chemistry programs include coupled-cluster routines. The common versions 
are CCSD and CCD. 

As in the case of configuration interaction, coupled-cluster calculations are cur
rently limited to fairly small molecules with fairly small basis sets. Let's compare the 
results of a Hartree-Fock, a CISD, and a CCSD calculation using a cc-p VTZ basis set 
for the enthalpy of reaction at 298 K, 6Hr0 for the dissociation of HCl(g): 

HCl(g) ---7 H(g) + Cl(g) (12.39) 

If you go to the NIST cccbdb website and click on Reaction Data and the User Spec
ified Reaction at 298 K, you see a form asking you to enter the reactants and products 
of the reaction. After doing this, you're taken to a page that lists experimental results 
( 43 l.6 ± 0.1 kJ ·mo1- 1 in this case) and the errors associated with calculations done us
ing various model chemistries. Click on HF/cc-pVTZ to find the result 302.6 kJ · mo1- 1• 

Similarly, the result for CISD/cc-pVTZ is 412.6 kJ · mo1- 1 and that for CCSD/cc-pVTZ 
is 402.6 kJ ·mo1- 1• N otice that the Hartree- Fock result is in error by over 100 kJ · mo1- 1, 

but that both the CISD and CCSD results are within 10% of the experimental value. 
It's interesting to calculate these values for 6 H; yourself using the individual 

values of 6 H[. The NIST cccbdb website gives the following values of 6 H'f, the 
standard heat of formation (without the zero-point energy), at 298 K. 

t::,.H'( / E1i 

Method HCl(g) H(g) Cl(g) 

HF/cc-pYTZ - 460.103 547 - 0.497449 - 459.483 044 

CISD/cc-pVTZ - 460.315 791 - 0.497449 - 459.657 404 

CCSD/cc-p VTZ - 460.326 255 - 0.497449 - 459.663 893 
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The HF/cc-pVTZ value of the standard enthalpy of the reaction described by 
Equation 12.39 is 

t:,.Hr0 = t::,.Hl[H(g)] - t::,.Hl [Cl(g)] - t::,.Hl[HCl(g)] 

= - 0.497 449£h - 459.483 044£h + 460.103 547£h 

=0.123 054£h = 323.1 kJ ·mo1- 1 

Notice that !::,.Hr0 is obtained from the small difference between two fairly large numbers. 
This is why the accuracy of molecular energies is so important. The final value of t:,.Hr0 

here is of the same order of magnitude as the correlation energy. The value that we 
obtain here differs from the one above because the zero-point energy is not included in 
the value of !::,.Hl . If you include this, you get the same value as above (Problem 12-48). 
The corresponding values for CISD/cc-pVTZ and CCSD/cc-pVTZ are 

t:,.Hr0 (CISD/cc-pVTZ) = - (460.315 791£h) - (-0.497 449£h) - (- 459.657 404Eh) 

= - 0.1 60 938£h = - 422.5 kJ ·mo1- 1 

t:,.Hr0 (CCSD/cc-pVTZ) = (- 460.326 255£h) - (-0.497 449£h) - (- 459.663 893£h) 

= -0. 164 913£h = - 433.0 kJ ·mo1- 1 

Density Functional Theory 

All the molecular theories that we have discussed so far are based upon the wave 
function of the molecule. The wave function of an N-electron molecule is a function of 
3N spatial coordinates and N spin coordinates, 1/J (x1, y1, ZJ> a 1, ... , x N, YN · zN, aN), 
and physical properties, such as energies, geometries, and dipole moments, are obtained 
from integrals over aJI these coordinates. For example, let's look at the calculation of a 
property corresponding to a one-electron operator of the form 

N 

A= L A(x;, )';, z;) 
i =I 

The expectation value of this operator is given by (Problem 12- 51) 

where 

N 

A= (1/r lA 11/r) = L f · · ·! 1/r*(x 1, ••• , aN)A(x;, Y;, zi ) 
1= 1 

X 1/J(XJ> ... , O'N)dr:1dr:2 · · · dr:N 

=ff! dxdydzA(x, y ,z)p (x , y ,z) 

p (x , y , z) = N f · · ·! da1dr:2 · · · dr:N1fr*(x, y , z, a 1, x2, ... , aN) 

x 1/J(x , y , z, a 1, x2, ... , aN) 

(12.40) 

(12.41) 
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is the probability density of finding an electron in the volume element dxdy dz sur
rounding the point (x, y, z), and where dr:; = dx;dy;dz;da; symbolically signifies an 
integration over the spatial coordinates .x;, Y;, and z; and a summation over the spin 
coordinate a;. 

The important point of Equation 12.41 is that you can calculate A from the electron 
density; you don't need the entire wave function. The wave function contains much 
more information than we actually need. Not only is the electron density conceptually 
simpler than the wave function, it can be determined experimentally by X-ray diffraction 
or electron diffraction techniques. Thus, it would appear to be desirable if we could 
formulate quantum chemistry in terms of the electron density p (x, y , z) instead of the 
much more detailed many-electron wave function 1/f (x 1, Y1> ... , a N ). 

The reason that the calculation of A depends only upon the electron density is 
because A(x, y, z) is a one-electron operator. The calculation of the energy involves 
the integral 

The Hamiltonian operator consists of one- and two-electron operators, so it wouldn't 
seem likely that you could express E in terms of the electron density. Ever since the 
early work in quantum mechanics in the 1920s, people tried to express atomic and 
molecular properties in terms of electron density, but little progress was made until 
1964 when Pierre Hohenberg and Walter Kohn published two remarkable results. First, 
they showed that it was indeed possible to express the ground-state energy, as well as all 
other ground-state molecular properties,. as an integral involving the electron density. 
We shall express this result by the notation 

E = E[p] (12.42) 

where the square bracket here is standard notation and denotes an integral involving 
p(x, y, z) in this case. Then, they showed that Equation 12.42 is variational in the 
sense that if £ 0 and Po are the exact quantities, then 

E0 = E[p0] :S E[p] (12.43) 

where pis any trial electron density. The equality holds if p = p0 . 

These two Hohenberg- Kohn theorems, as they are now called, opened up an 
entirely different approach to quantum chemistry, bypassing wave functions in favor of 
electron densities, which has seen an explosive growth since the 1990s (Figure 12.21). 
As we're going to see, one drawback is that the first Hohenberg- Kohn theorem is 
simply an ex istence theorem. In other words, although they proved rigorously that it is 
possible to express the ground-state energy as an integral involving p(x, y, z), nobody 
knows (yet?) just what this relation is. The search for this relation, or at least good 
approximations to it, has generated an enormous amount of quantum-chemical research 
since the 1980s. This theory is called density fimctional theory (DPT), and all molecular 
computational programs have routines for various forms of DPT built into them. There 
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are even dedicated DPT programs. Much of the appeal of density functional theory 
is that its results are comparable to those of the post- Hartree-Fock methods that we 
have discussed so far, but that the time required is comparable to that ofHartree- Fock 
calculations as Figure 12.20 shows. 

Before we go on to discuss density functional theory, let 's see where the name 
comes from. Recall that a function is a rule that assigns one number to another number. 
For example, y = f (x) = x3 is a rule to generate the number y from the number x. 
We say that y = f (x ) is a mapping from one number into another. A functional, on 
the other hand, is the mapping of a function into a number. The classic example of a 
functional is a definite integral, such as 

J[f] = i2 dx f(x ) 

Given f(x ), the integral gives us a number. The notation J[f] means that 1, a number, 
is a functional off. Sometimes it is written as 1 [f (x )]. The first Hohenberg- Kohn 
theorem, Equation 12.41, simply says that the energy is a functional of the electron 
density. 

As we said above, although Hohenberg and Kohn proved that the energy can 
be expressed as a functional of the electron density, their proof was an existence 
theorem and does not provide a prescription for it. Much of the research in density 
functional theory has involved the development of various approximations for E [p]. 
These approximations are designated by the initials of the quantum chemists who have 
proposed them. For example, one successful, commonly used approximation is due 
to Becke, Lee, Yang, and Parr and is called the BLYP functional. (See Figures 12.14 
and 12.19 .) The other density functional theory entries in those figures denote energy 
functionals due to other quantum chemists. 

A density functional calculation is formulated by combining an energy functional 
with a basis set. The combination called BLYP/6-31 G*, which uses a BLYP functional 
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TABLE 12.11 
A Comparison of Atomization Energies (in kJ · mol- 1) Calculated by Various Post-Hartree-Fock 
Methods a,b 

Molecule HF BLYP B3LYP BVWN MP2 CISD CCSD QCISD Experimental 

CH4 1257 1631 1637 1657 1482 1470 1488 1481 1642 

NH3 712 1130 1128 1144 972 951 968 965 1158 

H20 551 867 869 875 790 755 770 769 918 

HF 344 520 514 524 495 477 477 477 566 

C2H2 1138 1604 1598 1590 1530 1415 1464 1469 1627 

C2H4 1649 2210 2217 2211 2048 1960 2015 2015 2225 

C2H6 2117 2765 2780 2782 2546 2468 2527 2523 2788 

HCN 774 1281 1279 1260 1202 1070 1123 1128 1263 

co 704 1077 1052 1050 1064 940 983 993 1072 

H2CO 995 1514 1485 1500 1404 1287 1341 1347 1494 

CH30H 1387 1989 1987 1987 1819 1719 1780 1779 2012 

02 121 572 522 534 492 359 406 414 494 

HOOH 458 1058 1014 1038 919 795 865 865 1056 

C02 982 1644 1572 1587 1594 1330 1437 1455 1598 

a. All the calculations were done us ing a 6-3 JG* basis set. 
b. Source: Johnson, B. 1., Gil, P. M. W., Pople, J. A., The Performance of a Family of Density Functional 
Methods. J. Chem. Phys .. 98, 5612 (1993), and the NTST website, http://srdata.nist.gov!cccbdb 

with a 6-31 G* basis set, yields very good molecular properties. Table 12.11 shows 
molecular properties using several different DPT schemes (BLYP, B3LYP, and BVWN). 
We can summarize these results by quoting the last sentence in the abstract to the 1993 
paper by Johnson, Gil, and Pople (see Table 12.11): "The density functional vibrational 
frequencies compare favorably with the ab initio results, while for atomization energies, 
two of the DPT methods give excellent agreement with experiment and are clearly 
superior to all other methods considered." A look at Table 12.11 shows that DPT 
methods give molecular results that are usualJy at least as good as any of the post
Hartree-Fock methods that we have discussed earlier. 

Because of the relatively light computational demands ofDFT calculations, density 
functional theory can be applied to much larger systems than the other post-Hartree
Fock methods. (See Figure 12.20.) Several excellent reviews of density functional 
theory that discuss calculations on larger molecules are given at the end of the chapter. 
We'll discuss just one such calculation here. Table 12.12 shows transition metal-CO 
bond lengths and bond dissociation energies for the octahedral complexes Cr(C0)6, 

Mo(C0)6, and W(COk These systems, which contain well over 100 electrons, are 
very expensive using other post-Hartree- Fock methods. You can see from Table 12.12 
that the DPT results are in quite good agreement with the experimental results. 



Problems 

T ABLE12.12 
The Bond Lengths (in A) and the First Bond Dissociation Energies (in kJ·mol- 1) for the 
Octahedral Complexes Cr(C0)6, Mo(C0)6> and W(C0)6 a 

Bond length/ A Bond dissociation/kJ. mo1- 1 

Cr(C0)6 Mo(C0)6 W(C0)6 

Method Cr-C C-0 Mo-C C-0 W-C C-0 Cr(C0)6 Mo(C0)6 W(C0)6 

MP2 1.883 1.168 2.066 1.164 2.054 1.116 243 193 230 

CCSD(T) 1.938 1.172 192 169 201 

B88P91 l.9l0 1.153 2.076 1.153 2.049 1.155 193 166 183 

B3LYP l.921 1.155 2.068 l.155 2.078 1.156 170 168 187 

Experimental 1.918 1.141 2.063 l.145 2.058 1.148 154 169 192 

a. Source: Koch, W., Hertwig, R.H., Density Functional Theory: Applications to Transition Metal Problems. 
Encyclopedia of Computational Chemistry, von Rague Schleyer, P.R., Allinger, N. L., Clarke, T., Gasteiger, 
J., Kollman, P., Schaefer, H.F. TII, Eds. Wiley & Sons: New York, 1998. 

Is density functional theory an ab initio theory? If the exact energy functional were 
known, then it would be an ab initio theory, but unfortunately, it is not known. Although 
some energy functionals that have been proposed are based upon first principles and do 
not contain any empirical parameters, the more successful ones, in the sense of yielding 
the most accurate molecular properties, do contain parameters that must be determined 
by some means. To be sure, this is usually done by fitting a functional to a few ab 
initio atomic properties and then using the resulting functional to predict molecular 
properties, but this procedure destroys the ab initio "purity" of the method to some 
quantum chemists. 

Perhaps the most serious deficiency of density functional theory is that the method 
cannot be improved in a systematic manner. The other electron correlation methods 
that we have discussed can achieve increasingly better results by including more terms 
in their expansions. Their implementation is strictly a matter of computer resources, 
which certainly have been expanding at a prodigious rate. Improvements in density 
functional theory, however, depend upon the construction of better functionals. Just 
what improvements lie ahead depends upon the insight and ingenuity of researchers in 
the field. 

Problerns 

12-1. Derive Equations 12.3 through 12.6. 

12-2. Show that the coulomb integral.!;; is equa1 to the exchange integral K ;;· 

12-3. Explain why the subscript i in Equation 12.7 runs from I to N even though it is describing 
a 2N-electron molecule. 
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12-4. Show that the Hartree-Fock energy is not equal to the stun of the Hartree-Fock orbital 
energies. 

12-5. Write out the basis set orbital cr113s (7 .291 69) in the first column of Table 12.1. 

12-6. Write out the basis set orbital cr113d( 1.690 03) in the first column of Table 12.1. 

12-7. Use the information in Table 12.1 to write out the 2cr11 molecular orbital in terms of the 
atomic orbitals. 

12-8. Show that the matrix elements of the Fock operator consist of integrals of the form 

12-9. Show that the Gaussian functions given by Equation 12.21 are normalized 

12-10. Show that a three-dimensional Gaussian function centered at r0 = x0i + Yo.i + z0k is a 
product of three one-dimensional Gaussian functions centered on x0, y0, and z0. 

12-11. Show that 

100 2 100 2 100 ~ e-<x- xo) dx = e-x dx = 2 e-~ dx = 7C 112 

-00 - 00 0 

12-12. The Gaussian integral 

rXJ .2 
lo= Jo e-a.• dx 

can be evaluated by a trick. First write 

12 -100 d -ax2 1 oo d -ay2 -100 l oo d d -a(x2+y2) 
0 - xe ye - x ye 

0 0 0 0 

Now convert the integration variables from cartesian coordinates to polar coordinates and 
show that 

I ( )112 
lo = 2 ~ 

12-13. Show that the integral 

100 .. 2 
I = x2"e-ax dx 211 

0 

can be obtained from /0 in the previous problem by differentiating n times with respect to a. 
Show that 

I _ 1·3·5···(2n - I) ('.:_a)l/2 
2
" - 2(2a)" 



Problems 

12-14. Show that the product of a (not normalized) Gaussian fi.mction centered at RA and one 
centered at R 3---that is, 

and 

is a Gaussian fonction centered at 

R _ a R A + ,BRa 
p - a + .B 

For simplicity, work in one dimension and appeal to Problem 12- 10 for the three-dimen
sional proof. 

12-15. Show explici tly that if 

and 

(
2.8)3/4 

2 </> . .C.B. r _ R a) = -;; e-filr-Ral 

are normalized Gaussian s fonctions, then 

where p = a + ,B, RP= (aRA + .BRa)/(a + ,8) (see the previous problem), and 

[ 
2 .B 

]
3/4 &/i 2 

AB - e a+,, K _ . <X ---.- IRA-Rel 

(a + ,B)rc 

12-16. Plot the product of the two Gaussian functions ¢ 1 = e-2<x - ll
2 

and ¢2 = e-3(x - 2>
2

• 

Interpret the result. 

12-17. Using the result of Problem 12- 15 , show that the overlap integral of the two normalized 

Gaussian fonctions 

( )

3/4 
</>s = ~ e-ajr-R1,,J2 and ( )

3/4 
</>s = ;: e-fi lr-Rel

2 

is 

(
4a.B)3/4 ( re )3/2 -et/ll RA- RBl2 

S (IRA - R aD = - -- e a+fi 
rc2 a + f3 

Plot this result as a fonction of IRA - Ral· 

12-18. One criterion for determining the best possible "fit" of a Gaussian function to a Slater 

orbital is to minimize the integral of the squar.e of their difference. For example, we can find 
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656 Chapter 12 I The Hartree-Fock-Roothaan Method 

the optimal value of a in g .. (r, a) by minimizing 

I = J dr(SL1 (r,1.00) - g .. (r,a)] 2 

with respect to a. If the two functions S1,,(r, 1.00) and g,(r, a) are normalized, show that 
minimizing I is equivalent to maximizing the overlap integral of S1,.(r, 1.00) and g .. (r, a): 

S(a) = f dr S1,,Cr, l.OO)g .. (r, a) 

12-19. Show that S(a) in the previous problem is given by 

Using a program such as Mathematica or MathCad, show that the maximum occurs at 
Ci = 0.270 95. 

12-20. Compare S1,,(r, 1.00) and g .. (r, 0.270 95) graphically by plotting them on the same 
graph. 

12-21. To show how to determine a fit of Gaussian functions to a Slaterorbital S1..Cs :fa I) when 
we know the fit to S1,,(s = 1), start with the overlap integral of S1,,Cr, S) and g,(r, fJ): 

(
2{3) 3/4 ( 'o . .2 s = 4rr 1/ 2 -;;- s3/ 2 lo r2e-~' e-fJJ dr 

Now let u =tr to get 

Compare this result for S with that in Problem 12-19 to show that fJ = at2 or, in more 
detailed notation, 

a (S) = a(t = 1.00) x s2 

12-22. What is the difference between a double-zeta (DZ) basis set and a double split-valence 

basis set? 

12-23. What is meant by a triple-zeta basis set? 

12-24. How many basis functions are used in a 6-3 LG basis set calculation of an ethane 
molecule? How many for a propane molecule? 

12-25. How many basis ftmctions are used in a 6-31 G basis set calculation of a benzene 

molecule? How many for a toluene molecule? 



Problems 

12-26. How many primitive Gaussian functions and how many contracted Gaussian ftlllctions 
are used in a 6-31 G basis set calculation of an ethane molecule? How many for a propane 
molecule? 

12-27. How many primitive Gaussian functions and how many contracted Gaussian functions 
are used in a 6-3 l G basis set calculation of a benzene molecule? How many for a toluene 
molecule? 

12-28. Even though there are only five d orbitals, it is customary in Gaussian basis sets to use 
six "d " orbitals: 

( 
7) l/4 2048a 2 -ar2 

g.x.x = --
3

- x e 
9JT: ( 

0- .7) 1/4 204ou 2 -ar2 
g l' l' = _ 9_ 3_ y e .. JT: 

(
2048a7) l/

4 
2 

g = ___ 22e-ar 
zz 9rr3 

- ( 2048a 7) 1/4 -ar2 
g.xy - 9;J xye 

_ ( 2048a 
7

) l/
4 

-ar2 
g.xz - 9rr3 xze 

- ( 2048a 7) 1/4 -ar2 
g"' - 3 yze 

. 9JT: 

Not all those functions have the same angular symmetry as d orbitals. However, show that 
g.xy> gw g.l'Z' (2gzz - g.xx - gyy )/2, and (3/4) 112(g.xx - gyy ) do have the correct symmetry. 
Show also that a sixth linear combination, (g.x.x + gYY + g,z) /5 112, has the symmetry of an 
s orbital. 

12-29. Problem 12- 28 describes the Gaussian functions that correspond to d orbitals. Rather 
than use the five combinations that have the correct symmetry for d orbitals, it is easier 
computationally to use all six Gaussian "d" orbitals in forming basis sets. Given that, show 
that a 6-31 G* basis set calculation of an ethane molecule uses 42 basis functions. How many 
are used in a similar calculation for a benzene molecule? How many in a 6-3 LG** basis set 
calculation for a benzene molecule? 

12-30. Go to the website http:!lgnode2.pnl.gov/bselportal to obtain the information to write 
out the contracted Gaussian fonctions for the 6-31 G basis set of a nitrogen atom. Show that 
the two 2s orbitals are normalized. Plot them and show that the one represented by a single 
Gaussian function is larger in extent than the other. 

12-31. Go to the website http://gnode2.pnl.gov/bse/portal to obtain the information to write 
out the contracted Gaussian functions for the 6-311 G basis set of a carbon atom. Show that 
the three 2s orbitals are normalized. Plot them and show that they are progressively larger 
in extent. 

12- 32. Go to the website http:llgnode2.pnl.gov/bselporta/ to obtain the information to write 
out the contracted Gaussian functions for the 6-3 l G * basis set of an oxygen atom. Show 
that the two 2s orbitals are normalized. Plot them and show that the one represented by a 
single Gaussian function is larger in extent than the other. 

12-33. Go to the website http://gnode2.pnl.gov/bselportal to obtain the ST0-3G Is and 2s 
orbitals of a carbon atom and show that they .are normalized. 

12-34. Show that the Ls, 2s', 2p:., 2p~,, and 2p', orbitals in the 6-310** basis set given in 
Figure 12.7 are normalized. 
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12-35. If you have access to Gaussian, verify that a 6-3 l J G(d,p) calculation on acetaldehyde 
uses 78 basis functions and 128 primitive Gaussian ftmctions. 

For Problems 12-36 to 12-40: Even if you don't have unlimited access to Gauss View 
or WebMO. you can log into WebMO as a guest and receive one minute of CPU time 
to run calculations. One minute is quite enough time to run a number of Hartree- Fock 
calculations on the molecules that we have been considering. Just go to the website. 
www.webmo.net/demo/, then log onto the Demo Serve1; and.follow the instructions. 

12-36. Use ei ther Gauss View or WebMO to confirm the HF/6-3 l G* entry for a methane 
molecule in Table 12.6. 

12-37. Use ei ther GaussView or WebMO to confirm the HF/6-3 110* entry for NH3 in 
Table 12.7. 

12-38. Use either Gauss View or WebMO to confirm the HF/6-311 G* entry for CJLi in 
Table 12.7. 

12-39. Use either Gauss View or WebMO to confirm the HF/6-310* entry for HF in Table 12.8. 

12-40. Use either Gauss View or WebMO to confirm the HF/6-3 1 G* entry for a formaldehyde 
molecule in Table 12.10. 

12-41. Use the NIST website http://srdata.nist.gov/cccbdb to verify the entries in Table 12.6. 
(The Hartree-Fock limits are from other sources.) 

12-42. Show that the number of singly excited determinants that occur in a configuration
interaction calculation is given by 2N (2K - 2N) for a molecule with 2N electrons and 2K 

spin orbitals. Show that the number of n -tuple excitations is given by 

12-43. Use the result of the previous problem to show that the number of single and double 
excitations for a CI calculation on N2 using a basis set consisting of J 00 basis functions is 
over a million. 

12-44. Why does Iller in Equation 12.31 truncate at the 2Nth term? 

12-45. Why are many more excited terms used in a CCD calculation than a CID calculation? 

12-46. What do you think a CISDQ calculation means? 

12-47. In this problem, we'll give a simple proof that CCD is size-consistent but that CID 
is not. Consider n widely separated molecules, A. Argue that the wave ftmction of these 
n molecules is given by 1/f(nA) = 1/f (A)11 and the energy is E(nA) = nE(A). For one 
molecule, CCD gives 1/1 (A) = exp(T2)1/f 0(A), where 1/f 0(A) is the reference wave ftmction of 
an A molecule. If we let the reference wave function of then widely separated A molecules 
be W0(nA) = 1/10(1)1/10(2) · · · 1/lo(n), then show that 

Wcco = exp(T2( l) + T2(2) + · · · + T2(n)] IJlo(nA) 

= [exp(T2)1/lo{A)] 11 = 1/f11 (A) 



Problems 

and that the corresponding energy is nE(A) . Now show that in contrast, if i/J(A) = 
(I + C2)1/t0(A) as in CID, then 

IJ!cm = (1 + C2(l) + · · · + C2(n)]IJ!o(nA) 

=f [( l + C2)1/ro(A)]" 

12-48. Correct the values of 6 Hr0 at 298 K that we obtained for the dissociation reaction 
HCl(g) ~ H(g) + Cl(g) in Section 12.7 for the effect of the zero-point vibrational energy 

ofHCl(g) and the spin-orbit interaction energy ofCl(g). (Go to the NIST cccbdb website 
for the values of these quantities.) 

12-49. Go to the NIST cccbdb website and determine the value of 6 Hr0 at 298 K for the 
dissociation reaction HF(g) ~ H(g) + F(g) from the Reaction Data section. Now calculate 
6H; from the values of 6Hr° of the individual species and compare your results. Why do 
they differ? 

12-50. Use the NIST cccbdb website to calculate the standard molar enthalpy of combustion 
of propane at 298 K with a CCSD/cc-pVTZ model chemistry and compare your result to 
the experimental value. 

12- 51. Derive Equation 12 .41. 

12-52. The classic example of a functional is a definite integral. Give two other examples of 
functionals. 

12-53. Why might you not expect that the energy can be expressed as a functional of the electron 
density? 

12-54. The units of dipole moment given by Gaussian are called debyes (D, after the Dutch
American chemist, Peter Debye, who was awarded the Nobel Prize in Chemistry in 1936 for 
his work on dipole moments). One debye is equal to J 0-18 esu ·cm, where esu (electrostatic 
units) is the non-Si unit for electric charge. G iven the protonic charge is 4.803 x I 0- 10 esu, 

show that the conversion factor between debyes and C·m (coulomb·meters) isl D = 3.33 x 
10-3o C·m. 

12- 55. Show that a dipole of one debye (I D) is equivalent to 0.39345 au. (See the previous 
problem for the definition of a debye.) 

12-56. The Gaussian output for a water molecule calculated with an HF/6-31 G* model chem
istry gives R(OH) = 0.947 A, A(HOH) = 105.5°, and the partial charges on the hydrogen 
atoms as + 0.41 au and on the oxygen atom as - 0.82 au. Use these values to calculate the 
dipole moment of a water molecule and compare your result to the experimental value. 

12- 57. The Gaussian output for an ammonia molecule calculated with an HF/6-31 G* model 
chemistry gives R(NH) = 1.000 A, A (HNH) = I07.1°, and the partial charges on the 
hydrogen atoms as + 0.37 au and that on the nitrogen atom as - I. I I au. Use these values 
to calculate the dipole moment of an ammonia molecule and compare your result to the 
experimental value. 
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Answers to the .Numerical Problems 

Chapter 1 

1-1. 

1-2. 

v = :_ = 3.00 x 10
8 

m·s-
1

= 1.50 x 1015 Hz 
A. 200 x 10- 9m 

v = .!.. = 5.00 x 106 m - 1 = 5.00 x 104 cm- 1 

A 

E = hv =he= 9.93 x 10- 19 J = 0.993 aJ 
A 

v = cv = (3.00 x 108 m·s- 1)(103 cm- 1) = 3 x 1013 Hz 
1 

A. = - = 10- 3 cm = 10- 5 m 
ii 

E =hv =2 x 10- 20 J 

1-3. ii= 0.666 cm- 1 

e 
A.= - = 0.015 m 

v 
E = h v = 1.3 x l 0- 23 J 

1-6. (a) 9.67 x 10- 6 m (b) 9.67 x 10- 7 m (c) 2.90 x 10- 7 m 

1-7. 11 OOOK 

1-8. 3 x 10- 10 m; X ray 

he 15 1-11. E = - = 2 x 10- J 
A 

1-13. (a)l.07x 1016 photons (b)5.4lx 1015 photons (c)2.68x 1015 photons 

1-14. Amax= 1.01 x 10- 5 m; infrared 

1-15. v=4.738x I014 Hz; E=3.319x 10- 19 J =0.3139aJ 

1-16. 1.70 x I015 photon·s- 1 

1-17. 5300 K 663 
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1- 18. ¢ = 3.52 x 10- 19 J = 2.20 eV; KE = 1.32 x 10- 19 J 

1- 19. ¢ = 4.40 eV = 7.05 x 10- 19 J; E = 9.93 x 10- 19 J; KE = 2.88 x 10- 19 J 

1-20. KE = 0.805 eV = 1.29 x 10- 19 J; E = 8.64 x 10- 19 J; ¢ = 7.35 x 10- 19 J = 
4.59 eV; v0 = 1.11 x 1015 Hz 

1-21. h = 6.60 x 10- 34 Hz; ¢ = 3.59 x 10- 19 J = 2.24 eV 

1-23. v = 3.286 x 1015 Hz; A.= 9.117 x 10- 8 m 
1Rydberg = 13.60 eV = 1312 kl·mo1- 1 

1-24. A.= 121.57 nm; 102.57 nm; 97.253 nm 

1-25. n = 3 

1- 26. n = 2 

1-28. A.=91.l7nm;£=-2.179 x 10- 18 1 

1-29. (109 737 cm- 1)(0.999 45) = 109 678 cm- 1 

1-30. µ, = 7.00; 0.9798 

1-31. l = 2.68x 10- 47 kg ·m2;r=l.28x 10- 10 m= l.28A 

1- 33. Infrared 

1- 34. 54.394 eV = 5248.2 kT ·mo1- 1 

1- 35. u1 = 2.188 x 106 m·s- 1, v2 = 1.094 x 106 m·s- 1, v3 = 7.292 x 105 m·s- 1 

1- 36. The hydrogen is present as H(g); 31 800 K 

1- 37. µ, = 1.69 x 10- 28 kg; ro = 0.284 pm, v = 4.59 x 1017 Hz; E = -4.06 x 10- 16 J 

1- 38. (a) 0.123 nm (b) 2.86 x 10- 3 nm (c) 0.332 nm 

1- 39. (a) 1.602 x 10- 17 J· electron- 1, 1.23 x 10- 10 m = l.23A (b) 6.02 x 10- 18 J 

1-40. 0.082 v 

1-41. 1.3 x 10- 18 J/a -particle, 5.1 pm = 0.051 A 

1-42. 2500 K 

1-43. 2.188 x 107 m·s- 1; 1.094 x 108 m ·s- 1 

1-44. sin fJ = A./d = 0.006, fJ = 0.006 radians, tan fJ = x / 2.00 m, or x = 0.012 m = 
12mm 



Answers to the Numerica l Problems 

1-45. tan e = 1.50 x 10- 2 m/ 3.00 m = 5.00 x 10- 3, ore= 5.00 x 10- 3 radians, 

sine= 5.00 x 10- 3, d =A./ sin e= 0.139 mm 

1- 46. 3.6 x 107 m·s- 1 

1-47. 6.6 x 10- 23 kg·m·s- 1, compared to l.993 x 10- 24 kg·m·s- 1 

1-49. 2.9 x 10- 23 s 

1-50. 7 x 10- 25 J 

1-51. 7 x io- 22 J 

MathChapter A 

A- 1. (a) (2 - i)3=8-(3)(4)i + 3(2)i 2 -i3= 8-12i - 6 + i = 2 - lli 
rr i/ 2 n · n (b) e = cos - + i sm - = i 

2 2 

( c) e - 2+irr 12 = e - 2 ( cos % + i sin % ) = e- 2; 

(d) ( .J2 + 2i) ( cos % - i sin % ) = ( .J2 + 2i) ( -i) = 2 - i .J2 

A-2. (a) x 

(b) z2 = (x + 2iy)2 = x2 + 4ixy - 4y2, Re z2 = x 2 - 4y2 

(c) Im z2 =4xy 

(d) zz* = (x + 2iy)(x - 2iy) = x2 + 4y2 , Re zz* = x2 + 4y2 

(e) Imzz* =0 

A-3. (a) z = 6eirr/2 

A- 4. 

r;;, I - .J2 
(b) r = (16 + 2) 112 = 3v2; e = tan- -- = - 0.340 (note quadrant); 

4 
z = 3.J2e-0.340i 
(c) r = .,/5; B =tan- I 2 = 1.107 + 7r (note quadrant); z = .,/Se(rr+ l.IO?)i 

(d) z = (1t2 + e2)1/2ei tan-
1<e/rr) = (n2 + e2) l/2e0.713i 

n . n .J2 .J2 
(a) z =cos - + i s m - = - + i-

4 4 2 2 

(b) z = 6 ( cos 
2
; + i sin 

2
; ) = -3 + i3.J3 

In 2 ( n . n) (.J2 .J2) ~ ~ (c) z = e cos 4 -ism 4 = 2 2 - iT = v2 - iv2 

(d) z = (cos 2n - i sin 2n) + (cos 4n + i sin 4n) = 1 + 1=2 

A- 11. They do not oscillate. 
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A-15. x=2; - l ± i.J3 

Chapter 2 

2-1. (a) y(x) = c1e
3x + c2ex 

(b) y(x) = c1 + c2e- 6x 

(c) y(x) = c1e- lt 

(d) y(x) = c1e<- 1+,/2)x + c2e(- l- v'2Jx 

(e) y(x) = c1e2x + c2ex 

Answers to the Numerical Problems 

2-2. (a) y(x) = 2e2x (b) y(x) = - 3e2.x + 2e3x (c) y(x) = 2e2x 

2-4. (a) x(t) = vo sin wt (b) x(t) = A cos wt + vo sin wt 
w w 

2-5. c 1 = A sin <P = B cos 1/1, c2 = A cos <P = - B sin 1/1 

2-6. (a) y(x) = e- x (c 1 cos x + c2 sin x) 

(b) y(x) = e3x (c1 cos 4x + c2 sin 4x) 

(c) y(x) = e- {Jx (c1 cos wx + c2 sin wx) 

(d) y(x) = e- 2x(cosx - sin x) 

2-7. T he motion is oscillatory with frequency (1/2n )(k/ m) 112 and amplitude v0(m / k) 112. 

2-8. ~(t) = e- yr /2111 cos(w't + tf>) with w' = (4km - y 2) 112j2m 

. n.n x 
2- 10. 1/f(x) = A sm --, n. = 1, 2, ... 

a 

. nxnx . nyny 
2-14. 1/f(x, y) =A sm -- sm --, nx, n v = 1, 2, ... 

a b ·· 

. n x n x . n y1r Y . n. z1C z 
2- 15. 1/f(x, y , z) =A sm -- sm -- sm --, nx, n v, n. z = 1, 2, ... 

a b c -

2-25. Height = v'fij2g; time to return = 2v0/ g 

2-26. Natural frequency= (g / l) 112 /2n 

MathChapter B 

B-1. (x ) = 0.30, (x 2) = 5.80, a 2 = 5.71 > 0 

B- 2. (n) = ).., (n2) = ).. 2 + ).., a 2 =).. > 0 

B-12. 112 for all n 



Answers to the Numerica l Problems 

Chapter 3 
l 9 

3-1. (a) ±x2 (b) (x 3 - a3)e- ax (c) 4 - l + 3 = 4 (d) 6xy2z4 + 2x3z4 + 12x3y2z2 

3- 2. (a) nonlinear (b) nonlinear (c) linear (d) nonlinear (e) linear (f) nonlinear 

3-3. (a) -w2 (b) iw (c) a 2 + 2a + 3 (d) 6 

3-5. '2 d4 
(a) A = -

dx4 

' d2 cl 
(b) A 2 = -

2 
+ 2x - · + 1 + x 2 

dx dx 
'2 d4 d3 2 d2 

(c) A = - -4x - + (4x - 2) - + l 
dx4 dx3 dx2 

3-6. (a) commute 

(b) do not commute 

(c) do not commute (watch± signs) 

(d) commute 

3-7. Same result as ordinary algebra only if P and Q commute. 

3-13. The square root of reciprocal length 

3- 25. No, because H1/;(x) is just a function. 

a2 a2 
3-26. (x) = a/2, (x2

) =) -
8

rr
2 

n2rr2 li2 
3-27. (p) = 0, (p2

) = --
2 

- =a;, ap = h/a for n = 2 
a 

3-32. 1, 2, 1, 1 

MathChapte r C 

C- 1. y'I4 

C-3. cos ?:_ = 0 
2 

-3 
C-6. costl= (

6
)

112
(
14

)
112 

=-0.327, 11= 109° 

C- 8. 5 i + 5 j - 5 k 

C- 15. 3 i - j + k 

667 
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Chapter 4 

4-1. (a) normalizable, l/n 1/ 4 

(b) not normalizable 

(c) normalizable, l/(2n) 112 

(d) not normalizable 

(e) normalizable, 2 

4-2. (a) 2/fi (b) normalized (c) normalized 

4-5. (a) not normalizable 

(b) acceptable 

( c) acceptable 

(d) not normalizable 

(e) not normalizable 

Answers to the Numerical Problems 

4-7. (£ ) = 6ti2/ ma 2, (£2) = 126!i4 / m 2a4
, aJ; = 90!i4 jm 2a4 

2 h
2 (n; n~ ) 4- 9. (p) = 0 a = - - + __:;... 

' P 4 a2 b2 

5!i
2 

( 1 1 ) 4-10. (£ ) = - - + -
m a2 b2 

AA cl AA AA d 
4-11. (a)[A,B] = 2- (b)[A,B] = 2 (c)[A,B] =-f(O) (d)[A,B] = 4x - + 3 

b b 

4- 12. The subscripts occur as x, y, z and as cyclic permutations ofx, y , z. 

4- 16. No 

4- 18. d I dx is not Hem1itian; id I dx is Hermitian; d2 /dx 2 is Hermitian; id2 I dx2 is not 
Hermitian; xd / dx is not Hermitian; x is Hermitian 

4-25. </>o(x) = 1, ¢ 1(x) = x, ¢2(x) = ~(3x2 - I) 

4-27. (n l m)= 811111 ; l ¢)= .L: c11 l n); c11 =(n l ¢) 
II 

4-29. fo(x) = 1, / 1(x) = .J3(1 - 2x), h(x) = .JS(l - 6x + 6x2) 

4- 31. Only if A and B conmrnte. 

a 48a 
4-39. (x) = - - --

2 
cos w23t; w23 = (£3 - E2) /li 

2 25n 



Answers to the Numerica l Problems 

a 32a 
4-40. (x) = - - --

2 
COS W14f; 

2 225n 
(E E ) '"' 1. d 64a d w 14 = 4 - 1 /a; amp 1tu e = --

2 
compare 

225n 
96a . . 

to - -
2 

m the previous problem 
25n 

4-52. 0.52 (vo = 1.966) 

4-53. 4/(4 + vo) 

MathChapte r 0 

0-1. 1.25 x I o-3%; 4.97 x I o-3%; I Ll x I o- 3%; ... ; 0.468% 

0-2. 0.249%; 0.499%; 0.748%; ... ; 4.92% 

x x 2 
0-3. I + - - - + 0 (x3

) 
2 8 

x 3x2 
0-4. I - - + - + O(x3

) 
2 8 

0-6. 

0-7. 3/2 

0-8. 1/3 

D-17. 

a3 a4 
0-18. - - - + O(a5

) 
3 4 

0-21. -1/2 

0-22. The first expansion is valid for x < 1 and the second expansion is valid for x > L 
The sum of the two expansions is valid for no value of x. 

Chapter 5 

5-4. The period, r, which is the time it takes to undergo one cycle, is 2n / w = l/v. 

5-9. 479N·m- 1 

5-10. 1.81 x 1010 m- 1 

5-11. y3 = -6D{33 

5-13. 313 N-m- 1 

5-14. we= 556 cm - 1; E0 = 5.52 x 10- 21 J 

669 



670 Answers to the Numerical Problems 

5-16. 2558.549 cm- 1, 5026.64 cm- 1, 7404.31 cm- 1, 9691.54 cm- 1 

- - I 5-19. De=37400cm 

5-20. Around 68 

5-39. 8.0 pm= 0.080 A; less than 6% 

5-41. ~ l; 1 - e- 1.9o6 = 0.851 

5-42. (a) 3, 3, 9 (b) 3, 2, 4 (c) 3, 3, 30 (d) 3, 3, 6 

MathChapte r E 

E-2. (1, i· o} (1, i· i} (l, 0, </>); (l, n, </>) 

E-3. (a) a sphere ofradius 5 centered at the origin 

(b) a cone about the z axis 

(c) the y- z plane 

E-4. 2na3 /3 

E-5. 2na2 

E-6. 4/ 15 

E-10. 0, 1/3 

E-11. 8n/3 

Chapter 6 

6-4. µ, ~ w- 25 kg, r ~ 10- 10 m and so I ~ 10- 45 kg·m2 and B ~ l 010 Hz 

6-5. 3.35 x 10- 47 kg·m2, 142 pm= 1.42 A 

6-6. 113 pm= 1.13 A 

6-7. 127.5 pm= 1.215 A 

6-8. 305.5 pm= 3.055 A 

6-9. 1.964 x 10 11 Hz, 1.964 x 105 MHz, 6.552 cm - 1 



Answers to the Numerica l Problems 

6- 10. 1.36 x 10 11 revolution·s- 1 

- - I 6-11. 2B = 2.96 cm 

6-12. 1.894 x io-46 kg·m2 

6-1 3 . BH1 = 6.428 cm- 1, /HI= 4.355 x 10- 47 kg·m2, lHr = 161.9pm = 1.619 A, 
B0 1= 3.254 cm- 1, Im= 8.604 x 10- 47 kg ·m2, lm = 161.7pm=1.617 A 

6-14. liR = 2143.0 cm- 1 + (3.74cm- 1)(.! + l); lip = 2143.0 cm- 1 - (3.74 cm- 1).l 

6-15. vR = 963.7 cm- 1 + (1.52 cm- 1)(.l + l); lip= 963.7 cm- 1 - (l.52 cm- 1)(.f) 

6-16. liR(O~ l)=2905.6cm- 1, liR(l~ 2)=2925.2cm- 1, lip(O~ l)=2864.4cm- 1, 

lip(2 ~ l) = 2842.9 cm- 1 

6-1 7. B0 = 6.47cm- 1, B1 = 6.28cm- 1, ae = 0.19cm- 1, Be = 6.56cm- 1 

6-18. Yes 

6-20. 6; 4; 9; 18 

Molecule 

(Ii, .I = 0)/cm- 1 

(Ii, .I= l)/cm- 1 

.Clli/cm-1 

0.372381 0.375505 

0.744 761 0.750 009 

0.372 379 0.375 504 

6-22. B=l0.40cm- 1, D=4.43x io- 4 cm- 1 

6-23. B = l.9227 cm- 1, I5 = 6.387 x 10- 6 cm- 1 

6-24. 0~ l, 2l.l847cm- 1; 1~2, 42.3566cm- 1; 2~3, 63.5030cm- 1; 3~4, 
84.6110 cm- 1 

- 2 2 

6 25 
. _ D.l (.! + l) - . ratio- _ _ 

B.l(.T + 1) - D.12 (.l + 1)2 

For H35CI, ratio= 5.64 x io- 3; for 35CJ35CJ, ratio= 8.38 x 10- 5 

• ( a a) . ( a a) 6-39. Lx =iii sin¢- + cote cos¢- , Lv = - iii cos rp- - cote sin rp-ae arp ·· ae arp 

6-40. (a)O (b)21i2 (c)21i2 (d)21i2 

6-43. Io_, I> l/ .J3; Io->2• 2/ .JI5; Io_, ti Io_.. 2 = ../5/2 

6-44. 2 to 3 for H35Cl and ~ 30 for 127I35Cl at 300 K 
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MathChapter F 

F-1. 5, 5, 5 

F-2. -5, -5 

F-3. 0, 0 

F-4. x 4 - 3x2 = O; x = 0, 0, ±.J3 

F-5. x 4 - 4x2 = O; x = 0, 0, ±2 

F-6. cos2 e + sin2 e = 1 

F-7. J.. = 1, 1 ±.J2 

F-8. (9/5, 1/5) 

F-9. (1, 3, - 4) 

F-10. x 4 - 4x2 = O; x = 0, 0, ±2 

Chapter 7 

7-9. 0.762 

7-10. 1.3 a0; 2.7 a0 

7-18. (rho= 6a0; (r)i 1 = 5 a0 

7-28. n2 

7-29. 1312kJ·mol- 1; 5248kJ·mo1- 1 

7-30. 0.999 728 

Answers to the Numerical Problems 

7-35. t:.E = (l.391 x 10- 22 J)m,, m1 = 0, ±1; E2p - E1s = 1.635 x 10- 18 J 

7-38. 2p 2P 112 and 2p 2P312 states: 0.3652 cm- 1 (caJc) vs. 0.3659 cm- 1 (expt) 
3p 2P112 and 3p 2P312 states: 0.1082 cm- 1 (calc) vs. 0.1084 cm- 1 (expt) 
4p 2P112 and 4p 2P312 states: 0.0457 cm- 1 (calc) vs. 0.00457 cm- 1 (expt) 

7-39. 3d 2D312 and 3d 2D512 states: 0.0361 cm- 1 (calc) vs. 0.0362 cm- 1 (expt) 
4d 2D312 and 4d 2D512 states: 0.0152 cm- 1 (calc) vs. 0.0153 cm- 1 (expt) 
4f 2F512 and 4/ 2F712 states: 0.0076 cm- 1 (calc) vs. 0.0077 cm- 1 (expt) 

7-40. ex= 7.297 353 01 x 10- 3; cx - 1 = 137.035 991 

7-41. 2p 2P112 and 2p 2P312 states: 5.844 cm- 1 (calc) vs . 5.857 cm- 1 (expt) 
3p 2P112 and 3p 2P312 states: 1.731 cm- 1 (calc) vs. 1.736 cm- 1 (expt) 
4p 2P112 and 4p 2P312 states: 0.7305 cm- 1 (calc) vs. 0.7321 cm- 1 (expt) 



Answers to the Numerica l Problems 

7-42. 3d 2D312 and 3d 2D512 states: 0.5772 cm - 1 (calc) vs. 0.5784 cm- 1 (expt) 
4d 2D312 and 4d 2D512 states: 0.2435 cm- 1 (calc) vs. 0.2440 cm- 1 (expt) 
4f 2F512 and 4 f 2F712 states: 0.1217 cm- 1 (calc) vs. 0.1220 cm- 1 (expt) 

97531 3 5 7 9 
7-44. 18 states· m · = - - - - - - - - - - - - - - -

, .I 2'2'2'2'2' 2' 2' 2' 2' 2 

7531 3 5 7 
m. = - - - - - - - - - - - -

1 2'2'2'2' 2' 2' 2' 2 

7-45. 2(2/ + 1) 

7-47. Eupper = (82 258.9206 - 0.1556) cm- 1; E1ower = (0 + 0.4669) cm- 1; 

!:!.E = 82 258.2981 cm- 1 

7-48. Eupper = (82 259.2865 - 0.3112) cm- 1; Eiower = (0 - 0.4669) cm- 1; 

!:!.E = 82259.4422 cm- 1 

MathChapter G 

G-1.C = ( -l~ -~ =~ ) D = ( ~~ -~ 12
5

1

) 
- 3 - 1 - 1 6 5 

G-4. If A, B, and C correspond to Lx, Ly, and Lz, respectively, then the results are similar 

to the commutation relations oflx, Ly, and Lz. 

G-7. detC3= l, TrC3 = - 1, detav= - 1, Trav=O, deta~=-1, Tra~=O, 

det a:= -1, Tr a: = 0 

G--8. They all are. 

- I ( 0 G-9. A = ,J2 ,J2)· 
-1 ' 

s-'= - ~ ( ! =~ -~ ) 
4 -2 4 - 2 

G-10. The prescription for finding the inverse ofa matrix has you divide by its determinant. 

(
2 0 0) 

G-11. D = 0 1 0 
0 0 0 

D is diagonal, and its elements are the eigenvalues of A. 

T 1 
G-12. x = - (24, - 19, -8) 

13 

Chapte r 8 

8-3. You get the exact result for the energy because the trial function is the exact 
ground-state wave function. 

Ii ( k) 1/ 2 ( k) 1/ 2 
8-4. Emin = ,J2 /;, = 0.7071 fi /;, 
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674 Answers to the Numerical Problems 

,./7 ( k ) 1/ 2 ( k ) 1/ 2 
8-5. Emin = 5h J;, = 0.5292 Ii /;, 

8--6. The value of c will come out to be equal to zero because e - ax
2

/
2 is the exact 

ground-state wave function ofa harmonic oscillator. 

8-7 E · - - - --- - - - e 3 e
2 

3 ( m e4 ) 
• mm - 8 4nEoao - 8 16n2EJfi2 

8-8. The value of c2 will come out to be equal to zero because e- ar is the exact ground

state wave function of a hydrogen atom. The value of a will be equal to 1/ ao and c1 is 
just a normalization constant. 

8- 9. The variational energy is the exact energy because e- f5x
2 

is the form of the exact 

ground-state wave function of a harmonic oscillator. 

( )

1/ 2 

8-10. Emin = ~Ii ; for¢ (r ) = e - O!r
2 

(this is the exact energy); 

(k) 1/ 2 
Emin = 3112/i J;, for <f>(r) = e - ar 

(3) ( 6) 1/ 3 fi4/3 
8 11 E . _ c.1/ 3_ 

- • mm - 2/ 3 8 µ, 

. h
2 

( l l ) h
2 

Voa 8- 12. Emin 1s the lesser of -- + V0a - + - or -- + -
8ma2 4 n 2 2ma2 4 

fi2 fi2 
8- 13. Emi n = 0.6816--

2 
for a= 4 and Emin = 0.6219--

2 
for a= 12 

ma ma 

/i2 /i2 
8- 14. Emin = 0.6381-- fora = 4 and Emin = 0.8432- fora= 12 

m~ m~ 

8- 16. Emin = 7!i2/ma2 

8-19. The ground-state energy of a helium atom is the negative of the sum of the 
ionization energy of a helium atom (198 310.6672 cm- 1) and that of a helium ion 

(438 908.8863 cm- 1). The sum is equal to 637 219.5535 cm- 1 or E = -2.903 386 Eh. 

8- 21. E . = ~hv + 7 y4 - ~ (4h2v2 + 3hvy4 + ~ y j ) 1/ 2 
mm 2 32a2 2 2a2 64 a4 

8-25. <f>(x) = (1.280 59 sin nx + 0.600 07 sin 
2
nx ) / a112 

a a 



Answers to the Numerical Problems 

8-26. The otf-diagona I matrix element ( 11 x I 3) = 0. We say that sin 3n x /a does not 
mix with sin n x /a in this case. The same is true for sin Sn x /a , or the sine of any odd 
multiple ofnx/a. 

8-27. The off-diagonal terms are equal to - 32Vo/225n 2 and t min = 5.998 62 compared 
to 5.155 95 in Example 8-4. The off-diagonal terms are equal to - 48/122 5n 2, and 

t min = 5.999 95 for sin 6nx/a. 

8-29. emin = 5.15403 

(
4 3)1/4 

8-35 . 1/J,(x)= ~ xe- ax2/2; E(l)=Y3(l l x3 11) + Y4(1 1x4 1l)= 15y4 
" 6 24 96a2 

8_36. E ( I) = V0a (~ + l - cos nn) 
2 2 n2n2 

kx2 3c k 
8- 37. fl (ll = cx4 - - · E ( I) = - - -

2 ' 4a2 4a 

3c 15c 
8- 38. a = D{32; b = - Df33; c = 7Df34/12; £ (1\ v = 0) = -; £ (1l (v = l) = -; 

40'2 40'2 
£ (1) (v = 2) = 39c 

4a2 

MathChapte r H 

H- 1. A= 2, O; ( ! ). ( _ D 
H-2. A = 3, - 1; ( _ ~). ( ! ) 

_ I+./5 l-./5. ((l +./5)/2 ) (0) ((1 -./5)/2) 
H-3. A - , 1, , 0 , l , 0 

2 2 l 0 l 

H-4.A ~ 2. 1.0; U). m. rn 
H-7. s = r-r : r 1 h h 

H--8. S = ( ~ ~ ) ; D = ( ~ ~) 
h h 
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H-9. S = ( ~2 ~ ) D = ( ~ -~ ) l ' 

v'2 v'2 
l + ,JS 

0 
1- ,JS 

(10 + 2.J5) 112 (10 - 2.J5)1/ 2 

H- 10. S = 0 
l 

0 
v'2 

21/ 2 
0 

2112 

(5 + ,)5)1/2 (5 - ,)5)1/2 

( ! +2~ 0 

!-:~ l D = 0 

0 0 

( I 

0 

~ l v'2 c 0 0) H- 11 . 
S = -~ l 0 ; D = 0 I 0 

0 
1 0 0 0 

v'2 
H-13. A.=-2 + a, -l + a, - l + a, 1 + a, 1 + a, 2 + a; 

-1 - 1 -1 1 - 1 
0 0 - 1 

-1 l 0 -1 0 
1 ' - 1 ' - 1 ' - 1 ' 1 ' 

-1 0 1 0 1 
1 0 0 

Chapter 9 

9- 18. It has the same form as the classical expression for the coulombic interaction of two 
charge distributions. 

9- 22. The two hydrogen atoms are isolated from each other. 

9- 23. The angular eguation associated with the Schrodinger equation is the same in both 
cases. The radia l equation, however, is different. 

9-24. The radial equation associated with the Schrodinger equation is different in the 
two cases; the potentia l energy is purely coulombic in the case of a hydrogen atom, 
but is more complicated (see Figure 9.2 and Problem 9- 20) for the Hartree- Fock 
approx imation. 

9-30 . 0 and fi/2 



Answers to the Numerica l Problems 

9-31. OandO 

9-35. 1/f1sCr) = 0.285 107 S1s(r, 5.7531) + 0.474 813 Slr(r, 3.7156) 

- 0.001620 S1r(r, 9.9670) + 0.052 852 S1r(r, 3.7128) 

+ 0.243 499 S2r(4.4661) + 0.000 106 S2s(r, l.2919) 

- 0.000 032 S2s(0.8555) 

where the S's are normalized Slater orbitals. 

9-36. The orbital energy of the 2p orbital of a neon atom is given as e2P = 
-0.850 410 Eh, or l 2p = 2.23 MJ ·mo1- 1. Similarly, we have e2r = -1.930 391 Eh, 
(hr= 5.07 MJ·mol- 1), and e1s = - 32.772 442£h, Uis = 86.0 MJ·mol - 1). 
For an argon atom, e3p = -0.591016 Eh, (13,, = 1.55 MJ ·mol- 1), e3s = - l.277 352 Eh, 
(l3s=3.35MJ·mol- 1), e2p=-9.571464 Eh, U2p = 25.l3MJ·mol- 1), e2r= 
-12.322 152 Eh, (hr = 32.35 MJ ·mol- 1), and elr = - 118.610 349 Eh, (hr = 
311.4 MJ ·mol- 1). 

9-38. Ecorr =£exact - EHF = -2.903 724 375 Eh + 2.86168 Eh= -0.042 04 Eh. 
For Eckart,% = 100 x (2.8757 - 2.861 68)/0.042 04 = 33.3% 
For Hylleraas, % = 100 x (2.903 63 - 2.86168)/0.042 04 = 99.8% 

9-42. 'so, 3S1 

9-43. 2P 3/ 2> 2P 1/ 2 

9-44. (l x l)(1S) + (3 x 3)(3P) + (l x 5)(1D) = 15 

9-45. 45, (l x 1)(1S) + (1 x 5)(1D) + (3 x 3)(3P) + (3 x 7)(3F) + (1x9)(1G)=45 

9-46. •p., 3p2, 3p1, 3Po; 3po 

9-47. 20; 1D2, 3D3, 3D2, 3D1; 
3D1 

9-50. [Ne]3s2; 1S0 

9-51. 3F2 (see Problem 9-48) 

9-52. 1s0 

9-53. 3P2: five-fold degenerate, 3P1: three-fold degenerate, 3Po: singly degenerate, 1Pi: 
three-fold degenerate 

9-54. t::. E = (34 548.766 - 16 956.172) cm- 1 =17 592.594 cm- 1 ~ 5684.210 A; 
5684.210 A;1.000 29 = 5682.6 A 
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9-55. The results are given in the table that follows: 

Sharp series Principal series Diffuse series Fundamental series 

11404A 5895.9 A 8194.8 A 18 459 A 
11382 A 5889.9 A 8183.3 A 
6160.7 A 3302.9 A 5688.2 A 12678 A 
6154.2 A 3302.3 A 5682.7 A 
5153.6 A 2853.o A 4982.9 A 
5149.1 A 2852.8 A 4978.6 A 

9-56. E = -(43 487.150 + 610 079.0 + 987 661.027) cm- 1 = - 1641227.177 cm- 1 = 
- 7.4780 Eh compared to the Hartree-Fock value, - 7.432 727 Eh. 

Chapter 10 

10-4. The value of De represents the energy difference between the minimum 
of the energy curve and the dissociation linlit. The dissociation limit is that 
of a ground-state hydrogen atom, whose electronic energy is -1/2 Eh. Thus, 
- 1/2 Eh - (-0.602 64 Eh)= 0.102 64 Eh. 

10-35. £corr= Eexact - EHF = (-1.1744 + 1.1336) Eh= -0.0408 Eh; 
% = 100 x (- 1.1479 + 1.1336)/0.0408 = 35.l % 

10-41 . If you set c1 = c2 right at the beginning of the calculation, then the calculation 
converges immediately because c1 = c2 by the symmetry ofH2. 

10-42. This observation is due to the fact that if you know a wave function through first 
order in a perturbation, then you know the energy through third order. The values of the 
energy are more stable than those of the wave function. 

10-48. v02 = 9.337 x 1013 Hz; D~2 = 438.01 kJ·mo1- 1. The experimental value of D~2 

is 439.6 kJ ·mol - 1. 

Chapter 11 

11-1. 268 pm= 2.68 A 

11-2. ~ 48 

11-3. 159pm=L59A 

11-4. 124 pm= 1.24 A. 

11-5. N2 has a bond order of3 and Nf has a bond order of5/2; of has a bond order of 
512 and 0 2 has a bond order of 2. 
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11 - 6. F 2 has a bond order of l; Ft has a bond order of 3/2. 

11 -7. The relative bond orders are 3, 5/2, and 5/2. 

11-8. The bond order ofC2 is 2; that ofC2 is 5/2. 

11 - 9. The magnitude of the force constants is in accord with the bond orders. 

11 - 10. (L represents the filled n = 2 shell.) 

Na2 K K LL(ag3s)2 

Mg2 K K LL(ag3s)2(a113s )2 

Al2 K K LL(ag3s)2(a113s )2(nu3p)2 

Si2 K K LL(ag3s)2(a113s)2(nu3p)4 

P2 K K LL(ag3s)2(a,) s)2(n,)p)4(ag3Pz)2 

S2 K K LL(ag3s)2(a,) s)2(n,)p)4(ag3Pz)2(n
8
3p)2 

Cl2 K K LL(ag3s)2(au3s)2(n,;3p)4(ag3Pz)2(n8 3p)4 

Ar1 K K LL(a8 3s)2(a,) s )2(nu3p)4 (ag3Pz)2(n
8
3p)4(a,)pz)2 

11 - 12. 6, Cr2 

11 - 13 . The bond order of No+ is 3 and that of NO is 5/2 . 

11 - 14. The nonbonding orbitals 2Pxo and 2PyO· 

11 - 16. CO has a bond order of3 and is diamagnetic. 

11 - 17. BF has a bond order of2 and is diamagnetic. 

11 - 18. The energies of the h electrons of different spin differ because of spin-orbit 

coupling. 

11-24. See Table 11.3. 

11-25. E Is = - 1/ 2 Eh and E2f = - 1/ 8 Eh and their sum is - 5/ 8 Eh= - 0.625 Eh. 

11-26. 3n and 1TI 

11 -28. E± = (a ± {3)/ (1 ± S); 1/f± = (2PzA ± 2Pzs)/ .J2(1 ± S) 

11-37. x 4 - 4x2 = O; x = 2, 0, 0, - 2; E = a + 2{3, a, a, a - 2{3. We predict that the 

ground state is a triplet. The two molecules have the same stability. Cyclobutadiene has 

no stabilization energy. 

11-38. x 4 - 3x2 = O; x = .J3, 0, 0, - .J3; E = a + .J3f3, a, a, a - .J3f3 ; 

EJT = 2(a + .J3f3) + 2a = 4a + 2.J3f3 

11-39. x 4 - 5x2 + 4x = O; x = 1, 0, -f ± f-v'l7; E = a + 2.5616{3, a , a - {3 , 

a - 1.5616{3; EJT = 2(a + 2.5616{3) + 2a = 4a + 5.1231{3 
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11-42. E1T = 2(a + 2.3028.fJ) + 2(a + 1.6180.fJ) + 2(a + l.3028.fJ) + 
2(a + f3) + 2(a + 0.6180.fJ) = 10 a + 13.6832.fJ; Edeloc = 3.6832.fJ 

11-43. All the partial charges come out to be one and the various bond orders are 

P;3 = PI&= P61 = P:5 = 0.724 56, P;g = P'.{4 = 0.60317, P~9 = P;9 =P6.10 = P~. 10 = 
0.554 70, and p9_ 10 = 0.518 23. (See Problem 10-41 for the numbering convention 
used.) 

11-44. EH+ 
3 

trangular 2a + 4f3 

linear 2a + 2../213 

EH3 

3a + 3f3 

3a + 2../2f3 

Ew 
3 

4a + 2f3 

4a + 2../2f3 

Therefore, we predict that Ht is triangular; H3 is triangular; and H} is linear. 

11-46. 
Edeloc qi qi q3 PI2 P~3 

radical 2../2 - 2 I I 
..f5. /2 

carbonium 2../2 - 2 1/2 1/2 I I 
..f5. /2 

carbanion 2../2 -2 3/2 3/2 I I 

..f5. /2 

11-47. For hexatriene: £ 1=a + 1.802.fJ, £ 2 =a+ 1.247.fJ, £ 3 =a+ 0.4450.fJ, 
£4 =a - 0.4450{3, Es= a - 1.247.fJ, E6 =a - 1.802.fJ; Edeloc = 0.9880{3; 
Edeloc = 0.1647 f3 per carbon atom 
For octatetraene: £ 1 =a + 1.879.fJ, £ 2 =a+ 1.532.fJ, E3 =a+ f3, E4 =a+ 0.3473.fJ, 
E5 =a -0.3473.fJ, E6=a - f3, £7 =a - 1.532{3, Eg=a - 1.879.fJ; Edeloc = 1.517.fJ; 
Edeloc = 0.1896.fJ per carbon atom 

( 
n Nn ) 11-49. £ 1 - EN= 2f3 cos -- - cos -- ~ 2f3(cos 0 - cos n) = 4f3 

N + l N + 1 

11 - 50. A conductor 

(°3717 0.6015 0.6015 03717 ) 
11-52. c = 0.6015 0.3717 - 0.3717 -0.6015 

0.6015 -0.3717 -0.3717 0.6015 
0.3717 -0.6015 0.6015 -0.3717 

Chapter 12 

12-3. Equation 12.7 gives the N spatial orbitals, each of which is doubly occupied by 
e lectrons of opposite spin. 

12-5. a,,3s(7.29169) = N [S3s(rA, 7.29169) - S3s(rg, 7.29169)], where S3s(r, 7.29169) 
is a Slater 3s orbital (Equation 9.15) with ~ = 7.29169 and N is a normalization 
constant. 



Answers to the Numer ical Prob lems 

12-6. a,,3d(l.690 03) = N [S3d ?(rA, 1.690 03) - S3d 2(rs, 1.690 03)], where 
r z 

S3d /r, 1.690 03) is a Slater 3d22 orbital (Equation 9.15) with s = 1.690 03 and N 
z 

is a normalization constant. 

12-7. Theequationis 

2a,, = -0.243 70 [S1s(rA, 5.955 34) - S1s(rB, 5.955 34)] 

- 0.000 0 [S1s(r A• 10.658 79) - S1s(rs, 10.658 79)] 

+ 0.364 37 [S2~ (rA, 1.570 44) - S2s(rB, 1.570 44)] 

+ 0.547 02 [S2~ (rA, 2.489 65) - S2~(ra, 2.489 65)] 

- 0.030 54 [S3s(rA, 7.29169) - S3s(rB, 7.29169)] 

- 0.41355 [S2p,(rA, 1.48549) + S2p,(r 8, 1.48549)] 

- 0.109 45 [S2p,(r A• 3.499 90) + S2p,(rB, 3.499 90)] 

- 0.03553 [S3d
2
(rA, l.69003) - S3d 2(rB, 1.69003)] 

z z 

12-22. In a double-zeta (DZ) basis set, all atomic orbitals are represented by sums of two 
Slater orbitals with different values of s; in a double split-valence basis set, only the 
valence atomic orbitals are represented by sums of two Slater orbitals with different 
values of s. 

12-23. In a triple-zeta (TZ) basis set, all atomic orbitals are represented by sums of three 
Slater orbitals with different values of s. 

12-24. C2H6: 2 x 9 + 6 x 2 = 30, two for ea ch hydrogen atom and 9 for each carbon 
atom. C3H&: 3 x 9 + 8 x 2 = 43 

12-25. C6H6: 6 x 9 + 6 x 2 = 66 (see previous problem). C7H&: 7 x 9 + 8 x 2 = 79 

12-26. C2H6: 30 contracted Gaussian functions (see Problem 12- 24); 2 x (6 + 4 x 3 + 
4 x 1) + 6 x (3 + 1) = 44 + 24 = 68 primitive Gaussian functions 
C3H8: 43 contracted Gaussian functions; 3 x (6 + 4 x 3 + 4 x 1) + 8 x (3 + 1) = 
66 + 32 = 98 primitive Gaussian functions 

12-27. C6H6: 6 x 9 + 6 x 2 = 66 contracted Gaussian functions (see Problem 11- 25); 
6 x (6 + 4 x 3 + 4 x 1) + 6 x (3 + 1) = 132 + 24 = 156 primitive Gaussian functions 
C7H8: 7 x 9 + 8 x 2 = 79 contracted Gaussian functions ; 7 x (6 + 4 x 3 + 4 x 1) + 
8 x (3 + 1) = 154 + 24 = 178 primitive Gaussian functions 

12-29. 6 x (1 + 4 + 4 + 6) + 6 x 2 = 102; 6 x (1 + 4 + 4 + 6) + 6 x (2 + 3) = 120 

12-30. For the 2s orbitals, 2s'(r ) = - 0.114 9610 gs(r, 11.626 3580) -
0.169 1180 gs(r, 2.716 2800) + 1.145 8520 g~ (r, 0.772 2180); 2s"(r) = 
gs(r, 0.212 0313) 
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12-31. For the 2s orbital, 2s'(r) =0.114660 gs(r, 20.964200) + 
0.9199990gs(r, 4.8033100)- 0.00303068gs(r, 1.4593300); 2s"(r) = 
8s(r, 0.483 4560); 2s'"(r) = Kr(r, 0.145 5850) 

12-32. ls(r) = 0.00183118s(r, 5484.671 700) + 0.0139501 gs(r, 825.234 9500) + 
0.068 44518s(r, 188.046 9600) + 0.232 7143 gs(r, 52.964 500) + 
0.04701930 gs(r, 16.897 5700) + 0.35S 5209 8s(r, 5.799 6353); 2s'(r) = 
-0. 110 7775 gs(r, 15.539 6160) - 0.148 0263 8s(r, 3.599 9336) + 
1.130 7670 gs(r, 1.013 7618); 2p1(r) = 0.070 8743 g,,(r , 15.539 6160) + 
0.339 7528 gp(r , 3.599 9336) + 0.727 1586 g,,(r , 1.013 7618); 2s''(r) = 
gs(r, 0.270 0058); 2p"(r) = g,,(r, 0.270 0058); d(r) = gd(r , 0.800 0000) 

12-33. ls(r) = 0.154328 97 gs(r, 71.616 8370) + 0.53532814gs(r, 13.0450960) + 
0.444 634 54 8s(r, 3.530 5122); 2s(r) = - 0.099 967 23 8s(r, 2.9412494) + 
0.399 512 83 82(r, 0.683 4831) + 0.700 115 47 8s(r, 0.222 2899) 

12-43. K = 100, N = 7, and so the number of single and double excitations = 

....!i!_ ~ + ....!i!_ ~ = 2604 1 565 655 = 1 568 259 
13!1!185!1! 12!2!184!2! + 

12-44. The 2Nth term in Equation 12.31 represents terms in which all the electrons 
occupy virtual orbitals. 

12-45. See Equation 12.37. 

12-46. CISDQ means a configuration interaction in which single, double, and quadruple 
excitations are used. 

12-52. The number of maxima or the number of zeroes off (x) in an interval 

12-53. Because part of the Hamiltonian operator (the interelectronic interaction terms) 
consists of two-electron operators (the 1/ rij ). 

12-56. 2 .3 D compared to an experimental value of 1.85 D 

12-57. 2.0 D compared to an experimental value of l.47 D 



A 
absolute value of complex number, 46 
addition of angular momenta, 350ff, 467, 468 
almost good quantum number, 481 
A/sos, 320 
amplitude, 54, 209 

of a measurement, 185 
angular momentum, I 6ff, 136, 147, 182 

conunutation relations, 295, 297, 307 
ladder operator, 299 
lowering operator, 299 
and measurement, 290ff 
operator, 287, 291 ff 
operator methods, 296ff 
quantum number, 327 
raising operator, 299 

angular velocity, 17, 268 
anhannonic oscillator, 216, 222tf, 402 
anharmonic terms, 216 
anharmonicity, 216 

constant, 223 
anomalous spin factor, 349 
antibonding orbital, 513tf 
antisymmetric wave function, 448 
associated Laguerre polynomials, 324 
associated Legendre functions, 284, 285 

normalization constant, 285 
recursion formula, 289, 306 

atomic hydrogen spectrum, 13, 14, 21 
atomic integral, 508, 51 l 
atomic orbitals website, 628 
atomic selection rules, 476 
atomic spectra, 475ff 
atomic term symbol, 353ff, 466ff, 472 
atomic units, 435ff, 489 
average value, 85, 86 

B 
Balmer formula, 13 
Balmer series, 14 

basis function, 507 
basis set, 456, 507 

correlation-consistent, 630 
ditfose functions, 627 
double zeta, 621 
functions, 456 
polarization, 521, 522 
polarized, 626 
split valence, 621 
triple zeta, 656 
truncation error, 640 
website, 628 

basis sets 
ST0-3G, 618 
STO-NO, 618 
3-210, 623tf 
6-310, 625 
6-3110, 625 
6-310*, 626 
6-310**, 626 
6-31G(d),626 
6-31G(d,p), 626 
6-31lG*,626 
6-31+0**, 627 

benzene, 5 91 ff 

Index 

beryllimn, Hartree-Fock-Roothaan wave 
function, 461 

bicyclobutadiene, 602 
binding energy, 569 
binomial series, 20 I 
Birge-Sponer plot, 24 7 
blackbody radiation, 2 
BLYP functional, 651 
Bohr frequency condition, 20 
Bohr hypothesis, 19 
Bohr magneton, 342 
Bohr orbit, 19 
Bohr radius, 19, 324, 436 
Bohr, Niels, 142 
Boltzmann constant, 3 
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Boltzmann distribution, 252, 307 
bond order, 564, 588ff 
bonding orbital, 5 l3ff 
Bom-Oppenheimer approximation, 500ff, 

557 
boundary condition, 54 
bra, 160 
bracket notation, l 59ff, 184 
Brackett series, 15 
butadiene, 585ff 

c 
cartesian coordinate system, 130 
cccbdb website, 636 
center-of-mass coordinate, 214, 244 
centrifugal distortion constant, 281 
classical limit, 109 
classical mechanics, 80ff, 144 
classical physics, 2 
classical wave equation, 54 
closed shell system, 454 
cofactor, 310 
collapsed wave function, 175, 187 
commutative operation, 132 
commutator, 153ff, 182 
commuting matrices, 372 
commuting operators, 153, 164, 165, 326, 

481 
and mutual eigenfunctions, l64ff, 326 

compatible matrices, 3 71 
complementary error function, 252 
completeness, 166 
complex number, 45ff 
complex plane, 47 
component of a vector, 13 l 
configuration, 535, 536 
configuration interaction, 466, 513ff, 644ff 

full, 645 
quadratic, 646 

configuration-interaction doubles 
approximation, 645 

configuration-interaction singles and doubles, 
645 

conserved quantity, 175 
constant of motion, 175 
constructive interference, 31 
continuous distribution, 87ff 
contracted Gaussian function, 618, 623 
convergence of a series, 198 
Copenhagen interpretation, l 75ff 
correlation energy, 446, 463ff 
correspondence principle, 110, 122, 123 
Coulomb integral, 445, 454, 550, 583, 609 
Coulomb operator, 455, 609 

Coulomb's law, J 8 
coulombic potential, 18, 321 
coupled cluster 

doubles approximation, 64 7 
singles and doubles, 648 
theory, 646ff 

Cramer's rule, 315 
cross product, 135 
cyclobutadiene, 602 

D 
d orbitals, 338, 339 
d'Alembert's solution, 83 
damped harmonic oscillator, 75 
de Broglie, Louis, 52 
de Broglie wavelength, 26ff 
de Broglie waves, 26ff, 98 
debye, unit, D, 659 
degeneracy, 68, 118, 125 
degree of freedom, 233 
delocalization, 586 
delocalization energy, 586 
deMoivre formula, 50 
density fonctional theory, 649ff 
dependent variable, 54 
destructive interference, 31 
determinantal equation, 312 
determinantal wave function , 451, 492 
determinants, 309ff 
diagonal matrix, 3 73 
diagonalization of a mat1ix, 431 , 432 
diffuse functions, 627 
diffuse series, 327 
dipole moment, 135, 141 , 423, 424, 659 
dipole transition moment, 237 
Dirac notation, 159ff, 184 
dissociation limit, 224 
dot product, 132 
double zeta basis set, 621 
double zeta orbital, 443 
doublet, 356 
Dulong and Petit, law of, I I 
Dulong and Petit limit, 201 
dynamical variable, 143 

E 
Eckart wave function, 441 
effective Hamiltonian operator, 444 
effective nuclear charge, 387 
effective potential, 444, 447, 463 , 491 
Elu-enfest theorem, 188, 250 
eigenfunction, I 0 I 
eigenvalue, 101, 149, 427 
eigenvalue problem, 101 , 149, 427ff 
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eigenvector, 427 
Einstein constant, 20 l 
Einst.ein theory of solids, 11 , 20 I 
electromagnetic spectnun, 37 
electron correlation methods, 643ff 
electron microscopy, 29 
electron probability density, 461 , 493, 494, 

649 
electron spin, 344ff 
electron volt, 9 
elliptical coordinates, 503 , 548ff 
equation of motion of an operator, 174 
equilibrium bond length, 216 
equipotential, 138 
equivalent orbitals, 470 
Euler's constant, 544 
Euler's formula , 48 
even function, 90, 228 
exchange integral , 454, 509, 512, 583, 609 
exchange operator, 456, 610 
excited state, 20 
exponential distribution, 93 
exponential integral, 544, 555 
extended basis set, 621 ff 

F 
Fermi's golden rule, 409 
Fick's law, 138 
fine structure, 356 

constant, 364 
finite potential well, l94ff 
first-order correction, 400 
first-order perturbation theory, 399ff 
Fock matrix, 457, 487 
Fock operator, 455, 609 
Fock, Vladimir, 380 
force constant, 74, 208 
Fourier coefficient, 167 
Fourier expansion, J 67 
Fourier series, 167 
Fourier's law, J 39 
free electron model, l 06, l 07, 121 
free particle, 104, 113, 126, 127, 190ff 
frozen core, 643 
function of an operator, 186 
functional, 651 
functional, BLYP, 651 
fundamental mode, 63 
fundamental series, 327 
fundamental vibrational frequency, 220, 222 

G 
GAMESS, 631 
Gaussian basis set, 614ff 

Gaussian d functions, 657 
Gaussian distribution, 89 
Gaussian functions, 616, 654, 655 
Gaussian 03, 631 
Gaussian-type functions, 616 
GaussYiew, 632 
geometric series, 198 
gerade, 505, 561 
good quantum number, 326, 481 
Goudsmit, Samuel, 320 
gradient, 138 
Gram-Schmidt procedure, 164 
ground state energy, 20 

H 
Hamiltonian operator, 102 
Harmonic oscillator 

classical, 74, 207ff, 244 
classical limit, 250, 251 
isotropic, 412 
potential, 2 l 5ff 
quantum mechanical , 218ff 
selection rule, 219, 237ff 
three dimensional, 249 
wave functions, 225 

harmonics, 63 
Hartree, Douglas, 380 
Jiiartree, Eh, 436 
Hartree-Fock 

approximation, 442 
equations, 444, 456, 457 
limit, 442, 457, 611 
method, 453 
orbital , 445 

Hartree-Fock- Roothaan 
equations, 537ff, 608ff 
procedure, 458 
results, 636ff 
wave functions, 458ff 

Heisenbeg, Werner, 142 
Heisenberg uncertainty principle, 34ff, l l2ff 
helium atom 

Eckart calculation, 438, 441 
Hartree- Fock calculation, 438, 447 
Hartree-Fock- Roothaan calculation, 482ff 
Hartree-Fock- Roothaan wave fimction, 

459 
Hylleraas calculation, 438 
ionization energy, 440 
munerical results, 438 
Pekeris calculation, 438 
perturbation result, 439 
SCF calculation, 482ff 
variational result, 439 
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helium atomic spectrum, 4 79 
Hermite polynomial, 225 

parity, 229 
recursion formula, 231, 249 

Hermitian matrix, 378, 430 
orthogonality of eigenvectors, 43 'I 

Hermitian operator, 156ff, 160ff, 183 
orthogonality of eigenfunctions, 160ff 

hertz, Hz, 36 
Hohenberg- Kohn theorems, 650 
HOMO, 581, 582 
homogeneous algebraic equations, 314 
Hooke's law, 74, 207, 208 
Hi.ickel theory, 584ff 
Hund's rules, 474, 475 
Huygen's principle, 30 
hydride ion, variational calculation, 440 
hydrogen atomic 

energy levels, 324, 354 
selection rules, 355 
wave functions, 325, 340 

hydrogen molecular ion, 501 ff 
Hamiltonian operator, 502 

hydrogen molecule, 523ff 
CI calculation, 546ff 
Hamiltonian operator, 500, 501 
molecular orbital theory calculation, 543ff 

Hylleraas wave function, 443 

identity matrix, 373 
imaginary part of complex number, 45 
independent variable, 54 
indistinguishability, 448, 492 
infrared active, 238 
infrared inactive, 238 
inhomogeneous algebraic equations, 314 
in-out correlation, 464 
intensity of a wave, 76ff 
interchange operator, 532 
interelectronic repulsion, 360 
interference, 30ff, 68ff, 177 
interference pattern, 32, 72, 177 
inverse of a matrix, 373 
ionization energy, 22 

J 
JANAF, 604 
JANAF Thermochemical Tables, 547 
j - j coupling, 482 

K 
ket, 160 
kinetic energy and bonding, 520 

kinetic energy operator, I 02 
Koopmans's approximation, 446, 462 
Kronecker delta, 124, 162, 184 

L 
l'Hopital's rule, 201 
ladder operator, 242, 299 
Lande g factor, 358 
Laplacian operator, 114, 262, 269 
LCAO molecular orbital, 507 
left handed coordinate system, 130 
Legendre polynomials, 283 
Legendre 's equation, 282, 305, 306 
length of a vector, 134 
level curve, 138 
line spectra, 12 

Index 

linear combination of atomic orbitals, 507 
linear operator, 100, 147 
lithium, Hartree-Fock- Roothaan wave 

function, 460 
lowering operator, 242, 299 
L- S coupling, 482 
LUMO, 581, 582 
Lyman series, 15 

M 
Maclaurin series, 200 
magnetic moment, 349 
magnetic dipole, 340, 341 
magnetic quantum number, 327 
magnitude of complex number, 46 
many-electron atoms, 435ff 
MathCad, 518, 543, 545, 547, 656 
Mathematica, 518, 543, 545, 547, 656 
matrix, 367ff 
matrix eigenvalue problem, 427ff 
matrix element, 368, 389, 428 
matrix multiplication, 369, 370 
matter waves, 26ff, 98 
mesonic atom, 39 
microstate, 469 
microwave spectroscopy, 274 
minimal basis set, 507, 618 
model chemistry, 631 
M0ller- Plesset perturbation theory, 643, 644 
molecular hydrogen 

CI calculation, 546ff 
Hartree-Fock- Roothaan calculation, 537ff 
molecular orbital theory calculation, 543tf 

molecular orbital, 502, 560tf 
molecular orbital theory, 506ff, 560tf 
molecular term symbol, 524ff, 573ff 
moment of inertia, 17, 23, 268, 274, 302, 303 
momentum operator, I 03 , 18 l 



Index 

Moore, Charlotte, 434 
Morse potential, 217, 245, 420 
Mulliken, Robert, 498 
multicentered integrals, 615 

N 
naphthalene, 602 
neutron diffraction, 40 
Newton's equations, 80, 137, J40, J43ff 
NIST website, 636 
nitrogen molecule, SCF calculation, 613 
nodal line, 67 
nodal plane, 504 
node, 63 
nonequivalent orbitals, 469 
nonrigid rotator, 281, 282, 305 
normal coordinate, 235, 236 
normal mode, 61 ff, 83, 235, 236 
normalization, 107ff 

condition, 85 
constant, J08 

N-slit experiment, 77ff 
nuclear model of the atom, 18 

0 
observable, 143 
occupation number matrix, 596 
odd fonction, 91 , 228 
operator, 99 
operator method, 239ff 

and angular momentum, 296ff 
and harmonic oscillator, 239ff 

optimized energy, 518 
optimized value of zeta (0, 519 
orbital, 443 
orbital exponents, 620 
ordinary differential equation, 55 
orthogonal, J 24, 134, 161 
orthogonal matrix, 374, 375, 431 
orthogonal polynomials, 184 
orthonormal, 124, 134 
orthonormal set, 162 
overlap integral, 507 
overlap matrix, 457 
overtone, 63 , 222ff 

p 
P branch, 277 
paramagnetism, 565, 567 
partial differential equation, 54 
particle 

in a box, 103ff 
on a circle, 126, 302 

in a gravitational well, 394, 395, 401, 416, 
425,426 

on a ring, 163 
in a sphere, 412, 413 

Paschen series, 15 
Pauli exclusion principle, 448, 563ff 
Pauling, Linus, 558 
pendulum, 81 
pendulums, coupled, 82 
permittivity of free space, 18, 436 
perturbation term, 398 
perturbation theory, 396ff 

first order, 3 99 
second order, 424, 425 

phase angle, 62, 209 
of complex number, 47 

photoelectric effect, 8 
photoelectron spectroscopy, 569 
photon, 9 
7r bond order, 590 
7r electron approximation, 58 1 ff 
7r electronic charge, 589 
7r orbitals, 334ff, 56lff 
Pickering series, 39 
piecewise constant potential, I 90ff 
P lanck constant, 4 
Planck distribution law, 4 
Planck, Max, 0 
plane polar coordinates, 264, 265, 30 I 
plane wave, 70 
Poisson's distribution, 93 
polar representation of complex munber, 

48 
polarizability, 418 
polarization, 521 , 626 
polarization terms, 626 
polarized basis set, 522 
polarized orbital, 522 
Pople, John, 606 
post-Hartree-Fock methods, 542, 643ff 
postuJates, summary, 179 
potential energy and bonding, 520 
primitive Gaussian function, 618 
principal quantum number, 327 
principal series, 327 
probabilistic interpretation, 104, 108, 145, 

165ff 
probability, 85ff 

Q 
quadratic configuration interaction, 646 
quantum number, 105 

good,326 
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R 
R branch, 277 
radial equation, 323 
radial wave function, 324 
radiant energy density, 5 
raising operator, 242, 299 
ratio test, 198 
Rayleigh- Jeans law, 3, 36 
real part of complex number, 45 
reciprocal wavelength, 12 
recursion formula, 231, 249 
reduced mass, 22tf, 214, 245, 268 
relative coordinate, 214, 244 
relativistic mass, 41 
resonance denominator, 407 
resonance integral, 583 
rest mass, 42 
right handed coordinate system, 130 
rigid rotator, 267ff 

spectrum, 273 
degeneracy, 272 
energy levels, 272 
selection rule, 272 

rigid rotator-harmonic oscillator 
approximation, 275 
energy levels, 275, 276 
selection rules, 276, 288 
spectrum, 277 

rigid-rotator model, 267tf 
Ritz combination rule, 16 
Roothaan, Clemens, 606 
root-mean-square momentum, I 12 
roots of unity, 51 
rotating systems, 17, 18 
rotation matrix, 368, 373 
rotational constant, 272, 274 
rotational degrees of freedom, 234 
rotational kinetic energy, 18 
rotational spectroscopic parameters, 280 
rotation-vibration interaction, 278ff 
rotation-vibration spectrum, 277 
Russell-Saunders coupling, 466, 479ff 
Rutherford, Ernest, 16 
rydberg, 38 
Rydberg constant, 16, 21 
Rydberg formula, 15 

s 
s orbitals, 327tf 
scalal' product, 132 
SCF calculation of a helium atom, 482ff 
Schrodinger equation, 97ff 

time dependent, 127, 170ff 
time independent, 99 
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