




Fundamental constants 

Quantity Symbol Value Power of 10 Units 

Speed of light c 2.997 924 58 108 ms-1 

Elementary charge e 1.602 176 621 10-19 c 

Planck's constant h 6.626 070 040 10-34 Js 

tz = h/2rc 1.054 571 800 10-34 Js 

Boltzmann's constant k 1.380 648 52 10-23 J K-1 

Avogadro's constant NA 6.022 140 857 1023 mol-1 

Gas constant R= NAk 8.314 459 8 J K-1 mol-1 

Faraday's constant F= NAe 9.648 533 289 104 Cmol-1 

Mass 

electron m, 9.109 383 52 10-31 kg 

proton mo 1.672 621 898 10-27 kg 

neutron m, 1.674 927 471 10-27 kg 

atomic mass constant m, 1.660 539 040 10-27 kg 

Vacuum permeability J1D 4rt 10-7 j s2 c -2 m-1 

Vacuum permittivity f{,= 1/J1Dc2 8.854 187 817 10-12 J-1 c 2 m-1 

4rtq, 1.112 650 056 10-10 J-1 c 2 m-1 

Bohr magneton lls = etz/2m, 9.274 009 994 10-24 JT-1 

Nuclear magneton l1tJ = etz/2m0 
5.050 783 699 10-27 J T-1 

Proton magnetic moment /1p 1.410 606 787 10-26 JT-1 

g-Value of electron g, 2.002 319 304 

Magnetogyric ratio 

electron y, =-g,e/2m, -1.001159652 1010 c kg-1 

proton Yo= 2/lp/n 2.675 222 004 108 c kg-1 

Bohr radius a0 = 4rcq,n2/fi'm, 5.291 772 107 10-11 m 

Rydberg constant R~ = m,e'!Bti'cf{} 1.097 373 157 105 cm-1 

hcRje 13.605 692 53 eV 

*The values quoted here were extracted in February 2016 f rom the National Institute of Standards and Technology INISTI website (search term: 
physical constants). 
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Using this book to master physical chemistry 

Organizing the information 

Innovative new structure 

Instead of being organized into chapters, the mate
rial is now presented as short 'Topics', which are col
lected into 15 'Focus' sections. At the beginning of 
each Focus, the relationships between the different 
Topics are discussed, to show you the connections 
between different areas of physical chemistry and 
help you see the bigger picture. Each Topic opens 
with three questions: why is it important? What is 
the key idea? And what do you need to know already 
to understand the material? While the Topics - and 
Focuses- are interconnected, each Topic is also read
able as a stand-alone unit, and can therefore be read 
in any order. 

~ Why do you need to know this 
material? 

Energy is central to almost every explanation in 
chemistry, and is defined in terms of work. This 
Topic also introduces some fundamental defin
itions of the concepts used in thermodynamics. 

~ What is the key idea 7 

One procedure for transferring energy is by 
doing work, the process of moving against an 
opposing force. 

~ What do you need to know already? 

You need to be familiar with the definition of 
work, which is summarized in The chemist's 
toolkit 7, and the perfect gas equation (Topic 
1A). Integration methods are summarized in The 
chemist's toolkit 8. 

The prologue: Energy, temperature, and chemistry 

You should first read this brief introduction to the 
Boltzmann distribution, as it introduces basic con
cepts that are used throughout the text. 

Checklist of key concepts 

The principal concepts introduced in each Topic are 
summarized in a checklist at the end of each one. 

Checklist of key concepts 

0 1 A spectrometer is an instrument that detects the 

characteristics of radiation absorbed, emitted, or 

scattered by atoms and molecules. 

0 2 In emission spectroscopy, an atom or molecule 

undergoes a transition from a state of high energy 

to a state of lower energy, and emits the excess 

energy as a photon. 

0 3 In absorption spectroscopy, the net absorption of 

incident radiation is monitored as the frequency is 

varied. 

Resource section 

Thermodynamic, kinetic, and spectroscopic data 
help you to understand trends in chemical and physi
cal properties and become familiar with the magni
tudes of properties. However, long tables can break 
up the flow of the text and be hard to find, so where 
appropriate they have been collected at the end of 
the book. 

A note on good practice 

The 'notes on good practice' have been written to 

help you avoid making common mistakes. They 
encourage you to conform to the international lan
guage of science adopted by the International Union 
of Pure and Applied Chemistry (IUPAC). 

A note on good practice Write AU for the change in internal 
energy because it is the difference between the final and init ial 
values. You should not w rite Aq or ll. w because it is meaning
less to refer to a 'd ifference of heat' or a 'difference of work': 
q and ware the quantities of energy transferred as heat and 
work, respectively, that result in the change AU. 



vi USING THIS BOOKTO MASTER PHYSICAL CHEMISTRY 

Getting to grips with the mathematics 

Annotated equations and equation labels 

We have annotated many equations so that you can 
follow how they are developed. A red label takes you 
across the equals sign: it is a reminder of the sub
stitution used, an approximation made, or the terms 
that have been assumed constant. A red annotation is 
a reminder of the significance of an individual term 
in an expression. Many of the equations are also la
belled to highlight their significance. We sometimes 
colour a collection of numbers or symbols to show 
how they carry from one line to the next. 

Justifications 

~ 
n,Rl)fex RTAn 

- ~ =---' 
P, 

Mathematical development is an intrinsic part of 
physical chemistry, and to achieve full understand
ing you need to see how a particular expression is 
derived and if any assumptions have been made. 

Justification 20.1 

Heat transfers at constant pressure 

Consider a system open to the atmosphere so that its pres
sure pis constant and equal to the external pressure p, . From 
eqn 3b 

However, the change in internal energy is given by eqn 1 of 
Topic 2C (t;.U= w + q) with w=-p, t;.V(provided the system 
does no other kind of work). Therefore 

Chemist's toolkits 

The chemist's toolkits provide succinct reminders of 
the mathematical concepts and techniques that you 
will need in order to understand a particular deriva
tion, and appear just where they are likely to be most 
helpful to you. 

The chemist's toolkit 7 Work and energy 

Work, w, is done when a body is moved aga inst an op

posing force. If that force is constant, then the magnitude 

of the work done, I wl. is the product of the magnitude of 

the force, F, and the distance, d, through wh ich the body 

is moved: 

lwi=Fd 
Work done against 
an opposing force 

Mechanica l work is done on a body when it is ra ised 

through a vert ica l distance aga inst the force of gravity. 

Becoming a problem solver 

Brief illustrations 

Brief illustrations are short examples of how to use 
the equations introduced in the text. Each Brief il
lustration is accompanied by a 'self-test' question, 
which you can use to monitor your progress. 

Brief illustration 28.2 Electrical heating 

If a current of 10.0 A from a 12 V supply is passed through 
a heater for 300 s, then the energy supplied as heat to the 
calorimeter is 

l~ J 

q~1 =(10.0A)x(12V)x(300s)=3.6 x 104 AVs =+36kJ 

Self-test 28.3 

For how long must the same current be passed for the en

ergy transferred to reach +100 kJ? 
Answer: 13 min 53 s 



Examples 

In each Example we suggest how to 'Collect your 
thoughts' by organizing the information in a prob
lem and then finding its solution. An accompany
ing simple diagram illustrates the problem-solving 
process. Use the 'self-tests' following each Example 
to check that you have mastered the concepts being 
introduced. 

lail,luHIUt 
Calculating a temperature change from the heat 

capacity 

Suppose a 1.0 kW kettle contains 1.0 kg of water and is turned 
on for 100 s. By how much does the temperature of the water 

change if all the heat is transferred to the water? 

Collect your thoughts You can 
suppose initially that the water is 

~~ not heated so much that it boils, 

but you will have to verify that 
once the calculation has been car- a. ---- ' 

E w ried out. The calculation hinges on ~ I ! 
being able to use the data to cal- ' ' 

Energy supplied 
culate the energy supplied to the as heat 
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Questions at the end of each Focus 

The Exercises allow you to assess your grasp of the 
material that has just been introduced, and are based 
on a specific Topic. Discussion questions are designed 
to help you think about the material conceptually 
before tackling more complex numerical questions. 
Problems are more challenging questions based on 
the material in the Focus. Projects require you to ex
plore specific ideas in more detail. Projects involving 
calculus are indicated by the symbol :t:. 

Solutions manual 

The accompanying Solutions Manual [ISBN: 978-
019-879865-1 (UK Edition); 978-019-880225-9 (US 
Edition)] provides full, detailed solutions to the Dis
cussion questions, Exercises, Problems, and Projects. 



Online Resource Centre 

The Online Resource Centre to accompany Elements of Physical Chemistry seventh edition provides a number 
of useful teaching and learning resources for lecturers and students. 

The site can be accessed at: 
www.oxfordtextbooks.co.uklordechem7e/ 

Student resources: 

Impact sections 

The 'Impact' sections show how the principles of 
physical chemistry developed in the book are being 
applied to a selection of modern problems in a vari
ety of disciplines. 

Multiple choice questions 

A bank of auto-marking multiple choice questions, 
with worked-out solutions, is provided for each 
Focus. Make the most of these questions to cement 
your knowledge and use them to draw your attention 
to areas where you need further study. 

Answers to end-of-Focus exercises 

Final numerical answers are provided to the end-of
Focus exercises. 

Password protected resources 
available for registered adopters: 

Figures and Tables of data 

If you wish to use the figures or tables in a lecture you 
may do so without charge (but not for commercial 
purposes without specific permission). Almost all are 
available in Power Point® format. 

Test bank 

A ready-made, electronic testing resource is pro
vided, which is fully customizable and contains feed
back for students. 



Preface 

We want our readers to have an instructive and en
joyable experience. With that guiding principle in 
mind we have developed a new presentation that 
provides flexibility for the instructor and accessibil
ity for the student. 

Gone are chapters. In their place we have Focuses, 
which gather together major areas of physical chem
istry. Gone are chapter sections. In their place we have 
Topics, which describe discrete aspects of the mater
ial in the Focus. The division of a Focus into Topics 
that can, in principle, be re-ordered or simply omitted 
according to the judgement, needs, and inclination 
of the instructor, gives great flexibility when match
ing the text to the course. Of course, we would not 
regard some sequences as appropriate, but we leave 
that judgement to the instructor. For the student, the 
material is broken up into smaller fragments, which 
should help to make the subject more accessible than 
when confronted with a big new subject spread over 
dozens of pages. We provide a succession of hills 
rather than a single mountain range. We also consider 
the use of Topics to reduce a student's apprehension 
when some are omitted by the instructor. 

We are aware that a possible criticism of this ap
proach is the loss of intellectual cohesion. With that 
in mind, each Focus begins with a preamble in which 
the development in the Topics is outlined and their 
interdependence explained. 

On a smaller scale, we have put ourselves into 
what we imagine to be the mind of the student, who 
sometimes cannot see the point of a particular sub
ject. Each Topic opens with the kind of question a 
student is likely to ask: What is the importance of 
this material? We then give a brief (but not exhaus
tive) indication of why it is worth paying attention. 
Then there is the other typical, but often unarticu
lated question: What do we need to know already? 
Here we make suggestions about the material that 
would be useful, and sometimes essential, to know 
while working through the Topic. 

Many of the innovations introduced in earlier edi
tions that users have found useful have been retained, 

sometimes with elaboration. For instance, we are 
fully aware of the fear that mathematics inspires, 
and have added more steps and a different and more 
helpful kind of annotation to the equations. The 
chemist's toolkits, the mathematical tools necessary 
at that point, have been enhanced: they are intended 
to remind the reader of various techniques and con
cepts (including some from introductory chemistry 
and physics). The Worked Examples have been re
developed to help students acquire a systematic ap
proach to setting up the solution by having a section 
called Collect your thoughts in each one. 

Some of the Toolkits replace the Foundations sec
tion of earlier editions. We consider that appropriate, 
as the reminder is there at the point of use rather than 
as a probably forgotten prelude. In its place we have 
a Prologue which establishes, with a very light touch, 
three important concepts that pervade the whole of 
chemistry: energy, temperature, and the Boltzmann 
distribution. With that material in mind, much of 
physical chemistry falls into place. We do not see the 
Prologue as a Topic in its own right, but more as a 
window for viewing much of what follows (where all 
three concepts are elaborated). 

As always in the preparation of a new edition we 
have relied heavily on advice from users throughout 
the world, our numerous translators into other lan
guages, and colleagues who have given their time in 
the reviewing process. For this edition we have col
lected comments from student panels, and we are 
very grateful to them for putting us so closely in 
touch with their attitudes, difficulties, and needs. 
We would particularly like to thank David Smith, 
of Bristol University, for the care with which he re
viewed the drafts and his extensive work on the end
of-chapter Exercises, which he reviewed in detail and 
augmented where he felt it appropriate. 

Our publishers have, as always, been a pleasure to 
work with, and supportive throughout. 

PWA 
JdeP 
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Energy, temperature, and chemistry 
The concept of energy occurs throughout chemistry. 
Some reactions release energy; others absorb it. Bond 
formation is accompanied by a lowering of energy; 
bond breaking requires energy. Almost every struc
ture and almost every reaction can be discussed in 
terms of energy, and the precise meaning of the term 
and its role will emerge in the course of this text. 

One very important feature of energy that should be 
kept in mind at all times is that, except in certain cases, 
the energy of an object (specifically an atom or mol
ecule) cannot have an arbitrary value. That is, energy is 
quantized, restricted to certain values. The separation 
between these 'energy levels' depends on the type of 
motion responsible for the energy and on the charac
teristics of the object, such as its mass. The first illustra
tion summarizes the relative sizes of the characteristic 
energy separations for four types of molecular mo
tion: 'translation' refers to the motion through space 
of a molecule in a large container, 'rotation' is motion 
around an axis through the molecule, 'vibration' is a 
periodic distortion of the molecule (for example, the 
stretching of bonds or bending of bond angle), and 
'electronic' denotes the energies of electrons in the mol
ecule. (Only the relative sizes of the energy separations 
are shown, the text will develop their actual sizes.) 
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The energy level separat ions typ ical of trans lat ional, rota
t iona l, vibrationa l, and elect ron ic motion . Only the re lat ive 
sizes of the energy separations are shown . 

In a typical sample of matter, the atoms or mol
ecules occupy these levels, with most molecules in the 
lower energy states and progressively fewer at higher 
energies. The states are populated in accord with the 
'Boltzmann distribution', which gives the popula-

tion, N 1, of any state of the system regardless of its 
origin (whatever the substance and whether it is due 
to translation, rotation, vibration, or any other mode 
of motion) in terms of the energy of the state, e1, and 
the absolute temperature, T: 

In this expression, k is a fundamental constant now 
called Boltzmann's constant (it is listed inside the 
front cover). The second illustration shows two typi
cal consequences of this expression, the red bars in
dicating the relative population of each state, one at 
low temperature, the other at high temperature. The 
Boltzmann distribution clarifies the meaning of'tem
perature', for it is seen to be the single parameter that 
governs the spread of populations over the available 
energy states. 
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The Boltzmann distribut ion of populations for a system 
at two temperatu res. (a) At low temperatures, most mol
ecu les are in states of low energy. (b) At high temperatures, 
some molecules can popu late states of high energy. 



2 ENERGY, TEMPERATURE, AND CHEMISTRY 

As can be seen from the second illustration, at 
low temperature, most molecules are in states of low 
energy. This feature is hugely important for chemis
try, as it means that few molecules have enough en
ergy to change by breaking bonds and forming new 
compounds: at low temperatures matter survives 
unchanged. However, at high temperatures some 

molecules have such high energy that they can under
go change. This feature is also hugely important for 
chemistry, for it enables chemical reaction. Thus, 
the Boltzmann distribution underlies the two major 
aspects of chemistry: the persistence of structure and 
the possibility of change. Its consequences will be 
seen throughout this text. 



FOCUS 1 

The properties 
of gases 

A gas is a form of matter that fi lls whatever container it 

occupies. The fol lowing Topics establish the properties of 
gases that are used throughout the text. 

1 A The perfect gas 

A 'perfect gas' is an idealized version of a gas. Its equa

tion of state may be assembled from the experimental 
observations summarized by Boyle's law, Charles' law, and 

Avogadro's principle. 

1A.1 The perfect gas equation of state; 1A.2 Using 
the perfect gas law; 1A.3 Mixtures of gases: partial 
pressures 

1 8 The kinetic model of gases 

One central feature of physica l chemistry is its role in 

bu ild ing models of molecular behaviour that seek to expla in 

observed phenomena. A prime example of this procedure 
is the development of a molecular model of a perfect gas 
in terms of a col lection of molecules (or atoms) in cease

less, essentia lly random motion. This model is the basis of 
'kinetic molecu lar theory'. As wel l as accounting for the gas 

laws, the model can be used to predict the average speed 
at which molecu les move in a gas and the dependence of 

that speed on temperature. The model can also be used to 

predict the spread of molecular speeds and its dependence 

on molecular mass and temperature. 

18.1 The pressure of a gas according to the kinetic 
model; 1 B.2 The root-mean-square speed of gas 
molecules; 1 B.3 The Maxwell distribution of speeds; 
1 B.4 Diffusion and effusion; 1 B.5 Molecular collisions 

1 C Real gases 

The perfect gas is an exce llent starting point for the dis

cussion of properties of al l gases, and its propert ies are 
invoked throughout the study of thermodynamics and kin
etics. However, actua l gases, 'rea l gases', have properties 

that differ f rom those of perfect gases, and in this Topic we 

interpret these deviations and bu ild the effects of molecular 

attractions and repulsions into the model. The discussion 
of real gases is another example of how initial ly primitive 

models are elaborated to take into account more deta iled 

observations. 

1C.1 Molecular interactions; 1C.2 The critical tem
perature; 1C.3 The compression factor; 1C.4 The virial 
equation of state; 1C.5 The van der Waals equation of 
state; 1 C.6 The liquefaction of gases 

Web resource What is an application ofthis 
material? 

The perfect gas law and the kinetic theory can be applied 

to the study of phenomena confined to a react ion vessel or 

encompassing an entire planet. Impact 1 on the website of 

th is text shows how the gas laws are used in the discuss ion 
of meteorological phenomena-the weather. 



TOPIC 1A 

The perfect gas 

~ Why do you need to know this 
material? 

Equations related to perfect gases provide the 
basis for the development of many equations in 
physical chemistry. The perfect gas law is also a 
good first approximation for accounting for the 
properties of real gases. 

~ What is the key idea? 

The perfect gas law, which summarizes a series 
of empirical observations, is a limiting law that is 
obeyed increasingly well as the pressure of a gas 
tends to zero. 

~ What do you need to know already? 

The only prerequisite for this Topic is a famil
iarity with SI units and their manipulation, as 
outlined in The chemist's toolkit 1. 

The state of any sample of substance can be specified 
by giving the values of the following properties: 

V, the volume of the sample 

p, the pressure of the sample 

T, the temperature of the sample 

n, the amount of substance in the sample 

These four quantities will be familiar from introduc
tory courses and are defined as follows: 

Volume, V, is the extent of three-dimensional space 
that a substance occupies. Volume is expressed in 
cubic metres, m3

, and its sub-multiples, such as 
cubic decimetres, dm3 (1 dm3 =10-3 m3

) and cubic 
centimetres (1 cm3 = 10-6 m3).1t is also common to 

encounter the non-SI unit litre (1 L = 1 dm3
) and its 

submultiple the millilitre (1 mL = 1 cm3
). 

Pressure, p, is the ratio of the force, F, to the area, 
A, over which the force is exerted: 

F 
p=

A 
Pressure 
[definition] 

(1) 

In a gas, the force, a quantity measured in new
tons (N), with 1 N = 1 kg m s-2

, results from the 
atoms or molecules colliding with the walls of 
the container, as discussed in detail in Topic lB. 
The SI unit of pressure is the pascal (Pa), where 
1 Pa = 1 N m-2 = 1 kg m-1 s-2

• The pascal is approxi
mately the same as the pressure exerted by a mass 
of 10 mg spread over 1 cm2 at the surface of the 
Earth, so it is actually rather a small unit. As a result, 
it often proves convenient to use other units. One 
of the most commonly used alternatives is the bar 
where 1 bar= 105 Pa; the bar is not anSI unit, but 
it is an accepted and widely used abbreviation for 
105 Pa. The atmospheric pressure that we normally 
experience is close to 1 bar. A similar unit is the at
mosphere (atm), with 1 atm = 101 325 Pa exactly. 
Note that 1 atm is slightly (about 1 per cent) greater 
than 1 bar. 

Temperature is the property of an object that deter
mines in which direction energy will flow as heat 
when it is in contact with another object: energy 
flows from higher temperature to lower tempera
ture. The thermodynamic temperature, T (the 'abso
lute temperature') sets T = 0 as the lowest possible 
temperature and higher temperatures are reported 
on the Kelvin scale. This scale is current! y defined 
in terms of the 'triple point' of water, the tempera
ture at which water, ice, and water vapour are in 
mutual equilibrium. That temperature is defined 
as 273.16 K, where K (not °K) denotes kelvin. On 
this scale, water freezes at very close to 273.15 K. In 
practice, scientists also make use of the Celsius scale 



and denote temperatures e (theta). The Celsius scale 
is defined in terms of the Kelvin scale by the relation 

Celsius scale 
[defin ition] (2) 

The magnitude of 1 kelvin is the same as 1 de
gree Celsius. On the Celsius scale, water at 1 atm 
freezes at close to 0 oc and boils at close to 100 oc. 
Amount of substance, which is also known as the 
chemical amount, n, is the number of entities (atoms 
or molecules), N, in a sample expressed as a multiple 
ofAvogadro'sconstant,NA = 6.022 x 1023 mol-' and 
is reported in the unit mole (mol): 

N 
n= - 

NA 
Amount of substance 
[definition] 

(3) 

In practice, the amount of substance is calculated 
from the mass, m, and molar mass, M, of a sub
stance from n = m/M. In conversations, chemists 
commonly refer ton as 'the number of moles', but 
this practice is informal. 

Suppose a sample is divided into smaller samples. 
If a property of the original sample has a value that 
is equal to the sum of its values in all the smaller 

The chemist's toolkit 1 Quantities and units 

The resu lt of a measurement is a physical quantity that is 

reported as a numerical multiple of a unit: 

physical quantity= numerical value x unit 

It follows that units may be treated like algebraic quantities 
and may be multiplied, divided, and cancelled. Thus, the 

expression (physical quantity)/unit is the numerical value (a 

dimensionless quantity) of the measurement in the speci

fied units. For instance, the mass m of an object could be 
reported as m= 2.5 kg or m/kg = 2.5. See the Resource sec
tion for a list of un its. Although it is good practice to use only 

Sl units, there are occasions when accepted practice is so 

deeply rooted that physica l quantities are expressed using 
other, non-S I units. By international convention, all physica l 

quantities are represented by sloping symbols (thus, m for 

mass and J.i. for dipole moment] ; all units and prefixes are 
roman (upright; thus m for metre and [.J. for micro) . 

There are seven Sl base units. which are listed in 
Table A2.1 in the Resource section. Al l other physica l quan

tit ies may be expressed as combinations of these base 
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samples (as mass would), then it is said to be ex
tensive. Mass and volume are extensive properties. 
If a property retains the same value as in the ori
ginal sample for all the smaller samples (as tempera
ture would), then it is said to be intensive. In other 
words, the sum of the values of the smaller samples 
would not be equal to the value of the property of 
the original sample. Temperature and pressure are 
intensive properties. Density, d = m!V, is also inten
sive because it would have the same value for all the 
smaller samples and the original sample. All molar 
properties, Xm = Xln, where X and n are both exten
sive, are intensive. 

An astonishing experimental fact is that the four 
quantities V, p, T, and n are not independent of one 
another. For instance, we cannot arbitrarily choose 
to have a sample of 0.555 mol H20(g) in a volume 
of 10 dm3 at 100 kPa and 500 K: it is found experi
mentally that such a state simply does not exist. If 
an amount, the volume, and the temperature are 
selected, then it is found that the sample exerts a par
ticular pressure (in this case, close to 230 kPa). This 
experimental generalization is summarized by saying 
the substance obeys an equation of state, an equation 
of the form 

P=f(n,V,T) Equation of state (4) 

un its (see Table A2 .2) . Molar concentration (more for
mally, but very rarely, amount of substance concentration) 
for example. wh ich is an amount of substance divided by 

the volume it occupies, can be expressed using the derived 

units of mol dm-a as a combination of the base units for 

amount of substance and length. A number of these derived 
combinations of un its have special names and symbols and 
we highlight them as they arise. 

Units may be modified by a prefix that denotes a factor 

of a power of 10. Among the most common Sl prefixes are 

those listed in Table A2.3 in the Resource section. Examples 
of the use of these prefixes are: 

1 nm =10-9 m 1 ps = 10-12 s 1 ~mol= 10-s mol 

Powers of units apply to the prefix as well as the unit they 
modify. For example. 1 cm3 = 1 (cm)3

, and (1o-2 m)3 = 1o-" m3
. 

Note that 1 cm3 does not mean 1 c(m3
) . When carrying 

out numerical calculations, it is usually safest to write out 

the numerica l va lue of an observable in scientific notation 
(as n.nnn x 10"). 



6 FOCUS 1 THE PROPERTIES OF GASES 

This equation implies that the pressure can have 
only one value for fixed values of three variables: the 
amount, volume, and temperature. 

The equations of state of most substances are not 
known, so in general an explicit expression cannot be 
written for the pressure in terms of the other variables. 
However, certain equations of state are known. In 
particular, the equation of state of a low-pressure gas 
is known, and proves to be very simple and very useful. 
This equation is used to describe the behaviour of gases 
taking part in reactions, the behaviour of the atmos
phere, as a starting point for problems in chemical en
gineering, and even in the description of the structures 
of stars and gas planets, such as Jupiter and Saturn. 

1 A.1 The perfect gas equation 
of state 

The experiments of Robert Boyle in the seventeenth 
century and his successors led to the formulation of 
the following perfect gas equation of state: 

pV=nRT Perfect gas equation 
of state 

(Sa) 

This equation has the form of eqn 4 when rearranged 
into 

nRT 
p=v (5b) 

The (molar) gas constant R is currently an experi
mentally determined quantity obtained by evaluating 
R = p VlnT as the pressure is allowed to approach 
zero. Values of R in a variety of units are given in 
Table 1A.l. 

The perfect gas equation of state-more briefly, the 
'perfect gas law'-is so-called because it is an ideal
ization of the equations of state that gases actually 
obey. Specifically, it is found that all gases obey the 
equation ever more closely as the pressure is re
duced towards zero. That is, eqn 5 is an example of a 
limiting law, a law that becomes increasingly valid as 
a variable approaches a certain limit, in this case as 
the pressure is reduced to zero, written p ~ 0. 

A hypothetical substance that obeys eqn 5 at all 
pressures, not just at very low pressures, is called a 
perfect gas. From what has just been said, an actual 
gas, which is termed a real gas, behaves more and 
more like a perfect gas as its pressure is reduced to
wards zero. In practice, normal atmospheric pressure 
at sea level (p ~ 100 kPa) is already low enough for 
most real gases to behave almost perfectly, and unless 
stated otherwise we shall always assume in this text 

Table 1A.1 

The gas constant in various units* 

R Units Typical use 

8.31447 J K-1 mol_, Fundamental 
applications 

8.31447 dm3 kPa K- 1 mol_, Volume given in 
litres (dm3

) 

8.205 74 X 10-2 dm3 atm K-1 mol_, Pressure given 
in atmospheres 
and volume in 
litres (dm3) 

62.364 dm3 Torr K-1 mol_, Pressure given 
in torr IT orr) and 
volume in litres 
(dm3) 

1.987 21 cal K-1 mol-' In calorimetry 
with data in 
calories (cal) 

*The (molar) gas constant is re lated to Boltzmann's constant, 
k, by R = NAk. Note that 1 dm3 = 10-3 m3 = 1 L; 1 J = 1 Pa m3

. 

that gases behave like a perfect gas. The reason why 
a real gas behaves differently from a perfect gas can 
be traced to the attractions and repulsions that exist 
between actual molecules and which are absent in a 
perfect gas (Topic 1C). 

A note on good practice A perfect gas is w idely called an 
'ideal gas' and the perfect gas equation of state is commonly 
called 'the ideal gas equation'. We use 'perfect gas' to imply the 
absence of molecular interactions; we use 'ideal' in Focus 4 to 
denote mixtures in which all the molecular interactions are the 
same but not necessarily zero. 

The perfect gas Ia w is based on and summarizes three 
sets of experimental observations. One is Boyle's law: 

At constant temperature, the pressure of a fixed 
amount of gas is inversely proportional to its volume. 

Mathematically: 

1 poc-
V 

Boyle's law 
[constant Tl (6) 

It is easy to verify that eqn 5 is consistent with Boyle's 
law: by treating n and T as constants, the perfect 
gas law becomes p V =constant, and hence p oc 1/V. 
Boyle's law implies that if a fixed amount of gas is 
compressed (that is, its volume is reduced) at con
stant temperature into half its original volume, then 
its pressure will double. 

Figure 1 shows the graph obtained by plotting ex
perimental values of p against V for a fixed amount 
of gas at different temperatures and the curves pre-
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Fig. 1 The volume of a gas decreases as the pressure on 
it is increased. For a sample that obeys Boyle"s law and 
that is kept at constant temperature. the graph showing 
the dependence is a hyperbola. as shown here. Each curve 
corresponds to a single temperature. and hence is an iso
therm. The isotherms are hyperbolas (curves of the form 
xy= constant). 

The chemist's toolkit 2 Linear relations and graphs 

Because it is difficult to distinguish between subtly different 

shapes of a curve by eye. it is best to test the va lidity of 

a mathematica l description of a property by rearranging 

the equation into a form such that the resulting graph is a 

straight line of the form 

y= mx+ b 

In th is expression m is the slope of the line and b is the 
intercept on they-axis (where x= 0). It fol lows that a posi

t ive va lue of m indicates an upward slope from left to right 
(increasing x); a negative sign of m ind icates a slope down 

from left to right. The property y varies linearly with x if the 

relation between them is y= mx+ band y is proportional to 

x if the relation is simply y= mx. 

The horizontal and vertical axes of graphs should be pure 

numbers formed by divid ing the va lue of a property by its 
units (as explained in The chemists toolkit 1 ). For instance. 

to plot the volume of a gas reported in cubic decimetres 

(l itres) against temperature reported in kelvins. V/dm3 is 

plotted aga inst T/K. The slope and intercept are then pure 

numbers too. and need to be interpreted in terms of the 
values of m and b. Although the units of m and b might 

be obvious in this example. in more complicated cases it is 

useful to have a systematic procedure. 
Suppose that the units of yare Y (in th is caseY= dm3

) and 

those of xare X (in this case X= K). Then write y= mx+ bas 

(y/Y)Y = m(x/X)X + b 

[so V= mT + b becomes (\1dm3
) dm3 = m(T/K) K +b) 

Divide through byY: 

(y/Y) = m(x/X)X/Y + b/Y 

1A.1 THE PERFECT GAS EQUATION OF STATE 7 

dieted by Boyle's law. Each curve is a hyperbola (see 
The chemist's toolkit 2 for a discussion of graphs) 
and is called an isotherm because it depicts the vari
ation of a property (in this case, the pressure) at a sin
gle constant temperature. It is hard, from this graph, 
to judge how well Boyle's law is obeyed. However, 
when p is plotted against 1/V, straight lines are ob
tained, at least over a range of pressures up to about 
1 atm, just as implied by Boyle's law (Fig. 2). 

The second experimental observation summarized 
by eqn 5 is Charles's law: 

At constant pressure, the volume of a fixed amount 
of gas is proportional to the absolute temperature. 

Mathematically, 
Charles"s law 
]constant pi (7) 

It follows that doubling the temperature (such as 
from 300 K to 600 K, corresponding to an increase 

[so ( V/dm3
) = m( T/K) K/dm3 + b/dm3

] 

which (after attach ing X!Y tom) is the same as 

y!Y = (mX/Y)x/X+b!Y 

[so V/dm3 = (m K/dm3
) T/K + b/dm3

] 

That is. plot the dimensionless quantity y/Y against the 
dimension less quantity ><IX and get a stra ight line of inte r

cept b!Y and slope m X!Y (Sketch 1 ). Then if the intercept is 

the pure number intercept and the slope is the pure number 

slope. 

b/Y =intercept. sob= intercept x Y 

mX/Y =slope. so m =slope x Y/X =slope x Y x-' 

[so b = intercept x dm3 and m = slope x dm3/ K = slope x 
dm3 K-'1 

00~----------------------
x/X 

Sketch 1 
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Fig. 2 A good test of Boyle's law is to plot the pressure 
against 1/ V (at constant temperature). when a stra ight line 
should be obtained. Th is diagram shows that the observed 
pressures (the red line) approach a stra ight line as the volume 
is increased and the pressure reduced. A perfect gas wou ld 
fol low the stra ight line at all pressures; rea l gases obey Boyle's 
law in the lim it of low pressures. 

from 27 octo 327 oq doubles the volume, provided 
the pressure remains the same. To see that eqn 5 is 
consistent with Charles's law, rearrange it into V = 

nRTip, and then note that when the amount n and 
the pressure p are both constant, V oc T, as required. 
This law is illustrated in Fig. 3. 

The third feature of gases summarized by eqn 5 is 
Avogadro's principle: 

At a given temperature and pressure, equal volumes 
of gas contain the same numbers of molecules. 

That is, 1.00 dm3 (1.00 L) of oxygen at 100 kPa and 
300 K contains the same number of molecules as 
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Fig. 3 Th is diagram illustrates the content and implications 
of Charles's law. wh ich asserts that the volume occup ied 
by a gas (at constant pressure) varies linearly w ith the tem
perature. When plotted aga inst Ce lsius temperatures (as 
here). all gases give straight lines that ext rapolate to V= 0 at 
-273.15 °C.Th is extrapolation suggests that -273.15 oc is the 
lowest atta inable temperature . 

1.00 dm3 of carbon dioxide, or any other gas, at the 
same temperature and pressure. The principle implies 
that if the number of molecules is doubled but the 
temperature and pressure are kept constant, then the 
volume of the sample will double. That is, 

Avogadro's principle 
]constant 7; pi 

(8) 

This result follows easily from eqn 5 when T and p 
are treated as constants. Avogadro's suggestion is a 
principle rather than a law (a direct summary of ex
perience), because it is based on a model of a gas, in 
this case as a collection of molecules. Even though 
there is no longer any doubt that molecules exist, this 
relation remains a principle rather than a law. 

The molar volume, V m, of any substance is the 
volume of a sample divided by the amount of mol
ecules it contains: 

v =~ 
m n 

Molar volume 
[defin it ion] 

For a perfect gas, n = p VIRT, so in this case 

~~~ 
V = ~ V _ 1_ RT Perfect 

m n pVIRT p!RT p gas 

(9a) 

(9b) 

Because this relation makes no reference to the iden
tity of the gas, the molar volume of any gas at the 
same temperature and pressure is the same whatever 
its chemical identity, providing it is behaving perfectly. 

Brief illustration 1A. 1 The molar volume of a perfect gas 

To ca lculate the molar volume of a perfect gas at 298.15 K 
and 100.0 kPa from eqn 9b it is sensible to choose a value 

of R w ith units that match the units of the desired outcome 
(cubic decimetres, moles) and the va lue of the stated pres

sure (ki lopasca ls). So takeR= 8.3145 dm3 kPa K-1 mol-1
• Then 

R T 
....----"----, 

V = (8.3145 dm3 kPa K 1 mol 1)x (298.15 K) 
m 100.0 kPa 

'---v----' 
p 

8.3145 x 298.15 dm3 kPa K-1 mol_, K 

100.0 kPa 

cancel blue terms 

= 24.79 dm3 mol_, 

; Self-test 1 A. 1 

: Calcu late the molar volume of a perfect gas at 0.0 oc and 
: 1.000 atm . 

Answer: 22.41 dm3 mol-1 



Table 1A.2 

The molar volumes of gases at standard ambient 
temperature and pressure (SATP: 298. 15 K and 
1 bar) 

Gas Vm/(dm3 mol-1
) 

............................ 
Perfect gas 24.7896* 

Ammonia 24.8 

Argon 24.4 

Carbon dioxide 24.6 

Nitrogen 24.8 

Oxygen 24.8 

Hydrogen 24.8 

Helium 24.8 

*At STP (0 •c. 1 atml. Vm = 22.4140 dm3 mol-1
. 

The data in Table 1A.2 show that the conclusion 
that the molar volume is independent of the identity 
of the gas provided they are behaving perfectly is ap
proximately true for most gases under normal condi
tions (normal atmospheric pressure of about 100 kPa 
and room temperature). 

Chemists have found it convenient to report much 
of their data on gases at a particular set of 'standard' 
conditions: 

• Standard ambient temperature and pressure 
(SATP), a temperature of 25 oc (more precisely, 
298 .15 K) and a pressure of exactly 1 bar (100 kPa). 
This pressure is denoted pe, so pe = 1 bar exactly. 

• Standard temperature and pressure (STP), namely 
0 oc and exactly 1 atm. 

Note on good practice Be very careful not to confuse these 
'standard conditions' for gases with the 'standard states' of 
substances. which are introduced in Topic 2E. 

The molar volume of a perfect gas at SATP is 
24.79 dm3 mol-1 (see Brief illustration 1A.1). This 
value implies that at SATP, 1 mol of perfect gas mol
ecules occupies about 25 dm3 (a cube of about 30 em 
on a side) . The molar volume of a perfect gas at STP, 
an earlier and now less commonly used condition, is 
22.41 dm3 mol-1 (see Self-test 1A.1). 

1A2 Using the perfect gas law 

Here we review two elementary applications of the 
perfect gas equation of state: 

1A.2 USING THE PERFECT GAS LAW 9 

• The prediction of the pressure of a gas given its 
temperature, its chemical amount, and the volume 
it occupies. 

• The prediction of the change in pressure arising 
from changes in the conditions. 

Calculations like these underlie more advanced con
siderations, including the way that meteorologists 
understand the changes in the atmosphere that we 
call the weather (see Impact 1). 

IJ!flul•liJr·ll 
Predicting the pressure of a sample of gas 

A chemist is investigating the conversion of atmospheric ni
trogen to usable form by the bacteria that inhabit the root 
systems of certain legumes, and needs to know the pressure 
in ki lopascals exerted by 1.25 g of nitrogen gas in a f lask of 
volume 250 em' at 20 °C. 

Collect your thoughts The per
fect gas equation, eqn 5a (pV = 

nRh is the key to calcu lations 
of this kind. To use it to ca lcu-
late the pressure given the other 
conditions, arrange it into a form 
that gives the unknown (the 
pressure, p) in terms of the infor
mation supplied. To use that ex-

~L 
0 Vo lume, V 

pression, you need to know the 
amount of molecules (in moles) in the sample, which you 
can obtain from the mass and the molar mass (by using 
n = m/M) and to convert the temperature to the Ke lvin scale 
(by adding 273 .15 to the Celsius temperature). Once again, 
select a va lue of R in the units that match the data, in this 
case a volume in cubic centimetres (noting that 103 em' = 
1 dm3) and a pressure in ki lopascals, so take R = 
8.3145 dm3 kPa K-1 mol- ' = 8.3145 x 103 em' kPa K-1 mol-1. 

The solution The amount of N2 molecules (of molar mass 
28.02 g mol-1) present is 

n(N )=......!:2.._= 1.25 g 
2 M(N2 ) 28.02 g mol 1 

= ~ mol= 0.0446 ... mol 
28.02 

The temperature of the sample is 

T/K = 20 + 273.15, so T = (20 + 273.15) K = 293 K 

Therefore, from p = nRT/V, 

n R T 

0.0446 ... molx(8.3145x 103 em' kPa K_, mol-1)x293K' 
p= 250 em' 

'-----,.------' 
v 

0.0446 X 8.3145 X 10
3 

X 293 kPa = 435 kPa 
250 
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Note how the units cancel like ordinary numbers. Had the 
pressure been requ ired in different un its you cou ld, instead, 

have used Table 1 A.1 to select the appropriate version of R. 

; Self-test 1A.2 

: Calculate the pressure exerted by 1.22 g of carbon dioxide 
; confined to a f lask of volume 500 dm3 at 37 oc. . . Answer: 143 Pa 

In some cases, the pressure is given under one set 
of conditions and you are asked to predict the pressure 
of the same sample under a different set of conditions. 
In that case, the perfect gas law is used as follows. 
Suppose the initial pressure is p" the initial tempera
ture is T1, and the initial volume is V1. Under these con
ditions p1 V/T1 = nR. Suppose now that the conditions 
are changed to T2 and V2, and the pressure changes to 
p2 as a result. Under these conditions p2 V/T2 = nR. The 
nR on the right of these two equations is the same in 
each case, because R is a constant and the amount of 
gas molecules has not changed. It follows that 

PtVt = P2V2 
Tt T2 

Combined gas equation 
!constant nl 

(10) 

This equation can be rearranged to calculate any one 
unknown (such as p2 for instance) in terms of the 
other variables, as in 

and 

Brief illustration 1A.2 The combined gas equat ion 

Cons ider a sample of gas w ith an init ial volume of 15 cm3 that 
has been heated from 25 octo 1000 oc and had its pressure 

increased from 10.0 kPa to 150.0 kPa. The final volume w ill be 

~~ V1 
V = 10.0 kPa x (1000+273.15)K x~ = 4_3 em' 

2 150.0 kPa (25 + 273.15) K 

Reca ll (see Conventions) that a quotient, numerator/denom

inator, is coloured blue if the annotation refers to the entire 

term, not just to the numerator or denominator separate ly. 

Self-test 1A.3 

Calcu late the fina l pressure of a gas that is compressed 

from a volume of 20.0 dm3 to 10.0 dm3 and cooled from 
100 octo 25 oc if the initia l pressure is 1.00 bar. 

Answer: 1.60 bar 

1A.3 Mixtures of gases: 
partial pressures 

In the early nineteenth century, John Dalton carried 
out a series of experiments on mixtures of gases that 
led him to formulate what has become known as 
Dalton's law: 

The pressure exerted by a mixture of perfect gases 
is the sum of the pressures that each gas would 
exert if it were alone in the container at the same 
temperature: 

Dalton's law 
!perfect gases] 

(11) 

In this expression, p1 is the pressure that the gas J = 

A, B, ... would exert if it were alone in the container 
at the same temperature. Dalton's law is strictly valid 
only for mixtures of perfect gases (or for real gases at 
such low pressures that they are behaving perfectly), 
but it can be treated as valid under most conditions 
encountered in this text. The law is illustrated in Fig. 4. 

For any type of gas (real or perfect) in a mixture, 
the partial pressure, p1, of the gas J is defined as 

Partial pressure 
!definition! 

(12) 

where x1 is the mole fraction of the gas J in the 
mixture, the amount of J molecules expressed as 
a fraction of the total amount of molecules in the 
mixture. In a mixture that consists of nA A mol
ecules, n8 B molecules, and so on (where the n1 are 
amounts in moles), the mole fraction of J (where 
J=A, B, ... ) is 

5 

A 

Fig. 4 The partial pressure PA of a perfect gas A is the pressure 
that the gas would exert if it occupied a container alone; simi
larly, the partia l pressure p6 of a perfect gas B is the pressure 
that the gas would exert if it occupied the same conta iner alone. 
The total pressure p when both perfect gases simultaneously 
occupy the container is the sum of their partial pressures. 



XA= 0.708 

x
8
= 0.292 

Fig. 5 A representation of the meaning of mole fraction. In 
each case, a small cube represents one molecu le of A (yel
low cubes) or B (green cubes). There are 48 cubes in each 
sample. 

Mole fraction 
!defi nition] (13a) 

Mole fractions are unitless. For a binary mixture, one 
that consists of two species, this general expression 
becomes 

(13b) 

When only A is present, xA = 1 and xB = 0. When only 
B is present, xB = 1 and xA = 0. When both are present 
in the same amounts, xA = 1!z and xB = 1!z (Fig. 5). 

l#ifl"!.!fjt.fj 
1 Calculating partial p ressures 

! A mass of 100.0 g of dry air consists of 75.5 g of N2 , 23.2 g 
! of 0 2 , and 1.3 g of Ar. Express the composit ion of dry air in 

! terms of mole fract ions and identify the partia l pressures of 

! the three gases when the total pressure is 100 kPa. 

! Collect your thoughts To ca lcu

! late a mole fraction, you need the 

! amounts of each substance (in 

! moles), so beg in by convert ing 
: each mass to an amount in moles. 

! For th is step, you need the molar 

! mass, MJ, of substance J, and 

! the relat ion nJ = m)MJ, where 
: mJ is the mass of J present in the 

1A.3 MIXTURES OF GASES: PARTIAL PRESSURES 11 

sample. Determine the mole fract ions by using eqn 13a. Once 

you have the mole fractions, they can be used to calcu late the 

part ial pressures by using eqn 12. 

The solution The amounts of N2 , 0 2, and Ar are 

n _ mN, _ 75.5 g 
N, - MN, - 28.0 g mol 1 2.696 ... mol 

n _ m0 , _ 23.2 g 
0 2 - M

02 
- 32.0 g mol 1 

0.725 .. . mol 

mA, 1.3 g 
nA, = MA, = 39.9 g mol 1 0.032 .. . mol 

and the tota l amount of molecules is 

n = 2.696 ... mol + 0.725 ... mol + 0.032 ... mol 

=3.454 ... mol 

The mole fract ion of N2 molecules is, from eqn 13a, 

xN = nN, = 2.696 ... mol 0.781 
2 n 3.454 ... mol 

By repeating the calcu lation for the other constituents, the 

mole fract ions of 0 2 and Ar in dry air are 0.210 and 0.0094, 

respectively. It then fo llows from eqn 12 that when the tota l 
atmospheric pressure is 100 kPa, the partia l pressure of ni

trogen is 

PN, = x N, P = 0.781 x (1 00 kPa) = 78.1 kPa 

Sim ilarly, for the other two components Po, = 21.0 kPa and 

PA,= 0.94 kPa. Provided the gases behave like perfect gases, 
these partial pressures are the pressures that each gas wou ld 

exert if it were separated from the m ixture and put in the 

same container on its own. 

Self-test 1A.4 

The partial pressure of oxygen in air plays an important role 
in the aeration of water, to enable aquatic life to thrive, and 

in the absorpt ion of oxygen by blood in our lungs. Ca lcu late 

the partial pressures of a sample of gas cons isting of 2.50 g 

of oxygen and 6.43 g of carbon dioxide w ith a tota l pressure 
of 88 kPa. 

Answer: 31 kPa 

The partial pressure of a perfect gas J can be calcu
lated from the conditions by introducing p = nRTIV 
into eqn 12 and cancelling then: 

Perfect gas (14) 

This expression shows that p1 is the pressure that an 
amount n1 of perfect gas J would exert in the otherwise 
empty container. That is, for a perfect gas, the par
tial pressure of a gas in a mixture is the pressure it 
would exert if it were alone in the container (at the 
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same temperature). If the gases are real, then their 
partial pressures are still given by eqn 12, for that 
definition applies to all gases, and the sum of these 
partial pressures is the total pressure (because the 

Checklist of key concepts 

0 1 A property is extensive if its value is the sum of 

values of the samples into which the original 

sample can be divided; otherwise it is intensive. 

02 An equation of state is an equation relating pres

sure, volume, temperature, and amount of a sub

stance. 

0 3 The perfect gas equation of state, pV= nRT, is based 

on Boyle's law (p ~ 11\11, Charles's law ( V ~ T). and 

Avogadro's principle (V~ n) . 

sum of all the mole fractions is 1 ); however, each 
partial pressure so calculated is no longer the pres
sure that the gas would exert if it were alone in the 
container. 

04 Dalton's law states that the total pressure of a mix

ture of perfect gases is the sum of the pressures 

that each gas would exert if it were alone in the con

tainer at the same temperature. 

0 5 The partial pressure of any gas is defined as PJ = xJp, 

where xJ is its mole fraction in a mixture and pis the 

total pressure. 



TOPIC 1 B 

The kinetic model of gases 

~ Why do you need to know this 
material? 

One of the essential skills of a physical chemist is 
the ability to turn simple, qualitative ideas into 
rigid, testable, quantitative theories. Moreover, 
the model is central to the discussion of reaction 
rates in gases (Topic 6D). 

~ What is the key idea? 

A gas consists of molecules of negligible size in 
ceaseless random motion and obeying the laws 
of classical mechanics in their collisions. 

~ What do you need to know already? 

You need to be familiar with the behaviour of a 
perfect gas as expressed by the perfect gas law 
(Topic lA) and with the definition of pressure as 
force divided by area (also Topic lA). The laws 
of mechanics you need are summarized in The 
chemist's toolkit 3 and the properties of expo
nential functions are described in The chemist's 
toolkit 4. 

The kinetic model of gases is an example of how to build 
a model that accounts for the observed properties of a 
perfect gas in terms of assumptions about the behaviour 
of its molecules. It is based on three assumptions: 

1. A gas consists of molecules in ceaseless random 
motion. 

2. The size of the molecules is negligible (they are 
'point-like') in the sense that their diameters are 
much smaller than the average distance travelled 
between collisions. 

3. The molecules do not interact, except during 
elastic collisions. 

An 'elastic' collision is one in which the translational 
kinetic energy of the colliding molecules is the same 
before and after the collision (so no translational en
ergy is lost by exciting vibrations or rotations). The 
assumption that the molecules do not interact unless 
they are in contact during a collision implies that the 
potential energy of the molecules (their energy due to 
their position) is independent of their separation and 
may be set equal to zero. The total energy of a sample 
of gas is therefore the sum of the kinetic energies (the 
energy due to motion) of all the molecules present in 
it. It follows that the faster the molecules travel (and 
hence the greater their kinetic energy), the greater is 
the total energy of the gas. 

1 B.1 The pressure of a gas 
according to the kinetic model 

The kinetic model accounts for the steady pressure 
exerted by a gas in terms of the collisions the mol
ecules make with the walls of the container. Each 
impact gives rise to a brief force on the wall. As bil
lions of collisions take place every second, the walls 
experience a virtually constant force and hence 
the gas exerts a steady pressure. As shown in the 
following Justification, on the basis of this model 
the pressure exerted by a gas of molar mass M in a 
volume Vis 

Pressu re, according (1) 
to the kinetic model 

where v,m, is the root-mean-square speed (r.m.s. 
speed) of the molecules. This quantity is defined as 
the square root of the mean value of the squares of 
the speeds, v, of the molecules. That is, for a sample 
consisting of N molecules with speeds vi> v2, . . . , vN, 

each speed is squared, the squares are added together, 
the sum is divided by the total number of molecules 
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(to get the mean, denoted by ( .. . )), and finally the 
square-root is taken of the result: 

Justification 18.1 

; The kinetic theory of gases 

Root-mean
square speed 
[definition[ 

(2) 

; As usual in model bu ilding, there are a number of steps, but 

each one is motivated by a clear appreciation of the underlying 
phys ica l picture, in th is case a swarm of point-like molecules 

in ceaseless random motion. The key quantitat ive ingredients 

needed to express th is model quantitatively are the equations 
of classica l mechanics, wh ich are summarized in The chem

ist's toolkit 3. 

Step 1: Calculate the change in linear momentum of a 

, single molecule when it collides with a wall. 

; Cons ider the arrangement in Fig. 1. W hen a part icle of mass m 
' that is trave lling w ith a component of ve locity Vx para lle l 

to the x-axis collides with the wa ll on the right and is re

f lected, its linear momentum changes from +mlvxl before 

the col lision to -mlvxl after the col lision (when it is travel ling 

in the oppos ite direction at the same speed; 1 ... 1 means the 

value of the variable w ith the sign discarded, so 1-31 = 3, 
for instance). The x-component of the momentum therefore 

changes by 2mlvJ on each col lis ion (the v-and z-components 

: are unchanged). Many molecules co llide w ith the wa ll in an 

; interval !J.t, and the tota l change of momentum is the product 

of the change in momentum of each molecu le multiplied 
by the number of molecu les that reach the wal l during the 

interva l. 

: Fig. 1 The model used for ca lcu lating the pressure of a per
; feet gas accord ing to the kinetic molecu lar theory. Here, for 
: clarity, we show on ly the x-component of the velocity (the 
; other two components are not changed when the molecu le 
: collides w ith the wal l). Al l molecu les w ith in the shaded area 
; w ill reach the wa ll in an interval !J.t provided they are moving 
: towards it. 

Step 2: Calculate the number of collisions with a wall in 

an interval !J.t. 

Because a molecu le w ith ve locity component Vx travels a 
distance lvxi!J.t along the x-ax is in an interva l !J.t, al l the mol

ecules w ith in a distance lvxi!J.tof the wal l w ill stri ke it if they 

are trave lling towards it. It fol lows that if the wal l has area A, 
then all the particles in a volume A x lvxi!J.t w il l reach the 
wa ll (if they are trave lling towards it). The number density, 

the number of part icles div ided by the tota l vo lume, is nNJV 
(where n is the tota l amount (in moles) of molecules in the 

conta iner of volume V and NA is Avogadro's constant). so 

the number of molecules in the volume Alvxi!J.t is (nNJV) x 
Alvxlt>t. At any instant, ha lf the part icles are moving to the 

right and ha lf are moving to the left. Therefore, the average 

number of coll isions w ith the wal l during the interval !J.t is 

nNAAI vxi!J.t/2 V. 

Step 3: Calculate the total force exerted on the wall in an 

intervai!J.t. 

The tota l momentum change in the interval !J.t is the product 

of the number of col lisions just ca lcu lated and the change of 

momentum on each co llision, 2mlvxl: 

number of collisions 
r-----"-------

nN A lv I!J.t 
Tota l momentum change= A 

2
V x x 

momentum change 
on one collision 
~ 

2mlvx l 

nMAv;!J.t 

v 
The rate of change of momentum is th is total momentum 

change divided by the interva l !J.t during which it occurs, and 
is therefore (by dividing by t>n simply nMAv'/;IV. According to 
Newton's second law, the rate of change of momentum is 

equa l to the force, so 

Force= nMAv; 
v 

Step 4: Calculate the pressure exerted on the wall from 

the total force. 

The pressure, the force divided by the area, is therefore (by 

dividing by A), nMv'/;IV. Not all the molecu les travel w ith the 

same velocity, so the detected pressure, p, is the average 

(denoted ( .. . )) of th is quantity: 

nM(v;) 
p=-v-

This expression can be written in terms of the root-mean

square speed, v,m,. First, note that the square of the speed 

of a single molecule is v' = v'/; + v; + !?,. Because the root
mean-square speed, v,m,, is defined as v,m, = (v2

) 112 (eqn 2). 

it fo llows that 

However, because the molecules are moving randomly, all 

three averages are the same. It fo llows that v~, = 3(v;). 

Equation 1 now fo llows by substituting (v'/;) = -§-v;,, into p = 
nM(v'/;)/V. 
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The chemist's toolkit 3 Momentum and force 

The speed, v, of a body is defined as the rate of change 

of position. The velocity, v, defines the direction of travel 

as well as the ra te of motion, and particles t ravelling at the 
same speed but in different directions have different veloci

t ies. As shown in Sketch 1, the velocity can be depicted as 

an arrow in the direction of travel, its length be ing the speed 

vand its components vx, v,. and v, along three perpend icu lar 
axes. These components have a sign: Vx = +5 m s-1

, for in

stance, ind icates that a body is moving to the right along 
the x-axis whereas vx = -5 m s-1 ind icates that it is moving 

to the left. The length of the arrow (the speed) is related to 

the components by Pythagoras' theorem for the length of 

a hypotenuse in terms of the lengths of the sides: v2 = v: + 

v¢ + v;. 

Sketch 1 

The r.m.s. speed might at first sight seem to be a 
rather peculiar measure of the mean speeds of the 
molecules, but its significance becomes clear when 
we make use of the fact that the kinetic energy of 
a molecule of mass m travelling at a speed vis Ek = 

tmv2
, which implies that the mean kinetic energy 

of a collection of molecules, (Ek), is the average of 
this quantity, or tmv;m,· It follows from the relation 
tmv;"" = (Ek), that 

=(2<4>)1/2 
v,"" m 

(3) 

Therefore, wherever v,m, appears, you can think of it 
as a measure of the mean translational kinetic energy 
of the molecules of the gas. The r.m.s. speed is quite 
close in value to another and more readily visual
ized measure of molecular speed, the mean speed (or 
average speed), vmoan> of the molecules: 

vt +v2 + .. ·vN 
vmean = 

Mean speed ( 4 ) 
[defin ition] N 

For samples consisting of large numbers of mol
ecules, the mean speed is slightly smaller than the 
r.m.s. speed. The precise relation is 

The concepts of classica l mechanics are commonly ex-

pressed in terms of the linear momentum, p, which is 

defined as 

p=mv 
Linear momentum 
[defin ition] 

Momentum also mirrors velocity in having a sense of direction, 

and bod ies of the same mass and moving at the same speed 

but in different directions have different linear momenta. 
Acceleration, a, is the rate of change of ve locity. A body 

acce lerates if its speed changes. A body also acce lerates 
if its speed rema ins unchanged but its direct ion of motion 
changes. According to Newton's second law of motion, 
the accelerat ion of a body of mass m is proportiona l to the 

force, F. acting on it: 

F=ma Force 

Because mv is the linear momentum, and a is the rate of 

change of velocity, ma is the rate of change of momentum. 
An alternative statement of Newton's law, therefore, is that 

the force is equa l to the ra te of change of momentum. New
ton's law indicates that the acceleration occurs in the same 

direction as the force acts. If, for an iso lated system, no 
externa l force acts, then there is no accelerat ion. Th is state

ment is the law of conservation of momentum: that the 
momentum of a body is constant in the absence of a force 

act ing on the body. 

(5) 

For elementary purposes, and for qualitative argu
ments, it isn't necessary to distinguish between the 
two measures of average speed, but for precise work 
the distinction is important. 

: Brief illustration 18.1 Root mean square va lues 

: Cars pass a point travelling at45.0 (5), 47.0 (7). 50.0 (9), 53.0 (4). 

: 57.0 (5) km h-1
, where the number of cars is given in paren

; theses. The r.m.s. speed of the cars is given by eqn 2 in the 

! form 

1
5 x(45.0 km h-1

)
2 + 7x(47.0 km h-1

)
2 

)
112 

+ .. ·+5x(57.0 km h-1
)
2 

Self-test 1 8.1 

Calculate the mean speed of the cars (from eqn 5). 
Answer: 50.0 km h-1 
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1 8.2 The root-mean-square speed 
of gas molecules 

Equation 1 can be rearranged into 

(6) 

Now suppose that this equation is in fact the equa
tion of state of a perfect gas, p V = nRT. That being 
so, the expression on the right can be equated to nRT, 
which gives .!c.nMvfm,=nRT. Then cancel, to give 

3 

tMv;= =RT 

The great usefulness of this expression is that it can be 
rearranged into a formula for the r.m.s. speed of the gas 
molecules at any temperature, first by writing zl,m, = 
3RTIM and then by taking the square root of both sides: 

=(3RT)
112 

vnm M 

By combining this expression 
eqn 5, it follows that 

v =(~)1'2( 3RT)1'2 
m"n 3n M 

=(81t~r 

R.m.s. speed 
of molecules 

(7a) 

with the relation in 

Mean speed (7b) 
of molecules 

Brief illustration 1B.2 The r.m.s. and mean speeds of 

molecu les 

Substitution of the molar mass of 0 2 (32.0 g mol-', corres
ponding to 3.20 x 10-2 kg mol_, in Sl base units) and a tem

perature correspond ing to 25 oc (that is, 298 K) into eqn 7 gives 

v = {3 x~x~}112 
=482ms_, 

em• 3.20x10 2 kg mol ' 
'-------.-----

M 

We used 1 J = 1 kg m2 s-2 to cancel units; Mwas converted to 

base un its to faci litate the cancel lation-it is often sensible to 

work in base units in ca lcu lat ions. From eqn 5, it fo llows that 

Vm,n = 0.921 x 482 m s-1 = 444 m s-1 

The same calcu lation for nitrogen molecu les gives v,m, = 
515 m s-1

. These va lues are not far off the speed of sound 

in air (346 m s-1 at 25 °C). That sim ilari ty is reasonable, be

cause sound is a wave of pressure va riation t ransmitted by 
the movement of molecu les, so the speed of propagation of 

a wave shou ld be approximately the same as the speed at 

wh ich molecu les can adjust their locat ions. 

Self-test 1 B.2 

Calcu late the r.m.s. speed of H2 molecules at 25 oc. 
Answer: 1920 m s-' 

The important conclusion to draw from eqn 7 is that 

The r.m.s. speed and mean speed of molecules in 
a gas are proportional to the square root of the 
temperature: vnmoc T112

• 

Therefore, doubling the absolute temperature (that 
is, doubling the temperature on the Kelvin scale) in
creases the r.m.s. and the mean speed of molecules by 
a factor of 2112 =1.414 ... 

Brief illustration 1 B.3 Molecu lar speeds 

Denote the r.m.s. speed of molecules at a temperatu re Tby 

vcm,ITI. Then coo ling a sample of air from 25 oc (298 K) to 

0 oc (273 K) reduces the original r.m .s. speed of the molecu les 

by a factor of ~ 

.~. 
v,m, 1273 K) ( 273 K )"

2 
= 0.957 

v,m, (298 K) 298 K 

So, on a cold day, the average speed of air molecules (wh ich 
is changed by the same factor) is about 4 per cent less than 

on a warm day. 

: Self-test 1 B.3 

: What is the correspond ing rat io of mean speeds? . Answer: 0.957. the same 

1 8.3 The Maxwell distribution 
of speeds 

So far, we have dealt only with two versions of the 
average speed of molecules in a gas. Not all mol
ecules, however, travel at the same speed: some move 
more slowly than the average (until they collide, and 
get accelerated to a high speed, like the impact of a 
bat on a ball), and others may briefly move at much 
higher speeds than the average, but be brought to a 
sudden stop when they collide. There is a ceaseless 
redistribution of speeds among molecules as they 
undergo collisions. Each molecule collides about 
once every nanosecond (1 ns = 10-9 s) or so in a gas 
under normal conditions. 

The mathematical expression for the probability, 
P, that the molecules in a sample of gas have a speed 
that lies in a particular range at any instant is called 
the distribution of molecular speeds. Thus, the dis
tribution might tell us that at 20 °C, 19 out of 1000 
0 2 molecules, corresponding toP= 1911000 = 0.019, 
have a speed in the range between 300 and 310m s-\ 
that 21 out of 1000 have a speed in the range 400 to 
410 m s-\ corresponding toP= 0.021, and so on. The 
precise form of the distribution was worked out by 



James Clerk Maxwell towards the end of the nine
teenth century, and his expression is known as the 
Maxwell distribution of speeds. 1 According to Max
well, the probability P(v, v + L'l.v) that the molecules 
have a speed in a narrow range between v and v + 
L'l.v (for example, between 300m s-1 and 310m s-\ 
corresponding to v =300m s-1 and L'l.v =10m s-1) is 

P(v, v + L'l.v) ~ p(v)L'l.v 

with p(v) = 4n(~)3/2 v2e - Mv' t2RT 

2nRT 

Maxwell distribution 
of speeds (8a) 

where pis the Greek letter rho. (For a review of expo
nential functions, see The chemist's toolkit 4.) This for
mula was used to calculate the numbers quoted above. 

Note that the function p(v) is a probability density, 
not the probability itself, in the sense that the actual 

The chemist's toolkit 4 Exponential and Gaussian 
functions 

An exponential function, a function of the form e-" , 

starts off at 1 when x= 0 and decays toward zero, wh ich it 

reaches as x approaches infinity. This function approaches 
zero more rapid ly when a is large than when it is small. 

A Gaussian function, a function of the form e-"' , also 

starts off at 1 when x= 0 and decays to ze ro as x increases; 

however, its decay is initial ly slower but then plunges 

down to zero more rapid ly than an exponential function. 
Sketch 1 illustrates both functions and also shows their 

behaviour for negative va lues of x. The exponential func

t ion e-" rises rapidly to infinity as x->- =, but the Gauss

ian function is symmetrical about x = 0 and t races out a 
bel l-shaped curve that fa lls to zero as x-> ± =. 
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Sketch 1 

1 The expression is also known as the Maxwell-Boltzmann 
distribution, in recognition of Boltzmann's theoretical contribution 
(Topic 12A). 
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probability of molecules having a speed in the range v 
to v + L'l.v is given by the product of p(v) and the width 
of the range L'l.v. (This relation is like the mass of a 
volume of material being given by the product of its 
mass density and the size of the region, the volume.) 
It should be noted that eqn 8a is strictly valid only 
when the range L'l.v is infinitely narrow, written dv, 
for only then can p(v) be regarded as a constant 
throughout the range. That is, in formal mathemat
ical manipulations of the Maxwell distribution, write 

P(v, v + dv) = p(v)dv (8b) 

Although eqn 8a looks complicated, its features can 
be picked out quite readily. One of the skills to develop 
in physical chemistry is the ability to interpret themes
sage carried by equations. Equations convey informa
tion, and it is far more important to be able to read 
that information than simply to remember them. 

• Because P(v, v + L'l.v) is proportional to the 
range of speeds L'l.v, the probability of the speed 
lying in the range L'l.v increases in proportion 
to the width of the range. If at a given speed 
the range of interest is doubled (but still kept 
narrow), then the probability of molecules 
having speeds lying in that range doubles too. 

• The equation includes a decaying exponential 
function, e - Mv'I2RT_ Its presence implies that 
the probability that molecules will be found 
with very high speeds is very small because 
e-ax' becomes very small when ax2 is large. 

• The factor M/2RTmultiplying v2 in the expo
nent, e - Mv'tlRT , is large when the molar mass, 
M, is large, so the exponential factor goes 
most rapidly towards zero when M is large. 
That is, heavy molecules are unlikely to be 
found with very high speeds. 

• The opposite is true when the temperature, T, 
is high: then the factor M/2RT in the expo
nent is small, so the exponential factor falls 
towards zero relatively slowly as v increases. 
In other words, at high temperatures, there is 
a greater probability of the molecules having 
high speeds than at low temperatures. 

• A factor if in v
2

e -Mv'tlRT multiplies the expo
nential. This factor goes to zero as v goes to 
zero, so the probability of finding molecules 
with very low speeds is very small. 

• The remaining factors (the blue term 
4n(M/2nRT)312

v
2
e - M"

212
RT simply ensure that 

the probability of finding a molecule with any 
speed in the entire range of speeds from zero 
to infinity is 1. 
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Fig. 2 The Maxwell d istribution of speeds and its variation 
w ith temperatu re. Note the broaden ing of the distribution and 
the sh ift of the r.m.s. speed (denoted by the locations of the 
vert ica l lines in two instances) to higher va lues as the tem
perature is increased. 

Figure 2, which shows a graph of the Maxwell 
distribution, demonstrates these features pictorially 
for the same gas (the same value of M) but different 
temperatures. There is only a small probability that 
molecules in the sample have very low or very high 
speeds. However, the probability of molecules having 
very high speeds increases sharply as the temperature 
is raised, as the tail of the distribution reaches up to 
higher speeds. This feature plays an important role in 
the rates of gas-phase chemical reactions (Topic 6D), 
for the rate of a reaction in the gas phase depends on 
the energy with which two molecules collide, which 
in turn depends on their speeds. 

Figure 3 shows a plot of the Maxwell distribu
tion for molecules with different molar masses at 
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Fig. 3 The Maxwell distribution of speeds also depends on 
the molar mass of the molecu les. Molecu les of low molar 
mass have a broad spread of speeds. and a significant fraction 
may be found travelling much faster than the r.m.s. speed.The 
distribution is much narrower for heavy molecu les. and most 
of them travel w ith speeds close to the r.m.s. va lue (denoted 
by the locations of the vertica l lines in two instances). 

the same temperature. As can be seen, not only do 
heavy molecules have lower average speeds than 
light molecules at a given temperature, but they also 
have a significantly narrower spread of speeds. That 
narrow spread means that most molecules will be 
found with speeds close to the average. In contrast, 
light molecules (such as H 2) have high average speeds 
and a wide spread of speeds: many molecules will be 
found travelling either much more slowly or much 
more quickly than the average. This feature plays 
an important role in determining the composition 
of planetary atmospheres, because it means that a 
significant fraction of light molecules travel at suffi
ciently high speeds to escape from the planet's gravi
tational attraction. The ability of light molecules to 
escape is one reason why hydrogen (H2, molar mass 
2.02 g mol-1) and helium (He, 4.00 g mol-1) are very 
rare in the Earth's atmosphere. 

1 B.4 Diffusion and effusion 

Diffusion is the process by which the molecules of 
different substances mingle with each other in the 
absence of mechanical mixing, such as stirring. The 
atoms of two solids diffuse into each other when 
the two solids are in contact, but the process is 
very slow. The diffusion of a solute through a li
quid solvent is much faster but mixing needs to be 
encouraged by stirring or shaking (the process is 
then no longer pure diffusion). The diffusion of one 
gas into another is much faster. It accounts for the 
largely uniform composition of the atmosphere, 
for if a gas is produced by a localized source, then 
the molecules of gas will diffuse from the source 
and in due course be distributed throughout the 
atmosphere. In practice, the process of mixing is 
accelerated by the bulk motion we experience as 
winds. The process of effusion is the escape of a gas 
through a small hole, as in a puncture in an inflated 
balloon or tyre (Fig. 4). 

The rates of diffusion and effusion of gases in
crease with increasing temperature, for both pro
cesses depend on the motion of molecules, and 
molecular speeds increase with temperature. The 
rates also decrease with increasing molar mass, for 
molecular speeds decrease with increasing molar 
mass. The dependence on molar mass, however, is 
simple only in the case of effusion, and we confine 
our attention to it here; diffusion is considered in 
Topic 6G. In effusion, only a single substance is in 
motion, not the two or more intermingling gases in
volved in diffusion. 



Fig. 4 (a) Diffusion is the spreading of the molecules of one 
substance into a region initia lly occupied by another species. 
Note that molecules of both substances move. and each sub
stance diffuses into the other. (b) Effusion is the escape of 
molecules through a small hole in a confining wall. 

The experimental observations on the dependence 
of the rate of effusion of a gas on its molar mass are 
summarized by Graham's law of effusion, proposed 
by Thomas Graham in 1833: 

At a given pressure and temperature, the rate of 
effusion of a gas is inversely proportional to the 
square root of its molar mass: 

Rate of effusion oc ~112 Graham's 
law 

(9) 

Rate in this context means the number (or amount 
of molecules, in moles) of molecules that escape per 
second. The rate of effusion is proportional to the 
area of the orifice through which the molecules are 
escaping: in the following discussion we suppose that 
the area is the same whenever two rates are compared. 

Brief illustration 18.4 Graham's law 

The rates (in terms of amounts of molecu les) at which 

hydrogen (molar mass 2.016 g mol-' ) and carbon dioxide 
(44.01 g mol-1) effuse under the same cond it ions of pressure 
and temperature are in the rati;.o ___ ____ 

Rate of effusion of H2 

Rate of effusion of C02 

= 44.01 g mol- = 
4

_
672 

( 
1 ) '" 

2.016 g mol ' 

The mass of carbon dioxide that escapes in a given interval is 

greater than the mass of hydrogen, because although nearly 
5 t imes as many hydrogen molecules escape, each carbon 
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dioxide molecule has over 20 t imes the mass of a molecule 

of hydrogen. 

; Self-test 1 8.4 

: Suppose 5.0 g of argon escapes by effusion; what mass of 

; nitrogen would escape under the same conditions? 
Answer: 4.2 g 

Note on good practice Always make it clear what terms mean: 
in this instance 'rate' alone is ambiguous; you need to specify that 
it is the ra te in terms of amount of molecules . 

The high rate of effusion of hydrogen and helium is 
one reason why these two gases leak from containers 
and through rubber diaphragms (with its microscop
ically small holes) so readily. The different rates of ef
fusion through a porous barrier have been employed 
in the separation of uranium-235 from the more abun
dant and less useful uranium-238 in the processing of 
nuclear fuel. The process depends on the formation of 
uranium hexafluoride, a volatile solid, and the effu
sion of its vapour. However, because the ratio of the 
molar masses of 238UF6 and 235UF6 is only 1.008, the 
ratio of the rates of effusion is only (1.008) 112 = 1.004. 
Thousands of successive effusion stages are therefore 
required to achieve a significant separation. 

Graham's law is explained by noting that the r.m.s. 
speed of molecules in a gas is inversely proportional 
to the square root of their molar mass (eqn 7a). 
Because the rate of effusion through a hole in a 
container is proportional to the rate at which mol
ecules reach the hole and therefore to their speed, it 
follows that the rate should be inversely proportional 
to M112

, which is in accord with Graham's law. 

18.5 Molecular collisions 

The average distance that a molecule travels between 
collisions is called its mean free path, A (lambda) . 
The mean free path in a liquid is less than the diam
eter of the molecules, because a molecule in a liquid 
meets a neighbour even if it moves only a fraction of 
a diameter. However, in gases, the mean free paths 
of molecules can be several hundred molecular diam
eters. If a molecule is thought of as the size of a tennis 
ball, then the mean free path in a typical gas would 
be about the length of a tennis court. As shown in the 
following Justification, the mean free path of a mol
ecule in a perfect gas is 

Mean free path 
]perfect gas] 

(10) 
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Fig. 5 To ca lcu late features of a perfect gas that are related to 
collisions. a point is regarded as being surrounded by a sphere 
of diameter dwhich is twice the rad ius of a single molecu le. 
A molecu le w ill hit another molecule if its centre lies w ith in 
a circle of rad ius d. The collision cross-section cr is the target 
area. nd'-

where a (sigma) is the collision cross-section, the 
target area that a molecule presents in a collision. 
Thus, if a collision is counted when molecules come 
to within a certain range d of each other, where d can 
be thought of as the diameter of the molecules (that 
is, twice their radius), then a= rr.d 2 (Fig. 5). 

Justification 18.2 

; The mean free path 

! The mean free path is calcu lated by suppos ing that a mol

! ecule travels through a certain distance and in doing so co l

! I ides a number of times w ith other molecules in its path. Then 

A.= average distance travelled 

average number of collisions 

! You need to evaluate both the numerator and denom inator: 

! both w ill depend on the average speed of the molecu les. . 
Step 1: Evaluate the numerator. . 

: Th is is an easy calcu lation: in an interva l Ma molecule trave ls 

! an average distance of I= Vmea n.6.t. . 
Step 2: Evaluate the denominator. . 

! In the same interval At. the molecu le sweeps out a cyl inder 

: of volume ovm,,At. If any other molecu le occurs inside that 

! cylinder. then it counts as a collision . If the number density 
! in the gas is 'N. then the number of col lisions scored is the 

! volume swept out by the projectile times this density. or 

: avm,,At'N. However. it is not on ly the "projectile" molecu le 

! that is moving: the "ta rget" molecules are also moving. There-
• fore. the speed that occurs in th is expression shou ld be inter

preted as the relative mean speed of the molecu les. vm""·" '" 
and the number of collisions written as avm""·"'At'N. 

Step 3: Evaluate the number density. 

The number density is :N = NN. From the perfect gas law 
pV= nRTwith n =NINA (where N. is Avogadro's constant). it 

follows that n/V= p/RTand therefore that NN= nNJV= pN. IRT. 

Now note that R = N. k. where k is Boltzmann's constant; then 

:N= p/kT. 

Step 4: Calculate the mean relative speed. 

There is a simple relation between the mean speed and the 
relative mean speed: it involves replacing the actua l (molar) 
mass of a molecule in eqn 7b by the reduced (molar) mass. 

As seen in other contexts. the reduced mass. Jl, occurs in ex

press ions when the relat ive motion of bod ies is considered. 

For particles of mass m. and m8, 

Therefore, for two molecu les of the same mass, m, the re

duced mass is Jl= -I m and the reduced molar mass is -tM. It 
then follows from eqn 7b that 

v - ~ -2'" BRT -211'v 
( )

1/2 ( ) '" 
mean, rel - n:x -t M - n.M - mean 

and therefore the average number of col lisions in the interval 
At is 2112avm,,At'N. 

Step 5: Combine the expressions for the numerator and 

denominator. 

It now fo llows that the mean free path is 

wh ich is eqn 10. 

The collision frequency, z, is the average number of 
collisions one molecule makes in a given time interval 
divided by the duration of the interval. It follows that 
the inverse of the collision frequency, 1/z, is the time 
of flight, the average time that a molecule spends 
between two collisions (for instance, if there are 
10 collisions per second, so the collision frequency is 
10 s-1

, then the average time between collisions is !lJ 
of a second and the time of flight is !lJ s). As we shall 
show, the collision frequency in a typical gas is about 
109 s-1 at 1 atm and room temperature, so the time of 
flight in a gas is typically 1 ns . 

Because speed is distance travelled divided by the 
time taken for the journey, the relative mean speed of 
two colliding molecules is the average length of the 
flight of a molecule between collisions (that is, the 
mean free path, -1) divided by the time of flight (1/z) 
between the collisions. It follows that the mean free 
path and the collision frequency are related by 

average distance between collisions 
v -

m"n,cd - average time between collisions 
A 

,...----"-----

= mean free path = J:_ = AZ 
time of flight liz 

(11) 

'----v-----' 
l iz 



With A given by eqn 10 and Vmoan,cd = 2112
Vmoan (as 

given in Justification 1B.2), 

V mean,rel 2112 
V mean 

z =-A-= kTI2112 ap 

and therefore, from eqn 7b, 

= 2ap(8RT)
1

'

2 

z kT nM 
Collis ion frequency 
[perfect gas] 

Brief illustration 18.5 Mean f ree path 

(12) 

From the information in Table 1 B.1 and eqn 10, the mean free 

path of 0 2 molecules in a sample of oxygen at SATP (25 °C, 

1 bar) is 

~~ 
"-= (1.381x 10-23 J K-' )x(298 K) 

2112 x (0.40x10 18 m2 )x(1 x 105 Pa) 
'--------v-----~ 

0 p 

p,m' 

1.381 x 10-23 x 298 J 
2112 x 0.40x10 18 x 105 Pa m2 

= 7.3x10-a m, or 73 nm 

Under the same cond it ions, the col lision frequency is 
8.6 x 109 s- 1

, so each molecule makes 8.6 bil lion collis ions 

each second. 

Self-test 1 8.5 

What is the col lision frequency for Cl 2 molecules in a sample 

of ch lorine gas under the same conditions? 
Answer: 10 ns-1 

Table 18.1 

Collision cross-sections of atoms and molecules 

Species alnm2 

Argon,Ar 0.36 

Benzene,C6H6 0.88 

Carbon dioxide, C02 0.52 

Ch lorine, Cl 2 0.93 

Ethene, C2H4 0.64 

Helium, He 0.21 

Hydrogen, H2 0.27 

Methane, CH 4 0.46 

Nitrogen, N2 0.43 

Oxygen, 0 2 0.40 

Sulfur dioxide, SO, 0.58 

1 nm2 = 10-18 m2 . 
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Once again, it is important to interpret the signifi
cance of eqns 10-12 rather than trying to remember 
them. 

• Because A oc lip, the mean free path decreases 
as the pressure increases. 

The decrease of the mean free path with pres
sure is a result of the increase in the number 
of molecules present in a given volume as the 
pressure is increased, so each molecule travels 
a shorter distance before it collides with a 
neighbour. For example, the mean free path 
of an 0 2 molecule decreases from 73 nm to 
36 nm when the pressure is increased from 
1.0 bar to 2.0 bar at 25 oc. 

• Because A oc 1/a, the mean free path is 
shorter for molecules with large collision 
cross-sections. 

The decrease of the mean free path with in
creasing collision cross-section is a result of the 
molecules presenting a bigger target area so 
that a collision is more likely to occur as they 
move past one another. The dependence is il
lustrated by comparing the mean free path of a 
benzene molecule (for which the collision cross
section is 0.88 nm2

) with a helium atom (for 
which the collision cross-section is 0.21 nm2

), 

for at the same pressure and temperature ben
zene's mean free path is four times shorter than 
that of helium. 

• Because z oc p, the collision frequency in
creases with the pressure of the gas. 

The increase in collision frequency with pres
sure follows from the fact that, provided the 
temperature is the same, the molecule takes 
less time to travel to its neighbour in a denser, 
higher-pressure gas. For example, although 
the collision frequency for an 0 2 molecule in 
oxygen gas at SATP is 8.6 ns-1

, at 2.0 bar and 
the same temperature the collision frequency 
is doubled, to 17 ns-1• 

• Because z oc vmoan, and vmoan oc 1/M112
, heavy 

molecules have lower collision frequencies 
than light molecules, providing their collision 
cross-sections are the same. 

The lower collision frequencies of heavy mol
ecules follows from the fact that they travel 
more slowly on average than light molecules 
do (at the same temperature), so they collide 
with other molecules less frequently. 
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Checklist of key concepts 

0 1 The kinetic model of a gas considers only the con

tribution to the energy from the kinetic energies of 

the molecules. 

0 2 Important results from the model include expres

sions for the pressure and the root-mean-square 

speed. 

03 The r.m.s. and mean speeds of molecules are pro

portional to the square root of the temperature and 

inversely proportional to the square root of the 

molar mass. 

04 The Maxwell distribution of speeds gives the frac

tion of molecules that have speeds in a specified 

range at any temperature. 

0 5 Graham's law states that at a given pressure and 

temperature, the rate of effusion of a gas is in

versely proportional to the square root of its molar 

mass. 

06 The collision frequency is the number of collisions 

made by a molecule in an interval divided by the 

duration of the interval. 

07 The mean free path is the average distance a mol

ecule travels between collisions. 



TOPIC 1C 

Real gases 

>- W hy do you need to know this 
material? 

Actual gases, so-called 'real gases', differ from 
perfect gases and it is important to be able to 
discuss their properties. Moreover, the deviations 
from perfect behaviour give insight into the 
nature of the interactions between molecules. 
Accounting for these interactions is also an 
introduction to the technique of model building 
in physical chemistry. 

>- What is the key idea? 

Attractions and repulsions between gas mol
ecules account for modifications to the isotherms 
of a gas and account for critical behaviour. 

>- What do you need to know already? 

This Topic builds on and extends the discussion 
of perfect gases in Topic 1A. The principal math
ematical technique employed is differentiation 
to identify a point of inflection of a curve, as ex
plained in The chemist's toolkit 5. 

In terms of the quantities introduced in Topic 1B, a 
perfect gas is a gas for which the mean free path, ll, 
of the molecules in the sample is much greater than 
d, the separation at which they are regarded as being 
in contact: 

Condition for perfect-gas behaviour: A.>> d 

As a result of this large average separation, in a per
fect gas the only contribution to the energy comes 
from the kinetic energy of the motion of the mol
ecules. However, in fact all molecules interact with 

one another provided they are close enough together, 
so the 'kinetic energy only' model is only an approxi
mation and needs to be improved. A common feature 
of physical chemistry is its progressive improve
ment of models to take into account more detailed 
observations. 

The chemist's toolkit 5 Differentiation 

The first derivative of a function y(x) is denoted dy/dx 
and can be interpreted as the slope of the function at each 
point (Sketch 1 ). A positive first derivative indicates that 
the slope is up from left to right (towards positive x); a 
negative first derivative indicates that the slope is down; 
a zero value of the first derivative indicates a maximum or 
minimum of the function. 

d yldx= O 

/ 
d y/dx< 0 

y 

dy/dx 0 

X 

Sketch 1 

An important result from calculus is that 

dxn = nxn-1 
dx 

Thus, if y= mx' + b, then, because m and bare both con
stants, dy/dx= 2mx. In this instance, the slope increases 
with x. The expression for dx"/dx also applies when n is 
negative. So, for instance, 

n•-1 

d 1 d(1/x) d(?) /2. '5' 
--=--=--=-X 
dx x dx dx x' 
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Two very important re lations are 

~e" =ae" ~eflxl =(df(x))e'lxl 
dx dx dx 

Two other fundamental results are 

d b d 2b 

The ru les of differentiation of more complicated funct ions 
are set out in The chemist's toolbox 11 in Topic 4A. 

The second derivative of a function, the derivative of 

the first derivative, is denoted d2 y/dx', and is the result 

of taking the derivative a second t ime by using the same 

ru le given above. For instance, because the fi rst derivative 
of v= mx2 + b is 2mx, the second derivat ive of the same 

function is 2m . For the exercises you need to know that 

d
2 

1 d { b } 2b
2 

dx2 a+bx = dx - (a+bx)2 = (a+bx)3 

A posit ive va lue of the second derivative indicates the 
function curls up (u) at that point; a negat ive va lue ind i

cates that it curls down (n); the second derivat ive is zero at 

an ' inflection', a point where the cu rvature of the funct ion 

changes direction (Sketch 2). 

v 

X 

Sketch 2 

1 c.1 Molecular interactions 

There are two types of contribution to the potential 
energy of interaction between molecules. At relatively 
large internuclear separations (a few molecular dia
meters), molecules attract each other. This attraction is 
responsible for the condensation of gases into liquids at 
low temperatures. At low enough temperatures the mol
ecules of a gas have insufficient kinetic energy to escape 
from each other's attraction and they stick together: Sec
ond, although molecules attract each other when they 
are a few diameters apart, as soon as they come into 
contact they repel each other: This repulsion is respon
sible for the fact that liquids and solids have a definite 
volume and do not collapse to an infinitesimal point. 

repulsive Intermolecular force attractive 

0 Internuclear separation-

Fig. 1 The variation of the potential energy of two molecules 
with their separation. High positive potential energy (at very 
small separations) indicates that the interactions between 
them are strongly repulsive at these distances. At inter
mediate separations, where the potential energy is negative, 
the attractive interactions dominate. At large separations (on 
the right) the potential energy is zero and there is no inter
action between the molecules. 

Molecular interactions give rise to a potential energy 
that contributes to the total energy of a gas. Because 
attractions correspond to a lowering of total energy 
as molecules come closer together, they make a nega
tive contribution to the potential energy. On the other 
hand, repulsions make a positive contribution to the 
total energy as the molecules squash together. Figure 1 
illustrates the general form of the variation of the 
intermolecular potential energy. At large separations, 
the energy-lowering interactions are dominant, but at 
short distances the energy-raising repulsions dominate. 

Molecular interactions affect the bulk properties of 
a gas and, in particular, their equations of state. For 
example, the isotherms of real gases have shapes that 
differ from those implied by Boyle's law, particularly 
at high pressures and low temperatures when the inter
actions are most important. Figure 2 shows a set of 
experimental isotherms for carbon dioxide. Although 
the experimental isotherms resemble perfect-gas iso
therms at high temperatures (and at low pressures, 
off the scale on the right of the graph), there are very 
striking differences between the two at temperatures 
below about 50 oc and at pressures above about 1 bar. 

1c.2 The critical temperature 

To understand the significance of the isotherms in 
Fig. 2, follow the isotherm at 20 oc from A to F: 

• At point A the curve resembles a perfect-gas iso
therm which indicates that carbon dioxide is a gas 
at that point. 
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Fig. 2 The experimenta l isotherms of carbon dioxide at sev
era l temperatures. The crit ical isotherm is at 31.04 oc. 

• As the gas is compressed to B by pushing in a 
piston, the pressure increases broadly in agree
ment with Boyle's law. 

• The increase continues to point C. 

• Beyond this point, the piston can be pushed in 
without any further increase in pressure, through 
DtoE. 

• The reduction in volume from E to F requires a 
very large increase in pressure. 

This variation of pressure with volume is exactly 
what is expected if the gas at C condenses to a com
pact liquid at E. Indeed, if we could observe the 
sample we would see that: 

• At C the gas begins to condense to a liquid. 

• The condensation is complete at E, when the 
piston is resting on the surface of the liquid. 

• The reduction in volume from E to F indicates that 
a very high pressure is needed to compress a liquid 
even by a small amount. 

In terms of intermolecular interactions: 

• The step from C toE corresponds to the molecules 
being so close together that they attract each other 
and cohere into a liquid. 

• The step from E to F represents the effect of trying 
to force molecules that are already in contact even 
closer together, and hence trying to overcome the 
strong repulsive interactions between them. 

If you could look inside the container at point D, 
you would see a liquid separated from the remaining 
gas by a sharp surface (Fig. 3). At a slightly higher 
temperature (at 30 °C, for instance), a liquid forms, 
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Increasing temperature -

Fig. 3 When a liqu id is heated in a sea led container, the 
density of the vapour phase increases and that of the liqu id 
phase decreases, as depicted here by the changing density of 
shad ing. There comes a stage at wh ich the two densit ies are 
equal and the interface between the two f luids disappears. 
Th is disappearance occurs at the crit ica l temperature. The 
conta iner needs to be strong: the critica l temperature of water 
is at 373 oc and the vapour pressure is then 218 atm. 

but a higher pressure is needed to produce it. It might 
be difficult to make out the surface because the re
maining gas is at such a high pressure that its density 
is similar to that of the liquid. At the special tem
perature of 31.04 oc (304.19 K) the gaseous state of 
carbon dioxide appears to transform continuously 
into the condensed state and at no stage is there a vis
ible surface between the two states of matter. At this 
temperature, called the critical temperature, T" and 
at all higher temperatures, a single form of matter 
fills the container at all stages of the compression and 
there is no separation of a liquid from the gas. We 
have to conclude that a gas cannot be condensed to a 
liquid by the application of pressure unless the tem
perature is below the critical temperature. 

Figure 2 also shows that in the critical isotherm, the 
isotherm at the critical temperature, the volumes at 
each end of the horizontal part of the isotherm have 
merged to a single point, the critical point of the gas. 
The pressure and molar volume at the critical point 
are called the critical pressure, p" and critical molar 
volume, Vc, of the substance. Collectively, Pc, Vc, and 
Tc are the critical constants of a substance (Table 
1C.1). The data in the table imply, for example, that 
liquid nitrogen cannot be formed by the application 
of pressure unless the temperature is below 126 K 
(-147 °C) . The critical temperature is sometimes 
used to distinguish the terms 'vapour' and 'gas': 

• A vapour is the gaseous phase of a substance 
below its critical temperature (and which can 
therefore be liquefied by compression alone). 

• A gas is the gaseous phase of a substance above its 
critical temperature (and which cannot therefore 
be liquefied by compression alone). 
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Table 1C.1 

The critical temperatures of gases 

Critical temperaturef•C 

Noble gases 

Helium, He -268 (5 .2 K) 

Neon, Ne -229 
Argon,Ar -123 
Krypton, Kr -64 
Xenon,Xe 17 

Halogens 

Chlorine, Cl2 144 
Bromine, Br2 311 

....................... 
Small inorganic molecules 

Ammon ia, NH3 132 
Carbon dioxide, C02 31 
Hydrogen, H2 -240 
Nitrogen, N2 -147 
Oxygen, 0 2 -118 

Water, H20 374 
..................................... 
Organic compounds 

Benzene, C6H6 289 
Methane, CH4 -83 

Tetrach loromethane, CCI4 283 

Oxygen at room temperature is therefore a true gas; 
the gaseous phase of water at room temperature is a 
vapour. 

The dense fluid obtained by compressing a gas 
above its critical temperature is not a true liquid, but it 
behaves like a liquid in many respects: it has a density 
similar to that of a liquid, for instance, and can act as 
a solvent. However, despite its density, the fluid is not 
strictly a liquid because it fills any container it occupies 
and never possesses a surface that separates it from 
a vapour phase. Nor is it much like a gas, because it 
is so dense. It is an example of a supercritical fluid. 
Supercritical fluids are currently being investigated as 
solvents. For example, supercritical carbon dioxide, 
scC02, is used to extract caffeine in the manufacture 
of decaffeinated coffee where, unlike organic solvents, 
it does not result in the formation of an unpleasant 
and possibly toxic residue. Supercritical fluids are 
also currently of great interest in industrial processes, 
for they can be used instead of chlorofluorocarbons 
(CFC) and hence avoid the environmental damage 
that CFCs are known to cause. Because supercritical 
carbon dioxide is obtained either from the atmosphere 

or from renewable organic sources (by fermentation), 
its use does not increase the net load of atmospheric 
carbon dioxide. 

1C.3 The compression factor 

A useful quantity for discussing the properties of 
real gases is the compression factor, Z, which is the 
ratio of the actual experimentally determined molar 
volume of a gas, V m, to the molar volume of a perfect 
gas, V!:,"f'cr, under the same conditions: 

Z=~ v:rfect Compression factor 
[definition] (la) 

For a perfect gas, Vm = V!:,"r"', so Z = 1 and devi
ations of Z from 1 are a measure of how far a real gas 
departs from behaving perfectly. The molar volume 
of a perfect gas is given by eqn 9b of Topic 1A 
( V m = RT!p ), so we can rewrite the definition of Z as r V~'""' = RT/p ) 

Z - Vm _ Vm _PVm 
- v:rl= - RT!p - RT (lb) 

The compression factor is found to vary with pres
sure, as shown in Fig. 4. At low pressures, some gases 
(methane, ethane, and ammonia, for instance) have 
Z < 1. That is, their molar volumes are smaller than 
that of a perfect gas, suggesting that the molecules are 
pulled together slightly. We can conclude that for these 
molecules under these conditions, the attractive inter-

2 

r 

0o~-----2~0~0~--~4~00~----~60~0~--~8~00 
Pressure, platm 

Fig. 4 The variation of the compression factor, Z, w ith pres
sure for several gases at 0 •c. A perfect gas has Z = 1 at all 
pressures. Of the gases shown, hydrogen shows positive 
deviat ions at all pressures (at this temperature); all the other 
gases show negative deviations initia lly but pos it ive devi
ations at high pressures. The negative deviations are a resu lt 
of the attractive interact ions between molecules and the posi
tive deviations are a result of the repuls ive interactions. 



actions are dominant. The compression factor rises 
above 1 at high pressures whatever the identity of the 
gas, and for some gases (hydrogen in the illustration) 
Z > 1 at all pressures. The type of behaviour exhib
ited depends on the temperature. The observation that 
Z > 1 indicates that the molar volume of the gas is 
now greater than that expected for a perfect gas of the 
same temperature and pressure, so the molecules push 
each other apart slightly. This behaviour indicates that 
the repulsive forces are dominant. For hydrogen, the 
attractive interactions are so weak that the repulsive 
interactions dominate even at low pressures. 

Brief illustration 1C.1 The compression factor 

Consider a gas at 250 K and 15 atm w ith a molar volume 

12 per cent smaller than that ca lculated from the perfect gas 

law. That is, 

Vm-v:rtect 12 

V,;"""' 100 

It fo llows that 

Because Z= 0.88 < 1, attractive interactions dominate in the 

sample. 

; Self-test 1 C.1 . 
: A gas at 350 K and 12 atm has a molar vol ume 12 per cent 

: larger than that ca lcu lated f rom the perfect gas law. Ca l

; culate the compression factor under these cond it ions and 

; the molar volume of the gas. Wh ich are dominat ing in the 

; sample, the attractive or the repu lsive interactions? 

Answer: Z = 1. 12, Vm = 2.7 dm3 mol-1
, repulsive interactions 

are dominant 

1 C.4 The vi rial equation of state 

The deviation of Z from its 'perfect' value of 1 can be 
used to construct an empirical (observation based) 
equation of state. To do so, we suppose that, for real 
gases, the relation Z = 1 is only the first term of a 
lengthier expression, and write instead 

B C 
Z-1+-+-+ .. . - vm v~ (2a) 

The coefficients B, C, ... are called virial coefficients; 
B is the second virial coefficient, C, the third, and so 
on; the unwritten A = 1 is the first. The word 'virial' 
comes from the Latin word for force, and it reflects 
the fact that intermolecular forces are now significant. 
The virial coefficients, which are also denoted B2, B3, 

etc. in place of B, C, etc., vary from gas to gas and 
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depend on the temperature. This technique, of taking 
a limiting expression (in this case, Z = 1, which applies 
to gases at very large molar volumes, corresponding to 
very low pressures) and supposing that it is the first 
term of a series, is quite common in physical chemistry. 
The limiting expression is the first approximation to 
the true expression, whatever that may be, and the 
additional terms progressively take into account the 
effects that the limiting expression ignores. 

The most important additional term on the right 
in eqn 2a is the one proportional to 1/V m (because 
under most conditions CIV~ << B!Vm and C/V~ can 
be neglected). In that case 

B 
Z~1+-

Vm 
(2b) 

From the graphs in Fig. 4, it follows that, for the 
temperature to which the data apply, B must be 
positive for hydrogen (so that Z > 1) but negative 
for methane, ethene, and ammonia (so that for them 
Z < 1 ). However, in all cases Z rises again as the gas 
is compressed further (corresponding to small values 
of Vm and high pressures in Fig. 4), indicating that 
CIV~ is positive. The values of the virial coefficients 
for many gases are known from measurements of Z 
over a range of molar volumes and using mathemat
ical software to fit the data to eqn 2a by varying the 
coefficients until a good match is obtained . 

The virial coefficients depend on the temperature. 
There may be a temperature, the Boyle temperature, 
TB, at which B = 0, in which case eqn 2b reduces to 
Z ~ 1 and the gas behaves almost perfectly over a 
limited range of molar volumes. The Boyle tempera
ture of nitrogen is 327.2 K (54.1 oq and that of 
carbon dioxide is 714.8 K (441.6 °C). In effect, at the 
Boyle temperature, the attractive and repulsive inter
actions are in balance and cancel. 

To convert eqn 2a into an equation of state, it is 
combined with eqn 1b (Z = pVm/RI) to give 

pVm = 1 +.,!_+~+ .. . 
RT Vm V~ 

To obtain an expression for p itself, multiply both 
sides by RTIV m and replace V m by Vln throughout: 

Virial equation 
of state (3) 

Equation 3 is the virial equation of state. When the 
volume is very large and there is a fixed amount of gas, 
the terms nB/V and ~CN2 are both very small, and only 
the 1 inside the parentheses survives. In this limit, the 
virial equation of state approaches that of a perfect gas. 



28 FOCUS 1 THE PROPERTIES OF GASES 

Brief illustration 1C.2 The v i rial equation of state 

The molar volume of NH3 is 1.00 dm3 mol-' at 36.2 bar and 

473 K. Assuming that under these cond it ions the virial equa

t ion of state may be written asp= (RT! Vm)(1 + 8/Vml. so 

8=(PVm -1) V 
RT m 

The va lue of the second vi rial coefficient at this temperature 

is therefore 

36.2 bar 1.00 dm3 mor 1 

,....----J-, ~ 

8 
= ( (36.2x105 Pa)x(1 .00x10-3 m3 mol-1

) 
1
) 

(8.3145 J K 1 mol 1)x (473 K) 

X 1.00 X 10-3 m3 mol-l 

=-79.5 x 1o-• m3 mol_, =-79.5 cm3 mol_, 

(The J in the denominator has been cancelled by the Pa m3 = 

J in the numerator.) 

; Self-test 1C.2 

; The second virial coefficient for NH 3 is -45.6 cm3 mol-' at 

; 573 K. Determine the pressure at wh ich the molar volume 
; is 1.00 dm3 mol_, at this temperature. 

Answer: 45.5 bar 

1 C.5 The van der Waals equation 
of state 

Although it is the most reliable equation of state, the 
virial equation does not give much immediate insight 
into the behaviour of gases and their condensation to 
liquids. The van der Waals equation, which was pro
posed in 1873 by the Dutch physicist Johannes van 
der Waals, is only an approximate equation of state 
but it has the advantage of showing how the inter
molecular interactions contribute to the deviations 
of a gas from the perfect gas law. The van der Waals 
equation can be viewed as another example of taking 
a soundly based qualitative idea and building up a 
mathematical expression that can be tested quanti
tatively. 

The repulsive interaction between two molecules 
implies that they cannot come closer than a certain 
distance. Therefore, instead of being free to travel 
anywhere in a volume V, the actual volume in which 
the molecules can travel is reduced to an extent pro
portional to the number of molecules present and the 
volume they each exclude. The effect of the repulsive, 
volume-excluding forces can therefore be modelled 
by changing V in the perfect gas equation to V- nb, 
where b is the proportionality constant between the 

reduction in volume and the amount of molecules 
present in the container. As shown in the following 
Justification, b is related to the actual volume of a 
single molecule, v molooul<' by 

Justification 1C.1 

The excluded volume of a gas 

Excluded molar 
volume 

(4) 

The volume of a sphere of rad ius R is -J nR3
. Figure 5 shows 

that the closest distance of two molecu les treated as hard 

spheres of radius r, and volume Vm"'""'' = -J nr3
, is 2r. There

fore, the excluded volume is -J n(2r)3 = 8( -J nr3
), or 8Vm"'""'' " 

The volume excluded per molecu le is one-ha lf th is volume, 

or 4Vm"'""''' so the excluded volume per mole of molecules is 

b~ 4VmoleculeN A, as in eqn 4. 

So far, the perfect gas equation of state changes 
from p = nRTIV top= nRTI(V- nb). This equation 
of state-it is not yet the full van der Waals equa
tion-should describe a gas in which repulsions are 
important. Note that when the pressure is low, the 
volume is large compared with the volume excluded 
by the molecules (which we write V » nb). The nb 
can then be ignored in the denominator and the 
equation reduces to the perfect gas equation of state. 

A note on good practice Always verify that an elaborate 
equation reduces to a known, simpler form when a plausible 
physical approximation is made. 

The effect of the attractive interactions between 
molecules is to reduce the pressure that the gas ex
erts. The effect can be modelled by supposing that the 
attraction experienced by a given molecule is propor
tional to the concentration, n!V, of molecules in the 
container. Because the attractions slow the molecules 
down, the molecules strike the walls less frequently 
and strike it with a weaker impact. The reduction in 
pressure can therefore be expected to be proportional 

Excluded volume 

Fig. 5 When two molecu les, each of rad ius rand volume 
vmoloou l• = -J nr3 approach each other, the centre of one of them 
cannot penetrate into a sphere of radius 2r and therefore 
volume 8 Vm"'""'' surround ing the other molecu le. 



to the square of the molar concentration, one fac
tor of n/V reflecting the reduction in frequency of 
collisions and the other factor the reduction in the 
strength of their impulse. Therefore, if the constant of 
proportionality is written a, 

Reduction in pressure = a x ( ~ J 
It follows that the equation of state allowing for both 
repulsions and attractions is 

P = ..!!BI_- a(!!...)2 
V-nb V 

van der Waals 
equation of state (Sa) 

This expression is the van der Waals equation of state. 
To show its resemblance to the perfect gas equation 
p V = nRT, it is sometimes rearranged by bringing 
the term in a to the left, to give p + an2!V2, and then 
multiplying both sides by V- nb: 

( 
an

2

) p+"""\fl (V-nb)=nRT (5b) 

The van der Waals equation has been constructed by 
using physical arguments about the volumes of mol
ecules and the effects of forces between them. It can be 
derived in other ways, but the present method has the 
advantage of showing how to derive the form of an 
equation out of general ideas. The derivation also has 
the advantage of keeping imprecise the significance of 
the van der Waals parameters, the constants a and b: 
they are much better regarded as empirical parameters 
than as precisely defined molecular properties. The van 
der Waals parameters depend on the gas, but are taken 
as independent of temperature (Table 1 C.2).1t follows 
from the way we have constructed the equation that: 

• a (the parameter representing the role of at
tractions) can be expected to be large when 
the molecules attract each other strongly. 

• b (the parameter representing the role of re
pulsions) can be expected to be large when the 
molecules are large. 

The reliability of the van der Waals equation can 
be judged by comparing the isotherms it predicts, 
which are shown in Fig. 6, with the experimental 
isotherms already shown in Fig. 2. Apart from the 
oscillations below the critical temperature they do 
resemble experimental isotherms quite well. The 
oscillations, which are called van der Waals' loops, 
are unrealistic because they suggest that under some 
conditions compression results in a decrease of pres
sure. The loops are therefore trimmed away andre-
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Table 1C.2 

van derWaa/s parameters of gases 

Substance a/(102 kPa dm' b/ (10-' dm3 

mol-' ) mol- ') 

... ... ... ... ... ... . .................. 
Air 1.4 0.039 

Ammonia, NH3 4.225 3.71 

Argon,Ar 1.355 3.20 

Carbon dioxide, CO, 3.658 4.29 

Ethane, C, H, 5.580 6.51 

Ethene, C, H4 4.612 5.82 

Helium, He 0.0346 2.38 

Hydrogen, H, 0.2452 2.65 

Nitrogen, N, 1.370 3.87 

Oxygen, 0 2 1.382 3.19 

Xenon,Xe 4.192 5.16 

placed by horizontal lines (Fig. 7). The van der Waals 
parameters in Table 1C.2 were found by fitting the 
calculated curves to experimental isotherms. 

One application of the van der Waals equation is 
to establish the conditions under which a real gas be
haves almost perfectly. It shows that perfect-gas iso
therms are obtained from the van der Waals equation 
at high temperatures and low pressures. To confirm 
this remark, note that when the temperature is high, 
RT may be so large that the first term on the right in 

1.5 ,---,--rrTrmrrrrrrn:-r-"'T"""T""V.--,--,-T""T"'T""'TT 

Reduced volume, V!Vc 

Fig. 6 Isotherms ca lcu lated by using the van derWaals equa
t ion of state. The axes are label led with the ' reduced pres
sure', p/p,, and 'reduced volume', \.1V,, where p, = a/27tJ and 
V, =3b.The individual isotherms are labelled w ith the 'reduced 
temperature', TIT,, where T, = 8a/27 Rb. The isotherm labelled 
1 is the crit ica l isotherm (the isotherm at the crit ica l tempera
ture). 
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Fig. 7 The unphysica l van der Waa ls loops are eliminated by 
drawing straight lines that divide the loops into areas of equa l 
size. With th is procedure, the isotherms st rong ly resemble 
the observed isotherms. 

eqn Sa greatly exceeds the second, so the latter may 
be ignored. Furthermore, at low pressures, the molar 
volume is so large that V- nb can be replaced by V. 
Hence, under these conditions (of high temperature 
and low pressure), eqn Sa reduces to p = nRTIV, the 
perfect gas equation. The criterion of high tempera
ture stems from the fact that when the temperature is 
high, the kinetic energy of the molecules far outweighs 
any potential energy arising from the interaction of 
the molecules. When the volume occupied by a given 
amount of gas is large, the molecules spend so much 
time apart that their non-zero size is irrelevant. 

The virial coefficient B can also be related to the van 
der Waals parameters. First, write eqn Sa as 

Now suppose that b!Vm << 1 and use the approxima
tion 1/(1 - x) ~ 1 + x (The chemist's toolkit 6) with 
x = b!V m, to write 

nRT(1 b-a!RT) 
p~-- +---v vm 

By comparing this expression with eqn 3 it follows 
that 

(6) 

The coefficient B is positive when b > a!RT (repul
sions dominant) and negative when b < a!RT (attrac
tions dominant), as we had already anticipated. The 
Boyle temperature (the temperature at which B = 0), 
occurs when b = a!RT (which expresses the point that 
the effects of attractions and repulsions are in bal
ance) and is therefore TB = a!Rb. 

1 C.6 The liquefaction of gases 

A gas may be liquefied by cooling it below its boiling 
point at the pressure of the experiment. For example, 
chlorine at 1 atm can be liquefied by cooling it to 
below -34 oc in a bath cooled with dry ice (solid 
carbon dioxide). For gases with very low boiling 
points (such as oxygen and nitrogen, at -183 oc and 
-186 °C, respectively), such a simple technique is not 
practicable unless an even colder bath is available. 

One alternative and widely used commercial tech
nique makes use of the forces that act between mol
ecules. In Topic 1B it is established that the average 
speed of molecules in a gas is proportional to the 
square root of the temperature (eqn 7b, vmoon oc 'f1'2 ). 

It follows that reducing the average speed of the mol
ecules is equivalent to cooling the gas. If it can be re
duced to the point that neighbours can capture each 
other by their intermolecular attractions, then the 
cooled gas will condense to a liquid. 

To slow the gas molecules, an effect is used that is 
similar to that seen when a ball is thrown into the air: 
as it rises it slows in response to the gravitational at
traction of the Earth and its kinetic energy is converted 
into potential energy. Molecules attract each other, as 
we have seen (the attraction is not gravitational, but the 
effect is the same), and if they can be caused to move 
apart from each other, like a ball rising from a planet, 
then they should slow. It is very easy to move molecules 
apart from each other: the gas is allowed to expand, 
which increases the average separation of the mol
ecules. To cool a gas, therefore, it is allowed to expand 
without allowing any heat to enter from outside. As it 
does so, the molecules move apart to fill the available 
volume, struggling as they do so against the attraction 
of their neighbours. Because some kinetic energy must 
be converted into potential energy to reach greater 
separations, the molecules travel more slowly as their 
separation increases. Therefore, because the average 
speed of the molecules has been reduced, the gas is now 
cooler than before the expansion. 

The process of cooling a real gas by expansion 
through a narrow opening called a 'throttle' is 
called the Joule-Thomson effect. The effect was first 



The chemist's toolkit 6 Power series and expansions 

It is possible and often useful to express a function as a 

power series of the form 

f(x) = c0 + c1x+ c2x 2 + ... 

where c0, c1, c2, .. . are constant coefficients. The following 
series are used throughout physica l chemistry and are va lid 

provided x < 1. The approximations H are va lid if x « 1 
(Sketch 1). 

(a) (1+xr' = 1-x+x' _,, ~ 1-x 

(b) ex = 1+x+7x' +ix3 + ... ~ 1+x 
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(c) ln(1+x) = x- 7 x' +j- x 3 
_,, ~ x 

(d)(1+x)112 = 1+ -l- x- -lf x ' + ... ~ 1+ 7x 

All four expressions are special cases of the genera l Tayler
Maclaurin series, which can be used to generate sim ilar 

expansions: 

( 
d f ) 1 ( d' f ) 2 f(x)=f(O)+ - x+ 2 - 2 x + ... 
dx 0 dx 0 

where the subscript 0 ind icates that the derivatives shou ld 
be eva luated at x= 0. 

(b) 

0.05 0.1 0.15 0.2 
X 

(d) 

00 0.05 0.1 0.15 0.2 10 0.05 0.1 0.15 0.2 
X 

Sketch 1 

observed and analysed by James Joule (whose name 
is commemorated in the unit of energy) and William 
Thomson (who later became Lord Kelvin). The pro
cedure works only for real gases in which the attractive 
interactions are dominant, because the molecules have 
to climb apart against the attractive force in order for 
them to travel more slowly. For molecules under con
ditions when repulsions are dominant (corresponding 
to Z > 1, where Z is the compression factor), the Joule
Thomson effect results in the gas becoming warmer. 

In practice, the gas is allowed to expand several 
times by recirculating it through a device called a 
Linde refrigerator (Fig. 8). On each successive expan
sion the gas becomes cooler, and as it flows past the 
incoming gas, the latter is cooled further. After sev
eral successive expansions, the gas becomes so cold 
that it condenses to a liquid. 

X 

Cold 
gas 

Fig. 8 The principle of the Linde refrigerator. The gas is 
recirculated and cools the gas that is about to undergo expan
sion through the throttle. The expanding gas cools still further. 
Eventually, liquefied gas drips from the throttle. 
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Checklist of key concepts 

01 The extent of deviations from perfect behaviour 

is summarized by introducing the compression 

factor. 

0 2 The virial equation is an empirical extension of the 

perfect gas equation that summarizes the behav

iour of real gases over a range of conditions. 

0 3 The isotherms of a real gas introduce the concept of 

vapour pressure and critical behaviour. 

04 A gas can be liquefied by pressure alone only if its 

temperature is at or below its critical temperature. 

05 The van der Waals equation is a model equation 

of state for a real gas expressed in terms of two 

parameters, one (a) corresponding to molecular at

tractions and the other (b) to molecular repulsions. 

06 The Joule-Thomson effect is the cooling of gas that 

occurs when it expands through a throttle without 

the influx of heat. 



FOCUS 1 Gases 

Exercises 

Topic 1A The perfect gas 

1A.1 Express (a) 108 kPa in torr. (b) 0.975 bar in atmospheres. 

(c) 22.5 kPa in atmospheres. and (d) 770Torr in pasca ls. 

1A.2 What pressure is exerted by a sample of nitrogen gas 
of mass 3.055 g in a conta iner of volume 3.00 dm3 at 32 oc? 

1A.3 A sample of neon of mass 425 mg occupies 6.00 dm3 at 
77 K. What pressure does it exert? 

1A.4 Much to everyone"s surprise. nitrogen monoxide (NO) 

has been found to act as a neurotransmitter. To prepare to 
study its effect. a sample was col lected in a conta iner of 
volume 300.0 cm3 At 14.5 oc its pressure is found to be 

34.5 kPa. What amount (in moles) of NO has been col lected? 

1A.5 A domestic water-carbonating kit uses steel cyl inders 

of carbon dioxide of volume 250 cm3 They weigh 1.04 kg 

when fu ll and 0.74 kg w hen empty. W hat is the pressure of 
gas in the cyl inder at 20 oc? 

1A.6 The effect of high pressure on organisms. including 

humans. is studied to gain information about deep-sea 

diving and anaesthesia. A sample of air occupies 1.00 dm3 at 
25 oc and 1.00 atm . What pressure is needed to compress it 

to 100 cm3 at this temperature? 

1A.7 You are warned not to dispose of pressurized cans by 

throwing them on to a fi re. The gas in an aerosol container 
exerts a pressure of 125 kPa at 18 oc. The container is thrown 
on a fi re. and its temperature rises to 700 oc . What is the 

pressure at this temperature? 

1A.8 Until an economical way of extracting oxygen from sea 
water or lunar rocks is found. it has to be carried to inhospit

able places in compressed form in tanks. A sample of oxygen 

Topic 18 The kinetic model of gases 

18.1 Use the kinetic model to ca lcu late the root-mean

square speed of (a) N2• (b) H20 molecu les in the Earth"s at

mosphere at 273 K. 

18.2 Calculate the mean speed of (a) He atoms. (b) CH4 mol

ecu les at (i) 79 K. (ii) 315 K. (iii) 1500 K. 

18.3 Synthesis gas (a lso known as "syngas") consists of a 

mixture of hydrogen. H2• and carbon monoxide. CO. Calculate 

at 101 kPa is compressed at constant temperatu re from 

7.20 dm3 to 4.21 dm3 Calcu late the fina l pressure of the gas. 

1A.9 To what temperature must a sample of hel ium gas be 
cooled from 22.2 oc to reduce its volume from 1.00 dm3 to 

100 cm3? 

1A.10 Hot-air bal loons gain their lift from the lowering of 

density of ai r that occurs when the ai r in the envelope is 

heated. To what temperature should you heat a sample of air. 

initial ly at 315 K. to increase its volume by 25 per cent? 

1A.11 At sea level. where the pressure was 104 kPa and the 
temperature 21.1 oc. a certain mass of air occupied 2.0 m3 To 

w hat volume wi ll the reg ion expand when it has risen to an 
altitude where the pressure and temperature are (a) 52 kPa. 
-5.0 oc. (b) 880 Pa. -52.0 oc? 

1A.12 Atmospheric poll ution is a problem that has received 

much attention. Not all pol lution. however. is from industrial 
sources: volcan ic eruptions can be a sign ificant source. The 

Ki lauea volcano in Hawai i emits 200-300 t of SO, per day. If 
th is gas is emitted at BOO oc and 1.0 atm. what volume of gas 

is emitted? 

1A.13 Calculate the mole fractions of the molecu les of a m ix

ture that contains 56 g of benzene (C6H6) and 120 g of methyl

benzene (toluene. C6H5CH 3). 

1A.14 A gas mixture being used to simulate the atmosphere 

of another planet consists of 320 mg of methane. 175 mg 

of argon. and 225 mg of nitrogen. The partial pressure of ni
trogen at 300 K is 15.2 kPa. Ca lcu late (a) the volume and (b) 

the tota l pressure of the mixture. 

the relative rate. as molecu les per second. at w hich the 
hydrogen and ca rbon monoxide escape from a leaking cy

linder of synthesis gas. 

18.4 A cylinder conta ining gas for a ca rbon dioxide laser con

tains equa l amounts of carbon dioxide. nitrogen. and hel ium. 
If 1.0 g of carbon dioxide leaks from the cylinder by effusion. 

w hat mass of nitrogen and helium escapes? 
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18.5 At what pressure does the mean free path of argon 
at 25 oc become comparable to the diameter of a spherical 

vessel of volume 1.0 dm3 that contains it?Take u= 0.36 nm2 

18.6 When studying the photochemical processes that can 
occur in the upper atmosphere. it is important to know how 

often atoms and molecules col lide. At an alt itude of 20 km 

the temperature is 217 K and the pressure 0.050 atm. What 

is the mean free path of N2 molecules? How many collisions 
per second does an N2 molecule make at this alt itude? Take 

u=0.43nm2 

18.7 How many collisions does a single Ar atom. with colli

sion cross-section CJ= 0.36 nm'. make in 1.0 s when the tem-

Topic 1C Real gases 

1C.1 The critica l point of ammonia, NH3, gas occurs at 
111.3 atm. 72.5 cm3 mol-1

, and 405.5 K. Calculate the com

pression factor at the critical point. What can you infer? 

1C.2 The critical parameters for methane. ethane. and pro

pane are given in the table below. Use the data to ca lculate 

the compression factor at the critical point for the different 

gases listed. What do you notice about the va lues that you 
have calcu lated? 

p,l atm 

45.6 

48.6 

41.9 

98.7 

260 

200 

190.6 

562.7 

369.8 

1C.3 Use the vir ial equation of state to calculate the pres

sure exerted by 1.00 mol CH4, at 273 K confined to a volume 
of 1.00 cm3

, given the value of the second virial coefficient. 
8 = -53.6 cm3 mol·' . at this temperature. You may assume 

that the expansion may be truncated after the second term. 

1C.4 The molar volume of oxygen. 0 2, is 3.90 dm3 mol-1 at 

10.0 bar and 200 oc. Assuming that the expansion may be 

truncated after the second term. ca lculate the second virial 

coefficient of oxygen at this temperature. 

Discussion questions 

1.1 Expla in how the experiments of Boyle, Charles, and 
Avogadro led to the formulation of the perfect gas equation 

of state. 

1.2 Expla in the term 'partial pressure' and why Dalton's law 

is a limiting law. 

1.3 Use the kinetic model of gases to explain why light 
gases, such as H2 and He, are rare in the Earth's atmosphere 

but heavier gases, such as 0 2, C02 , and N2 are abundant. 

perature is 25 oc and the pressure is (a) 10 bar. (b) 100 kPa. 

(c) 1.0 Pa? 

18.8 How does the mean free path in a sample of a gas vary 
with temperature in a constant-volume conta iner? 

18.9 The spread of pol lutants through the atmosphere is 

governed partly by the effects of winds but also by the natural 

tendency of molecules to diffuse. The latter depends on how 
far a molecule can travel before collid ing with another mol

ecule. Calcu late the mean free path of diatomic molecules 
in air using CJ = 0.43 nm2 at 25 oc and (a) 10 bar. (b) 103 kPa. 

(c) 1.0 Pa. 

1C.5 The virial equation of state may also be written as an 

expansion in terms of pressure: Z = 1 + 8'p + ... The critical 
constants for water, H20, are 218.3 atm. 55.3 cm3 mol·' and 

647.4 K. Assuming that the expansion may be truncated after 
the second term, calcu late the value of the second vi ria l coef

ficient 8' at the critical temperature. 

1C.6 Calculate the pressure exerted by 1.0 mol C2H6 behaving 
as (a) a perfect gas, (b) a van derWaals gas when it is confined 

under the fol lowing conditions: (i) at 273.15 K in 22.414 dm3 , 

(ii) at 1000 K in 100 cm3
. Use the data in Table 1 C.2. 

1C.7 How rel iable is the perfect gas law in comparison with 
the van derWaals equation? Ca lculate the difference in pres

sure of 10.00 g of carbon dioxide confined to a container of 
volume 100 cm3 at 25.0 oc between treating it as a perfect 

gas and a van derWaals gas. 

1C.8 A certa in gas obeys the van der Waals equation with 
a= 0.50 m6 Pa mol· '- Its volume is found to be 5.00 x 10-4m3 

mol·' at 273 K and 3.0 MPa. From this information calcu late 

the van derWaals constant b. What is the compression factor 

for th is gas at the prevailing temperature and pressure? 

1C.9 Calculate the Boyle temperature for carbon disulfide, 
CS2, given the va lues of the van der Waals parameters 
a= 11.77 dm6 bar mol-2, b = 0.07685 dm3 mol-1. 

1.4 Provide a molecular interpretation for the variation of the 
rates of diffusion and effusion of gases with temperature. 

1.5 Explain how the compression factor varies w ith pressure 

and temperature and describe how it revea ls information 
about intermolecular interactions in rea l gases. 

1.6 What is the significance of the critical constants of a gas? 

1.7 Justify the formulation of the van der Waa ls equation of 

state. 



Problems 

1.1 A diving bell has an air space of 3.0 m3 when on the deck 

of a boat. What is the volume of the air space when the bell 

has been lowered to a depth of 50 m?Take the mean density 
of sea water to be 1.025 g em·' and assume that the tem

perature is the same as on the surface. 

1.2 Balloons were used to obtain much of the early informa

t ion about the atmosphere and continue to be used today to 
obtain weather information. In 1782. Jacques Charles used a 
hydrogen-fi lled balloon to fly from Paris 25 km into the French 

countryside. What is the mass density of hydrogen relative 

to air at the same temperature and pressure? What mass of 
payload can be lifted by 10 kg of hydrogen, neglecting the 

mass of the ba lloon? 

1.3 A meteorological ba lloon had a radius of 1.5 m when 
released at sea level at 20 oc and expanded to a radius of 

3.5 m when it had risen to its maximum alt itude where the 
temperature was -25 oc. What is the pressure inside the bal

loon at that alt itude? 

1.4 The vapour pressure of water at blood temperature is 

47 Torr. What is the partial pressure of dry air in our lungs 

when the total pressure is 760Torr? 

1.5 Dry air may be considered to consist of 75.53 per cent by 

mass of nitrogen. N2 and 23.14 per cent by mass of oxygen. 

0 2 . The remainder is made up principal ly of argon. What are 
the mole fractions of these three principal substances? 

1.6 A determination of the density of a gas or vapour can 
provide a quick estimate of its molar mass. The density of 
a gaseous compound was found to be 1.23 g dm-3 at 330 K 

and 25.5 kPa. What is the molar mass of the compound? 

1.7 In an experiment to measure the molar mass of a gas. 
250 cm3 of the gas was confined in a glass vessel. The pres

sure was 152 Torr at 298 K and the mass of the gas was 

33.5 mg. What is the molar mass of the gas? 

Projects 

The symbol t indicates that calculus is required. 

1. H Calculus can be used to explore the Maxwell-Boltz

mann distribution of speeds. p(v), in more detai l. (a)The mean 

speed of molecules with a Maxwell-Boltzmann distribution is 

given by the integral J~vp(v)dv. Confirm, by evaluating the 

integral. that the mean speed of molecules of molar mass 
Mat a temperature Tis equal to (8RT/nM) 112 You will need to 

use an integral of the form J~ x 2"+'e-"
2 
dx = n!/ 2a"+1

. (b) Simi

larly, confirm by evaluating the integral J; v2p(v)dv, that the 
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1.8 A vessel of volume 22.4 dm3 contains 2.0 mol H2 and 
1.0 mol N2 at 273.15 K. Calculate (a) their partial pressures 

and (b) the total pressure. 

1.9 A 1.0 dm3 glass bulb contains 1.0 x 1023 H2 molecules. If 
the pressure exerted by the gas is 100 kPa. what is (a) the 

temperature of the gas, (b) the root mean square speeds 

of the molecules? (c) Would the temperature be different if 

they were 0 2 molecules? 

1.10 A methane. CH4, molecule may be considered as spher
ical. with a radius of 0.38 nm. How many collisions does a 
single methane molecule make in 0.10 mol held at 25 oc in a 

vessel of volume 1.0 dm3? 

1.11 Methane molecules, CH4 , may be considered as spheri

cal, with a coll ision cross-section of a= 0.46 nm2 Estimate 

the value of the van derWaals parameter b by calcu lating the 

molar volume excluded by methane molecules. 

1.12 A sample of 0.200 mol Cl2(g) is held in a container of 

volume 250 cm3 At 500 K, the gas exerts a pressure of 

3.06 MPa. and at 1000 K, the pressure is 6.54 MPa. Calculate 
the va lues of the van derWaals parameters a and b. 

1.13 The critical constants are related to the van der Waals 

parameters by p, = a/27 tl, V, = 3b and T, = 8a/27 Rb. For eth
ane. the values of the critical constants are p, = 48.20 atm. 
V, = 148 cm 3 mol-1, and T, = 305.4 K. Calcu late the van der 

Waals parameters of the gas and estimate the radius of the 

molecules. 

1.14 Measurements on argon gave 8 = -21.7 cm3 mol·' and 

C= 1200 cm6 mol· ' for the virial coefficients at 273 K. What 

are the values of a and b in the corresponding van der Waals 
equation of state? 

root mean square speed of molecules of molar mass Mat 

a temperature Tis equal to (3RT!MJ' 12 . You wi ll need an inte

gral ofthe form J~ x 2"e-"
2
dx = (1x3x ... (2n -1) 1 2"+'a2)(n/a)112 . 

(c) The maximum in the Maxwell-Boltzmann distribution 

occurs when dp(v)/dv = 0. Find. by differentiation, an ex

pression for the most probable speed of molecules of molar 
mass M at a temperature T. (d) Estimate the fraction of 

N2 molecules at 500 K that has speeds in the range 290 to 
300m s·'. 
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1.2 The kinetic model of gases is valid when the diameter 

of the particles is negligible compared with their mean f ree 

path. It may seem absurd. therefore. to expect the kinetic 

theory and. as a consequence. the perfect gas law. to be ap

pl icable to the dense matter of stellar interiors. In the Sun. 
for instance. the density is 150 times that of liquid water at 

its centre and comparable to that of water about ha lf way to 

its surface. However. the state of matter is that of a plasma, 

in which the electrons have been stripped from the atoms 

of hydrogen and helium that make up the bulk of the matter 
of stars. As a resu lt, the particles making up the plasma 

have diameters comparable to those of nucle i, or about 

10 fm. Therefore, a mean free path of on ly 0.1 pm satisfies 
the criterion for the va lidity of the kinetic model and the per
fect gas law. The perfect gas equation of state can (with cau

t ion) therefore be used for the stellar interior. (a) Calcu late the 

pressure ha lf way to the centre of the Sun, assuming that the 

interior consists of ion ized hydrogen atoms, the temperature is 
3.6 MK, and the mass density is 1.20 g em·', slightly higher 
than the density of water. (b) Combine the result from part (a) 

with the expression for the pressure from the kinetic model to 
show that the pressure of the plasma is related to its kinetic

energy density p, = E,!V. the kinetic energy of the molecu les 

in a reg ion divided by the volume of the reg ion, by p = ~ p, . 
(c) What is the kinetic-energy density ha lf way to the centre 

of the Sun? Compare your resu lt with the (translat ional) 

kinetic energy density of the Earth's atmosphere on a 

warm day, wh ich at 25 oc is 1.5 x 105 J m·', correspond ing 
to 0.15 J em·'. (d) Nuclear fusion eventual ly depletes some 

of the hydrogen in a star's core, the star then contracts and 

results in higher temperatures. The increased temperatu re re

su lts in an increase in the rates of nuclear reaction, some of 

which result in the formation of heavier nuclei, such as ca rbon. 

The outer part of the star expands and cools to produce a 

red giant. Assume that halfway to the centre a red giant has 
a temperature of 3500 K, is composed primari ly of fu lly ion

ized carbon atoms and electrons, and has a mass density of 
1200 kg m·'. What is the pressure at th is point? (e) If the 
red giant in part (d) consisted of neutral carbon atoms, what 

would be the pressure at the same point under the same 

conditions? 

1.3 A mathematical function of the form (1 - x)_, may be ex

pressed as a series expansion 1 + x + X' + ... provid ing x < 1. 
(a) Use th is expansion to express the van derWaals equation 

of state as a power series in 1/Vm. (b)The Boyle temperature 

is the temperatu re at which the second vi rial coefficient. 8, is 
zero. Use your expansion to derive an expression for the Boyle 
temperature for a van der Waals gas in terms of the param

eters a and b. (c) Hence ca lcu late the Boyle temperature for 

carbon dioxide, C02, given that a= 3.610 atm dm6 mol·' and 
b=4.29 x 10-2 dm3 mol- 1

. 

1.4t Calcu lus can be used to derive a re lation between the 

crit ical constants and the van der Waals parameters of a gas. 

The critica l point of a van der Waals gas occurs where the 
isotherm has a f lat inflexion, wh ich is where dp/dVm = 0 (zero 
slope) and d2p/dVm' = 0 (zero curvature) . (a) Derive expres

sions for these fi rst and second derivatives by different iating 

the van derWaals equation of state. Hence find expressions 
for the critica l constants in terms of the van derWaals param
eters. (b) Show that the value of the compression factor at the 

crit ical point is i . (c) The values of the van der Waa ls param
eters of nitrogen dioxide, N02, are a = 5.354 dm6 bar mol·' 

and b= 0.04424 dm3 mol-1
. Ca lcu late the va lues of the crit ical 

constants and confirm that the compression factor does in

deed have a value of i at the critica l point. 



FOCUS 2 

The First Law of 
thermodynamics 

The branch of physica l chemistry known as thermodynamics 
is concerned wi th the study of the t ransformations of energy 

and, in particu lar, the transformation of heat into work and 

vice versa . Thermodynamics has proved to be of immense 
importance in chemistry. Not only does it deal with the en

ergy output of chemical reactions but it also helps to answer 
questions that lie right at the subject's heart, such as why 

react ions reach equi librium, their composition at equi librium, 

how reactions in electrochemica l cells can be used to 
generate electricity, and how chemical signals are t rans

mitted between biological cells . The foundations of thermo

dynamics are its laws, wh ich are based on observations of 

the transformation of energy and have been interpreted in 

terms of the collective behaviour of large numbers of atoms 

and molecu les. The First Law expresses the conservation 
of energy, that although energy can be converted from one 

form to another, its total amount cannot be changed . 

2A Work 

The concept of energy is based on that of work, as ex

plained in th is Topic. One important form of work is that due 
to the expansion of a system, and we show how to ca lcu

late it. The work needed to go between two states depends 
on the path, and maximum work is done if the path is tra

versed reversibly, a concept that occurs throughout chemical 

thermodynamics . 

2A.1 Systems and surroundings; 2A.2 Expansion 
work; 2A.3 Reversible expansion 

28 Heat 

The energy of a system may also be changed as a result of 
a temperatu re difference between it and its surroundings: 

th is observation leads to the concept of heat. One way to 

measure the energy transferred to a system as heat is to 
make use of the concept of heat capacity, wh ich is also intro

duced in this Topic. 

28.1 Conventions; 28.2 Heat capacity; 
28.3 Calorimetry; 28.4 Heat influx during expansion 

2C lntemal energy 

The energy transactions between a system and its sur

round ings are monitored by introducing the concept of 
internal energy. That concept leads to one of the most im

portant conclusions of th is set of Topics : the Fi rst Law of 

thermodynamics . 

2C.1 The internal energy; 2C.2 The internal energy as 
a state function; 2C.3 Changes in the internal energy; 
2C.4 The molecular basis of the internal energy 

20 Enthalpy 

Many chemica l processes take place at constant pressure, 

and allowance must be made for the energy t ransactions 

that take place as the volume of the system changes and 
it does expansion work . These changes are accommodated 
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automat ica lly by introducing the concept of entha lpy, a prop

erty that is encountered throughout thermodynamics . 

20.1 The definition of enthalpy; 20.2 Changes in 
enthalpy; 20.3 The temperature dependence of the 
enthalpy 

2E Physical change 

In a physical change, one form of a substance changes into 

another form of the same substance, as when ice melts to 

water. This Topic also introduces changes of a particu larly 

simple kind, such as the ion ization of an atom. 

2E.1 The enthalpy of phase transition; 2E.2 Ionization 
and electron attachment 

2F Chemical change 

This Topic introduces thermochemistry, one of the prin

cipal applications of thermodynamics to chemistry. After 

introducing the enthalpy changes that accompany combus

tion, we general ize to al l kinds of react ions and show how 

their standard values are reported and used. This Topic also 

shows how the react ion entha lpy varies with temperature. 

2F.1 Bond dissociation; 2F.2 Enthalpies of combus
tion; 2F.3 The combination of reaction enthalpies; 

2F.4 Standard enthalpies of formation; 2F.5 The vari
ation of reaction enthalpy with temperature 

Web resource What is an application ofthis 
material? 

A major appl ication of thermochemistry is to the assess

ment of fuels and the ir equivalent for organisms, food. 
Some thermodynamic aspects of fuels and foods are de

scribed in Impact 2 on the website of th is text. 



TOPIC 2A 

Work 

>- W hy do you need to know this 
material? 

Energy is central to almost every explanation in 
chemistry, and is defined in terms of work. This 
Topic also introduces some fundamental defin
itions of the concepts used in thermodynamics. 

>- What is the key idea? 

One procedure for transferring energy is by 
doing work, the process of moving against an 
opposing force. 

>- What do you need to know already? 

You need to be familiar with the definition of 
work, which is summarized in The chemist's 
toolkit 7, and the perfect gas equation (Topic 
lA). Integration methods are summarized in The 
chemist's toolkit 8. 

Almost every argument and explanation in chemistry 
boils down to a consideration of some aspect of a 
single property: the energy. Energy determines what 
molecules may form, what reactions may occur, how 
fast they may occur, and-with a refinement in the 
conception of energy explored in Focus 3- in which 
direction a reaction has a tendency to occur. 

As explained in The chemist's toolkit 7: 

• Energy is the capacity to do work. 

• Work is done to achieve motion against an op
posing force. 

These definitions imply that a raised weight of a given 
mass has more energy than one of the same mass rest
ing on the ground because the former has a greater 
capacity to do work: it can do work as it fa lls to the 

level of the lower weight. The definition also implies 
that a gas at high temperature has more energy than 
the same gas at a low temperature: the hot gas has a 
higher pressure and can do more work in driving out 
a piston. 

The chemist's toolkit 7 Work and energy 

Work, w, is done when a body is moved against an op· 
posing force. If that force is constant. then the magnitude 
of the work done, lwl. is the product of the magnitude of 
the force, F. and the distance, d, t hrough w hich the body 
is moved: 

!wl =Fd 
Work done against 
an opposing force 

Mechanica l work is done on a body when it is raised 
through a vert ica l distance against the force of gravity. 
Because F,,.v1,.10, 1 = mg, where m is the mass of the 
body and g the acceleration of free fall , the magnitude 
of the work done in raising the object through a height 
h is 

F d 

lwl =mg xh =mgh 
Mechanical work 
]at surface of the Earth] 

Energy is the capacity to do work. A body may have en· 
ergy by virtue of either its motion or its position. Kinetic 
energy, E,, is the energy of a body due to its motion. For 
a body of mass m moving at a speed v, 

Kinetic energy 

The potential energy, E0 (and commonly V) of a body is 
the energy it possesses due to its position. The precise de· 
pendence on position depends on the type of force act ing 
on the body. For a body of mass m at the surface of the 
Earth, the gravitational potential energy relative to its 
va lue at the surface itself depends on its height, h, above 
the surface as 

E
0 

= mgh 
Gravitational 
potential energy 
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The Coulomb potential energy of two electric charges, 
a, and a, separated by a distance r is 

E = a,a, 
P 4rrer 

Coulomb 
potential energy 

The quantity e (epsilon) is the pennittivity; its value 
depends upon the nature of the medium between the 
charges. If the charges are separated by a vacuum, then 
the constant is known as the vacuum pennittivity, q,, 
(epsilon zero) , or the electric constant, which has the 
value 8.854 x 10-12 J-1 C' m-1

. The permitt ivity is greater for 
other media, such as air, water, or oil. 

When a body is moved through an inf initesimal distance 
dx against an opposing force F, the magnitude of the work 
done is Fdx and as a result the body's potential energy is 
changed by the infinitesimal amount JdVJ . (V is commonly 
used in this context.) The relation Jd VI= Fdxthen provides 
a relation between the gradient of the potential energy 
and the force that gradient represents: 

F=-dV 
dx 

Here the sign has been included to convey the point that 
if V increases as x increases, then F is negative (d irected 
towards negat ive x, Sketch 1 ). Thus, the steeper the gra
dient (the more strongly potential energy depends on pos
it ion), the greater the force. 

;;:;<> 

.£ 
:::. 
:>. dV/dX>r 1:' 
Ill 
c: 
Ill 
c;; 
'E 
Ill 

~ ~ 
Position, x 

Sketch 1 

The total energy, E, of a body is the sum of its kinetic and 
potent ial energies: 

Total energy 

Provided no external forces are acting on the body, its total 
energy is constant. This central statement of physics is 
known as the law of the conservation of energy. Po
tential and kinetic energy may be freely interchanged, but 
their sum remains constant. 

The Sl unit for energy is the joule (J). where 1 J = 
1 kg m2 s-2. Moreover, because 1 N = 1 kg m s-2, then 
1 J = 1 N m, and hence energy and work (necessari ly) have 
the same units. 

2A.1 Systems and surroundings 

In thermodynamics: 

• A system is the part of the world in which there is 
a special interest. 

• The surroundings are where observations are 
made. 

• The universe is the system together with its sur
roundings (Fig. 1). 

The surroundings, which can be modelled as a large 
water bath, remain at constant temperature regard
less of how much energy flows into or out of them. 
They are so huge that they also have either con
stant volume or constant pressure regardless of any 
changes that take place to the system. Thus, even 
though the system might expand, the surroundings 
remain effectively the same size. 

There are three types of system (Fig. 2 ): 

• An open system can exchange both energy and 
matter with its surroundings . 

• A closed system can exchange energy but not 
matter with its surroundings. 

• An isolated system can exchange neither matter 
nor energy with its surroundings. 

An example of an open system is a flask that is not 
stoppered and to which various substances can be 
added. A biological cell is an open system because 
nutrients and waste can pass through the cell wall. 

Fig. 1 The sample is the system of interest; the rest of the 
world is its surroundings . The surroundings are where obser
vations are made on the system. They can often be modelled, 
as here, by a large water bath. The 'universe' in thermo
dynamics consists of the system and surroundings (enclosed 
in the outermost dotted line). 



Fig. 2 A system is open if it can exchange energy and matter 
with its surround ings. closed if it can exchange energy but 
not matter. and isolated if it can exchange neither energy nor 
matter. 

You and I are open systems: we ingest, respire, per
spire, and excrete. An example of a closed system is 
a stoppered flask: energy can be exchanged with the 
contents of the flask because the walls may be able 
to conduct heat. An example of an isolated system 
is a sealed flask that is thermally, mechanically, and 
electrically insulated from its surroundings. 

Energy can be exchanged between a system and 
its surroundings by doing work. When a system does 
work, such as raising a weight in the surroundings 
or forcing an electric current through a circuit, the 
energy transferred, which is denoted w, is reported 
as a negative quantity. For instance, if a system raises 
a weight in the surroundings and in the process does 
100 J of work (that is, 100 J of energy leaves the sys
tem by doing work), then w = -100]. When work is 
done on the system, as when we wind a spring inside 
a clockwork mechanism, w is reported as a positive 
quantity. Thus, w = +100 J signifies that 100 J of 
work has been done on the system (that is, 100 J of 
energy had been transferred to the system by doing 
work). The sign convention is easy to follow if you 
think in terms of changes to the energy of the system: 
its energy decreases (w is negative) if energy leaves it 
and its energy increases (w is positive) if energy en
ters it (Fig. 3 ). 

Q~§~ 
Energy 

Fig. 3 The sign convention in thermodynamics: wis negative 
if energy leaves the system as work. but positive if energy 
enters the system. 

2A.2 EXPANSION WORK 41 

Surroundings 

System 

Fig. 4 Work is transfer of energy that causes or utilizes uniform 
motion of atoms in the surround ings. For example. when a 
weight is raised. all the atoms of the weight in the surroundings 
(a tiny part is shown magnified) move in the same direction. 

Although thermodynamics defines relations be
tween the bulk properties of matter, it is greatly en
riched by interpreting those relations in terms of the 
properties of atoms and molecules. For instance, in
sight into the nature of work comes from considering 
the motion of atoms that constitute a weight. Thus, 
when a weight is raised, all its atoms move in the 
same direction. This observation suggests that 

Work is the mode of transfer of energy that achieves 
or utilizes uniform motion in the surroundings 
(Fig.4). 

Whenever you think of work, you can always think 
of it in terms of uniform motion of some kind. Elec
trical work, for instance, corresponds to electrons 
being pushed in the same direction through a circuit. 
Mechanical work corresponds to atoms being pushed 
in the same direction against an opposing force. 

2A.2 Expansion work 

Because many chemical reactions produce gas, one 
very important type of work in chemistry is expansion 
work, the work done when a system expands against 
an opposing pressure. As shown in the following Jus
tification, when a system expands through a volume 
.1. V against a constant external pressure Pox the work 
done is 

w=-Pox.1.V Work of expansion 
!against constant Pexl (la) 
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As will become clear, thermodynamics acquires great 
power when expressed in terms of infinitesimally 
small changes. In this case, if the change in volume 
is infinitesimally small, written d V, the work done is 
also infinitesimal, and eqn la becomes 

(lb) 

Justification 2A.1 

Expansion work 

; Consider a piston of area A moving out through a distance h 

(Fig . 5). The force. F. opposing the expansion is the constant 
external pressure p., multipl ied by the area of the piston (be

cause, pressure is defined as p = F/A, implying that F = pA). 

so in this case F = p.,A. The work done, which is equal to the 

opposing force mult iplied by the distance moved, is therefore 

force distance 6V 
r-'---. " ,..-..., 

Work done = (p.,A) x h = p., x hA = p, x .6. V 

The last equality fol lows from the fact that hA is the volume 

of the cylinder swept out by the piston as the gas expands, 

so hA = .6. V That is, for expansion work, 

Work done = p,,/1 V 

Now consider the sign. A system does work and thereby 

loses energy (that is, w is negative) when it expands (when 

.6.Vis positive). Therefore, a negative sign wi ll ensure that w 
is negative when .6. Vis positive. The result is eqn 1 a and its 
partner, eqn 1 b, when the change in volume is infinitesima l. 

Accord ing to eqn 1, the external pressure determines how 

much work a system does when it expands through a given 

volume: the greater the external pressure, the greater the op

posing force and so the greater the work done by the system. 
When the external pressure is zero, w = 0. In this case, the 

system does no work as it expands because it has nothing 

to push against. Expansion against zero external pressure is 
ca lled free expansion . 

External 
pressure, Pex 

Area, A 

! Fig. 5 When a piston of area A moves out through a distance h, 
; it sweeps out a volume .6. V = Ah. The external pressure p., 
! opposes the expansion with a force p.,A. 

llif!,!.llfj.ll 
Evaluating the work done by a chemical reaction 

Suppose dilute hydrochloric acid is poured on to some 
calcium carbonate in an open vessel and 1.0 mol C02(g) 

is produced at 25 •c. How much expansion work is 

done? 

Collect your thoughts Even 
though there is no identifiable 
piston between the system and 
the surroundings, work must 
be done by the system (the 
reacting substances) to drive 
back the atmosphere to make 
room for the newly produced 
gas. The atmosphere exerts a 
constant force on the emerging 
gas. Because work is done by the 
system, it loses energy, so expect a negative value of w. 
To calculate the work done by this reaction at a specified 
temperature and constant external pressure, use eqn 1 a, 

wh ich implies that you first need to calculate .6. V f rom the 

perfect gas law when the amount of gas molecules changes 
from n; to n1• 

The solution The change in volume of gas is 

~ 
.6.V= 

RT.6.n9 

where .6.n9 is the change in the amount of gas molecules. It 

then fol lows from eqn 1 a that the work done is 

_ _ RT.6.n
9 

_ 
w- -p, .6. V- -p, ---- -RT .6.n

9 P., 

independent of the external pressure, provided it rema ins 
constant during the reaction. It then follows that 

R T An, 

w = -(8.3145 J K-1 mol-1)x 1298Klx {U);m;jj 
=-2.5x103 J=-2.5kJ 

Comment The work done is independent of the atmospheric 

pressure because when the pressure is low the volume gen
erated is large, but that effect cancels the smaller opposing 

force. 

Self-test 2A.1 

Determine the work done when 1.0 mol of propane gas 

molecules react w ith oxygen to produce carbon dioxide 

and liquid water at 25 •c: 
C3H8(g) + 5 0 2(g) ---) 3 CO,(g) + 4 H20(1) . 

Answer: +'Z4 kJ 



2A.3 Reversible expansion 

Equation 1 shows how to get the least expansion 
work from a system: just reduce the external pres
sure to zero. But how can the greatest work be 
achieved for a given change in volume? According 
to eqn 1, the system does maximum work when the 
external pressure has its maximum value. The force 
opposing the expansion is then the greatest and the 
system must exert the most effort to push the pis
ton out. However, that external pressure cannot be 
greater than the pressure, p, of the gas inside the 
system, for otherwise the external pressure would 
compress the gas instead of allowing it to expand. 
Therefore, maximum work is done when the ex
ternal pressure is only infinitesimally less than the 
pressure of the gas in the system. In effect, the two 
pressures must be adjusted continuously to be the 
same at all stages of the expansion. This balance of 
pressures on either side of a moveable wall is called 
a state of mechanical equilibrium. Therefore, we 
can conclude that 

A system that remains in mechanical equilibrium 
with its surroundings at all stages of the expansion 
does maximum expansion work. 

There is another way of expressing this condition. 
Because the external pressure is infinitesimally less 
than the pressure of the gas at some stage of the ex
pansion, the piston moves out. However, suppose the 
external pressure is increased slightly and becomes 
infinitesimally greater than the pressure of the gas; 
now the piston moves in. That is, when a system is 
in a state of mechanical equilibrium, an infinitesimal 
change in the pressure results in opposite directions 
of motion. A process that can be reversed by an in
finitesimal change in a variable-in this case, the 
pressure-is said to be reversible. In everyday life 
'reversible' means a process that can be reversed; in 
thermodynamics it has a stronger meaning: it means 
that a process can be reversed by an infinitesimal 
modification in some variable (such as the pressure). 

This discussion can be summarized as follows : 

• A system does maximum expansion work when 
the external pressure is equal to that of the system 
at every stage of the expansion (Pox = p). 

• A system does maximum expansion work when it 
is in mechanical equilibrium with its surroundings 
at every stage of the expansion. 

2A.3 REVERSIBLE EXPANSION 43 

• Maximum expansion work is achieved in a revers-
ible change. 

All three statements are equivalent, but they reflect 
different degrees of sophistication in the way the 
point is expressed. 

The expression for maximum expansion work 
cannot be written down simply by replacing Pox in 
eqn 1a by p (the pressure of the gas in the cylinder) 
because, as the piston moves out, the pressure in
side the system falls. To make sure the entire pro
cess occurs reversibly, the external pressure has to 
be adjusted to match the changing internal pres
sure at every stage of the expansion. Suppose that 
the expansion is carried out isothermally (that is, 
at constant temperature) by immersing the system 
in a water bath held at a specified temperature. As 
shown in the following Justification, the work of 
isothermal, reversible expansion of a perfect gas 
from an initial volume Vi to a final volume V1 at a 
temperature Tis 

w=-nRTln V1 

v. 
Work of reversible expansion 
[perfect gas, constant Tl 

(2) 

where n is the amount of gas molecules in the sys
tem. As explained in The chemist's toolkit 8, this 
result is equal (apart from sign) to the area beneath 
a graph of p = nRTIV between the limits vi and VI 
(Fig. 6). 

i 
Q. 

~ 
::J 

"' "' Q) 

c: 
p= nRTN 

Final 
pressure 

Volume, V---+ 

Fig. 6 The work of reve rsible isothermal expansion of a gas is 
equal to the area beneath the corresponding isotherm eva lu
ated betw een the in it ial and fina l volumes (the t inted area). 
The isotherm shown here is that of a perfect gas, but the 
same relat ion holds for any gas. 
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The chemist's toolkit 8 Integration 

In many instances in science an infinitesimal change in a 
property P(x) arises from an infin itesimal change in the vari

able x and the relat ion between the two changes is dP(x) = 
f(x)dx, where f(x) al lows for the possibility that the relation 

depends on the current va lue of the va riable x. The observ

able change in the property, !'.P, is obta ined by add ing to

gether all such changes between the init ial and fina l values 
of x (a and b, respective ly) allowing for f(x) to vary from one 

end of the interva l to the other. This sum is denoted 

!'.P= rf(x)dx 

where the ' integral' sign J is an elongated S denoting the 

sum. The expression on the right is cal led the definite inte
gral of the function f(x). When written as J w ithout the lim its 

a and b, it is the indefinite integral of the funct ion. 

The first derivative of an indefinite integra l of a funct ion is 
the funct ion itse lf: that is, integration is the inverse of differ

entiation. Thus (us ing the information about differentiation 

in The chemist's toolkit 5 in Topic 1 C), 

I x 2 dx = -! x 3 +constant 

In genera l, 

~{±x3 +constant)= x 2 

dx 

. I d(F(x)+c) 1f f(x)dx=F(x)+c, then ---=f(x) 
dx 

where c is a constant. All indefinite integrals are ambiguous 

in the sense that they always yield a function plus an arbitrary 

constant, and the value of the constant must be determined 

from other information. The integrals used in th is book are 

collected in the Resource section. Mathematical software 
is a good source of integrals of more complicated functions. 

A definite integral is the corresponding indefinite integral 
evaluated at the upper limit (b) m inus the indefinite integral 

Justification 2A.2 

Reversible, isothermal expansion work 

During the course of a reversible expansion of a gas, the ex

ternal pressure p, must be adjusted continuously to match the 
changing internal pressure p. You need to think of the process 

as taking place in a series of infinitesimal steps during each one 
of which the external pressure is constant and set equal to p. 

The work done in each step is then calculated and then all these 

values are added together to give the total work done. 

Step 1: Write an expression for the infinitesimal work 

done at each stage 

Start with eqn 1 b, d w = -p,d V At each stage, to ensure that 
the external pressure is the same as the current pressure, p, of 

the gas (Fig. 7) set p, = p and obtain dw = -pd V 

eva luated at the lower limit (a). In the subtraction, the constant 

of integration cancels: 

J,b x2 dx = (-! x3 + constant)b 

-(-!x3 +constant),= -!(b3 -a3
) 

In general, 

if I f(x)dx = F(x) + c, then J.b f(x)dx = F(b)- F(a) 

As can be seen from Sketch 1, each strip of w idth dx has 
area f(x)dx, so the sum of all their areas from a to b, which 

is the definite integral of f(x), is the area under the graph of 
the funct ion f(x) between the two lim its: 

J.b f(x)dx =area under f(x) from a to b 

This relation can be used to evaluate integrals graphica lly 
when on ly experimenta l data is ava ilable rather than math

ematica l funct ions. 

b 

Total area= Jt(x)dx ) 

>< ~ 
""' c' 
0 ·g 
c 
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dx 

a X b 

Sketch 1 

Step 2: Sum the infinitesimal contributions to find the 

total work done 

The total work when the system expands from V: to \if is the 
sum (integral) of all the infinitesimal changes between the 

limits V: and \if. Therefore (see The chemist's toolkitS) 

f
v, 

W=- pdV 
~ 

Step 3: Relate the pressure to the volume at each stage 
of the expansion 

To evaluate the integral, you need to know how p, the pres

sure of the gas in the system, depends on the volume, which 

changes as the gas expands. Suppose that the gas is perfect, 



Fig. 7 For a gas to expand reversibly, the external pressure 
must be adjusted to match the internal pressure at each stage 
of the expansion. This matching is represented in th is illustra
tion by gradually unloading weights from the piston as the 
piston is raised and the internal pressure falls . The procedure 
results in the extraction of the maximum possible work of 
expansion. 

then pV = nRTcan be used in the form p = nRTIV It follows 

that for the reversible expansion of a perfect gas 

lv, nRT 
W=- --dV 

~ v 

Step 4: Impose the condition that the expansion is iso
thermal 

In general, the temperature might change as the gas ex
pands, so in general T depends on the volume V For iso

thermal expansion, however, the temperature is held 

constant and n, R, and Tcan all be taken outside the integral. 

It fol lows that for the isothermal reversible expansion of a 
perfect gas 

lntegraiA2 
,---"'----, 

l v, 1 II. 
w = -nRT -dV = -nRT ln...l. 

~ v v; 

which is eqn 2. The interpretation of eqn 2 as an area follows 
from the fact, as explained in The chemist's toolkit 8, that a 

definite integral is equal to the area beneath a graph of the 

function lying between the two limits of the integral. 

A note on good practice Introduce land keep note of) the 
restrictions lin th is case, in succession: reversible process, 
perfect gas, isothermal) on ly as they prove necessary, as you 
might be able to use an intermediate formula without needing 
to restrict it in the way that was necessary to achieve the final 
expression. 

Equation 2 appears in various disguises throughout 
this text. Once again, it is important to be able to in
terpret it rather than just remember it: 
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• In an expansion Vf > V;, so V/V; > 1 and the 
logarithm is positive (In x > 0 if x > 1). There
fore, in an expansion, w is negative. That is 6 
what we should expect: energy leaves the sys- ·~ 

~ tern as the system does expansion work. a. 

Cii .... 
c: 

• For a given change in volume, more work is 
done the higher the temperature of the con
fined gas (Fig. 8). That is also what we should ~ 

expect: at high temperatures, the pressure of -~ 
the gas is high, so a high external pressure ct 
must be used, corresponding to a stronger op
posing force, to match the internal pressure at 
each stage. 

Brief illustration 2A.1 The work of reversible isothermal 

expansion 

The work done when 1.0 mol Arlg) confined in a cylinder of 

volume 1.0 dm3 at 25 °C expands isothermally and reversib ly 

to 2.0 dm3 is 

Vr!V; 

~ R ,......L_, ~ 
w =-11.0 mol)x l8.3145 JK-1 mol-1)xl298 K) ln---

3 1.0dm 

=-1.7x103 J=-1 .7 kJ 

Self-test 2A.2 

Calculate the work done when 20 g of nitrogen gas is com

pressed reversibly from 2.0 dm3 to 1.0 dm3 at 25 °C. 

5 

~04 

~ 

Answer: + 1.2 kJ 

I 31---+----;r"-7"'- :i~--+=-~--1-=~ 
.,; 
0 
:5:2 

3 4 5 6 
Volume ratio, V11Vj 

Fig. 8 The work of reversible, isothermal expansion of a per
fect gas. Note that for a given change of volume and fixed 
amount of gas, the work is greater the higher the tempera
ture. T0 is arbitrary but the same for all the curves; the work 
has been calculated for temperatures ranging from T0 to 3 T0. 
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Checklist of key concepts 

01 The universe is divided into the system and its sur

roundings. 

0 2 A system is classified as open , closed, or isolated . 

03 The surroundings remain at constant temperature 

and at constant volume and constant pressure 

when processes occur in the system. 

0 4 Maximum work is achieved in a reversible change. 



TOPIC 28 

Heat 

>- Why do you need to know this 
material? 

Heat is a second way of transferring energy 
into or out of a system and accompanies many 
physical and chemical processes. Together with 
work, it plays a central role in the formulation of 
thermodynamics . 

>- What is the key idea? 

Heat is the transfer of energy as a result of a tem
perature difference. 

>- What do you need to know already? 

You need to be familiar with the concept of en
ergy (The chemist's toolkit 7 in Topic 2A) and be 
aware of the expression for the work of revers
ible expansion of a perfect gas (Topic 2A). At one 
point the argument uses the fact that, in a perfect 
gas, the mean speed of the molecules depends on 
the temperature (Topic 1B). 

'Heating' is the process of transferring energy as a 
result of a temperature difference between the system 
and its surroundings. It may occur by conduction, 
when the system is in direct thermal contact with the 
surroundings, or by radiation, when energy is trans
mitted as electromagnetic radiation (typically in the 
infrared region of the spectrum). To avoid a lot of 
awkward language, it is common to say that 'energy 
is transferred as heat' when energy is transferred as 
a result of a temperature difference. However, you 
should always remember that 'heat', like work, is a 
mode of transfer of energy, not a form of energy. 

28.1 Conventions 

The same sign convention as for work is used for 
energy transferred as heat but with q in place of w 
(Topic 2A). Thus, q = - 100 J if 100 J of energy leaves 
the system as heat, so reducing the energy of the sys
tem, and q = +100 J if 100 J of energy enters the sys
tem as heat. 

Walls that permit heating as a mode of transfer 
of energy are called diathermic (Fig. 1) . An ordinary 
metal container is diathermic. Walls that do not 
permit heating even though there is a difference in 
temperature are called adiabatic (from the Greek 
words for 'not passing through'). The double walls 
of a vacuum flask are adiabatic to a good approxi
mation. 

Fig. 1 (a) A diathermic w all permits the passage of energy as 
heat; (b) an adiabat ic wa ll does not. even if t here is a tempera
ture difference across the w all. 
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Surroundings 

System 

Fig. 2 Heat is the transfer of energy that causes or utilizes 
random motion in the surroundings. When energy leaves 
the system. it generates random motion in the surroundings 
(shown magnified). 

There are two kinds of process: 

• An exothermic process in a diathermic con
tainer releases energy as heat into the surround
ings. 

• An endothermic process in a diathermic con
tainer absorbs energy as heat from the surround
ings. 

All combustion reactions are exothermic. Endo
thermic reactions are much less common. The 
endothermic dissolution of ammonium nitrate 
in water is the basis of the instant coldpacks that 
are included in some first-aid kits. They consist of 
a plastic envelope containing water dyed blue (for 
psychological reasons) and a small tube of ammo
nium nitrate, which is broken when the pack is to 
be used. 

As for work (Topic 2A), a molecular interpret
ation provides insight into the nature of heat. When 
energy is transferred as heat to the surroundings, 
the latter's atoms and molecules oscillate more vig
orously around their positions or move more rap
idly from place to place. The key point is that the 
motion stimulated by the arrival of energy from the 
system as heat is random. This observation suggests 
that 

Heat is the mode of transfer of energy that achieves 
or utilizes random atomic or molecular motion in 
the surroundings (Fig. 2). 

A fuel burning, for example, generates disorderly 
molecular motion in its vicinity. 

28.2 Heat capacity 

The temperature of a system typically rises when 
energy is transferred to it as heat. 1 For a specified 
energy, q, transferred by heating, the resulting tem
perature change, l'lT, depends on the heat capacity, 
C, of the substance: 

C=_g_ 
l'lT 

Heat capacity 
[definition] 

(1) 

It follows that there is a simple way of measuring the 
heat absorbed or released by a system: measure the 
resulting temperature change and then use the appro
priate value of the heat capacity of the system and 
eqn 1 rearranged into 

q=CI'lT (2) 

: Brief illustration 2B.1 The energy transferred by heating 

: If the heat capacity of a beaker of water has the constant value 
; 0.50 kJ K-1

• and a temperature rise of 4.0 K is observed. the 

; heat transferred to the water is 

q= (0.50 kJ K-1
) x (4.0 K) =+2.0 kJ 

: : Self-test 2B.1 .. 
; ; The heat capacity of a 1.00 kg block of iron is 4.49 kJ K-1

. 

; ; What is the value of q when the block cools from 30 octo 
: : 20 oc? .. . . Answer: - 45 kJ 

The heat capacity is an extensive property: 2 kg 
of iron has twice the heat capacity of 1 kg of iron, so 
twice as much heat is required to raise its temperature 
by a given amount. It is more convenient to report 
the heat capacity of a substance as an intensive prop
erty (a property that is independent of the amount of 
substance in the sample). We therefore use either the 
specific heat capacity, C, the heat capacity divided 
by the mass of the sample (C, = Clm, in joules per 
kelvin per kilogram, J K-1 kg-1

; more commonly in 
practice as J K-1 g-1

) or the molar heat capacity, 
em, the heat capacity divided by the amount of sub
stance (Cm = Cln, in joules per kelvin per mole, J K-1 

mol-1). In common usage, the specific heat capacity 
is often called the specific heat. To obtain the heat 
capacity of a sample of known mass or that contains 

1 We say 'typically' because in certain cases the temperature does 
not rise: the temperature of boiling water, for instance, remains un
changed as energy is supplied as heat (Topic 2D). 



Table2B.1 

Heat capacities of common materials 

Substance Heat capacity 

Specific, Cp_, l Molar, Cp,m 1 
(J K-1 g-1) (J K-1 mol-1)* 

····················· ·· ····· ······· ········ ··· 
Air 1.01 

Benzene, C6H6(1) 1.05 

Brass (Cu/Zn) 0.37 

Copper, Cu(s) 0.38 

Ethanol, C2H50 H(I) 2.42 

Glass (Pyrex) 0.78 

Granite 0.80 

Marble 0.84 

Polyethylene 2.3 

Stainless steel 0.51 

Water, H20(s) 2.03 

H20 (I) 4.1 8 

H20( g) 2.01 

29 

136.1 

24.44 

111.46 

37 

75.29 

33.58 

• Molar heat capacit ies are given only for air and well-defined 
pure substances; see also the Resource section. 

a known amount of substance, use these definitions 
in the form C = mC, or C = nCm, respectively. 

The heat capacity of a substance depends on 
whether the sample is maintained at constant volume 
(like a gas in a sealed, rigid vessel) as it is heated, or 
whether the sample is maintained at constant pressure 
(like water in an open container), and free to change 
its volume. The latter is a more common arrange
ment, and the values given in Table 2B.l are for the 
heat capacity at constant pressure, CP. The heat 
capacity at constant volume is denoted Cv. The re
spective molar values are denoted Cp,m and Cv,m· 

Calculating a temperature change from t he heat 

capacity 

Suppose a lO kW kettle contains lO kg of water and is turned 

on for 100 s. By how much does the temperatu re of the water 

change if all the heat is transferred to the water? 

Collect your thoughts You can 

suppose init ial ly that the water is 

not heated so much that it boils, 

but you w ill have to verify that 

once the calculation has been car

ried out The ca lculation hinges on 

being able to use the data to cal

culate the energy supplied to the 
Energy supplied 

as heat 
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water as heat, and then to convert that resu lt into a tempera

ture rise by using the heat capacity. To calcu late the energy 

supplied as heat to the water in the kettle from the power P (in 

watts; 1 W = 1 J s-' 1 and the time interval M (in seconds) use 

q = PM. The temperature change t;. Tis then found by using 

eqn 1, written as t;. T = q/CP = q/nCp,m• where n = m/M is the 

amount of substance in the kettle (the amount, in moles, of 

H20 molecules, in this case) and Cp,m is the constant-pressure 

molar heat capacity of water. 

The solution The energy supplied as heat to l O kg of water, 

q= PM, is 

q= (lO kW) x (100 s) =(lOx 103 J s-1
) x (100 s) 

=+lOx 105 J 

From m = lO kg and M = 18.0 g mol-1 the amount of H20 

molecules present, n = m/M, is 

n= 1.0x
103 

g = 55.5 ... mol 
18.0 g mol ' 

Now use Cp,m = 75 J K-1 mol-1 for the constant-pressure molar 

heat capacity of liqu id water (Table 2B. 11 to calculate the tem

perature change: 

t;.T=-q-= 1.0x10s J +24 K 
nCp,m (55.5." .. mol)x(75 J K 1 mol 1

) 

c,,.. 

Comment Providing the init ial temperature of the water was 

below 76 °C, the rise in temperature does not resu lt in boiling, 

as was supposed initially. 

: Self-test 28.2 

: What energy as heat is needed to increase the temperature 

: of 250 g of water by 40 °C? 

Answer: q = +42 kJ 

28.3 Calorimetry 

One way to measure the energy transferred as heat 
in a process is to use a calorimeter, which consists 
of a container in which the reaction or physical pro
cess occurs, a thermometer, and a surrounding water 
bath. The entire assembly is insulated from the rest of 
the world. The principle of a calorimeter is to use the 
rise in temperature to determine the energy released 
as heat by the process occurring inside it. To inter
pret the rise in temperature, the calorimeter must first 
be calibrated by comparing the observed change in 
temperature with a change in temperature brought 
about by the transfer of a known quantity of energy 
as heat. One procedure is to heat the calorimeter 
electrically by passing a known current for a meas
ured time through a heater, and record the increase in 
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The chemist's toolkit 9 Electrical charge, current, 
power, and energy 

Electrical charge, 0, is measured in coulombs, C. The 
elementary charge, e, the magnitude of charge carried by 
a single electron or proton, is approximately 1.6 x 10-'9 C. 
The motion of charge gives rise to an electric current, I, 
measured in coulombs per second, or amperes, A. where 
1 A= 1 C s-1

• If the electric charge is that of electrons (as it is 
for the current in a metal). then a current of 1 A represents 
the flow of 6 x 1019 electrons (10 11mol e-) per second. 

Power, P, is the rate of supply of energy and is measured 
in watts, W, with 1 W = 1 J s-1• When a current I flows 
through a potential difference o/(measured in volts, V, with 
1 V = 1 J A-1

), the power, P, is 

P= I'll 

It fo llows that if a constant cu rrent f lows for a period l!.t 

the energy suppl ied is 

E= PM= lo/!J.t 

Because 1 A V s = 1 (C s-1
) V s = 1 C V = 1 J, the energy 

is obtained in joules with the current in amperes, the po
tential difference in volts, and the time in seconds. That 
energy may be supplied as either work (to drive a motor) 
or as heat (through a 'heater'). In the latter case 

q= lo/!J.t 

temperature. The energy provided electrically to the 
calorimeter, qcab is (The chemist's toolkit 9) 

(3) 

where I is the current (in amperes, A), 'Vis the poten
tial difference of the supply (in volts, V), and M is the 
time (in seconds, s) for which the current flows. 

Brief illustration 28.2 Electrical heating 

If a current of 10.0 A from a 12 V supply is passed th rough 
a heater for 300 s, then the energy supplied as heat to the 
calorimeter is 

1 AVs = 1 J 

q"' =110.0 A)x(12 V)x(300 s)=3.6x104 AvS =+36 kJ 

: Self-test 28.3 . 
; For how long must the same current be passed for the en-

• : ergy t ransferred to reach + 100 kJ? 
: : .. Answer: 13 min 53 s 

The observed rise in temperature is used to calcu
late the heat capacity of the calorimeter (which in this 
context is also called the calorimeter constant) from 

eqn 1. This heat capacity can then be used to interpret 
a temperature rise due to a reaction in terms of the 
heat released or absorbed. An alternative procedure 
is to calibrate the calorimeter by using a reaction of 
known heat output, such as the combustion of ben
zoic acid (C6H5COOH), for which the heat output is 
3227 kJ per mole of C6H 5COOH consumed. 

'h'"!.!t'J:f) 
Calibrating a calorimeter and measuring heat output 

In an experiment to measure the heat released by the com· 
bust ion of a sample of nutrient, the compound was burned 
in a calorimeter and the temperature rose by 3 .22 °C (the 
same as 3.22 K, because degrees Celsius are the same size 
as kelvins). When a current of 1.23 A from a 12.0 V source 
flows through a heater in the same ca lorimeter for 156 s, 
the temperature rose by 4.47 oc (which can be interpreted 
as 4.47 K). What is the heat output of the combustion 
react ion? 

Collect your thoughts You need 
to know the calorimeter constant 
in order to convert the observed 
temperature rise in the combus
tion reaction to a heat output by 

using q"' = c,~ Tand noting that q= 
-q"' (the calorimeter gains the en· 

• ergy that the reaction loses). That 
constant can be obtained from 
the data on electrical heating by 
using eqn 3, q,., = lo/!!.t, and the re lation 1 A V s = 1 J. 

The solution The heat supplied during the calibration step is 

q" 1= lffit= (1.23 A) x (12.0V) x (156 s) = 1.23 x 12.0 x 156 AV s 
= 1.23 X 12.0 X 156 J = 2.30 ... kJ 

The heat capacity of the calorimeter, the calorimeter con· 
stant, is therefore 

C = q"' = 2.30 ... kJ = 2.30 ... kJ K_, = 0.515 .. kJ K-' 
fl. T 4.47 K 4.47 

Given the observed rise in temperature as a result of the com
bustion as 3.22 K, the energy t ransferred as heat is 

q=-C!'.T=-10.515 .. kJ K-1)x(3.22 K)=-1.66 kJ 

: Self-test 28.4 

; In an experiment to measure the heat released by the com
; bustion of a sample of fuel, the compound was burned in an 
: oxygen atmosphere inside a calorimeter and the tempera· 
; ture rose by 2. 78 °C. When a cu rrent of 1.12 A from an 11.5 V 
; source passed through a heater in the same ca lorimeter for 
: 162 s, the temperatu re rose by 5. 11 oc. What is q for the 
; combustion reaction? 

Answer: q = - 1.1 kJ 



28.4 Heat influx during expansion 

In certain cases, the value of q can be related to the 
change in volume of a system. The simplest case is 
that of a perfect gas undergoing isothermal expan
sion when there is a simple relation between the 
work done on expansion and the energy that flows 
in as heat to maintain a constant temperature. The 
key point is that because the temperature of the gas 
is the same at the end of the expansion as it was ini
tially, the mean speed of the molecules of the gas, 
and therefore their total kinetic energy, is the same 
before and after the expansion (Topic lB). But for a 
perfect gas, the only contribution to the energy is the 
kinetic energy of the molecules, so it follows that the 
total energy of the gas is the same before and after 
the expansion. Energy has left the system as work, 
w; therefore, a compensating amount of energy must 
have entered the system as heat, which implies that 

q=-w Relation between heat and work 
!perfect gas. constant 7l (4) 

Brief illustration 28.3 The heating accompanying expansion 

If it is found that w=-100J for a particular expansion (meaning 
that 100 J of energy has left the system as a result of the sys
tem doing work), then q= -(-100 J) = + 100 J (that is, 100 J of 
energy must enter as heat). 

Checklist of key concepts 

D 1 Heat is a mode of transfer of energy that makes use 

of a temperature difference. 

D 2 Diathermic walls permit the transfer of energy as 

heat; adiabatic walls do not. 

D 3 The transfer of energy as heat makes use of the 

random motion of atoms and molecules in the sur

roundings. 

D 4 An exothermic process releases energy as heat; an 

endothermic process absorbs energy as heat. 
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Self-test 28.5 

What influx of energy as heat accompanies the free expan
sion of a perfect gas? 

Answer: As w = 0, then q= 0 

If the isothermal expansion is carried out revers
ibly, the work done is given by eqn 2 of Topic 2A (w 
= -nRTln(VriVJ), and then 

v: 
q=nRT1n ...l. v. 

Heat transfer during reversible 
expansion (perfect gas. constant Tl 

This expression is interpreted as follows: 

• When Vr > V;, as in an expansion, the loga
rithm is positive and q > 0, as expected: energy 
flows as heat into the system to make up for 
the energy lost as work. 

• The greater the ratio of the final and initial 
volumes, the greater the work that is done, 
and the greater the influx of energy needed as 
heat. 

(5) 

co 
u 

• The higher the temperature, the greater the -~ 
quantity of energy as heat that must enter for it 
a given change in volume: more work is done 
at a higher temperature, so more energy must 
enter as heat to make up for the energy lost. 

D 5 The heat capacity of a system relates the energy 

supplied as heat to the change in temperature of a 

system. 

D 6 A calorimeter is a device used to measure the heat 

output of a process. 

D 7 In the isothermal expansion of a perfect gas, the 

energy lost as work is replenished by an influx of 

energy as heat. 



TOPIC 2C 

Internal energy 

>- Why do you need to know this 
material? 

Energy is central to all discussions of chemistry 
and it is essential to know how it can be meas
ured and changes monitored. 

>- What is the key idea? 

The internal energy of an isolated system is con
stant; the change in internal energy is equal to 
the energy transferred at constant volume. 

>- What do you need to know already? 

You need to be aware of the definitions of work 
and heat (Topics 2A and 2B) and how they are 
related to changes in volume and temperature; 
this Topic refines the definition of heat capacity 
introduced in Topic 2B. You need to know the 
fact established in Topic 2B that the total energy 
of a perfect gas is unchanged when it expands 
isothermally. 

Heat and work are equivalent ways of transferring 
energy into or out of a system in the sense that once 
the energy is inside, it is stored simply as 'energy'. Re
gardless of how the energy was supplied, as work or 
as heat, it can be released in either form. In this Topic 
this equivalence of heat and work is explored in 
more detail. 

2c.1 The internal energy 

The internal energy is the grand total energy of the 
system, the sum of all the kinetic and potential con
tributions to the energy of all the atoms, ions, and 

molecules in the system. It has a value that depends 
on the temperature and, in general, the pressure. The 
internal energy is an extensive property because 2 kg 
of iron at a given temperature and pressure, for in
stance, has twice the internal energy of 1 kg of iron 
under the same conditions. The molar internal en
ergy, Urn= Uln, the internal energy per mole of atoms 
or molecules, is an intensive property. 

In practice, the total energy of a sample is not 
known because it includes the kinetic and potential 
energies of all the electrons and all the components of 
the atomic nuclei. Nevertheless, there is no problem 
with dealing with the changes in internal energy, tl.U, 
because those changes can be determined by meas
uring the energy supplied or lost as heat or as work. 
All practical applications of thermodynamics deal 
with tl.U, not with U itself. A change in internal en
ergy is written 

tl.U=w+q 
Change in internal energy 
in terms of work and heat (1) 

where w is the energy transferred to the system by 
doing work (Topic 2A) and q the energy transferred 
to it by heating (Topic 2B). 

A note on good practice Write JlU for the change in internal 
energy because it is the difference between the final and initial 
values. You should not write ilq or Jlw because it is meaning
less to refer to a 'difference of heat' or a 'difference of work' : 
q and ware the quantities of energy transferred as heat and 
work, respectively, that result in the change JlU. 

Brief illustration 2C.1 Changes in internal energy 

When a system releases 10 kJ of energy into the surround
ings by doing work (that is, when w = -10 kJ), the internal 
energy of the system decreases by 10 kJ, and JlU = -10 kJ. 
The minus sign signifies the reduction in internal energy that 
has occurred. If the system loses 20 kJ of energy by heating 
its surround ings (so q= -20 kJ), w rite JlU = -20 kJ . If the sys
tem loses 10 kJ as work and20 kJ as heat, as in an inefficient 
internal combustion engine, the internal energy falls by a total 
of 30 kJ, and JlU = -30 kJ. 



Self-test 2C.1 

What is the value of t.U when (a) 10 kJ of work is done on 

a system (w= + 10 kJ) and (b) 15 kJ of energy is supplied to 

a system that does 10 kJ of work? 
Answer: (a) 8U ~ + 10 kJ, (b) 8U ~ +5 kJ 

A note on good practice Notice that AU always carries a 
sign explicitly, even if it is positive: never write AU~ 20 kJ, for 
instance, but always +20 kJ. 

It is established in Topic 2B that for the isothermal 
expansion of a perfect gas, the energy lost as work 
done is balanced by the influx of energy as heat: q = 

-w.lt follows from eqn 1 that in this case 

t.U=O 
Change of internal energy on 
expansion (perfect gas, constant Tl (2) 

In other words, the internal energy of a sample of 
perfect gas at a given temperature is independent 
of the volume it occupies. There are no interactions 
between the molecules, so the total energy is inde
pendent of their average separation. 

2C.2 The internal energy as a 
state function 

An important characteristic of the internal energy is 
that it is a state function, a physical property that 
depends only on the present state of the system and 
is independent of the path by which that state was 
reached. A state function is very much like altitude: 
each point on the surface of the Earth can be specified 
by quoting its latitude and longitude, and (on land 
areas, at least) there is a unique property, the altitude, 
that has a fixed value at that point. Regardless of the 
path taken to arrive at the point with a specific lati
tude and longitude, the value of the altitude is always 
the same at that point (Fig. 1 ). In thermodynamics, 
the role of latitude and longitude is played by the 
pressure and temperature (and any other variables 
needed to specify the state of the system), and the 
internal energy plays the role of the altitude, with 
a single, fixed value for each state of the system, re
gardless of the changes in pressure and temperature 
(and any other variables) that brought the system to 
that state. An important consequence of U being a 
state function is that it is unchanged in a cyclic pro
cess, a series of changes that brings the system back 
to its initial state. 
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Final 

Fig. 1 The curved sheet shows how a property (e.g. the alt i
tude) changes as two variables (e.g. latitude and longitude) 
are changed. The altitude is a state property, because it de
pends only on the current state of the system. The change in 
the va lue of a state property is independent of the path be
tween the two states. For example, the difference in altitude 
between the initia l and final states shown in the diagram is the 
same whatever path (as depicted by the red and green lines) 
is used to travel between them. 

The fact that U is a state function implies that a 
change, t.U, in the internal energy depends only upon 
the initial and final states of a system. Once again, 
the altitude is a helpful analogy. If you climb a moun
tain between two fixed points, you undergo the same 
change in altitude regardless of the path taken be
tween the two points. Likewise, if a sample of gas 
is compressed until it reaches a certain pressure and 
then cooled to a certain temperature, the change 
in internal energy has a particular value. If, on the 
other hand, the temperature is changed followed by 
a change in pressure (but ensure that the two final 
values are the same as in the first experiment), then 
the overall change in internal energy is exactly the 
same as before. 

2C.3 Changes in the internal 
energy 

Now consider an isolated system. Because an isolated 
system can neither do work nor heat its surroundings 
(or acquire energy by either process), it follows that 
its internal energy cannot change. That is, 

The internal energy of an isolated system is con
stant. 

This statement is the First Law of thermodynamics. 
It is closely related to the law of conservation of en
ergy in classical mechanics, but allows for transfers 
of energy as heat as well as by doing work. 
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The experimental evidence for the First Law is 
the impossibility of making a 'perpetual motion 
machine', a device for producing work without 
consuming fuel. No device has ever been made that 
creates internal energy to replace the energy drawn 
off as work. Energy cannot be extracted as work, the 
system left isolated for some time, and the internal 
energy be found to be restored to its original value. 

The definition of t.U in terms of w and q points to 
a very simple method for measuring the change in in
ternal energy of a system when a reaction takes place. 
In Topic 2A it is established that the work done by a 
system when it pushes against a fixed external pres
sure is proportional to the change in volume (eqn 1a 
in Topic 2A: w = -p"t. V). Therefore, if a reaction is 
carried out in a container of constant volume, the sys
tem can do no expansion work. Provided it can do no 
other kind of work (so-called 'non-expansion work', 
such as electrical work), w = 0. Then eqn 1 simplifies to 

l'.U=q Internal energy change 
[constant V, no non-expansion work[ 

This relation is commonly written 

t.U=qv 

(3a) 

(3b) 

The subscript V signifies that the volume of the sys
tem is constant. It follows that to measure a change 
in internal energy, a calorimeter should be used that 
has a fixed volume then to note whether the energy 
is released as heat (qv < 0) or is supplied as heat (qv 
> 0). A bomb calorimeter is an example of such a 
constant-volume calorimeter. It consists of a sturdy, 
sealed, constant-volume vessel in which the reaction 
takes place and a surrounding water bath (Fig. 2). To 

Bomb 

Oxygen 
under 

Water 

Firing 

Sample 

Fig. 2 A constant-volume bomb calorimeter. The 'bomb' is 
the central, sturdy vessel, which is strong enough to w ith
stand moderately high pressures. The ca lorimeter is the entire 
assembly shown here. To ensure that no heat escapes into the 
surroundings, the calorimeter may be immersed in a water 
bath w ith a temperatu re that is continuously adjusted to that 
of the ca lorimeter at each stage of the combustion. 

ensure that no heat escapes unnoticed from the cal
orimeter, it is immersed in a water bath with a tem
perature continuously adjusted to match the rising 
temperature of the calorimeter. The fact that the tem
perature of the bath is the same as that of the cal
orimeter ensures that no heat flows from one to the 
other. That is, the arrangement is adiabatic. 

Equation 3 can be used to refine the definition of 
the heat capacity of a substance. The definition of 
heat capacity is given in eqn 1 of Topic 2B ( C = qlt.T). 
At constant volume, q may be replaced by the change 
in internal energy of the substance, so 

C _t.U 
v- t.T 

Constant-volume heat capacity 
[definition] (4a) 

The expression on the right is the slope of the graph of 
internal energy plotted against temperature, with the 
volume of the system held constant, so Cv expresses 
how the internal energy of a constant-volume system 
varies with temperature. If, as is generally the case, 
the graph of internal energy against temperature is 
not a straight line, Cv is interpreted as the slope of 
the tangent to the curve at the temperature of interest 
(Fig. 3). In mathematics, the slope of a function is its 
first derivative (The chemist's toolkit 5 in Topic 1 C), 
so a more sophisticated definition is 

dU 
Cv = - , at constant volume 

dT 
(4b) 

This expression is commonly written as a 'partial de
rivative', the derivative of a function calculated with 
one or more variables (in this case V) held constant: 

c =(au) 
v aT v 

t 
::;, 
:> 
"' Q; 
c 
Q) 

"' c 
Q; 
c 

(4c) 

Temperature, T-

Fig. 3 The constant-volume heat capacity is the slope of a 
curve showing how the internal energy varies with tempera
ture. The slope, and therefore the heat capacity, may be dif
ferent at different temperatures. 



The use of a ('curly d') in place of d itself in expres
sions like this one is just a convention and is used 
widely in thermodynamics. 

2C.4 The molecular basis of the 
internal energy 

As remarked in the panel on Energy, temperature, 
and chemistry at the front of this text, molecules 
occupy a range of states. At low temperatures, mol
ecules occupy only states of low energy; as the tem
perature increases, they occupy more of the higher 
energy states. The internal energy is the total energy 
of a system that takes into account the populations of 
the allowed states. At T = 0, only the lowest energy 
state is occupied and the sample has the correspond
ing energy. As the temperature is increased, molecules 
begin to occupy the upper states (in accord with the 
Boltzmann distribution of populations), and the in
ternal energy of the system rises accordingly. 

When the temperature is so high that many states 
are occupied (which occurs when kT >> ~e, where k 
is Boltzmann's constant and ~f is a typical energy sep
aration of the type of motion being considered) and 
the motion is nearly classical (that is, quantum effects 
can be ignored), it is possible to use the equipartition 
theorem to estimate the total internal energy rela
tive to its value at T = 0. The 'equipartition' part of its 
name refers to the concept of the energy being shared 
(partitioned) equally over all modes of motion of a 
molecule. Thus, rotation around an axis has the same 
average energy as translation along a coordinate, and 
so on. Then the theorem goes on to state the following: 

The average value of each quadratic contribution 
to the energy is tkT. 

A 'quadratic contribution' is one that depends on the 
square of a position or velocity, such as !mv; for the 
kinetic energy of a molecule due to its motion par
allel to the x-axis. Specifically: 

Mode of motion Classical Average 
expression energy 

Trans lation Jmv~ -JkT 
parallel to an axis q 

Rotation Jlcog -JkT 
around an axis q 

Vibration Jmvg+1kfq2 kT 

along an axis q 
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In the classical expressions (which you need only to 
identify the quadratic terms, in blue), m is the mass, 
v q a component of velocity, I is the moment of inertia, 
w the angular velocity, and k1 is the force constant (a 
measure of the stiffness of a vibrating bond). Vibra
tional energy levels of molecules rarely satisfy the cri
terion kT>> !'J.e, so the equipartition theorem should 
not be used for them. 

l#if!..l·ltf{il 
Using the equipartition theorem 

Estimate the contribution of motion to the molar internal en

ergy of nitrogen gas. 

Collect your thoughts You need 

to identify the modes of motion 
of a molecule and then count 

the number of quadratic con· 

tributions. Identify the average 

contribution of each one as -JkT. 
and then calculate the total contri· 

bution of N molecules. In the final 

stages of the calculation, use NAk= 
R, where NA is Avogadro's constant. 

The solution Each N2 molecule one can travel (translate) par

allel to the three perpendicular axes, so there are three trans

lational contributions -JkTto the internal energy, for a total of 
%kT. In addition, each molecule can rotate around two axes 
perpendicular to the molecular axis, so the rotational contri

bution of each one is -JkTfor a total of kTThe average energy 

arising from the motion of each molecule is therefore t kTand 

therefore the total internal energy of the sample is tNkT. With 
N= nNA (where NA is Avogadro's constant), this total energy is 

t nNAkT = tnRT. and therefore the molar internal energy due 
to motion is t RT. or 6.2 kJ mol-' at 25 oc. 

: Self-test 2C.2 

: What is the contribution of motion to the molar internal en
: ergy of gaseous H20 molecules (ignore vibration)? 

Answer: 3RT; 7.4 kJ mol·' at 25 oc 

You are now in a posltlon to estimate the heat 
capacities of gaseous samples. According to the equi
partition theorem, the motional contribution to the 
molar internal energy of a monatomic gas is fRT 
(there is only translation: atoms do not rotate). If the 
temperature is increased by ~T, the molar internal 
energy increases by ~Urn = fR~T. Therefore, ac
cording to eqn 4a, the molar heat capacity is simply 
Cv,m = fR, or 12.5 J K-1 mol-1

, in excellent agreement 
with the experimental value. 
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Checklist of key concepts 

0 1 The First Law of thennodynamics states that the 

internal energy of an isolated system is constant. 

0 2 The energy transferred as heat at constant volume 

is equal to the change in internal energy of the 

system. 

0 3 The constant-volume heat capacity is the slope of 

the plot of internal energy against the temperature. 

04 The equipartition theorem gives an estimate of 

the average energy of each mode of motion when 

many states are occupied. 



TOPIC 20 

Enthalpy 

~ Why do you need to know this 
material? 

One important branch of thermodynamics 
studies the heat output of chemical reactions: 
it makes extensive use of the property called 
enthalpy, which is introduced here. Enthalpy 
plays a role wherever processes taking place at 
constant pressure, a common condition in chem
istry, are studied. 

~ What is the key idea? 

Energy transferred as heat at constant pressure is 
equal to the change in enthalpy of a system. 

~ What do you need to know already? 

This Topic develops the property of internal en
ergy and the First Law and draws on the concept 
of state function (Topic 2C). Towards the end, 
it makes use of the definition of heat capacity 
introduced in Topic 2B. 

Much of chemistry takes place in vessels that are 
open to the atmosphere and subjected to constant 
pressure. In general, when a change takes place in 
a system open to the atmosphere, the volume of the 
system changes. For example, the thermal decom
position of 1.0 mol CaC03(s) at 1 atm results in an 
increase in volume of nearly 90 dm3 at 800 oc on ac
count of the carbon dioxide gas produced. To create 
this large volume for the carbon dioxide to occupy, 
the surrounding atmosphere must be pushed back 
(this point is made in Topic 2A). That is, the system 
must perform expansion work. Therefore, although 
a certain quantity of heat may be supplied to bring 
about the endothermic decomposition, the increase 

Fig. 1 The change in internal energy of a system that is free to 
expand or contract is not equa l to the energy supplied as heat 
because some energy may escape back into the surround ings 
as work. However, the change in enthalpy of the system under 
these cond it ions is equal to the energy supplied as heat. 

in internal energy of the system is not equal to the 
energy supplied as heat because some energy has 
been used to do work of expansion (Fig. 1). In other 
words, because the volume has increased, some of the 
energy supplied as heat to the system has leaked back 
into the surroundings as work. 

Another example is the oxidation of a fat, such as 
tristearin, to carbon dioxide in the body. The overall 
reactionis2 C57H 1100 6(s) + 163 0 2(g) ~ 114 C02(g) + 
110 H 20(1). In this exothermic reaction there is a net 
decrease in volume equivalent to the elimination of 
(163 -114) mol= 49 mol of gas molecules for every 
2 mol of tristearin molecules that react. The decrease 
in volume at 25 oc is about 600 cm3 for the consump
tion of 1 g of fat. Because the volume of the system 
decreases, the atmosphere does work on the system 
as the reaction proceeds. That is, energy is transferred 
to the system as it contracts. In effect, a weight has 
been lowered in the surroundings, so the surround
ings can do less work after the reaction has occurred. 
Some of their energy has been transferred into the 
system. For this reaction, the decrease in the internal 
energy of the system is less than the energy released 
as heat because some energy has been restored by 
doing work. 
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20.1 The definition of enthalpy 

The complication of having to take into account the 
work of expansion can be avoided by introducing a new 
property. The enthalpy, H, of a system is defined as 

H=U+pV Enthalpy 
[defin it ion[ 

(1) 

This expression applies to any system or individual 
substance: don't be misled by the 'p V' term into 
thinking that eqn 1 applies only to a perfect gas. 

Enthalpy is an extensive property. The molar 
enthalpy, Hm = Hln, of a substance, an intensive 
property, differs from the molar internal energy by 
an amount proportional to the molar volume, V m• of 
the substance: 

Molar enthalpy 
[definition[ 

For a perfect gasp V m = RT, and in this case 

Molar enthalpy 
[perfect gas] 

(2a) 

(2b) 

At 25 °C, RT = 2.5 kJ mol-l, so at that temperature 
the molar enthalpy of a perfect gas is greater than its 
molar internal energy by 2.5 kJ mol-1

• Because the 
molar volume of a solid or liquid is typically about 
1000 times less than that of a gas, the molar enthalpy 
of a solid or liquid is only about 2.5 J mol-1 (note: 
joules, not kilojoules) more than its molar internal 
energy, so the numerical difference is negligible. 

Although the enthalpy and internal energy of a 
sample have similar numerical values, the introduc
tion of the enthalpy has very important consequences 
in thermodynamics. A major point to notice is that 
because His defined in terms of state functions (U, p, 
and V), the enthalpy is a state function. The implica
tion is that the change in enthalpy, t.H, when a sys
tem changes from one state to another is independent 
of the path between the two states. 

20.2 Changes in enthalpy 

A change in enthalpy (the only quantity that can be 
measured in practice) arises from a change in the in
ternal energy and a change in the product p V: 

t.H=t.U+t.(pV) (3a) 

where t.(p V) = p1 V1 - PYi· If the change takes place 
at constant pressure p, the second term on the right 
simplifies to 

and in this case 

t.H=t.U+pt.V Enthalpy change 
[constant pi 

(3b) 

This important relation is widely used for processes 
occurring at constant pressure, such as chemical re
actions taking place in containers open to the atmos
phere. 

As shown in the following justification, the change 
in enthalpy of a system can be identified with the en
ergy transferred to it as heat at constant pressure: 

t.H=q Enthalpy change 
[constant p, no non-expansion work] 

(4a) 

This relation is commonly written 

(4b) 

The subscript p signifies that the pressure is held con
stant. 

Justification 20.1 

Heat transfers at constant pressure 

Consider a system open to the atmosphere so that its pres

sure p is constant and equa l to the externa l pressure p.,. From 

eqn 3b 

However, the change in internal energy is given by eqn 1 of 
Topic 2C (!J.U= w+ q) w ith w= -p.,!J.V(provided the system 
does no other kind of work). Therefore 

!J.U=-p,,.!J..V+q 

It follows that 

!J.H= (-p,,.!J..V+ q) + p.,!J.V= q 

which is eqn 4a. 

The result expressed by eqn 4, that at constant 
pressure, with no non-expansion work, the energy 
transferred by heating can be identified with a change 
in enthalpy of the system, is enormously powerful. 
It relates a quantity that can be measured (the en
ergy transferred as heat at constant pressure) to the 
change in a state function (the enthalpy). Dealing 
with state functions greatly extends the power of 
thermodynamic arguments, because it isn't necessary 
to worry about how to get from one state to another: 
all that matters are the initial and final states. 



Brief illustration 20.1 Enthalpy changes 

Equation 4 implies that if 10 kJ of energy is supplied as heat 
to a system that is free to change its volume at constant pres

sure, then the entha lpy of the system increases by 10 kJ re

gardless of how much energy enters or leaves by doing work, 

and I!.H=+ 10 kJ. On the other hand, if a reaction is exothermic 
and re leases 10 kJ of energy as heat when it occurs, then I!.H 
= -10 kJ regardless of how much work is done. These conclu

sions suppose that the system does no non-expansion work, 

so they do not apply to a react ion taking place in an electrical 
battery (an 'elect rochem ical cel l') . 

! Self-test 20.1 

: The combustion of 1 g of t ristearin ment ioned in the intro

! duction to this Topic releases 90 kJ of energy as heat into its 
! surround ings. Express th is resu lt in terms of the change in 

! enthalpy of the system . . Answer: l1H = - 90 kJ 

An endothermic reaction (q > 0) taking place at 
constant pressure results in an increase in enthalpy 
(L'l.H> 0) because energy enters the system as heat. On 
the other hand, an exothermic process (q < 0) taking 
place at constant pressure corresponds to a decrease 
in enthalpy (L'l.H < 0) because energy leaves the system 
as heat. In summary: 

• L'l.H > 0 signifies an endothermic process. 

• L'l.H < 0 signifies an exothermic process. 

All combustion reactions are exothermic and are ac
companied by a decrease in enthalpy. These relations 
are consistent with the name 'enthalpy', which is de
rived from the Greek words meaning 'heat inside': the 
'heat inside' the system is increased if the process is 
endothermic and absorbs energy as heat from the sur
roundings; it is decreased if the process is exothermic 
and releases energy as heat into the surroundings. 
However, never forget that heat does not actually 
'exist' inside: only energy exists in a system; heat is a 
means of recovering or increasing that energy. 

20.3 The temperature 
dependence of the enthalpy 

The enthalpy of a system increases when the temper
ature is increased (Fig. 2) . The change can be mea
sured by monitoring the energy that must be supplied 
as heat to raise the temperature when the sample is 
open to the atmosphere (or subjected to some other 
constant pressure). For instance, it is found that 25 kJ 
is needed to raise the temperature of 100 g of water 
from 20 octo 80 °C, so L'l.H ~ +25 kJ in this instance. 
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Enthalpy, H 

Internal energy, U 

Fig. 2 The entha lpy of a system increases as its temperature 
is ra ised. Note that the entha lpy is always greater than the in
terna l energy of the system, and that the difference increases 
w ith temperature . 

In Topic 2C it is explained how the constant-vol
ume heat capacity expresses how the internal energy 
changes at constant volume when the temperature 
is changed (Cv = L'l.U/L'l.T). Likewise, the constant
pressure heat capacity, CP, expresses how the en
thalpy of a system changes as its temperature is raised 
at constant pressure. To derive the relation, the defin
ition of heat capacity in eqn 1 of Topic 2B (C = qltJ.T) 
is combined with eqn 4 to give 

C =L'l.H 
P L'l.T 

Constant-pressure heat capacity 
I definition] 

(Sa) 

In the notation introduced at the end of Topic 2C, a 
more sophisticated way of writing this relation is 

cp =(~~)p (5b) 

That is, the constant-pressure heat capacity is the 
slope of a plot of enthalpy against temperature of a 
system kept at constant pressure (Fig. 3). 

The values of the constant-pressure heat capacity 
for a variety of materials at 298 K are given in the 
Resource section. Values at other temperatures not 
too different from room temperature are commonly 
estimated from the expression 

c 
Cp,m = a+bT + T 2 (6a) 

with values of the constants a, b, and c obtained by 
fitting this expression to experimental data. Some 
values of the constants are given in Table 2D.1 and a 
typical temperature variation is shown in Fig. 4. At 
very low temperatures, non-metallic solids are found 
to have heat capacities that are proportional to 'r: 

(6b) 
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Fig. 3 The heat capacity at constant pressure is the slope of 
the curve showing how the enthalpy varies w ith temperatu re; 
the heat capacity at constant volume is the correspond ing 
slope of the internal energy curve. Note that the heat capacity 
va ries w ith temperature (in general). and that CP is greater 
than Cv. 

where a is another constant (not the same as in eqn 
6a). 

Brief illustration 20.2 Temperature dependence of the 

entha lpy 

Provided the heat capacity of wate r is constant over the range 
of temperatures of interest (as suggested by eqn 6a. because 

b=O and c= 0). eqn 5 can be written as L'>H= Cpt> TThis relation 
means that when the temperature of 100 g of water (5.55 mol 

H20) is ra ised from 20 octo 80 oc (soL'> T = +60 K) at constant 

pressure. the entha lpy of the sample changes by 

L'>H= Cpt>T = nCp,mL'>T 
= (5.55 mol) x (75.29 J K-1 mol-1

) x (60 K) = +25 kJ 

: Self-test 20.2 

: What is the percentage change in the molar constant-pres
; sure heat capacity of graphite when the temperature is in

; creased from 20 octo 80 oc? Use eqn 6a. 

! Answer: +41 per cent 

Table20.1 

Temperature dependence of heat capacities* 

Substance 

H20(1) 

N, (g) 

Cu(s) 

NaCI(s) 

a/ (J K-1 mol-1) 

44.22 

75.29 

28.58 

22.64 

45.94 
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Fig. 4 The variation of heat capacity w ith temperature as ex
pressed by the empirica l formu la in eqn 6a. For th is plot the 
va lues for carbon dioxide and nit rogen have been used: the 
circles show the measured va lues at 298 K. 

Because the difference between the enthalpy and 
internal energy of a perfect gas depends in a very 
simple way on the temperature (eqn 2b), you should 
suspect that there is a simple relation between the 
heat capacities at constant volume and constant pres
sure. That is the case, and it is shown in the following 
Justification that 

Cp,m- Cv,m = R 

Justification 20.2 

Difference between the 
molar heat capacities 
(perfect gas] 

The relation between heat capacities 

(7) 

The molar internal energy and entha lpy of a perfect gas are 

related by eqn 2b IHm = Um + Rn which can be written as 
Hm - Um = RT When the temperature increases by L'> T. the 

molar entha lpy increases by L'>Hm and the molar internal 

energy increases by L'>Um. so 

b/ (J K-2 mol-1) d(J Kmol-1) 

8.79 X 10-3 -8.62 X 105 

0 0 

3.77 X 10-3 -5.0 X 104 

6.28 X 10-3 0 

16.32 X 10-3 0 

*The constants are for use in eqn 6a (Cp,m =a + bT +err') . Experimental values at 25 oc are listed in the Resource section. 



Now divide both sides by!'. T. which gives 

The first term on the left is the molar constant-pressure heat 

capacity, Cp, m and the second term is the molar constant
volume heat capacity, Cv,m · Therefore, this relation can be 
written as in eqn 7. 1 

Equation 7 shows that the molar heat capacity of 
a perfect gas is greater at constant pressure than at 

1For the thermodynamically precise derivation of this relation, see 
our Physical chemistry: thermodynamics, structure, and change 
(2014) . 

Checklist of key concepts 

D 1 The enthalpy of a system, a state function, is intro

duced in order to take energy changes arising from 

expansion work into account automatically. 

D 2 Energy transferred as heat transferred at constant 

pressure is equal to the change in enthalpy of the 

system. 
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constant volume. This difference is what you should 
expect. At constant volume, all the energy supplied 
as heat to the system remains inside and the tempera
ture rises accordingly. At constant pressure, though, 
some of the energy supplied as heat escapes back into 
the surroundings when the system expands and does 
work. As less energy remains in the system, the tem
perature does not rise as much, which corresponds to 
a greater heat capacity. The difference is significant for 
gases (for oxygen, C v,m = 20.8 J K-1 mol-t and Cp,m = 

29.1 J K-1 mol-1
), which undergo large changes of 

volume when heated, but is negligible for most solids 
and liquids under normal conditions, for they ex
pand much less and therefore lose less energy to the 
surroundings as work. 

D 3 The heat capacity at constant pressure is the 

slope of a graph of the enthalpy with respect to 

temperature. 



TOPIC 2E 

Physical change 

~ Why do you need to know this 
material? 

To assess the energy changes in chemical reac
tions it is necessary to identify and combine the 
changes that accompany the various changes 
that contribute to the overall process, some 
of which are physical changes. The concept of 
'standard state', which is introduced here, is an 
important feature of thermodynamics, and oc
curs throughout its applications. 

~ What is the key idea? 

Enthalpy changes for individual steps may be 
added together to obtain the enthalpy change for 
the overall process. 

~ What do you need to know already? 

This Topic is based on two features of enthalpy 
introduced in Topic 2D: a change in enthalpy can 
be identified with the heat supplied at constant 
pressure and enthalpy is a state function. The 
Topic makes use of elementary ideas about 
atomic structure. 

The numerical value of a thermodynamic property 
depends on the conditions, such as the states of the 
substances involved, the pressure, and the tempera
ture. Chemists have therefore found it convenient to 
report their data for a set of standard conditions at 
the temperature of their choice: 

The standard state of a substance is the pure sub
stance at exactly 1 bar. 

(1 bar= 105 Pa.) The standard state is denoted by 
the superscript e on the symbol for the property, as in 
H; for the standard molar enthalpy of a substance and 

pe for the standard pressure of 1 bar. For example, the 
standard state of hydrogen gas is the pure gas at 1 bar 
and the standard state of solid calcium carbonate is 
the pure solid at 1 bar, with either the calcite or ara
gonite form specified. The physical state needs to be 
specified because we can speak of the standard states 
of the solid, liquid, and vapour forms of water, for in
stance, which are the pure solid, the pure liquid, and 
the pure vapour, respectively, at 1 bar in each case. 

In older texts you might come across a standard 
state defined for 1 atm (101.325 kPa) in place of 
1 bar. That is the old convention. In most cases, data 
for 1 atm differ only a little from data for 1 bar. You 
might also come across standard states defined as re
ferring to 298.15 K. That is incorrect: temperature 
is not a part of the definition of standard state, and 
standard states may refer to any temperature (but it 
should be specified). Thus, it is possible to speak of 
the standard state of water vapour at 100 K, 273.15 K, 
or any other temperature. It is common, though, for 
data to be reported at the so-called 'conventional 
temperature' of 298.15 K (25.00 °C}, and from now 
on, unless specified otherwise, all data will be for that 
temperature. For simplicity, we shall often refer to 
298.15 K as '25 °C'. Finally, a standard state need 
not be a stable state and need not be realizable in 
practice. Thus, the standard state of water vapour at 
25 oc is the vapour at 1 bar, but water vapour at that 
temperature and pressure would immediately con
dense to liquid water. 

2E.1 The enthalpy of phase 
transition 

A phase is a specific state of matter that is uniform 
throughout in composition and physical state. The 
liquid and vapour states of water are two of its 
phases. The term 'phase' is more specific than 'physi
cal state' of matter because a substance may exist 



in more than one solid form, each one of which is a 
solid phase. Thus, the element sulfur may exist as a 
solid. However, as a solid it may be found as rhom
bic sulfur or as monoclinic sulfur; these two solid 
phases differ in the manner in which the crown-like 
58 molecules stack together. No substance has more 
than one gaseous phase, so 'gas phase' and 'gaseous 
state' are effectively synonyms. The only substance 
known to exist in more than one liquid phase is 
helium. Many substances exist in a variety of solid 
phases. Carbon, for instance, exists as graphite, 
diamond, and a variety of forms based on fullerene 
structures; calcium carbonate exists as calcite and 
aragonite; there are at least twelve forms of ice; one 
more was discovered in 2006. 

The conversion of one phase of a substance to 
another phase is called a phase transition. Thus, 
vaporization (liquid ~gas) is a phase transition, as 
is a transition between solid phases (such as rhombic 
sulfur ~ monoclinic sulfur). Most phase transitions 
are accompanied by a change of enthalpy because 
the rearrangement of atoms or molecules usually re
quires or releases energy. 'Evaporation' is virtually 
synonymous with vaporization, but commonly de
notes vaporization that continues until all the liquid 
has disappeared. 

The vaporization of a liquid, such as the conver
sion of liquid water to water vapour when a pool of 
water evaporates at 20 oc or water in a kettle boils at 
100 oc is an endothermic process (L'lH > 0), because 
heat must be supplied to bring about the change. At 

Table2E.1 
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a molecular level, molecules are being driven apart 
from the grip they exert on one another, and this 
process requires energy. One of the body's strategies 
for maintaining its temperature at about 37 oc is to 
use the endothermic character of the vaporization of 
water, because the evaporation of perspiration re
quires heat and withdraws it from the skin. 

The energy that must be supplied as heat at con
stant pressure per mole of molecules that are vapor
ized under standard conditions (that is, pure liquid 
at 1 bar changing to pure vapour at 1 bar) is called 
the standard enthalpy of vaporization of the li
quid, and is denoted L'l,.PF (Table 2£.1). For ex
ample, 44 kJ of heat is required to vaporize 1 mol 
H20(1) at 1 bar and 25 oc, so L'l,.PH " = 44 kJ mol-1

• 

All enthalpies of vaporization are positive, so the 
sign is not normally given. Alternatively, the same 
information can be reported by writing the thermo
chemical equation 

H 20(1) ~ H 20(g) L'lF = +44 kJ 

A thermochemical equation shows the standard en
thalpy change (including the sign) that accompan
ies the conversion of an amount of reactant equal 
to its stoichiometric coefficient in the accompanying 
chemical equation (in this case, 1 mol H20). If the 
stoichiometric coefficients in the chemical equation 
are multiplied through by 2, then the thermochemi
cal equation would be written 

Standard entha/pies of transition at the transition temperature* 

Substance Freezing point, 7; /K 

.............. ... . 
Ammon ia, NH3 195.3 

Argon,Ar 83.8 

Benzene, C6H6 278.7 

Ethanol, C2H50H 158.7 

Helium, He 3.5 

Mercury, Hg 234.3 

Methane, CH4 90.7 

Methanol, CH30H 175.5 

Propanone, CH3COCH3 177.8 

Water, H20 273.15 

~,H"i(kJ mol-' ) 

........ ... ... ... . 
5.65 

1.2 

9.87 

4.60 

0.02 

2.292 

0.94 

3.16 

5.72 

6.01 

Boiling point, Tb/K 

........... ... ... . 
239.7 

87.3 

353.3 

351.5 

4.22 

629.7 

111.7 

337.2 

329.4 

373.2 

23.4 

6.5 

30.8 

43.5 

0.08 

59.30 

8.2 

35.3 

29.1 

40.7 

• For va lues at 298.15 K, use the information in the Resource section. The transit ion temperatures are for 1 atm, but (except for very precise 
work) the values at 1 bar are negligibly different. 
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This equation signifies that 88 kJ of heat is required 
to vaporize 2 mol H20(1) at 1 bar and (recalling our 
convention) at 298.15 K. 

A note on good practice The attachment of the subscript 
vap to the~ is the modern convention; however, the older con· 
vention in which the subscript is attached to the H, as in ~H,,. 

is still widely used. 

'¥iflu!.!i11• 
Determining the enthalpy of vaporization of a liquid 

Ethanol, C2H50H, is brought to the boil at 1 atm. When an 

electric current of 0.682 A from a 12.0 V supply is passed for 

500 s through a heating coil immersed in the boiling liqu id, it 

is found that the temperature remains constant but 4.33 g of 
ethanol is vaporized. What is the enthalpy of vaporization of 

ethanol at its boiling point at 1 atm? 

Collect your thoughts Because 

the heat is suppl ied at constant 

pressure, the heat supplied, qP, 

can be identif ied w ith the change 

in entha lpy of the ethanol when 
it vaporizes. Therefore, you need 

to ca lculate the heat supplied and 

the amount of ethanol molecules 

vaporized. Then the entha lpy of 

...9... 

--:....--
~H 

f+.--

vaporization is the heat suppl ied divided by the amount: ll.,,,H= 

~H/n. The heat supplied electrica lly is given by eqn 3 ofTopic 

2B (qP = lo/~t. recall that 1 A V s = 1 J). The amount of ethanol 

molecules is determined by dividing the mass of ethanol 

vaporized by its molar mass: n = m/M. 

The solution The energy supplied by heating is 

q, = lo/M= (0.682 A) X (12.0V) X (500 s) 

= 0.682 X 12.0 X 500 J = +4.09 ... kJ 

Th is va lue is equa l to the change in enthalpy of the sample. The 
amount of ethanol molecu les (of molar mass 46.07 g mol-1

) 

vaporized is 

n= m = 4.33 g 
M 46.07 g mol 1 

4
·
33 

mol = 0.094 ... mol 
46.07 

The molar enthalpy change is therefore 

Op 
,..--J>---., 

~,,H = 4·09 ... kJ = 43.5 kJ mol_, 
0.094 .. . mol 
~ 

Comment Because the pressure is 1 atm. not 1 bar, the 
entha lpy of vaporization ca lcu lated here is not the standard 

value. However, 1 atm differs on ly slightly from 1 bar, so 

the standard enthalpy of vaporization at the boi ling point 
of ethanol, wh ich is 78 oc (351 K), can be expected to be 

similar. 

A note on good practice Molar quantities are expressed as a 
quantity per mole (as in kilojoules per mole, kJ mol-1

). Distinguish 
them from the magnitude of a property for 1 mol of substance, 

which is expressed as the quantity itself (as in kilojoules, kJ). All 
enthalpies of transition, denoted ~,, H, are molar quantities. 

! Self-test 2E.1 

! In a similar experiment, it was found that 1.36 g of boiling 

! benzene, C6H6, is vaporized when a current of 0.835 A from 

: a 12.0V source is passed for 53.5 s. What is the entha lpy of 

! vaporization of benzene at its normal boiling point? 

Answer: 30.8 kJ mol-1 

There are some striking differences in standard 
enthalpies of vaporization: although the value for 
water is 40.7 kJ mol-\ that for methane, CH4, at its 
boiling point is only 8.2 kJ mol-1

• Even allowing for 
the fact that vaporization is taking place at different 
temperatures, the difference between the enthalpies 
of vaporization signifies that water molecules are held 
together in the bulk liquid much more tightly than 
methane molecules are in liquid methane. As is ex
plained in Topic lOB, the interaction responsible for 
the low volatility of water is the hydrogen bond. The 
high enthalpy of vaporization of water has profound 
ecological consequences, for it is partly responsible 
for the survival of the oceans and the generally low 
humidity of the atmosphere. If only a small amount 
of heat had to be supplied to vaporize the oceans, the 
atmosphere would be much more heavily saturated 
with water vapour than is in fact the case. 

Another common phase transition is fusion, or 
melting, as when ice melts to water or iron becomes 
molten. The change in molar enthalpy that accom
panies fusion under standard conditions (pure solid 
at 1 bar changing to pure liquid at 1 bar) is called 
the standard enthalpy of fusion, L'lru,H". Its value 
for water at 0 oc is 6.01 kJ mol-1 (all enthalpies of 
fusion are positive, and the sign need not be given), 
which signifies that 6.01 kJ of energy is needed to 
melt 1 mol H 20(s) at 0 oc and 1 bar. Notice that 
the enthalpy of fusion of water is much less than its 
enthalpy of vaporization. In vaporization the mol
ecules become completely separated from each other, 
whereas in melting the molecules are merely loosened 
without separating completely (Fig. 1 ). 

The reverse of vaporization is condensation and 
the reverse of fusion (melting) is freezing. The molar 
enthalpy changes are, respectively, the negative of the 
enthalpies of vaporization and fusion, because the 
heat that is supplied to vaporize or melt the substance 
is released when it condenses or freezes. The fact that 
enthalpy is a state function implies that it is always 
the case that, under the same conditions of tempera
ture and pressure, the enthalpy change of a reverse 
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Fig. 1 When a sol id (a) melts to a liquid (b). the molecules 
separate from one another only slightly. the intermolecu lar 
interactions are reduced only slight ly. and there is on ly a sma ll 
change in entha lpy. When a liquid vaporizes (c). the molecules 
are separated by a cons iderable distance. the intermolecu lar 
forces are reduced almost to zero. and the change in enthalpy 
is much greater. 

transition is the negative of the enthalpy change of 
the forward transition: 

H 20(s) ~ H 20(1) I'>.F = +6.01 kJ 

H 20(1) ~ H 20(s) I'>.F = -6.01 kJ 

and in general, under the same conditions, 

(1) 

This relation follows directly from the fact that H is 
a state function, for H must return to the same value 
if a forward change is followed by the reverse of that 
change (Fig. 2). The high standard enthalpy of vapor
ization of water (44 kJ mol-1

), signifying a strongly 
endothermic process, implies that the condensation of 
water (-44 kJ mol-1

) is a strongly exothermic process. 
That exothermicity is in part the origin of the ability of 
steam to scald severely, because the energy is passed on 
to the skin. We write 'in part' because steam is typically 
hot, and gives up the high kinetic energy of its mo-
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Fig. 2 An implication of the First Law is that the entha lpy 
change accompanying a reverse process is the negat ive of 
the entha lpy change for the forwa rd process. 
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lecular motion when it comes in contact with a cooler 
body as well as releasing the energy of condensation. 

The direct conversion of a solid to a vapour is called 
sublimation. Sublimation occurs when a molecule 
is so weakly bound to its neighbours that it escapes 
into the vapour as soon as it has enough energy to 
move past them. The reverse process is called vapour 
deposition. Sublimation can be observed on a cold, 
frosty morning, when frost vanishes as vapour with
out first melting; in laboratory it may be seen when 
solid iodine deposits on the lid of its container. The 
frost itself forms by vapour deposition from cold, 
damp air. The vaporization of solid carbon dioxide 
('dry ice') is another example of sublimation. The 
standard molar enthalpy change accompanying sub
limation is called the standard enthalpy of subli
mation, l'>.,ubH ". Because enthalpy is a state function, 
the same change in enthalpy must be obtained both 
in the direct conversion of solid to vapour and in the 
indirect conversion, in which the solid first melts to 
the liquid and then that liquid vaporizes (Fig. 3 ): 

(2) 

The two enthalpy changes that are added together 
must be for processes at the same temperature, so to 
get the enthalpy of sublimation of water at 0 oc the 
enthalpies of fusion and vaporization must be added 
together for this temperature. Adding together en
thalpies of transition for different temperatures gives 
a meaningless result. The result expressed by eqn 2 is 
an example of a more general statement that is used 
throughout thermochemistry: 

The enthalpy change of an overall process is the 
sum of the enthalpy changes for the steps (actual or 
hypothetical) into which it may be divided. 
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Fig. 3 The enthalpy of sublimation at a given temperature is 
the sum of the entha lpies of fusion and vaporization at that 
temperature. Another implication of the First Law is that the 
enthalpy change of an overal l process is the sum of the en
tha lpy changes for the poss ibly hypothetica l steps into which 
it may be divided. 
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Brief illustration 2E.1 Enthalpy of sublimation 

The standard enthalpy of fusion of ice at 0 oc is 6.01 kJ mol-1 

and the standard enthalpy of vaporization of water at 0 oc is 

45.07 kJ mol-1
. The standard enthalpy of sublimation of ice at 

0 oc is therefore given by eqn 2 as 

A.cbH.=A,"'H·+~,H·=6.01 kJ mol-1+45.07 kJ mol-1 

=51.08 kJ mol-1 

! Self-test 2E.2 

: Deduce the standard enthalpy of vaporization of liquid 

! carbon dioxide at 298 K from the standard enthalpy of sub

! limation, 25.23 kJ mol- 1
, and the standard enthalpy of fu

! sion, 8.33 kJ mol- 1
, at that temperature. 

: Answer: 16.90 kJ mol-1 

2E.2 Ionization and electron 
attachment 

Some enthalpy changes often needed in chemistry are 
those accompanying changes to individual atoms and 
molecules. Among the most important is the standard 
enthalpy of ionization, A.onH•, the standard molar en-

Table2E.2 

thalpy change accompanying the removal of an electron 
from a gas-phase atom (or ion). For example, because 

H(g) ~ H•(g) + e-(g) ~H· = + 1312 kJ 
the standard enthalpy of ionization of hydrogen 
atoms is reported as 1312 kJ mol-1

. This value signi
fies that 1312 kJ of energy must be supplied as heat to 
ionize 1 mol H(g) at 1 bar (and 298.15 K). Table 2£.2 
gives values of the ionization enthalpies for a number 
of elements; note that all enthalpies of ionization of 
neutral atoms are positive. The enthalpy of ionization 
is closely related to the 'ionization energy', I, the energy 
of ionization at T = 0 (Topic 8C). 

It is often necessary to consider a succession of 
ionizations, such as the conversion of magnesium 
atoms to Mg• ions followed by the ionization of 
these Mg• ions to Mg2+ ions. The successive molar 
enthalpy changes are called, respectively, the first 
ionization enthalpy, the second ionization en
thalpy, and so on. For magnesium, these enthalpies 
refer to the processes 

Mg(g) ~ Mg•(g) + e-(g) ~H· = +738 kJ 

Mg•(g) ~ Mg2•(g) + e-(g) ~H" = + 1451 kJ 

First and second (and some higher) standard entha/pies of ionization, fl ;onl-1" l(kJ mot' ) 

2 13 14 15 16 17 18 

..................... ................. . . ...................... 
H He 

1312 2370 
5250 

Li Be B c N 0 F Ne 
519 900 799 1090 1400 1310 1680 2080 

7300 1760 2420 2350 2860 3390 3370 3950 
3660 4610 

6220 

Na Mg AI Si p s Cl Ar 
494 738 577 786 1060 1000 1260 1520 

4560 1451 1820 
7740 2740 

11 600 

K Ca Ga Ge As Se Br Kr 
418 590 577 762 966 941 1140 1350 

3070 1150 
4940 

Rb Sr In Sn Sb Te I Xe 
402 548 556 707 833 870 1010 11 70 

2650 1060 
4120 

Cs Ba Tl Pb Bi Po At Rn 
376 502 812 920 1040 812 920 1040 

2420 966 
3300 3390 

Strictly, these are the values of ~0, U(O). For more precise work, use ~0,Hin = 8,0 , U(O) + ~RT. with ~RT = 6.20 J mol-1 at 298 K. 



Note that the second ionization enthalpy is larger 
than the first: more energy is needed to separate an 
electron from a positively charged ion than from the 
neutral atom. Note also that enthalpies of ionization 
refer to the ionization of the gas phase atom or ion, 
not to the ionization of an atom or ion in a solid. To 
determine the latter, two or more enthalpy changes 
must be combined. 

M§ifi..!.i11fj 
Combining enthalpy changes 

The standard entha lpy of sublimation of magnesium at 25 oc 
is 148 kJ mol-1

. How much energy as heat (at that tempera· 

tu re and 1 bar) must be supplied to 1.00 g of solid magnesium 
meta l to produce a gas composed of Mg' • ions and elec· 

trans? 

Collect your thoughts You know 
that the heat requ ired for a pro· 

cess at constant pressure is equa l 

to the entha lpy change, so the 

first task is to ca lcu late llH. The 
entha lpy change for a process is 

a sum of the steps, in th is case 

sublimation fo llowed by the two 

stages of ion ization, into wh ich it 

can be divided, so identify those 
steps and add their enthalpy changes together. You need the 

entha lpy change for the specified mass of matter, so you need 

to mult iply the molar entha lpy change by the amount of atoms 
(in moles); the latter can be ca lcu lated f rom the given mass 

and the molar mass of the substance. 

The solution The overa ll process is Mg(s)-> Mg' •(g) + 2 e· (g) . 

The thermochem ical equation for th is process is the sum of 
the fo llowing thermochemical equations: 

llH0/kJ 

Subl imation: Mg(s) -> Mg(g) +148 

First ionization: Mg(g) -> Mg•(g) + e· (g) +738 

Second ionization: Mg•(g) -> Mg' •(g) + e· (g) +1451 

Overall (sum): Mg(s) -> Mg' •(g) + 2 e· (g) +2337 

These processes are illust rated diagrammatica lly in Fig. 4. 

It fol lows that the overall entha lpy change per mole of Mg 
is +2337 kJ mol-1

• Because the molar mass of magnesium 

atoms is 24.31 g mol· ', 1.0 g of magnesium corresponds to 

n(Mg) = m(Mg) = 1.00 g 0.041... mol 
M(Mg) 24.31 g mol 1 

Therefore, the energy that must be supplied as heat (at con

stant pressure) to ion ize 1.00 g of magnesium meta l is 

qP = (0.041 .. mol)x (2337 kJ mol-1
) = +96.1 kJ 

To put th is value into perspective, it is approximately the same 
as the energy needed to vaporize about 43 g of boiling water. 
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Self-test 2E.3 

The enthalpy of sublimation of aluminium is 326 kJ mol-1
. 

Use this information and the ion ization enthalpies in Table 
2E.2 to ca lcu late the energy that must be supplied as heat 
(at constant pressure) to convert 1.00 g of solid aluminium 

meta l to a gas of Al 3+ ions and electrons at 25 oc. 
Answer: 203 kJ 

The reverse of ionization is electron gain, and the 
corresponding molar enthalpy change under standard 
conditions is called the standard electron-gain en
thalpy, L'l.,lt'. This quantity is closely related to the 
electron affinity, E .. (Topic 8C). For example, because 
experiments show that 

Cl(g) + e· (g) ~ Cl-(g) I':.H0 
= -349 kJ 

it follows that the electron-gain enthalpy of Cl atoms 
is -349 kJ mol-1

• Notice that electron gain by Cl is 
an exothermic process, so heat is released when a 
Cl atom captures an electron and forms an ion. It 
can be seen from Table 2£.3, which lists a number 
of electron-gain enthalpies, that some electron gains 
are exothermic and others are endothermic, so it is 
necessary to include their sign. For example, electron 
gain by an o- ion is strongly endothermic because 
it takes energy to push an electron on to an already 
negatively charged species: 

t 
> c. 

"' .I:: c 
w 

+1451 +2337 

+738 

1- -!---------- ------- Mg(g) 
f--':.....:..+_1_4_8 ____ ....__ Mg(s) 

Fig. 4 The contributions to the entha lpy change treated in 
Example 2E.2. 
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Table2E.3 

Standard electron-gain enthalpies of the main-group elements, !!..
9
H"I(kJ mol-'}* 

2 13 14 15 16 17 18 
..................... .................. . .................... 

H He 
-73 +21 
Li Be B c N 0 F Ne 

-60 +18 -27 -122 +7 - 141 -328 +29 
+844 

Na Mg AI Si p s Cl Ar 
-53 +232 -43 -134 -44 -200 -349 +35 

+532 
K Ca Ga Ge As Se Br Kr 

-48 +186 -29 - 116 -78 - 195 -325 +39 
Rb Sr In Sn Sb Te I Xe 
-47 +146 -29 - 116 -103 - 190 -295 +41 

Cs Ba Tl Pb Bi Po At Ra 
-46 +46 -19 -35 -91 -183 -270 

• Where two values are given, the first refers to the formation of the ion x-from the neutral atom X; the second, to the formation of)(!- from x-

Checklist of key concepts 

D 1 The standard state of a substance is the pure sub

sta nee at 1 bar. 

D 2 A phase is a specific state of matter that is uniform 

t hroughout in composition and physical state. 

D 3 The standard enthalpy of transition, ~"H", is the 

change in molar entha lpy when a substance in one 

phase changes into another phase, both phases 

being in their standard states. 

04 The enthal py oft he reverse of a process is the nega

tive of t he enthalpy of the forward process under 

the same co nditions. 

D 5 The standard enthalpy of a process is the sum of 

the standard enthalpies of the individual processes 

into which it may be regarded as divided. 



TOPIC 2F 

Chemical change 

~ Why do you need to know this 
material? 

The enthalpy of reaction is central to discussions 
of thermochemistry and to other applications 
of thermodynamics to chemistry; the Topic also 
introduces how reaction enthalpies are reported, 
how they depend on the temperature, and how 
they may be understood in terms of the strengths 
of bonds. 

~ What is the key idea? 

The standard enthalpy of a reaction is the sum 
of the standard enthalpies of the reactions into 
which the overall reaction may be divided. 

~ What do you need to know already? 

As in Topic 2£, this Topic is based on the facts 
that a change in enthalpy can be identified with 
the heat supplied at constant pressure and en
thalpy is a state function. It uses the concept of 
heat capacity to account for the dependence of 
reaction enthalpy on temperature (Topic 2D). 

The principal application of the First Law of thermo
dynamics in chemistry is to the discussion of the en
ergy changes accompanying chemical reactions. This 
information is used in the analysis of fuels, in the 
design of chemical plants, and in a variety of appli
cations in fundamental chemistry. The data are typ
ically reported in tables (like those in the Resource 
section) or as a thermochemical equation, such as 
that for the hydrogenation of ethene: 

CH2=CH2(g) +H2(g) ~ CH3CH3(g) !::.H• = -137 kJ 

The value of I::.H" given here signifies that the en
thalpy of the system decreases by 137 kJ (and, if the 

reaction takes place at constant pressure, that 13 7 kJ 
of energy is released as heat into the surroundings) 
when 1 mol CH2=CH2(g) at 1 bar combines with 
1 mol H2(g) at 1 bar to give 1 mol CH3CH3(g) at 
1 bar, all at 25 oc (the conventional temperature 
for reporting data). Industrial chemists need similar 
data under a wide range of conditions, and you will 
see that thermodynamics provides a way to make 
preliminary estimates of the effect on the enthalpy of 
changing the temperature. 

2F.1 Bond dissociation 

The dissociation, or breaking, of a chemical bond, 
as in the process 

HCl(g) ~ H(g) + Cl(g) ~H" =+431 kJ 

requires energy. The corresponding standard molar 
enthalpy change is called the bond enthalpy, so the 
H-Cl bond enthalpy is reported as 431 kJ mol-1

• All 
bond enthalpies are positive. 

Some bond enthalpies are given in Table 2F.l. 
Note that the bond in molecular nitrogen, N 2, is very 
strong, at 945 kJ mol-\ which helps to account for 
the chemical inertness of nitrogen and its ability to 
dilute the oxygen in the atmosphere without reacting 
with it. In contrast, the bond in molecular fluorine, 
F2, is relatively weak, at 155 kJ mol-1

; the weakness 
of this bond contributes to the high reactivity of 
elemental fluorine. However, bond enthalpies alone 
do not account for reactivity because, although the 
bond in molecular iodine is even weaker, 12 is less re
active than F2, and the bond in CO is stronger than 
the bond in N 2, but CO forms many carbonyl com
pounds, such as Ni(C0)4• The types and strengths of 
the bonds that the elements can make to other elem
ents are additional factors. 

A complication when dealing with bond enthalpies 
is that their values depend on the molecule in which 
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Table2F.1 

Selected bond enthalpies at 298. 15 K, !!.H(AB)I(kJ mot') 

Diatomic molecules 

H-H 436 0=0 497 

N=N 945 

0-H 428 

C: O 1074 

Polyatomic molecules 

H-CH3 435 H-NH2 431 

H-C6H5 469 0 2N-N02 57 

H3C-CH3 368 O=CO 532 

H2C=CH2 699 CI-CH3 452 

Br-CH3 293 

the two linked atoms occur. For instance, the total 
standard enthalpy change for the atomization (the 
complete dissociation into atoms) of water 

H20(g) ~ 2 H(g) + O(g) !::.F = +92 7 k] 

F-F 155 H-F 565 

CI-CI 242 H-CI 431 

Br-Br 193 H-Br 366 

1-1 151 H-1 299 

H-OH 492 

HO-OH 213 

HO-CH3 377 

HC: CH 962 

I-CH3 234 

thai pies, I::.H8• These mean values are the averages of 
bond enthalpies over a series of related compounds 
(Table 2F.2). For example, the mean HO bond en
thalpy, I::.H8 (H- 0) = 463 kJ mol-1

, is the mean of 
the H- 0 bond enthalpies in H20 and several other 
similar compounds, including methanol, CH30H. is not twice the 0 - H bond enthalpy in H 20 even 

though two 0 - H bonds are dissociated. There are in 
fact two different dissociation steps. In the first step, 
an 0 - H bond is broken in an H 20 molecule: 

H20(g) ~ HO(g) + H(g) !::.H• = +499 kJ 
l#if!..!.!tfj$8 

In the second step, the 0 - H bond is broken in an OH 
radical: 

HO(g) ~ H(g) + O(g) !::.H• = +428 kJ 

The sum of the two steps is the atomization of the 
molecule. As can be seen from this example, the 0 - H 
bonds in H 20 and HO have similar but not identical 
bond enthalpies. 

Although accurate calculations must use bond 
enthalpies for the molecule in question and its suc
cessive fragments, when such data are not available 
there are two ways forward. The modern way is to 
use electronic structure calculations of the kind de
scribed in Topic 9D to compute the energy of a mol
ecule. The appropriate software is widely available 
and gives reasonably reliable results for gas-phase 
species but less so for species in condensed phases 
(liquids, solids, and solutions). Until such software 
became widely available, and still to gain insight into 
the contributions from the components of a mol
ecule, estimates were made by using mean bond en-

Using mean bond enthalpies 

Estimate the standard enthalpy change for the reaction C(s, 
graphite) + 2 H2(g) + 7 0 2(g) -> CH30H(I) in wh ich liquid 

methanol is formed from its elements at 25 oc. Use informa

t ion from the Resource section and bond enthalpy data from 

Tables 2F1 and 2F2 . 

Collect your thoughts In ca lcu

lations of this kind, you need to 

consider how to break down the 
overal l process into a sequence 

of steps such that their sum is 

the chemica l equat ion required. 

Another consideration is that 
when using bond entha lpies, you 

need to ensure that all the species 

are in the gas phase. That may mean including the appropriate 

entha lpies of vaporization or subl imation . W ith those points in 

mind, one approach is to atom ize all the reactants and then 
to bui ld the products from the atoms so produced. When ex

plicit bond enthalpies are ava ilable, use them; otherwise, use 

mean bond entha lpies to obta in est imates. It is often helpful 
(in part, because it he lps to keep the signs right) to display the 

entha lpy changes diagrammatical ly. 
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Table2F.2 

Mean bond entha/pies at 298. 15 K, !!.H£1(kJ mol- ') 

H c N 0 F Cl Br s p Si 
........................................................................... ............................... ........................................ 

H 436 

c 412 348 (1) 
612 (2) 
838 (3) 
518 (a) 

N 388 305 (1) 163 (1) 
613 (2) 409 (2) 
890 (3) 945 (3) 

0 463 360 (1) 157 146 (1) 
743 (2) 497 (2) 

F 565 484 270 185 155 

Cl 431 338 200 203 254 242 

Br 366 276 219 193 

I 299 238 210 178 151 

s 338 259 496 250 212 264 
p 322 200 

Si 318 374 466 226 

Values are for single bonds except where otherwise stated lin parentheses). 
(a) Denotes aromatic. 

The solution The fol lowing steps are requ ired (Fig . 1 ): 

!!.H"/kJ 

Atomization of Cis. graphite) --> C(g) +716.68 
graphite : 

Dissociation of 2 H2(g) --> 4 H(g) +871.88 
2 mol H2(g) : 

Dissociation of -j- 0 2(g) --> O(g) +249.17 
-j- mol 0 2(g): 

Overal l. so far : Cis)+ 2 H2(g) + -j- 0 2(g) --> +1837.73 

C(g) + 4 H(g) + O(g) 

These va lues are accurate: they are not mean values . In the 

second step. three CH bonds. one CO bond. and one OH 
bond are formed. and their enthalpies are estimated from 
mean values. The standard enthalpy change for bond forma

t ion (the reverse of dissociation) is the negat ive of the mean 

bond enthalpy (obta ined from Table 2F.2) : 

!!.H"/kJ 

Format ion of 3 mol C-H bonds: -1 236 

Formation of 1 mol C- 0 bond: - 360 

Formation of 1 mol 0 -H bond : - 463 

Overall. in this step: C(g) + 4 H(g) + O(g) - 2059 

--> CH30 H(g) 

These values are estimates: they are based on mean va lues. 
The f inal stage of the reaction is the condensation of methanol 

vapour: 

CH30 H(g) --> CH30 H(I) !!.H" = -38.00 kJ 

The sum of the entha lpy changes is 

!!.H0 =I+ 1837.73 kJ) + 1- 2059 kJ) + 1-38.00 kJ) = -259 kJ 

Comment The experimental value is - 239 kJ. The discrep

ancy is in large part due to the use of mean bond enthalpies 

rather than specific va lues for each bond. 

; Self-test 2F.1 

: Est imate the standard enthalpy change for the react ion 
: 2 Cis. graphite)+ 3 H2(g) + -j- 0 2(g)--> C2H50 H(I) at 25 oc. 

Answer: - 283 kJ mol-' (actual: - 278 kJ mol-') 

2F.2 Enthalpies of combustion 

One commonly encountered reaction is combus
tion, the complete reaction of a compound, most 
commonly an organic compound, with oxygen, as in 
the combustion of methane in a natural gas flame: 

CH4 (g) + 2 0 2(g) ~ C02(g) + 2 H 20(1) 
!!H"= - 890 k] 
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C(g) + 4 H(g) + O(g) 

+249.17 

~ 
H- C (g ) + H(g) + O(g) 

-3 H 
CH

3
-0(g) + H(g) 

-4 

1 C(s, gr) + 2 H
2
(g ) CH,O-H(g ) 

+ t O, (g) -38 
1-L__.::.~----.:L.- CH,OH(I) 

Fig. 1 The enthalpy changes used to estimate the enthalpy 
change accompanying the formation of liquid methanol from 
its elements. The bond enthalpies are mean va lues, so the 
fina l va lue is only approximate. 

By convention, combustion of an organic compound 
results in the formation of carbon dioxide gas, liquid 
water, and- if the compound contains nitrogen
nitrogen gas. The standard enthalpy of combus
tion, tlj!", is the change in standard enthalpy per 
mole of combustible substance. In this example, "'-eli" 
(CH4,g} = - 890 kj mot1

• Some typical values are given 
in Table 2F.3. Note that "'-cH" is a molar quantity, and 

Table2F.3 

Standard enthalpies of combustion at 298.15 K 

Substance t.,H9/(kJ mol-' ) 

Benzene, C6H6 (1) -3268 

Carbon monoxide, CO(g) -283 

Carbon, C(s, graphite) -394 

Ethanol, C2H50H(I) -1368 

Ethyne, C2H2(g) -1300 

Glucose, C6H120 6(s) -2808 

Hydrogen, H2(g) -286 

lso-octane*, C8H18 (1 ) -5461 

Methane, CH4(g) -890 

Methanol, CH30H(I) -726 

Methylbenzene, C6H5CH3(1) -3910 

Octane, C8H,8(1) -5471 

Propane, C3H8(g) -2220 

Sucrose, C12H220 , (s) -5645 

Urea, CO(N H2) 2(s) -632 

• 2.2.4-Trimethylpentane. 

is obtained from the value of LiH" by dividing by the 
amount of organic reactant consumed (in this case, by 
1 mol CH4}. 

1 §iflu!.JIYi 
Accounting for enthalpies of combustion 

In a chemica l reaction old bonds are broken and new ones 
formed. Therefore reaction enthalpies can be predicted on the 
basis of the tabulated old and new bond strengths or esti
mated by using mean bond enthalpies. Account for the differ
ence in the standard enthalpy of combustion of methane and 
methanol vapour, -890 kJ mol-' and -688 kJ mol-' , respect
ively. 

Collect your thoughts First write 
down the chemical equations for 
the two combustion reactions 
and the corresponding enthalpy 
changes. You need to identify only 
the difference in bond dissoci
ations for the two molecules be-
cause the products are the same 
in each case (C02 and H20, with 

[-¢r 

[~ 
the same stoichiometric coefficients), so the difference in en
thalpy of combustion is equal to the difference in the bond 
dissociation enthalpies of the reactants. Use mean bond en
thai pies for the estimate. 

The solution The two chemica l equations are 

CH4(g) + 2 0 2(g) -4 C02(g) + 2 H20( I) 

CH,OH(g) + ~ 0 2(g) -4 C02(g) + 2 H20(1) 

It follows that 

t.,H9 (CH 4,g) = {6,H9 (C0 2,g) + 26,H"(H 20,1)} 
- {41'.H9(C-H) + 21'.H9(0=0)} 

t.,H9(CH30H,g) = (6,H"(C02,g) + 26,H"(H20,1)} 

- {31'.H9(C-H) + t.H9 (C-0) + t.H"(O-H) + ~I'.H9(0=0ll 

The difference is 

L'I,H"(CH4 ,g) - L'I, H9(CH30H,g) 

= I'.H9(C-0) + I'.H9(0-H) - -J- t.H"(0=0)- I'.H9(C-H) 

= 360 + 463- t (497)- 412 kJ mol-' = 163 kJ mol-' 

Comment The experimental difference is 202 kJ mol-'. The 
discrepancy is accounted for by the use of mean bond enthal
pies in this calculation. Note that the difference in enthalpies of 
combustion involves the dissociation of the different number 
of 0 2 molecules as well as bonds in the combusting molecule 
itself. The smal ler enthalpy of combustion of methanol stems 
from the fact that it is already partly oxidized compared with 
methane. 



Self-test 2F.2 

Estimate the standard entha lpy of combustion of liquid 

ethanol by using the bond entha lpies, mean bond 

entha lpies, and the appropriate standard entha lpies of 

vaporization. 

Answer: - 1348 kJ mal· ' ; the experimental value is - 1368 kJ mal·' 

Enthalpies of combustion are commonly measured 
by using a bomb calorimeter, a device in which energy 
is transferred as heat at constant volume. According 
to the discussion in Topic 2C and the relation L'lU = 

qy, the energy released as heat at constant volume is 
equal to the change in internal energy, L'lU, not L'lH. 
To convert from L'lU to L'lH it is necessary to note that 
the molar enthalpy of a substance is related to its 
molar internal energy by eqn 2a of Topic 2D (Hm = 

Urn+ pVm). As explained in Topic 2D, for condensed 
phases, but not for gases, p V m is so small it may be 
ignored. For gases treated as perfect, p V m rna y be re
placed by RT. Therefore, if in the chemical equation 
the difference (products - reactants) in the stoichio
metric coefficients of gas phase species is L'lvg" 

Relation between !J.H 
and!J.U 

(1) 

Note that L'lvg" (where v is nu) is a dimensionless 
quantity. This expression applies to any reaction that 
involves gases, not just to combustions. 

Brief illustration 2F.1 The difference between !J.H and !J. U 

The energy released as heat when glycine is burned 
in a bomb ca lorimeter is 969.6 kJ mol·' at 298.15 K, so 

!J., U = -969.6 kJ mol·'. From the chem ical equation 

NH 2CH 2COOH(s) + t 0 2(g) ~ 2 C02(g) + t H20(1) + 1- N2(g). 

note that !J.v9, = (2 + -l-l - t = +. Therefore, 

!J.,H-!J.,P= -i;RT 

= f X (8.3145 x 10-3 kJ K-1 mol-1) X (298.15 K) 

= 0.62 kJ mol· ' 

Th is difference represents the work done in creating room 

(and driving back the atmosphere) for the add it ional t mol of 

gas molecu les. 

: Self-test 2F.3 

: Determine the difference ll.oH -ll.oU for the reaction N2(g) + 
: 3 H2(g) ~ 2 NH3(g) at 500 oc. 

Answer: - 13 kJ mal·' 
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2F.3 The combination of reaction 
enthalpies 

The reaction enthalpy (or the 'enthalpy of reac
tion'), L'l,H, is the change in enthalpy that accompa
nies a chemical reaction (the enthalpy of combustion 
is a special case). It is the difference between the 
molar enthalpies of the reactants and the products, 
with each term weighted by the stoichiometric coef
ficient, v (nu), in the chemical equation: 

L'l,H= L vHm- L vHm 
products 

Reaction enthalpy 
[definition] 

(2a) 

The I (uppercase sigma) are instructions to form 
the sum of the following terms. The standard re
action enthalpy (the 'standard enthalpy of reac
tion'), L'l,H •, is the value of the reaction enthalpy 
when all the reactants and products are in their 
standard states: 

L'l,H· = L vH; - L vH; 
products 

Standard 
reaction 
enthalpy 
[defin ition] 

(2b) 

Because the H; are molar quantities and the stoi
chiometric coefficients are pure numbers, the units 
of L'l,H • are kilojoules per mole. The standard reac
tion enthalpy is the change in enthalpy of the system 
when the reactants in their standard states (pure, 
1 bar) are completely converted into products in 
their standard states (pure, 1 bar), with the change 
expressed in kilo joules per mole of 'reaction events' 
as written. Thus, if for the reaction 2 H 2 (g) + 0 2 (g) 
~ 2 H 20(1) it is reported that L'l,H• = -572 k] mol-1

, 

then the 'per mole' means that the reaction releases 
572 kJ of heat per mole of 0 2 consumed or per 
2 mol H 20 formed (and therefore 286 kJ per mole 
of H 20 formed) . 

It is often the case that a reaction enthalpy is 
needed but is not available in tables of data. Now 
the fact that enthalpy is a state function is relevant, 
because it implies that the required reaction enthalpy 
can be constructed from the reaction enthalpies of 
known reactions. The procedure is summarized by 
Hess's law: 

The standard enthalpy of a reaction is the sum 
of the standard enthalpies of the reactions into 
which the overall reaction may be divided. 
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Although the procedure is given the status of a law, 
it hardly deserves the title because it is nothing more 
than a consequence of enthalpy being a state func
tion, which implies that an overall enthalpy change 
can be expressed as a sum of enthalpy changes for 
each step in an indirect path. The individual steps 
need not be actual reactions that can be carried out 
in the laboratory-they may be entirely hypothetical 
reactions, the only requirement being that their equa
tions should balance. Each step must correspond to 
the same temperature. 

1 ifh.H!1¥8 
Using Hess's law 

Given the thermochem ical equations 

C3H6(g) + H,(g) --> C3H8(g) !!.H• = -124 kJ 

C3H8(g) + 5 0 2(g) --> 3 CO,(g) + 4 H20(1) !!.H• = - 2220 kJ 

where C3H6 is propene and C3H8 is propane, ca lculate the 

standard enthalpy of combustion of propene. 

Collect your thoughts The gen

eral approach to problems of this 
kind is to identify the reactions 

that when added together repro

duce the thermochemical equa
tion for the reaction required. In 

calculations of this type, it is often 

necessary to use thermochemical 

information from the Resource 

section and to use the formation of water to balance the 

hydrogen or oxygen atoms in the overal l equation. 

The solution The overall reaction is 

C, H, (g) + t O, (g) --> 3 CO, (g) + 3 H20 (I) I!.H" 

This thermochemical equation can be created from the fol
lowing sum (Fig. 2): 

C3H6(g) + H, (g) --> C3H8 (g) 

C3H8(g) + 5 0 2(g) --> 3 CO,(g) + 4 H20 (I) 

H20 (I) --> H,lg) + 7 O,(g) 

Overall: C3H6(g) + t 0 2(g)--> 3 C02(g) + 3 H20 (I) 

!J.H•tkJ 

-1 24 

- 2220 

+286 

- 2058 

It fol lows that the standard enthalpy of combustion of pro

pene is -2058 kJ mol-'. 

Self-test 2F.4 

Calculate the standard enthalpy of the reaction C6H6 (1) + 

3 H2(g)--> C6H12(1) from the standard enthalpies of combustion 

of benzene (Table 2F3) and cyclohexane (-3930 kJ mol-1). 

Answer: -196 kJ 
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Fig. 2 The enthalpy changes used in Example 2F3 to illustrate 
Hess's law. 

2F.4 Standard enthalpies of 
formation 

The problem with eqn 2 is that the absolute enthal
pies of the substances are unknown. To avoid this 
problem, imagine the reaction as taking place by an 
indirect route, in which the reactants are first bro
ken down into the elements and then the products 
are formed from the elements (Fig. 3) . Specifically, 
the standard enthalpy of formation, 1'1;-I•, of a 
substance is the standard enthalpy (per mole of the 
substance) for its formation from its elements in their 
reference states. The reference state of an element 
is its most stable form under the prevailing condi
tions (Table 2F.4) . Don't confuse 'reference state' 
with 'standard state': the reference state of carbon at 
25 •c is graphite; the standard state of carbon is any 

t 
>
c. 
c;; 
.s::; 
E 
UJ 

~ 
c: 

"' tJ 
"' ~ 
f 
<]-

1!.,1-r 

Elements 

~ 
u 
:J 
'0 
0 c. 
f 
<]-

Reactants 

Products 

Fig. 3 An enthalpy of reaction may be expressed as the dif
ference between the enthalpies of formation of the products 
and the reactants. 



Table2F.4 

Reference states of some elements 

Element 

Arsenic 

Bromine 

Carbon 

Hydrogen 

Iodine 

Mercury 

Nitrogen 

Oxygen 

Phosphorus 

Sulfur 

Tin 

• At 298. 15 K and 1 bar. 

Reference state* 

grey arsenic 

liquid 

graphite 

gas 

sol id 

liqu id 

gas 

gas 

white phosphorus 

rhombic su lfur 

white t in, a-tin 

specified phase of the element at 1 bar. For example, 
the standard enthalpy of formation of liquid water 
(at 25 °C, as always in this text) is obtained from the 
thermochemical equation 

H2(g) + t 02(g) ~ H20(l) !::.He= -286 kJ 

and is l::.rF(H20,1) = -286 kJ mol-1
. Note that enthal

pies of formation are molar quantities, so to go from 
!::.He in a thermochemical equation to l::.rF for that 
substance, divide by the amount of substance formed 
(in this instance, by 1 mol H20). 

With the introduction of standard enthalpies of 
formation, we can write 

I::.,F = L vl::./fe - L vl::. fH e 
products 

Standard 
reaction 
entha lpy 

(3) 

The first term on the right is the enthalpy of forma
tion of all the products from their elements; the sec
ond term on the right is the enthalpy of formation of 
all the reactants from their elements. The fact that 
the enthalpy is a state function means that a reac
tion enthalpy calculated in this way is identical to the 
value that would be calculated from eqn 2 if absolute 
enthalpies were available. 

The values of some standard enthalpies of forma
tion at 25 oc are given in Table 2F.5, and a longer 
list is given in the Resource section. Most are ob
tained by calorimetric measurements, but the com
putational methods described in Topic 9D are now 
reasonably reliable and can be used to estimate data 

2F.4 STANDARD ENTHALPIES OF FORMATION 75 

when experimental information is unavailable. The 
standard enthalpies of formation of elements in their 
reference states are zero by definition (because their 
formation is the null reaction: element ~ element). 
Note, however, that the standard enthalpy of forma
tion of an element in a state other than its reference 
state is not zero: 

C(s, graphite)~ C(s, diamond) AHe = + 1.895 kJ 

Therefore, although 1::./fe(C, graphite) = 0, 1::./fe(C, 
diamond) =+1.895 kJ mol-1

• 

Table2F.5 

Standard entha/pies of formation at 298. 15 K* 

Substance 

Inorganic compounds 

Ammonia, NH3(g) 

Ammonium nitrate, NH4N03(s) 

Carbon monoxide, CO(g) 

Carbon disulfide, CS2(1) 

Carbon dioxide, C02(g) 

Dinitrogen tetroxide, N20 4(g) 

Dinitrogen monoxide, N20(g) 

Hydrogen ch loride, HCI(g) 

Hydrogen fluoride, HF(g) 

Hydrogen su lfide, H2S(g) 

Nitric acid, HN03 (1) 

Nitrogen dioxide, N02(g) 

Nitrogen monoxide, NO(g) 

Sodium ch loride, NaCI(s) 

Su lfur dioxide, S02(g) 

Su lfur trioxide, S03(g) 

Su lfuric acid, H2S04(1) 

Water, H20(1) 

-~ ' ()(g) ..... . ....... ........ . .. 
Organic compounds 

Benzene, C6H6(1) 

Ethane, C2H6(g) 

Ethanol, C2H50H(I) 

Ethene, C2H4(g) 

Ethyne, C2H2(g) 

Glucose, C6 H120 6(s) 

Methane, CH4(g) 

Methanol, CH30H(I) 

Sucrose, C,2H220 11(s) 

*A longer list is given in the Resource section. 

-46.11 

-365.56 

-110.53 

+89.70 

-393.51 

+9 .16 

+82.05 

-92.31 

-271.1 

-20.63 

-174.10 

+33.18 

+90.25 

-411.15 

-296.83 

-395.72 

-813.99 

-285.83 

-241.82 

+49.0 

-84.68 

-277.69 

+52.26 

+226.73 

-1268 

-74.81 

-238.86 

-2222 



76 FOCUS 2 THE FIRST LAW OF THERMODYNAM ICS 

1 bflu!.!IM8 
• Using standard enthalpies offormation 

Ca lculate the standard entha lpy of combustion of liquid ben

zene from the standard entha lpies of format ion of the react

ants and products. 

Collect your thoughts For ca l

cu lations of th is kind, you need 

to use eqn 3. To do so, w rite the 

chemica l equation and identify 

the stoich iometric coefficients of 

the reactants and products. Note 
that the express ion has the form 
'products - reactants'. Numerica l 

va lues of standard enthalpies of 
formation are given in the Re-
source section. The standard entha lpy of combustion is the 
entha lpy change per mole of substance, so interpret the en

tha lpy change accord ingly. 

The solution The chemica l equation is C6H6(1) + lf 0 2(g) --> 
6 C02(g) + 3 H20(1). It fo llows that 

!!.,H6 = (6~H6(C02,g) + 3~H6(H20, 1 ))- {L'>1H
6 (C6H6, I) 

+ lf~H·(o,. gll 
= {6 x (-393.51 kJ mol-1

) + 3 x (-285.83 kJ mol-1
)) 

- {(49.0 kJ mol-1
) + 0) 

= -3268 kJ mol_, 

Inspect ion of the chemica l equation shows that, in this in
stance, the 'per mole' is per mole of C6H6, which is exactly 

what you need for an entha lpy of combust ion. It fo llows that 

the standard entha lpy of combustion of liqu id benzene is 
-3268 kJ mol-1

• 

: Self-test 2F.5 . 
; Use standard entha lpies of formation to ca lcu late the en-

; thalpy of combustion of propane gas to carbon dioxide and 

: water vapour. 

Answer: - 2220 kJ mol-' 

The reference states of the elements define a 
thermochemical 'sea level', and enthalpies of forma
tion can be regarded as thermochemical 'altitudes' 
above or below sea level (Fig. 4). It is sometimes use
ful to classify compounds according to their standard 
enthalpies of formation: 

• Exothermic compounds (L'lrH e < 0) have a lower 
enthalpy than their component elements. 

• Endothermic compounds (L'lrF > 0) have a 
higher enthalpy than their component elements. 

Water is an exothermic compound; carbon disulfide 
is an endothermic compound. 

t 
1;: 
"' ..c: 
E 
UJ 

f------,.--- Endothermic compounds 

t>,H" > 0 

- --.- '--- -.. ·-· Elements 

1----L--- Exothermic compounds 

Fig. 4 The enthalpy of format ion acts as a kind of thermo
chemica l 'a lt itude' of a compound w ith respect to the 'sea 
level' defined by the elements from which it is made. Endo
thermic compounds have posit ive entha lpies of formation; 
exotherm ic compounds have negative energ ies of formation. 

2F.5 The variation of reaction 
enthalpy with temperature 

It often happens that data is available at one tem
perature but is needed at another temperature. For 
example, you might want to know the enthalpy of a 
particular reaction at body temperature, 37 °C, but 
may have data available for 25 oc. Similarly, you 
might be asked to predict whether the synthesis of 
ammonia is more exothermic at a typical industrial 
temperature of 450 oc than at 25 oc. In precise work, 
every attempt would be made to measure the reac
tion enthalpy at the temperature of interest, but it is 
useful to have a quick way of estimating the direction 
of change and even a moderately reliable numerical 
value and, perhaps more importantly, to understand 
the origin of the change. 

Figure 5 illustrates how to proceed. As remarked 
in Topic 2D, the enthalpy of a substance increases 
with temperature (for the same molecular reason 
that the internal energy increases with temperature, 
Topic 2C). Therefore, the total enthalpy of the react
ants and the total enthalpy of the products increase 
as shown in the illustration. Provided these two total 
enthalpy increases are different, the standard reaction 
enthalpy (their difference at a given temperature) will 
change as the temperature is changed. The change 
in the enthalpy of a substance depends on the slope 
of the graph and therefore on the constant-pressure 
heat capacities of the substances. You should there
fore expect the temperature dependence of the reac
tion enthalpy to be related to the difference in heat 
capacities of the products and the reactants. 

As an example, consider the reaction 2 H 2(g) + 
0 2(g) ~ 2 H 20(1), where the standard enthalpy of 
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Temperature-

Fig. 5 The enthalpy of a substance increases w ith tempera
tu re. Therefore, if the tota l enthalpy of the reactants increases 
by a different amount from that of the products, the reaction 
enthalpy w ill change with temperature. The change in reaction 
enthalpy depends on the relative slopes of the two lines and 
hence on the heat capacities of the substances. 

reaction is known at one temperature (for example, 
at 25 oc from the tables in the Resource section) . Ac
cording to eqn 2, for the reaction at a temperature T. 

tJ.;r(T) = 2H~(H20,1, T) - {2H~(H2,g, T) 
+H~(02,g,T)} 

If the reaction takes place at a higher temperature 
T', the molar enthalpy of each substance is increased 
because it stores more energy and the standard reac
tion enthalpy becomes 

tJ.,F(T') = 2H~(H20,1, T') - {2H~(H2,g, T') 
+ H~( 0 2,g, T')} 

Equation Sa ofTopic2D (Cp =tJ.HitJ.T) implies that 
the increase in molar enthalpy of a substance when 
the temperature is changed from T to T' is c ; ,m X 

(T'- T), where c ; ,m is the standard molar constant
pressure heat capacity of the substance, its molar heat 
capacity measured at 1 bar. For example, the molar 
enthalpy of liquid water changes to 

H~(H20,l,T') = H~(H20,l,T) 
+ c ; ,m(H20,1) X (T' - T) 

if c ;,m(H20,1) is constant over the temperature range. 
When terms like this are substituted into the expres
sion for tJ.,F(T'), it results in Kirchhoff's law: 

tJ.,H "(T') = tJ.,F(T) Kirchhoff 's law (4) 

+ tJ.,c ; x (T' - n 
where 

tJ.,c ; = 2c;,m(H20,l) 

- {2C;,m(H2,g) + c ;,m(02,g)} 

Note that this combination has the same pattern as 
the reaction enthalpy and the stoichiometric coeffi
cients occur in the same way. In general, tJ.,c ; is the 
difference between the weighted sums of the stan
dard molar heat capacities of the products and the 
reactants: 

tJ.,c; = L vc;,m - L vc;,m (5) 
produas reactants 

It follows that, as anticipated, the standard reaction 
enthalpy at one temperature can be calculated from 
the standard reaction enthalpy at another tempera
ture provided you know the standard molar con
stant-pressure heat capacities of all the substances. 
These values are given in the Resource section. The 
following Justification shows how to avoid the as
sumption that the heat capacities are constant over 
the temperature range of interest. 

Justification 2F.1 

Kirchhoff's law 

Consider an infin itesimal change of temperature, dT. so T' = 
T + d T; then eqn 4 becomes 

!!.,H9(T + dTl = t.,H"(T) + !!.,C: (T}d T 

Because t.,H9
(T + dTl and t.,H"(Tl differ by the infinitesimal 

amount d!!.,H"(Tl. th is relation can be written 

The overa ll change in reaction enthalpy when the tempera
ture is changed from Tto T' is the sum (integral) of all these 
infinitesimal changes: 

Once the temperature dependence of the heat capacities of 
the reactants and products are known, the integral on the 
right can be eva luated, most easily by using mathematica l 
software. If !!.,C: is independent of temperature (or may be 
assumed to be), this general expression reduces to 

wh ich, after minor rearrangement. is eqn 5. Note that eqn 5 
is va lid providing t.,c: . the difference of molar heat capacities 
between the products and the reactants, is constant in the 
temperature range of interest: th is is a less stringent requ ire
ment than each individual heat capacity being independent of 
temperature. Thus, the heat capacit ies of the reactants and 
products might both increase by 2 J K-1 mol-1

, but then the 
difference wou ld not change. 
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1 bflu!.!l11t 
Using Kirchhoff's law 

The standard enthalpy of formation of gaseous water at 25 oc 

is -241.82 kJ mol-1
• Estimate its value at 100 oc. 

Collect your thoughts The usual 
starting point when manipulating 
thermochemical data is to write the 
chemical equation and identify the 

stoichiometric numbers. Once that 
has been done, you can calculate 

the value of t,c; from the data in 
the Resource section by using eqn 

5 and use the result in eqn 4. 
Temperature 

The solution The chemical equation is H2(g) + + 0 2(g) --> 
H20(g) and the molar constant-pressure heat capacities of 
H20(g). H2(g), and 0 2(g) are 33.58J K-1 mol-1

, 28.84J K-1 mol-1
, 

and 29.37 J K-1 mol-' , respectively. It follows that 

I'>.,C: = c:m(H20,g)- (C:m(H2,g) + -j-c:m(02,g)) 
= (33.58 J K-1 mol-1

)- ((28.84 J K-1 mol-1
) 

+ + x (29.37 J K-1 mol-1
)) 

= -9.95 J K-1 mol-'= -9.95 x 10-3 kJ K-1 mol-' 

Checklist of key concepts 

D 1 The strengths of bond are expressed in terms of the 

bond dissociation enthalpy and their mean values 

over a series of related compounds. 

D 2 The standard enthalpy of combustion, !!.,_H", is the 

change in standard enthalpy per mole of combust

ible substance. 

D 3 The reaction enthalpy is the change in enthalpy that 

accompanies a chemical reaction. 

D 4 The standard reaction enthalpy (the 'standard en

thalpy of reaction') , I'>.,H", is the value oft he reaction 

enthalpy when all the reactants and products are in 

their standard states. 

05 Hess's law states that the standard enthalpy of a 

reaction is the sum of the standard enthalpies of 

Then, because T'- T = +75 K, from eqn 5, 

11,H9 (T') = (-241.82 kJ mol-1
) + (-9.95 x10-3 kJ K-1 mol-1

) 

x (75 K) 

= (-241.82 kJ mol-1
)- (0.75 kJ mol-1

) 

= -242.57 kJ mol-' 

The experimental value is -242.58 kJ mol-1
• 

Comment The calculation shows that the standard reaction 
enthalpy at 100 oc is only slightly different from that at 25 oc. 

The reason is that the change in reaction enthalpy is propor

tional to the difference between the molar heat capacities 
of the products and the reactants, which is usually not very 
large. It is generally the case that, provided the tempera
ture range is not too wide, enthalpies of reactions vary only 
slightly with temperature. A reasonable first approximation 
is that standard reaction enthalpies are independent of tem

perature. 

Self-test 2F.6 

Estimate the standard enthalpy of formation of NH3(g) at 

400 K from the data in the Resource section. 

Answer: -48.4 kJ mol-' 

the reactions into which the overall reaction may 

be divided. 

D 6 The standard enthalpy offormation of a compound 

is the standard reaction enthalpy for the formation 

of the compound from its elements in their refer

ence states. 

D 7 At constant pressure, exothermic compounds are 

those for which !11W < 0; endothermic compounds 

are those for which !!.,H" > 0. 

D 8 Kirchhoff's law expresses the temperature depend

ence of the reaction enthalpy in terms of the con

stant-pressure heat capacities of the reactants and 

products. 



FOCUS 2 The First Law of thermodynamics 
Assume all gases are perfect unless stated otherwise. 

Exercises 

Topic 2A Work 

2A.1 Calculate the work done by a gas w hen it expands 
through (a) 1.0 cm3

, (b) 1.0 dm3 against an atmospheric pres

sure of 100 kPa . What work must be done to compress the 
gas back to original state in each case? 

2A.2 Calculate the work done by a gas consisting of 2.0 mol 

of molecules when it expands reversibly and isothermal ly 
from 1.0 dm3 to 3.0 dm3 at 300 K. 

2A.3 A sample of methane of mass 4 .50 g occupies 
12.7 dm3 at 310 K. (a) Calculate the work done when the gas 

expands isothermally against a constant external pressure of 
30.0 kPa until its volume has increased by 3.3 dm3 . (b) Cal

culate the work that would be done if the same expansion 

occurred isothermally and reversibly. 

2A.4 In the isothermal reversible compression of 52.0 mmol 
of perfect-gas molecules at 260 K, the volume of the gas is 

reduced from 300 cm3 to 100 cm3
. Calcu late the magnitude 

of the work done for this process. 

2A.5 A sample of blood plasma occupies 0.550 dm3 at 0 oc 

and 1.03 bar, and is compressed isothermally by 0.57 per 

Topic 28 Heat 

28.1 What is the heat capacity of a sample of liquid that rose 
in temperature by 5.23 oc when supplied with 124 J of energy 

as heat? 

28.2 A cube of iron was heated to 70 oc and transferred to a 

beaker containing 100 g of water at 20 oc. The final tempera

ture of the water and the iron was 23 oc. What are (a) the 

heat capacity, (b) the specific heat capacity, and (c) the molar 

heat capacity of the iron cube? Ignore heat losses from the 

assembly. 

28.3 The high heat capacity of water is ecologica lly benign 

because it stabilizes the temperatures of lakes and oceans : 
a large quantity of energy must be lost or gained before 

there is a significant change in temperature . Conversely, it 

cent by being subjected to a constant externa l pressure of 

95.2 bar. Calculate the magnitude of the work done. 

2A.6 A strip of magnesium meta l of mass 12.5 g is dropped 
into a beaker of dilute hydrochloric acid . Given that the mag

nesium is the lim iting reactant, calculate the work done by 
the system as a result of the react ion. The atmospheric pres
sure is 1.00 atm and the temperature 20.2 oc. 

2A.7 Calculate the work of expansion accompanying the 
complete combustion of 10.0 g of sucrose (C12H220 11 ) to car

bon dioxide and (a) liquid water, (b) water vapour at 20 oc 

when the externa l pressure is 1.20 atm. 

2A.8 The general principles of operation of an internal com

bustion reaction are well known: the combustion of fuel drives 
out a piston. It is possible to imagine engines that use reac

tions other than combustions, and it is then appropriate to as

sess the work they can do. A chemical reaction takes place in 
a container of cross-sectional area 100 em' ; the container has 

a piston at one end. As a result of the reaction, the piston is 
pushed out through 10.0 em against a constant external pres

sure of 100 kPa. Calculate the work done by the system. 

means that a lot of energy must be supplied through heat

ing to achieve a large rise in temperatu re. The molar heat 
capacity of water is 75.3 J K-1 mol-1

• What energy is need

ed to heat 250 g of water (a cup of coffee, for instance) 
through 40 oc? 

28.4 A current of 1.55 A from a 110 V source was passed 

through a heater for 8.5 m in. The heater was immersed in a 
wate r bath. What quantity of energy was transferred to the 

wate r as heat? 

28.5 When 229 J of energy is supplied as heat to 3.00 mol 
Ar(g). the temperature of the sample increases by 2.55 K. 

Ca lculate the molar heat capacities at constant volume and 

constant pressure of the gas. 
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Topic 2C Internal energy 

2C.1 The temperature of a block of iron (C~m = 25.1 J K-1 mol-1
) 

of mass 1.4 kg fe ll by 65 oc as it cooled to room temperature. 

What is its change in internal energy? 

2C.2 In preparation for a study of the metabolism of an or

ganism, a small. sealed calorimeter was prepared. In the ini-

Topic 20 Enthalpy 

20.1 In a computer model of the atmosphere. 20 kJ of en
ergy was transferred as heat to a parcel (a region) of air of 

in it ial volume 1.0 m3 What is the change in enthalpy of the 

parcel of air? 

20.2 The internal energy of a perfect gas does not change 

when the gas undergoes isothermal expansion from ~to v;. 
What is the change in enthalpy? 

20.3 Classify as endothermic or exothermic (a) a combus

tion reaction for wh ich !!.,H6 = -2020 kJ mol· '. (b) a dissolu

tion for which llH6 = +4.0 kJ mol· '. (c) vaporization, (d) fusion. 

(e) sublimation. 

Topic 2E Physical change 

2E.1 The first and second ionization entha lpies of calcium. 
Ca. are 596 kJ mol· ' and 1145 kJ mol·' respectively at 25 oc. 
Calculate the standard enthalpy change for the process 
Ca(g) ~ Ca'+(g) + 2 e· (g) at this temperature. 

2E.2 The standard enthalpy of sublimation of iodine, 12• is 
61.1 kJ mol· ' at 25 oc. Calculate the standard enthalpy of 

fusion of iod ine if the standard enthalpy of vaporization is 
41.6 kJ mol· ' at this temperature. 

2E.3 How much heat must be supplied to produce a gas 
composed of rubid ium ions. Rb+(g). and electrons from 

1.00 g of solid rubidium metal. Rb(s). at 298 K? For rubidium 

at 298 K, the standard enthalpy of fusion is 2.19 kJ mol· '. the 
standard entha lpy of vaporization is 72 kJ mol· ' and the first 

ion ization enthalpy is 403 kJ mol-1
. 

2E.4 Liquid m ixtures of sodium and potassium are used 
in some nuclear reactors as coolants that can survive the 

intense radiation inside reactor cores. Ca lculate the energy 

required as heat to melt 250 kg of sodium metal at 371 K. 

2E.5 Calculate the heat that must be transferred to evapo

rate 1.00 kg of water at (a) 25 oc. (b) 100 oc. 
2E.6 The first step in a so-called 'harpoon reaction" is the 

transfer of an electron between two neutral atoms to pro-

Topic 2F Chemical change 

2F.1 Use the tabu lated bond enthalpies and mean bond en

thalpies to estimate the standard entha lpy change for the 
hydrogenation reaction C2H4(g) + H2(g) ~ C2H6(g). 

tial phase of the experiment, a current of 22.22 mA from an 

11.8 V source was passed for 162 s through a heater inside 

the ca lorimeter. What is the change in internal energy of the 

calorimeter? 

20.4 A sample of a serum of mass 25 g is cooled from 290 K 

to 275 K at constant pressure by the extraction of 1.2 kJ of 
energy as heat. Ca lculate q and llH and estimate the specific 

heat capacity of the sample. 

20.5 When 3.0 mol 0 2(g) is heated at a constant pressure 

of 3.25 atm. its temperature increases from 260 K to 285 K. 

Given that the molar heat capacity of 0 2 at constant pressure 
is 29.4 J K-1 mol·' . ca lculate q, llH. and llU. 

20.6 For hydrogen gas. H2• tables give values for the parame
ters of eqn 7a of a= 2728J K-1 mol·' . b=3.26x 10-3 J K-' mol·' . 

and c = 0.50 J K' mol-1
• Ca lcu late the value of the constant

pressure heat capacity of hydrogen at 25 oc. 

duce a positively charged cation and a negatively charged 

anion. The first ionization enthalpy of potassium, K. is 
425 kJ mol· ' and the standard electron-gain enthalpy of bro

mine, Br, is -330.7 kJ mol·' at 298 K. Calcu late the energy 

released as heat at this temperature by the gas-phase reac
tion K(g) + Br(g) ~ K+(g) + Br(g). Express your answer as a 

molar quantity. 

2E.7 Refrigerators make use of the heat absorption required to 
vaporize a volatile liquid. A fluorocarbon liquid being investigat

ed to replace a chlorofluorocarbon has !!..,,H" = +32.0 kJ mol-1
. 

Calculate q, w, llH, and llU when 2.50 mol is vaporized at 

250 K and 750 Torr. 

2E.8 Use the information in Tables 2D.1 and 2E.1 to calculate 

the energy that must be transferred as heat to melt 100 g of 
ice at 0 oc. increase the sample temperature to 100 oc. and 

then vaporize it at that temperature. Sketch a graph of tem

perature against t ime on the assumption that the sample is 

heated at a constant rate. 

2E.9 The enthalpy of sublimation of calcium at 25 oc is 

178.2 kJ mol-1
• How much energy (at constant temperature 

and pressure) must be supplied as heat to 5.0 g of solid 

calcium to produce a plasma (a gas of charged particles) 

composed of Ca'+ ions and electrons? 

2F.2 The enthalpy changes accompanying the dissociation of 
successive bonds in NH3(g) are 460, 390. and 314 kJ mol· ' , 

respectively. (a) What is the mean enthalpy of an N-H bond? 



(b) Do you expect the mean bond internal energy to be larger 

or smal ler than the mean bond enthalpy? (c) Use these va l
ues, along w ith tabu lated bond entha lpies for the N-N and 

H-H bonds to estimate the standard entha lpy of formation of 

gaseous ammonia, NH3 , at 298 K. 

2F.3 The standard reaction entha lpy for the formation of sul

furyl chloride, S02CI2 , from su lfur dioxide, SO, , and ch lorine, 
Cl2 : S02(g) + Cl2(g) --'> S02CI2(g) is -57.97 kJ mol-1

. Use the 

tabulated bond entha lpies and mean bond enthalpies to esti

mate the mean bond enthalpy for a S-CI bond 

2F.4 Anaerobic bacteria use the glycolysis reaction, 
C6H120 6(aq) --'> 2 CH3CH(OH)COOH(aq). as a source of en

ergy. In the reaction, glucose, C6H120 6, is first converted to 

pyruvic acid, CH3COCOOH, which is then converted to lactic 
acid, CH3CH(OH)COOH, through the action of the enzyme 

lactate dehydrogenase. Use bond entha lpies and mean bond 
enthalpies to estimate (a) the enthalpy of formation and (b) the 

entha lpy of combustion of glucose. Ignore the contributions 
of enthalpies of fusion and vaporization. 

2F.5 Ethane is flamed off in abundance from oi l we lls, 

because it is unreactive and difficult to use commercially, 

but would it make a good fuel? The standard enthalpy of 
reaction for 2 C2H6(g) + 7 0 2(g) --'> 4 C02(g) + 6 H20(1) is 

-3120 kJ mol-1
. (a) What is the standard enthalpy of 

combustion of ethane? (b) What is the specific entha lpy of 

combustion of ethane? (c) Is ethane a more or less efficient 

fue l than methane? 

2F.6 The standard enthalpy of formation of ethylbenzene is 
-12.5 kJ mol-1

• Standard enthalpies of formation of other 

Discussion questions 

2.1 Discuss the statement that a system and its surround

ings are distinguished by specifying the properties of the 
boundary that separates them. 

2.2 Give examples of chemical systems that are (a) open, (b) 

closed, (c) isolated. 

2.3 Explain the difference between expansion work against 

constant pressure and work of reversible expansion and their 

consequences. 

2.4 Distinguish between reversible and irreversible expansions. 

2.5 Provide a molecu lar interpretation of heat. How is it dif

ferent from the equ ivalent molecular interpretation of work? 

2.6 Are the law of conservation of energy in dynamics and 

the Fi rst Law of thermodynamics identical? If not, describe 
the difference. 

2.7 What is (a) temperature, (b) heat, (c) work, (d) energy? 
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common substances, such as water and ca rbon dioxide are 
w idely avai lable in tables. However, you m ight need a stan

dard entha lpy of combustion instead. Calculate the standard 

entha lpy of combustion of ethylbenzene. 

2F.7 Combustion reactions are re latively easy to carry out 
and study, and the values for standard enthalpies of com

bustion can be combined w ith values for the enthalpies of 

formation of water and carbon dioxide to give entha lpies of 

other types of reaction. Ca lcu late the standard enthalpy of 
hydrogenation of cyclohexene to cyclohexane given that the 

standard enthalpies of combustion of the two compounds 
are -3752 kJ mol_, (cyclohexene) and -3953 kJ mol_, 

(cyclohexane). 

2F.8 The efficient design of chemical plants depends on the 
designer's abi lity to assess and use the heat output in one 

process to supply another process. The standard entha lpy of 
reaction for N2(g) + 3 H2(g) --'> 2 NH3(g) is -92.22 kJ mol-1

. 

What is the change in enthalpy when (a) 1.00 t of N2(g) is 

consumed, (b) 1.00 t of NH3(g) is formed? 

2F.9 Estimate the standard internal energy of formation of 
liqu id methyl ethanoate, CH3COOCH3, at 298 K from its stan

dard enthalpy of formation, wh ich is -442 kJ mol-1
. 

2F.10 The standard enthalpy of combustion of anthracene 
is -7163 kJ mol-' . Use this value, along w ith the tabu lated 

va lues for the standard entha lpy of formation of water and 

carbon dioxide, to ca lcu late standard entha lpy of formation 

of anthracene. 

2.8 Explain the difference between the change in internal 

energy and the change in entha lpy of a chemical or physical 
process. 

2.9 Specify and explain the limitations of the fo llowing expres

sions: (a) q= nRT ln(\1,/\!i), (b) L'>H= L'>U+ pi'> \I, (c) Cp,m - C~m = R. 

2.10 Define the terms (a) standard entha lpy of vaporiza

t ion, (b) standard entha lpy of fusion, (c) standard entha lpy of 

subl imation, (d) standard enthalpy of ion ization, (e) standard 
electron-ga in entha lpy. Identify an application for each one. 

2.11 A primit ive air-cond it ion ing unit for use in places where 

electrica l power is not avai lable can be made by hanging up 

strips of linen soaked in water. Explain why this strategy is 
effective. 

2.12 Define the terms bond enthalpy and mean bond en

thalpy. Use examples to illustrate the difference between the 
two quantities. 
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2.13 Defi ne the te rms (a) standard react ion entha lpy. (b) 

standard enthalpy of combustion. (c) standard enthalpy of 

formation. and identify an application for each one. 

2.14 Why is it important to distinguish between the standard 

state and the reference state of an element? 

2.15 Discuss the limitations of the expressions: (a) l'l,H = !J.,U + 
!J.v,,RT. (b) !'J,H9

(T') = l'l,H"(T) + f'l,C: x (T'- T). 

Problems 

2.1 The heat capacity of air is much smal ler than that of liq

uid water. and relatively modest amounts of heat are needed 
to change its temperature. This is one of the reasons why 

desert regions. though very hot during the day. are bitterly 

cold at night. The heat capacity of air at room temperatu re 
and pressure is approximate ly 21 J K-1 mol-1

• How much 
energy is requ ired to ra ise the temperatu re of a room of di

mensions 5.5 m x 6.5 m x 3.0 m by 10 oc? If losses are 

neglected. how long w ill it take a heater rated at 1.5 kW to 
ach ieve that increase given that 1 W = 1 J s·' ? 

2.2 A typica l human produces about 10 MJ of energy trans

ferred as heat each day through metabolic activity. The main 
mechanism of heat loss is through the evaporation of water. 
(a) If a human body were an isolated system of mass 65 kg 

w ith the heat capacity of water. what temperature rise wou ld 
the body experience? (b) Human bodies are actua lly open 

systems. What mass of water shou ld be evaporated each 

day to mainta in constant temperatu re? 

2.3 The t ransfer of energy from one reg ion of the atmos

phere to another is of great importance in meteorology for 
it affects the weather. Ca lculate the heat needed to be sup

plied to a parcel (a region) of air containing 1.00 mol air mol

ecu les to mainta in its temperature at 300 K when it expands 

reversibly and isothermally from 22 dm3 to 30.0 dm3 as it 

ascends. 

2.4 In an experiment to determ ine the ca lorific va lue of a 

food. a sample of the food was burned in an oxygen atmos
phere and the temperature rose by 2.89 oc. When a current 

of 1.27 A from a 12.5 V source flowed through the same 
calorimeter for 157 s. the temperature rose by 3.88 oc. What 

energy is released as heat by the combustion? 

2.5 A linear molecu le may rotate about two axes. If the 
molecule cons ists of N atoms. then the re are 3N- 5 vibra

t iona l modes. Use the equ ipart ition theorem to estimate the 
tota l contribution to the molar internal energy from t ransla

t ion. vibration. and rotat ion for (a) carbon dioxide. C02• and 

(b) dibromoethyne. C2Br2• at 2000 K. In contrast. a nonl inear 
molecule may rotate about three axes and has 3N- 6 vibra

t iona l modes. Estimate the tota l contribution to the molar 

2.16 In the earl ier literatu re. and st ill not uncommonly. you 
w ill find the expressions "heat of combustion" and "heat 
of vaporization". Why are the thermodynam ic expressions 

"entha lpy of combustion" and "entha lpy of vaporization" 

superior? 

interna l energy from trans lation. vibration. and rotat ion for 

(c) nitrogen dioxide. NO,. and (d) tetrabromoethene. C2Br4 • 

at 2000 K. In each case. first assume that all vibrat ions are 

active; then assume that none is. 

2.6 Carbon dioxide. although on ly a m inor component of 
the atmosphere. plays an important role in determining the 
weather and the composit ion and temperature of the atmos

phere. Ca lcu late the difference between the molar enthalpy 

and the molar internal energy of carbon dioxide regarded as a 

rea l gas at 298.15 K. For th is ca lcu lation treat carbon dioxide 
as a van der Waa ls gas with a= 3.610 atm dm6 mol·' and 
b = 4.29 x 10-2 dm3 mol-1. 

2.7 The molar heat capacity at constant pressure of carbon 
dioxide is 29.14 J K-1 mol-1

. (a) What is the va lue of its molar 

heat capacity at constant volume? (b) Use your va lue to cal

cu late the change in (i) the molar entha lpy. and (i i) the molar 

interna l energy when ca rbon dioxide is heated f rom 15 oc. 

the temperature at wh ich air is inhaled. to 37 oc. wh ich is 

blood temperature. the temperature in your lungs. 

2.8 2-Propanol (isopropano l) is commonly used as "rubb ing 

alcohol" to re lieve spra in injuries in sport: its action is due 

to the cool ing effect that accompan ies its rap id evaporation 

when appl ied to the skin. In an experiment to determ ine 

the entha lpy of vaporization of 2-propanol. a sample was 
brought to the boil. It was then found that when an elec

tr ic current of 0.812 A from an 11.5 V supp ly was passed 
for 303 s. then 4.27 g of the alcohol was vaporized. What 

is the molar enthalpy of vaporization of isopropano l at its 

bo iling point? 

2.9 A sample of sol id naphthalene. C10H8• of mass 10.2 g was 

placed in a constant pressure calorimeter held at 1.00 bar and 
the temperature increased to its standard melting tempera

ture. 355 K. A cu rrent of 0.317 A from a 24.0 V supply was 

passed through the heating coil w ith in the calorimeter. The 
temperature rema ined constant and after 24.9 s. the sample 
of naphthalene had melted complete ly. Determ ine the stan

dard entha lpy of fusion of naphtha lene at th is temperature. 

2.10 Estimate the entha lpy of vaporization of water at 100 oc 

from its va lue at 25 oc. 44.01 kJ mol·' . given the constant-



pressure molar heat capacities of 75.29 J K-1 mol-' and 

33.58 J K-1 mol-' for liquid and gas, respectively. 

2.11 How much energy (at constant temperature and pres

sure) must be supplied as heat to 10.0 g of chlorine gas (as 
Cl2) to produce a plasma composed of Cl- and Cl+ ions? The 

enthalpy of ionization of Cl(g) is+ 12575 kJ mol-' and its elec
tron gain enthalpy is -349 kJ mol-'. Hence identify the stan
dard enthalpy of ionization of Cl-(g). 

2.12 When 320 mg of naphthalene, C10H8(s). was burned in 
a bomb calorimeter, the temperature rose by 3.05 K. Ca lcu

late the heat capacity of the calorimeter. By how much wi ll 

the temperature rise when 100 mg of phenol, C6H50H(s). is 

burned in the calorimeter under the same conditions? 

2.13 The energy resources of glucose are of major concern 

for the assessment of metabolic processes. When 0.3212 g 

of glucose was burned in a bomb ca lorimeter of heat cap

acity 641 J K-1 the temperature rose by 7793 K. Calculate (a) 
the standard molar enthalpy of combustion, (b) the standard 

internal energy of combustion, and (c) the standard enthalpy 
of formation of glucose. 

2.14 The complete combustion of solid fumaric acid, 
HOOCCH=CHCOOH, in a bomb calorimeter released 

1333 kJ mol-' of heat at 298 K. Calculate (a) the internal en

ergy of combustion, (b) the enthalpy of combustion . (c) Use 

tabulated values for the standard enthalpy of formation of 
water and carbon dioxide to calculate the enthalpy of forma
t ion of solid fumaric acid. 

2.15 Calcu late the standard enthalpy of solution of Agl(s) in 

water from the tabulated standard enthalpies of formation of 
the solid and the aqueous ions. 

2.16 The standard enthalpy for the gas-phase decomposi

t ion of the yellow complex NH3SO, into ammonia, NH3. and 
sulfur dioxide, SO, is +40.02 kJ mol-' at 298 K. The standard 

enthalpy of formation of ammonia and su lfur dioxide are 

-46.1 1 and -296.83 kJ mol- ' respectively at this tempera

ture . Calculate the standard enthalpy of formation of gaseous 
N H3SO, at 298 K. 

2.17 Standard enthalpies of formation are of great useful

ness, for they can be used to calcu late the standard enthal

pies of a very wide range of reactions of interest in chem
istry, biology, geology, and industry. Use information in the 

Resource section to ca lcu late the standard enthalpies of the 
fol lowing reactions: 

(a) 2 NO, (g) ~ N20 4(g) 

(b) N02(g) ~ 7 N20 4(g) 

(c) 3 NO, (g) + H20(1) ~ 2 HN03(aq) + NO(g) 

(d) Cyclopropane(g) ~ propene(g) 

(e) HCI(aq) + NaOH(aq) ~ NaCI(aq) + H20 (I) 

2.18 The mean bond enthalpies of the C-C, C-H, C=O, and 
0-H bonds are 348,412,743, and 463 kJ mol-1, respectively. 
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The combustion of a fuel such as octane is exothermic be

cause relatively weak bonds break to form relatively strong 

bonds. Use this information to justify why glucose has a lower 

specific enthalpy than the lipid decanoic acid (C 10H200 2) even 

though these compounds have similar molar masses. 

2.19 The pressures deep within the Earth are much greater 

than those on the surface, and to make use of thermochemi

ca l data in geochemical assessments you need to take the 
differences into account. (a) Given that the enthalpy of com

bustion of graphite is -393.5 kJ mol-' and that of diamond 

is -395.41 kJ mol-' , calcu late the standard enthalpy of the 

C(s, graphite) ~ C(s, diamond) transition. (b) The densities 

of graphite and diamond are 2.250 g cm-3 and 3.510 g cm-3, 
respectively. Calculate the internal energy of the transition 

when the sample is under a pressure of 150 kbar. 

2.20 Camping gas is typica lly propane. The standard enthal
PY of combustion of propane gas is -2220 kJ mol-' and the 

standard enthalpy of vaporization of the liquid is+ 15 kJ mol-'. 

Calculate (a) the standard enthalpy and (b) the standard inter

nal energy of combustion of the liquid. 

2.21 Calculate the standard enthalpy of formation of N20 5 

from the following data: 

2 NO(g) + 0 2(g) ~ 2 NO,(g) !!.,H9 = -114.1 kJ mol-' 

4 NO, (g) + 0 2(g) ~ 2 N20 5(g) !!.,H• = -110.2 kJ mol-' 

N, (g) + 0 2(g) ~ 2 NO(g) I!.,H9 
= + 180.5 kJ mol-' 

2.22 Heat capacity data can be used to estimate the reac
tion enthalpy at one temperature from its value at another. 

Use the information in the Resource section to predict the 
standard reaction enthalpy of 2 N02 (g) ~ N20 4(g) at 100 °C 

from its va lue at 25 °C. 

2.23 It is often useful to be able to anticipate, without doing 
a detai led calculation, whether an increase in temperature 

w ill result in a raising or a lowering of a reaction enthalpy. 

The constant-pressure molar heat capacity of a gas of linear 

molecules is approximately tR whereas that of a gas of non

linear molecules is approximately 4R. Decide whether the 
standard enthalpies of the following reactions w ill increase 

or decrease with increasing temperature: 

(a) 2 H2(g) + 0 2(g) ~ 2 H20(g) 

(b) CH4 (g) + 2 0 2(g) ~ CO,( g) + 2 H20(g) 

(c) N2(g) + 3 H2(g) ~ 2 NH3(g) 

2.24 The molar heat capacity of liquid water is approxi

mately 9R. Decide whether the standard enthalpy of the 

first two reactions in the preceding exercise w ill increase 
or decrease with a rise in temperature if the water is pro

duced as a liquid. 

2.25 Estimate the difference between the standard enthalpy 
of formation of C02(g) as currently defined (at 1 bar) and its 

value using the former definition (at 1 atm). 
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Projects 

The symbol t indicates that calculus is required. 

2. H Here you are invited to explore the effect of molecu lar 
repulsions and attractions in an imperfect gas by consider

ing each of the terms in the van der Waals equation of state 
in turn. (a) If molecu lar repu lsions dominate, the van der 

Waals equation of state may be approximated as p = 

nRT/IV- nb). Following the method in Justification2A.2, derive 

the work done for a gas that obeys th is equation of state. 

Does such a gas do more or less work than a perfect gas 
for the same change of volume? (b) If, however, molecular 

attractions dominate, the equation of state may be w ritten as 

p = nRT/V- ri'aN2 Derive an equivalent expression for a gas 
in which molecular attractions dominate. Does such a gas do 

more or less work than a perfect gas for the same change 

of volume? 

2.2t Justification 2A.2 showed how to ca lcu late the work of 

reversible, isothermal expansion of a perfect gas. Suppose 

that the expansion is reversible but not isothermal and that 
the temperatu re decreases as the expansion proceeds. (a) 

Find an expression for the work when T = 7; - c( V- \!i), with 
c a posit ive constant. (b) Is the work greater or smaller than 

for isothermal expansion? 

2.3 t At low temperatu res, the temperature dependence of 
the heat capacity has a sign ificant effect on the internal en

ergy. (a) The heat capacity of a non-metal lic solid at very low 

temperatures (close to T = 0) typica lly varies as aT3
, where a 

is a constant. How does its internal energy va ry? (b) Suppose 

that the molar internal energy of a substance over a limited 
temperature range can be expressed as a polynomial in Tas 

Um(Tl =a+ bT + cT2 Find an expression for the constant

volume molar heat capaci ty at a temperature T. 

2.4t Here you are invited to explore the impl ications of the 
temperature dependence of the heat capacity for the enthal

py. (a) The heat capacity of a substance is often reported in 

the form Cp.m( n =a+ b T + c/T2 Use this expression to make 

a more accurate estimate of the change in molar enthalpy of 
carbon dioxide when it is heated from 15 oc to 37 oc. given 
a= 44.22 J K-1 mol-1

, b = 8.79 x 10-3 J K-2 mol-1
, and c = 

-8.62 x 105 J K mol-' . You w ill need to integrate dH = 

cPmd T. (b) Use the expression from part (a) to determ ine 

how the molar entha lpy of the substance changes over that 
lim ited temperature range. Plot the molar enthalpy as a 

function of temperature. 

2.5t The exact expression for the relation between the heat 
capacities at constant volume and constant pressure is CP -
Cv = ci' TV/J<:, where a is the expansion coefficient. a = (d VI 
d n/V at constant pressure and 1C (kappa) is the isothermal 

compressibi lity, JC= -(dV/dp)/V Confirm that th is general ex

pression reduces to that for a perfect gas, Cp.m - Cv.m = R. 

2.6 The equ ipartit ion theorem is va lid on ly if kT is very much 

greater than the separation between energy levels of the 
mode of motion, !J.£. Translational and rotational energy lev

els are suffic iently close together that this is true for most 

molecules at room temperatu re. However, the separation 
between vibrationa l energy levels is much greater, such 

that the equipartition theorem may be used to calcu late 

the total contribution to the internal energy from al l modes 

of motion only at high temperatu res. The exact expression 

for the average contribution to the energy from vibration is 
given by M/{1 - e-•ekr}. (a) For chlorine, Cl2, the separation 

between vibrational energy levels is 6.70 kJ mol-' . Estimate 

the temperature at which the equ ipartition theorem be

comes val id. (b) An exponential function may be expanded 

as e' = 1 + x + -J-x' + ... if x < 1. Show that in th is case, the 

exact expression reduces to the result obta ined from the 

equipartit ion theorem. 

2.7 In an experiment to investigate the thermodynamic 

properties of ammonia gas, NH3, the fo llowing va lues for the 
molar constant heat capacity were measured over the tem

perature range 300-700 K. 

77K 300 400 500 600 700 

Cp.m l (J K_, 
mol-' ) 35.558 38.821 41.680 44.379 47.004 

Using a computer spreadsheet package, graphing package, or 

fitting software, confirm that the values are consistent with 

eqn 7a. Determine the values of the parameters a, b, and c. 

2.8t Here you are invited to explore Kirchhoff's law in greater 

detai l. (a) Derive a version of Kirchhoff's law for the tempera

tu re-dependence of the internal energy of reaction. (b) The 

conventional formu lation of Ki rchhoff's law given in the text 

is valid when the difference in heat capacit ies is independent 
of temperatu re over the temperatu re range of interest. Sup

pose instead that t,c: = !J.,a + !J.,b T + !J.,c/T2 Derive a more 

accurate form of Ki rchhoff's law in terms of the parameters 

t,a, !J.,b, and t,c. Start by expressing the change in the reac

tion entha lpy for an infin itesima l change in temperature as 
dH = !J.,CPd Tand substitute the expression for the change in 
the heat capacit ies on react ion. Then integrate th is expres

sion between the two temperatures of interest. 

2.9 In th is project you are invited to explore the thermody

namics of ca rbohydrates as biolog ical fuels. It is useful to 

know that glucose and fructose are simple sugars w ith the 
molecular formu la C6H120 6 . Sucrose (cane sugar) is a com

plex sugar w ith molecular formula C12H220 11 that consists of 
a glucose unit covalently bound to a fructose unit (a water 

molecule is el im inated as a resu lt of the reaction between 
glucose and fructose to form sucrose). Some nutrition ists 

recommend diets that are large ly devoid of carbohydrates, 



with most of the energy needs being met by fats. However, 

the most common diets are those in wh ich at least 65 per 

cent of food ca lories come from carbohydrates. (a) A t -cup 
serving of pasta conta ins 40 g of carbohydrates. What per

centage of the dai ly calorie requ irement for a person on a 
2200 Ca lorie diet (1 Ca l = 1 kca l) does this serving represent? 

(b) The mass of a typical glucose tablet is 2.5 g. Ca lcu late the 

energy released as heat when a glucose tablet is burned in 
air. (c) To what height cou ld you cl imb on the energy a glu

cose tablet provides assuming 25 per cent of the energy is 
available for work? (d) Is the standard entha lpy of combustion 

of glucose likely to be higher or lower at blood temperature 
than at 25 oc? (e) Calculate the energy released as heat when 

a typical sugar cube of mass 1.5 g is burned in air. (f) To what 

height could you climb on the energy a table sugar cube pro

vides assuming 25 per cent of the energy is available for work? 
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2.10 The definition of enthalpy and the perfect gas equation 

of state can be used to estimate the standard enthalpy of 

ionization or electron gain and the corresponding change in 
internal energy. (a) Starting from Kirchhoff's law, and remem

bering that the molar constant-pressure heat capacity of a 
perfect gas is '}R, derive an expression for the difference be

tween the change in enthalpy and change in internal energy 
for a gas-phase process if al l species behave as if perfect gas

es. (b) Hence show that for ion ization, ll.;0 ,H6
- ll;, U6 = 'i:RT. 

(c) Use this expression to estimate the difference between 

the standard enthalpy of ion ization of Ca(g) to Ca' •(g) and the 

accompanying change in internal energy at 25 oc. (d) In the 

same way, show that for electron gain, IJ.,9H
6

- !J.,,u• = - 'i:RT. 

(e) Hence estimate the difference between the standard 
electron-ga in enthalpy of Br(g) and the correspond ing change 

in internal energy at 25 oc. 





FOCUS 3 

The Second Law of 
thermodynamics 
Some things happen; some th ings don't. A gas expands to 

f ill the vessel it occupies; a gas that already fi ll s a vessel 
does not sudden ly contract into a smaller volume. A hot ob

ject cools to the temperature of its surround ings; a cool ob

ject does not sudden ly become hotter than its surround ings. 
Hydrogen and oxygen combine explosively (once their abi l

ity to do so has been liberated by a spark) and form water; 

water left stand ing in oceans and lakes does not gradually 

decompose into hydrogen and oxygen . These everyday 

observations suggest that changes can be divided into two 
classes, spontaneous and non-spontaneous. In th is Focus 

group we identify the criterion of spontaneous change and 

introduce and use the very important concept of entropy. 

3A Entropy 

First, we ident ify the criterion for a spontaneous change 

and so introduce the concept of entropy. We show how 
the change in entropy is defined and use it to assess the 

maximum efficiency of a heat eng ine . 

3A.1 The direction of spontaneous change; 
3A.2 Entropy and the Second Law; 3A.3 Heat 
engines, refrigerators, and heat pumps 

38 Entropy changes 

Here we show how to use the definition of entropy change 

to calculate the change in entropy when a system undergoes 
changes of volume and temperature and when a phase t ransi

t ion takes place. We also show how to adapt the definit ion to 

the ca lcu lation of the change in entropy of the surroundings. 

38.1 The entropy change accompanying a change 
in volume; 38.2 The entropy change accompanying 
a change in temperature; 38.3 The entropy change 
accompanying a phase transition; 38.4 Entropy 
changes in the surroundings 

3C Absolute entropy 

In this Top ic we introduce the molecu lar interpretation of 
entropy and see how it relates to the Third Law of the rmo

dynamics . That law enables us to measure the abso lute 

va lue of the entropy of a substance, not just changes in 

entropy. The concept of entropy is also illuminated by the 
Boltzmann equation, wh ich relates entropy to the presence 

of molecu les in bu lk matter. 

3C.1 The Third Law of thermodynamics; 3C.2 The 
molecular interpretation of entropy; 3C.3 Residual 
entropy 

3D The Gibbs energy 

At th is point we are ready to discuss the changes in entropy 

when a chem ica l react ion takes place. However, provided 

we are prepared to confine attention to reactions taking 
place at constant pressure, the discussion is greatly sim

pl ified by int roducing the Gibbs energy (the 'free energy') 
of the system and using it to identify the spontaneous dir

ection of reaction. The Gibbs energy is centra l to almost all 

app lications of thermodynam ics to chemistry. 

30.1 The standard reaction entropy; 30.2 The spon
taneity of chemical reactions; 30.3 Focusing on the 
system; 30.4 Properties of the Gibbs energy 

Web resource What is an application ofthis 
material? 

The Second Law is centra l to an understanding of how 
elaborate organisms can become assembled, seemingly 

going against the trend of energy and matter to disperse in 

disorder. Impact 3 on the webs ite of th is text exp lains how 

organ ic structures can nevertheless emerge. 



TOPIC 3A 

Entropy 

~ Why do you need to know this 
material? 

The Second Law is the basis of all change in 
chemistry, and to understand why physical and 
chemical changes occur it is essential to know 
how the law is formulated in terms of entropy. 

~ What is the key idea? 

The entropy of an isolated system tends to increase. 

~ What do you need to know already? 

The Topic makes use of the concept of reversible 
transfer of energy as heat (Topic 2B) and the 
molecular distinction between heat and work 
(Topics 2A and 2B). 

A spontaneous change is a change that has a ten
dency to occur without work having to be done to 
bring it about. In other words, a spontaneous change 
has a natural tendency to occur. A non-spontaneous 
change is a change that can be brought about only 
by doing work. A non-spontaneous change has no 
natural tendency to occur. Non-spontaneous changes 
can be made to occur by doing work: gas can be com
pressed into a smaller volume by pushing in a piston, 
the temperature of a cool object can be raised by for
cing an electric current through a heater attached to 
it, and water can be decomposed by the passage of an 
electric current. However, in each case it is necessary 
to act in some way on the system to bring about the 
non-spontaneous change. 

Throughout this text the terms 'spontaneous' and 
'non-spontaneous' are used in their thermodynamic 
sense. That is, they signify that a change does or does 
not have a natural tendency to occur. In thermo
dynamics the term spontaneous has nothing to do 
with speed. Some spontaneous changes are very fast, 

such as the precipitation reaction that occurs when 
solutions of sodium chloride and silver nitrate are 
mixed. However, some spontaneous changes are so 
slow that there may be no observable change after 
millions of years. For example, although the de
composition of benzene into carbon and hydrogen 
is spontaneous, it does not occur at a measurable 
rate under normal conditions, and benzene is a com
mon laboratory commodity with a shelf life of (in 
principle) millions of years. Thermodynamics deals 
with the tendency to change; it is silent on the rate at 
which that tendency is realized. 

3A.1 The direction of 
spontaneous change 

A few moments' thought is all that is needed to iden
tify the reason why some changes are spontaneous 
and others are not. That reason is not the tendency 
of the system to move towards lower energy. This 
point is easily established by identifying an example 
of a spontaneous change in which there is no change 
in energy. The isothermal expansion of a perfect gas 
into a vacuum is spontaneous, but the total energy 
of the gas does not change because the molecules 
continue to travel at the same average speed and so 
keep their same total kinetic energy. Even in a process 
in which the energy of a system does decrease (as in 
the spontaneous cooling of a block of hot metal), the 
First Law requires the total energy of the system and 
the surroundings to be constant. Therefore, in this 
case the energy of another part of the world must in
crease if the energy decreases in the part that interests 
us. For instance, a hot block of metal in contact with 
a cool block cools and loses energy; however, the sec
ond block becomes warmer, and increases in energy. 
It is equally valid to say that the second block moves 
spontaneously to higher energy as it is to say that the 
first block has a tendency to go to lower energy! 
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Fig. 1 One fundamental type of spontaneous process is the 
dispersal of matter. This tendency accounts for the spontan
eous tendency of a gas to spread into and fill the container 
it occupies. It is extremely unlikely that all the particles will 
collect into one small region of the container. (In practice, the 
number of particles is of the order of 1023

.) 

The apparent driving force of spontaneous change 
is the tendency of energy to disperse and matter to 
become disordered. For example, the molecules of a 
gas may all be in one region of a container initially, 
but their ceaseless random motion ensures that they 
spread rapidly throughout the entire space available 
to them (Fig. 1). Because their motion is effectively 
random, there is a negligibly small probability that all 
the molecules will find their way back simultaneously 
into the region of the container they occupied ini
tially. In this instance, the natural direction of change 
corresponds to the disorderly dispersal of matter. 

In a block of hot metal, the atoms are oscillating 
vigorously and the hotter the block the more vig
orous their motion. The cooler surroundings also 
consist of oscillating atoms, but their motion is less 
vigorous. The vigorously oscillating atoms of the hot 
block jostle their neighbours in the surroundings, 
and the energy of the atoms in the block is handed 
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Fig. 2 Another fundamental type of spontaneous process is 
the dispersal of energy (represented by the small arrows). In 
these diagrams, the yellow spheres represent the system and 
the purple spheres represent the surroundings. The double 
headed arrows represent the thermal motion of the atoms. 
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on to the atoms in the surroundings (Fig. 2). The 
process continues until the vigour with which the 
atoms in the system are oscillating has fallen to that 
of the surroundings. The opposite flow of energy is 
very unlikely. It is highly improbable that there will 
be a net flow of energy into the system as a result of 
jostling from less vigorously oscillating molecules in 
the surroundings. In this case, the natural direction of 
change corresponds to the dispersal of energy. 

In summary, the criterion of spontaneous change is 
that matter and energy tend to disperse. By 'disperse' 
is meant 'spread randomly' through space or, if 
matter is confined to a particular region, for its struc
ture to become disorganized, as when a solid melts. It 
may seem very puzzling that such a simple principle 
can account for the formation of such ordered sys
tems as proteins and biological cells. Nevertheless, 
in due course you will see that organized structures 
can emerge as energy and matter disperse. You will 
see, in fact, that collapse into disorder accounts for 
chemical reactions and change in all its forms. 

3A.2 Entropy and the Second Law 

The measure of dispersal used in thermodynamics is 
called the entropy, S. Initially, entropy can be taken 
to be a synonym for the extent of dispersal, but 
shortly it will be defined precisely and quantitatively 
and then applied to chemical reactions. At this point, 
all you need to know is that when matter and energy 
become dispersed, the entropy increases. That being 
so, the basic principle underlying change can be ex
pressed as the Second Law of thermodynamics: 

The entropy of an isolated 
system tends to increase. 

The Second Law 

The 'isolated system' may consist of a system in 
which there is a special interest (a beaker containing 
reagents, for instance) and that system's surroundings 
(a water bath): the two components jointly form a lit
tle isolated 'universe' in the thermodynamic sense. 

To turn the Second Law into a quantitatively use
ful statement, we introduce the following definition 
of a change in entropy for a system maintained at 
constant temperature: 

Ent ropy change 
[definit ion] 

(la) 

That is, the change in entropy of a system is equal to 
the energy transferred as heat to it reversibly divided by 
the temperature at which the transfer takes place. In a 
number of applications it is necessary to deal with the 
'infinitesimal' version of this definition, the infinitesimal 
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change in entropy, dS, when an infinitesimal amount of 
energy is transferred reversibly as heat, dq"': 

dS= dq"' 
T 

Entropy change 
[formal definition] (1b) 

You need to understand three points about the def
inition in eqn 1: the relevance of the term 'reversible', 
why heat (not work) appears in the numerator, and 
why temperature appears in the denominator. 

• Why reversible? The concept of reversibility 
(Topic 2A) refers to the ability of an infinitesimal 
change in a variable to change the direction of a 
process. The reversible transfer of energy as heat 
is smooth, careful, restrained transfer between 
two bodies at the same temperature. A reversible 
transfer ensures that there are no hot spots gen
erated in the object that later disperse spontan
eously and hence add to the entropy. 

• Why heat and not work in the numerator? The 
transfer of energy as heat makes use of the dis
orderly motion of molecules whereas to transfer 
energy as work makes use of orderly motion 
(Topics 2A and 2B). It should be plausible that 
the change in entropy-the change in the degree 
of disorder-is proportional to the energy transfer 
that takes place by making use of disorderly mo
tion rather than orderly motion. 

• Why temperature in the denominator? The presence 
of the temperature takes into account the disorder 
that is already present. If a given quantity of energy is 
transferred as heat to a hot object (one in which the 
atoms have a lot of disorderly thermal motion), then 
the additional disorder generated is less significant 
than if the same quantity of energy is transferred as 
heat to a cold object in which the atoms have less 
thermal motion. The difference is like sneezing in 
a busy street (an environment analogous to a high 
temperature) and sneezing in a quiet library (an en
vironment analogous to a low temperature). 

Brief illustration 3A.1 Entropy changes 

The transfer of 100 kJ of energy as heat to a large mass of 

water at 0 oc (273 K) results in a change in entropy of 

!1S= q,, = 100 x 10
3 

J +366 J K-' 
T 273K 

The use of a large mass of water ensures that the temperature 

of the sample does not change as heat is transferred. 

Self-test 3A.1 

Evaluate the change in entropy at 100 oc. 
Answer: +268 J K-' 

A note on good practice The units of entropy are joules 
per kelvin (J K-11. Entropy is an extensive property. The units of 
molar entropy, an intensive property, are joules per kelvin per 
mole (J K-1 mol-1). 

Entropy is a state function, a property with a value 
that depends only on the present state of the sys
tem.1 The entropy is a measure of the current state 
of disorder of the system, and how that disorder was 
achieved is not relevant to its current value. A sample 
of liquid water of mass 100 gat 60 oc and 98 kPa 
has exactly the same degree of molecular disorder
the same entropy-regardless of what happened to it 
in the past. The implication of entropy being a state 
function is that a change in its value when a system 
undergoes a change of state is independent of how 
the change of state is brought about. 

3A.3 Heat engines, refrigerators, 
and heat pumps 

The tendency of energy to disperse explains the fact 
that, despite numerous attempts, it has proved impos
sible to construct an engine like that shown in Fig 3, in 
which heat, perhaps from the combustion of a fuel, is 
drawn from a hot reservoir and completely converted 
into work, such as the work of moving an automo
bile. All actual heat engines have both a hot region, the 
'source', and a cold region, the 'sink', and it has been 
found that some energy must be discarded into the cold 
sink as heat and not used to do work. The withdrawal 
of energy as heat from the hot source reduces its en
tropy; the transfer of that energy to the surroundings 
as work has no effect on the entropy, so overall there 

Fig. 3 The Second Law denies the possibility of the process il
lustrated here, in which heat is changed completely into work, 
there being no other change. The process is not in conflict 
with the First Law, because the energy is conserved. 

1 For a formal proof of this statement, see our Physical Chemistry: 
thermodynamics, structure, and change (2014) . 



will be a net reduction in entropy. For there to be a 
net increase in entropy, some of the energy withdrawn 
from the hot source must be deposited in a cold sink 
to increase the latter's entropy and thereby result in 
a net increase in entropy. That requirement, however, 
means that not all the energy withdrawn from the hot 
source can be converted into work. 

Maximum work-and therefore maximum ef
ficiency-is achieved if all energy transactions take 
place reversibly, so that is assumed to be the case in 
the following Justification, where it is shown that the 
efficiency, 1j (eta), of the engine, the ratio of the work 
produced to the heat absorbed, is 

work produced 
1]= 

heat absorbed 

Efficiency of a 
1- Tcold heat engine 

Thor (thermodynamic 
lim it( 

(2) 

This remarkable result shows that the efficiency of 
a perfect heat engine (one working reversibly and 
without mechanical defects such as friction) depends 
only on the temperatures of the hot source and cold 
sink. It shows that maximum efficiency (closest to 
1j = 1) is achieved by using a sink that is as cold as 
possible and a source that is as hot as possible. 

Brief illustration 3A.2 The maximum efficiency 

The maximum efficiency of an electrical power station using 
steam at 200 oc (473 K) and discharging at 20 •c (293 K) is 

T"*' 

= 1- 2931< = 1-
293 = 0.381 

1J 473K 473 ...__.. r,, 

or 38.1 per cent. 

: Self-test 3A.2 

: To what temperature should the hot source be increased to 
: increase the efficiency to 50 per cent? 

Answer: 313 •c 

Justification 3A.1 

The efficiency of a heat engine 

Tosimplifythediscussion, express it in termsofthe magnitudes 
of the heat and work transactions, IGI and I wl. respectively (so, 
if q = -100 J, lql = 100 J). Suppose that the hot source is at 
a temperature Thor· When an energy IGI is withdrawn from it 
reversibly as heat, its entropy changes by -lqVThor· Suppose 
further that an energy lq' I is deposited in the cold sink at 
a temperature T,old, in which case the entropy changes by 
+ lq'I/Tco,d (Fig . 4). The total change in entropy is therefore 

ReOOction of Increase of 
entropy of the entropy of the 

hot source cold sink 

~ 
...---"----. 

LlStotal = 
lq'l +-

T;,ot Tcold 
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The engine will not operate spontaneously if this change in 
entropy is negative, and becomes spontaneous as ~5,0101 be
comes positive. This change of sign occurs when ~5,010 1 = 0, 
which is achieved when 

Because an energy IGI has been extracted from the hot source 
and lq'l has been discarded into the cold sink, the maximum 
energy lwl that can be extracted as work is IGI-Iq'l. It follows 
that the efficiency of the engine is 

as in eqn 2. 

Fig . 4 The flow of energy in a heat engine. For the 
process to be spontaneous, the decrease in entropy of the 
hot source must be offset by the increase in entropy of 
the cold sink. However, because the latter is at a lower tem
perature, not all the energy removed from the hot source 
need be deposited in it, leaving the difference available 
as work. 

A refrigerator can be analysed similarly (Fig. 5). 
The entropy change when an energy lq I is withdrawn 
reversibly as heat from the cold interior at a tem
perature Tcold is -lq lfTcold· The entropy change when 
an energy lq' l is deposited reversibly as heat in the 
outside world at a temperature Thor is+ lq' lfThor· The 
total change in entropy would be negative if lq' I= lq 1, 
and the refrigerator would not work. However, if the 
flow of energy into the warm exterior is increased 
by doing work on the refrigerator, then the entropy 
change of the warm exterior can be increased to the 
point at which it overcomes the decrease in entropy 
of the cold interior, and the refrigerator operates. 
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Fig. 5 The flow of energy as heat from a cold source to a hot 
sink becomes feasible if work is provided to add to the energy 
stream. Then the increase in entropy of the hot sink can be 
made to cancel the entropy decrease of the cold source. 

Checklist of key concepts 

D 1 A spontaneous change is a change that has a ten

dency to occur without work having to be done to 

bring it about. 

D 2 Matter and energy tend to disperse. 

The calculation of the maximum efficiency of this 
process 

heat transferred 
from cold source 

7Jrefrig'"'"' = work done 

Refrigerator 
efficiency 
[thermodynamic 
limit] 

is left as an exercise (see Project 3.1). 

(3a) 

A heat pump is simply a refrigerator, but in which 
there is more interest in the supply of heat to the ex
terior than the cooling achieved in the interior. You 
are invited to show (also in Project 3.1), that the ef
ficiency of a perfect heat pump also depends on the 
ratio of the two temperatures: 

heat transferred 
to warm region 

7)h,., pump = work done 

= 1- Toold 

Thor 

Heat pump 
efficiency 
[thermodynamic 
limit] 

(3b) 

D 3 The Second Law states that the entropy of an iso

lated system tends to increase. 

04 The maximum efficiency of an ideal heat engine 

is governed only by the temperatures of the hot 

source and the cold sink. 



TOPIC 38 

Entropy changes 

>- Why do you need to know this 
material? 

In order to use the concept of entropy quanti
tatively and to make numerical predictions you 
need to know how to calculate the change in its 
value for a variety of fundamental processes. 
You also need to know how to calculate changes 
in entropy of the surroundings as well as the 
system. 

>- What is the key idea? 

The entropy of a system increases when a gas 
expands and when the temperature is increased. 

>- What do you need to know already? 

The Topic, which develops the definition of 
entropy change in Topic 3A, makes use of the 
expressions for the reversible work done by 
a perfect gas (Topic 2A) and for the transfer 
of energy as heat in terms of heat capacity 
(Topic 2B). You need to be aware of the 
relation between enthalpy change and the 
energy transferred as heat at constant pressure 
(Topic 2D). 

Your intuition is often a good guide to the direction 
in which entropy changes when various physical pro
cesses take place provided you bear in mind that it is 
a measure of disorder. Thus, you should expect the 
entropy of a sample of gas to increase as it expands 
because the molecules are able to move in a greater 
volume and so have a greater degree of dispersal. 
Likewise, raising the temperature of a substance 
results in more thermal disorder and the entropy 
increases. When a solid melts or a liquid vaporizes 

the disorder of the sample increases and you can ex
pect its entropy to increase. However, it is important 
to be able to express these increases quantitatively 
and make numerical calculations. 

38.1 The entropy change 
accompanying a change in 
volume 

It is established in Topic 2B that the energy supplied 
as heat when a perfect gas expands reversibly and 
isothermally from a volume v, to a volume v f is 
given by eqn 5 of Topic 2B as q"' = nRT ln(VrfV;); 
a subscript 'rev' has been added to emphasize that 
the expansion is reversible. It then follows from 
eqn 1a of Topic 3A (liS= q,"IT) that the change in 
entropy of the system is 

/15= nR In Vf 
v, 

Isotherma l expan
sion (perfect gas( 

This expression can be interpreted as follows: 

• If Vf > V,, as in an expansion, then Vf!V, > 1 and 
the logarithm is positive. Consequently, eqn 1a 
predicts a positive value for /15, corresponding 

(la) 

to an increase in entropy, as anticipated (Fig. 1 ). g 
• The change in entropy is independent of the ·.;::; 

~ ... temperature at which the isothermal expan-
sion occurs. More work is done if the tern- e-.l!l 
perature is high (because the external pressure c 
must be matched to a higher value of the pres- ro 

u 
sure of the gas), so more energy must be sup- 'iii 
plied as heat to maintain the temperature. The ~ 
temperature in the denominator of eqn 1a is 
higher, but the 'sneeze' (in terms of the analogy 
introduced in Topic 3A) is greater too, and the 
two effects cancel. 

a.. 
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5 

----!----------
'l§ 4 
(Jj 
<1 
:>. 
0.3 v v 
!:: 
E 
"' c 2 

"' Cl 
c 
"' .J::. 
u 

0 
0 

I 
If 

/ 

20 40 60 80 100 
Volume ratio, ~IV: 

Fig. 1 The entropy of a perfect gas increases logarithm ical ly 
(as In V) as the volume is increased. 

Brief illustration 3B.1 The entropy change accom

panying expa nsion 

When the volume occupied by 1.00 mol of any perfect 

gas molecules is doubled at any constant temperature. 

\!;IV:= 2 and 

115= (1.00 mol) x (8.3145 J K-1 mol- 1
) x In 2 = +5.76 J K-1 

; Self-test 3B.1 

: Evaluate the change in entropy when the volume occupied 

; by 1.00 mol of gas molecules increases isothermally by a 

; factor of 100. 

Answer: +38.3 J K-1 

It takes only a minor additional step to express 
eqn 1a in terms of the change in pressure that accom
panies isothermal expansion (or compression). When 
the temperature is constant, Vr/Vi = PIPr. so 

!!S=nR ln.ll 
Pr 

Isothermal expansion 
[perfect gas] (1b) 

Here is a subtle but important point. The defin
ition t>.S = q,"IT makes use of a reversible transfer 
of heat. However, entropy is a state function, so its 
value is independent of the path between the initial 
and final states. This independence of path means 
that although a reversible path must be used to 
calculate t>.S, the same value applies to an irrevers
ible change (for instance, free expansion) between 
the same two states. You must not use an irrevers
ible path to calculate t>.S, but the value calculated 
applies however the path is traversed in practice 
between the specified initial and final states. You 
may have noticed that the flags on eqn 1 do not 

mention reversibility, nor does the statement m 
Brief illustration 3B.1. 

38.2 The entropy change 
accompanying a change in 
temperature 

Provided the heat capacity, C, of the system is inde
pendent of temperature, it is shown in the following 
Justification that the change in entropy when the 
temperature is changed from Ti to Tr is 

!!S=ClnTr 
r. 

Change in ent ropy on 
heat ing [constant Cl 

(2) 

If the pressure is held constant during the heating, 
use the constant-pressure heat capacity, Cp; if the 
volume is held constant, use the constant-volume 
heat capacity, Cv. 

Once more, let's interpret the equation: 

• When Tr > Ti, then Tr/Ti > 1, which implies 
that the logarithm is positive and !!S > 0, and c: 
therefore that the entropy increases as the tern- .g 
perature is raised (Fig. 2). ~ 

• The greater the heat capacity of the substance, 
the greater the change in entropy for a given rise 

a. 
Cii .... c: 

in temperature. A high heat capacity implies co 

that a lot of heat is required to produce a given -~ 

change in temperature, so the 'sneeze' (in terms £ 
of that analogy again) must be more powerful a... 
than for when the heat capacity is low, and the 
entropy increase is correspondingly high. 

5 

~ 
!----------

v ........-

/ 

If 
0 

0 20 40 60 80 100 
Temperature ratio, ~IT; 

Fig. 2 The entropy of a sample w ith a heat capacity that is 
independent of temperature. such as a monatomic perfect 
gas. increases logarithm ical ly (as In T) as the temperature is 
increased. The increase is proportional to the heat capacity of 
the sample. 
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Justification 38.1 

The variation of entropy with temperature 

Equation 1 a ofTopic 3A (I'>S = q,JT) refers to the transfer of 
heat to a system at a constant temperature T. When the tem

perature changes in the course of heating, the 'infinitesimal' 

version, eqn 1 b ofTopic 3A (dS = dq,JT). must be used for 

each stage of the heating and then all the changes between 
the initial and final temperatures must be added together (in

tegrated). To calculate dq,,, use the relation between energy 

supplied as heat and temperature change expressed by eqn 1 

ofTopic 2B (C= q/L'> T; for an infinitesimal transfer of energy as 
heat. C = dq/d T) rearranged into dq = Cd T and, because the 

heating is carried out reversibly by matching the temperatures 

of the heater and the heated system, dq,, = Cd T. At this stage 

of the calculation 

dS=CdT 
T 

The change in entropy, L'>S, when the temperature changes 

from T; to T; is the sum (integral) of all such infinitesimal con

tributions: 

(3) 

C has been replaced by C( T) as a reminder that in general the 

heat capacity depends on the temperature. For many sub

stances and for small temperature ranges C(T) may be taken 

to be constant, C. This assumption is strictly true for a mon

atomic perfect gas. Then C may be taken outside the integral, 

and the latter evaluated as follows: 

Brief illustration 38.2 The entropy change upon heating 

When calculating molar entropy changes at constant volume, 

the heat capacity to be used in eqn 2 is C~m - For example, the 

change in molar entropy when hydrogen gas is heated from 
20 oc to 30 oc at constant volume is (assuming that C~m = 
22.44 J K-1 mol-' is constant over this temperature range): 

30 "C 
~ 

_ _ 303 K _ _ 
= (22.44 J K 1 mol 1

) x In 
293 

K = +0.75 J K 1 mol 1 

'---.r--' 
20 "C 

Self-test 38.2 

To what temperature must the same system be heated for 
the overall increase in entropy to be 1.00 J K-1 mol-' ? 

Answer: 33 oc 

When the heat capacity cannot be assumed to 
be constant over the temperature range of interest, 
which is the case for all solids at low temperatures, 
allowance has to be made for the variation of C with 
temperature. In that case eqn 3 must be used. There 
are two routes forward. One is to use an expression for 
the temperature-dependence of the heat capacity, such 
as that for the molar heat capacity at constant pres
sure in eqn 6a of Topic 2D (Cp,m(T) =a+ bT +ciT-) 
and to evaluate the integral, most readily by using 
mathematical software. The alternative approach is 
to recognize the standard result from calculus (The 
chemist's toolkit 8 in Topic 2A), that the integral of 
a function between two limits is the area under the 
graph of the function between the two limits. In this 
case, the function is C(T)/T, the heat capacity at each 
temperature divided by that temperature. Then: 

t>.S = area under the 
graph of C(T)/T plotted 
against T, between 
Tiand T1• 

Experimental basis of 
determining llS (4) 

The procedure is illustrated in Fig. 3: 

• First, measure and tabulate the heat capacity C(T) 
throughout the range of temperatures of interest 
(Fig3a). 

• Then divide each one of the values of C(T) by 
the corresponding temperature, to get C(T)/T at 
each temperature, and plot these C(T)/T against T 
(Fig. 3b). 

t 
l.l 

~ ·c:; 
"' a. 
"' u 
~ 

"' Q) 

:r: 

(/ 
I 

I 
I 

A 

t \ l.l 
t-

-~ 
-

T l'Ji--
(a) Temperature, T -+ (b) Temperature, T -+ 

Fig. 3 The experimental determ ination of the change in 
entropy of a sample that has a heat capacity that va ries with 
temperature involves: (a) measuring the heat capacity over 
the range of temperatures of interest. then (b) plotting Cp!T 
against Tand determining the area under the curve (the t inted 
area shown here) . The heat capacity of all solids decreases 
toward zero as the temperatu re is reduced. 
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• Lastly, evaluate the area under the graph between 
the temperatures T; and Tr (Fig. 3b ). The only way to 
proceed reliably is to fit the data to a polynomial in T 
and then to use a computer to evaluate the integral. 

Calculating the entropy at low temperatures 

At very low temperatures the molar constant-pressure heat 
capacity of many solids varies as aT' . where a is an empirical 
constant. Suppose that for a certain solid Cp,m =0.43 J K·' mol·' 
at 4 .2 K. What is the change in the molar entropy of this solid 

as its temperature changes from 4 .2 K to 10.0 K? 

Collect your thoughts From eqn 4 

the change in molar entropy 6-Sm 
is the area under the graph of 

Cp,m(T)/T plotted against T. be
tween T. = 4.2 K and T, = 10.0 K. 
Because the temperature is so 

low, use Cp_m(T) =aT'. then inte

grate Cp_m(T)/T =aT' between T. = 

4.2 K and T, = 10.0 K, with a calcu-

)Wsm ~ 
r: 

0 
0 Temperature, T 

lated from Cp.m = 0.43 J K·' mol·' at 4.2 K. 

The solution The integration required is 

The value of the empirical constant a is calculated from 

Cp,m(T) =aT' by using 

Cp,m at 4.2 K 
,.--"---------

0.43 J K- ' mol·' = ax(4.2 K)3 

It follows that a= 5.8 x 10· ' J K-4 mol·'. The change in molar 

entropy is 

6-Sm = t x (5.8 x 1 o·' J K-4 mol-1
) x ((1 0.0 K)3

- (4.2 K)3
} 

= +1.8 J K-1 mol ·' 

: Self-test 38.3 . 
; For metals, there is also a contribution to the heat capacity 
: from the electrons which is linearly proportional to Twhen 
; the temperature is low. Write an expression for its contri-

; bution to the change in molar entropy at low temperatures. 

38.3 The entropy change 
accompanying a phase transition 

The transfer of energy as heat occurs reversibly 
when a solid is at its melting temperature. If the 
temperature of the surroundings is infinitesimally 

lower than that of the system, then energy flows out 
of the system as heat and the substance freezes. If 
the temperature is infinitesimally higher, then en
ergy flows into the system as heat and the substance 
melts. Moreover, because the transition occurs at 
constant pressure, the heat transferred per mole 
of substance can be identified with the enthalpy of 
fusion (melting). Therefore, the entropy of fusion, 
L'l.ru,S, the change of entropy per mole of substance, 
at the melting temperature, Tr (with f now denoting 
fusion), is 

L'l. S= L'l. ru,H(Tr) Entropyoffusionat the 
ru, Tr melting temperature 

(5) 

To get the standard entropy of fusion, L'l.ru/f', at the 
melting temperature, use the melting temperature at 
1 bar and the corresponding standard enthalpy of 
fusion at that temperature. All enthalpies of fusion 
are positive (melting is endothermic: it requires 
heat}, so all entropies of fusion are positive too: dis
order increases on melting. The entropy of water, 
for example, increases when it melts because the 
orderly structure of ice collapses as the liquid forms 
(Fig. 4). 

The entropy of other types of transition may be 
discussed similarly. Thus, the entropy of vaporiza
tion, L'ivapS, at the boiling temperature, Tb, of a liquid 
is related to its enthalpy of vaporization at that tem
perature by 

Entropy of vaporization at 
the boiling temperature 

(6) 

To use this formula, use the enthalpy of vaporization 
at the boiling temperature. For the standard value, 
L'ivapY', use data corresponding to 1 bar. Because 
vaporization is endothermic for all substances, all 
entropies of vaporization are positive. The increase 
in entropy accompanying vaporization is in line with 
what you should expect when a compact liquid turns 
into a gas. 

(a) (b) 

Fig. 4 When a solid, depicted by the orderly array of spheres 
(a), melts, the molecu les form a liquid, the disorderly array of 
spheres (b) . As a result, the entropy of the sample increases. 
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Brief illustration 3B.3 The entropy of transit ion 

From eqn 5 and the information in Table 2E.1, the entropy of 

fusion of ice at 0 oc is: 

AtusH(Tr)of water 
~ 

103 J 
A 

51
7:) = 6.01 kJ mol-' 

' "' 
1 273.1 5 K 

+2.20 x 1 o-' kJ K-' mol-' 

'-----v----' 
Tr of water 

= +22.0 J K-1 mol-' 

Similarly, from the information in Table 2E.1, the entropy of 

vaporization of water at 100 oc is: 

l!. vapH(Tb)ofwater 
,....----A----, 

A 5(7:) = 40.7 kJ mol-' + 1.09 x 1 o-' kJ K-' mol-' 
"' b 373.2 K 

'---v---" 
Tb of wate r 

=+109 J K-1 mol-' 

: Self-test 3B.4 

: Why cannot eqn 5 be used to calculate the entropy of fusion 

: at temperatures other than the freezing temperature? 

Answer: Heat transfer is then not revers ible 

Entropies of vaporization shed light on an em-
pirical relation known as Trouton's rule: 

The quantity llvapH
9
(Tb)/Tb is 

approximately the same (and 
equal to about 85 J K-1 mol-1) 

for all liquids except when 
hydrogen bonding or some 
other kind of specific molecular 
interaction is present. 

Trouton's rule 

The data in Table 3B.l provide support for this rule. 
Because ll..l'f(Tb)/Tb is the entropy of vaporization of 
a liquid at its boiling point, Trouton's rule is explained 
if all liquids have approximately the same entropy of 
vaporization at their boiling points. This near equality 
is to be expected because when a liquid vaporizes, 
the compact condensed phase changes into a widely 
dispersed gas that occupies approximately the same 
volume whatever its identity. To a good approximation, 
therefore, the increase in disorde~; and therefore the en
tropy of vaporization, can be expected to be almost the 
same for all liquids at their boiling temperatures. 

The exceptions to Trouton's rule include liquids 
in which the interactions between molecules result 
in the liquid being less disordered than a random 
jumble of molecules. For example, the high value for 
water implies that the H20 molecules are linked to
gether in some kind of mobile but ordered structure 
by hydrogen bonding, with the result that the entropy 
change is greater when this relatively ordered liquid 
forms a disordered gas. The high value for mercury 

Table3B.1 

Entropies of vaporization at 1 atm and the normal 
boiling point 

Ammonia, NH3 

Benzene, C6H6 

Brom ine, Br2 

Carbon tetrach loride, CCI4 

Cyclohexane, C6H12 

Hydrogen su lfide, H2S 

Mercury, Hg( l) 

Water, H20 

97.4 

87.2 

88.6 

85.9 

85.1 

87.9 

94.2 

109.1 

has a similar explanation but stems from the pres
ence of metallic bonding in the liquid, which organ
izes the atoms into more definite patterns than would 
be the case if such bonding were absent. 

Brief illustration 3B.4 Trouton's rule 

The enthalpy of vaporization of liquid bromine can be esti
mated from its boiling temperature, 59.2 oc. No hydrogen 

bonding or other kind of special interaction is present, so use 

Trouton's rule in the form !J..,,H9
( Tb) = Tb x 85 J K-1 mol-1 

. Then, 

after converting the boiling point to 332.4 K, 

!J..,,H0 ~ (332.4 K) x (85 J K-1 mol-1
) = 28 kJ mol-1 

The experimental value is 29 kJ mol-1
. 

; Self-test 3B.5 . 
; Estimate the enthalpy of vaporization of ethane from its 
; boiling point, which is -88.6 oc. 

Answer: 16 kJ mol-' 

To calculate the entropy of phase transition at a 
temperature other than the transition temperature, it 
is necessary to do additional calculations, as shown 
in the following Example. 

I #if! .. HJ!:f) 
Calculating the entropy of vaporization 

Calculate the entropy of vapor

ization of water at 25 oc from 
thermodynamic data and its en

thalpy of vaporization at its normal 

boiling point. 

Collect your thoughts A common 

approach in thermodynamics 
when asked to calculate a prop

erty under a set of conditions 

Cool 
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different from the data is to set up a path that includes 

the required step. The most convenient way to proceed in 
this case is to calculate the entropy change for heating li

quid water from 25 oc to 100 oc (using eqn 2 with data for 

the liquid from the Resource section). Then use eqn 5 and 

data from Table 2E.1 to calculate the entropy of transition at 
100 oc. Next, calculate the change in entropy for cooling the 
vapour from 100 oc back down to 25 oc (using eqn 2 again, 

but now with data for the vapour from the Resource section). 

Finally, add the three contributions together. The steps may 

be hypothetical. 

The solution From eqn 2 with data for the liquid: 

T. 373 K 
t>S, =Cpm (H,O,I)In _L = (75.29 J K-1 monxln--

. T; 298 K 

=+16.9 J K-' mol -1 

From eqn 5 and data from Table 2E.1: 

From eqn 2 with data for the vapour: 

T. 298 K 
t>S3 = Cp,m (H20,g)lnt = (33.58 J K-' mol- ')xln 

373 
K 

= -7.54 J K-1 mol_, 

The sum of the three entropy changes is the entropy of tran

sition at 25 oc: 

4,,,5(298 K) = t>S, + t>S2 + t>S3 = + 118 J K-1 mol_, 

: Self-test 3B.6 

; Calculate the entropy of vaporization of benzene at 25 oc from 

: the following data: Tb = 353.2 K, A,,,H9
( Tb) = 30.8 kJ mol-1

, 

: Cp,m(l) = 136.1 J K-1 mol_,, Cp,m(g) = 81.6 J K-1 mol-1
. 

Answer: 96.4 J K-1 mol· ' 

38.4 Entropy changes in the 
surroundings 

The definition of entropy change in eqn la of Topic 3A 
(1'1S = q"JT) can be adapted to calculate the entropy 
change of the surroundings in contact with the sys
tem at the temperature T when a quantity of energy 
q'"'•'" enters them reversibly: 

D..S = q sur ,rev 
sur T 

However, the surroundings are so extensive that 
they remain at constant pressure regardless of any 
events taking place in the system, so the heat trans
ferred into them can be identified with the change in 

their enthalpy: q'"'•'" = L'lHmr The enthalpy is a state 
function, so a change in its value is independent of 
the path and the same value of L'lH,"' is obtained re
gardless of how the heat is transferred. Therefore, 
the label 'rev' can be deleted from q and we can 
write 

L'lS = q,"' 
'"' T 

Ent ropy cha nge of the 
surroundings 

(7) 

This formula can be used to calculate the entropy 
change of the surroundings regardless of whether the 
change in the system is reversible or not. 

i@@ul•lil:fl 
Estimating the entropy change of the surroundings 

A typical resting person heats the surroundings at a rate of 
about 100 W. Estimate the entropy you generate in the sur

roundings in the course of a day at 20 oc. 
Collect your thoughts When you 

are asked to calculate the entropy 

change in the surroundings, use 

eqn 1 a. To do so, you need to know 
the energy transferred to the sur

roundings as heat, which is the 

product of the average power 

output and the duration of that 
output (in this case, 1 day). Use 

~ 
[!~ 

1 W = 1 J s-1 and the fact that there are 86 400 s in a day. 

Convert the temperature to kelvins. 

The solution The heat transferred to the surroundings in the 

course of a day is 

q,"' = (86 400 s) x (100 J s-1
) = 8.64 ... x 106 J 

The change in entropy of the surroundings is therefore 

t>S =~= 8.64 ... x106J +2.95 x 1o• J K_, 
'"' T 293 K 

That is, the entropy production is about 30 kJ K-1
• Just to stay 

alive, each person on the planet contributes about 30 kJ K-1 

each day to the entropy of their surroundings. The use of 

transport, machinery, and communications generates far 

more in addition. 

: Self-test 3B.7 

: Suppose a small reptile operates at 0.50 W. What entropy 
: does it generate in the course of a day in the water in the 

: lake that it inhabits, where the temperature is 15 oc? 
Answer: + 150 J K-1 

Equation 7 is expressed in terms of the energy 
supplied to the surroundings as heat, q,"'. Normally, 
you have information about the energy supplied 



to or escaping from the system as heat, q. The two 
quantities are related by q,., = -q. For instance, if 
q = +100 J, an influx of 100 J into the system, then 
q,ur = -100 J, indicating that the surroundings have 
lost that 100 J. Therefore, at this stage q'"' in eqn 5 
can be replaced by -q and 

s - q 
.1. '"'--r Entropy change of the 

surroundings 
(8) 

This expression is for the change in entropy of the 
surroundings in terms of changes in the system. It ap
plies whether or not the process taking place in the 
system is reversible. 

To gain insight into eqn 7, consider two scenarios: 

• Suppose a perfect gas expands isothermally and 
reversibly from Vi to Vf. The entropy change of the 
gas itself (the system) is given by eqn 1. To calcu
late the entropy change in the surroundings, note 
that q, the heat required to keep the temperature 
constant, is q = nRT In( V/VJ Therefore, 

~ - q-
sur --T- nRTln(V/V,) = -nRln Vf 

T V, 

= -.1.S of the system 

The change of entropy in the surroundings is 
therefore the negative of the change in entropy 
of the system, and the total entropy change for the 
reversible process is zero. 

Checklist of key concepts 

0 1 Trouton's rule states that fl.,.H•( T. )IT• is approxi

mately the same for all liquids except when 

hydrogen bonding or some other kind of specific 

molecular interaction is present. 

0 2 The entropy of the system increases when a perfect 

gas expands isothermally. 
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• Now suppose that the gas expands isothermally 
but freely (Pex = 0) between the same two volumes. 
The change in entropy of the system is the same, be
cause entropy is a state function. However, because 
.1.U = 0 for the isothermal expansion of a perfect 
gas and no work is done, no heat is taken in from 
the surroundings. Because q = 0, it follows from 
eqn 8 (which, remember, can be used for either re
versible or irreversible heat transfers), that .1.S'",= 0. 
The total change in entropy is therefore equal to the 
change in entropy of the system, which is positive. 
For this irreversible process, the entropy of the uni
verse has increased, in accord with the Second Law. 

If a chemical reaction or a phase transition takes 
place at constant pressure, the q in eqn 8 can be iden
tified with the change in enthalpy of the system, .1.H, 
and obtain 

.1.S =- .1.H 
"" T 

Ent ropy change of the 
surround ings I constant p] 

(9) 

This enormously important expression lies at the 
heart of the discussion of chemical equilibria. It 
is consistent with common sense: if the process is 
exothermic, W is negative and therefore .1.S,u, 
is positive. The entropy of the surroundings in
creases if heat is released into them. If the process is 
endothermic (.1.H > 0), then the entropy of the sur
roundings decreases. 

0 3 Entropy increases with temperature. 

0 4 The change in entropy of the surroundings is calcu

lated from the energy transferred as heat into them 

regardless of whether the process is reversible or not. 



TOPIC 3C 

Absolute entropy 

~ Why do you need to know this 
material? 

Although the thermodynamic definition of en
tropy provides a way to calculate changes in 
its value, for applications in chemistry it is also 
necessary to have access to absolute values. The 
statistical definition of entropy provides insight 
into its molecular origin. 

~ What is the key idea? 

The entropy of all perfect crystalline materials is 
the same at T= 0. 

~ What do you need to know already? 

This Topic makes use of the expression for the 
temperature dependence of the entropy derived 
in Topic 3B and the graphical evaluation of the 
change of entropy between two temperatures. 
The statistical discussion makes very light, and 
not essential, use of the properties of a particle in 
a box (Topic 7C) . 

An intuitive understanding of the nature of dispersal 
and disorder helps with the interpretation of how the 
entropy changes at very low temperatures and under
lies the concept of 'absolute entropy'. That intuitive 
notion can be made quantitatively precise and in cer
tain cases can be used to calculate entropies. 

3C.1 The Third Law of 
thermodynamics 

The graphical procedure described in Topic 3B for 
the determination of the difference in entropy of a 
substance at two temperatures has a very important 

application. If Ti = 0, then the area under the graph 
between T = 0 and some temperature T gives the 
value of /I.S = S(T)- S(O). At T = 0, all the motion 
of the atoms has been eliminated and there is no 
thermal disorder. Moreover, if the substance is per
fectly crystalline, with every atom in a well-defined 
location, then there is no spatial disorder either. You 
should therefore suspect that at T= 0, the entropy is 
zero. That conclusion should be valid whatever the 
identity of the perfectly crystalline material. 

The thermodynamic support for the conclusion that 
S(O) = 0 for any perfect crystal includes the following. 
Sulfur undergoes a phase transition from rhombic 
to monoclinic at 96 oc (369 K) and the enthalpy of 
transition is +402 J mol- 1

• The entropy of transition 
is therefore /I.S = (+402 J mol-1)/(369 K) = +1.09 J K-1 

mol-1 at this temperature. The molar entropy of each 
phase relative to its value at T = 0 can be measured 
by determining the heat capacity from T = 0 up to 
the transition temperature (Fig. 1 ). As seen in the illus
tration, to match the observed entropy of transition 
at 369 K, the molar entropies of the two crystalline 
forms must be the same at T = 0. The two entropies 
cannot be said to be zero at T = 0, but from the ex
perimental data they are the same. This observation 
is generalized into the Third Law of thermodynamics: 

The entropies of all perfectly 
crystalline substances are the The Third Law 

same at T=O. 

For convenience (and in accord with the interpret
ation of entropy as a measure of disorder), this 
common value is taken to be zero. Then, with this 
convention, according to the Third Law, 

S( 0) = 0 for all perfectly ordered crystalline 
materials. 

The Third-Law entropy at any temperature, S(T), 
is equal to the area under the graph of C(T)/T be
tween T = 0 and the temperature T (Fig. 2) . If there 
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Fig. 1 (a) The molar entropies of monoclinic and rhombic 
sulfur vary with temperature as shown here. At this stage we 
do not know their values at T = 0. (b) When the two curves 
slide together by matching their separation to the measured 
entropy of transition at the transition temperature. the entropies 
of the two forms are found to be the same at T = 0. 

are any phase transitions (for example, melting) in 
the temperature range of interest, then the entropy of 
each transition at the transition temperature is calcu
lated from 1'1, S = 1'1,HIT, and added to the contri
butions from each of the phases. 

Heat capacities can be measured only with great 
difficulty at very low temperatures, particularly close 
to T = 0. However, as remarked in Topic 2D, it has 
been found that many non-metallic substances have 
a heat capacity that obeys the Debye T 3-law: 

At temperatures close to 

T= 0, Cp,m(T) =a'J'3 
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Fig. 2 The absolute entropy (or Third Law entropy) of a sub
stance is calculated by extending the measurement of heat 
capacities down toT= 0 (or as close to that value as possible), 
and then determining the area of the graph of CP!T against 
T up to the temperature of interest. The area is equal to the 
absolute entropy at the temperature T 
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where a is an empirical constant that depends on the 
substance and is found by fitting eqn 1a to a series 
of measurements of the heat capacity close to T = 0. 
With a determined, it is straightforward to deduce, 
as shown in the following Justification, the molar en
tropy at low temperatures: 

At temperatures close to 

Entropy at low 
temperatures 

(lb) 

That is, the molar entropy at the low temperature Tis 
equal to one-third of the constant-pressure heat cap
acity at that temperature. The Debye T3-law strictly 
applies to CP, but Cv and CP converge as T ~ 0, so it 
can be used for estimating Cv too without significant 
error at low temperatures. 

Justification 3C.1 

Entropies close to T= 0 

Use the general expression. eqn 3 ofTopic 38, 

for the change in molar entropy accompanying a change of 

temperature. On setting 7; = 0 and 7; equal to some general 

temperature T. this expression becomes 

S (T)-SiOJ= ~dT o Jrc (T) 
m m 0 T 

According to the Third Law, 5(0) = D. and according to the 

Debye T3-law, Cp,m(T) =aT'. so 

lntegra i Al 

T 3 ~ Cp ,m (T) 

Sm(T)=f ~dT=af T2 dT= faT' 
o T o 

as in eqn 1 b. 

The Third-Law entropy, which is commonly 
called simply 'the entropy', of a substance depends 
on the pressure; the standard molar entropy, S!, is 
the molar entropy of a substance in its standard state 
(pure, at 1 bar) at the temperature of interest. Some 
values at 298.15 K are given in Table 3C.l. In ac
cord with the interpretation of entropy as a measure 
of disorder, the molar entropy of gases are typically 
higher than those of their corresponding condensed 
forms, and liquid forms of a substance have a greater 
molar entropy than their solid phases. The standard 
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molar entropies of ice, water, and water vapour at 
25 °C, for instance, are, respectively, 45, 70, and 
189 J K-1 mol-1

• The increase in values corresponds 
to the increasing disorder on going from a solid to 
a liquid and then to a gas. The difference between 
the standard molar entropies of diamond (2.4 J K-1 

mol-1) and graphite (5. 70 J K-1 mol-1) is consistent 
with the atoms being linked less rigidly in graphite 
than in diamond and their thermal disorder being 
correspondingly greater. 

There are other trends that also need to be ex
plained. For instance, gases of high molar mass typic
ally have higher standard molar entropies than those 
of low molar mass (compare the noble gases). More
over, what is the molecular reason for the increase in 
entropy with temperature? To explore these features, 

Table3C.1 

Standard molar entropies of some substances at 
298.15K* 

Substance 

Gases 

Ammon ia, NH3 

Carbon dioxide, C02 

Helium, He 

Hydrogen, H2 

Neon, Ne 

Nitrogen, N2 

Oxygen, 0 2 

Water vapour, H20 

Liquids 

Benzene, C6H6 

Ethanol, CH3CH20H 

IJ\{~t~r: . l:l?<:J 
Solids 
Calcium oxide, CaO 

Ca lcium ca rbonate, CaC03 

Copper, Cu 

Diamond, C 

Graphite, C 

Lead, Pb 

Magnesium ca rbonate, MgC03 

Magnesium oxide, MgO 

Sodium ch loride, NaCI 

Sucrose, C, 2H220 11 

Tin, Sn (wh ite) 

Sn (grey) 

192.5 

213.7 

126.2 

130.7 

146.3 

191.6 

205.1 

188.8 

173.3 

160.7 

69.9 

39.8 

92.9 

33.2 

2.4 

5.7 

64.8 

65.7 

26.9 

72.1 

360.2 

51.6 

44.1 

*See the Resource section for more values. 

it is necessary to know how individual molecules 
contribute to the entropy of a bulk sample. 

3C.2 The molecular interpretation 
of entropy 

Insight into the factors that determine entropies, and 
an understanding of those last points, is provided 
by the approach developed by Ludwig Boltzmann 
towards the end of the nineteenth century. His 
approach also makes quantitative the notion of 
'disorder'. 

The panel Energy, temperature, and chemistry at 
the front of this text reminds you that molecules are 
distributed over a range of states. The distributions 
are not static. Boltzmann supposed that the myriad 
molecules that comprise a system are ceaselessly 
changing their state (as in collisions in a gas changing 
the velocity of molecules) and that at any instant the 
system has a particular configuration, a distribution 
of the molecules over the available states. Then he 
proposed that 

S=kln W 

In this expression: 

Boltzmann formula 
for the entropy 

• k = 1.381 x 10-23 J K-1 is Boltzmann's constant. 

(2) 

• W is the weight of the configuration, the number 
of ways that the molecules of the system can be 
arranged yet correspond to the same total energy. 

The entropy calculated from the Boltzmann formula 
is sometimes called the statistical entropy. Note that 
the gas constant R is related to Boltzmann's constant 
by R = NAk, where NA is Avogadro's constant. 

! Brief illustration 3C.1 The we ight of a configuration 

: Consider a t iny system of four molecules A B, C, and D that 

! cou ld occupy three equa lly spaced levels of energies 0, e, and 

! 2s, w ith a total energy of 4e. The 19 configurations shown in 

! Fig. 3 are possible, soW= 19. . 
! ! Self-test 3C.1 .. 
! ! How many configurations are possible for three molecu les 

: : wi th a tota l energy 3s that cou ld occupy equa lly spaced 

! ! levels of energies 0, e, and 2s? 

Answer: 7 

If W = 1, which corresponds to one possible con
figuration (only one way of achieving a given energy; 
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Fig. 3 The 19 arrangements of four molecules (represented 
by the blocks) in a system with three energy levels and a total 
energy of 4£. 

all molecules in exactly the same state), then S = 0 
because In 1 = 0. However, if more than one config
uration corresponds to the same total energy, then 
W > 1 and S > 0. If the molecules in the system have 
access to a greater number of energy levels, then there 
may be more ways of achieving a given total energy. 
That is, there are more allowed configurations, W is 
greater, and the entropy is greater than when fewer 
levels are accessible. 

The statistical view of entropy summarized by the 
Boltzmann formula is consistent with the view that 
the entropy is related to the dispersal of energy. For 
instance, when a perfect gas expands, the available 
translational energy levels get closer together (Fig. 4; 
this feature is justified in Topic 7C), so it is possible to 
distribute the molecules over them in more ways 
than when the volume of the container is small 
and the energy levels are further apart. Therefore, as 
the container expands, W and therefore S increase. 
It is no coincidence that the thermodynamic expres
sion for JIJ.S on change of volume (eqn 1a of Topic 3B, 

t 
> 
~ 
Q) 
c 
w 

(a) (b) 

Fig. 4 As a box expands, the energy levels of the particles 
inside it come closer together. At a given temperature, the 
number of arrangements corresponding to the same total en· 
ergy is greater when the energy levels are closely spaced than 
when they are far apart. 
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f}.S = nRT ln(V1/VJ) is proportional to a logarithm: 
the logarithm in Boltzmann's formula turns out to 
lead to the same logarithmic expression (see Topic 
12C for more detail). 

: Brief illustration 3C.2 The Boltzma nn formula 

: Suppose that a large, flexible polymer can adopt 1.0 x 1031 

: different conformations of the same energy. It follows from 

: eqn 2 that the entropy of the polymer is 

~~ 
S = (1.381 X 10' 23 j K-1

) X ln(1.0 X 1031
) = 9.9 X 10-22 j K-1 

: Multiplication by Avogadro's constant gives the molar entropy: 
: Sm = 6.0 x 102 J K-1 mol- 1

• 

: : Self-test 3C.2 

: : Suppose that the same polymer undergoes a transition to a 

: : state that can adopt only 1.0 x 1015 conformations. Calculate 

: : the change in molar entropy of this transition. .. 
Answer: -306 J K-' mol·' 

The Boltzmann formula illuminates the role of 
temperature. When T = 0, all the molecules must be 
in the lowest possible energy level. Because there is 
then just a single possible configuration, W = 1, and 
as In 1 = 0, eqn 2 gives S = 0. The Boltzmann formula 
is also consistent with the entropy of a substance al
ways being positive (because w~ 1, the natural loga
rithm term in eqn 2 is never negative) and increasing 
with temperature. It is also consistent with the in
crease in entropy of a substance when its temperature 
is raised. Thus, when T > 0, the molecules of a sample 
can occupy energy levels above the lowest one, and 
now many different arrangements of the molecules 
will correspond to the same total energy (Fig. 5). 

•• • 
t t 
> > 
"' "' •• • ••• Q; Q; 
c c 
w w 

••••• ••• •• • 
(a) (b) 

Fig. 5 The arrangement of molecules over the available en
ergy levels determines the value of the statistical entropy. 
(a) At T = 0, there is only one arrangement possible: all the 
molecules must be in the lowest energy state. (b) When 
T > 0 several arrangements may correspond to the same total 
energy. In this simple case, W = 3. 
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That is, when T > 0, W > 1 and according to eqn 2 
the entropy rises above zero (because In W > 0 when 
W > 1) and continue to rise as the temperature is 
raised still further. 

The formula also explains the presence of tem
perature in the denominator of the thermodynamic 
definition of entropy change, !'J.S = q"JT. Molecules 
in a system at high temperature can occupy a large 
number of the available energy levels, so a small 
additional transfer of energy as heat will lead to a 
relatively small change in the number of accessible 
energy levels. Consequently, the number of allowed 
configurations does not increase appreciably and 
therefore nor does the entropy of the system. In 
contrast, the molecules in a system at low tempera
ture have access to far fewer energy levels (at T = 0, 
only the lowest level is accessible), and the transfer 
of the same quantity of energy as heat will increase 
the number of accessible energy levels and therefore 
the number of allowed configurations significantly. 
Hence, the change in entropy will be greater when 
the energy is transferred as heat to a cold body than 
when it is transferred to a hot body. 

The chemist's toolkit 10 Logarithms 

The natural logarithm of a number x is denoted In x, and 

is defined as the power to wh ich a number designated 
e = 2.718 .. . must be ra ised for the resu lt to be equal to x: 

8 1nx =X 

It fo llows from the defin it ions of logarithms that 

lnx+ lny= lnxv 

In x- ln v= ln(x/vl 
a lnx= lnx' 

Some useful points about logarithms are summarized in 

Sketch 1: 

• Logarithms increase very slowly as x increases. 

• The logarithm of 1 is 0: In 1 = 0. 

• The logarithms of numbers less than 1 are negative. 

• The logarithm of 0 is minus infin ity, In 0 = ~. 

• In elementary mathemat ics the logarithms of negative 

numbers are not defined. 

The common logarithm of a number, the logarithm com

piled w ith 10 in place of e; is denoted log x: 

1Qiogx =X 

3C.3 Residual entropy 

The Boltzmann formula provides an explanation of a 
rather startling conclusion: the entropy of some sub
stances is greater than zero at T = 0, apparently con
trary to the Third Law. When the entropy of carbon 
monoxide gas is measured thermodynamically (from 
heat capacity and boiling point data, and assuming 
from the Third Law that the entropy is zero at T = 0), 
it is found that S~(298 K) = 192 J K-1 mol-1. However, 
when Boltzmann's formula is used and the relevant 
molecular data included, the standard molar entropy 
is calculated as 198 J K-1 mol-1

. One explanation 
might be that the thermodynamic calculation failed 
to take into account a phase transition in solid carbon 
monoxide, which could have contributed the miss
ing 6 J K-1 mol-1. An alternative explanation is that 
the CO molecules are disordered in the solid, even at 
T = 0, and that there is a contribution to the entropy 
at T = 0 from positional disorder that is frozen in. This 
contribution is called the residual entropy of a solid. 

The residual entropy can be estimated by using the 
Boltzmann formula and supposing that at T = 0 each 
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Sketch 1 

Common logarithms follow the same ru les of add it ion and 

subtraction as natura l logarithms. Common and natura l 
logarithms (log and In, respective ly) are re lated by 

In X= In 10 X log X= (2.303 .. . ) X log X 



Fig. 6 The positional disorder of a substance that accounts for 
the residual entropy of molecules that can adopt either of two 
orientations at T =0 (in this case, CO). If there are Nmolecules 
in the sample, there are 2N possible arrangements with the 
same energy. 

CO molecule can lie in either of two orientations (Fig. 6). 
Then the total number of ways of arranging N mol
ecules is (2 X 2 X 2 ... )Nrimo. = 2N and 

(Use ln x• =a In x; see The chemist's toolkit 10.) The 
molar residual entropy is obtained by replacing N by 
Avogadro's constant: 

This expression evaluates to 5.8 J K-1 mot· \ in good 
agreement with the value needed to bring the thermo
dynamic value into line with the statistical value, for 
instead of taking Sm(O) = 0 in the thermodynamic cal
culation, take Sm(O) = 5.8 J K'1 mol-1

• 

Checklist of key concepts 

0 1 The Third Law of thermodynamics states that the 

entropies of all perfectly crystalline substances are 

the same at T = 0. 

0 2 By convention (and as justified statistically), S(O) =0 

for all perfectly ordered crystalline materials. 

0 3 The standard molar entropy, S~. is the molar en

tropy of a substance in its standard state (pure, at 1 

bar) at the temperature of interest. 
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Fig. 7 The origin of the residual entropy of ice is the random
ness in the location ofthe hydrogen atom in the 0-H .. ·O bonds 
between neighbouring molecules. Note that each molecule 
has two short 0-H bonds and two long O .. ·H hydrogen bonds. 
This schematic diagram shows one possible arrangement. 

Brief illustration 3C.3 Residua l entropy 

Ice has a residual entropy of 3.4 J K-1 mol-1
• This value can be 

traced to the positional disorder of the location of the H atoms 
that lie between neighbouring molecules. Thus, although each 

H20 molecule has two short 0-H covalent bonds and two 

long O .. ·H-0 hydrogen bonds, there is a randomness in which 

bonds are long and which are short (Fig. 7). When the statistics 

of the disorder are analysed for a sample that contains N mol

ecules, ' it turns out that W= I t iN It follows that the residual 
entropy is expected to be S(O) =kIn( t iN= Nk In t , and therefore 

the molar residual entropy is Sm(O) = R In f, which evaluates 
to 3.4 J K-1 mol-1

, in agreement with the experimental value. 

Self-test 3C.3 

! Calculate the residual molar entropy of a solid in which the 
: molecules can adopt six orientations of equal energy at 

! T=O. 
Answer: SmiOI = 112.9 J K·' mol·' 

1 See our Physical chemistry: thermodynamics, structure, and 
change (2014) for the derivation. 

0 4 The statistical entropy is the entropy calculated 

from the Boltzmann formula, as the logarithm of 

the weight of a configuration. 

0 5 The residual entropy of a solid is the contribution 

to the entropy at T = 0 from positional disorder that 

is frozen in. 



TOPIC 3D 

The Gibbs energy 

~ Why do you need to know this 
material? 

A major application of thermodynamics is to 
the identification of the spontaneous direction 
of a chemical reaction. That discussion leads 
naturally to the definition of the Gibbs energy of 
a system, which is a central concept in chemical 
thermodynamics and electrochemistry. 

~ What is the key idea? 

Provided the temperature and pressure are con
stant, the direction of spontaneous change is 
towards lower Gibbs energy. 

~ What do you need to know already? 

The Topic makes use of the concept of entropy 
and the Second Law (Topic 3A) and the calcula
tion of the entropy change of the surroundings 
in terms of the change in enthalpy of the system 
(Topic 3B). A derivation makes use of the rela
tion between internal energy, enthalpy, work, 
and heat (Topics 2C and 2D). 

The principal application of arguments about en
tropy in chemistry is to the discussion of chemical 
reactions and whether or not they are spontaneous. 
When there is a net formation of a gas in a reaction, 
as in combustion, it is usually safe to anticipate that 
the entropy of the system increases. When there is a 
net consumption of gas, as in photosynthesis, it is 
usually safe to predict that the entropy of the system 
decreases. However, for a quantitative value of the 
change in entropy, to predict the sign of the change 
when no gases are involved, and to take into account 

the entropy change of the surroundings, it is neces
sary to carry out an explicit calculation. 

30.1 The standard reaction 
entropy 

The difference in molar entropy between the prod
ucts and the reactants in their standard states is 
called the standard reaction entropy, tJ.,s". It can be 
expressed in terms of the molar entropies of the sub
stances in much the same way for the standard reac
tion enthalpy: 

tJ.,s• = L vs; - L vs; 
products 

The standard 
reaction entropy 
[definition[ 

(1) 

where the v are the dimensionless stoichiometric co
efficients in the chemical equation. 

; Brief illustration 30.1 Standard react ion entropy 

For the reaction 2 H2(g) + 0 2(g) ~ 2 H20(1) you should expect a 

negative entropy of reaction because gases are consumed. To 

find the explicit value use the values in the Resource section 

to w rite 

11,s• = 2S~IH20,1)- {2S~(H2 ,g) + S~(02,g)} 

= 2(70 J K-1 mol-1)- (2(131 J K_, mol-1) 

+ 1205 J K-1 mol-1)) 

= -327 J K-1 mol_, 

A note on good practice Do not make the mistake of setting 
the standard molar entropies of elements equal to zero: they have 
nonzero values [provided T> 0). 

Self-test 30.1 

(a) Calculate the standard react ion entropy for N2(g) + 3 H2(g) 

~ 2 NH3(g) at 25 °C. (b) What is the change in ent ropy w hen 

2 mol H2 reacts? 

Answer: (a) -198.7 J K-1 mol-1
; (b) -132. 5 J K-1 



30.2 The spontaneity of chemical 
reactions 

The result of the calculation in Brief illustration 3D.1 
might be rather surprising at first sight. The reaction 
between hydrogen and oxygen is spontaneous and, 
once initiated, proceeds with explosive violence. 
Nevertheless, the entropy change that accompanies 
it is negative: the reaction results in less disorder, yet 
it is spontaneous! 

The resolution of this apparent paradox under
scores a feature of entropy that recurs throughout 
chemistry: it is essential to consider the entropy of 
both the system and its surroundings when deciding 
whether a process is spontaneous or not. The re
duction in entropy by 327 J K-1 mol-1 in the reac
tion 2 H2(g) + 0 2(g) ~ 2 H20(1) relates only to the 
system, the reaction mixture. To apply the Second 
Law correctly, it is important to calculate the total 
entropy, the sum of the changes in the system and 
the surroundings that jointly compose the 'isolated 
system' referred to in the Second Law. It may well 
be the case that the entropy of the system decreases 
when a change takes place, but there may be a more 
than compensating increase in entropy of the sur
roundings so that overall the entropy change is posi
tive. The opposite may also be true: a large decrease 
in entropy of the surroundings may occur when the 
entropy of the system increases. In that case it would 
be wrong to conclude from the increase of the system 
alone that the change is spontaneous. Whenever con
sidering the implications of entropy, always consider 
the total change of the system and its surroundings. 

To calculate the entropy change in the surround
ings when a reaction takes place at constant pressure, 
use eqn 9 of Topic 3B (t~S'"' = -!::.HIT), interpreting 
the t>.H as the standard reaction enthalpy, !::.,H9

• 

Brief illustration 30.2 Entropy change in t he surround

ings resul ti ng f rom a chem ical react ion 

Consider the water formation reaction, 2 H2(g) + 0 2(g) -> 

2 H20(1). for which !J.,H0 =-572 kJ moi-1.The change in entropy 
of the surroundings (which are maintained at 25 oc. the same 

temperature as the reaction mixture) is 

(-572 x 103 J mol-1
) 

298 K 
=+1.92x103 J K-1 mol· ' 

The total entropy change is 

!J.,S10, 1 = (-327 J K-1 mol-1
) + (1.92 X 103 J K-1 mol-1

) 

= + 1.59 x 103 J K-1 mol·' 

30.3 FOCUSING ON THE SYSTEM 107 

and is positive. This calculation confirms that the reaction 

is spontaneous under standard conditions. In this case, the 

spontaneity is a result of the considerable disorder that the 

reaction generates in the surroundings: water is dragged into 
existence, even though H20(1) has lower entropy than the gas

eous reactants, by the tendency of energy to disperse into the 

surroundings. 

: Self-test 30.2 

! Calculate the total entropy change resulting from the reac
! tion N2(g) + 3 H2(g)-> 2 NH3 (g) at 25 oc. given the standard 

! enthalpy of reaction !J.,H0 = -92.2 kJ mol·' and standard en

l tropy of reaction !J.,S0 = -199 J K-1 mol· ' at this temperature. 
Answer: +110 J K·' mol·' 

30.3 Focusing on the system 

One of the problems with entropy calculations is 
already apparent: two entropy changes have to be 
calculated, the change in the system and the change 
in the surroundings, and then the sign of their sum 
must be considered. The great American theoretician 
J.W. Gibbs (1839-1903), who laid the foundations 
of chemical thermodynamics towards the end of 
the nineteenth century, discovered how to combine 
the two calculations into one. The combination 
of the two procedures in fact turns out to be of much 
greater relevance than just saving a little labour, and 
its consequences are found throughout the text. 

The total entropy change that accompanies a pro
cess is !>.Sror.I = t>.S + t>.S,"" where !>.S is the entropy 
change for the system; for a spontaneous change, 
!>.S,or,1 > 0. If the process occurs at constant pressure 
and temperature, eqn 9 of Topic 3B (t>.S,"' =-!>.HIT) is 
used to express the change in entropy of the surround
ings in terms of the enthalpy change of the system, !>.H. 
When the two expressions are combined the result is 

Total entropy change 
[constant T, pi 

(2) 

The great advantage of this formula is that it ex
presses the total entropy change of the system and 
its surroundings in terms of properties of the system 
alone. The only restriction is to changes at constant 
pressure and temperature. 

Now we take a very important step. First, we intro
duce the Gibbs energy, G,t which is defined as 

G=H-TS Gibbs energy 
[definition] 

(3) 

1 The Gibbs energy is commonly referred to as the 'free energy' 
and the 'Gibbs free energy'. 
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Because H, T, and S are state functions, G is also a 
state function. A change in Gibbs energy, !'J.G, at con
stant temperature arises from changes in enthalpy 
and entropy, and is 

!'J.G = I'!.H- T!'J.S Gibbs energy change 
!constant n 

Comparison of eqns 2 and 4 shows that 

Gibbs energy change 
!constant T, pi 

(4) 

(5) 

That is, at constant temperature and pressure, the 
change in Gibbs energy of a system is proportional 
to the overall change in entropy of the system plus its 
surroundings. The difference in sign between !'J.G and 
!'J.Sroral implies that the condition for a process being 
spontaneous changes from !'J.Sroral > 0 in terms of the 
total entropy (which is universally true) to !'J.G < 0 in 
terms of the Gibbs energy (for processes occurring 
at constant temperature and pressure). That is, in a 
spontaneous change at constant temperature and 
pressure, the Gibbs energy decreases (Fig. 1 ). 

It may seem natural to think of a system as falling 
to a lower value of some property. However, it must 
never be forgotten that to say that a system tends to 
fall to lower Gibbs energy is only a modified way of 
saying that a system and its surroundings jointly tend 
towards greater total entropy. The only criterion of 
spontaneous change is the total entropy of the system 
and its surroundings; the Gibbs energy merely con
trives a way of expressing that total change in terms 
of the properties of the system alone, and is valid only 
for processes that occur at constant temperature and 
pressure. Every chemical reaction that is spontan
eous under conditions of constant temperature and 
pressure, including those that drive the processes of 
growth, learning, and reproduction, are reactions 

i 
C/) 

0 
(.!) 

Total entropy 

Progress of change---+ 

Fig. 1 The criterion of spontaneous change is the increase in 
tota l entropy of the system and its surround ings. Provided the 
process is taking place at constant pressure and temperatu re, 
the criterion of spontaneity can be expressed as a tendency to 
move to lower Gibbs energy. 

that change in the direction of lower Gibbs energy, 
or-another way of expressing the same thing
result in the overall entropy of the system and its sur
roundings becoming greater. 

30.4 Properties of the Gibbs 
energy 

As well as providing a criterion of spontaneous 
change, another feature of the Gibbs energy is that 
the value of !'J.G for a process gives the maximum 
non-expansion work that can be extracted from the 
process at constant temperature and pressure. Non
expansion work, wnonoxp• is any work other than that 
arising from the expansion of the system. It may in
clude electrical work, if the process takes place inside 
an electrochemical or biological cell, or other kinds 
of mechanical work, such as the winding of a spring 
or the contraction of a muscle. As shown in the fol
lowing Justification, 

!!J. G = W nonexp,max 
Gibbs energy and non
expansion work !constant T, pi 

(6) 

Brief illustration 30.3 Non-expansion work 

Experiments show that for the formation of 1 mol H20(1) at 

25 oc and 1 bar, !J.H=-286 kJ and !J.G=-237 kJ. It follows that 

up to 237 kJ of non-expansion work can be extracted from 

the react ion between hydrogen and oxygen to produce 1 mol 
H20(1) at 25 oc. If the react ion takes place in a fue l cell-a 

device for using a chem ical reaction to produce an electric cu r

rent-then up to 237 kJ of elect rica l energy can be generated 

for each mole of H20 produced. Th is energy is enough to keep 

a 60W light bu lb sh ining for about 1.1 h. If no attempt is made 

to ext ract any energy as work, then 286 kJ (in genera l, I!!.Hil 
of energy w ill be produced as heat. If some of the energy re

leased is used to do work, then up to 237 kJ (in genera l, I!!. Gil 
of non-expansion work can be obtained. 

Justification 30.1 

Maximum non-expansion work 

Two generally helpfu l rules for deriving thermodynamic ex

pressions are (1) to deal w ith infin itesima l changes, especially 

when considering reversible changes, and (2) to be prepared 

to feed in definit ions of the terms that appear as successive 
lines of the derivation are developed. In th is case, follow 

these steps. 

Step 1: Use the expressions for dH and dU to write a 

general expression for dG 

Start w ith the infinitesimal form of eqn 4, 

At constant temperature: dG = dH- TdS 



where, as usual, d denotes an infinitesimal difference. Now 
introduce definitions of the terms that appear. Do this twice. 
First, use the expression for the change in enthalpy at con
stant pressure (eqn 3b ofTopic 20 for an infin itesimal change, 
dH = d U + pd V) and obtain 

At constant temperature and pressure: 
dG= dH - TdS= dU+pdV- TdS 

Then replace d U in terms of infinitesimal contributions from 
work and heat (dU= dw+ dq): 

dG= dU +pdV- TdS= dw+dq +pdV- TdS 

Step 2: Introduce the definition of d w 

The work done on the system consists of expansion work, 
-p.,dV, and non-expansion work, dwoaoew Therefore, 

dG= dw+ dq+ pdV- TdS= -p.,dV+ dw, 0 ,.,., + dq+ 
pdV- TdS 

This derivation is valid for any process taking place at constant 
temperature and pressure. 

Step 3: Restrict the expression to reversible work 

Now specialize to a reversible change. For expansion work to 
be reversible, p and p., must be matched, in which case 

dG= - pdV+ dw,00.,,.,.,+ dq+ pdV- TdS 

and the two blue terms cancel to leave 

dG=dw,00.,,.,., + dq- TdS 

Step 4: Restrict the expression to reversible heating 

When the process is reversible, dq can be replaced by TdS, in 
which case these two blue terms cancel. This leaves 

At constant temperature and pressure: dG= dw"'""'·"' 

Maximum work is done during a reversible change (Topic 2A), 
so another way of writing this expression is 

At constant temperature and pressure: dG = d w,00,,.~, 

Because this relation holds for each infinitesimal step be
tween the specified initial and final states, it applies to the 
overall change too, as in eqn 6. 

l&ifl .. !.lli'·l• 
Estimating a change in Gibbs energy 

Suppose a certain small bird has a mass of 30 g. What is the 
minimum mass of glucose that it must consume to fly to 
a branch 10 m above the ground? The change in Gibbs en
ergy that accompanies the oxidation of 1.0 mol C6H120 6(s) to 
carbon dioxide and water vapour at 25 °C is -2828 kJ. 

Col/ect yourthoughts The bird must 
do non-expansion work to raise its 
we ight to the branch, which is equal 
to its change in potential energy, so 
you need the result quoted in The 
chemist's toolkit 7 in Topic 2A that 
the potential energy of a mass mat 

&G 

.. 
0--'---"- ..1. 
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a height h on the surface of the Earth is mgh, where g is 
the acceleration of free fall. Now identify this non-expans ion 
work with t.G, determine the amount of substance that 
corresponds to the required change in Gibbs energy, and 
convert that amount to a mass by using the molar mass of 
glucose. 

The solution The non-expansion work to be done is 

w"'""' = mgh = (30 x 10-3 kg) x (9.81 m s-2
) x (10m) 

= 3.0 X 9.81 X 1.0 X 10-1 kg m2 s-2 

= 2.9 ... J 

(because 1 kg m2 s-2 = 1 J). The amount, n, of glucose mol
ecules required for oxidation to give a change in Gibbs energy 
of this value given that 1 mol provides 2828 kJ is 

2·9···J 1 0 10-a I 
n = 2.828x106 J mol-' = · ... x mo 

Therefore, because the molar mass, M, of glucose is 180 g 
mol_,, the mass, m, of glucose that must be oxidized is 

m=nM=(1 .0 ... x10-amol)x(180 g mor')=1.9x10-4 g 

That is, the bird must consume at least 0.19 mg of glucose for 
the mechanical effort (and more if it thinks about it) . 

! Self-test 30.3 

: A hard-working human brain, perhaps one that is grappling 
: with physical chemistry, operates at about 25W (1 W= 1 J s-1

). 

: What mass of glucose must be consumed to sustain that 
; power output for an hour? . 

Answer. 5.7 g 

The great importance of the Gibbs energy in 
chemistry is becoming apparent. At this stage, it 
is a measure of the non-expansion work resources 
of chemical reactions: if you know .1.G, then you 
know the maximum non-expansion work that 
we can obtain by harnessing the reaction in some 
way. In some cases, the non-expansion work is ex
tracted as electrical energy. This is the case when 
the reaction takes place in an electrochemical cell, 
of which a fuel cell is a special case (Topic 51). In 
other cases, the reaction may be used to build other 
molecules. This is the case in biological cells, where 
the Gibbs energy available from the hydrolysis of 
ATP (adenosine triphosphate) to ADP (adenosine 
diphosphate) is used to build proteins from amino 
acids, to power muscular contraction, and to drive 
the neuronal circuits in our brains. 



110 FOCUS 3 THE SECOND LAW OF THER M ODYNAM ICS 

Checklist of key concepts 

0 1 Whenever considering the impl ications of entropy, 

the tota l change ofthe system and its surroundings 

must be considered. 

02 Provided the temperature and pressure are con

stant, the direction of spontaneous change is in the 

direction of decreasing Gibbs energy. 

0 3 At constant temperature and pressure, the max

imum non-expansion work available from a pro

cess is equal to the change in Gibbs energy. 



FOCUS 3 The Second Law of thermodynamics 
Assume all gases are perfect unless stated otherwise. All thermochemical data are for 298.15 K. 

Exercises 

Topic 3A Entropy 

3A.1 In an exothermic reaction, 460 J of heat is transferred 
from the reaction vessel to a large bath of water. Ca lcu

late the entropy change of the water if the temperature is 
(a) 273 K and (b) 373 K. 

3A.2 A goldfish swims in a large bowl of water at 20 oc . 

Over a period of time, the fish transfers 120 J to the water as 

Topic 38 Entropy changes 

38.1 Calcu late the change in molar entropy when a sample 

of nitrogen gas expands isothermal ly from 1.0 dm3 to 5.5 dm3
. 

38.2 A sample of carbon dioxide that initially occupies 

15.0 dm3 at 250 K and 1.00 atm is compressed isothermal ly. 

Into what volume must the gas be compressed to reduce its 
entropy by 10.0 J K-1? 

38.3 What is the change in entropy of 100 g of water when 
it is heated from room temperature (20 °C) to body tempera

ture (37 °C)? Use Cp.m = 75.5 J K-1 mol-1
• 

38.4 Calculate the change in entropy of 1.0 kg of lead when 
it cools from 500 octo 100 oc. Use Cp.m = 26.44 J K-1 mol-1

. 

38.5 A sample of aluminium of mass 1.00 kg is cooled at con

stant pressure from 300 K to 250 K. Calculate the energy that 
must be removed as heat and the change in entropy of the sam

ple. The molar heat capacity of aluminium is 24.35 J K-1 mol-1
• 

38.6 A cube of ice of mass 100 g is put into a glass of wa

ter at just above 0 oc. When the ice melts, about 33 kJ of 

energy is absorbed from the surroundings as heat. What is 
the change in entropy of (a) the sample (the ice), (b) the sur
roundings (the glass of water)? 

Topic 3C Absolute entropy 

3C.1 Solid argon obeys the Debye T3-law at very low tem

peratures with a = 2.51 mJ K-4 mol-1
• Ca lculate the molar 

entropy of argon at 2 K. 

3C.2 Suppose that the weight, V\1, of a configuration of 
N molecules in a gas of volume Vis proportional to VN Use 

a resu lt of its metabolism . What is the change in entropy of 

the water, assuming no losses to the environment? 

3A.3 A heat engine is requ ired to work at 80 per cent ef

ficiency. At what temperature must the hot source operate if 
the temperature of the cold sink is 20 oc? 

38.7 The enthalpy of the graphite -->diamond phase transi
tion, wh ich under 100 kbar occurs at 2000 K, is+ 1.9 kJ mol-1

• 

Ca lculate the entropy of transition at this temperature . 

38.8 What is the change in entropy when (a) 100 g of ice 

is melted at 0 °C, (b) 100 g of water is heated from 0 oc to 
100 °C, and (c) 100 g of water is vaporized at 100 oc? Use 

the values for each step to calculate the change in entropy 
when 100 g of ice is converted into water vapour at 100 oc. 

Suppose that the changes are brought about by a heater that 

supplies energy at a constant rate . Sketch a graph showing 
(a) the change in temperature of the system, (b) the enthalpy 

of the system, (c) the entropy of the system as a function 

of time. 

38.9 Octane is typical of the components of gasol ine. Esti

mate (a) the entropy of vaporization, (b) the enthalpy of va

porization of octane, which boils at 126 oc at 1 atm. 

38.10 The enthalpy of vaporization of chloroform (trich loro
methane). CHCI3, is 29.4 kJ mol-1 at its normal boil ing 

point of 334.88 K. (a) Ca lculate the entropy of vaporization 

of chloroform at this temperature. (b) What is the entropy 

change in the surround ings? 

Boltzmann's formu la to deduce the change in entropy when 

the gas expands isothermally from V: to II;. 

3C.3 An FCI03 molecule can adopt four orientations in the 

solid with negligible difference in energy. What is its residua l 
molar entropy? 
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Topic 30 The Gibbs energy 

30.1 W ithout performing a ca lcu lation. predict whether the 

standard entrop ies of the fol lowing reactions are like ly to be 

posit ive or negative: 

(a) A la-Ser-Thr-Lys-Giy-Arg-Ser "YP';" Ala-Ser-Thr-Lys 

+G iy-Arg 

(b) N2(g) + 3 H2(g) ~ 2 NH3(g) 

(c) ATP4-(aq) + 2 H20(1) ~ ADP3-(aq) + HPO/ -(aq) + 
H30 +(aq) 

30.2 Use the information on standard molar entropies in the 

Resource section to ca lcu late the standard reaction entropy 

at 298 K of 

Discussion questions 

3.1 Expla in the sing le criterion for a physica l process to be 
class ified as spontaneous. 

3.2 Explain in molecu lar terms why the entropy of a gas 
increases (a) with volume. (b) with temperatu re. 

3.3 JustifyTrouton"s rule. What are the sources of discrepan

cies? 

3.4 Justify the identification of the statistica l entropy w ith 

the thermodynam ic entropy. 

Problems 

The symbol t indicates that calculus is required. 

3.1 Whenever a gas expands isothermally, such as when 

you exha le or when a f lask is opened, the gas undergoes an 

increase in entropy. A sample of methane gas of mass 15 g 
at 260 K and 105 kPa expands isothermally and (a) revers

ibly, (b) irreversibly unti l its pressure is 1.50 kPa. Ca lculate the 

change in entropy of the gas. 

3.2 Calculate the change in molar entropy when a sample of 
argon is compressed from 2.0 dm3 to 500 cm3 and simultan

eously heated from 300 K to 400 K. Take C~m = tR. 
3.3 A monatomic perfect gas at a temperature 7; is expand

ed isothermally to twice its initia l volume. To what tempera

ture should it be cooled to restore its entropy to its initia l 

va lue?Take C~m = tR. 
3.4 In a certain cyclic engine (technically, a Carnot cycle), 

a perfect gas expands isothermally and reversibly, then 
ad iabatically (q = 0) and reversib ly. In the adiabatic expan

sion step the temperature fal ls. At the end of the expans ion 

(a) 2 CH3CHO(g) + 0 2(g) ~ 2 CH3COOH(I) 

(b) 2 AgCI(s) + Br2 (1) ~ 2 AgBr(s) + Cl2(g) 

(c) Hg(l) + Cl2(g) ~ HgCI2(s) 

(d) Zn(s) + Cu2+(aq) ~ Zn2+(aq) + Cu(s) 

(e) C, 2H220 11 (s) + 12 0 2(g) ~ 12 C02(g) + 11 H20(1) 

30.3 Using the values in the Resource section, ca lculate 

(a) the standard reaction entropy and (b) the change in en

tropy of the surround ings (at 298 K) of the reaction N2(g) + 

3 H2(g) ~ 2 NH3(g). (c) Hence ca lcu late the standard Gibbs 

energy of the reaction. 

3.5 Under what circumstances may the properties of the 
system alone be used to identify the direction of spontan

eous change? 

3.6 The evolution of life requires the organization of a very 
large number of molecules into biolog ica l ce lls. Does the 

formation of living organ isms violate the Second Law of 

thermodynamics? State your conclusion clearly and present 

deta iled arguments to support it. 

stage, the sample is compressed reversibly fi rst isothermally 

and then adiabatica lly in such a way as to end up at the 
starting volume and temperature. Draw a graph of entropy 

aga inst temperature for the entire cycle. 

3.5 Calculate the change in entropy w hen 100 g of water at 
80 oc is poured into 100 g of water at 10 oc in an insulated 
vessel given that Cp, m = 75.5 J K-1 mol-1. 

3.6 Calculate the entropy of fusion of a compound at 25 oc 
given that its entha lpy of fusion is 36 kJ mol·' at its melting 
point of 151 oc and the molar heat capacit ies (at constant 

pressure) of the liqu id and solid forms are 33 J K-1 mol-1 and 

17 J K-1 mol-1
, respectively. 

3.7 Consider a system consisting of three quanta of energy 
distributed between four molecules. Each molecu le may pos

sess th ree. two. one or no quanta. (a) Show, by drawing the 

various possible arrangements, that there are 20 different ways 
of distributing the quanta between the molecules. (b) Use the 

Boltzmann formu la to calcu late the entropy of the system. 



3.8 Each H20 molecule in crystalline ice is bonded to four 
tetrahedrally distributed oxygen atoms by hydrogen bonds. 
(a) Show, by drawing the distinct arrangements of the four 
hydrogen atoms about a central oxygen atom, that there are 
six different but equivalent arrangements for each molecule. 
(b) By also considering the arrangements of the 0 atoms at 
the corners of the tetradhedron, show that for a lattice of 
N water molecules, there are It )N chemically equivalent pos
sible arrangements. (c) Hence calculate the molar residual 
entropy of water. 

3.9 Estimate the molar entropy of potass ium chloride at 
5.0 K given that its molar heat capacity at that temperature 
is 1.2 mJ K-1 mol-1

• 

3.10* The temperature dependence of the heat capacity of 
non-metallic solids is found to follow the Debye T3-law at 
very low temperatures, with Cp.m = a T3

. (a) Derive an expres
sion for the change in molar entropy on heating for such a 
sol id. (b) For solid nitrogen, a= 6.15 x 10-" J K-4 mol-' . What 
is the molar entropy of solid nitrogen at 5 K? 

3.11 Suppose that when you exercise, you consume 100 g 
of glucose and that all the energy released as heat remains 
in your body at 37 oc. What is the change in entropy of your 
body? 

3.12 The constant-pressure molar heat capacities of linear 
gaseous molecules are approximately 1- Rand those of non
linear gaseous molecules are approximately 4R. Estimate 
the change in standard reaction entropy of the fol lowing two 
reactions when the temperature is increased by 10 Kat con
stant pressure: 

Projects 

The symbol* indicates that calculus is required. 

3.1 Here you are invited to explore the thermodynamics of 
refrigerators and heat pumps. (a) Follow the arguments used 
in the definition of the efficiency of a heat engine in Justifica
tion 3A. 1 , to show that the best coefficient of cooling per
formance, C, 001 , the ratio of the energy extracted as heat at 
T0010 to the energy supplied as work in a perfect refrigerator, 
is c,oo, = T,old/(Thot - T,o1d). What is the maximum rate of ex
traction of energy as heat in a domestic refrigerator rated at 
200 W operat ing at 5.0 oc in a room at 22 °C? (b) Show that 
the best coefficient of heating performance, c,,m, the ratio 
of the energy produced as heat at Thot to the energy supplied 
as work in a perfect heat pump, is Cw,,m = Tho/(Thot - T,dd). 

What is the maximum power rating of a heat pump that con
sumes power at 2.5 kW operating at 18.0 °C and warming a 
room at 22 °C? 

3.2* Equation 3 ofTopic 3B is based on the assumption that 
the heat capacity is independent of temperature. Suppose, 
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(a) 2 H2(g) + 0 2(g) ~ 2 H20(g), 

(b) CH4(g) + 2 0 2(g) ~ C02(g) + 2 H20(g). 

3.13 In a particular biological reaction taking place in the 
body at 37 oc. the change in entha lpy was -135 kJ mol-1 and 
the change in entropy was - 136 J K-1 mol-1

. (a) Calcu late the 
change in Gibbs energy. (b) Is the reaction spontaneous? (c) 
Calculate the total change in entropy of the system and the 
surroundings. 

3.14 The change in Gibbs energy that accompanies the com
bustion of C6H120 6(s) to carbon dioxide and water vapour at 
25 oc is -2828 kJ mol-'. The potential energy of an object of 
mass mat a height h, relative to that at the Earth's surface is 
given by mgh, where g= 9.81 m s-2 is the acceleration of free 
fall. How much glucose does a person of mass 65 kg need to 
consume to climb through 10m? 

3.15 Fuel cel ls are being developed that make use of organic 
fuels; in due course they might be used to power tiny intra
venous machines for carrying out repai rs on diseased tissue. 
What is the maximum non-expansion work that can be ob
tained from the metabolism of 1.0 mg of sucrose to carbon 
dioxide and water? 

3.16 The Gibbs energy for the hydrolysis of ATP corresponds 
to !>.Gm = -31 kJ mol-' under the conditions prevail ing in a 
typical cell. The formation of acetyl phosphate has t>.Gm = 
-42 kJ mol-1 under typical biological conditions. If acetyl 
phosphate were to be synthesized by coupling to the hydroly
sis of ATP. what is the minimum number of ATP molecules 
that wou ld need to be involved? 

instead, that the heat capacity depends on temperature as 
C =a+ bT +ciT'. Following the approach used in Justifica
tion 38.1, derive an expression for the change of entropy 
accompanying heating from 7; to T,. 

3.3 In general, there are W = N x (N- 1) x (N- 2) x ... x 1 
different arrangements of a system consisting of N items. 
For simplicity, write this expression as W= N!, where N! is 
'Nfactorial'. If some of the items are identical , then the num
ber of arrangements is reduced. If, of the total of N items, 
n, are identical and of one type and n, of another type, and 
so on, then the number of indistinguishable arrangements is 
W= N!!n, !n, !. .. . For a system of N identica l molecules and 
0 quanta of energy, such as that in Problem 3.7. the number 
of indistinguishable arrangements is given by W = {(N - 1) 

+ 0}!/(N- 1 )! 0! . (a) Confirm that this expression yields the 
same result for the number of arrangements for a system 
of four molecules and three quanta as you deduced in Prob
lem 3. 7. (b) Use the expression to calculate the entropy for a 
system of 20 molecules and 8 quanta . (c) When the number 
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of molecu les is large, the expression may be approximated 

as W = {N + 0}!/N! 0!. Show that the ratio of the number 

of arrangements ca lcu lated using the approximate and exact 

expressions is W.wo,;m"'/W.,,01 = 1 + {0/f\/). {d) Deduce the 
va lue of 0/N at which the difference between the entropy 
calculated using the approximate and exact expressions be

comes less than one percent. 

3.4 The formation of glutamine from glutamate and am
monium ions requ ires 14.2 kJ mol-1 of energy input. It is 

driven by the hydrolysis of ATP to ADP mediated by the 
enzyme glutam ine synthetase. {a) Given that the change in 

Gibbs energy for the hydrolys is of ATP corresponds to t.G = 

-31 kJ mol_, under the cond it ions preva il ing in a typical 

ce ll , can the hydrolysis drive the formation of glutamine? 
{b) What amount {in moles) of ATP must be hydrolysed to 

form 1 mol glutamine? (c) Suppose that the rad ius of a typi

cal ce ll is 10 ~m and that inside it 106 ATP molecules are 

hydrolysed each second. What is the power density of the 
ce ll in watts per cubic metre (1 W = 1 J s-1)? (d) A computer 

battery delivers about 15 Wand has a volume of 100 cm3 

Which has the greater power density, the biolog ical ce ll or 

the battery? 



FOCUS 4 

Physical 
transformations 

Boi ling, freezing, and the conversion of graphite to dia
mond are al l examples of phase transitions, or changes 

of phase without change of chemica l composition . Many 

phase changes are common everyday phenomena and 

the ir description is an important part of physical chemistry. 

They occur whenever a solid changes into a liquid, as in the 
melting of ice, or a liquid changes into a vapour, as in the 

vaporization of water in our lungs . They also occur when 

one solid phase changes into another, as in the conversion 
of graphite into diamond under high pressure, or the con 

vers ion of one phase of iron into another as it is heated in 
the process of steelmaking . The tendency of a substance 

to form a liqu id crysta l, a distinct phase with properties 

intermediate between those of sol id and liqu id, gu ides the 

design of displays for electronic devices . Phase changes 
are important geological ly too; for example, ca lcium carbon

ate is typical ly deposited as aragonite, but then gradually 

changes into another crysta l form, ca lcite . 

4A The thennodynamics of transition 

Thermodynamics provides powerfu l ways of discussing 

trans itions between phases . In this Topic we show how the 

Gibbs energy is used to discuss trans itions and in particular 
how they respond to changes in pressure and temperature . 

4A.1 The condition of stability; 4A.2 The variation 
of Gibbs energy with pressure; 4A.3 The variation 
of Gibbs energy with temperature; 4A.4 The Gibbs
Helmholtz equation 

48 Phase diagrams of pure substances 

The cond itions of pressure and temperatu re under which 
each phase of a substance is the most stable are repre

sented by a phase diagram . The response of the chemical 

potential to pressure and temperature is used to map the 

boundaries between the phases, the condit ions where they 

are in equi libri um. 

48.1 Phase boundaries; 48.2 The location of phase 
boundaries; 48.3 Characteristic points; 48.4 The 
phase rule; 48.5 Phase diagrams of typical materials 

4C Partial molar quantities 

In order to apply thermodynamic reasoning to mixtures it 

is important to be able to express the contri bution of each 
substance to the overall thermodynamic property. This is 

the role of partial molar quantities, and in particular of the 

chemical potential, the partial molar Gibbs energy. 

4C.1 Partial molar volume; 4C.2 The chemical poten
tial; 4C.3 Spontaneous mixing 

40 Solutions 

The chal lenge in th is Topic is to show how to use the 

thermodynamic properties of a perfect gas, in particu lar its 
chemical potentia l, to discuss the thermodynamic proper

ties of substances in m ixtu res. The argument depends on 
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the introduction of two empirica l laws and the introduction 
of the concepts of ideal and ideal-di lute solutions. 

40.1 Ideal solutions; 40.2 The chemical potential of 
the solvent; 40.3 Ideal-dilute solutions; 40.4 The 
chemical potential of the solute; 40.5 Real solutions: 
activities 

4E Colligative properties 

Some properties of a solvent are influenced by the pres

ence of a solute but are independent of the chemical iden

t ity of the solute. These 'col ligative' properties include the 

important example of osmosis. We see how the chemica l 
potentia l is used to pred ict their magnitudes. 

4E.1 The modification of boiling and freezing points; 
4E.2 Osmosis 

4F Phase diagrams of mixtures 

This Topic extends the discussion of phase diagrams to 
binary mixtures and introduces temperature-composition 

diagrams and the ir interpretation. We see that they provide 

succinct summaries of the properties of many kinds of 

mixtures. 

4F.1 Mixtures of volatile liquids; 4F.2 Liquid-liquid 
phase diagrams; 4F.3 Liquid-solid phase diagrams; 
4F.4 Zone refining; 4F.5 The Nernst distribution law 

Web resource What is an application ofthis 
material? 

The properties of ca rbon dioxide in its supercrit ical f luid 
phase can form the basis for novel and usefu l chemical sep

aration methods, and have considerable promise for 'green' 

chemistry synthetic procedures. Its properties and appl ica

tions are discussed in Impact 4 on the website of th is text. 



TOPIC 4A 

The thermodynamics of transition 

~ Why do you need to know this 
material? 

Phase transitions are an important part of 
chemistry, as they occur whenever a substance 
changes its physical state. The Gibbs energy, 
which is used to discuss phase transitions, is also 
central to chemical thermodynamics in general, 
and this Topic also shows how it responds to 
changes in pressure and temperature. 

~ What is the key idea? 

A substance tends to adopt the phase with the 
lowest molar Gibbs energy. 

~ What do you need to know already? 

The Topic makes use of the properties of the 
Gibbs energy (Topic 3D), in particular its abil
ity to act as a signpost of spontaneous change at 
constant temperature and pressure. 

The Gibbs energy of a system, and in particular of a 
single substance that might form the system, is defined 
as G = H- TS, with Hits enthalpy, Tits temperature, 
and S its entropy. It is at centre stage in almost all 
the applications of thermodynamics to chemistry and 
in particular of how physical and chemical processes 
depend on the pressure and temperature. As these 
dependencies are discovered, you will acquire deep 
insight into the thermodynamic properties of matter 
and the transitions it can undergo. 

4A.1 The condition of stability 

The molar Gibbs energy, Gm = Gin, an intensive 
property, depends on the phase of the substance. For 
instance, the molar Gibbs energy of liquid water is 

in general different from that of water vapour at the 
same temperature and pressure. When an amount n 
of the substance changes from phase 1 (for instance, 
liquid) with molar Gibbs energy Gm(l) to phase 2 (for 
instance, vapour) with molar Gibbs energy Gm(2), 
the change in Gibbs energy is 

As explained in Topic 3D, a spontaneous change at 
constant temperature and pressure is accompanied by a 
decrease in Gibbs energy and therefore a negative value 
of l'lG. This expression shows, therefore, that a change 
from phase 1 to phase 2 is spontaneous if the molar 
Gibbs energy of phase 2 is lower than that of phase 1 
because then Gm(2)- Gm(1) < 0. In other words: 

A substance has a spontaneous tendency to change 
into the phase with the lowest molar Gibbs energy. 

If at a certain temperature and pressure the solid 
phase of a substance has a lower molar Gibbs energy 
than its liquid phase, then the solid phase is thermo
dynamically more stable and the liquid will (or at 
least has a tendency to) freeze . If the opposite is true, 
the liquid phase is thermodynamically more stable 
and the solid will melt. For example, at 1 atm, ice has 
a lower molar Gibbs energy than liquid water when 
the temperature is below 0 °C, and under these condi
tions the conversion of water into ice is spontaneous. 

Brief illustration 4A.1 Thermodynamic stabil ity 

The Gibbs energy of t ransition f rom metal lic w hite t in (a-Sn) 

to non-metallic grey t in (~Sn) is +0.13 kJ mol_, at 298 K. The 

molar Gibbs energy of meta llic wh ite t in (a-Sn) is lower than 

that of non-metallic grey t in (j3-Sn) by0.13 kJ moi-' .Thethermo
dynamica lly more stable form, and therefore the reference 

state (Topic 2F) at 298 K, is therefore meta llic wh ite t in (a-Sn). 

Self-test 4A. 1 

Use the informat ion in the Resource section to identify the 

reference state of su lfur at 298 K. 
Answer: a-S, rhombic sulfur 
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4A.2 The variation of Gibbs 
energy with pressure 

To discuss how phase transitions depend on the pres
sure, you need to know how the molar Gibbs energy 
varies with pressure. It is shown in the following 
Justification that when the temperature is held con
stant and the pressure is changed by a small amount 
l'lp, the molar Gibbs energy of a substance changes by 

(la) 

where V m is the molar volume of the substance. 
This expression is valid when the molar volume is 
constant in the pressure range of interest. For in
finitesimal changes of pressure, dp, the infinitesimal 
change in molar Gibbs energy is 

(lb) 

Justification 4A.1 

The variation of G with pressure 

A general rule in thermodynamics is that it is often w ise to 
consider infin itesimal changes in a property, especial ly when 

dealing w ith reversible changes. It is also sensible to proceed 
by inserting definitions of properties in terms of more funda

menta l properties. Both procedures are used here. 

Step 1: Establish an expression for an infinitesimal change 

in Gibbs energy 

At a certa in pressure, volume, and temperature, G = H- TS. 

When the pressure, volume, and temperatu re are changed 

by infin itesimal amounts, H changes to H + dH, T changes 

toT+ dT. S changes to S + dS, and G changes toG+ dG. It 

fol lows that 

G+dG= H+ dH- (T + dn!S+dS) 
= H+dH - TS - TdS- SdT -dTdS 

The G on the left cancels the H- TS (in blue) on the right, 

and the doubly infin itesimal d TdS is so small that it can be 

neglected. Therefore 

dG= dH- TdS- SdT 

Step 2: Introduce a more fundamental expression for the 

infinitesimal change in enthalpy 

From the defin it ion H= U+ pV, and letting Uchange to U+ dU, 
and so on, it fo llows that: 

H+dH= U+dU+(p+dp)(V+dV) 

= U+dU +pV+pdV+ Vdp+dpdV 

Then, after neglect ing the doubly infin itesimal term dpd V, and 

lett ing the Han the left cancel the U+ pVon the right (in blue), 

dH=dU+pdV+ Vdp 

Subst itut ion of this expression into that for dG (step 1) gives 

dG= dU+ pdV+ Vdp- TdS- SdT 

Step 3: Introduce a more fundamental expression for the 

infinitesimal change in internal energy 

When infin itesima l quantit ies of energy as heat and work, dq 

and d w, are supplied to the system 

dU=dq+dw 

For a reversible change, dq can be replaced by TdS (because 

dS= dq"Jn and dwcan be replaced by -pdV(because dw= 

-p.,d V and p., = p for a reversible change). wh ich gives 

dU= TdS-pdV 

Substitute th is express ion into the expression for d G: 

dG= TdS - pdV+ pdV+ Vdp- TdS - SdT 

Now cancel the terms in blue: 

dG= Vdp- SdT (2) 

Here is a subtle but important point. To derive th is resu lt it 

has been supposed that the changes in cond it ions have been 
made reversibly. However, G is a state function, and so the 

change in its value is independent of path. Therefore, eqn 2 is 

va lid for any change, not just a reversible change. 

Step 4: Impose constant temperature 

Set d T = 0 in eqn 2; th is leaves d G = Vdp and, for molar quan

tities, dGm = Vmdp. Th is express ion is exact. but applies on ly 

to an infin itesimal change in the pressure. For an observable 

change provided the molar volume is constant over the range 

of interest. dGm can be replaced by 1\.Gm and dp by 1\.p, which 
resu lts in eqn 1. 

What does eqn 1 tell you? First of all, note it shows 
that, because all molar volumes are positive: 

• An increase in pressure (l'lp > 0) results in an 
increase in molar Gibbs energy (1'1Gm > 0). 

• For a given change in pressure, the resulting 
change in molar Gibbs energy is greatest for 
substances with large molar volumes. 
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Because the molar volume of a gas is much larger 
than that of a condensed phase (a liquid or a solid), 
the dependence of Gm on pis much greater for a gas 
than for a condensed phase. For most substances 
(water is an important exception), the molar volume 
of the liquid phase is greater than that of the solid 
phase. Therefore, for most substances, the slope of a 
graph of Gm against pis greater for a liquid than for 
a solid. These characteristics are illustrated in Fig. 1. 

As can be seen from Fig. 1, when the pressure on 
a substance is increased, the molar Gibbs energy of 
the gas phase rises above that of the liquid, then the 
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Fig. 1 The variation of molar Gibbs energy with pressure. The 
region where the molar Gibbs energy of a particular phase is 
least is shown by a dark line and the corresponding region of 
stability of each phase is indicated in the band at the lower 
edge of the illustration. 

molar Gibbs energy of the liquid rises above that of 
the solid. Because the system has a tendency to con
vert into the state of lowest molar Gibbs energy, the 
graphs show that at low pressures the gas phase is 
the most stable, then at sufficiently higher pressures 
the liquid phase becomes the most stable, followed 
by solid phase. In other words, under pressure the 
substance condenses to a liquid, and then further 
pressure can result in the formation of a solid. 

Equation 1 can be used to predict the actual shape 
of graphs like those in Fig. 1. For a solid or liquid, the 
molar volume is almost independent of pressure, so 
eqn la is an excellent approximation to the change in 
molar Gibbs energy. With ~Gm = Gm(P1) - Gm(PJ and 
~p =Pt-P;, 

Pressure 
dependence 
of Gm 
!liquid or sol idi 

(3a) 

This equation shows that the molar Gibbs energy 
of a solid or liquid increases linearly with pressure. 
However, because the molar volume of a condensed 
phase is so small, the dependence is very weak, and 
for the typical ranges of pressure normally of interest 
the pressure dependence of G can be ignored. 

1£fi..i.!ljt·ll 
Assessing the variation of Gibbs energy with pressure 

At 0 °C liquid water and ice are in equilibrium. What is the 
effect on the difference in molar Gibbs energy when the pres

sure is increased from 1.0 bar to 100 bar? The mass dens
ities of the two phases at 0 oc are p(ice) = 0.9150 g cm-3 and 

p(liqu idl = 0.9999 g em-'-
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Collect your thoughts Equa-
t ion 3a shows how the molar 
Gibbs energy of a single sub
stance, including a single phase 
of that substance, depends on 
the pressure, so you need to 
apply it to each phase and then 
form the difference. You will need 
the initial value of that difference, 

~ 
.c 
0 
0 

Pressu re 

but because the two phases are in equilibrium, you know 
that their molar Gibbs energies are the same, so the initial 

difference is zero. The molar volume is related to the mass 

density p = m/V by Vm = V/n = V/(m/MI = M/(m/V) = M/p, 
where M is the molar mass of the substance, wh ich for 
water is 18.02 g mol-1. 

The solution According to eqn 3a, the difference in molar 

Gibbs energies at a pressure A is 

C.Gm(A) = Gm(liquid,p,) - Gm(ice,Pf) 

= {Gm(liqu id.~) + Vm(liquid)(p1 - P;ll- (Gm(ice,~) 

+ Vm(ice)(p, - P;ll 

= C.Gm(p,) + (Vm(liquid) - Vm(ice))(A- p,) 

Because the difference is zero at the initial pressure (because 

the phases are in equil ibrium). 

t.Gm(p,) = (Vm(liquid)- Vm(ice)}(p, - ~) 

Now relate the molar volumes to the densities by replacing 

VmbY M/p: 

t.G -M{--1 ___ 1_} -
m - p(liquid) p(ice) (p, p,) 

and insert the data: 

M 

t.Gm = (18.02 g mol-1
) X { 

1 
_, 

0.9999 gem 
'------,----' 

p(liquid) 

~ 
Pa 1 crrfl 

,_-.., r---"--. 

=-166 kPa cm3 mol_, =-166x(103 N m-2)x(10-6 m3 )mol-' 

mJ 

~ 
= -166x 1o-' N;l; mol_, = -166 mJ mol_, 

The (very small) difference is negative, so the trans ition from 
ice to liquid is spontaneous under this increased pressure. 

Self-test 4A.2 

Calculate the difference in molar Gibbs energies of liquid 

water and its vapour at 100 oc when the pressure is 

increased from 1.00 bar to 2.00 bar. What change becomes 
spontaneous?You can ignore the tiny effect of pressure on 

the liquid phase. 

Answer: +2.15 kJ mol_, ; condensation becomes spontaneous 
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Fig. 2 The variation of the molar Gibbs energy of a perfect 
gas w ith pressure. 

In contrast to condensed phases, the molar Gibbs 
energy of a gas does depend on the pressure, and 
because the molar volume of a gas is large, the de
pendence is significant. As shown in the following 
Justification, 

Pressure 
dependence 
of Gm 
(perfect gas] 

(3b) 

This equation shows that the molar Gibbs energy 
increases logarithmically (as In p) with the pres
sure (Fig. 2). The flattening of the curve at high 
pressures reflects the fact that as V m gets smaller, 
Gm becomes less responsive to pressure. Doubling 
the pressure increases the molar Gibbs energy by 
RT In 2 = 1. 7 k] mol-1 at 298 K. 

Justification 4A.2 

The pressure variation of the Gibbs energy of a 

perfect gas 

Follow these steps to ca lcu late the dependence of Gibbs 
energy on the pressure. 

Step 1: Consider the result of an infinitesimal change in 
pressure 

Start w ith eqn 1 b. d Gm = Vmdp. then add together (integrate) 
all these infin ites imal changes as the pressure is changed 

from P; top,: 

Be aware that Vm might change as the pressure changes. 

Step 2: Restrict the calculation to a perfect gas. 

For a perfect gas Vm = RT/p. so 

Li= t.Gm=f P' vmdp=f RT dp=RTI P' _:l_dp 
p p p p p 

= RT ln.Ei 
P; 

Finally. with 1\.Gm = Gmlp1) - GmiP;). th is expression becomes 

eqn 3b. 

4A.3 The variation of Gibbs 
energy with temperature 

For small changes in temperature, as shown in the 
following Justification, the change in molar Gibbs 
energy at constant pressure is 

Dependence of Gm 
on temperature (4a) 

where ~Gm = Gm(Tf)- Gm(T;) and ~T= Tf - T;. This 
expression is valid provided the entropy of the sub
stance is constant over the range of temperatures of 
interest. 

Justification 4A.3 

The variation of the Gibbs energy with temperature 1 

The starting point for th is short derivation is eqn 2 (dG = 
Vdp- Sd n. the expression obtained in Justification 4A.1 for 

the change in molar Gibbs energy when both the pressure and 

the temperature are changed infinitesimally. If the pressure is 

held constant. dp= 0. and eqn 2 becomes (for molar quantities) 

(4b) 

Th is expression is exact. If the molar entropy is unchanged in 

the range of temperatures of interest. the infinites imal changes 
can be replaced by observable changes, to give eqn 4a. 

According to eqn 4a, because molar entropy ts 
positive, 

An increase in temperature (~T > 0) results in a 
decrease in Gm (~Gm < 0). 

The change in molar Gibbs energy is proportional 
to the molar entropy, so the greater the molar 
entropy, the stronger the response of the molar 
Gibbs energy to a change in temperature. For a 
given substance, there is more spatial disorder in the 
gas phase than in a condensed phase, so the molar 
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entropy of the gas phase is greater than that for a 
condensed phase. It follows that the molar Gibbs 
energy falls more steeply with temperature for a gas 
than for a condensed phase. The molar entropy of 
the liquid phase of a substance is greater than that 
of its solid phase, so the slope is least steep for a 
solid. Figure 3 summarizes these characteristics. 

'@ifluj.jit.fj 
: Calculating the effect of temperature on the Gibbs 

: energy 

: Liqu id water and ice are in equ ilibrium at 0 oc and 1 bar. What 

: is the effect on the difference of molar Gibbs energ ies of the 

: two phases when the temperature is increased to 1 oc? 

: Collect your thoughts The pro-
: cedure is very much like in Ex

: ample 4A.1 but based on eqn 4. 

: Set up an expression for the dif

: terence in molar Gibbs energ ies at 
: the second temperature, and then 

: use eqn 4 to relate that difference 

: to the in it ial difference in molar 

: Gibbs energy wh ich, because the 

>~ i 
~ I Ice 

~ d ~ ~ Liquid 

Temperature 

: two phases are then in equ ilibrium you know to be zero. The 
: relevant molar entropies are Sm(ice) = 37.99 J K-1 mol· ' and 

: Sm(liqu id) = 69.91 J K-1 mol·' at 25 °C, but they differ litt le from 

: the va lues at 0 oc. 

: The solution The difference in molar Gibbs energies at the 

: fina l temperature 7; is . 
t.Gm(7;) = Gm(liquid, 7;)- Gm(ice, 7;) 

= {Gm(liquid, 7;) - Sm(liqu id)(7;- 7;))- {Gm(ice, 7;) 
- Sm(ice)( 7;- 7;)) 

= t.Gm(T;) - {Sm(liqu id)- Sm(ice)}(7;- 7;) 

The difference in Gibbs energies is zero at the in it ial tempera

ture (t.Gm( 7;) = 0), so 

t.Gm(7;) =- {Sm(liqu id)- Sm(ice)}(7;- 7;) 

Now insert the data: 

{~~} Tr-71 
t.Gm(7;)=- 69.91 J K-1 mol-1 -37.99 J K-1 mol_, x (1KJ 

= -31.92 J mol· ' 

The difference is negative, signifying that the transit ion from 

solid to liqu id becomes spontaneous at th is higher temperatu re. 

Self-test 4A.3 

Water vapour and liqu id are in equ ilibrium at 100 oc; what 

is the effect on the difference (liqu id -'>vapour) of molar 
Gibbs energies of lowering the temperature to 98 oc?Take 

the re levant molar entropies to be those at 25 oc; see the 

Resource section. 

Answer:+238 J mol-1
; condensation becomes spontaneous 
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Fig. 3 The variation of molar Gibbs energy w ith temperature. All 
molar Gibbs energ ies decrease with increas ing temperature. 
The regions of temperature over which the solid, liquid, and gas
eous forms of a substance have the lowest molar Gibbs energy 
are indicated in the band at the lower edge of the il lustration. 

Figure 3 reveals the thermodynamic reason why sub
stances melt and vaporize as the temperature is raised. 
At low temperatures, the solid phase has the lowest 
molar Gibbs energy and is therefore the most stable. 
However, as the temperature is raised, the molar Gibbs 
energy of the liquid phase falls below that of the solid 
phase and the substance melts. At even higher tempera
tures, the molar Gibbs energy of the gas phase plunges 
down below that of the liquid phase and the gas be
comes the most stable phase. In other words, above a 
certain temperature, the liquid vaporizes to a gas . 

This discussion also accounts for the observa
tion that some solid substances, such as solid carbon 
dioxide, sublime, that is, convert directly to a vapour 
without first forming a liquid. There is no funda
mental requirement for the three lines to lie exactly 
in the positions they have been drawn in Fig. 3: the 
liquid line, for instance, could lie where it has been 
drawn in Fig. 4. In this case at no temperature (at the 
given pressure) does the liquid phase have the lowest 
molar Gibbs energy. Such a substance converts spon
taneously directly from the solid to the vapour. That is, 
the substance sublimes. 

The transition temperature, Tm, between two 
phases, such as between liquid and solid or between 
ordered and disordered states of a protein, is the 
temperature, at a given pressure, at which the molar 
Gibbs energies of the two phases are equal. Above the 
solid-liquid transition temperature the liquid phase 
is thermodynamically more stable; below it, the solid 
phase is more stable. For instance, at 1 atm, the tran
sition temperature for grey and white tin is 13 oc. 
At the transition temperature itself, the molar Gibbs 
energies of the two phases are identical and there is 
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Fig. 4 If the line for the Gibbs energy of the liquid phase does 
not cut th rough the line for the solid phase (at a given pres
sure) before the line for the gas phase cuts through the line 
for the solid, the liquid is not stable at any temperature at that 
pressure. Such a substance sublimes. 

no tendency for either phase to change into the other. 
At this temperature, therefore, the two allotropes of 
tin are in equilibrium. 

As always when using thermodynamic arguments, 
it is important to keep in mind the distinction be
tween the spontaneity of a phase transition and its 
rate. Spontaneity is a tendency, not necessarily an 
actuality. A phase transition predicted to be spon
taneous may occur so slowly as to be unimportant 
in practice. For instance, at normal temperatures 
and pressures the molar Gibbs energy of graphite 
is 3 kJ mol-1 lower than that of diamond, so there 
is a thermodynamic tendency for diamond to con
vert into graphite. However, for this transition to 
take place, the carbon atoms of diamond must 
change their locations. Because the bonds between 
the atoms are so strong and large numbers of bonds 
must change simultaneously, this process is unmeas
urably slow except at high temperatures. In gases 
and liquids the mobilities of the molecules normally 
allow phase transitions to occur rapidly, but in 
solids thermodynamic instability may be frozen 
in and a thermodynamically unstable phase may 
persist for thousands of years . 

4A.4 The Gibbs-Helmholtz 
equation 

Although the temperature-dependence of the Gibbs 
energy is expressed in terms of the entropy (by eqn 4 ), 
it can also be expressed in terms of the enthalpy. As 
shown in the following Justification, the result is that 

At constant pressure the slope of a graph of G/T 
against temperature is proportional to the enthalpy. 

Specifically: 

d(G/T) H 
dT -T2 

Gibbs-Helmholtz equation 
I constant pressure I 

(5a) 

It might seem inconvenient to calculate the slope 
of GIT rather than of G itself, but in Topic SC it is 
shown that this approach is ideal for a number of 
applications. 

Justification 4A.4 

; The Gibbs- Helmholtz equation 

The starting point is the derivative d(G/n/dT 

Ste p 1: Take the derivative of the ratio G/T 

Use the rules of differentiation from The chemist's toolkit 11 , 

to write 

The replacement of dG/d Tby -S is val id at constant pressure. 

Step 2: Replace G by its definition 

Substitute G = H- TS and obta in 

S H-TS 

which simplifies to eqn 5a. 



The chemist's toolkit 11 The rules of differentiation 

Although the derivatives of functions like x" and sin x are 
widely tabulated, combinations of these functions, such as 

1/(1 + x") and x " sin x are commonly encountered. The fol
lowing rules are then used, where u and vdenote functions 

of x: 

1. The derivative of a sum (or difference) 

_c!_(u + v) = du + dv 
dx dx dx 

More succinctly: d(u + v) = du + dv 

For example: 

d _:/..... ,....L, 
- (ax+bx2 )=a+2bx 
dx 

2. The derivative of a product 

_c!_(uv)=udv +v~ 
dx dx dx 

More succinctly: d(uv) = udv+ vdu 

For example: 

2x 

d ,:;_,~ ~ . d7 . 
-(x2 slnx)=x2--+slnx--=x2 cosx+2xslnx 
dx dx dx 

Checklist of key concepts 

0 1 A substance tends to adopt the phase of lowest 

molar Gibbs energy. 

0 2 At equilibrium, the molar Gibbs energies of the 

phases are equal. 

0 3 The molar Gibbs energy increases with pressure 

and is most sensitive when the molar volume is 

large. 
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3. The derivative of a function of a function 

_c!_u(v) = du dv 
dx dv dx 

For example: 

u(v)=llv, V=1+xn 
,..---A---, 

d 1 
du/dv 
r-""'--o dv/dx n 1 1 ~ nx -

= - - nx =----
v' 11+x" )2 dx 1+x" 

4. The derivative of a ratio of functions 

d u 1 du u dv 
dx ;=; dx -~ dx 

More succinctly: d(u/v) = (1/vjdu- (u/v2)dv 

For example: 

Examples 3 and 4 show that there may be more than one 
way of arriving at the same answer. 

0 4 The molar Gibbs energy of a liquid or a solid is al

most independent of pressure. 

0 5 The molar Gibbs energy of a gas depends logarith

mically on the pressure. 

0 6 The molar Gibbs energy decreases with tempera

ture and is most sensitive when the molar entropy 

is large. 



TOPIC 48 

Phase diagrams of pure substances 

~ Why do you need to know this 
material? 

Phase diagrams are an essential way to summarize 
the stabilities of materials under different condi
tions and the equilibria between their phases. 

~ What is the key idea? 

At equilibrium, the molar Gibbs energy of a 
substance is the same in all the phases in which 
it occurs. 

~ What do you need to know already? 

The Topic makes use of the properties of the Gibbs 
energy (Topic 3D), in particular its ability to act as 
a signpost of spontaneous change, and builds on 
the development in Topic 4A for the variation of 
the Gibbs energy with temperature and pressure. 

The phase diagram of a substance is a map showing 
the conditions of temperature and pressure at which 
its various phases are thermodynamically most stable 
(Fig. 1 ). For example, at point A in the illustration, 
the vapour phase of the substance is thermodynam
ically the most stable, but at C the liquid phase is the 
most stable. 

The boundaries between regions in a phase dia
gram, which are called phase boundaries, show the 
values of p and T at which the two neighbouring 
phases are in equilibrium. For example, if the system 
is arranged to have a pressure and temperature repre
sented by point B, then the liquid and its vapour are 
in equilibrium (like liquid water and water vapour at 
1 atm and 100 °C} . If the temperature is reduced at 
constant pressure, the system moves to point C where 
the liquid is the only stable phase (like water at 1 atm 
and at temperatures between 0 °C and 100 °C}. If 

i Solid 

Q. 
E 

~ 
:::l 

"' "' ., 
rl: 

Gas 

Temperature, T----+ 

Fig. 1 A typica l phase diagram, showing the reg ions of pres
sure and temperature at which each phase is the most stable. 
The phase boundaries (three are shown here) show the va lues 
of pressure and temperature at wh ich the two phases sep
arated by the line are in equ ilibri um. The sign ificance of the 
letters A, B, C, D, and E (also referred to in Fig . 4) is explained 
in the text. 

the temperature is reduced still further to D, then the 
solid and the liquid phases are in equilibrium (like ice 
and water at 1 atm and 0 °C}. A further reduction in 
temperature takes the system into the region where 
the solid is the stable phase. 

48.1 Phase boundaries 

The pressure of the vapour in equilibrium with its 
condensed phase is called the vapour pressure of the 
substance. The liquid-vapour boundary in a phase 
diagram, the line showing the conditions under 
which vapour and liquid are in equilibrium, is there
fore a plot of the vapour pressure of the liquid against 
temperature. Vapour pressure increases with tem
perature because as the temperature is raised more 
molecules have sufficient energy to escape from their 
neighbours in the liquid. Figure 2 shows the tempera
ture dependence of the vapour pressure of water. 
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Fig. 2 The experimental variation of the vapour pressure of 
water w ith temperature. 

To determine the liquid-vapour boundary, the 
vapour pressure is measured at a series of tempera
tures. One procedure is to introduce a liquid into 
the near-vacuum at the top of a mercury barometer 
and measure by how much the column is depressed 
(Fig. 3 ). To ensure that the pressure exerted by the va
pour is truly the vapour pressure, enough liquid must 
be added for some to remain after the vapour forms, 
for only then can the liquid and vapour phases be in 
equilibrium. 

The same approach can be used to plot the solid
vapour boundary, which is a graph of the vapour pres
sure of the solid against temperature. The sublimation 
vapour pressure of a solid, the pressure of the vapour 
in equilibrium with a solid at a particular temperature, 
is usually much lower than that of a liquid. 

A more sophisticated procedure is needed to deter
mine the locations of solid- solid phase boundaries 

Vacuul r- ...-':.;a pour 

Vapour 
pressu re ,.., .. 

Fig. 3 When a small volume of water is introduced into the 
vacuum above the mercury in a barometer (a). the mercury is 
depressed (b) to an extent proportional to the vapour pressure 
of the liqu id. (c)The same pressure is observed however much 
liquid is present (provided some is present). 
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like that between calcite and aragonite (two poly
morphs of CaC03), for instance, because the tran
sition between two solid phases is more difficult to 
detect. One approach is to use thermal analysis. In 
a typical thermal analysis experiment, a sample is 
allowed to cool and its temperature is monitored. 
When the transition occurs, energy is released as 
heat and the cooling stops until the transition is com
plete (Fig. 4). The transition temperature is obvious 
from the shape of the graph and is used to mark a 
point on the phase diagram. The pressure can then be 
changed, and the corresponding transition tempera
ture determined. 

Any point lying on a phase boundary represents a 
pressure and temperature at which there is a dynamic 
equilibrium between the two adjacent phases, a state 
in which a reverse process is taking place at the same 
rate as the forward process. Although there may be a 
great deal of activity at a molecular level, there is no 
net change in the bulk properties or appearance of 
the sample. For example, any point on the liquid
vapour boundary represents a state of dynamic equi
librium in which vaporization and condensation 
continue at matching rates. Molecules are leaving the 
surface of the liquid at a certain rate, and molecules 
already in the gas phase are returning to the liquid 
at the same rate; as a result, there is no net change in 
the number of molecules in the vapour and hence no 
net change in its pressure. Similarly, a point on the 
solid- liquid curve represents conditions of pressure 
and temperature at which molecules are ceaselessly 
breaking away from the surface of the solid and con
tributing to the liquid. However, they are doing so at 
a rate that exactly matches that at which molecules 

1 

D 

E 

Time,t----+ 

Fig. 4 The cool ing cu rve for the B-E section of the horizontal 
line in Fig . 1. The halt at D corresponds to the pause in cooling 
wh ile the liquid freezes and releases its entha lpy of transition. 
The ha lt lets us locate T, even if the transit ion cannot be ob
served visua lly. 
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already in the liquid are settling on to the surface of 
the solid and contributing to the solid phase. 

48.2 The location of phase 
boundaries 

Thermodynamics provides a way to predict the lo
cation of the phase boundaries and understand their 
locations and shapes. Suppose two phases are in equi
librium at a given pressure and temperature. Then, 
if the pressure is changed, the temperature must be 
adjusted to a different value to ensure that the two 
phases remain in equilibrium. In other words, there 
must be a relation between the change in pressure, 
!:J.p, and the change in temperature, !:J.T, that must be 
made to ensure that the two phases remain in equilib
rium. As shown in the following Justification, the re
lation between the change in pressure and the change 
in temperature needed to maintain equilibrium is 
given by the Clapeyron equation: 

!:J. H 
!:J.p=-"'-x!:J.T 

T!:J."'V 
Clapeyron equation (la) 

where !:J.,, H is the enthalpy of transition and !:J."'V is 
the volume of transition (the change in molar volume 
when the transition occurs). This form of the Clapey
ron equation is valid only for small changes in pres
sure and temperature, because only then can !:J..,,H, 
!:J.",V, and T be taken as constant across the range. 
The precise form, valid for infinitesimal changes in 
pressure and temperature at the temperature T, is 

(lb) 

The (T) has been attached as a reminder that to use 
this equation !:J.,,H and !:J.,,,V are evaluated at the tem
perature of interest. 

Justification 48.1 

The Clapeyron equation 

Th is derivation is based on eqn 2 from Topic 4A (dG = 

Vdp- Sdn. the relat ion obtained in Justification4A.1 . 

Step 1: Establish the conditions for equilibrium 

Consider two phases 1 (for instance, a liquid) and 2 (a 

vapour). At a certa in pressure and temperature the two 

phases are in equi librium and Gm11) = Gm12l. where Gm11) 

: is the molar Gibbs energy of phase 1 and Gm(2) that of 

: phase 2 (Fig. 5). Now change the pressure by dp and the 

temperature by d T. The molar Gibbs energies of each phase 

change as follows : 

Phase 1: dGm(1) = Vm11ldp- Sm(1 )d T 

Phase 2: dGm121 = Vm12)dp- Sm12)d T 

where Vm11) and Sm11) are the molar volume and molar en

tropy of phase 1 and Vm12) and Sm(2) are those of phase 2. The 

two phases were in equilibrium before the change, so the 

two molar Gibbs energies were then equa l. The two phases 

are still in equilibrium after the pressure and temperature are 

changed, so their two molar Gibbs energies remain equal. 

Therefore, the two changes in molar Gibbs energy must be 

equal, dGm12) = dGm11l. which implies that 

Step 2: Write a general expression for the change in pres

sure required to match the effect of a change in tempera

ture 

The preceding equation can be rearranged into 

The entropy of transition, llu,S = Sm121 - Sm111, is the differ

ence between the two molar entropies, and the volume of 

transition, ll.u,V= Vm12)- Vm11), is the difference between the 

molar volumes of the two phases. Therefore llu,Vdp = IJ.,,Sd T 
and hence 

Step 3: Relate the quantities to properties accompanying 

the phase transition 

According to Topic 38, the entropy of transition at the tran

sition temperature is related to the enthalpy of transition by 

IJ.,, SI7;,l = IJ.,,HIT,, I/T,, . so 

with both IJ.,, H and IJ.,, V measured at the transition tem

perature, T,,. However, because all the points on the phase 

boundary-the only points being considered-are transition 

temperatures, the 'trs' subscript can be dropped from T, , . 
which results in eqn 1 b. For variations in pressure and tem

perature small enough for IJ.,, H. IJ.,, V. and Tto be treated as 

constant, the infinitesimal changes dp and d Tcan be replaced 

by observable changes, IJ.p and IJ. T. giving eqn 1 a. 

The Clapeyron equation gives the slope (the value 
of !:J.pi!:J.T) of any phase boundary in terms of the 
enthalpy and volume of transition. For the solid
liquid phase boundary, the enthalpy of transition 
is the enthalpy of fusion, which is positive because 
melting is always endothermic. For most substances, 
the molar volume increases slightly on melting, 



1 
!J. T 

I Gm(1) = Gm(2) 
(equi librium) 
along this line 

j ! !J.p Phase 2 

Gm(1; T, p) = Pm(2;T, p ) 

Pressure, P-----+ 

Fig. 5 At equilibrium. two phases have the same molar Gibbs 
energy. When the temperature is changed. for the two phases 
to remain in equilibrium. the pressure must be changed so 
that the Gibbs energies of the two phases remain equal. 

so .1.,"V is positive but small. It follows that the slope 
of the phase boundary is large and positive (up from 
left to right), and therefore that a large increase in 
pressure brings about only a small increase in melt
ing temperature. Water, though, is quite different, 
for although its melting is endothermic, its molar 
volume decreases on melting (liquid water is denser 
than ice at 0 •c, which is why ice floats on water), so 
.1.",V is small but negative. Consequently, the slope of 
the ice- water phase boundary is steep but negative 
(down from left to right). Now a large increase in 
pressure brings about a small lowering of the melt
ing temperature of ice. 

M#if! .. !.!ii=S• 
Estimating the effect of pressure on the boiling 
temperature 

Estimate the typical size of the effect of increasing pressure 
on the boil ing point of a liquid. 

Collect your thoughts Intuit ive ly, 
you should expect the boiling 
temperature to rise as pressure is 
applied. The size of the increase 
can be estimated from the Cla
peyron equation for the vapour 
pressure evaluated at the boiling 
temperature. So the first step is 
to write a version of eqn 1 a for 

_) 

vaporization and then to rearrange it to give an expression 
for !J.T in terms of !J.p. You then need to estimate ll,,PH/Tand 
!J.,.P Vat the boil ing temperature. When making estimates 
you should be prepared to draw on information you might 
already have. In this case. t he presence of ll,,pH/T should 
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remind you ofTrouton's rule (Topic 38) which states that the 
enthalpy of vaporization divided by the boiling temperature 
of most liquids is approximately the same (at 85 J K-' mol-1

) . 

Moreover, because the molar volume of a gas is so much 
greater than the molar volume of a liquid. you can also make 
the approximation that ll,,P V = Vm(g) - Vm(l) ~ Vm(g) and take 
for Vm(g) the molar volume of a perfect gas (at low pressures. 
at least). which is about 25 dm3 mol- ' for temperatu res close 
to about 300 K. 

The solution The Clapeyron equation for vaporization close to 
the boi ling temperature ( Tb) is 

!J.p = !J. ,.PH x !1 T, so !1 T = !J.p 
Tb!l,.P V !l"PH I Tb!J.wp V 

with 

Therefore. 

!J.T ~ !J.p 
0.034 atm K ' 

_.::::!J.:r::.P_ K 
0.034 atm 

An increase of pressure of 0.1 atm can be expected to 
increase a boiling temperature by about 

!1 T ~ +0.1 atm K ~ +3 K 
0.034 atm 

: Self-test 48.1 

; Estimate !1 T/!J.p for water at its normal boiling point using 
: the information in Table 2E.1. Hint Avoid usingTrouton's rule 
; for th is anomalous liqu id. 

Answer: 28 K atm-' 

Equation 1 cannot be used to discuss the liquid
vapour phase boundary, except over very small ranges 
of temperature and pressure (as in Example 4B.1), 
because the volume of the vapour, and therefore the 
volume of transition, cannot be assumed to be in
dependent of pressure. However, it is shown in the 
following Justification that if the vapour behaves as 
a perfect gas, then the relation between a change in 
pressure and a change in temperature is given by the 
Clausius- Clapeyron equation: 

Clausius- Clapeyron 

equation (2a) 
(vapour as a perfect gas( 

Equation 2a shows that as the temperature of a li
quid is raised (.1.T > 0) its vapour pressure increases 
(an increase in the logarithm of p, .1.(ln p) > 0, implies 
that p increases). 



128 FOCUS 4 PHYSICAL TRANSFORMATIONS 

Justification 48.2 

The Clausius-Clapeyron equation 

For the liquid-vapour boundary the 'trs'label in the exact form 
of the Clapeyron equation, eqn 1 b becomes 'vap' and that 

equation can be written 

dp = I!.,,H 
dT TI!.,, V 

Step 1: Simplify the Clapeyron equation 

Because the molar volume of a gas is much larger than the 
molar volume of a liquid, the volume of vaporization, !J.,PV = 
Vm(g)- Vm(ll. is approximately equal to the molar volume of the 
gas itself: /).,pV= Vm(g). Therefore, to a good approximation, 

dp _ IJ.,PH _ IJ.,PH IJ.,PH 
dT- TI!. ,PV- T(Vm(g)-Vm(l)) = TVm(g) 

Step 2: Treat the vapour as a perfect gas 

To make further progress, the vapour can be treated as a per
fect gas and its molar volume written as Vm = RT/p. Then 

dp _ IJ.,PH r wpH _ 2 ,PH 
dT- TVm(g) - T(RT/p)- ----r.if' 

and therefore 

Step 3: Rearrange the expression 

A standard result of calculus (The chemist's toolkit5 in Topic 1 C) 
is d(ln X//dx = 1 /x, and therefore (by multiplying both sides by 

dX/, dx/x= d(ln X/. It follows that the last equation may be written 

d(lnp) = IJ.,PH dT 
RT' 

(2b) 

with /).,,PH evaluated at the temperature T Provided the ra nge 
of temperature and pressure is smal l, /).,,PH can be regarded 
as a constant and the infinitesimal changes d(ln p) and d Tcan 

be replaced by measurable changes, giving eqn 2a. 

One important application of the Clausius
Clapeyron equation is to the derivation of an expres
sion that shows how the vapour pressure varies with 
temperature. It follows from eqn 2, as shown in the 
following justification, that the vapour pressure p' at 
a temperature T' is related to the vapour pressure p 
at a temperature T by 

Temperature 
dependence of 
vapour pressure 

(3) 

~ 
:::l 

"' "' Q) 

a. 
:::l 
0 a. 
"' > c 

Temperature, T----+ 

Fig. 6 The Clausius-Clapeyron equation gives the slope of a 
plot of the logarithm of the vapour pressure of a substance 
aga inst the temperature. That slope at a given temperature is 
proportiona l to the entha lpy of vaporization of the substance. 

Equation 3 gives the vapour pressure at one tempera
ture provided it is known at another temperature 
(Fig. 6). The equation tells us that: 

For a given change in temperature, the 
greater the enthalpy of vaporization, the 
greater the change in vapour pressure. 

Water, for instance, has a high enthalpy of vaporiza
tion on account of the strong hydrogen bonds that 
hold the molecules together in the liquid, so its va
pour pressure can be expected to increase rapidly as 
the temperature is increased. Benzene lacks hydrogen 
bonds, has a much smaller enthalpy of vaporization, 
and so has a vapour pressure that varies much more 
weakly with temperature. 

Justification 48.3 

Temperature dependence of the vapour pressure 

To obtain the explicit expression for the vapour pressure at any 
temperature (eqn 3) in terms of a known value at another tem
perature, treat the change of pressure as a result of a succes
sion of infinitesimal steps in temperature and add the resulting 
infinitesimal changes together (that is, integrate eqn 2b). 

Step 1: Integrate eqn 2b 

If the vapour pressure is pat a temperature Tand p' at a tem
perature T', this integration takes the form 

i iOP' f T' IJ. H 
d(lnp)= ~dT 

lop T RT 

A note on good practice When setting up an integration, make 
sure the limits match on each side of the expression. Here, the 
lower limits are In p on the left and Ton the right, and the upper 
limits are likewise In p' and T'. 



48.2 THE LOCATION OF PHASE BOUNDARIES 129 

The integral on the left evaluates as fol lows. Write x= In p for 3.5 

the variable of integration and a= In p. b = In p' for the two 

lim its. Then 

J otog~ l Al lnx- ln y = In (xfyl 
wit h n==O '--------'" 

r lop·d(lnp)--. I~ =b-a= lnp'-lnp = ln.e:. 
J~ . p 

To evaluate the integral on the right, suppose that the enthalpy 
of vaporization is constant over the temperatu re range of inter
est, so together with R it can be taken outside the integral: 

fl,,PHIR constant 

I
T' !J.,,H dT = !J.,,H I T' __!__ dT = !J.,,H (2- __!__ ) 

T RT' R T T2 R T T' 
'-----v-----' 

Integral Al 
with n= -2 

Equating the terms in blue in these two equations gives eqn 3. 

A note on good practice Keep a note of any approximations 
made in a derivation. There are three: (1 ) the molar volume of a 
gas is much greater than that of a liquid; (2) the vapour behaves 
as a perfect gas; (3) the enthalpy of vaporization is independent of 
temperature in the range of interest. Approximations limit the ways 
in which an expression may be used to solve problems. 

Note that eqn 3 can be written as 

A BIT 
,----"-------, ,--'"---, 

1::. H 1::. H 
lnp=lnp'+~-~ 

RT' RT 

This expression has the form 

B 
lnp=A-

T 
(4 ) 

where A and B are constants and the value of A de
pends on the units adopted for p. This is the form 
in which vapour pressures are commonly reported 
(Table 4B.l and Fig. 7). 

Table4B.1 

Vapour pressures* 

Substance 

Benzene, C6H6(1) 

Hexane, C6H,4 (1) 

Methanol, CH 30H(I) 

Methylbenzene, C6H5CH3(1) 

Phosphorus, P 4(s, white) 

Sulfur trioxide, S03(1) 

Tetrachloromethane, CC14 (1) 

A 

16.32 

15.61 

15.77 

18.25 

17.17 

20.21 

21.06 

16.42 

• A and 8 are the constants in the expression ln(p/kPa) =A- BIT. 

0 CH30H 

~ 3 1-=~~-t----t-----+---1-----1 
Ci 
.2 

~ 2.5 1---+-----f"""'=--+----+----1 
::J 

"' "' Q) a. 2 1----t----+------"~?tc--'~-f'>~---1 

l2L8~-~30~-~3L2 ___ 3~4--~36~-__J38 

1!Temperature, (104 KJn 
Fig. 7 The vapour pressures of some substances based on the 
data in Table 48.1. Note that the vertical axis uses the common 
logarithm of the vapour pressure. 

Brief illustration 48.1 Temperature variation of vapour 

pressure 

The vapour pressure of benzene in the range 0--42 oc can be 

expressed in the form of eqn 4: 

ln(p/kPa)=16.319-
411° K 

T 

because B = 4110 K, it fol lows from the preced ing discussion 

that because B = !J..,,,H/R, then 

!J..,,,H= BR= (4110 K) x (8 .3145 J K-1 mol-1) = 34.2 kJ mol_, 

A note on good practice You w ill sometimes see eqn 4 written 
without units (as in In p= 16.319 - 4110/n, or with the units in 
parentheses. It is much better practice to include the units in such 
a way as to make all the quantities unitless, as in this Brief illustra
tion: p/kPa is a dimensionless number. 

Self-test 48.2 

For benzene in the range 42-100°C, ln(p/kPa) = 14.61 -

(3884 K)/T Estimate the normal boi ling point of benzene. 

8/K Temperature range (°C) 

.................. ..................... ................... 
4110 0 to+42 

3884 42 to 100 

3811 -10to+90 

4610 -10to+80 

4713 -92 to +15 

7592 20 to 44 

5225 24 to 48 

4078 -19 to +20 
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(The normal boil ing point is the temperature at wh ich the 

o o vapour pressure is 1 atm; see the following section.) 
Answer: 80.2 •c; the actual va lue is 80.1 •c 

48.3 Characteristic points 

The vapour pressure of a liquid increases as the tem
perature is raised. First, consider what is observed 
when the liquid is heated in an open vessel. At a certain 
temperature, the vapour pressure becomes equal to 
the external pressure. At this temperature, the vapour 
can drive back the surrounding atmosphere and 
expand indefinitely. Moreover, because there is no 
constraint on expansion, bubbles of vapour can form 
throughout the body of the liquid, a condition known 
as boiling. The temperature at which the vapour 
pressure of a liquid is equal to the external pressure 
is called the boiling temperature. When the external 
pressure is 1 atm, the boiling temperature is called the 
normal boiling point, Tb. It follows that the normal 
boiling point of a liquid can be predicted by noting the 
temperature on the phase diagram at which its vapour 
pressure is 1 atm. The use of 1 atm in the definition of 
normal boiling point rather than 1 bar is historical: 
the boiling temperature at 1 bar is called the standard 
boiling point. 

Now consider what happens when the liquid is 
heated in a closed vessel. Because the vapour cannot 
escape, its density increases as the vapour pressure 

Table4B.2 

Critical constants* 

pJ atm 

Ammonia, NH3 111 

Argon,Ar 48 

Benzene, C6H6 49 

Bromine, Br2 

Carbon dioxide, C02 

Chlorine, Cl2 

Ethane, C2H6 

Ethene, C2H4 

Hydrogen, H2 

Methane, CH4 

Oxygen, 0 2 

Water, H20 

102 
73 
76 
48 

51 
13 
46 
50 

218 

rises and in due course becomes equal to that of the 
remaining liquid. At this stage the surface between 
the two phases disappears. The temperature at which 
the surface disappears is the critical temperature, T,. 
The vapour pressure at the critical temperature is 
called the critical pressure, p" and the critical tem
perature and critical pressure together identify the 
critical point of the substance (Table 4B.2). 

A denser fluid forms when pressure is exerted on 
a sample that is above its critical temperature but 
a liquid phase does not form and a single uniform 
phase, a supercritical fluid, fills the container. That 
is, a liquid cannot be produced by the application 
of pressure to a substance if it is at or above its crit
ical temperature. That is why the liquid-vapour 
boundary in a phase diagram terminates at the crit
ical point (Fig. 8). 

The temperature at which the liquid and solid 
phases of a substance coexist in equilibrium at a 
specified pressure is called the melting temperature 
of the substance. Because a substance melts at the 
same temperature as it freezes, 'melting tempera
ture' is synonymous with freezing temperature. 
The solid-liquid boundary therefore shows how 
the melting temperature of a solid varies with pres
sure. The melting temperature when the pressure 
on the sample is 1 atm is called the normal melt
ing point or the normal freezing point, T1• A liquid 
freezes when the energy of the molecules in the li
quid is so low that they cannot escape from the 

TJ K 

73 406 
75 151 

260 563 
135 
94 

124 
148 

124 
65 
99 

78 

55 

584 

304 
417 

305 
283 
33 

191 

155 

647 

*The critical volume Vc is the molar volume at the critical pressure and critical temperature. 
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Fig. 8 The sign ificant points of a phase diagram . The liqu id
vapour phase boundary terminates at the critical point. At the 
triple point. solid. liqu id. and vapour are in dynam ic equ ilib
rium. The normal freezing point is the temperature at wh ich 
the liqu id freezes when the pressure is 1 atm; the normal 
boiling point is the temperature at wh ich the vapour pressure 
of the liquid is 1 atm. 

attractive forces of their neighbours and lose their 
mobility. 

There is a set of conditions under which three 
different phases (typically solid, liquid, and va
pour) all simultaneously coexist in equilibrium. 
It is represented by the triple point, the point in a 
phase diagram where the three phase boundaries 
meet. The triple point of a pure substance is a char
acteristic, unchangeable physical property of the 
substance. For water itlies at 273.16 K and 611 Pa, 
and ice, liquid water, and water vapour coexist in 
equilibrium at no other combination of pressure 
and temperature. At the triple point, the rates of 
each forward and reverse process are equal (but the 
three individual pairs of rates are not necessarily 
the same). 

The triple point and the critical point are im
portant features of a substance because they act 
as frontier posts for the existence of the liquid 
phase. As can be seen from Fig. 9a, if the slope of 
the solid-liquid phase boundary is as shown in the 
diagram: 

• The triple point marks the lowest temperature at 
which the liquid can exist. 

• The critical point marks the highest temperature 
at which the liquid can exist. 

For a few materials (most notably water) the solid-li
quid phase boundary slopes in the opposite direction, 
and then only the second of these conclusions is rele
vant (see Fig. 9b). 
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Fig. 9 (a) For substances that have phase diagrams resembling 
the one shown here (wh ich is common for most substances. 
w ith the important exception of water). the triple point and the 
critical point mark the range of temperatures over which the sub
stance may exist as a liqu id. The shaded areas show the regions 
of temperature in which a liqu id cannot exist as a stable phase. 
(b) A liqu id cannot exist as a stable phase if the pressure is below 
that of the triple point for both normal and anomalous liqu ids. 

48.4 The phase rule 

At this point you might wonder whether four 
phases of a single substance could ever be in equi
librium (such as the two solid forms of tin, liquid 
tin, and tin vapour). To explore this question you 
need to think about the thermodynamic criterion 
for four phases to be in equilibrium. For equi
librium, the four molar Gibbs energies would all 
have to be equal: Gm(l) = Gm(2), Gm(2) = Gm(3), 
and Gm(3) = Gm(4). (The other equalities Gm(l) = 

Gm(4), and so on, are implied by these three equa
tions.) Each Gibbs energy is a function of the pres
sure and temperature, so these three relations act as 
three equations for the two unknowns p and T. In 
general, three equations for two unknowns have no 
solution. For instance, the three equations Sx + 3y = 

4, 2x + 6y = 5, and x + y = 1 have no solutions (try 
it). Therefore, the four molar Gibbs energies cannot 
all be equal. In other words, four phases of a single 
substance cannot coexist in mutual equilibrium. 

That conclusion is a special case of one of the most 
elegant results of chemical thermodynamics, the 
phase rule, which was originally deduced by Gibbs. 
As shown in the following Justification, for a system 
at equilibrium, 

F= C-P+2 Phase ru le (5) 

• F is the number of degrees of freedom of a sys
tem, the number of intensive variables (such as 
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the pressure, temperature, or mole fractions: they 
are independent of the amount of material in the 
sample) that can be changed independently without 
disturbing the number of phases in equilibrium. 

• C, the number of components, is the minimum 
number of independent species necessary to define 
the composition of all the phases present in the 
system. 

• P is the number of phases present in equilibrium. 

The definition is easy to apply when the species 
present in a system do not react. For instance, pure 
water is a one-component system (C = 1) and a 
mixture of ethanol and water is a two-component 
system (C = 2). 

Justification 48.4 

The phase ru le 

Proceed as fo llows: 

Step 1: Count the total number of intensive variables 

The pressure, p, and temperature, T. count as two. The com
posit ion of a phase can be specified by giving the mole frac
t ions of C- 1 components. Only C- 1 and not all C mole 

fract ions need be specified because x, + x 2 + .. . + Xc = 1, and 

all mole fract ions are known if all except one are specified. 

Because there are P phases, the total number of composit ion 
va riables is P(C- 1 ). At th is stage, the total number of inten
sive va riables is P(C- 1) + 2. 

Step 2: Count the number of conditions for equilibrium 

At equilibrium, the molar Gibbs energy of a component J 
must be the same in every phase: 

GJ,m11) = GJ,m(2) = ... = GJ,m(P) for P phases 

That is, there are P- 1 equations of th is kind to be satisfied 

for each component J. As there are C components, the tota l 
number of equations is C(P- 1 ). 

Step 3: Identify the number of degrees of freedom 

Each equation reduces the freedom to vary one of the 
P(C - 1) + 2 intensive va riables. It fo llows that the tota l 

number of degrees of f reedom is 

F=P(C-1)+2- C(P-1)= C- P+2 

wh ich is eqn 5. 

For a one-component system, such as pure water, 
C = 1 and the phase rule simplifies to F = 3- P. When 
only one phase is present, F = 2, which implies that p 
and T can be varied independently. In other words, 
a single phase is represented by an area on a phase 
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Fig. 10 The features of a phase diagram represent diffe rent 
degrees of freedom. When on ly one phase is present. F = 2 
and the pressure and temperature can be varied at will. 
When two phases are present in equ ilibrium, F = 1: now, if 
the temperature is changed, the pressure must be changed 
by a specific amount. When three phases are present in 
equil ibrium, F = 0 and there is no f reedom to change either 
va riable. 

diagram. When two phases are in equilibrium F= 1; 
that is, the equilibrium of two phases is represented 
by a line in a phase diagram: a line in a graph shows 
how one variable must change if another variable 
is varied (Fig. 10). This constraint implies that pres
sure is not freely variable if the temperature has been 
set. Instead of selecting the temperature, the pressure 
could be selected, but having done so the two phases 
come into equilibrium at a single definite tempera
ture. Therefore, freezing (or any other phase tran
sition of a single substance) occurs at a definite 
temperature at a given pressure. When three phases 
are in equilibrium F = 0. This special 'invariant con
dition' can therefore be established only at a definite 
temperature and pressure. The equilibrium of three 
phases is therefore represented by a point, the triple 
point, on the phase diagram. If we set P = 4, we get 
the absurd result that F is negative; that result is in 
accord with the conclusion at the start of this section 
that four phases cannot be in equilibrium in a one
component system. 

'*fi .. !.!tji:fj 
! Using the phase rule 

! A saturated solution of copper(ll) sulfate, w ith excess of the 

! solid, is present in equi librium with its vapour in a closed 

! vessel. (a) How many phases and components are present? 

! (b) How many degrees of freedom are ava ilab le, and what 

: are they? 



Collect your thoughts In applica

t ions of the phase rule you need 

to ident ify the numbers of com

ponents and phases by using the 

defin it ions of C and Pg iven in the 
text , and then use the ru le to de

termine F m 
The solution (a) The system con

sists of two components, water 

and copper(ll) su lfate, so C = 2. We could consider it to be 

composed of water and Cu2+ and SO/ - ions, but the ion con

centrat ions are not independent because the amounts of cat

ions and an ions must be the same. There are three phases 

present (the liquid solution, the excess solid, and the vapour), 

so P= 3. (b) It then fo llows from the phase ru le that F = 2-3 + 
2 = 1. The sing le degree of freedom can be taken to be the 

temperature; if it is varied the vapour pressure changes. The 

two cannot be varied independently. 

: Self-test 48.3 

: Repeat the quest ion for the case in which there is no excess 

; solid solute present. 

Answer: (a) C= 2, P = 2; (b) F= 2, temperature and composition 

are variable 

48.5 Phase diagrams of typical 
materials 

Figure 11 shows the phase diagram for water. The 
liquid- vapour phase boundary shows how the 
vapour pressure of liquid water varies with tempera
ture. This curve, which is shown in more detail in 
Fig. 12, can be used to decide how the boiling tem
perature varies with changing external pressure. 
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Fig. 11 The phase diagram for water showing the different 
solid phases. 
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Fig. 12 The solid- liquid boundary of water in more detai l. The 
graph is schematic, and not to sca le. 

Brief illustration 48.2 The phases of water 

When the externa l pressure is 19.9 kPa (at an alt itude of 

12 km). water boils at 60 oc because that is the temperature 

at wh ich the vapour pressure is 19.9 kPa. The solid- liqu id 

boundary line in Fig . 11, which is also shown in more detail in 

Fig.12, shows how the melt ing temperature of water depends 

on the pressure. For example, although ice melts at 0 oc at 

1 atm. it melts at -1 oc when the pressure is 130 bar. The very 

steep slope of the boundary indicates that enormous pres

sures are needed to bring about significant changes. Notice 

that the line slopes down from left to right (that is, the slope 

is negat ive). which means that the melt ing temperature of 

ice fa lls as the pressure is ra ised . 

: Self-test 48.4 

: What is the m inimum pressure at which liqu id water is the 

: thermodynamica lly stable phase at 25 oc? 
: Answer: 3.17 kPa (see Fig. 12) 

The reason for the unusual behaviour of water 
pointed out in this Brief illustration, namely that 
the melting temperature of ice falls as the pressure is 
raised, can be traced to the decrease in volume that 
occurs when ice melts: it is favourable for the solid 
to transform into the denser liquid as the pressure 
is raised. The decrease in volume is a result of the 
very open structure of the crystal structure of ice: as 
shown in Fig. 13, the water molecules are held apart, 
as well as together, by the hydrogen bonds between 
them but the structure partially collapses on melting 
and the liquid is denser than the solid. The thermo
dynamic reason is found in the Clapeyron equation, 
eqn 1: for water 1'1ru,H > 0 (melting is endothermic) 
but 1'1ruY < 0 (the molar volume decreases when ice 
melts into a denser liquid), so l'lpll'lT < 0 and as the 
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Fig. 13 The structure of ice-1. Each 0 atom is at the centre of a 
tetrahedron of four 0 atoms at a distance of 276 pm. The cen
tra l 0 atom is attached by two short 0-H bonds to two H atoms 
and by two long hydrogen bonds to the H atoms of two of 
the ne ighbouring molecu les. Overall. the structure consists of 
planes of puckered hexagonal rings of H20 molecules (like the 
chair form of cyclohexane). Th is structure collapses partially on 
melt ing, leading to a liqu id that is denser than the solid. 

pressure is increased the equilibrium temperature, 
the melting temperature, goes down. 

Figure 11 shows that water has many different 
solid phases other than ordinary ice ('ice 1'). These 
solid phases differ in the arrangement of the water 
molecules: under the influence of very high pres
sures, hydrogen bonds buckle and the H20 molecules 
adopt different arrangements. These polymorphs, or 
different solid phases, of ice may be responsible for 
the advance of glaciers, for ice at the bottom of gla
ciers experiences very high pressures where it rests on 
jagged rocks. 

Figure 14 shows the phase diagram for carbon 
dioxide. The features to notice include the slope 
of the solid-liquid boundary: this positive slope is 
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2i 73 ....................................................................................................................................................................... ... 
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c': Gas 
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Fig. 14 The phase diagram of carbon dioxide. Note that, as 
the triple point lies well above atmospheric pressure. liqu id 
carbon dioxide does not exist under normal cond it ions (a pres
sure of at least 5.11 bar must be app lied). 

typical of almost all substances. The slope indicates 
that the melting temperature of solid carbon di
oxide rises as the pressure is increased. As the triple 
point (217 K, 5.11 bar) lies well above ordinary at
mospheric pressure, liquid carbon dioxide does not 
exist at normal atmospheric pressures whatever the 
temperature, and the solid sublimes when left in the 
open (hence the name 'dry ice'). To obtain liquid 
carbon dioxide, it is necessary to exert a pressure of 
at least 5.11 bar. 

Cylinders of carbon dioxide generally contain 
the liquid or compressed gas; if both gas and liquid 
are present inside the cylinder, then at 20 oc the pres
sure must be about 65 atm. When the gas squirts 
through the throttle it cools by the Joule-Thomson 
effect (Topic 1C), so when it emerges into a region 
where the pressure is only 1 atm, it condenses into a 
finely divided snow-like solid. 

Figure 15 shows the phase diagram of helium. He
lium behaves unusually at low temperatures. For in
stance, the solid and gas phases of helium are never in 
equilibrium however low the temperature: the atoms 
are so light that they vibrate with a large-amplitude 
motion even at very low temperatures and the solid 
simply shakes itself apart. Solid helium can be ob
tained, but only by holding the atoms together by ap
plying pressure. A second unique feature of helium is 
that pure helium-4 has two liquid phases. The phase 
marked He-1 in the diagram behaves like a normal 
liquid; the other phase, He-11, is a superfluid; it is 
so called because it flows without viscosity. Helium 
is the only known substance with a liquid-liquid 
boundary in its phase diagram. 
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Fig. 15 The phase diagram for hel ium-4.The "A.-line" marks the 
cond it ions under wh ich the two liquid phases are in equilib
rium. Helium-! is a conventiona l liqu id and helium-If is a super
flu id. Note that a pressure of at least 20 bar must be exerted 
before solid helium can be obtained. 



Checklist of key concepts 

0 1 A phase diagram of a substance shows the con

ditions of pressure and temperature at which its 

various phases are most stable. 

0 2 A phase boundary depicts the pressures and tem

peratures at which two phases are in equilibrium. 

03 The slope of a phase boundary is given by the 

Clapeyron equation. 

04 The slope of the liquid-vapour phase boundary is 

given by the Clausius-Clapeyron equation. 

0 5 The vapour pressure of a liquid is the pressure of 

the vapour in equilibrium with the liquid. 

0 6 The boiling temperature is the temperature at 

which the vapour pressure is equal to the external 

pressure; the normal boiling point is the tempera

ture at which the vapour pressure is 1 atm . 
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0 7 The freezing temperature, or melting temperature, 

is the temperature at which the liquid and solid 

phases are in equilibrium under the prevailing 

pressure. 

0 8 The critical temperature is the temperature above 

which a substance does not form a liquid. 

0 9 The critical pressure is the vapour pressure at the 

critical temperature. 

010 A supercritical fluid is a substance at and above its 

critical temperature and pressure. 

0 11 The triple point is the condition of pressure and 

temperature at which three phases are in mutual 

dynamic equilibrium. 



TOPIC 4C 

Partial molar quantities 

~ Why do you need to know this 
material? 

Almost the whole of chemistry involves mixtures 
and it is important to know how to express the 
contribution of each component to their thermo
dynamic properties. 

~ What is the key idea? 

A partial molar quantity is the contribution that 
a substance makes to the total system; the chem
ical potential is the partial molar Gibbs energy. 

~ What do you need to know already? 

This Topic builds on the decrease in Gibbs en
ergy as the criterion of spontaneous change. It 
develops the expression for the Gibbs energy of 
a perfect gas in terms of pressure (Topic 3D). 

When a substance is a component of a mixture it 
makes a contribution to the properties of the mixture 
that depends on the composition. This is similar to 
the discussion of a mixture of gases, where each com
ponent contributes to the total pressure by exerting 
its partial pressure (Topic 1A). For a general descrip
tion of the thermodynamics of mixtures it is neces
sary to introduce other 'partial' properties. A partial 
molar property is the contribution (per mole) that a 
substance makes to an overall property of a mixture. 

4C.1 Partial molar volume 

The easiest partial molar property to visualize is the 
partial molar volume, V1, of a substance J, the contri
bution J makes to the total molar volume of a mixture. 
Although 1 mol of a substance has a characteristic 

volume when it is pure, 1 mol of that substance can 
make different contributions to the total volume of a 
mixture because molecules pack together in different 
ways in the pure substances and in mixtures. 

Imagine a huge volume of pure water. When a fur
ther 1 mol H 20 is added, the volume increases by 
18 cm3

• However, when 1 mol H 20 is added to a 
huge volume of pure ethanol, the volume increases 
by only 14 cm3

. The quantity 18 cm3 mol-1 is the 
volume occupied per mole of water molecules in 
pure water; 14 cm3 mol-1 is the volume occupied per 
mole of water molecules in virtually pure ethanol. 
In other words, the partial molar volume of water 
in pure water is 18 cm3 mol-1 and the partial molar 
volume of water in pure ethanol is 14 cm3 mol-1

• In 
the latter case there is so much ethanol present that 
each H 20 molecule is surrounded by ethanol mol
ecules and the packing of the molecules results in the 
water molecules occupying only 14 cm3

• 

The partial molar volume at an intermediate com
position of the water/ethanol mixture is an indica
tion of the volume the H 20 molecules occupy when 
they are surrounded by a mixture of molecules rep
resentative of the overall composition (half water, 
half ethanol, for instance, when the mole fractions 
are both 0.5). The partial molar volume of ethanol 
varies as the composition of the mixture is changed, 
because the environment of an ethanol molecule 
changes from pure ethanol to pure water as the pro
portion of water increases and the volume occupied 
by the ethanol molecules varies accordingly. Figure 1 
shows the variation of the two partial molar volumes 
across the full composition range at 25 oc. 

Once the partial molar volumes VA and VB of the 
two components A and B of a mixture at the com
position (and temperature) of interest are known, 
then as shown in the following justification, the total 
volume V of the mixture is 

(1) 
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Fig. 1 The partial molar volumes of water and ethanol at 
25 °C. Note the different sca les (water on the left, ethanol 
on the right). 

Justification 4C.1 

Total volume and partial molar volume 

Consider a very large sample of the mixture of the specified 
composition . Then, when an amount nA of A is added, the 
composition rema ins virtually unchanged but the volume of 
the sample increases by nA VA. Similarly, when an amount n8 

of B is added, the volume increases by n8 V8 . The tota l in
crease in volume is nA VA+ n8 V8 . The mixture now occupies a 
larger volume but the proportions of the components are sti ll 
the same. Next, scoop out of this enlarged volume a sample 
contain ing nA of A and n8 of B. Its volume is nA VA+ n8 V8 . 

Because volume is a state function, the same sample 
cou ld have been prepared simply by mixing the appropriate 
amounts of A and B. 

•;:f! .. !.!lj!ji 
l Using partial molar volumes 

! What is the total volume of a mixture of 50.0 g of ethanol and 
: 50.0 g of water at 25 oc? 

: Collect your thoughts The tota l 
! volume of a mixture of a certa in 
: compos it ion is given by eqn 1. To 

use it, you need to express the 
composit ion in terms of the mole 
fract ions of each substance and 
their corresponding partial molar 
volumes. Ca lculate t he mole frac
tions by using the molar masses 
of the components to calculate the amounts (in moles) by 
using nJ = miMJ. Then find the partial molar volumes corres
ponding to these mole fract ions by referring to Fig. 1. 
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The solution The molar masses of CH3CH20H and H20 are 
46.07 g mol-' and 18.02 g mol-' , respectively. Therefore the 
amounts present in the mixture are 

n - 50·0 g 1.08 ... mol 
ethoool - 46.07 g mol t 

50.0 g 
nwater = 1 = 2.77 .. . mol 

18.02 g mol-

for a tota l of 3.86 ... mol. Hence X ethoool = 0.281 ... and 
x...,,., = 0.718 ... According to Fig. 1, the partial molar volumes 
of the two substances in a mixture of this composition are 
56 cm3 mol-' and 18 cm3 mol-' , respectively, so f rom eqn 1 
the tota l volume of the mixture is 

Contribution from 
ethanol 

V=(1.08 ... mol)x(56 cm3 mol-1
) 

Contribution from 

+(2.77 ... mol)x(18 cm3 mol-1
) 

= 1.08 ... x 56+ 2.77 ... x 18 cm3 = 110 cm3 

to 2 significant figu res . 

: Self-test 4C.1 

! Use Fig. 1 to calculate the mass density of a mixture of 20 g 
! of water and 100 g of ethanol. 

Answer: 0.84 g em" 

4C.2 The chemical potential 

The concept of a partial molar quantity can be ap
plied to other state functions . The most important for 
our purposes is the partial molar Gibbs energy, G1, of 
a substance J, which is the contribution of J (per mole 
of J) to the total Gibbs energy of a mixture. It fol
lows in the same way as for volume, that if the partial 
molar Gibbs energies of two substances A and B in a 
mixture of a given composition are known, then the 
total Gibbs energy of the mixture is 

(2a) 

The partial molar Gibbs energy has exactly the same 
significance as the partial molar volume. For in
stance, ethanol has a certain partial molar Gibbs en
ergy when it is pure and every molecule is surrounded 
by other ethanol molecules. It has a different partial 
molar Gibbs energy when it is in an aqueous solution 
because then each ethanol molecule is surrounded by 
a mixture of ethanol and water molecules. 

The partial molar Gibbs energy is so important 
that it is given a special name and symbol, the chem
ical potential, J1 (mu). Then, eqn 2a becomes 

The total Gibbs 
energy of a mixture 

(2b) 
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where 11-A is the chemical potential of A in the mixture 
and /1-s is the chemical potential of B. As the concept 
is developed, you will see that the name 'chemical po
tential' is very appropriate, for it will become clear 
that 11-1 is a measure of the ability of J to bring about 
physical and chemical change . A substance with a 
high chemical potential has a high ability, in a sense 
we shall explore, to drive a reaction or some other 
physical process forward. 

The chemical potential of a gas in a mixture 
of gases is a good starting point for the develop
ment of expressions for the chemical potentials of 
substances in general. As shown in the following 
Justification, 

11-1 = 11-~ + R T In :! Chemical potentia l 
[perfect gas[ 

(3) 

In this expression, 11-j is standard chemical potential 
of the gas J, which is identical to its standard molar 
Gibbs energy, the value of Gm for the pure gas at 
1 bar. 

Figure 2 illustrates the pressure dependence of 
the chemical potential of a perfect gas predicted 
by this equation. The chemical potential becomes 
negatively infinite as the pressure tends to zero (a 
gas at zero pressure has no potential to do anything 
useful). As the pressure is increased from zero, the 
chemical potential rises to its standard value at 
1 bar (because In 1 = 0), and then increases slowly 
(logarithmically, as In p) as the pressure is increased 
further. 

.:i' 
I 
:i' 

.;g 0 
c: 
Q) 

0 
c. 
iii 
" .E 
Q) 

.s::; 
u r 

0 

I -----
.----1-

~~ 
--+-

_o~ -----

2 3 4 5 
Partial pressure, pip• 

Fig. 2 The variation with partial pressure of the chemical 
potential of a perfect gas at three different temperatures 
(in the ra t ios 0.5:1 :2). Note that the chemical potential in
creases with pressure and, at a given pressure above p9

, 

with temperature. 

Justification 4C.2 

The chemical potential of a perfect gas 

The starting point is eqn 3b from Topic 4A (Gm(Pf) = GmCt~) + 
RT ln(p1/AII for the molar Gibbs energy of a perfect gas at a 

pressure p1 in terms of its value at a pressure A· 

Step 1: Relate the molar Gibbs energy at the pressure of 

interest to its standard value 

Set p, = p, the pressure of interest, and A = p9
, the standard 

pressure (1 bar). which gives the molar Gibbs energy at the 

pressure p, Gm(p), in terms of its value at p9
, Gm(p9

). At the latter 

pressure, the molar Gibbs energy has its standard value, G~. so 

Step 2: Introduce partial contributions to the pressure and 

the Gibbs energy 

For a mixture of perfect gases, p is interpreted as the partial 

pressure of the gas J (Topic 1A), PJ. and the Gm is the partial 

molar Gibbs energy of the gas J, the chemical potential, !lJ· 
Therefore, for a mixture of perfect gases, for each component J 
present at a partial pressure PJ. th is expression becomes eqn 3. 

As always, you can become familiar with an equa
tion by listening to what it tells you. In this case: 

As p1 increases, so does In p1. Therefore, eqn 3 
shows that the greater the partial pressure of 
a gas, the greater its chemical potential. 
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This conclusion is consistent with the interpretation of 
the chemical potential being an indication of the po
tential of a substance to be active physically or chem
ically: the higher the partial pressure, the more active 
is the species. In this instance the chemical potential 
represents the tendency of the substance to change ei
ther physically or chemically when it is at 1 bar (the 
significance of the term /1-9 ) plus an additional tendency 
that reflects whether it is at a different pressure. For a 
given amount of substance, a higher partial pressure 
gives that substance more chemical 'punch', just like 
winding a spring gives a spring more physical punch 
(that is, enables it to do more work). Thus, if the par
tial pressure of a perfect gas in a mixture changes from 
PJ,i to p1,r. the change in its chemical potential is 

11!1- = ( p,e + RT In PJ,r )- (11-e + RT In PJ,i) ] ] pe ] pe 

lnx-lny=ln (x/y) 

= RT(ln PJ,r - In PJ,i) = RT In PJ,cfpe 
pe pe p].Jpe 

= RTln PJ ,f 
PJ,i 



Brief illustration 4C.1 The chemica l potential of a perfect 

gas 

If the partial pressure of a gas is increased from 100 kPa to 
200 kPa at 298 K. the change in its chemica l potentia l is 

I!.JlJ = (8.3145 J K-1 mol-1)x(298 K) x In 
200 

kPa 
100 kPa 

=+1.7 x 103 J mol-1 =+1 .7 kJ mol-1 

: Self-test 4C.2 

: Evaluate the change in chem ica l potential when the partial 

: pressure is decreased from 100 kPa to 50 kPa at 298 K. 
Answer: - 1.7 kJ mol-' 

4C.3 Spontaneous mixing 

The chemical potential can be thought of as the 
pushing power of each substance, and equilibrium is 
reached only when each substance pushes with the 
same strength in any phase it occupies. As shown in 
the following Justification, 

A system is at equilibrium when the chemical 
potential of each substance has the same value in 
every phase in which it occurs. 

Justification 4C.3 

The uniformity of chemical potential 

Suppose a substance J occurs in different phases in different 
regions of a system. For instance, it might consist of a liquid 

mixture of ethanol and water and a mixture of the ir vapours . 

Let the substance J have chemical potential JlJ(I) in the liquid 

mixture and JlJ(g) in the vapour. Suppose an infin ites imal 
amount. dnJ. of J migrates from the liquid to the vapour. As 

a resu lt. the Gibbs energy of the liquid phase fa lls by JlJ(I)dnJ 

and that of the vapour rises by JlJ(g)dnJ. The net change in 

Gibbs energy is 

At equ il ibrium. there is no tendency for th is migrat ion (and the 

reverse process. migration from the vapour to the liquid). so 
dG = 0, wh ich is t rue if JlJ(g) = JlJ(I). The argument appl ies to 

each component of the system. Therefore. for a substance to 
be at equilibrium throughout the system, its chemical poten

tial m ust be the same everywhere. 

All gases mix spontaneously with one another be
cause the molecules of one gas can mingle with the 
molecules of the other gas. But how could you show 
thermodynamically that mixing is spontaneous? 
At constant temperature and pressure, you need to 
show that l'lG < 0. The first step is therefore to find 
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Fig. 3 The variation of the Gibbs energy of mixing w ith com
position for two perfect gases at constant temperature and 
pressure. Note that I!.G < 0 for all composit ions, wh ich indi
cates that two gases mix spontaneously in all proport ions. 

an expression for l'lG when two gases mix, and then 
to decide whether it is negative. As shown in the fol
lowing justification, when an amount nA of A and nB 
of B of two gases mingle at a temperature T, 

Gibbs energy 
11mixG=nRT{xA1nxA+xB1nxB) of mixing (4) 

(perfect gases] 

with n = nA + nB and the x1 the mole fractions of the 
components J in the mixture. This equation gives the 
change in Gibbs energy when two gases mix at con
stant temperature and pressure (Fig. 3 ). The crucial 
feature is that because x A and xB are both less than 1, 
the two logarithms are negative (In x < 0 if x < 1), so 
l'lG < 0 at all compositions. Therefore, perfect gases 
mix spontaneously in all proportions. 

Justification 4C.4 

The Gibbs energy of mixing 

Consider an amount n. of a perfect gas A at a certa in tem
perature Tand pressure p, and an amount n6 of a perfect gas 

Bat the same temperature and pressure. The two gases are 
in separate compartments init ial ly (Fig. 4) . 

Step 1: Write an expression for the Gibbs energy of the 

unmixed gases 

The Gibbs energy of the system (the two unmixed gases) is 

the sum of their individual Gibbs energ ies: 

G; = nAJlA +n6J16 = n. IJ1%+RT in(pfp• )) 

+n6(J4 +RTin(p/p• )) 
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The chemical potent ials are those for the two gases, each at 
a pressure p. 

Step 2: Write an expression for the Gibbs energy of the 

mixed gases 

When the partit ion is removed, the total pressure remains 
the same, but according to Da lton's law (Topic 1A). the par

t ial pressures fa ll to PA = x. p and p 8 = x8p, where the xJ are 

the mole fract ions of the two gases in t he mixture (xJ = 

nJ/n, w ith n = n. + n8) . The fina l Gibbs energy of the system 
is the refore 

G, = n. {J.L: + RTin(p.fp9
)) + n8{J.1: + RTin(psfp9

)) 

= n. 111: + RT ln(x. p/p9
)) + n8{J.1: + RT ln(x8p/p9

)) 

Step 3: Calculate the change in Gibbs energy 

The difference G, - G; is the change in Gibbs energy that 

accompanies m ixing, f.,;, G. The standard chemica l potent ials 

cancel, and by making use of the relation 

for each gas, obta in 

p 
Llm;,G = RT{nA lnxA + n, lnx8 ) = nRT{xA lnxA + x 8 lnx8 ) 

which is eqn 4. 

This calculation can be taken further by com
paring eqn 4 (written in a slightly different way) with 
.1-mixG = .1-mixH- T.1.mixS, 

Fig. 4 The (a) init ial and (b) final states of a system in wh ich 
two perfect gases m ix. The molecu les do not interact, so the 
entha lpy of m ixing is zero. However, because the final state 
is more disordered than the initia l state, there is an increase 
in entropy. 

.1-mixG = .1-mixH- T .1-mixS = nRT{xA lnxA + Xs lnxs} 

It follows by comparing factors ofT that: 

Enthalpy of 
mixing (Sa) 
!perfect gases] 

Entropy of 
.1-mixS = -nR{xA In xA + Xs In Xs} mixing (5b) 

!perfect gases] 

That is, there is no change in enthalpy when two per
fect gases mix, which reflects the fact that there are 
no interactions between the molecules. There is an in
crease in entropy, because the mixed gas is more dis
ordered than the unmixed gases (Fig. 5). The entropy 
of the surroundings is unchanged because the enthalpy 
of the system is constant, so no energy escapes as heat 
into the surroundings. It follows that the increase in en
tropy of the system is the 'driving force' of the mixing. 

Brief illustration 4C.2 The thermodynamic functions of 

mixing 

Consider two perfect gases A and B. Suppose 1.00 mol A is 

at 100 kPa and 298 K in one conta iner and 1.00 mol B is in a 
neighbouring conta iner at the same pressure and tempera

tu re. Note that n= 2.00 mol and, after m ixing, x. = x, = 0.500. 

When the partit ion between them is removed the changes in 

molar Gibbs energy, enthalpy, and entropy are 
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Llm;,G= (2.00 mol) x (8.3145 J K-1 mol-1
) x (298 K) 

x {0.500 In 0.500 + 0.500 In 0.500) 

= -3.43 x 103 J, or -3.43 kJ 
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Fig. 5 The variation of the entropy of mixing w ith composit ion 
for two perfect gases at constant temperature and pressure. 



Ll.m;,S= -(2.00 mol) x (8.3145 J K-1 mol-1
) 

x (0.500 In 0.500 + 0.500 In 0.500) 

=+11.5 J K-1 

Checklist of key concepts 

0 1 A partial molar quantity is the contribution of a 

component (per mole) to the overall property of a 

mixture. 

02 The chemical potential of a component is the par

tial molar Gibbs energy of that component in a 

mixture. 
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Self-test 4C.3 

Evaluate the changes in molar Gibbs energy, enthalpy, and 
entropy when 2.00 mol A mixes with 1.00 mol B under the 
same conditions. 

Answer: -4.73 kJ, 0, +15.9 J K-1 

03 A system is at equilibrium when the chemical po

tential of each substance has the same value in 

every phase in which it occurs. 



TOPIC 40 

Solutions 

>- Why do you need to know this 
material? 

To apply thermodynamic reasoning to solutions 
you need to know how to relate the chemical 
potentials of its components to the composition 
of the solution. 

>- What is the key idea? 

The chemical potential of a solvent is based 
on Raoult's law; that of the solute is based on 
Henry's law. 

>- What do you need to know already? 

This Topic makes use of the relation between 
the chemical potential of a perfect gas and its 
pressure (Topic 4C); it uses the relation between 
mole fraction and concentration developed in 
The chemist's toolkit 12. 

Chemistry is concerned with liquid solutions as well 
as gaseous mixtures, so for thermodynamic discus
sion of their properties it is necessary to have an 
expression for the chemical potential of solutes and 
solvents. We use the following notation: 

J denotes a substance in general 

A denotes a solvent 

B denotes a solute 

* denotes a pure substance 

You should be able to anticipate that the chemical 
potential of a solute will increase with concentration, 
because the higher its concentration the greater its 
chemical 'punch'. 

4D.1 Ideal solutions 

The key to setting up an expression for the chemical 
potential of a solute is the work done by the French 
chemist Fran,.ois Raoult (1830- 1901), who spent the 
latter part of his life measuring the vapour pressures 
of solutions. In general, the vapour above a mixture 
is also a mixture, so the total vapour pressure of the 
mixture is the sum of the partial vapour pressure, 
p1, the contribution to the total vapour pressure of 
each component in the mixture. Raoult measured the 
partial pressure of the vapour of each component in 
dynamic equilibrium with the liquid mixture, and 
established what is now called Raoult's law: 

The partial vapour pressure of a substance in a li
quid mixture is proportional to its mole fraction 
in the mixture and its vapour pressure when pure. 

That is, 

Raoult"s law (1) 

In this expression, pj is the vapour pressure of 
the pure substance. The law is reasonably reliable 
whatever the identity of the solute and the solvent 
(Fig.1). 

Brief illustration 40.1 Raou lt"s law 

A solution is prepared by disso lving 1.5 mol C10H8 (naph
tha lene) in 1.00 kg of benzene (corresponding to 12.7 mol 
C6H6). The mole f ractions are 0.11 and 0.89, respect ively. It 
follows from eqn 1 and the vapour pressure of pure benzene, 

p!:.,"'."' = 12.6 kPa at 25 oc that: 

P t>eo>eoe = 0.89 X 12.6 kPa = 11 kPa 

Self-test 40.1 

What is the vapour pressure of benzene when the amount 
of naphthalene is 0.75 mol? 

Answer: 12 kPa 
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Fig. 1 The partial vapour pressures of the two components 
of an ideal binary m ixture are proportional to the mole frac
t ions of the components in the liqu id. The tota l pressure of the 
vapour is the sum of the two partial vapour pressures. 

The molecular origin of Raoult's law is the effect 
of the solute on the entropy of the solution. In the 
pure solvent, the molecules are dispersed and have 
a corresponding entropy; the vapour pressure then 
represents the tendency of the system and its sur
roundings to reach a higher entropy. When a solute 
is present, the solution has a greater disorder than the 
pure solvent because a molecule chosen at random 
might not be a solvent molecule (Fig. 2). Because the 
entropy of the solution is higher than that of the pure 
solvent, the solution has a lower tendency to acquire 
an even higher entropy by the solvent vaporizing. In 
other words, the vapour pressure of the solvent in the 
solution is lower than that of the pure solvent. 

An ideal solution is a hypothetical solution that 
obeys Raoult's law at all compositions. The law is most 
reliable for actual solutions when the components 

Fig. 2 (a) In a pure liqu id, any molecu le selected from the 
sample is a solvent molecu le. (b) When a solute is present, 
you cannot be sure that blind selection w ill give a solvent 
molecule, so the entropy of the system is greater than in the 
absence of the solute. 
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Fig. 3 Two sim ilar substances, in th is case benzene and 
methylbenzene (toluene), behave almost ideally and have 
vapour pressures that closely resemble those for the ideal 
case depicted in Fig. 1. 

have similar molecular shapes and are held together 
in the liquid by similar types and strengths of intermo
lecular forces. An example is a mixture of two struc
turally similar hydrocarbons. A mixture of benzene 
and methylbenzene (toluene) is a good approximation 
to an ideal solution, for the partial vapour pressure of 
each component satisfies Raoult's law reasonably well 
throughout the composition range from pure benzene 
to pure methylbenzene (Fig. 3 ). 

No mixture is truly ideal and all real mixtures show 
deviations from Raoult's law. However; the deviations 
are small for the component of the mixture that is in 
large excess (the solvent) and become smaller as the con
centration of solute decreases (Fig. 4). More formally, 

0 
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Mole fraction of ca rbon disu lf ide, x(CS2) 

Fig. 4 Strong deviations from ideality are shown by dissim ilar 
substances, in this case carbon disulfide and propanone 
(acetone) . Note, however, that Raou lt's law is obeyed by pro
panone when on ly a small amount of carbon disulfide is pre
sent (on the left) and by carbon disu lfide when on ly a small 
amount of propanone is present (on the right) . 
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Raoult's law is a limiting law (like the perfect gas law, 
Topic 1A), and is strictly valid only in the limit of zero 
concentration of solute. 

40.2 The chemical potential of 
the solvent 

The theoretical importance of Raoult's law is that, 
because chemical potential is related to pressure 
and the law relates vapour pressure to compos
ition, it can be used to relate chemical potential 
to the composition of a solution. As shown in the 
following Justification, the chemical potential of 
a solvent A present in solution at a mole fraction 
X A is 

JlA = Jl~ + RT In xA 
Chemical potential of 
the solvent 
(ideal solution] 

(2) 

where Jl~ is the chemical potential of pure A. This ex
pression is valid throughout the concentration range 
for either component of a binary {two-component) 
ideal solution. It is valid for the solvent of a real so
lution the closer the composition approaches pure 
solvent (pure A) . 

A note on good practice An asterisk (* ) is used to de
note a pure substance. but not one that is necessarily in 
its standard state. On ly if the pressure is 1 bar wou ld J.l! be 
the standard chemica l potential of A, and it would then be 
writtenJ.l! . 

Figure 5 shows the variation of chemical potential 
of the solvent predicted by eqn 2. The essential fea
ture is as follows: 

Because xA < 1 implies that ln xA < 0, the chemical 
potential of a solvent is lower in a solution than 
when it is pure (when xA = 1). 

Provided the solution is almost ideal, a solvent in 
which a solute is present has less chemical 'punch' 
(including a lower ability to generate a vapour pres
sure) than when it is pure. It follows from eqn 2 that 
the change in chemical potential of the solvent caused 
by a solute is given by 

(3) 

where xA = 1 - xB, xB being the mole fraction of the 
solute. 
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Fig. 5 The variation of the chemica l potentia l of the solvent 
w ith the composit ion of the so lution. Note that the chemical 
potential of the solvent is lower in the mixture than for the 
pure liquid (for an ideal system). This behaviour is likely to 
be shown by a dilute solution in which the solvent is almost 
pure (and obeys Raoult's law). 

Justification 40.1 

The chemical potential of a solvent 

When a liquid A in a mixture is in equilibrium with its vapour 

at a partial pressure PA· the chemical potentials of the tw o 

phases are equa l (Fig . 6): J.lA(I} = J.lA(g). The chemica l poten

tial of the vapour is given by eqn 3 in Topic 4C (in the form 

J.lA(p) = J.l! (g) + RTin(pJ p0
); J has been identified w ith A and a 

g has been attached to J.l! as a reminder that it is the standard 

chemical potential of the gas). Therefore, at equ ilibri um, 

J.lA(I) = J.l! (g) + RT in(pJ p0
) 

According to Raoult's law, PA = XAP!, so this expression be

comes 

= J.l! (g) + RTin(p: /p0
) + RT in xA 

The first two (blue) terms on the right, are independent of 

the composition of the mixture and can be written as the 

! constant J.l!, the chemica l potential of pure liquid A. Then 

: eqn 2 follows. 

Brief illustration 40.2 The chemical potential of the solvent 

If a solute is present at a mole fraction of 0.10, then X00,,, . = 

0.90, and at 298 K the change in chemical potential is 

I!.J.loo,,
00 

=(8.3145 J K-'mol-1)x(298 K)x ln0.90 

=-2.6x102 Jmol-1 = -0.26kJmol- ' 



J vapour 

1l 
J liquid 

Fig. 6 At equil ibrium. the chem ical potential of a substance 
in its liqu id phase is equal to the chemica l potential of the 
substance in its vapour phase. 

: Self-test 40.2 . 
: Evaluate the change in chemical potential when solute is 

: added to a solvent to such an extent that the solute mole 

: fraction is 0.90. 
Answer: -0.88 kJ mol·' 

Does a solute dissolve spontaneously when it 
forms an ideal solution? To answer this question, you 
need to decide whether l'lG is negative for dissolving. 
The calculation is essentially the same as for the mix
ing of two perfect gases (Topic 4C), and 

Gibbs energy 
l'lG = nRT{xA In XA + x 8 In x8 } of dissolving (4a) 

[ideal solution] 

exactly as for two perfect gases. As for perfect gases, 
the enthalpy and entropy of dissolving are 

Enthalpy of 
l'lH=O dissolving (4b) 

[ideal solution] 

Entropy of 
dissolving (4c) 
[ideal solution] 

The value of /1H indicates that although (unlike for per
fect gases) there are interactions between the molecules, 
the average solute-solute, solvent-solvent, and solute
solvent interactions are all the same, so the solute slips 
into solution without a change in enthalpy. The driving 
force for dissolving is the increase in entropy of the sys
tem as one component mingles with the other. 

A note on good practice "Ideality" implies that the average 
interactions are all the same. A "perfect" gas is a special case 
of an ideal system in which the average intermolecular inter
actions are not merely the same but are in fact zero. Most 
scientists do not make this helpful distinction. and refer to an 
"ideal gas· rather than a "perfect gas·. 
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40.3 Ideal-dilute solutions 

Raoult's law cannot be expected to be a good descrip
tion of the vapour pressure of the solute B because a 
solute in dilute solution is very far from being pure. In 
a dilute solution, each solute molecule is surrounded 
by nearly pure solvent, so its environment is quite un
like that in the pure solute and except when solute and 
solvent are very similar (such as benzene and methyl
benzene) it is very unlikely that its vapour pressure will 
be related in a simple manner to that of the pure solute. 

It is found experimentally that in dilute solutions 
the vapour pressure of the solute is in fact proportional 
to its mole fraction, just as for the solvent. Unlike the 
solvent, though, the constant of proportionality is not 
in general the vapour pressure of the pure solute. This 
linear but different dependence was discovered by the 
English chemist William Henry early in the nineteenth 
century, and is summarized as Henry's law: 

The vapour pressure of a volatile solute B is pro
portional to its mole fraction in a solution. 

That is, 

Henry"s law (Sa) 

Here K~, which is called Henry's law constant, is 
characteristic of the solute and chosen so that the 
straight line predicted by eqn Sa is the tangent of 
the experimental curve at x 8 = 0 (Fig. 7). Expressed 
in this way, the Henry's law constant has units of 
pressure. Henry's law is usually obeyed only at low 

:::l 
0 
a. 
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0 Mole fraction of solute, x8 

Fig. 7 When a component (the so lvent) is almost pure. it 
behaves in accord w ith Raou lt"s law and has a vapour pres
sure that is proportional to the mole fract ion in the liqu id 
m ixture. and a slope p*. the vapour pressure of the pure sub
stance. When the same substance is the m inor component 
(the solute). its vapour pressure is still proportional to its mole 
fract ion. but the constant of proportionality is now K~ (that is. 
for the solute B. specifically K~ ). 
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concentrations of the solute (close to x8 = 0). Solu
tions that are dilute enough for the solute to obey 
Henry's law are called ideal-dilute solutions. 

Verifying Raoult's and Henry's laws 

The partial vapour pressures of each component in a m ixture 
of propanone (acetone. A) and trich loromethane (chloroform, 
C) were measured at 35 oc with the following resu lts: 

Xc 

pJ kPa 

pJ kPa 

0 0.20 

0 4.7 

43.6 32.3 

0.40 0.60 

10 179 

23.3 12.3 

0.80 

28.0 

4.9 

36.4 

0 

Confirm that the m ixture conforms to Raoult's law for the 
component in large excess and to Henry's law for the minor 

component. Find the Henry's law constants. 

Collect your thoughts To verify 

Raou lt's law you need to plot the 

partial vapour pressures against ~ 
mole fraction and then compare ~ 

c. 
the resu lting graph to the straight 

line PJ = xJpr for each component 
' in the region in which it is in ex· 

cess and therefore acting as the 
solvent. To verify Henry's law, you 

need to find a straight line PJ = K~xJ that is tangent to each 
partial vapour pressure at low xJ where the component can 

be treated as the solute. 

The solution The data are plotted in Fig. 8, together with 

t he Raoult's law lines. Henry's law requ ires K~ = 23.3 kPa for 
propanone and K~ = 22.0 kPa for trichloromethane. Notice 
how the data deviate from both Raoult's and Henry's laws for l even quite small departures from x= 1 and x= 0, respectively. . 

Self-test 40.3 

The vapour pressure of chloromethane at various mole frac· 
t ions in a mixture at 25 oc was found to be as fo llows: 

X 0.005 

273 

0.009 0.019 0.024 

p/kPa 48.4 101 126 

Estimate Henry's law constant. 

Answer: 5 M Pa 

Henry's law is commonly written to show how the 
molar concentration of the dissolved gas depends 
on its partial pressure in the vapour phase above the 
solvent: 

Another version 
of Henry's law (5b) 

Written in this way, and with the pressure in kilo
pascals, the Henry's law constant, KH, is reported in 

50 

~*(A) 
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c. 20 +:::: 
:; 
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:)!; 10 

0. 2 0.4 0.6 
M ole f raction of chloroform, x(CHCI3) 

Fig. 8 The experimental partial vapour pressures of a mixture 
of trich loromethane, CHCI3 (chloroform, C), and propanone, 
CH3COCH3 (acetone, A), based on the data in Example 4D.1. 
Henry's and Raoult's law behaviour are denoted H and R, re
spectively. 

moles per cubic decimetre per kilopascal (mol dm-3 

kPa-1). The Henry's law constants of some gases are 
listed in Table 4D.1. This form of the law and these 
units make it very easy to calculate the molar con
centration of the dissolved gas, simply by multiplying 
the partial pressure of the gas (in kilopascals) by the 
appropriate constant. Equation Sb is used, for in
stance, to estimate the concentration of 0 2 in natural 
waters. A knowledge of Henry's law constants for 
gases in fats and lipids is important for the discussion 
of respiration, especially when the partial pressure of 
oxygen is abnormal, as in diving and mountaineering. 

1£fi .. i.!IJI·fi 
! Determining whether a natural water can support 

! aquatic life 

: The concentration of 0 2 in water required to support aerobic 
! aquatic life is about 4 .0 mg dm-3. What is the min imum partial 

Table40.1 

Henry's law constants for gases dissolved in water 
at25 oc 

Carbon dioxide, C02 

Hydrogen, H, 

Methane, CH, 

Nitrogen, N, 

Oxygen, 0 2 

.................... . ··············•••• 

3.39x 10-1 

778 X 10-3 

1.48 X 10-2 

6.48 X 10-3 

1.30 X 10-2 
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pressure of oxygen in the atmosphere that can achieve this 11~ 

-------
concent ration? 

Collect your thoughts You can 
approach th is prob lem by de

termining the partial pressure 

of oxygen that. accord ing to 
Henry's law (written as eqn 5b, 

but rearranged to give the partia l 
pressure in terms of the con

centration). corresponds to the 

concent ration specified. Molar 

concentration and mass concentrat ion are related by cJ = 

cm"'}MJ, where MJ is the molar mass of J . 

• The solution Equat ion 5b becomes Po, = c0 ,fKH. First, note 
: that the molar concentration of 0 2 is 

32 g mol ' 
'---.r------' 

Mo, 

-4 mol 
1.2 .. . x 10 dm' 

-4 mol _, 
=1.2 ... x 10 

10
_, m3 =0.12 ... mol m 

From Table 4D.1, KH for oxygen in water is 1.30 x 10-2 mol m-3 

kPa-1
; therefore the partial pressure needed to ach ieve the 

stated concent ra t ion is 

0.12 ... mol m-3 

9.6 kPa 
Po, = 1.30x10 2 mol m 3 kPa 1 

The partial pressure of oxygen in air at sea leve l is 21 kPa 
(158 Torr). wh ich is greater than 9.6 kPa (72 Torr). so the 

requ ired concentration can be mainta ined under normal 
cond it ions. 

A note on good practice The number of significant figures in 
the resul t of a calculation should not exceed the number in the 
data. 

: Self-test 40.4 

: What partial pressure of methane is needed to dissolve 
: 21 mg of methane in 100 g of benzene at 25 oc (KH = 5.69 x 
: 104 kPa, for Henry's law in the form given in eqn 5b)? 

Answer: 57 kPa (4 .3 x 102 Torr) 

40.4 The chemical potential of 
the solute 

Henry's law is used to write an expression for the 
chemical potential of a solute in a dilute solution. 
As shown in the following Justification, the chemical 
potential of the solute when it is present at a mole 
fraction x 8 is 

J.ls = J.l~ + RT In x8 

Chemical potential of 
the solute 
(ideal-dilute solution] 

(6) 
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Fig. 9 The va riation of the chemica l potential of the solute 
w ith the composit ion of the solution expressed in terms of 
the mole fract ion of solute. Note that the chemica l potentia l 
of the solute is lower in the m ixture than for the pure solute 
(for an ideal system). Th is behaviour is likely to be shown by 
a dilute solut ion in wh ich the solvent is almost pure and the 
solute obeys Henry's law. 

This expression is illustrated in Fig. 9. The chemical 
potential of the solute has its pure value when it is 
present alone (x8 = 1, In 1 = 0) and a smaller value 
when dissolved (when x 8 < 1, In x 8 < 0). 

Justification 40.2 

The chemical potential ofthe solute 

The same reason ing is used as in Justification 4D.1. When 

a solute B in a solution is in equ ilibrium with its vapour at a 

part ial pressure p8, write J18 (1) = J18 (g). The chemica l potential 

of the vapour is given by eqn 3 in Topic 4C (written as J18 (p) = 
Jl: (g) + RT in(pJ p•)). so 

J18(1) = Jl: (g) + RT in(pJ p•) 

Accord ing to Henry's law, p8 = K~x,, so it fo llows that 

* "8 ~ 
J18(1) = Jl: (g) + RTin K~, = 11: (g)+ RT I nK~ + RT in x, 

The terms in b lue are independent of the compos ition 
of the mixture and can be combined into the constant Jl; , 
the chem ical potential of pure liqu id B. Equation 6 then 

fo llows. 

It is often more natural to express the com
position of a solution in terms of the molar con
centration of the solute, c8 , rather than as a mole 
fraction. The mole fraction of the solute and the 
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molar concentration are proportional to each other 
in dilute solutions (The chemist's toolkit 12; see the 
final line), so write xB =constant x cBfc•, where the 
standard molar concentration is introduced to en
sure that the constant is dimensionless. Then eqn 6 
becomes 

JiB= p; + RTln {constant x cBtc•J 

In (xyl = lnx+ In y, with x = constant, y = c,lc• 

= Jl~ + RTln( constant) + RTln(cB/c• ) 

A note on good practice It is meaningless to take loga
rithms of quantities with units, so always ensure that the x of 
In xis a pure number. 

The chemist's toolkit 12 Measures of concentration 

Let A be the solvent and B the solute. The molar concentra
tion (informally: 'molarity'), c6 or [BL is the amount of solute 
molecules (in moles) div ided by the volume, II, of the solution: 

It is common ly reported in moles per cubic decimetre 
(mol dm-3

) or, equ iva lently, in moles per lit re (mol L-1
). It is 

conven ient to define its 'standard' value as c• = 1 mol dm-'-

The molality, b8 , of a solute is the amount of solute 

species (in moles) in a solution divided by the mass of the 

solvent (in kilograms): 

Like mole fraction but un like molar concentration, the mol

ality is independent of temperature. It is conven ient to de

fine its 'standard ' va lue as b• = 1 mol kg-1
• 

1. The relation between molality and mole fraction 

Consider a solution composed of a total of 1 mol of mol

ecu les. If the mole fract ion of the solute is x6, the amount 

of solute molecu les in a total of an amount n of molecules 

is n6 = x6 n. If there is on ly one solute, the mole fract ion 

of solvent molecu les is xA = 1 - x6. The amount of solvent 
molecules is then nA=xAn= (1 -x6)n.The mass of solvent, 

of molar mass MA, present is mA =nAMA = (1-x6 )nMA. 

The molality of the solute is therefore 

__ x_. __ 
(1-x6 )MA 

The inverse of this relation, the mole fraction in terms 

of the mola lity, is 

b6MA 
Xs = 1+bsMA 

Provided that the pressure is 1 bar we can combine 
the two blue terms into a single constant, Jl~, and 
write this relation as 

JlB = Jl~ + RT ln(cJc•) 
Chemical potential 
of the solute (7) 

Figure 10 illustrates the variation of chemical poten
tial with concentration predicted by this equation. 
The chemical potential of the solute has its standard 
value when the molar concentration of the solute is 
1 mol dm-3 (that is, c•). 

As will have become clear, all the expressions for 
the chemical potential have the same form, which can 
be summarized as 

Chemical potential 
!general form) 

2. The relation between molality and molar 
concentration 

(8) 

The total mass of a volume Vof solution (not solvent) 

of density p is m = pV. The amount of solute molecules 
in this volume is n6 = c6 V The mass of solute present 

is m 6 = n6 M 6 = c6 VM6 . The mass of solvent present is 

therefore mA = m- m6 = pV- c6 VM6 = (p- c6M 6) V. The 

molality is therefore 

The inverse of th is relation, the molar concentration in 

terms of the molality, is 

3. The relation between molar concentration and 
mole fraction 

By inserting the express ion for b6 in terms of x6 , the 

molar concentration of B in terms of its mole fraction is 

with xA = 1 - x6. For a dilute solution in the sense that 
x6M 6 « xAMA, 

If, moreover, x6 « 1, so xA ~ 1, then 
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Fig. 10 The variation of the chemical potent ial of the solute 
with the composition of the so lution that obeys Henry's law 
expressed in terms of the molar concentration of solute . The 
chemical potential has its standard value at c= c•= 1 mol dm-3 

with a1 = P/P• if the substance J is a perfect gas, 
a1 = c/c• for an ideal solute, a1 = x1 if it is an ideal 
solvent (with the implication that a1 = 1 for a pure 
liquid or pure solid). Each version of a is called 
the activity of the substance, and at this stage an 
activity is simply a general way of summarizing 
the contribution of pressure or concentration to 
the chemical potential. Note that activities are di
mensionless and are summarized in Table 4D.2. It 
proves to be very helpful to have this general form 

Table4D.2 

Activities and standard states* 

Substance Standard state Activity, a 
.................. 

Solid Pure solid, 1 bar 

Liq uid Pure liquid, 1 bar 

Gas Pure gas, 1 bar 

Solute Molar concent rat ion of 
1 mol dm-3, 1 bar 

Solvent Pure liquid, 1 bar 

p9 ~1 bar(~ 105 Pal, c•~1 mol dm-' 
• The activities here are for perfect gases and ideal-dilute solu· 

tions; all activities are dimension less. 
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for the chemical potential, not only for deriving 
thermodynamic relations in a general way and ex
pressing them succinctly, but also for extending the 
discussion to real solutions. 

40.5 Real solutions: activities 

No actual solutions are ideal, and many solutions 
deviate from ideal-dilute behaviour as soon as the 
concentration of solute rises above a small value. In 
thermodynamics every attempt is made to preserve 
the form of equations developed for ideal systems so 
that it becomes easy to step between the two types of 
system. For a real solution the activity is taken to be 
not the actual concentration but an effective concen
tration. The activity is defined so that eqn 8 is true at 
all concentrations and for both the solvent and the 
solute (and for pure solids and liquids). However, in
stead of the relations in Table 4D.2, write 

For the solvent: a A = YAXA 

For the solute: aB = 'fBCB/c9 

Activity 
coefficient 
[definition] 

(9) 

where the y (gamma) in each case is the activity 
coefficient. Activity coefficients are dimensionless. 
They depend on the composition of the solution and 
you should note the following: 

• Because the solvent behaves more in accord with 
Raoult's law as it becomes pure, YA ~ 1 as xA ~ 1. 

• Because the solute behaves more in accord with 
Henry's law as the solution becomes very dilute, 
YB ~ 1 as xB ~ 0. 

Activities and activity coefficients are often 
branded as 'fudge factors'. To some extent that is 
true. However, their introduction does allow thermo
dynamically exact expressions to be derived for the 
properties of non-ideal solutions. Moreover, in a 
number of cases it is possible to calculate or measure 
the activity coefficient of a species in solution. In this 
text thermodynamic relations are normally derived 
in terms of activities, but when it is appropriate to 
make contact with actual measurements, activities 
are set equal to the 'ideal' values in Table 4D.2. 
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Checklist of key concepts 

01 Raoult's law states that the partial vapour pressure 

of a substance in a liquid mixture is proportional 

to its mole fraction in the mixture and its vapour 

pressure when pure. 

02 An ideal solution is one in which both components 

obey Raoult's law over the entire composition 

range. 

03 Henry's law states that the vapour pressure of a 

volatile solute B is proportional to its mole fraction 

in a solution. 

04 An ideal-dilute solution is one in which the solute 

obeys Henry's law. 

05 The activity of a substance is an effective concen

tration; see Table 40.2 for the ' ideal' values. 



TOPIC 4E 

Colligative properties 

~ Why do you need to know this 
material? 

The most important colligative property, os
mosis, is relevant to biology and is one of the 
few methods available for determining the molar 
masses of polymeric materials. 

~ What is the key idea? 

Colligative properties stem from the effect of a 
solute on the chemical potential of a solvent. 

~ What do you need to know already? 

The Topic makes use of the criterion of equilib
rium being the equality of the chemical potential 
of a substance in every phase in which it appears 
(Topic 4C) and builds on the expression for the 
dependence of chemical potential on the com
position of a solution (Topic 4D). The section 
on osmosis makes use of the dependence of the 
Gibbs energy on applied pressure (Topic 4A). 

An ideal solute has no effect on the enthalpy of a 
solution in the sense that the enthalpy of mixing is 
zero: the solvent molecules interact with the solute 
molecules in the same way as with themselves. How
ever, the solute does affect the entropy by introdu
cing a degree of disorder that is not present in the 
pure solvent. You should therefore expect a solute to 
modify the physical properties of the solution. Apart 
from lowering the vapour pressure of the solvent, 
which is described in connection with Raoult's law in 
Topic 4D, a non-volatile solute has three main effects: 

• It raises the boiling point of the solvent. 

• It lowers the freezing point. 

• It gives rise to an osmotic pressure. 

(The meaning of the last term will be explained 
shortly.) Because these properties all stem from 
changes in the disorder of the solvent, and the in
crease in disorder is independent of the identity 
of the species used to bring it about, for a given 
solvent all of them depend only on the number of 
solute particles present, not their chemical iden
tity. For this reason they are called colligative 
properties, with 'colligative' denoting 'depending 
on the collection'. Thus, a 0.01 mol kg-1 aqueous 
solution of any nonelectrolyte should have the 
same boiling point, freezing point, and osmotic 
pressure. 

4E.1 The modification of boiling 
and freezing points 

The effect of a solute is to raise the boiling point and 
to lower the freezing point of a solvent. It is found 
empirically, and is demonstrated thermodynamic
ally in the following Justification, that the elevation 
of boiling point, L'l.Tb and the depression of freezing 
point, L'l.Th are both proportional to the molality, bB, 
of the solute: 

L'l.Tb = KbbB Elevation of (la) 
boiling point 

L'l.Tf=KfbB Depression of (lb) 
freezing point 

Kb is the ebullioscopic constant and Kf is the 
cryoscopic constant of the solvent. They are also 
called the 'boiling-point constant' and the 'freezing
point constant', respectively. The two constants can 
be estimated from other properties of the solvent, 
but both are best treated as empirical constants 
(Table 4£.1). 



152 FOCUS 4 PHYS ICAL TRANSFORMATIONS 

Table4E.1 

Cryoscopic and ebul/ioscopic constants 

Solvent /(/(K kg mol-1) K.,I(K kg mol-1
) 

............................................................... 
Acetic acid 3.90 3.07 

Benzene 5.12 2.53 

Camphor 40 

Carbon disu lfi de 3.8 2.37 

Naphthalene 6.94 5.8 

Phenol 7.27 3.04 

Tetrach loromethane 30 4.95 

Water 1.86 0.51 

Brief illustration 4E.1 Depression of the freezing point 

To estimate the lowering of the f reezing po int of a solu

t ion made by dissolving 3.0 g (about one cube) of sucrose 

(C 12H220,,) in 100 g of water, correspond ing to 87 mmol kg-1
, 

use eqn 1 band Table 4E.1 to w ri te 

A T, = 1.86 K kg mol-1 X 87 x 10-3 mol kg-1 = 0.16 K 

: Self-test 4E.1 

: What wou ld be the f reezing point depression if the sucrose 

; were replaced by the same mass of glucose? 
: Answer: 0.32 K 

Two assumptions will help to simplify the fol
lowing discussion: 

• The solute is not volatile, and therefore does not 
appear in the vapour phase. 

• The solute is insoluble in the solid solvent, and 
therefore does not appear in the solid phase. 

For example, a solution of sucrose in water consists 
of a solute (sucrose) that is not volatile and therefore 
never appears in the vapour, which is therefore pure 
water vapour. The sucrose is also mostly left behind 
in the liquid solvent when ice begins to form, so the 
ice remains nearly pure. 

The origin of colligative properties is the 
lowering of chemical potential of the solvent by 
the presence of a solute, as expressed by eqn 2 of 
Topic 4D (JlA = Jl~ + RT In xA). Moreover, it is es
tablished in Topic 4A that the freezing and boiling 
points correspond to the temperatures at which 
the graph of the molar Gibbs energy of the liquid 
intersects the graphs of the molar Gibbs energy of 
the solid and vapour phases, respectively. Because 

c Depression of freezing po nt 

Temperature, T---+ 

Fig. 1 The chemica l potentials of pure solid solvent and pu re 
liquid so lvent also decrease w ith temperature, and the point 
of intersection, w here the chemica l potential of the liquid rises 
above t hat of the solid, marks the f reezing point of the pu re 
solvent. A solute lowers the chemica l potential of the solvent 
but leaves that of the so lid unchanged . As a resu lt, t he inter
section po int lies further to t he left and the f reezing point is 
therefore lowered. 

mixtures are now being considered, you have to 
think about the partial molar Gibbs energy (the 
chemical potential) of the solvent. The presence of 
a solute lowers the chemical potential of the liquid 
but, because the vapour and solid remain pure, their 
chemical potentials remain unchanged. It can be 
seen from Fig. 1 that the freezing point therefore 
moves to lower values. Likewise, from Fig. 2 it can 
also be seen that the boiling point moves to higher 
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E lev~tion of boi ling point 
vapour 
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Fig. 2 The chem ica l potent ials of pure solvent vapour and 
pure liquid solvent decrease w ith temperature, and the point 
of inte rsect ion, w here the chem ica l potential of the vapour 
fa lls below that of the liquid, marks the boiling point of the 
pure solvent. A solute lowers the chemica l potential of the 
solvent but leaves that of the vapour unchanged. As a resu lt, 
the intersection point lies further to the right, and the boiling 
point is t herefore ra ised . 
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values. In other words, the freezing point is de
pressed, the boiling point is elevated, and the liquid 
phase exists over a wider range of temperatures. 
The following Justification shows how to express 
these changes quantitatively. 

Justification 4E.1 

The modification oftransition temperatures 

There are two major parts to this Justification. The centre of 

attention is the elevation of boiling point, but the argument 

about depression of freezing point is analogous. 

Step 1: Establish the relation between xA and t..,, G 

At the normal boiling point, T,: (that is, at 1 atm). of the pure 

so lvent A, the solvent vapour and liquid are in equilibrium at 

1 atm, so their chemical potentials are equal: J.L: (g, 1 atm. T:) = 

J.L: (1 , 1 atm. T:). This equality is depicted in Fig. 3a. For simpl i

city, the '1 atm' will be dropped from these expressions, but 

you should remember its value. In the presence of a solute 

B, the mole fract ion of the solvent A is reduced from 1 to 

xA = 1 - x9 and the boiling point becomes Tb. Because the 

solvent vapour and liquid rema in in equilibrium under these 

new cond itions, J.L: (g, Tb) = J.lA(I,xA, Tb). Accord ing to eqn 2 of 

Topic 4D (J.LA = J.L: + RT In xA), the chemical potential of the 

solvent in t he solut ion at the temperature Tb is related to its 

mole fract ion by 

J.lA(I, xA, Tb) = J.L: (I, Tb) + RTb In xA 

Therefore, because J.LA(I,xA, Tb) = J.L: (g, Tb). th is expression be

comes 

and rearranges into 

When xA = 1 (so In xA = 0). the boiling point is T:. which means 

that 

O = L1,,G(T: l 

RT: 

The difference of these two equations is 

Step 2: Express each t..,, G in terms of tl.,,,H and tl.,,,s 

Use L1G = L1H- TL1S at each temperature to turn this equation 

into 

Jl.., G = Jl..,H- Tll,.,S for each T 

L1,,H( T,:) - T~ !1,,5( T:) 

RT: 

Now assume that in the range of temperatures of interest, 

the enthalpy and entropy of vaporization are independent of 

temperature, so each can be written as a constant term: 

lnx = L1,,H _ L1.,..,s _ L1,,H + L1.,..,s 
A RTb R RT: R 

Cancel blue terms 

= L1 ,, H (_2_- _2._) 
R fo T~ 

Step 3: Simplify the expression for In xA 

At this point, because x9 <<1, use In xA = ln(1 - x9) = - x9 (see 

The chemist's toolkit 6 in Topic 1 C) to express this equation as 

First, note that the elevation of boiling point is L1 Tb = Tb - T: . 
Then note that because the value of Tb is very close to T:. 
little error is introduced by replacing T: Tb by T: 2 In this way 
arrive at 

which can be rearranged into 

This express ion shows that the elevation of boiling point is 

proportional to the mole fraction of solute B and independent 

of its identity (but don't forget that the tl.,,,H and T: are prop

erties of the solvent). For a di lute solution, the mole fract ion 

of the solute is proportiona l to its molality, b9 (The chemist's 

toolkit 12 in Topic 4D, with M. b9 « 1) so this equation has the 

form L1 Tb = K,b9, as in eqn 1 a. 

The ca lcu lation of the depression of f reezing point starts with 

the equilibrium condition depicted in Fig. 3b, which implies 

J.L: (s, 7;) = J.LA(I,xA, 7;) at 1 atm. The calculation then proceeds in 

exactly the same way, and leads to 

w ith L1 7; = T~ - 7;, as in eqn 1 b. 

The elevation of boiling point is too small to have 
any practical significance. A practical consequence of 
the lowering of freezing point, and hence the lowering 
of the melting point of the pure solid, is its employ
ment in organic chemistry to judge the purity of a 
sample, for any impurity lowers the melting point of a 
substance from its accepted value. The salt water of 
the oceans freezes at temperatures lower than that of 
fresh water and salt is spread on highways to delay 
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( ,uji(g, 1 atm,Tb) ) 
I ' 

(a) Equa! a~ 
equilibnum 

I 

(b) 

Pure vapour A, 
A pressure 1 atm 

Solvent A, 
mole fraction xA 

~ 
Pure solid A, 

)" pressure 1 atm 

Fig. 3 The equi libria between phases and the correspond ing 
re lation between chemica l potentia ls of the solvent in solution 
at (a) the normal boi ling po int and (b) the normal freezing point. 

the onset of freezing. The addition of 'antifreeze' to 
car engines and, by natural processes, to arctic fish, is 
commonly held up as an example of the lowering of 
freezing point, but the concentrations are far too high 
for the arguments used here to be applicable. The 
1,2-ethanediol ('glycol') used as antifreeze simply 
interferes with bonding between water molecules. 
Likewise, the antifreeze proteins of arctic fish act by 
binding to small ice crystals and preventing larger 
crystals from forming. 

4E.2 Osmosis 

The phenomenon of osmosis (from the Greek word 
for 'push') is the passage of a pure solvent into a so
lution separated from it by a 'semipermeable' mem
brane, a membrane that is permeable to the solvent 
but not to the solute. The membrane might have 
microscopic holes that are large enough to allow 
water molecules to pass through, but not ions or 
other solute molecules with their bulky coating of 
hydrating water molecules. The osmotic pressure, ll 
(uppercase pi), is the pressure that must be applied to 
the solution to stop the inward flow of solvent. 

In the simple arrangement shown in Fig. 4, the 
pressure opposing the passage of solvent into the 
solution arises from the hydrostatic pressure of the 
column of solution that the osmosis itself produces. 
This column is formed when the pure solvent flows 
through the membrane into the solution and pushes 
the column of solution higher up the tube. Equilib
rium is reached when the downward pressure exerted 
by the column of solution is equal to the upward os
motic pressure. A complication of this arrangement 
is that the entry of solvent into the solution results 
in dilution of the latter, so it is more difficult to treat 

Height 
proportional 
to osmotic 
pressure 

Semipermeable 
membrane 

~ Solvent 

)( 

Fig. 4 In a simple osmosis experiment . a solut ion is separated 
from the pure solvent by a semipermeable membrane. Pure 
solvent passes through the membrane and the solution rises 
in the inner tube. The net f low ceases when the pressure ex
erted by the column of liquid is equa l to the osmotic pressure 
of the solution. 

mathematically than an arrangement in which an ex
ternally applied pressure opposes any flow of solvent 
into the solution. 

The osmotic pressure is proportional to the con
centration of solute. As shown in the following Jus
tification, the expression for the osmotic pressure 
of an ideal solution, which is called the van 't Hoff 
equation, bears an uncanny resemblance to the ex
pression for the pressure of a perfect gas: 

The van "t Hoff equation 
(ideal solution) (2a) 

Because nBIV = cB, the molar concentration of the 
solute, a simpler form of this equation is 

Justification 4E.2 

The van 't Hoff equation 

The van "t Hoff equation 
(ideal solution) (2b) 

The thermodynamic treatment of osmosis makes use of the 

fact that. at equ ilibrium. the chemica l potential of the solvent 
A is the same on each side of the membrane (Fig . 5). 

Step 1: Establish the condition of equilibrium 

The starting relation is 

.u. lpure solvent at pressure p) = .u. lsolvent in the solution 
at pressure p +IT) 

The pure solvent is at atmospheric pressure. p. and its chem
ica l potential is .u: (p). The solution is at a pressure p + II 
on account of the add it iona l pressure. II. exerted on the solution 

and the mole fract ion of its molecu les has been reduced from 



1 to xA: its chemica l potentia l is 11A(xA,p +II). The increased 

pressure ra ises the chemica l potential; the decreased mole 

fraction lowers it. The task is to find the extra pressure II 
needed to ba lance the two effects. 

Step 2: Identify the effects of the solute and the pressure 

The condition for equilibrium written above is 11: (p) = 11A(xA,p + 
II). The effect of the solute is taken into account by us ing eqn 2 

(11A = 11: + RT In xA) w ritten to take account of the enhanced 

pressure as 

11A(xA,P +II)= 11:(p +II)+ RT in xA 

The effect of pressure on an (assumed incompressible) 

liqu id is given by eqn 1 a ofTopic 4A (L'>Gm = Vm~'>P) but now 
expressed in terms of the chemical potentia l and the par

tial molar volume of the solvent as ~'>11: = VAL'>p, with ~'>11; = 

11:(p+ L'>p)- 11:(p). At this point the difference in pressure L'>p is 

identified as II. so 

Step 3: Combine the two effects 

When the preceding relation is combined w ith 11;(p) = 11;(p + 
II) + RT In xA the resu lt is 

11: (p) = 11; (p) + VAll+ RT In xA 

and therefore, after cancelling the 11:(p). 

-RT in XA = llVA 

Step 4: Make the approximation that the solution is dilute 

The mole fraction of the solvent xA is equa l to 1 - x9 , where 

x9 is the mole fraction of solute molecu les. In dilute solution, 
when x9 « 1, ln(1 - x9 ) is approximately equa l to -x9 (The 

chemist's toolkit6 in Topic 1 C). so the last equation becomes 

RTx9 ~ rrvA 

When the solution is so di lute, x9 = nJn ~ nJnA, and then 

where Vis the volume of the solvent. wh ich is eqn 2a. 

Osmosis helps biological cells maintain their 
structure. Cell membranes are semipermeable and 
allow water, small molecules, and hydrated ions to 
pass, while blocking the passage of large molecules 
synthesized inside the cell. The difference in concen
trations of solutes inside and outside the cell gives 
rise to an osmotic pressure, and water passes into 
the more concentrated solution in the interior of the 
cell, carrying small nutrient molecules. The influx of 
water also keeps the cell swollen, whereas dehydra
tion causes the cell to shrink. 

One of the most common applications of osmosis 
is osmometry, the measurement of molar masses of 
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Semipermeable 
membrane 

Fig. 5 The basis of the ca lculation of osmotic pressure. The 
presence of a solute lowers the chem ical potential of the 
solvent in the right-hand compartment. but the application 
of pressure raises it. The osmotic pressure is the pressure 
needed to equa lize the chemical potential of the solvent in the 
two compartments. 

proteins and synthetic polymers from the osmotic 
pressure of their solutions. As these huge molecules 
dissolve to produce solutions that are far from ideal, 
it is supposed that the van 't Hoff equation is only the 
first term of an expansion: 

n = CsRT{l + Bcs + ... } Expanded van 't Hoff 
equation 

(3a) 

Exactly the same strategy is used in Topic 1 C to ex
tend the perfect gas equation to real gases, and there 
it leads to the 'virial' equation of state. The empirical 
parameter B in this expression is called the osmotic 
virial coefficient. To use eqn 3a, it is rearranged into a 
form that gives a straight line by dividing both sides 
by c8 , 

y 
~ = intercept + slope xx n .........., ~......, 

- = RT +BRTc8 
Cs 

(3b) 

As illustrated in the following Example, the molar 
mass of the solute B can be determined by measuring 
the osmotic pressure at a series of concentrations and 
making a plot of mc8 against c8 (fig. 6). 

i§if! .. !.!tj!j+ 
l Using osmometry to determine molar mass 

! The osmotic pressures of solutions of an enzyme, denoted B, 
! in water at 298 K are given below. Determine the molar mass 

! of the enzyme. 

Cm"'·J(g dm-3) 1.00 2.00 4.00 

IYPa 27 70 197 

7.00 

500 

9.00 

785 
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Slope BRr 
I I I 
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1
1ope: BR77~ 

1/ 
I I 

v v 
y 

F nte rc-e pt: Rr- -

I . 

.··· 

ntJ rce~t: R77r +-

0 0 
(a) Molar concentration, c8 (b) Mass concentration, cmass,B 

Fig. 6 The plot and extrapolat ion made to analyse the resu lts 
of an osmometry experiment (a) using the molar concentra
t ion and (b) us ing the mass concentration. 

Collect your thoughts This exer

cise is an application of eqn 5b, 

but as the data are in terms of the 

mass concent ra t ion, that equat ion 

must first be converted. To do so, 

note that the molar concent ration 
c8 and the mass concent ration 

Cmass,B are related by C 8 = Cmass.JM 8, 

where M8 is the molar mass of B. 

s·.~ 
0 Molar concentration, c

8 

Then you need to identify the appropriate plot and the quan

t ity (it wi ll turn out to be the intercept on the vert ica l axis at 

em"'·' = 0) that gives you the va lue of M8 . Don't forget that all 
graphs, accord ing to the modern convention, are plotted w ith 
dimensionless numbers (The chemist's toolkit 2 in Topic 1 A) . 

The solution To express eqn 3b in terms of the mass concen

tration, subst itute c8 = cm,".JM and obta in 

li /c8 BRTc8 
,...--"----, ~ 

JIM = RT + BRTc"""·' + 
c mass,B M 

Division through by M gives 

y "' intercept + slope 

~ Rr ~(BRT) ,.....x..__, 
= M + ---,::;;> em'"' + 

Cmass,B 

It fo llows that. by plotting IT/em'"·' aga inst em"'·' ' the resu lts 
should fa ll on a stra ight line w ith intercept RT/M on the ver

t ical axis at Cm'"·' = 0. The following va lues of IT/em"'·' can be 
calcu lated from the data: 

Cm'"·8/(g dm-3
) 1.00 2.00 4.00 7.00 9.00 

(II/Pa)/lcm,,,J(g dm-3
)) 27 35 49.2 71.4 87.2 

The points are plotted in Fig. 7. The intercept w ith the ver

t ical axis at em"'·' = 0 (wh ich is best found by using linear 
regression and mathematical software) is at 

II /Pa 
19.8 

100 

'E 80 
"C 

b, 60 
"' "-

;::;:Ill 
40 ~ 

,} 
s 20 

/ 
/ 

/ / 
/y 
19.6 

2 4 6 8 10 12 
Mass concentration, cmass./(9 dm-3

) 

• Fig. 7 The plot of the data in Example 4E. l The molar mass is 
; determined from the intercept at c8 = 0. 

; wh ich rearranges into 

IT/em"'·' = 19.8 Pa g-1 dm3 

: Therefore, because th is intercept is equa l to RT/M, 

M= RT RT 
19.8 Pa g 1 dm3 1.98x10 2 Pa g 1 m3 

1 J ~ 1Pam3 
It fo llows that r ) 

M = (8.3145 J K-
1 

mol-' ) x (298 K) 1 .25 x 1 0s g mol-' 
1 .98 x 1 0 2 Pa g 1 m3 

; The molar mass of the enzyme is therefore close to 
125 kg mol-1

• 

Comment Note that once M is known, the coefficient B can 

be determined from the slope of the graph, wh ich is equa l to 

BRT/M2 

Self-test 4E.2 

The osmotic pressure of a solution of poly(vinyl ch loride), 

PVC, in dioxane at 25 oc is as fo llows: 

IT/Pa 33.6 

1.00 

35.2 

1.50 

36.8 

2.00 

38.4 

2.50 

40.0 

Determine the molar mass of the polymer. 

Answer: 77 kg mol-' 

When pressure greater than the osmotic pressure is 
applied to the solution (not the pure solvent), there is 
a thermodynamic tendency for the solvent to flow out 
of the solution and into the pure solvent. This process 
is called reverse osmosis. Reverse osmosis is of great 
importance for the purification of sea water so that it 
is potable (drinkable) and can be used for irrigation, 
and many reverse osmosis plants are in operation 
around the world to supply fresh water to arid or wa
ter-deficient regions. The principal technical problem 
is to manufacture semipermeable membranes that 
are strong enough to withstand the high pressures re
quired but still allow an economic flow. 



Checklist of key concepts 

0 1 A colligative property is a property that depends on 

the number of solute particles, not their chemical 

identity; they arise from the effect of a solute on the 

entropy of the solution. 

02 Colligative properties include lowering of vapour 

pressure, depression of freezing point, elevation of 

boiling point, and osmosis. 
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03 The van 't Hoff equation expresses the osmotic 

pressure in terms of the concentration of solute in 

the solution. 



TOPIC 4F 

Phase diagrams of mixtures 

~ Why do you need to know this 
material? 

Phase diagrams are essential for discussing the 
techniques that are used to prepare the high
purity materials used in the electronics industry 
and are also of great importance in metallurgy. 

~ What is the key idea? 

A phase diagram shows which phase is most 
stable for the given conditions. 

~ What do you need to know already? 

The Topic develops the discussion of one-compo
nent phase diagrams in Topic 4B and draws on 
the phase rule introduced there. One Justification 
makes use of the chemical potential and its de
pendence on composition (Topic 4C). 

Throughout this Topic, keep in mind the implications 
of the phase rule (F = C- P + 2, Topic 4B). Only 
binary mixtures, which are mixtures of two compo
nents (such as ethanol and water), are considered 
here and therefore set C = 2. Then F = 4- P. For sim
plicity the pressure will be kept constant (at 1 atm, 
for instance), which uses up one of the degrees of 
freedom, and write F' = 3 - P for the number of de
grees of freedom remaining. One of these degrees of 
freedom is the temperature, the other is the compos
ition. Hence the phase equilibria of the system can be 
depicted on a temperature-composition diagram in 
which one axis is the temperature and the other axis 
is the mole fraction. The features of such diagrams 
are as follows: 

• If only one phase is present, F' = 2 and both the 
temperature and the composition can be varied 
(Fig. 1). 

i 
F' = 1 F'=2 

f-. 

~ Phase~ 
F' = 1 

~ F' = 2 

"' Phase a 
(;; 
a. 
E F' = O 
~ 

F' = 1 Phase y 
F'=2 

Composition (e.g. mole fraction)-

Fig. 1 The interpretation of a temperature-composit ion dia
gram at constant pressure. In a reg ion, where on ly one phase 
is present, F' = 2 and both composit ion and temperature can 
be varied. On a phase boundary, where two phases are in 
equ ilibrium, F' = 1 and on ly one variable can be changed inde
pendently. At a point w here th ree phases are present in equi
librium, F' = 0, and the temperature and compos it ion is fixed. 

• If two phases are present at equilibrium, F' = 1, 
and only one of the two variables may be changed 
at will. For example, if the composition is 
changed, then to maintain equilibrium between 
the two phases the temperature must be adjusted 
too. Such two-phase equilibria therefore define a 
line in the phase diagram. 

• If three phases are present, F' = 0 and there is no 
degree of freedom for the system. To establish 
equilibrium between three phases a specific tem
perature and composition must be adopted. Such 
a condition is therefore represented by a point on 
the phase diagram. 

4F.1 Mixtures of volatile liquids 

First, consider the phase diagram of a binary mix
ture of two volatile liquids. This kind of system is 
important for understanding fractional distillation, 
which is a widely used technique in industry and the 



Boiling point of pure B 

Boiling point of pure A 

0 Mole fraction, xA----+ 

Fig. 2 A temperature-composition diagram for a binary mix
ture of volatile liqu ids. The t ie line connects the points that 
represent the compositions of liqu id and vapour that are in 
equ ilibrium at each temperature. The lower curve is a plot of 
the boiling point of the m ixture aga inst compos it ion. 

laboratory. Intuitively, you might expect the boiling 
point of the mixture to vary smoothly from the 
boiling point of one pure component when only that 
liquid is present to the boiling point of the other pure 
component when only that liquid is present. This ex
pectation is often borne out in practice, and the lower 
curve in Fig. 2 shows a typical plot of boiling point 
against composition. 

The vapour in equilibrium with the boiling mixture 
is also a mixture of the two components. You should 
expect the vapour to be richer than the liquid mixture 
in the more volatile of the two components. This dif
ference is also often found in practice, and the upper 
curve in Fig. 2 shows the composition of the vapour 
in equilibrium with the boiling liquid. To identify the 
composition of the vapour, note the boiling point of 
the liquid mixture (point a, for instance) and draw a 
horizontal tie line, a line joining two phases that are in 
equilibrium with each other, across to the upper curve. 
Its point of intersection (a') gives the composition of 
the vapour. In this example, you can see that the mole 
fraction of A in the vapour is about 0.6. As expected, 
the vapour is richer than the liquid in the more vola
tile component. Graphs like these are determined em
pirically, by measuring the boiling points of a series 
of mixtures (to plot the lower curve of boiling point 
against composition), and measuring the composition 
of the vapour in equilibrium with each boiling mix
ture (to plot the corresponding points of the vapour
composition curve). 

The changes that occur during the fractional distil
lation of a mixture of volatile liquids can be followed 
by noting what happens when a mixture of compos
ition a1 is heated (Fig. 3). The mixture boils at a2 and 
its vapour has composition a;. This vapour condenses 

i 
f.-

~ 
E 
"' Q; 
a. 
E 
~ 
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a, 

0 Mole fraction, xA----+ 

Fig. 3 The process of fract ional distillation can be represented 
by a series of steps on a temperature-composit ion diagram 
like that in Fig. 2.The init ial liqu id m ixture may be at a tempera
ture and have a composition like that represented by point a,. 
It boils at the temperature T2, and the vapour in equi librium 
w ith the bo il ing liquid has composit ion a,'. If that vapour is 
condensed (to a3 or be low). the resu lt ing condensate boils at 
T3 and gives rise to a vapour of compos it ion represented by 
a3'. As the succession of vaporizations and condensations is 
continued, the composit ion of the distillate moves towards 
pure A (the more volatile component). 

to a liquid of the same composition when it has risen 
to a cooler part of the 'fractionating column', a ver
tical column packed with glass rings or beads to give 
a large surface area. This condensate boils at the tem
perature corresponding to the point a3 and yields a 
vapour of composition a;. This vapour is even richer 
in the more volatile component. That vapour con
denses to a liquid which boils at the temperature cor
responding to the point a4• The cycle is repeated until 
almost pure A emerges from the top of the column. 

Whereas many binary liquid mixtures do have 
temperature-composition diagrams resembling that 
shown in Fig. 3, in a number of important cases there 
are marked differences. For example, a maximum in 
the boiling point curve is sometimes found (Fig. 4). 
This behaviour is a sign that favourable interactions 
between the molecules of the two components re
duce the vapour pressure of the mixture below the 
ideal value. Examples of this behaviour include 
trichloromethane/propanone and nitric acid/water 
mixtures. Temperature-composition curves are also 
found that pass through a minimum (Fig. 5). This 
behaviour indicates that the (A,B) interactions are 
unfavourable and hence that the mixture is more 
volatile than expected on the basis of simple mingling 
of the two species. Examples include dioxane/water 
and ethanol/water. 1 

1 Dioxane is 1,4-dioxacyclohexane, with 0 atoms in place of two 
para-CH2 groups of cyclohexane. 
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a19 

0 Mole fraction, xA----+ 

Fig . 4 The temperature-composition diagram for a high 
boiling azeot rope . As fract ional dist il lat ion proceeds. the 
composition of the remain ing liqu id moves towards a4 ; how
ever, once there, the vapour in equ ilibrium with that liqu id 
has the same composit ion, so the m ixture evaporates w ith 
an unchanged composit ion and no further separation can be 
ach ieved. 

There are important consequences for distillation 
when the temperature-composition diagram has a 
maximum or a minimum. Consider a liquid of com
position a1 on the right of the maximum in Fig. 4: 

• At a2 the mixture boils and its vapour (of com
position aD is richer in the more volatile compo
nent A. 

• If that vapour is removed, the composition of the 
remaining liquid moves towards a3• 

• The vapour in equilibrium with this boiling liquid 
at a3 has composition a;: note that the two com
positions are more similar than the original pair 
(a 3 and a; are closer together than a2 and a~). 

• If that vapour is removed, the composition of the 
boiling liquid shifts towards a4 and the vapour of 
that boiling mixture has a composition identical 
to that of the liquid. 

At this stage, evaporation occurs without change of 
composition. The mixture is said to form an azeo
trope (from the Greek words for 'boiling without 
changing'). When the azeotropic composition has 
been reached, distillation cannot separate the two 
liquids because the condensate retains the compos
ition of the liquid. One example of azeotrope forma
tion is hydrochloric acid/water, which is azeotropic 
at 80 per cent water (by mass) and boils unchanged 
at 108.6 oc. 

The system shown in Fig. 5 is also azeotropic, but 
shows this character in a different way. Thus, start 
with a mixture of composition a1 and follow the 

0 Mole fraction, xA----+ 

Fig. 5 The temperatu re-composit ion diagram for a low boiling 
azeotrope. As fract ional distillation proceeds, the composition 
of the vapour moves towards a4 ; however, once there, the 
vapour in equ ilibrium w ith that liquid has the same compos
it ion, so no further separation of the distillate can be ach ieved. 

changes in the composition of the vapour that rises 
through a fractionating column; then: 

• At a2 the liquid boils to give a vapour of compos
ition a~. 

• This vapour condenses in the column to a liquid of 
the same composition (now marked a 3). 

• That liquid reaches equilibrium with its vapour at 
a;, which condenses higher up the tube to give a 
liquid of the same composition. 

The fractionation therefore shifts the vapour to
wards the azeotropic composition at a4 , but the com
position cannot move beyond a4 because now the 
vapour and the liquid have the same composition. 
Consequently, the azeotropic vapour emerges from 
the top of the column. An example is ethanol/water, 
which boils unchanged when the water content is 
4 per cent and the temperature is 78 oc. 

4F.2 Liquid-liquid phase diagrams 

Partially miscible liquids are liquids that do not 
mix together in all proportions. An example is a 
mixture of hexane and nitrobenzene (Fig. 6): when 
the two liquids are shaken together, the liquid 
consists of two liquid phases, one is a saturated 
solution of hexane in nitrobenzene and the other 
is a saturated solution of nitrobenzene in hexane. 
Because the two solubilities vary with tempera
ture, the compositions and proportions of the two 
phases change as the temperature is changed. A 
temperature-composition diagram can be used to 



293 

290 
~ 
~ 

T' 

273 

. !I.J~ ... 

Mole fraction, xN 

Fig. 6 The temperature-composit ion diagram for hexane and 
nitrobenzene at 1 atm. The upper crit ica l solution temperatu re. 
T"', is the temperature above which no phase separation occurs. 
For this system it lies at 293 K (when the pressure is 1 atm). 

display the composition of the system at each tem
perature. 

Suppose a small amount of nitrobenzene is added to 
hexane at a temperature T'. The nitrobenzene dissolves 
completely. However, as more nitrobenzene is added, a 
stage comes when no more dissolves. The sample now 
consists of two phases in equilibrium with each other, 
the more abundant one consisting of hexane saturated 
with nitrobenzene, the less abundant one a trace of 
nitrobenzene saturated with hexane. In the tempera
ture-composition diagram drawn in Fig. 6, the com
position of the former is represented by the point a' 
and that of the latter by the point a". As shown in the 
following Justification, the relative abundances of the 
two phases are given by the lever rule (Fig. 7): 

Amount of phase of composition a" 

Amount of phase of composition a' 

0 Mole fraction, xA 

I' 
I" 

The 
lever 
rule 

(1) 

Fig. 7 The coord inates and composit ions referred to by the 
lever ru le. 
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Justification 4F.1 

: The lever rule . 
: Write n = n' + n". where n' is the tota l amount of molecu les 
; in the one phase. n" is the tota l amount in the other phase, 

: and n is the total amount of molecu les in the sample. The 

: total amount of A in the sample is nx • . where x. is the overa ll 

: mole fraction of A in the sample (this is the quantity plotted 
; along the horizonta l axis). The overall amount of A is also the 

: sum of its amounts in the two phases. where it has the mole 

! fract ions x~ and x~', respectively: 

: Mult iplication of each side of the relation n= n' + n'' by x. gives 

; Now equate these two expressions and obtain . 
: After a slight rearrangement. 

n'(x~ - x. l = n'' (x. - xf:J . 
: or (as can be seen by referring to Fig. 7) 

n'l'=n"l" 

: wh ich is eqn 1. 

: 
Interpreting a liquid-liquid phase diagram 

A mixtu re of 50 g (0.59 mol) of hexane and 50 g (0.41 mol) of 

nitrobenzene was prepared at 290 K. What are the compos

it ions of the phases. and in what proportions do they occur? 

To what temperature must the sample be heated in order to 

obta in a single phase? 

Collect your thoughts The answer 

is based on Fig. 6 and on the lever 

rule. First, you need to ident ify 

the t ie line corresponding to the 
temperature specified: the points 
at its two ends give the compos

it ions of the two phases in equ i

librium. Next , you need to ident ify 
the location on the horizontal axis 

Jl~ l 
~lLJ 

0 Mole fraction, xJ 1 

corresponding to the overa ll compos it ion of the system and 

draw a vertica l line. Where that line cuts the tie line it divides 

it into the two lengths needed to use the lever rule, eqn 1. 

For the fina l part, you need to note the temperature at which 
the same vertica l line cuts through the phase boundary and 
enters the one-phase reg ion: at that temperature and above, 

the system consists of a single phase. 

The solution Denote hexane by H and nitrobenzene by N. 

The horizonta l t ie line at 290 K cuts the phase boundary at 

x" = 0.37 and at x" = 0.83. so those mole fract ions are the 

composit ions of the two phases. The overall composit ion of 
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the system corresponds to xN = 0.41, so draw a vert ica l line 

at that mole fract ion. The lever rule then gives the ra t io of 

amounts of each phase as 

I' 0.41-0.37 0.04 = 0.
1 

I" 0.83-0.41 0.42 

You can conclude that the hexane-rich phase is ten t imes 

more abundant than the nitrobenzene-rich phase at this tem

perature. Heating the sample to 292 K takes it into the sing le 

phase reg ion. 

: Self-test 4F.1 

: Repeat the problem for 50 g hexane and 100 g nitrobenzene 

: at 273 K. 

Answer: xN = 0.09 and 0.95 in the ratio 1 :1.3; 290 K 

When more nitrobenzene is added to the two-phase 
mixture at the temperature T', hexane dissolves in it 
slightly. The overall composition moves to the right 
in the phase diagram but the compositions of the two 
phases in equilibrium remain a' and a". The difference 
is that the amount of the second phase increases at the 
expense of the first. A stage is reached when so much 
nitrobenzene is present that it can dissolve all the 
hexane, and the system reverts to a single phase. Now 
the point representing the overall composition and 
temperature lies to the right of the phase boundary in 
the illustration and the system is a single phase. 

The upper critical solution temperature, Tu, (which 
is also called the upper consolute temperature), is 
the upper limit of temperatures at which phase sep
aration occurs. Above the upper critical solution 
temperature the two components are fully miscible. 
In molecular terms, this temperature arises because 
the greater thermal motion of the molecules leads to 
greater miscibility of the two components. In thermo
dynamic terms, the Gibbs energy of mixing becomes 
negative above a certain temperature, regardless of 
the composition. 

Some systems show a lower critical solution tem
perature, T~o (which is also called the lower consolute 
temperature), below which they mix in all propor
tions and above which they form two phases. An 
example is water and triethylamine (Fig. 8 ). In this 
case, at low temperatures the two components are 
more miscible because they form a weak complex; at 
higher temperatures the complexes break up and the 
two components are less miscible. 

A few systems have both upper and lower critical 
temperatures. The reason can be traced to the fact 
that, as the temperature is increased, the weak com
plexes are disrupted, leading to partial miscibility but 
thermal motion at higher temperatures homogenizes 

Two phases 

One phase 
292 . 

0 
Mole fraction, xTriethylamine 

Fig. 8 The temperature-compos it ion diagram for water and 
triethylamine. The lower critica l solution temperatu re, 7;,, is the 
temperature below wh ich no phase separat ion occurs. For th is 
system it lies at 292 K (when the pressure is 1 atm). 

210 . 
One phase 

Two phases 

61 One phase 

0 
Mole fraction, xNicotine 

Fig. 9 The temperatu re-composit ion diagram for water and 
nicot ine, wh ich has both upper and lower crit ical solution tem
peratures. Note the high temperatures on the graph: the dia
gram corresponds to a sample under pressure. 

the mixture again, just as in the case of ordinary par
tially miscible liquids. One example is nicotine and 
water, which are partially miscible between 61 oc 
and 210 oc (Fig. 9). 

4F.3 Liquid-solid phase diagrams 

Figure 10 shows a simple phase diagram for an 
alloy of two metals that are miscible in all propor
tions. The liquidus is the line above which the entire 
sample is liquid; the solidus is the line below which 
the sample is entirely solid. When a sample of com
position and temperature a1 is cooled, at a2 it initially 
deposits a solid of composition b2• As the tempera
ture is lowered, the equilibrium composition of the 
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Fig. 10 The phase diagram for an alloy formed from two 
metals (with normal melt ing points r: and r; in the ir pure 
form) that are miscible in all proportions in the liquid and solid 
phases. 

deposited solid moves towards b3 and that of the re
maining liquid moves towards a3• Below the solidus, 
only solid of the original composition is present. 

Phase diagrams such as these are constructed by 
monitoring the cooling curve at a series of compos
itions (Fig. 11). The different slopes of the liquid 
phase and solid phase cooling curves are due to their 
different heat capacities (Topics 2C and 2D): the rate 
at which energy is lost as heat from a sample is pro
portional to the temperature difference between it 
and its surroundings, and the corresponding change 
in temperature of the sample will be large if the heat 
capacity is low (from !iT= q!C) and small if the heat 
capacity is high. The changing slope between the tem
peratures corresponding to the liquidus and the sol
idus is due to the exothermic character of the phase 
transition: the progressive release of heat as the 
solid forms retards the cooling. Figure 12 shows a 

t 
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0 6 
0.7 

0.5 . ....... 
Mole fraction of A, xA 

Fig. 11 The cooling curves for the alloy shown in Fig. 10; the 
labe lled points correspond to those in that phase diagram. 
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0 Mole fraction of A, xA 

Fig. 12 When the t ime dependence of the cooling cu rves in 
Fig. 11 is removed and each curve is plotted vert ically against 
the mole f ract ion of A. the liquidus and solidus can be identi
f ied and the phase diagram constructed. Th is ill ustration is what 
wou ld be seen by looking at Fig. 11 direct ly from the front. 

portrayal of the sequence of cooling curves plotted 
against the initial composition of the liquid but with 
the time-dependence removed. By joining the points 
that terminate each cooling region the liquidus and 
solidus can be constructed. 

Figure 13 shows the phase diagram for a system 
composed of two metals that are almost completely 
immiscible right up to their melting points (such as 
antimony and bismuth). Consider the molten liquid 
of composition a1: 

• When the liquid is cooled to a2, the system enters 
the two-phase region labelled 'Liquid+ N. Almost 
pure solid A begins to come out of solution and 
the remaining liquid becomes richer in B. 

• On cooling to a3, more of the solid forms, and the 
relative amounts of the solid and liquid are given 

a,o 

i Liquid 
a2 

f.-

~ Liquid +A 
.;: 
"' (;; 
a. 
E Liquid+ B 
~ a4 

e 

Solid a5 6 

0 Mole fraction, xA 

Fig. 13 The temperatu re-composit ion diagram for two al
most imm iscible solids and their complete ly immiscible li
quids. The vertica l line through e corresponds to the eutectic 
composit ion. the mixture w ith lowest melt ing point. 
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by the lever rule: at this stage there are nearly 
equal amounts of each. The liquid phase is richer 
in B than before (its composition is given by b3) 

because A has been deposited. 

• At a4 there is less liquid than at a3 and its compos
ition is given by e. This liquid now freezes to give 
a two-phase system of almost pure A and almost 
pure B. 

• Cooling down to a5 leads to no further change in 
composition. 

The vertical line through e in Fig. 13 corresponds 
to the eutectic composition (from the Greek words 
for 'easily melted'). A solid with the eutectic com
position melts, without change of composition, at the 
lowest temperature of any mixture. Solutions of com
position to the right of e deposit A as they cool, and 
solutions to the left deposit B: only the eutectic mix
ture (apart from pure A or pure B) solidifies at a sin
gle definite temperature without gradually unloading 
one or other of the components from the liquid. One 
technologically important eutectic is solder, which in 
its early form consisted of about 67 per cent tin and 
33 per cent lead by mass and melted at 183 oc. 

Cooling curves are used to detect eutectics. How 
that is done can be seen by considering the rate 
of cooling down the vertical line at a1 in Fig. 13. 
The liquid cools steadily until it reaches a2 , when 
A begins to be deposited. Cooling is now slower 
because the solidification of A is exothermic and 
retards the cooling (Fig. 14). When the remaining 

t 

Mole fraction of A, xA 

Fig. 14 The cooling curves for the system shown in Fig. 13. 
For a sample of composition represented by the vertica l line 
through a, to a5, the rate of cooling decreases at a, because 
solid A comes out of solution until the eutectic composit ion 
is reached, when there is a plateau. The cooling cu rve at the 
eutectic composit ion e has a complete ha lt at e when the 
eutectic solidifies w ithout change of compos it ion. 

liquid reaches the eutectic composition, the tem
perature remains constant until the whole sample 
has solidified: this pause in the decrease in tempera
ture is known as the eutectic halt. If the liquid has 
the eutectic composition e initially, then the liquid 
cools steadily down to the freezing temperature of 
the eutectic, when there is a long eutectic halt as 
the entire sample solidifies just like the freezing of 
a pure liquid. 

4F.4 Zone refining 

Advances in technology have called for materials 
of extreme purity. For example, semiconductor 
devices consist of almost perfectly pure silicon or 
germanium doped to a precisely controlled extent. 
For these materials to operate successfully, the 
impurity level must be kept down to less than 1 
in 109

• The technique of zone refining makes use 
of the non-equilibrium properties of mixtures. 
It relies on the impurities being more soluble in 
the molten sample than in the solid, and sweeps 
them up by passing a molten zone repeatedly from 
one end to the other along a sample (Fig. 15). In 
practice, a train of hot and cold zones are swept 
repeatedly from one end to the other. The zone at 
the end of the sample is the impurity dump: when 
the heater has gone by, it cools to a dirty solid that 
can be discarded. 

A phase diagram can be used to discuss zone re
fining. Consider a liquid (which represents the 
molten zone) on the vertical line at a1 in Fig. 16, and 

Heating coil 

Purified material 

impurities 

Fig. 15 In the zone refining procedure, a heater is used to 
melt a small region of a long cylindrical sample of the impure 
solid, and that zone is swept to the other end of the rod. As it 
moves, it collects impurit ies. If a series of passes are made, 
the impurities accumulate at one end of the rod and can be 
discarded. 



0 Mole fraction, xA 

Fig. 16 A binary temperature-composit ion diagram can be 
used to discuss zone refining. as explained in the text. 

let it cool without the entire sample coming to overall 
equilibrium: 

• If the temperature falls to a 2, a solid of compos
ition b2 is deposited and the remaining liquid 
(the zone where the heater has moved on) is 
at a;. 

• Cooling that liquid down a vertical line passing 
through a; deposits solid of composition b3 and 
leaves liquid at a;. 

• The process continues until the last drop of liquid 
to solidify is heavily contaminated with A. 

There is plenty of everyday evidence that impure li
quids freeze in this way. For example, an ice cube is 
clear near the surface but misty in the core. The water 
used to make ice normally contains dissolved air; 
freezing proceeds from the outside, and air is accu
mulated in the retreating liquid phase. The air cannot 
escape from the interior of the cube, so when that 
freezes the air is trapped in a mist of tiny bubbles. 

A modification of zone refining is zone level
ling. This technique is used to introduce controlled 
amounts of impurity (for example, of indium into 
germanium). A sample rich in the required dopant is 
put at the head of the main sample, and made molten. 
The zone is then dragged repeatedly in alternate 
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directions through the sample, where it deposits a 
uniform distribution of the impurity. 

4F.5 The Nernst distribution law 

Suppose a compound is shaken up with a mixture of 
two immiscible liquids and the two phases allowed to 
separate into layers. As shown in the following Justi
fication, the ratio of mole fractions is independent of 
the overall amount present and is given by the Nernst 
distribution law: 

X (2) _c_ = constant 
Xc(l) 

The Nernst 
distribution law 

(2) 

For instance, suppose a certain amount of benzoic 
acid, C6H 5COOH, is shaken up with a mixture of 
benzene and water; then the acid distributes itself 
between the two phases such that the ratio of mole 
fractions is equal to a constant. If twice that amount 
of acid is shaken up in the mixture, the ratio of mole 
fractions will be the same. 

Justification 4F.2 

: The Nernst distribution law 

; At equ ilibrium. the chemical potential of the compound. J.l.c. 
; must be the same in each phase: J.l.c(l) = .uc(2) . If it is sup

: posed that each solution is an ideal-d ilute solut ion. then it 
: fo llows that 

.u~(1) + RT in xc(1) = ~(2) + RT in xc(2) . 
; The two standard states are different because Henry"s law 

; has been used to define the chem ical potentials and the con

: slants that occur in that law vary between solvents . It fo llows 
; that 

.u~(1)- .u~(2) = RT in xc(2)- RT in xc( 1) 

; and therefore that 

In Xc (2) = .u:; (1)- .U~ (2) 
Xc (1) RT 

: The right-hand side is a constant for a given pair of liqu ids. so 

: the ratio of mole fractions is also constant. wh ich is eqn 2. 
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Checklist of key concepts 

0 1 The equil ibria between phases (at constant pres

sure) are represented by lines on a temperature

composition diagram. 

0 2 The relative abundance of phases is obtained by 

using the lever rule. 

0 3 An azeotrope is a mixture that vaporizes and con

denses without a change of composition 

0 4 A eutectic is a mixture that freezes and melts 

w ithout change of composition . 

05 The Nemst distribution law states that, in an ideal 

system, the ratio of mole fractions in the two phases 

is independent of the total amount of solute. 



FOCUS 4 Physical transformations 

Exercises 

Topic 4A The thennodynamics of transition 

4A.1 The standard Gibbs energy of formation of rhombic sulfur 
is zero and that of monoclinic sulfur is +0.33 kJ mol_, at 25 oc. 
Which polymorph is the more stable at that temperature? 

4A.2 Carbon may exist as diamond. graphite, and other al

lotropes. The standard Gibbs energy of formation of diamond 
is 2.900 kJ mol_, greater than that of graphite at 298 K. Pre

dict which of these two allotropes is the more stable at th is 

temperature. 

4A.3 The density of rhombic sulfur is 2.070 g em· ' and that 

of monocl inic sulfur is 1.957 g em· ' . Can the application of 

pressure be expected to make monoclinic sulfur more stable 

than rhombic su lfu r? 

Topic 48 Phase diagrams of pure substances 

48.1 An open vessel containing (a) water. (b) benzene, 

(c) mercury stands in a laboratory measuring 5.0 m x 4.3 m x 

2.2 m at 25 oc. The vapour pressures of each substance are 

(a) 2.3 kPa, (b) 10 kPa, (c) 0.30 Pa, respectively. What mass 
of each substance w ill be found in the air if there is no ven

t ilation? 

48.2 The normal boiling temperature of diethyl ether, 
(C2H5)20. is 307.7 K and the standard entha lpy of vaporization 

is 27.4 kJ mol-1
. Use the Clausius-Clapeyron equation to pre

dict the vapour pressure of liquid diethyl ether at 298.15 K. 

48.3 The average of the enthalpy of vaporization of propa

none, C3H60. over the temperature range 280 to 340 K is 
30.2 kJ mol-1

. The vapour pressure is 30.600 kPa at 298.15 K. 

Estimate the normal boil ing temperature of propanone. 

48.4 The vapour pressure of mercury at 20 oc is 160 mPa; 

what is its vapour pressure at 40 oc given that its enthalpy of 
vaporization is 59.30 kJ mol_,? 

Topic 4C Partial molar quantities 

4C.1 The partial molar volumes of propanone and t rich loro

methane in a mixture in which the mole fraction of CHCI3 is 
0.4693 are 74.166 cm3 mol_, and 80.235 cm3 mol-1, respec

t ively. What is the volume of a solution of total mass 1.000 kg? 

4C.2 Use Fig. 1 ofTopic 4C to estimate the tota l volume of a 

solution formed by mixing 50.0 cm3 of ethanol w ith 50.0 cm3 

of water. The densities of the two liquids are 0.789 and 
1.000 g em·'. respectively. 

4A.4 Calculate the change in molar Gibbs energy of carbon 
dioxide (treated as a perfect gas) at 20 oc when its pressure 

is changed isothermal ly from 1.0 bar to (a) 3.0 bar. (b) 2. 7 x 
10-4 atm. its partial pressure in dry air at sea level. 

4A.5 A sample of water vapour at 200 oc is compressed 

isothermally from 350 cm3 to 120 em'- What is the change in 

its molar Gibbs energy? 

4A.6 The standard molar entropy of benzene is 173.3 J K-1 

mol-1
. Calculate the change in its standard molar Gibbs en

ergy when benzene is heated from 25 oc to 45 oc. 

48.5 The vapour pressure of pyridine is 50.0 kPa at 365.7 K 

and the normal boi ling point is 388.4 K. W hat is the entha lpy 

of vaporization of pyrid ine? 

48.6 The variation of the vapour pressure of methylbenzene 

may be written as ln(p/kPa) = A - BIT. with A = 17.17 and 

B = 4713 K. What would be the va lues of A and B if, instead. 

you needed to calculate the vapour pressure in torr? 

48.7 A saturated solution of Na,S04• with excess of the solid. 

is present at equil ibrium with its vapour in a closed vessel. 
(a) How many phases and components are present? (b)What 

is the number of degrees of freedom of the system? Identify 
the independent variables. 

48.8 Suppose that the solution referred to in the preceding 
exercise is not saturated. (a) How many phases and com
ponents are present? (b) What is the number of degrees of 

freedom of the system? Identify the independent variables. 

4C.3 By how much does the chemica l potential of carbon 

dioxide at 310 K and 2.0 bar differ from its standard value at 

that temperature? 

4C.4 The standard state of a substance used to be defined 

as 1 atm at the specified temperature. By how much does 
the current definition of standard chemical potential (at 1 bar) 

differ from its former value at 298.15 K? 
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4C.5 Calculate (a) the (molar) Gibbs energy of mixing, (b) the 

(molar) entropy of mixing when the two major components 

of air (n itrogen and oxygen) are mixed to form air at 298 K. 

The mole fractions of N2 and 0 2 are 0.78 and 0.22. respec
tively. (c) Is the mixing spontaneous? 

4C.6 Suppose now that argon is added to the mixture in the 

previous exercise to bring the composition closer to rea l air. 

Topic 40 Solutions 

40.1 What mass of sod ium ch loride. NaCI, should be dis

solved in enough water to make up 300 cm3 of 1.00 M 

NaCI(aq)? 

40.2 A mass of 5.96 g of hydrated disodium hydrogenphos

phate, Na2HP04.7H20, was dissolved in 250 cm3 water at 

298 K. Calculate the molality of the solute in the resulting 
solution, given that the mass density of water at th is tem

perature is 0.997 g em·'-

40.3 An aqueous solution was prepared by dissolving 34.5 g 

of sucrose. C12H220 11, in enough water to make 250 cm3 of 
solution. The mass density of the resulting solution was 
1040 kg m·'. Calculate the molar concentration and the mo

lality of sucrose in the solution. 

40.4 Determine the mole fraction of glycine molecules. 

NH2CH2COOH. in an aqueous solution in which the mola lity 
of glycine is 0.100 mol kg-1

• 

40.5 A solution is prepared by dissolving iodine, 12 , in tetra

chloromethane, CCI4 at 25 oc. What are the mole fractions of 

the solute and solvent for a solute of molality 0.100 mol kg·' ? 

Hence calculate the change in the chemica l potential of the 

solvent caused by the solute. 

40.6 Calculate the equilibrium concentration of carbon diox

ide in fat given that the Henry's law constant is 8.6 x 104 Torr 

and the partial pressure of carbon dioxide is 55 kPa. 

40.7 What partial pressure of hydrogen results in a molar 
concentration of 1.0 mmol dm-3 in water at 25 oc? 

Topic 4E Colligative properties 

4E.1 The vapour pressure of a sample of benzene is 53.0 kPa 
at 60.6 oc. but it fe ll to 51.2 kPa when 0.133 g of an organic 

compound was dissolved in 5.00 g of the solvent. Ca lculate 
the molar mass of the compound. 

4E.2 Estimate the freezing point of 200 cm3 of water sweet

ened by the addit ion of 2.5 g of sucrose. Treat the solution 
as ideal. 

Topic 4F Phase diagrams of mixtures 

4F.1 At a temperature of 302.8 K, mixtures of phenol and 

water exist as two separate phases with mole fractions 
of phenol of 0.30 and 0.93. Use the lever rule to de

termine the relative amounts of the two phases for a 

mixture w ith an overall mole fraction of phenol of 0.45. 

with mole fractions 0.780. 0.210, and 0.0096, respectively. 
(a) What is the additional change in molar Gibbs energy and 

entropy at 298 K? (b) Is the mixing spontaneous? 

4C.7 A solution is prepared by dissolving 2.33 g of C60 (buck
minsterfullerene) in 100.0 g of toluene (methylbenzene). 

Given that the vapour pressure of pure toluene is 5.00 kPa at 
30 oc. what is the vapour pressure of toluene in the solution? 

40.8 At a temperature of 298 K the vapour pressure of 

pure methylbenzene is 3810 Pa and that of pure benzene is 

12160 Pa. Calculate the total vapour pressure of an equimolar 
mixture of methylbenzene and benzene at th is temperature, 

assuming ideal behaviour. 

40.9 The rise in atmospheric carbon dioxide resu lts in higher 
concentrations of dissolved carbon dioxide in natural waters. 
Use Henry's law and the data in Table 4D.1 to calculate the 

solubility of C02 in water at 25 oc when its partial pressure is 

(a) 3.8 kPa. (b) 50.0 kPa. 

40.10 The mole fractions of N2 and 0 2 in air at sea level are 

approximately 0.78 and 0.21. Calculate the mola lities of the 
solution formed in an open f lask of water at 25 oc. 

40.11 A water-carbonating plant is avai lable for use in the 

home and operates by providing carbon dioxide at 1.0 atm. 

Estimate the molar concentration of the C02 in the soda 

water it produces. 

40.12 At 90 oc the vapour pressure of methylbenzene (tolu

ene) is 53 kPa and that of 1.2-dimethylbenzene (a-xylene) is 

20 kPa. What is the composition of the liquid mixture that 
boils at 25 oc when the pressure is 0.50 atm? What is the 

composit ion of the vapour produced? 

40.13 What is the change in chemica l potential of glucose 
when its concentration in water at 20.0 oc is changed from 
0.10 mol dm-3 to 1.00 mol dm-3? 

4E.3 Estimate the freezing point of 200 cm3 of water to 

which 2.5 g of sod ium chloride has been added. Treat the 

solution as ideal. 

4E.4 The addition of 28.0 g of a compound to 750 g of tetra

ch loromethane. CCI4• lowered the freezing point of the sol

vent by 5.40 K. Calculate the molar mass of the compound. 

4F.2 Water and 1-butanol are on ly partial ly miscible, so that 

when the two liquids are mixed. separate phases are 
formed. A mixture is prepared, in wh ich the volumes 

of the aqueous and organic phases are equal. Ethanoic 

acid is then added to the mixture. The concentration in 



the aqueous phase is 0.094 mol dm-3 and in the organ ic 
phase 0.014 mol dm-3 . Add it iona l solvent is then added 

such that the volume of the aqueous phase becomes 
double that of the organ ic phase. What are the new con

centrations? 

4F.3 When 2.0 g of aspirin was shaken up in a flask conta in

ing two immiscible liqu ids it was found that the mole 

Discussion questions 

4.1 Why does the chemica l potential vary with (a) tempera

ture, (b) pressure? 

4.2 W ithout doing a ca lcu lation, decide whether the pres

ence of (a) attractive, (b) repulsive interactions between gas 

molecules wi ll raise or lower the molar Gibbs energy of a gas 
relat ive to its 'perfect' value. 

4.3 Explain the significance of the Clapeyron equation and of 
the Clausius-Clapeyron equation. 

4.4 Use the phase ru le to discuss the form of the phase dia

gram of su lfur, wh ich has two sol id phases, one liqu id phase, 

and one vapour phase. Identify the number of degrees of 

f reedom for each possible combination of phase equi librium. 

4.5 Explain what is meant by the 'structure of a liqu id'. 

4.6 The use of supercritica l f luids for the extraction of a 
component from a complicated mixture is not restr icted to 
the decaffeination of coffee. Consult library and internet re

sources and prepare a discussion of the principles, advan

tages, disadvantages, and current uses of supercritica l fluid 

extraction technology. 

Problems 

4.1 The density of rhombic su lfur is 2.070 g cm-3 with a 
standard molar entropy of 31.80 J K-1 mol-1

• The density of 

monoclin ic sulfur is 1.957 g cm-3 w ith a standard molar en

tropy of 32.6 J K-1 mol-1
. (a) Can an increase in temperature 

be expected to make monoclin ic su lfur more stable than 
rhombic su lfu r? (b) If so, at what temperature wi ll the transi

t ion occur at 1 bar? 

4.2 The standard molar entropies of wate r ice, liquid, and 
vapour at 298 K are 37.99, 69.91, and 188.83 J K-1 mol- ', 
respect ively. On a single graph, show how the Gibbs ener

gies of each of these phases vary w ith temperature; as

sume that the entropies themse lves vary negligibly w ith 

temperatu re. 

4.3 Use the Clapeyron equation to estimate the slope of 
the sol id-liqu id phase boundary of water on a pressure-
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fract ions in the two liqu ids were 0.11 and 0.18. When a 

further 1.0 g of aspirin was added, it was found that the 
mole fraction in the fi rst liqu id increased to 0.15. What 

would you expect the mole fraction in the second liquid 

to become? 

4.7 Discuss the impl ication for phase stabi lity of the varia

tion of chemica l potential with temperature and pressure. 

4.8 Explain the significance of a partia l molar quantity and 

how it depends on composit ion. 

4.9 Define and describe the appl ications of the chemical po

tentia l of a substance. 

4.10 State and justify the thermodynamic criterion for solu
tion-vapour equ ilibrium. 

4.11 What is meant by the activity of a solute? 

4.12 Just ify Raoult's and Henry's laws in terms of the mo

lecu lar interactions in a m ixture . 

4.13 Explain the origin of colligative properties. 

4.14 Explain the orig in of osmosis in terms of the thermody

namic and molecular properties of a mixture. 

4.15 Explain how osmotic pressure measurements can be 

used to determine the molar mass of a polymer. 

temperature phase diagram. The entha lpy of fusion is 
6.008 kJ mol-' and the densities of ice and water at 0 oc 
are 0.916 71 and 0.999 84 g cm-3

, respectively. Estimate the 

entropy of fusion by expressing it in terms of the entha lpy of 
fusion and the melting point of ice. (b) Estimate the pressure 

requi red to lower the melting point of ice by 1 oc. 
4.4 The variation of the vapour pressure of hexane may be 

w ritten as In p =A- BIT. w ith A= 15.77 and B = 3811 K. W hat 
is (a) the enthalpy of vaporization, (b) the normal boil ing point 

of hexane? 

4.5 Estimate the normal boi ling point of benzene given that 
its vapour pressure is 20 kPa at 35 oc and 50.0 kPa at 58.8 oc. 

4.6 On a cold, dry morning after a frost, the temperature was 
-5 oc and the partial pressure of water in the atmosphere fe ll 
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to 2 Torr. Will the frost sublime? What partial pressure of wa
ter wou ld ensure that the frost remained? 

4.7 Describe the changes that would be observed when 
water vapou r at 1.0 bar and 400 K is cooled at constant 
pressure to 260 K. Suggest the appearance of a plot of tem
perature against t ime if energy is removed at a constant 
rate. To judge the relative slopes of the cooling curves, you 
need to know that the constant-pressure molar heat capaci
t ies of water vapour, liquid, and solid are approximately 4R, 
9R, and 4.5R; the enthalpies of fusion and vaporization are 
!J.1,.H

9 = 6.01 kJ mol_, and I!..,,.H• = 40.7 kJ mol-' at the ap
propriate transition temperatures. 

4.8 Use the phase diagram of carbon dioxide to deduce 
what would be observed when a sample of carbon dioxide, 
init ially at 1.0 atm and 298 K is subjected to the following 
cycle: (a) constant-pressure heating to 320 K, (b) isothermal 
compression to 100 atm, (c) constant-pressure cooling to 
210 K, (d) isothermal decompression to 1.0 atm, constant
pressure heating to 298 K. 

4.9 Infer from the phase diagram for helium whether 
helium-1 is more dense or less dense than hel ium-11. 

4.10 Derive the equation that shows how the Gibbs energy 
of mixing varies with the mole fractions of two components 
in an ideal solution, !J.G = nRT(xA In xA + x8 In x8}. Start by ex
pressing the Gibbs energy of the components in the mixture 
and the pure components in terms of the chemical potentials. 

4.11 Estimate the vapour pressure of sea water at 20 oc 
given that the vapour pressure of pure water is 2.338 kPa at 
that temperature and the solute is largely Na• and Cl- ions, 
each present at about 0.50 mol dm-3. 

4.12 An ideal-d ilute solution of ch loroform and ethanol with 
a mole fraction of ethanol in the liquid phase x,.h = 0.9900 has 
a total vapour pressure of p = 17795 Torr. The vapour pres
sure of pure ethanol at this temperature is p:,h = 172.76Torr. 
(a) Use Raoult's law to calculate the partial pressure of etha
nol in the vapour phase. (b) Hence determine the partial pres
sure of chloroform in the vapour phase. (c) Also calculate 
the mole fractions of chloroform and ethanol in the vapour 
phase. (d) Ca lculate the Henry's law constant for chloroform, 
1<,1 at this temperature. 

4.13 The total vapour pressure of an ideal-dilute liquid 
mixture of acetone and chloroform w ith a mole fraction of 
acetone of 0.0500 is 45.08 kPa at 308 K. (a) Use Raou lt's 
law to determine the partial vapour pressure of acetone for 
the mixture, given that the vapour pressure of pure acetone 
is 46.26 kPa at 308 K. (b) Hence calculate the partial vapour 
pressure of chloroform for the mixture. (c) Determine the 
Henry's law constant of chloroform at this temperature.(d} 
The Henry's law constant is lower than the vapour pressure 
of pure chloroform at 308 K. What does this imply about the 
nature of the interactions between acetone and chloroform 
in the liquid mixture? 

4.14 At 300 K, the vapour pressures of dilute solutions of 
HCI in liquid GeCI4 are as follows: 

x(HCI) 

p/kPa 

0.005 

320 

0.012 

76.9 

0.019 

121.8 

Show that the solution obeys Henry's law in th is range of 
mole fractions and calculate Henry's law constant at 300 K. 

4.15 The vapour pressures of the two components A and B 
of a binary mixture varied as follows: 

pJTorr = 68xA- 12xA2 + 643xA3
- 283xA4 

psfTorr = 780 - 440xA- 401 xA' + 92xA3 

Confirm that the mixture conforms to Raoult's law for the 
component in large excess and to Henry's law for the minor 
component. Find the Henry's law constants. 

4.16 The vapour pressures of the two components A and B 
of a binary mixture varied as fol lows: 

0 0.20 0.40 0.60 0.80 

pJTorr 0 127 

631 

246 357 457 539 

psfTorr 701 526 394 234 38 

Confirm that the mixture conforms to Raoult's law for the 
component in large excess and to Henry's law for the minor 
component. Find the Henry's law constants. 

4.17 The osmotic pressure of an aqueous solution of urea 
at 300 K is 150 kPa. Calcu late the freezing point of the same 
solution. 

4.18 The osmotic pressure of a solution of polystyrene in 
toluene (methylbenzene} was measured at 25 oc with the 
following results: 

c/(g dm-3) 

ll/Pa 

2.042 6.613 

58.3 188.2 

9.521 

270.8 

Determine the molar mass of the polymer. 

12.602 

354.6 

4.19 The molar mass of an enzyme was determined by dis
solving it in water, and measuring the height, h, of the result
ing solution drawn up a capillary tube at 20 oc. The fo llowing 
data were obtained. 

C/(mg cm-31 3.221 

h/cm 5.746 

4.618 

8.238 

5.112 

9.119 

6.722 

11.990 

The osmotic pressure may be calculated from the height of 
the column, II= hpg, taking the mass density of the solu
tion as p = 1.000 g cm-3 and the acceleration of free fall as 
g = 9.81 m s-2

. Determine the molar mass of the enzyme. 

4.20 The fol lowing temperature--<:omposition data were ob
tained for a mixture of octane (0) and toluene (T) at 760 Torr, 



where xis the mole fraction in the liquid and ythe mole frac
tion in the vapour at equilibrium. 

ere 110.9 112.0 11 4.0 115.8 117.3 119.0 120.0 123.0 

Xr 0.908 0.795 0.61 5 0.527 0.408 0.300 0.203 0.097 

Yr 0.923 0.836 0.698 0.624 0.527 0.410 0.297 0.164 

The boiling points are 110.6 oc for toluene and 125.6 oc for 
octane. Plot the temperaturEH:omposition diagram of the 
mixture. What is the composition of the vapour in equilibrium 
with the liquid of composition (a) Xr = 0.250 and (b) x 0 = 0.250? 

4.21 Phenol and water form non-ideal liquid mixtures. When 
7.32 g of phenol and 7.95 g of water are mixed together at 
60 °C they form two immiscible liquid phases with mole frac
tions of phenol of 0.042 and 0.161. (a) Calculate the overall 
mole fraction of phenol in the mixture. (b) Use the lever rule 
to determine the relative amounts of the two phases. 

4.22 Anil ine, C6H5NH2, and hexane, C6H14 , form partially mis
cible liquid- liquid mixtures at temperatures below 69. 1 oc. 
When 42.8 g of aniline and 75.2 g of hexane are mixed to
gether at a temperature of 67.5 °C, two separate liquid phases 
are formed, with mole fractions of aniline of 0.308 and 0.618. 
(a) Determine the overall mole fraction of aniline in the mix
tu re. (b) Use the lever rule to determine the relative amounts 
of the two phases. 

4.23 Figure 1 shows the phase diagram for two partially mis
cible liquids, which can be taken to be that for water (A) and 
2-methyl-1-propanol (B). Describe what wil l be observed 
when a mixture of composition b, is heated, at each stage 
giving the number, composition, and re lative amounts of the 
phases present. 

4.24 Sketch the phase diagram of the system NHjN2H4 

given that the two substances do not form a compound with 
each other, that NH3 freezes at -78 oc and N2H4 freezes at 
+2 °C, and that a eutectic is formed when the mole fraction 
of N2H4 is 0.07 and that the eutectic melts at - 80 °C. 

Vapour 

i 

Liquid (P= 1) 

Liqu id (P = 2) 

0 Composition, x
8 

Fig. 1 A phase diagram for two partially miscible liquids. 
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4.25 Figure 2 shows the phase diagram for silver/tin. (a) Label 
the regions, and describe what will be observed when liq
uids of compositions a and bare cooled to 200 oc. (b) Sketch 
the cooling curves for the compositions a and b. Determine 
(c) the solubility of silver in tin at BOO °C, (d) the solubility of 
Ag3Sn in silver at 460 °C, and (e) the solubility of Ag3Sn in 
silver at 300 °C. 

4.26 Figure 3 shows a part of the phase diagram of an alloy 
of copper and aluminium. Describe what would be observed 
as a melt of composition a is cooled. What is the solubi lity of 
copper in aluminium at 500 °C? 

4.27 Figure 4 shows a part of the phase diagram typical of a 
simple steel. Describe what would be observed as the melt 
at a is allowed to cool to room temperature. 

4.28 Hexane and perfluorohexane (C6F14) show partial misci
bil ity below 22.70 °C. The critical concentration at the upper 
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Fig. 3 A part of the phase diagram of an al loy of copper and 
aluminium. 
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Fig. 4 A part of the phase diagram typical of a simple steel. 

critical temperature is x = 0.355, where x is the mole frac
tion of C6F14 . At 22 .0 oc the two solutions in equilibrium have 
x= 0.24 and x= 0.48 respect ively, and at 21.5 °C the mole frac
tions are 0.22 and 0.51. Sketch the phase diagram. Describe 
the phase changes that occur when perfluorohexane is added 
to a fixed amount of hexane at (a) 23 °C, (b) 25 °C. 

4.29 In a theoretical study of protein-like polymers, the 
phase diagram shown in Fig. 5 was obtained. It shows three 
structural regions: the native form, the unfolded form, and 
a 'molten globule' form. (a) Is the molten-globule form ever 
stable when the denaturant concentration is below 0. 1? 
(b) Describe what happens to the polymer as the native form 
is heated in the presence of denaturant at concentration 0. 15. 

4.30 In an experimental study of membrane-like assemblies 
of synthetic materials, a phase diagram like that shown in 
Fig. 6 was obtained. The two components are dielaidoylphos
phatidylcholine (DEL) and dipalmitoylphosphatidylcholine 
IDPU. Explain what happens as a liquid mixture of composi
tion x0 ,, = 0.5 is cooled from 45 oc. 

Projects 

The symbol t indicates that calculus is required. 

4. H The Clausius- Clapeyron equation is derived in Topic 
48 on the assumption that the enthalpy of vaporization is 
independent of temperature in the range of interest. (a) The 
enthalpy of vaporization of water is 40.656 kJ mol·' at its nor
mal boiling temperature, 373 K. Assuming that the enthalpy 
of vaporization does not vary with temperature, calculate the 
vapour pressure of water at 308 K. (b) Derive an improved 
version of the equation on the basis that the enthalpy of vapor
ization has the form A,,H =a+ b T. (c) For water in the range 
298- 373 K, a= 57.373 kJ mol-1 and b = -44.801 J K-1 mol-1

• 
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Fig. 5 A theoretical phase diagram for a model protein. 

00L ______ L_ ___ C_o_mL-p_o-si-ti-o-n,~x-0_" ____ ~----~ 

Fig. 6 The phase diagram for a membrane-forming two
component system. 

Use your improved version of the Clausius- Clapeyron equa
tion to calculate a more reliable value for the vapour pressure 
of water at 308 K. 

4.2t Here you are invited to explore the thermodynamic 
properties of a gas and its ability to condense to a liquid. 
Suppose that a gas obeys the van der Waals equation of 
state with the repulsive effects much greater than the at
tractive effects (that is, neglect the parameter a). Ia) Find an 
expression for the change in molar Gibbs energy when the 
pressure is changed from P; to p1• (b) Is the change greater or 
smaller than for a perfect gas? (c) Estimate the percentage 



difference between the van der Waals and perfect gas ca lcu

lations for carbon dioxide undergoing a change from 1.0 atm 

to 10.0 atm. (d) At the critica l point of the gas, dp/dV = 0 

and d2p/d V' = 0. These re lations identify the point of inflexion 
of the isotherms in Fig. 2 ofTopic 1 C. Show that a gas de

scribed by the equation of state p = nRTN- ari'!V' + bri'/V3 

shows critica l behaviour, and express the critical constants in 

terms of the parameters a and b. 

4.3 t (a) The partial molar volume of ethanol in a mixture at 

25 oc is v .. ,"J(cm3 mol-1
) = 54.6664-0.727 88b+0.084 768b', 

where b is the numerical value of the mola li ty of ethanol. Plot 

this quantity as a function of band identify the composition 

at which the partial molar volume is a minimum. Express 
that composition as a mole fraction. (b) Use differentiation to 

identify the min imum in part (a). 

4.4t (a) The total volume of a water/ethanol mixture at 25 oc 

fits the expression \1cm3 = 1002.93 + 54.6664b- 0.363 94b' + 
0.028 2568, where b is the numerica l value of the molal ity of 
ethanol. With the information in Problem 4.3, find an expres

sion for the partia l molar volume of water. Plot the curve. 

Show that the partial molar volume of water has a maximum 
value where the partial molar volume of ethanol is a m inimum. 
(b) Use ca lculus to plot the partial molar volumes of ethanol 

and water from the data in part (a). Start by convert ing b to a 

mole fraction, then use I!J = d V/dxJ. 
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4.5 Haemoglobin, the red blood protein responsible for oxy
gen transport, binds about 1.34 cm3 of oxygen per gram. Nor

mal blood has a haemoglobin concentration of 150 g dm-3 . 

Haemoglobin in the lungs is about 97 per cent saturated with 
oxygen, but in the capillary is only about 75 per cent satu
rated. (a) What volume of oxygen is given up by 100 cm3 of 

blood flowing from the lungs in the capil lary? Breathing air 
at high pressures, such as in scuba diving, results in an in

creased concentration of dissolved nitrogen. The Henry's law 

constant in the form c = Kp for the solubi lity of nitrogen is 
0.181-!g/(g H20 atm). (b) What mass of nitrogen is dissolved 
in 100 g of water saturated with air at 4.0 atm and 20 oc? 

Compare your answer to that for 100 g of water saturated 
with air at 1.0 atm. (Air is 78.08 mole per cent N2.) (c) If ni

trogen is four times as solub le in fatty tissues as in water, 
what is the increase in nitrogen concentration in fatty tissue 

in going from 1 atm to 4 atm. 

4.6 A compound A exists in equilibrium with its dimer, A2, in 
propanone solution. Suppose that a fraction f of the A mol

ecules are present as the dimer. The depression of vapour 

pressure is proportional to the tota l concentration of A and A2 

molecules regardless of the ir chemical identities. Derive an 

expression for the equil ibrium constant K = [A2[/[AJ 2 in terms 
of the depression in vapour pressure caused by a given con

centration of compound. 





FOCUS 5 

Chemical change 

Thermodynamics shows its considerable power when ap

plied to chemica l reactions. The guiding principle is that the 

spontaneous direction of a reaction at constant temperature 

and pressure is in the direction of decreasing Gibbs energy. 

This principle can be appl ied across the whole range of 

chemical phenomena, and especia lly to the two great 
classes of chemica l reaction, the proton transfer reactions 
characte ristic of acid- base chemistry and the electron 

transfer reactions characteristic of redox react ions . 

5A The thermodynamics of reaction 

The reaction Gibbs energy provides the signpost of spon

taneous change and is defined in terms of the chemical po

tentials that the participants in a reaction have at an arbitrary 
stage of the reaction . Th is Topic introduces the reaction 
quotient, which is a natura l way of expressing the compos

ition of a reaction m ixtu re in a thermodynamic context, and 
its equ ilibri um va lue, the all-important equ ilibri um constant. 

5A.1 The reaction Gibbs energy; 5A.2 The variation of 
11,G with composition; 5A.3 Reactions at equilibrium; 
5A.4 The standard reaction Gibbs energy 

58 The equilibrium constant 

The equi librium constant is a succinct summary of the 

equi libri um composition of a reaction mixture, but specia l 
techniques have to be applied in order to extract individual 

concentrations of the reactants and products. Th is Topic 

explains how to set up and use an equil ibri um table that 

does the task systematica lly. 

58.1 The composition at equilibrium; 58.2 The 
equilibrium constant in terms of concentration; 
58.3 The molecular interpretation of equilibrium 
constants 

5C Response to conditions 

A very important question in chemistry (both in the la
boratory and in industry) is how to influence the yield of a 

reaction by increasing the equi librium constant by chang ing 

the cond itions, especial ly the temperature, at which the 

reaction takes place. Although the equ ilibri um constant is 

independent of pressure, the individual concentrations do 
respond to pressure in a way described here. 

5C.1 The effect of temperature; 5C.2 The effect of 
compression; 5C.3 The presence of a catalyst 

50 Proton transfer equilibria 

Acid - base chemistry is one of the great branches of the 

subject, and is open to discussion in terms of equ ilibrium 
constants . The particu lar type of constant used in this con

text lets acids and bases be classified as strong and weak. 
By making use of equ ilibrium table techn iques the compos

itions of solutions can be related to the concentration of 

acid or base that was prepared. 

50.1 Brensted-Lowry theory; 50.2 Protonation and 
deprotonation 

5E Polyprotic acids 

Species that can donate more than one proton play a spe

cia l role in chemistry and biochemistry, but the same tech

niques, in a more elaborate form, can be used to discuss 
how the species present in solution depend on the pH. 

5E.1 Successive deprotonation; 5E.2 Speciation 
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5F Acid-base equilibria of salts in water 

The ions that a disso lved sa lt provide are themse lves eithe r 
acids or bases, sometimes both. Acidity constants can be 

used to pred ict the pH of solut ions, and that information in 

t urn can be used to account for the variation of pH during 

the course of a t itrat ion. That information is also helpfu l as 
a gu ide to the selection of solutes that stabil ize the pH of 

solutions. 

5F.1 The pH of salt solutions; 5F.2 Acid-base 
titrations; 5F.3 Buffer action 

5G Solubility equilibria 

Salts themse lves establish equi libria when they are in such 
high concentrations that the solution is saturated. Once 
aga in, equ ilibrium constants permit the quantitat ive dis

cussion of solubility and how it responds to the cond it ions, 

inc luding the presence of other salts. 

5G.1 The solubility constant; 5G .2 The common-ion 
effect; 5G.3 The effect of added salts on solubility 

5H Ions in solution 

Ions interact over long distances in solution, so the ir so lu

t ions are far from ideal except at very low concentrations. 

This Top ic estab lishes a model of the structure of an ionic 

solution and shows how that model is used to account for 
activit ies. Moreover, an ion in solution responds to the pres

ence of an electric fie ld, m igrates th rough the so lution, and 

carries charge from one location to another. A lthough this 
material is not 'thermodynam ic', it can be used to measure 

the rmodynam ic quantit ies and gives insight into the nature 
of ion ic solutions. 

5H.1 Mean activity coefficients; 5H.2 The Debye
Hiickel theory; 5H.3 The migration of ions 

51 Electrochemical cells 

The t ransfer of electrons is the core concept of e lectro

chemistry, and the resu lt ing reactions can be expressed in 
terms of the reaction Gibbs energy interpreted as a poten

tia l difference generated by an electrochemica l ce ll. 

51.1 Half-reactions and electrodes; 51.2 Reactions at 
electrodes; 51.3 Varieties of cell; 51.4 The cell reac
tion; 51.5 The cell potential 

5J Standard potentials 

Although the contribution of a sing le electrode to the 

potential difference cannot be measured absolutely, a 

scheme can be devised for establish ing the contributions 
relat ive to a standard. These standard potentials are of 

great importance for predicting equ ilibrium constants, for 

discussing the ability of one species to reduce another, 

for the determ ination of pH, and for the determination of 

thermodynamic data. 

5J .1 The contributions of individual electrodes; 
5J .2 Equilibrium constants from standard potentials; 
5J .3 The variation of potential with pH; 5J .4 The 
electrochemical series; 5J.5 The combination of 
standard potentials; 5J.6 Thermodynamic data from 
standard potentials 

Web resource What is an application ofthis 
material? 

Cell potentia ls and standard potentia ls are used as a first 
step in assessing the potentia l diffe rence generated by fuel 

ce lls. See Impact 5 on the website of this text. 



TOPIC 5A 

The thermodynamics of reaction 

~ Why do you need to know this 
material? 

A principal aim of chemical thermodynamics is 
to establish the relation between thermodynamic 
properties and the composition of a reaction 
mixture at equilibrium (via equilibrium con
stants): that relation is established here and is the 
pivot of many applications of thermodynamics 
to chemistry. 

~ What is the key idea? 

At constant temperature and pressure, a reaction 
mixture tends to adjust its composition until its 
Gibbs energy is a minimum. 

~ What do you need to know already? 

This Topic develops the general properties of 
the Gibbs energy as a signpost of spontaneous 
change (Topic 3D) and uses the relation between 
chemical potential and activity established in 
Topic 4D, but only for the ideal systems summar
ized in Table 4D.2. The Topic also makes use of 
the standard reaction enthalpy (Topic 2F) and 
the Third-Law entropy (Topic 3C). 

The thermodynamic criterion for spontaneous change 
at constant temperature and pressure is l'lG < 0, where 
G is the Gibbs energy of the system (Topic 3D). The 
principal idea behind this sequence of Topics, there
fore, is that 

At constant temperature and pressure, a reaction 
mixture tends to adjust its composition until its 
Gibbs energy is a minimum. 

If the Gibbs energy of a mixture varies as shown 
in Fig. la, very little of the reactants convert into 
products before G has reached its minimum value 
and the reaction 'does not go'. If G varies as shown 
in Fig. lc, then a high proportion of products must 

i 
> 
Cl 
(;; 
c 
Q) 

.2 

.a 
0 

Pure 
reactants 

Composition---+ Pure 
products 

Fig. 1 The va riat ion of Gibbs energy of a reaction m ixtu re 
w ith progress of the reaction; pure reactants on the left and 
pure products on the right. (a)This react ion "does not go' (at 
least, not ve ry far): the m inimum in the Gibbs energy occurs 
ve ry close to reactants . (b) Th is reaction reaches equ ilibrium 
w ith approximately equal amounts of reactants and products 
present in the mixture. (c)Th is reaction goes almost to com
pletion, as the m inimum in Gibbs energy lies ve ry close to 
pure products. 

form before G reaches its minimum and the reac
tion 'goes'. In many cases, the equilibrium mixture 
contains almost no reactants or almost no products. 
Many reactions have a Gibbs energy that varies as 
shown in Fig. lb, and at equilibrium the reaction 
mixture contains substantial amounts of both react
ants and products. One of the objectives of this Topic 
is to show how to use thermodynamic data to predict 
the equilibrium composition and to show how that 
composition depends on the conditions. 

5A.1 The reaction Gibbs energy 

To keep the concepts in focus, consider two im
portant reactions. One is the isomerism of glucose-6-
phosphate (1, G6P) to fructose-6-phosphate (2, F6P), 
which is an early step in the anaerobic breakdown of 
glucose during metabolism: 

G6P(aq) ~ F6P(aq) (Rl) 
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HO)---{OH ;=O 

HO, ,0_; )--<_ 
r.;:,.

0 
HO OH 

HO 

1 Glucose-6-phosphate 

H_)--)-(-0 OH 
OH 

HO, ,0 
,P.;:,.

0 
HO 0 

HO 

2 Fructose-6-phosphate 

The second is the synthesis of ammonia, which is of 
crucial importance for industry and agriculture: 

(Rl) 

These two reactions are specific examples of a gen
eral reaction of the form 

aA+bB~ cC+dD (R3) 

with arbitrary physical states. As will be familiar 
from introductory chemistry, the double harpoons 
(~)denote a state of dynamic equilibrium in which 
the forward and reverse reactions are taking place at 
matching rates and there is no net change. 

First, consider reaction Rl. Suppose that in a very 
short interval while the reaction is in progress and 
before it has reached equilibrium, the amount of 
G6P changes by the infinitesimal amount -dn. As a 
result of this change, the contribution of G6P to the 
total Gibbs energy of the system changes by -,UG6pdn, 
where .UG6P is the chemical potential (the partial molar 
Gibbs energy) of G6P in the reaction mixture. In the 
same interval, the amount of F6P changes by +dn, so 
its contribution to the total Gibbs energy changes by 
+Jlp6pdn, where JlF6P is the chemical potential of F6P. 
The net change in Gibbs energy of the system is 

dG = JlF6Pdn- J1G6pdn = (Jlp6p- JlG6p)dn 

Division by dn results in the reaction Gibbs energy, 
.1-,G: 

(la) 

It follows that there are two ways to interpret .1-,G (a 
molar quantity). First, it is the difference of the chem
ical potentials of the products and reactants at the 
current composition of the reaction mixture. Second, 
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Composition--+ Pure 
products 

Fig. 2 The va riation of Gibbs energy w ith progress of reaction. 
The reaction Gibbs energy is defined by letting the change in 
compos it ion, ~n. become infin itesima l, dn, and the resulting 
change in Gibbs energy, ~G. become infin itesimal too (and 
denoted dG). The green line is then tangent to the curve. 

because .1-,G is the change in G divided by the change 
in composition, .1-,G is the slope of the graph of G 
plotted against the changing composition of the sys
tem (Fig. 2). 

The synthesis of ammonia, reaction R2, provides a 
slightly more complicated example. If the amount of 
N 2 changes by -dn, then from the reaction stoichiom
etry the change in the amount of H 2 will be -3dn and 
the change in the amount ofNH3 will be +2dn. Each 
change contributes to the change in the total Gibbs 
energy of the mixture, and the overall change is 

.1-G = ,UNH, X 2dn- ,UN, X dn- ,UH
2 

X 3dn 

= (2,UNH
3 

-,UN, - 3,UH,)dn 

where the ,u1 are the chemical potentials of the species 
in the reaction mixture at its current composition. In 
this case, therefore, the reaction Gibbs energy is 

(lb) 

Note that each chemical potential is multiplied by the 
corresponding stoichiometric coefficient and that re
actants are subtracted from products. For the general 
case, reaction R3, 

Reaction Gibbs 
energy 

(lc) 

The chemical potential of a substance depends on 
the composition of the mixture in which it is present, 
and is high when its concentration or partial pressure 
is high. Therefore, .1-,G changes as the composition 
changes (Fig. 3 ). Remember that .1-,G is the slope of G 
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Fig. 3 At the minimum of the curve. correspond ing to equ i
librium. t.,G = 0. To the left of t he m in imum. t.,G < 0. and the 
forward react ion is spontaneous. To the right ofthe minimum. 
t.,G > 0 and the reverse reaction is spontaneous. 

plotted against composition. We see that .1-,G < 0 and 
the slope of G is negative (down from left to right, 
from reactants towards products) when the mixture 
is rich in the reactants A and B because f.iA and f.18 are 
then high. Conversely, .1-,G > 0 and the slope of G is 
positive (up from left to right) when the mixture is 
rich in the products C and D because f.lc and f.lo are 
then high. 

At compositions corresponding to .1-,G < 0 the 
forward reaction is spontaneous and the reactants 
tend to form more products. At compositions cor
responding to .1-,G > 0, the reverse reaction is spon
taneous, and the products tend to decompose into 
reactants. Where .1-,G = 0 (at the minimum of the 
graph where the slope is zero), the reaction has no 
tendency to form either products or reactants. In 
other words, the reaction is at equilibrium. That is, 
the criterion for chemical equilibrium at constant 
temperature and pressure is 

.1-,G=O 
Condition of equil ibrium 
[constant T and pi 

5A.2 The variation of ArGwith 
composition 

(2) 

The next step is to find how .1-,G varies with the com
position of the system. Once that is known, the com
position corresponding to .1-,G = 0 can be identified. 
As shown in the following Justification, the depend
ence on composition is 

.1.,G=.1.,G6 +RTln Q Dependence of ll,G 
on composition 

(3a) 
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where .1-,G• is the standard reaction Gibbs energy, 

.1-,G• = {cG:(C) +dG: (D)} 
- {aG: (A) + bG:(B)} 

Standard reaction 
Gibbs energy 
[definition] 

(3b) 

and Q is the (dimensionless) reaction quotient. For 
reaction R3 

Reaction quotient 
[definition] (3c) 

In eqn 3b c: (J) is the standard molar Gibbs energy 
of J and in eqn 3c a1 is the activity of ]. For ideal 
systems, which will be the case throughout most of 
this Focus, you should use the identifications given in 
Table 4D.2, which are repeated here: 

For solutes in an ideal solution, a1 = c;f c• or equiva
lently U]fc•, the molar concentration of J relative 
to the standard value c• = 1 mol dm-3

• It is common 
in the description of chemical equilibria to denote 
molar concentration by UJ. 

For perfect gases, a1 = p;fp•, the partial pressure of] 
relative to the standard pressure p• = 1 bar. 

For pure solids and liquids, a1 = 1. 

The last relation follows from the fact that pure 
solids and liquids are in their standard states with 
f.1 = f.16 (provided that the pressure is 1 bar, or in prac
tice not very different from 1 bar). Note that Q has 
the form of products divided by reactants, with the 
activity of each species raised to a power equal to its 
stoichiometric coefficient in the reaction. 

Justification 5A.1 

The composition dependence of the reaction Gibbs 
energy 

The starting point is the general expression for the composition

dependence of the chemical potential derived in Topic 40: 

Step 1: Express t.,G in terms of chemical potentials 

Subst itut ion of th is expression into eqn 1 c gives 

!'<; I'D 
,--------'----, ,--------'----, 

t.,G = {c{~ + RTinacl+ d{/45 + RT ina0 )) 

"A I'll ,....----'----- ,--------'----, 

-{a{Jl: +RT inaA )+b{~ +RT ina9 )) 

= {{c~ + dJ1~)- {aJl: + bJl: )} 

+ RT{c In ac +d in a0 - a In aA- b In a9} 
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Step 2: Identify the standard value of ~G 

The standard chemical potentials in th is expression are the 

standard molar Gibbs energies of the (pure) species. There

fore, the collection of terms in blue can be replaced by the 

expression in eqn 3b. At this stage, therefore, 

and the expression for t.,G is beginning to look much simpler. 

Step 3: Collect together the terms involving activities 

The four remaining terms on the right (in blue) can be col

lected into a single expression by using the properties of loga

rithms set out in The chemist's toolkit 10 in Topic 3C: 

c In ac + d In a0 - a In a A - b In a9 

~ 
= Ina~ + lnag -Ina~ -Ina~ 

filn x+ In y= lnlxy1 ) 

= l na~ag - lna!ag 

filn x-ln y= lnlx/0 ) 

= In a~ag 
a! a~ 

At this point, 

t. G = t. G9 + RTin a~ag 
r r a!a~ 

which can be recogn ized as eqn 3a when the term in the 

! logarithm is rep laced by 0. 

'*fi .. !.!lj&li 
! Writing a reaction quotient 

Write the reaction quotients for reactions R 1 and R2. 

Collect your thoughts To write 

a reaction quotient you need to 
identify the stoichiometric coef
ficients in the chemical equation 

and the appropriate expressions 
for the activities of the reactants 
and products. Then insert them 
into the defin it ion of 0 in eqn 3c. 
Products always appear in the nu-

merator and reactants in the denominator. 

The solution The reaction quotient for react ion R1 is 

For ideal solutions, aJ = [J]/c9
, and the reaction quotient is then 

O = IF6Pl/ c• = [F6P] 
[G6P]/ c• [G6P] 

For reaction R2, the synthesis of ammonia, a gas-phase re

action, the reaction quotient (taking the gases to be perfect) 

is 

The inclusion of p• in the defin it ion of activity ensures that 0 
is dimensionless. 

! Self-test 5A.1 

! Write the react ion quotient for the esterification reaction 

! CH3COOH + C2H50 H ~ CH3COOC2H5 + H20. (All four com

! ponents are present in the reaction mixture as liquids: it is 

! not an aqueous solution.) 

: Answer: 0 = ICH3COOC,H,JIH,Ol/ICH3COOHJIC2H50Hl 

5A.3 Reactions at equilibrium 

When the reaction has reached equilibrium, the com
position has no further tendency to change because 
!'J.,G = 0 and the reaction is spontaneous in neither 
direction. At equilibrium, the reaction quotient has 
a certain value called the equilibrium constant, K, of 
the reaction: 

Equilibrium 
constant (5) 

(
a ' ad) 

K = Qequilibrium = a; a~ 
A B equilibrium 

)definition] 

Like Q, K is a dimensionless number. We shall not 
normally write 'equilibrium'; the context will always 
make it clear that Q refers to an arbitrary stage of the 
reaction whereas K, the value of Q at equilibrium, is 
calculated from the equilibrium composition. It now 
follows from eqn 3a, that at equilibrium 

O= !'J.,G• +RTln K 

and therefore that 

!'J.,G• = -RT InK Relation between 
11rG9 and K (6) 

This is one of the most important equations in the 
whole of chemical thermodynamics. Its principal use 
is to predict the value of the equilibrium constant of 
any reaction from tables of thermodynamic data, like 
those in the Resource section. Alternatively, it can be 
used to determine !'J.,G• by measuring the equilibrium 
constant of a reaction. 



Brief illustration 5A.1 The equilibrium constant 

For the react ion H2(g) + 12(s)--'> 2 Hl(g), /I,,G" =+3.40 kJ mol-1 at 

25 oc . To ca lculate the equ ilibri um constant, write 

InK=- /I,,G" 
RT 

Therefore 

K = e -137 .. = 0.25 

: Self-test 5A.2 

3.40 x 103 J mol_, 

(8.3145 JK 1mol 1)x(298.15 K) 

3.40 x 103 

-1 .37 ... 
8.3145 X 298.15 

: The equi librium constant of the react ion N2(g) + 3 H2(g) --'> 

: 2 NH3(g) at 25 oc is 5.8 x 105
. What is (a) the reaction 

: Gibbs energy at equ ilibrium, (b) the standard react ion Gibbs 

: energy? 

Answer: (a) 0, (b) -32.90 kJ mol-1 

An important feature of eqn 6 is that it implies that 
K > 1 if ~,c• < 0. Broadly speaking, K > 1 implies 
that products are dominant at equilibrium (Fig. 4). 
Therefore: 

A reaction is thermodynamically feasible (in the 
sense K> 1) if l'i,G" < 0. 

Reactions for which ~,G" < 0 are called exergonic. 
Conversely, because eqn 6 also implies that K < 1 
if ~,c• > 0, for such reactions the reactants will be 
dominant in a reaction mixture at equilibrium. In 
other words, 
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Standard reaction Gibbs energy, /',,C?IRT 

Fig. 4 The relat ion between standard react ion Gibbs energy 
and the equ il ibrium constant of the reaction. Note the dif
ferent sca les for the two curves . 
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A reaction is not thermodynamically feasible (in 
the sense K < 1) if l'i,G• > 0. 

Reactions for which ~,c• > 0 are called endergonic. 
Some care must be exercised with these rules, how
ever, because the products will be significantly more 
abundant than reactants only if K >> 1 (more than 
about 103

) and even a reaction with K < 1 may have 
a reasonable abundance of products at equilibrium. 
This point is developed in Topic 5B. 

An important point of clarification is as follows. 
The criterion for a reaction 'to go' in the sense of 
having a tendency to generate products given a cer
tain composition of the reaction mixture is ~,G < 0, 
not ~,c• < 0. The value of ~,c• indicates whether 
products will dominate reactants or vice versa, at 
equilibrium, which is why we have used the term 'in 
the sense K > 1' or 'in the sense K < 1' in the inter
pretation above. It is often the case that a reaction 
with K << 1 will be regarded as 'not going', because 
equilibrium is reached as soon as a very small amount 
of products is formed. However, at the start of the re
action, when there were no products present, ~,G < 0 
even if ~,c• > 0, and the reaction did, briefly, have 
a tendency to 'go'. But equilibrium was reached al
most immediately after a few molecules of product 
were formed, and in practice, in the sense of creating 
a useful abundance of products, it did not 'go'. In 
summary: 

Always interpret the significance of A,G• in terms of 
K, with ~,c• > 0 indicating that K < 1 and ~,c• < 0 
indicating that K > 1. 

Table 5A.1 summarizes the conditions under 
which ~,c• < 0 and K > 1. It is expressed in terms 
of the standard reaction enthalpy, ~,H•, and the 

Table5A.1 

Thermodynamic criteria of spontaneity 

(1) If the react ion is exotherm ic (/I,,H• < 0) and /1,,5" > 0 

ji,G0 < 0 and K > 1 at all temperatures 

(2) If the react ion is exotherm ic (/I,,H• < 0) and 11,5° < 0 

/';,G
6 < 0 and K > 1 provided that T < /',,H6//';,S6 

(3) If the reaction is endothermic (/I,,H• > 0) and 11,5° > 0 

/I,,G• < 0 and K> 1 provided that T> ji,H0//',,S6 

(4) If the react ion is endotherm ic (/I,,H• > 0) and 11,56 < 0 

/I,,G• < 0 and K > 1 at no temperature 
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standard reaction entropy, 1'!,59
, through !'J.,G• = !'J.jl• 

TtJ.,s•, where 

products reactants 

products reactants 

Standard 
reaction 
entha lpy 

Standard 
reaction 
entropy 

(7a) 

(7b) 

where t¥1• is the standard enthalpy of formation of 
a species (Topic 2F) and s; is its standard Third-Law 
molar entropy (Topic 3C). 

• Brief illustration 5A.2 The standard react ion Gibbs en

ergy f rom thermodynamic data 

To evaluate the standard reaction Gibbs energy at 25 oc for the 

reaction H2(g) + -J- 0 2(g) --> H20 (I), note that 

a a 
~~ 

l!.,H• = l!.,H• (H20, I)- {l!.1H
9 

( H2 ) + -J- l!.1H
9 (02)) 

= -285.83 kJ mol_, 

The standard reaction entropy is 

!!.,59
= S~ (H,O. I) -{S~ (H2,g) + -J- 5~(02,g)} 

= 69.91 - {130.68 + -j- (205.14)} J K-' mol-' 

= -163.34 J K-1 mol_, 

or -0.163 34 kJ K-1 mol-'. Therefore, 

ll,G
9 

= (-285.83 kJ mol-')- (298.15 K) 

x (-0.163 34 kJ K-1 mol-' ) 

= -237.13 kJ mol-' 

! Self-test 5A.3 

: Use the information in the Resource section to determine 

! the standard reaction Gibbs energy for 3 0 2(g) --> 2 0 3(g) 

! from standard entha lpies of formation and standard 

! entropies. 

Answer: +326.4 kJ mol-' 

The standard reaction Gibbs energy is certainly 
negative if both !'J.,H• < 0 (an exothermic reaction) 
and 1'!,59 > 0 (a reaction system that becomes more 
disorderly, such as by forming a gas from solid or 
liquid reactants}. The standard reaction Gibbs en
ergy is also negative if the reaction is endothermic 
(!'J.jl

0 > 0) and T!'J.,S• is sufficiently large and positive. 
Note that for an endothermic reaction to have !'J.,G9 

< 0, its standard reaction entropy must be positive. 
Moreover, the temperature must be high enough for 
T!'J.,S9 to be greater than !'J.jl• (Fig. 5). The switch of 
!'J.,G• from positive to negative, corresponding to the 
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K < 1 K>1 

Temperature, T-+ 

Fig. 5 An endothermic reaction may have K> 1 provided the 
temperature is high enough for T!J.,S9 to be large enough that, 
when subtracted from l!.,H• the result is negative. The graph 

supposes that tJ.,s • and l!.,H• are independent of temperatu re 
in the range illustra ted. 

switch from K < 1 (the reaction 'does not go') to K > 1 
(the reaction 'goes'), occurs at a temperature given by 
equating !'J.jl9

- T!'J.,S9 to 0, which gives: 

T- !'J.,H • 
- tJ.,s· 

Minimum temperature 
for K > 1 of an endo
thermic reaction 

(8) 

Brief illustration 5A.3 Spontaneity of an endothermic 

react ion 

Cons ider the (endothermic) thermal decomposition of cal

cium ca rbonate : CaC03(s) --> CaO(s) + C02(g). For th is re

action l!.,H• = + 178 kJ mol-' and l!.,s • = + 161 J K-' mol-'. The 

decomposition temperatu re, the temperatu re for which the 

equ ilibrium constant of the decomposition becomes greater 

than 1 is 

T = 1.78x10
5 J mol-' = 1_11 x 103 K 

161 J K 1 mol ' 

~ 

or about 832 °C. Because the entropy of decomposition is 

simi lar for all such reactions (they all involve the decompos

ition of a solid into a gas). you could infer that the decom

posit ion temperatures of solids increase as their entha lpy of 

decomposit ion increases. 

Self-test 5A.4 

Is there a temperature at which an endothermic reaction 

with a negative reaction entropy has K > 1 ? 
Answer: No 



5A.4 The standard reaction Gibbs 
energy 

The standard reaction Gibbs energy, L'l,G", is central 
to the discussion of chemical equilibria and the cal
culation of equilibrium constants. It is defined as the 
difference in standard molar Gibbs energies of the 
products and the reactants weighted by the stoichio
metric coefficients, v, in the chemical equation as in 
eqn 3b and most generally as 

L'l,c· = I vc: - I vc: 
products 

Standard reaction Gibbs 
energy [defin it ion] 

(9a) 

In practice, exactly as for standard reaction enthal
pies (Topic 2F), L'l,G" is calculated from the standard 
Gibbs energy of formation, L'lfG", of a substance: 

The standard Gibbs energy of formation of a 
substance is the standard reaction Gibbs energy 
(per mole of molecules or formula units) for its 
formation from the elements in their reference 
states. 

Then 

products 

Standard reaction 
Gibbs energy [practical 
implementation] 

(9b) 

Table 5A.2 lists some values of L'lfG" at 298 K; more 
will be found in the Resource section. The concept of 
reference state (the most stable state under the pre
vailing conditions) is introduced in Topic 2F; the tem
perature is arbitrary, but unless otherwise stated we 
take it to be 25 oc (298 K, more precisely 298.15 K). 
The standard Gibbs energy of formation of an element 
in its reference state is zero because reactions such 
as C(s,graphite) -> C(s,graphite) are null (that is, 
nothing happens). The standard Gibbs energy of for
mation of an element in a phase different from its 
reference state is nonzero: 

C(s,graphite)-> C(s,diamond) 
L'lfG"(C,diamond) = +2.90 kJ mol-1 
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Table5A.2 

Standard Gibbs energies of formation at 298.15 K* 

Substance 

Gases 

Ammonia, NH3 

Carbon dioxide, C02 

Dinitrogen tetroxide, N20 4 

Hydrogen iod ide, HI 
Nitrogen dioxide, NO, 
Sulfur dioxide, SO, 
Water, H20 

Liquids 

Benzene, C6H6 

Ethanol, CH3CH20H 
Water, H20 

Solids 

Calcium carbonate, CaC03 

lron(lll) oxide, Fe20 3 

Si lver bromide, AgBr 
Si lver ch loride, AgCI 

-16.45 
-394.36 

+97.89 
+1.70 

+51.31 
-300.19 
-228.57 

+124.3 
-174.78 
-237.13 

-1128.8 
-742.2 
-96.90 

-109.79 

*Additional values are given in the Resource section. 

: Brief illustration 5A.4 The standa rd reaction Gibbs e n
l ergy fro m sta ndard Gibbs energies of formation 

: To evaluate the standard reaction Gibbs energy for 2 CO(g) + 
; 0 2(g) -> 2 C02(g). carry out the fol lowing calculation: 

!'.,G" = 2!'.1G
9(C02, g)- (2~G"(CO, g)+ ~G9(02 , g)) 

= 2 x (-394 kJ mol-1)- (2 x (-137 kJ mol-1) + 0} 

= -514 kJ mol-' 

: : Self-test 5A.5 .. 
; : Calculate the standard reaction Gibbs energy of the oxida
; ; tion of ammonia to nitric oxide accord ing to the equation 
: : 4 NH3(g) + 5 0 2(g)-> 4 NO(g) + 6 H20(g). 
: : Answer: -959.42 kJ mol-' 

Standard Gibbs energies of formation of com
pounds are a measure of the 'thermodynamic alti
tude' of a compound above or below a 'sea level' of 
stability represented by the elements in their refer
ence states (Fig. 6). If the standard Gibbs energy of 
formation is positive and the compound lies above 
that 'sea level', then the compound has a spontaneous 
tendency to sink towards thermodynamic sea level 
and decompose into the elements. That is, K < 1 for 
their formation reaction. 
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Fig. 6 The standard Gibbs energy of formation of a compound 
is like a measure of the compound's alt itude above (or depth 
below) sea level: compounds that lie above sea level have a 
spontaneous tendency to decompose into the elements (and 
to revert to sea level). Compounds that lie below sea level are 
stable w ith respect to decomposition into the elements. The 
numerica l va lues are in kilojoules per mole. 

A compound with ~fee > 0 (corresponding to 
K < 1 for its formation reaction) is said to be thermo
dynamically unstable with respect to its elements 
or that it is an endergonic compound. Thus, ozone, 
for which ~fee = +163 kJ mol-t, has a spontaneous 
tendency to decompose into oxygen under standard 
conditions at 25 oc in the sense that the equilibrium 
constant for the reaction t 0 2(g) ~ 0 3(g) is less than 1 
(much less in fact: K = 2. 7 x 10-29

). However, although 

Checklist of key concepts 

0 1 The reaction Gibbs energy, !!.,G, is the slope of a 

plot of Gibbs energy against composition. 

02 The condition of chemical equilibrium at constant 

temperature and pressure is !!.,G= 0. 

03 The equilibrium constant, K, is the value of the 

reaction quotient, Q, at equilibrium. 

ozone is thermodynamically unstable, it can survive if 
the reactions that convert it into oxygen are slow. That 
is the case in the upper atmosphere, and the 0 3 mol
ecules in the ozone layer survive for long periods. Ben
zene (~fee =+ 124 kJ mol-1) is also thermodynamically 
unstable with respect to its elements (K = 1.8 x 10-22

). 

However, the fact that bottles of benzene are everyday 
laboratory commodities also reminds you that spon
taneity is a thermodynamic tendency that might not 
be realized at a significant rate in practice . 

Another useful remark is that there is no point in 
searching for direct syntheses of a thermodynam
ically unstable compound from its elements (under 
standard conditions, at the temperature to which 
the data apply), because the reaction does not occur 
in the required direction (that is, K < 1): the reverse 
reaction, decomposition, is spontaneous (that is, for 
it, K > 1 ). Endergonic compounds must be synthe
sized from different reactants or under conditions 
for which their Gibbs energy of formation is negative 
and they lie beneath thermodynamic sea level. 

A compound with ~fee < 0 (corresponding to K > 1 
for its formation reaction) is said to be thermodynam
ically stable with respect to its elements or that it is 
an exergonic compound. Exergonic compounds lie 
below the thermodynamic 'sea level' of their elements 
(under standard conditions). An example is the exer
gonic compound ethane, with ~fee = -33 kJ mol-1

: 

the negative sign shows that the formation of ethane 
gas from its elements is spontaneous in the sense that 
K > 1 (in fact, K = 7.1 X 105 at 25 °C). 

04 Reactions for which !!.,Ge < 0 are exergonic; reac

tions for which !!.,Ge > 0 are endergonic. 

05 A compound is thermodynamically stable with 

respect to its elements if !!.,Ge < 0. 



TOPIC 58 

The equilibrium constant 

>- Why do you need to know this 
material? 

Although thermodynamics establishes the rela
tion between the standard reaction Gibbs energy 
and the equilibrium constant, it is still necessary 
to know how to deduce the reaction compos
ition from the value of that constant. 

>- What is the key idea? 

The composition at equilibrium is obtained from 
the value of K by taking note of the reaction 
stoichiometry. 

>- What do you need to know already? 

This Topic makes use of the definition of the 
equilibrium constant in terms of the activities of 
species (Topic SA); for the conversion of partial 
pressures to molar concentration it uses the per
fect gas law (Topic 1A). 

The magnitude of an equilibrium constant is a good 
qualitative indication of the feasibility of a reaction 
regardless of whether the system is ideal or not. 
Broadly speaking, and as remarked in Topic SA, if 
K >> 1 (typically K > 103

, corresponding to t..,G• 
< - 17 kJ mol-1 at 2S 0 C}, then the reaction has a 
strong tendency to form products. If K << 1 (that is, 
forK< 1 o-3, corresponding to t..,c • > + 17 kJ mol-1 at 
2S oq, then the equilibrium composition will consist 
of largely unchanged reactants. If K is comparable to 
1 (typically lying between 10-3 and 103

), then signifi
cant amounts of both reactants and products will be 
present at equilibrium. 

Throughout this Topic we refer to the three 
illustrative reactions used in Topic SA, which are 
reproduced here with their equilibrium constants 
(treated as ideal systems}: 

G6P(aq),: F6P(aq) 

K = a F6r = [F6P]fc• 
ac6r [G6P]tc• 

aA+bB,: cC+dD 

[F6P] 

[G6P] 

58.1 The composition 
at equilibrium 

(Rl) 

(R2) 

(R3) 

An equilibrium constant expresses the composition 
of an equilibrium mixture as a ratio of products of ac
tivities. Even if attention is confined to ideal systems it 
is still necessary to do some work to extract the actual 
equilibrium concentrations or partial pressures of the 
reactants and products given their initial values. 

'*flul•li1:8i 
; Calculating an equilibrium composition 1 

; Refer to reaction Rl Estimate the fraction, f. of F6P in a so lu
; tion in which G6P and F6P are in equilibrium at 25 oc given 
; that t.,G• = +1.7 kJ mol-' at that temperature, wh ich implies 

that K=0.50 . 

Collect your thoughts You need 
to define 'fract ion'. Take it as 
the ratio of the concentration of 
F6P to the total concentration of 
solutes. Because the fraction is 
expressed in terms of concentra· 
tions, and concentrations at equi· 
librium are related to K, the next 
step is to express f in terms of K. 
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To do so, recognize that the ratio )F6P)/IG6PJ can be replaced 
by K. 

The solution Define f as 

IF6PJ 
IF6PJ + )G6P) 

Division of the numerator and denominator by JG6PI to get 
ratios of concentrations gives 

~ 
IF6PJ /IG6P) K 

IF6PJ /IG6P) + 1 K + 1 

It follows that 

f=~=0.33 
0.50+1 

That is, at equilibrium, 33 per cent of the solute is F6P and 67 
per cent is G6P 

; Self-test 58.1 

; Estimate the composition of a solution in terms of the frac
: tion of molecules that are B in which two isomers A and B 
; are in equilibrium (A r= B) at 37 oc and t.,G' = -2.2 kJ mol-1

. . 
Answer: The fraction of B at equilibrium is f = 0. 70 

In more complicated cases it is best to organize the 
necessary work into a systematic procedure resem
bling a spreadsheet by constructing an equilibrium 
table, a table with columns headed by the species 
and, in successive rows: 

1. The initial molar concentrations of solutes or par
tial pressures of gases. 

2. The changes in these quantities that must take 
place for the system to reach equilibrium. 

3. The resulting equilibrium values. 

In most cases, the change that must occur for the sys
tem to reach equilibrium is unknown, so the change 
in the concentration or partial pressure of one spe
cies is written as x and the reaction stoichiometry is 
used to write the corresponding changes in the other 
species. When the values at equilibrium (the last row 
of the table) are substituted into the expression for 
the equilibrium constant, an equation for x is ob
tained in terms of K. This equation can be solved for 
x, and hence the concentrations of all the species at 
equilibrium may be found. In general, solution of 
the equation for x results in several mathematically 
possible values of x, and the chemically acceptable 
solution is selected by considering the signs of the 

predicted equilibrium concentrations or partial pres
sures: they must be positive (the change itself, x, can 
be of either sign). 

l§ifl .. l.!lj+fi 
Calculating an equilibrium composition 2 

Suppose that in an industrial process, N2 at 1.00 bar is mixed 
with H2 at 3.00 bar, for a total pressure of 4.00 bar, and the two 
gases are allowed to come to equilibrium with the product 
ammonia in a reactor of constant vo lume (in the presence of 
a catalyst, so the reaction proceeds quickly). At the tempera
ture of the reaction , it has been determined experimentally 
that K = 977 for reaction R2. What are the equilibrium partial 
pressures of the three gases? 

Collect your thoughts The equil ib
rium constant is moderately large, 
so you can expect a significant 

, proportion of product at equil ib
rium. In ca lcu lat ions of this kind, 
always proceed systematical ly as 
set out above by drawing up an 
equilibrium table, then express 
K in terms of x. and solve the 

•• + •• 

••• --+- ) 

I n I:JI ..... 
K = ---

r• liii 

equation for x. Because the volume of the reaction vessel is 
constant, each partial pressure is proportional to the amount 
of its molecules present (pJ = nJRT/VJ. so the stoichiometric 
relations between amounts of molecules apply to the partial 
pressures too. 

The solution The equi librium table is 

Species N, H, NH, 
....................... .. 

Initial partial 1.00 3.00 0 
pressure/bar 

Change/bar -X -3x +2X 
Equilibrium partial 1.00-x 3.00-3x 2x 
pressure/bar 

The equilibrium constant, quoted in reaction R2, is therefore 

4x2 

K= (1.00-x)(3.00-3x)3 

'----v---" "-.-' 
PN2 1l~ %1P9 

(1 .00-x) x 27(1.00-x)' 

4x2 

27(1.00-xl' 

with K = 977 There are two approaches to solving equations 
like this, either (somewhat tediously) by hand or (much more 
efficiently) by using mathematical software. 

1. Solving by hand 

With K = 977. this equation rearranges first to 

977- _.i_( X ) ' 
-27 (1.00-x)' 
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and then, after multiplying both sides by 27
/ 4 and taking the 

square root of both sides, to 

{2'iX977 X 

v~=(1.00-x)2 

To keep the appearance of this equation simple, write g= (27 x 
977/4) 112 , so it becomes first 

X X 

g= (1.00-x)' 1.00- 2.00x + x 2 

then 

gx'- 2.00gx + 1.00g = x 

and finally 

ax2 + +c 

97-(2.00g+1)x+1:00Q = 0 

This equation has the form of a quadratic equation (see The 
chemist's toolkit13) with a=g, b=-(2.00g + 1), and c = 1.00g. 
Its solutions are x= 1.12 and x= 0.895. Because PN, cannot be 
negative, and PNjP0 = 1.00- x (from the equilibrium table). x 
cannot be greater than 1.00; therefore, select x= 0.895 as the 
acceptable solution. It then follows from the last line of the 
equilibrium table that: 

PN, = 0.10 bar PH, = 0.32 bar PNH:J = 1.8 bar 

This is the composition of the reaction mixture at equilibrium. 

2. Solving by using an online resource 

Mathematical software can solve the equation 

4x' -977 
27(1.00-x)'-

directly. The syntax for entering and controlling each version 
of software differs widely, so you need to consult manuals. 
In this case, the output will be x= 0.89502 ... , 1.1173 .. You 
cannot rely on the software to report results with the appro
priate number of significant figures : it is your task to make 
that judgement. In this case, because there are three signifi
cant figures in the data, the solutions are taken to be x= 1.12 
and x= 0.895. As shown above, x= 0.895 is the physically ac
ceptable solution, leading to the final answers: PN, = 0.10 bar, 

; PH, = 0.32 bar, and PNH, = 1.8 bar. 

: Comment As anticipated, the products dominate. It is usually 
sensible to verify the conclusion by verifying that the equilib
rium composition reproduces the given value of K. In this case 

P~H3P
02 

_ 1 .82 

PN,P~, - 0.10 X 0.323 9.9x102 

The result is close to the experimental value (the discrepancy 
stems from rounding errors). 

Self-test 58.2 

In an experiment to study the formation of nitrogen oxides 
in jet exhausts, N2 at 0.100 bar is mixed with 0 2 at 0.200 bar 

: for a total pressure of 0.300 bar and the two gases are 
; allowed to come to equilibrium with the product NO in a re
; actor of constant volume. Take K = 3.4 x 10-21 at 800 K. What 
; is the equilibrium partial pressure of NO? 

Answer: 8.2 pbar (corresponding to 0.82 ~Pal 

58.2 The equilibrium constant in 
terms of concentration 

An important point to appreciate is that the equi
librium constant K calculated from thermodynamic 
data refers to activities (Topic SA, and specifically the 
relations in Table 5A.2). For gas-phase reactions, that 
means partial pressures (and, explicitly, P/P0

). This 
requirement is sometimes emphasized by writing K 
as KP, but the practice is unnecessary if you remember 
the thermodynamic origin of K. In practical applica
tions, however, you might wish to discuss gas-phase 

The chemist's toolkit 13 Quadratic equations 

A quadrat ic equation is an equation of the form 

ax'+bx+c=O 

It has the solutions ('roots') 

-b+(b2 -4ac)112 

X= 
2a 

Mathematical software provides an easy way to imple
ment this expression. 

There are often physical reasons for choosing one root 
rather than the other. For instance, if x represents a con
centration or a pressure, then it must be positive. If x de
notes a change in a property, then it may be positive or 
negative, but the resulting final value of the property must 
be physical ly realistic. 

It is sometimes helpful to display the roots graphica lly. 
A graph of y = ax' + bx + c is a parabola (Sketch 1), wh ich 
intersects the horizonta l x-axis (where y = 0) at the two 
roots of the equation. 

y 

X 

x= -b+(if-4ac)112 

2a 

Sketch 1 
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reactions in terms of molar concentrations. The equi
librium constant (still a dimensionless quantity) is 
then denoted K" and for reaction R2 is 

K = [NH3]2 c•2 

' [N2][H2]3 

This equilibrium constant is not obtained directly 
from 11,G•. To obtain its value from thermodynamic 
data, K must first be calculated and then K converted 
to K, by using, as shown in the following justification, 
the relation 

K = K x (c• RT)"v•" 
c p• 

Relation between 
Kand K, (la) 

In this expression, /1v., is the difference in the stoi
chiometric coefficients of the gas-phase species, 
products- reactants. For reaction R3,11v .. , = (c +d)
(a+ b). If, for instance, A and Care solids, then /1v .. ,= 
d- b. If no reactants and products are gases, then 
!1v., = 0 and K = Kc- A very convenient form of this 
expression is obtained by substituting the numerical 
values of c•, p•, and R, and noting that 

1 bar 
,.---"-------, 

L lOs kg m-' s-2 

c•R (103 molm 3 )x(8.3145JK 1 mol 1
) 

'-,.-' .,. 
1 mol dm- 3 kg m2 s- 1 

=12.027 K 

Then, on writing 19= 12.027 K (where EJis uppercase 
theta) 

(T)"v•" K=K X, e (lb) 

To calculate K, from K, rearrange this expression into 

Justification 58.1 

The relation between K and K, 

The equi librium constant K of reaction R3 is 

K = a~ag = IPc I p• )' (p0 I p• )d 
a;a~ (p. lp•)' (p, lpe)b 

(lc) 

Step 1: Replace the partial pressures by molar concen
trations 

Use the perfect gas law to write 

~ 
pJ = nJRT IV= [JJRT 

This substitution turns the expression for K into 

K = [CJ' IDid x ( RT ) (c+d)-(•+b) 

IAJ' IBJb p• 

Step 2: Write the expression forK, 

Write 

K = ([CJic•)' ([DJic• )d = [CJ' [Did x(2.)1c+dl-l•+bl 

' ([AJic9 )' ([BJic9 )b [AJ' IBib c• 

Step 3: Introduce the expression forK 

Replace the blue expression in the equation for K and con

clude that 

K-K cRT 
( 

e ) (c+d)-(•+b) 

- ex p9 

Now obtain eqn 1 a by writing (c + d)- (a+ b) = L'>v,,.. The sub

script gas is there to rem ind you that, although it has been 

assumed that all the species are gases in th is derivation, only 
gas-phase species contribute to the relation between K and K,. 

Brief illustration 58.1 The va lue of K, 

For react ion R2, L'> v,,. = 2- (1 + 3) = -2; therefore, from eqn 1 c, 

K =--K-=Kx(!...)' 
' (Tier' e 

At 298 K, K = 5.8 x 105
, so at th is temperature 

K =5.8x105 x(~)' =3.6 x 108 

' 12.027 K 

: Self-test 58.3 

: The equ ilibrium constant for the react ion 2 S02(g) + 0 2(g) 

: ~ 2 S03(g) is 3.0 x 104 at 700 K; what is the value of K, at 

: that temperature? 
Answer: 1. 7 x 106 

58.3 The molecular interpretation 
of equilibrium constants 

Deep insight into the origin and significance of the 
equilibrium constant K can be obtained by consid
ering the Boltzmann distribution of molecules over 
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A 

Population, P --+ 

B 

Boltzmann 
distribution 

Fig. 1 The Boltzmann dist ribut ion of populat ions over the 
energy levels of two species A and B w ith simi lar densit ies 
of energy levels; the react ion A --'> B is endothermic in th is 
example. The bulk of the population is associated with the 
species A, so that species is dominant at equilibrium. 

the available states of a system composed of react
ants and products (see the panel Energy, temperature, 
and chemistry right at the beginning of this text and 
Topic 12A for more detail). 

When atoms can exchange partners, as in a reac
tion, the available states of the system include ar
rangements in which the atoms are present both in 
the form of reactants and in the form of products: 
these arrangements have their characteristic sets of 
energy levels, but the Boltzmann distribution does 
not distinguish between their identities, only their 
energies. The atoms distribute themselves over both 
sets of energy levels in accord with the Boltzmann 
distribution (Fig. 1 ). The total number of reactant 
molecules is the sum of all their populations, and the 
total number of product molecules is likewise the 
sum of all their populations. At a given temperature, 

Checklist of key concepts 

D 1 An equilibrium table is a table with columns headed 

by the species and, in successive rows, the changes 

in composition needed to reach equilibrium. 

t 
> 
"' Q; 
c 
w 

A B 

~ / Boltzmann 
~ distribution 

Population, P--+ 

Fig. 2 Even though the react ion A --'> B is endothermic, the 
density of energy levels in B is so much greater than that in 
A, that the population associated with B is greater than that 
associated with A, so B is dominant at equi librium . 

there is a specific distribution of populations, and 
hence a specific composition of the reaction mixture. 

It can be seen from the illustration that if the re
actants and products both have similar arrays of mo
lecular energy levels, then the dominant species in a 
reaction mixture at equilibrium will be the species 
with the lower set of energy levels. However, the fact 
that the equilibrium constant is related to the Gibbs 
energy is a signal that entropy plays a role as well 
as energy. Its role can be appreciated by referring to 
Fig. 2 where the B energy levels lie higher than the A 
energy levels but are much more closely spaced. As 
a result, their total population may be considerable 
and B could even dominate in the reaction mixture 
at equilibrium. Closely spaced energy levels correlate 
with a high entropy, so in this case entropy effects 
dominate adverse energy effects. 

D 2 The equilibrium constant of a gas-phase reaction 

may be expressed as a rat io of products of pres

sures or, after the appropriate conversion, concen

trations. 



TOPIC 5C 

Response to conditions 

~ Why do you need to know this 
material? 

When considering a reaction in either the la
boratory or in industry, it is important to know 
whether changing the conditions will increase 
the yield. 

~ What is the key idea? 

When a system at equilibrium is subjected to a 
disturbance, the composition of the system ad
justs so as to tend to minimize the effect of the 
disturbance. 

~ What do you need to know already? 

This Topic develops the relation between the 
equilibrium constant and the standard reaction 
Gibbs energy established in Topic SA. You need 
to be aware of the definition of standard state 
(Topic 2£). One section draws on the Gibbs
Helmholtz equation (Topic 4A). 

In introductory chemistry, you will have met the empir
ical rule-of-thumb known as Le Chatelier's principle: 

When a system at equilibrium is subjected to a dis
turbance, the composition of the system adjusts so 
as to tend to minimize the effect of the disturbance. 

For instance, if a system is compressed, then the 
equilibrium position can be expected to shift in the 
direction that leads to a reduction in the number of 
molecules in the gas phase, for that tends to minimize 
the rise in pressure due to compression. Le Chatelier's 
principle, though, is only a rule-of-thumb, and to 
understand why reactions respond as they do, and to 
calculate the new equilibrium composition, you need 
to use thermodynamics. 

5C.1 The effect of temperature 

According to Le Chatelier's principle, a reaction is 
expected to respond to a lowering of temperature by 
releasing heat and to respond to an increase of tem
perature by absorbing heat. That is, 

When the temperature is raised, the equilibrium 
composition of an exothermic reaction will tend to 
shift towards reactants; the equilibrium compos
ition of an endothermic reaction will tend to shift 
towards products. 

In each case, the response tends to minimize the effect 
of raising the temperature. But why do reactions at 
equilibrium respond in this way? 

First, consider the effect of temperature on L'l,G6 

and the relation L'l,G• = L'l,H9
- TL'l,S9

• If neither the 
reaction enthalpy nor the reaction entropy varies 
much with temperature (over small ranges, at least), 
it follows that 

Change in L'l,G9 =-(change in T) x l'1,.59 
(1) 

This expression is easy to apply when there is a con
sumption or formation of gas because gas formation 
commonly dominates the sign of the reaction entropy. 
Thus, if gas is produced, L'l,S9 is likely to be positive, if 
it is consumed, then L'l,S9 is likely to be negative. 

Brief illustration 5C.1 The effect of temperature 

Consider the th ree reactions 

(i) 7 C(s) + 7 O,(g) -'> 7 CO,(g) 

(i i) C(s) + 7 O, (g)-'> CO(g) 

(i ii) CO(g) + 7 0 2 (g) -'> C02(g) 

all of wh ich are important in the discussion of the extraction 
of metals from their ores. In reaction (i). the amount of gas 

is constant, so the react ion ent ropy is smal l and !'.,G6 for th is 

reaction changes on ly slightly w ith temperature. Because 

! in reaction (ii) there is a net increase in the amount of gas 



: molecules, from t mol to 1 mol, the reaction entropy is 
large and positive; therefore, fi.,G" for th is reaction decreases 
sharply (becomes more negative) with increasing tempera
ture. In reaction (iii). there is a similar net decrease in the 
amount of gas molecule, from t mol to 1 mol, so !!.,G" for 
this reaction increases sharply with increasing temperature. 
These remarks are summarized in Fig. 1. 

: Self-test SC.1 

: What is the effect of an increase in temperature on the va lue l of !!.,G" of the ammonia synthesis reaction? 
Answer: Increases 

Now consider the effect of temperature on K itself. 
The value of K changes, because -!1,G"!RT changes as 
T changes. At first, this problem looks troublesome, 
because both T and 11,G" appear in the expression 
for K. However, as shown in the following Justifica
tion, the effect of temperature can be expressed very 
simply as the van 't Hoff equation. 1 

lnK'=lnK+ !1,H" (_!_ _ _.!._) 
R T T' 

van 't Hoff 
equation 

(2) 

where K is the equilibrium constant at the tempera
ture T and K' is its value when the temperature is T'. 
To calculate the temperature dependence of an equi
librium constant, therefore, all you need to know is 
the standard reaction enthalpy. You might be puzzled 

Temperature, T---+ 

Fig . 1 The variation of the standard reaction Gibbs energy with 
temperature depends on the reaction entropy and therefore 
on the net production or consumption of gas in a reaction (as 
indicated by the blue boxes, which show the relative amounts 
of gas on each side of the equations). The Gibbs energy of a 
reaction that produces gas decreases with increasing tem
perature. The Gibbs energy of a reaction that results in a net 
consumption of gas increases w ith temperature. 

1 To distinguish this van 't Hoff equation from the van 't Hoff 
equation for osmotic pressure (Topic 4E), this equation is some
times called the van 't Hoff isochore. 
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by the sudden switch of attention from !1,S' to !1,H" for 
assessing the temperature-dependence of K. In fact, 
despite appearances, the focus is still on entropy. The 
point to remember is that -!1,H"!T is the change of 
entropy of the surroundings (Topic 3B), which (un
like 11~" to 11,H" themselves) changes as the tempera
ture changes on account of the Tin the denominator. 

Justification SC.1 

The van ' t Hoff equat ion 

Use the approximation that the standard reaction enthalpy 
and entropy are independent of temperature over the range 
of interest, so the entire temperature dependence of fi.,G" 
stems from the Tin !!.,G" = !'.,H" - Tfl.,s". 

Step 1: Write the expression for in Kat the first temperature 

At a temperature T.~-----~ 

rl fi.,G" = fl,H" - Tfl.,s" ) 

e. ' e s· 
InK=- !!.,G =- !!.,H +~ 

RT RT R 

Step 2: Write the expression for In K at the second tem
perature 

At the second temperature T', when fi.,G"' = !'.,H9
- T'fl.,s" 

and the equil ibrium constant is K', a similar expression holds: 

Step 3: Form the difference between the two expressions 

The difference between the two expressions (noting that the 
two terms in blue cancel) is 

lnK'- InK= !!.,H" (_1__2_) 
R T T' 

which is the van 't Hoff equation, eqn 2. 

Let's explore the information in the van 't Hoff 
equation. Consider the case when T' > T. Then the 
term in parentheses in eqn 2 is positive. It follows 
that: 

• If 11,H" > 0, the entire term on the right is 
positive. In this case, therefore, In K' > In K. 
That being so, you can conclude that the equi
librium constant of an endothermic reaction 
increases with increasing temperature. 

• If 11,H" < 0, the entire term on the right is 
negative. In this case, therefore, InK'< InK. 
That being so, you can conclude that the equi
librium constant of an exothermic reaction 
decreases with increasing temperature. 
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The interpretation of K in terms of the Boltzmann 
distribution (Topic 5B) gives insight into these conclu
sions. The typical arrangement of energy levels for an 
endothermic reaction is shown in Fig. 2a. When the 
temperature is increased, the Boltzmann distribution 
adjusts and the populations change as shown (this 
feature is mentioned in the panel Energy, temperature, 
and chemistry at the start of this text). The change 
corresponds to an increased population of the higher 
energy states at the expense of the population of the 
lower energy states. You can see that the states that 
arise from the B molecules become more populated 
at the expense of the A molecules. Therefore, the total 
population of B states increases, and B becomes more 
abundant in the equilibrium mixture. Conversely, if 
the reaction is exothermic (Fig. 2b), then an increase 
in temperature increases the population of the A 
states (which start at higher energy) at the expense of 
the B states, so the reactants become more abundant. 

The effect of temperature on K is of considerable 
commercial and environmental significance. For ex
ample, the synthesis of ammonia is exothermic, so its 
equilibrium constant decreases as the temperature 
is increased; in fact, K falls below 1 when the tem
perature is raised to above 200 oc. Unfortunately, the 
reaction is slow at low temperatures and is commer
cially feasible only if the temperature exceeds about 
400 oc even in the presence of a catalyst; but then 
K is very small. Another example is the oxidation of 
nitrogen: N 2(g) + 0 2(g) ~ 2 NO(g). This reaction is 
endothermic (L'l,H 0 

= + 180 kJ mol-1
) largely as a con

sequence of the very high bond enthalpy ofN2, so its 

A 

t Hot 
>
"' Q; 
c 
w 

B A B 

Hot 

\\ 

'\ 
~old 

Population, P ~ 
(a) Endothermic (b) Exothermic 

Fig. 2 The effect of temperatu re on a chemica l equil ibrium 
can be interpreted in terms of the change in the Boltzmann 
distribution with temperature and the effect of that change on 
the popu lation of the species. (a) In an endothermic reaction, 
the population of B increases at the expense of A as the tern· 
perature is raised (represented by the sh ift from blue to red 
lines). (b) In an exothermic reaction, the opposite happens. 

equilibrium constant increases with temperature. It is 
for this reason that nitrogen monoxide (nitric oxide) 
is formed in significant quantities in the hot exhausts 
of jet engines and in the hot exhaust manifolds of in
ternal combustion engines, and then goes on to con
tribute to the problems caused by acid rain. 

A final point in this connection is that to use the 
van 't Hoff equation for the temperature dependence 
of K, of a gas-phase reaction (Topic 5B), K, must first 
be converted to K at the initial temperature as ex
plained in that Topic. Then the van 't Hoff equation 
is used to convert K at the initial temperature to K' 
at the new temperature. Finally, that new K' is con
verted to K/ at the new temperature 

Convert van 't Hoff equation Convert 

K,(T)~ K(T) K(T')~K, (T') 

As you might appreciate, on the whole it is better to 
stick to using K. For reactions in solution (and where 
no gases are involved), there is no difference between 
K and K" so eqn 2 can then be used directly. 

5C.2 The effect of compression 

Le Chatelier's principle suggests that the effect of 
compression (decrease in volume) on a gas-phase re
action at equilibrium is as follows: 

When a system at equilibrium is compressed, the 
composition of a gas-phase equilibrium adjusts so as 
to reduce the number of molecules in the gas phase. 

For example, in the synthesis of ammonia, N 2(g) + 
3 H 2(g) ~ 2 NH3(g), four gaseous reactant molecules 
give two gaseous product molecules, so compression 
favours the formation of ammonia. Thus, by work
ing with highly compressed gases the yield of am
monia is increased. 

: Brief Illustration 5C.2 The effect of compress ion 

: For the reaction 2 N02(g)-'> N20 4 (g) the formation of products 

: is accompanied by a decrease in the number of molecu les 

; in the gas phase: t>v,,= 1 -2 = -1. Le Chatelier's principle 

: suggests that if the reaction vessel is compressed, then the 
: equi librium compos it ion of the mixture ad justs so as to re

: duce the number of molecu les in the gas phase. Therefore, for 

; th is react ion, compression favours the formation of products. 

Self-test 5C.2 

Is the format ion of products in the reaction 4 NH3 (g) + 
5 0 2(g) -'> 4 NO(g) + 6 H20(g) favoured by compress ion or 

expansion of the react ion vessel? 

Answer: Expansion 



To identify the thermodynamic basis of this depend
ence first note that L'l,G" is defined as the difference 
between the Gibbs energies of substances in their 
standard states and therefore at 1 bar. It follows that 
L'l,G" has the same value whatever the actual pressure 
used for the reaction. Therefore, because In K is pro
portional to L'l,G": 

K is independent of the pressure at which the reac
tion is carried out. 

Thus, if the reaction mixture in which ammonia is 
being synthesized is compressed isothermally, the 
equilibrium constant remains unchanged. 

This rather startling conclusion should not be 
misinterpreted. The value of K is independent of the 
pressure to which the system is subjected, but because 
partial pressures occur in the expression for K in a 
rather complicated way, the pressure-independence 
of K does not mean that the individual partial pres
sures or concentrations are unchanged. Suppose, for 
example, the volume of the reaction vessel in which 
the reaction H2(g) + 12(s) ~ 2 Hl(g) has reached equi
librium is reduced by a factor of 2 and the system 
is allowed to reach equilibrium again. If the partial 
pressures were simply to double (that is, there is no 
adjustment of composition by further reaction), the 
equilibrium constant would change from 

~ 

2 ·~ 2 K=_l!_m_ to K'=~= 2
PHI =2K 

PH,P
6 

2pH,P
6 

PH2 P
6 

However, compression leaves K unchanged. There
fore, the two partial pressures must adjust to dif
ferent extents. 

The extent to which the composition must change to 
preserve the value of K can be expressed quantitatively 
by writing the partial pressures in terms of the mole 
fractions, x1, and the total pressure, p. For this reaction 

~ 
2 • ~ 2 

K = _l!_m_ = XHIP = XHIP 

PH,P6 xH,PP" xH,P6 

Because p appears in the numerator, for K to remain 
constant as the pressure is decreased, the factor multi
plying it, the ratio of mole fractions, must increase. 
Because xH1 +xH, = 1, the explicit dependence of the 
mole fraction of HI can be found by substituting xH, 
= 1-xH" which gives 
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After minor rearrangement, this expression is seen to 
be a quadratic equation in xH1: 

It may be solved for xH1 by using the formula in The 
chemist's toolkit 13 in Topic 5B: 

= Kp" {-1±(1+_±t_)"
2

} 
2p Kp" 

Note the ± sign. Because a mole fraction must be 
positive, select the following solution: 

{ ( )
1/2 } Kp" 4p 

X = -- -1+ 1+--
HI 2p Kp" 

(3) 

The dependence of the mole fractions implied by this 
expression is shown in Fig. 3. When the pressure is 
very low, in the sense 4p!Kp" << 1, the square root 
can be replaced by using the information in The 
chemist's toolkit 6 in Topic 1C to write 

( 
4p )"

2 

2p 2p
2 

1+ Kp" = 1+ Kp" - (Kp")2 + ... 

:;: 
~ 0.75 
I 

0 
c 
0 ·g 
£ 
.!!! 
0 
~ 

0.5 

0.25 

0 
0 

\ 
~ 

t-

~ -..._______ 
r-

2 4 6 
Total pressure, p!Kp" 

-

8 10 

Fig. 3 The mole fract ion of HI molecu les in a gas-phase reac
t ion m ixtu re of H2 and HI as a funct ion of pressure (expressed 
as p/Kp6

); the 12 is present as a sol id throughout. 
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Then 

X = Kpe f_1+1+ 2p _ ___l:L+···) 
HI 2p l Kpe (Kpet 

=1-_L+··· Kpe 

Asp~ 0, xHI ~ 1 and the equilibrium lies entirely in 
favour of HI. 

A note on good practice When one factor increases and 
another decreases, always evaluate the limit of an expression 
in this way: never rely on simply setting a term equal to zero. 

Compression has no effect on the composition when 
the number of gas phase molecules is the same in the 
reactants as in the products. An example is the gas
phase synthesis of hydrogen iodide in which all three 
substances are present in the gas phase and the chem
ical equation is H 2(g) + 12(g) ~ 2 Hl(g) in place of 
H2(g) + 12 (s) ~ 2 HI( g). 

A more subtle example is the effect of the addition 
of an inert gas to a reaction mixture contained inside 
a vessel of constant volume. The overall pressure in
creases as the gas (such as argon) is added, but the 
addition of a foreign, unreactive gas does not af
fect the partial pressures of the other gases present: 
the partial pressure of a perfect gas (Topic 1A), the 

Checklist of key concepts 

0 1 Le Chatelier's principle states that when a system 

at equilibrium is subjected to a disturbance, the 

composition of the system adjusts so as to tend to 

minimize the effect of the disturbance. 

0 2 The variation of an equilibrium constant with tem

perature is expressed by the van 't Hoff equation. 

0 3 The equilibrium constant K increases with tempera

ture if !!.,He > 0 (an endothermic reaction), and de

creases if !!.,He < 0 (an exothermic reaction) . 

pressure a gas would exert if it alone occupied the 
vessel, is independent of the presence or absence 
of any other gases. Therefore, under these circum
stances, not only does the equilibrium constant re
main unchanged, but the partial pressures of the 
reactants and products remain the same whatever the 
stoichiometry of the reaction. 

5C.3 The presence of a catalyst 

A catalyst is a substance that accelerates a reaction 
without itself appearing in the overall chemical equa
tion (Topic 6H): it provides an alternative, faster 
route from reactants to products (and vice versa). 
Although the new route from reactants to products 
is faster, the reactants and products are the same. 
The quantity ~.Ge is defined as the difference of the 
standard molar Gibbs energies of the reactants and 
products, so it is independent of the path linking the 
two. It follows that an alternative pathway between 
reactants and products leaves ~.Ge and therefore K 
unchanged. That is: 

The presence of a catalyst does not change the equi
librium constant of a reaction and has no effect 
on the equilibrium composition of the reaction 
mixture. 

04 The equilibrium constant of a reaction is inde

pendent of the presence of a catalyst and is inde

pendent of the pressure. 

05 When a system at equilibrium is compressed, the 

composition of a gas-phase equilibrium adjusts so 

as to reduce the number of molecules in the gas 

phase. 



TOPIC 50 

Proton transfer equilibria 

~ Why do you need to know this 
material? 

The reactions of acids and bases are central to 
chemistry and its applications, such as chemical 
analysis and synthesis. One particularly im
portant application of proton transfer equilib
rium is in living cells, for even small drifts in the 
equilibrium concentration of hydrogen ions can 
result in disease, cell damage, and death. 

~ What is the key idea? 

Proton transfer is so rapid that all proton transfer 
equilibria are immediately established in solution. 

~ What do you need to know already? 

This Topic makes extensive use of the ability to 
set up expressions for equilibrium constants in 
terms of activities (Topic 5B) and the equilibrium 
table technique described there. It draws on the 
solution of quadratic equations described in The 
chemist's toolkit 13 in Topic 5B. 

Throughout this Topic, keep in mind that a free 
hydrogen ion (H+, a proton) does not exist in water: 
it is always attached to a water molecule and exists as 
H 30+, a hydronium ion (or something more elaborate). 
One of the skills developed in this Topic is the ability to 
identify and implement approximations by anticipating 
that some quantities will turn out to be very small. 

50.1 Brensted-Lowry theory 

According to the Bmnsted-Lowry theory of acids 
and bases, an acid is a proton donor and a base is a 
proton acceptor. The proton, which in this context 

means a hydrogen ion, H+, can escape easily from its 
parent acid molecule, and acids and bases in water 
are always in equilibrium with their deprotonated 
and protonated counterparts and hydronium ions. 1 

Thus, an acid HA, such as HCN, immediately estab
lishes the equilibrium 

(la) 

A base B (such as NH3) immediately establishes the 
equilibrium 

K= aHB+aow 

aBaH,o 
(lb) 

In these equilibria, A- is the conjugate base of the 
acid HA and HB+ is the conjugate acid of the base B. 
Even in the absence of added acids and bases, proton 
transfer occurs between water molecules and the 
autoprotolysis equilibrium 

aH o+aoH
K = -"---' c;---

a~,o 

Autoprotolysis 
equili brium (2) 

is always present. Autoprotolysis is also called auto
ionization. 

As will be familiar from introductory chemistry, the 
hydronium ion concentration is commonly expressed 
in terms of the pH, which is defined formally as 

pH=-log a + 
H3o 

The pH scale 
[definit ion) 

(3) 

1 A contribution to this mobility is the low mass of a proton, 
which enables it to 'tunnel' through regions where heavier particles 
are forbidden to go (Topic ?C). 
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where the logarithm is to base 10 (see The chem
ist's toolkit 10 in Topic 3C). In elementary work, the 
hydronium ion activity is replaced by the numer
ical value of its molar concentration, cHP"' which is 
equivalent to setting the activity coefficient r equal 
to 1 and writing aH 

0
• = cHPJc• with c• = 1 mol dm-3

• 

However, it should never be forgotten that the re
placement of activities by molar concentration is in
variably hazardous for ionic solutions. Because ions 
interact over long distances, the replacement is unre
liable for all but the most dilute solutions (less than 
about 10-3 mol dm-3). 

Brief illustration 50.1 The pH scale 

If the molar concentration of H30 + is 2.0 mmol dm-3 (where 1 

: mmol = 10-3 mol), then 

pH~ - log(2.0 x 10-3
) = 2.70 

: If the molar concentrat ion were ten times less, at 0.20 mmol 
: dm-3

, then the pH wou ld be 3.70. Not ice that the higher the 

: pH, the lower the concentration of hydronium ions in the so/u

: tion and that a change in pH by 1 unit corresponds to a tenfold 

: change in molar concent ra t ion. 

l : Self-test 50.1 

: : Death is like ly if the pH of human blood plasma changes by 

: : more than ±0.4 from its normal va lue of 7.4. What is the ap· 

: : proximate range of molar concentrations of hydrogen ions 
: : for which life can be sustained? .. 
• • Answer: 16 nmol dm-3 to 100 nmol dm_, (1 nmol = 10·' moll 

50.2 Protonation and 
deprotonation 

All the solutions considered in this Topic are so di
lute that the water present can be regarded as being 
a nearly pure liquid and therefore as having unit 
activity. When aH,o is set equal to 1 in eqn 1a, the 
resulting equilibrium constant is called the acidity 
constant, K., of the acid HA:2 

K = aHP"aA_ ~ ([Hp+]tc•)([K]tc•) 
a aHA [HA]/ c• 

Acidity constant 
(definition] 

(4a) 

2 As remarked in Topic 5B, in expressions for equilibrium con
stants, molar concentrations are typically denoted UJ rather than c1• 

This rather cumbersome expression is normally written 

K =[Hp+][A- ] 
a [HA] 

(4b) 

with 'Ul' interpreted as U]tc• (i.e. as the numerical 
value of the molar concentration of J with the units 
mol dm-3 struck out). Acidity constants are also 
called acid ionization constants and, less appropri
ately (because deprotonation is not a simple frag
mentation into atoms), dissociation constants. Data 
are widely reported in terms of the negative common 
logarithm of this quantity: 

pKa=-logKa (5) 

It follows from eqn 6 of Topic SA (t>,c• = -RT InK) 
in the form InK= -t>,G.IRT, that pKa is proportional 
to t>,c• for the proton transfer reaction (see Problem 
5.25). Therefore, manipulations of pKa and related 
quantities are actually manipulations of standard re
action Gibbs energies in disguise. Note that if t>,G• > 0, 
corresponding to a deprotonation equilibrium lying 
in favour of reactants (the original acid molecules), 
then pKa > 0 too. 

The value of the acidity constant indicates the ex
tent to which proton transfer occurs at equilibrium 
in aqueous solution. The smaller the value of K., and 
therefore the larger the value of pK., the lower is the 
concentration of deprotonated molecules. In short: 

The higher the value of pK., the weaker the acid. 

Most species (compounds and ions) conventionally 
regarded as acids have Ka < 1 (and usually much less 
than 1), with pKa > 0, indicating only a small extent 
of deprotonation in water at typical concentrations. 
These proton donors are classified as weak acids. A 
few proton donors, most notably, in aqueous solu
tion, HCl, HBr, HI, HN03, H 2S04, and HC104, are 
classified as strong acids, and are commonly regarded 
as being completely deprotonated in aqueous solu
tion at typical concentrations. Sulfuric acid, H 2S04, 

is strong with respect only to its first deprotonation; 
the second deprotonation (the deprotonation of 
HS04- ), is weak. 

The corresponding expression for a base is called 
the basicity constant, Kb: 

Basicity constant 
(defin ition] 

(6) 



where the same convention for interpreting UJ has 
been used as in eqn 5, that is, as U]/c9

• A strong base 
is fully protonated in solution in the sense that Kb > 
1. One example is the oxide ion, 0 2

- , which in water 
is immediately and fully converted into its conjugate 
acid OH-. A weak base is not fully protonated in 
water in the sense that Kb < 1 (and usually much less 
than 1). Ammonia, NH3, and its organic derivatives 
the amines are all weak bases in water, and only a 
small proportion of their molecules exist as the con
jugate acid (NH/ or RNH/) in typical solutions. 

The autoprotolysis constant for water, K, is the 
equilibrium constant in eqn 2 with the activity of 
water set equal to 1: 

Autoprotoly-
Kw = aH,o•aow pKw =-log Kw sis constant (7) 

[definition] 

At 25 °C, the only temperature considered in this 
Topic, Kw = 1.0 x 10-14 and pKw = 14.00. A highly 
important relation is obtained by taking the common 
logarithm of both sides of the definition of Kw: 

r log XV= log X+ log V ) 

1ogaH
30

. a0 w = logaH,o+ + 1oga0 w 
~ '---v---' ~ 

- pKw - pH - pOH 

and therefore 

pH+pOH=pKw 
Relation between 
pH and pOH (8) 

where pOH =-log aow· This relation means that the 
activities (in elementary work, the molar concentra
tions) of hydronium and hydroxide ions are related 
by a seesaw relation: as one goes up, the other goes 
down to preserve the value of pKw-

The existence of Kw implies a simple relation
ship between the basicity constant of a base and the 
acidity constant of its conjugate acid: 

Base B: 

B(aq) + H 20(1) ~ HB•(aq) + OH-(aq) Kb 

Conjugate acid HB•: 

HB•(aq) + H 20(1) ~ H 30 •(aq) + B(aq) K, 

Thus, when the two constants are multiplied to
gether, the result is 

Cancel blue terms 
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The implication of this relation is that K, increases as 
Kb decreases to maintain a product equal to the con
stant Kw. That is, as the strength of a base decreases, 
the strength of its conjugate acid increases, and vice 
versa. On taking the common logarithm of both sides 
of the last equation 

r(log xv= log x+ log v ) 

logK,Kb = logK, + logKb = logKw 
~ ~ '---v--' 

- pK3 - pKb - pKw 

and therefore 

Relation between 
pK, and pKb (9b) 

with pKw = 14.00 at 25 oc. The great advantage of 
this relation is that the pKb values of bases may be 
expressed as the pK, of their conjugate acids, so the 
strengths of all weak acids and bases may be listed in 
a single table (Table 5D.1). 

Brief illustration 50.2 Acidity and basicity constants 

If the acidity constant of the conjugate acid (CH 3NH; l of the 
base methylamine (CH3NH 2) is reported as pK, = 10.56. 

CH3NH,+(aq) + H20(1) ~ H,O•(aq) + CH3 NH2(aq) pK, = 10.56 

you can infer that the basicity constant of methylamine itself. 
the equilibrium constant for 

CH3NH 2(aq) + H20(1) ~ CH 3NH,+(aq) + OH-(aq) 

is 

pKb =pi(,- pK, = 14.00- 10.56 = 3.44 

: Self-test 50.2 
0 

: The pK, of CH3COOH is 4.75; what is the pKb of CH3CO; ? 
: Answer: 9.25 

The extent of deprotonation of a weak acid in so
lution depends on the acidity constant and the initial 
concentration of the acid, its concentration as pre
pared (its concentration before proton transfer has 
been taken into account). The fraction deprotonated, 
fdepmronmd, the fraction of acid molecules HA that 
have donated a proton, is 

I' _ [A - ],quilibrium 
I deprotonated - [HA] 

as prepared 

Fraction of 
deprotonated acid (lOa) 
[definition] 

where [A-],quilibtium is the molar concentration of the 
conjugate base at equilibrium and [HA]"P"P"'d is the 
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Table5D.1 

Acidity and basicity constants* at 298.15 K 

Acid/Base Ko pKo K, 
........................... ................................ . .............................. 

Strongest weak acids 

Trich loroethanoic acid (trich loroacetic acid), 3.3 X 10-14 13.48 3.0 X 10-1 

CCI3COOH 

Benzenesulfon ic acid, C6H5S03H 5.0 X 10-14 13.30 2 X 10-1 

I odic acid, Hl0 3 5.9 X 10-14 13.23 l7 X 10-1 

Sulfurous acid, H2S03 6 .3 X 10-13 12.19 l6 X 10-2 

Chlorous acid, HCI0 2 lOx 10-12 12.00 l0 X 10-2 

Phosphoric acid, H3 P04 l3x 10-12 11.88 7.6 X 10-3 

Chloroethanoic acid (ch loroacetic acid), 7.1 X 10-12 11. 15 l4 X 10-3 

CH2CICOOH 

Lactic acid, CH3CH(OH)COO H l2 X 10-11 10.92 8.4 X 10-4 

Nitrous acid, HN02 2 .3 X 10-11 10.63 4.3 X 10-4 

Hydrofluoric acid, HF 2.9 X 10-11 10.55 3.5 X 10-4 

Methanoic acid (formic acid), HCOO H 5.6 X 10-11 10.25 l8 X 10-4 

Benzo ic acid, C6H5COOH l5 X 10-10 9 .81 6.5 X 10-4 

Ethanoic acid (acetic acid). CH3COOH 5.6 X 10-10 9 .25 5.6 X 10-4 

Carbon ic acid, H2C03 2 .3 X 10-8 7.63 4.3 X 10-7 

Hypochlorous acid, HCIO 3.3 X 10-7 6.47 3.0 X 10-8 

Hypobromous acid, H BrO 5.0 X 10-6 5.31 2.0 X 10-9 

Boric acid, B(OH),' l4x 10-5 4.86 7.2 X 10-10 

Hydrocyan ic acid, HCN 2.0 X 10-5 4.69 4.9 X 10-lO 

Phenol, C6H50 H 7.7 X 10-5 4.11 l3 X 10-lO 

Hypoiodous acid, HIO 4.3 X 10-4 3 .36 2.3 X 10-11 

Weakest weak acids 
.............................................. .................. . ................. 
Weakest weak bases 
Urea, CO(N H2)2 l3 X 10-14 13.90 7.7 X 10-1 

An iline, C6H5NH2 4.3 X 10-10 9 .37 2.3 X 10-5 

Pyridine, C5H5N l8 X 10-9 8 .75 5.6 x 10-B 

Hydroxylamine, NH20 H l1 X 10-8 7.97 9.1 X 10-7 

Nicotine, C10H11 N2 l0 X 10-6 5.98 l0 X 10-8 

Morph ine, C17H190 3N l6 X 10-6 5.79 6.3 X 10-9 

Hydrazine, NH2NH2 l7 X 10-6 5.77 5.9 X 10-9 

Ammonia , NH3 l8x 10-5 4.75 5.6 X 10-lO 

Trimethylamine, (CH3)3N 6.5 X 10-5 4.19 l5 X 10-lO 

Methylamine, CH3NH2 3 .6 X 10-4 3.44 2.8 X 10-11 

Dimethylam ine, (CH3)2NH 5.4 X 10-4 3 .27 l9 X 10-11 

Ethylamine, C2H5NH2 6 .5 X 10-4 3 .19 l5 X 10-11 

Triethylamine, (C2H5),N lOx 10-3 2.99 l0 X 10-11 

Strongest weak bases 

*Values for polyprotic acids- those capable of donating more than one proton- refer to the first deprotonation. 
'The proton transfer equi librium is BIOH)3(aq) + 2 H20 (1) ~ H,O'Iaq) + BIOH),-(aq). 

pK, 

0.52 

0.70 

0.77 

l81 

2.00 

2.12 

2.85 

3.08 

3.37 

3.45 

3.75 

4.19 

4.75 

6.37 

7.53 

8 .69 

9.14 

9.31 

9.89 

10.64 

0.10 

4.63 

5.35 

6.03 

8 .02 

8 .21 

8 .23 

9.25 

9.81 

10.56 

10.73 

10.81 

11.01 



initial molar concentration of the acid. The extent 
to which a weak base B is protonated is reported in 
terms of fpmronatod, the fraction protonated: 

f. 
_ [HB+Joquilib<ium 

protonated - [B] 
as prepared 

Fraction of 
protonated acid 
ldefinitionl 

(lOb) 

where [HB+],quilih<ium is the molar concentration of 
the conjugate acid at equilibrium and [B]., p«pmd is 
the initial molar concentration of the base. The pH 
of a solution of a weak acid or a weak base can be 
estimated and either of these fractions calculated by 
using the equilibrium-table technique described in 
Topic 5B and illustrated in the following sequence of 
examples. 

'#ifl"!.lfj<1.8• 
Assessing the extent of deprotonation of a weak acid 

Estimate the pH and the f raction of CH3COOH molecules 
deprotonated in 0.15 M CH3COOH(aq). 

Collect your thoughts Calcu la· 

lions ofthe properties of solutions 

of weak acids and bases typically 

involve considering their equ ilib· 

rium composit ions. Therefore, 
you shou ld be prepared to set up 

an equ ilibrium table as described 
in Topic 5B (specifica lly Example 

56.2), with x the change in molar 

rirY~ ••••• 
K = • • • :J 
' .. 

concentration of H30 + ions requ ired to reach equ ilibrium. Un
less the so lution is ve ry di lute, you can ignore the t iny concen

tration of hydronium ions present in pure water, so it follows 

that xis the concentration of hydronium ions at equ il ibrium. 

Once x has been found, go on to calcu late the pH. You shou ld 
also be alert to the possibil ity of making approximations to 

simplify the equations, and in particu lar because the extent 
of de proto nation is expected to be small (the acid is weak), to 

be able to suppose that x is very small compared to the in it ial 

concentration of CH3COOH. 

The solution Draw up the following equ ilibrium table: 

Species CH3COOH H30 + CH3CO,-

Initial concentration/ 0.15 0 0 
(moldm-3) 

Change to reach -X +X +X 
equilibriuml (mol dm-3) 

Equilibrium concentration/ 0.15-x X X 
(moldm-3) 

The va lue of x is found by inserting the equ ilibrium concentra

tions into the expression for the acidity constant: 
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,.----J._.,~ 

K = [H30 +][CH3CO; J XXX 

' [CH3COOH] 0.15-x 
0.15-x 

A note on good practice Ethanoic acid (acetic acid) is written 
CH3COOH because the two 0 atoms are inequivalent; its conju· 
gate base, the ethanoate ion (acetate ion) is written CH3CO; be· 
cause the two 0 atoms are now equivalent (by resonance). 

Th is expression cou ld be arranged into a quadratic equation 
(specifically, X'+ K,x- 0.15K, = 0) and, as explained in The 

chemist's toolkit 13 in Topic 5B, so lved for x. In many cases it 

m ight be appropriate to simpl ify the quadratic equation and 

solve it by approximation. 

1. Solution by hand 

Use the smallness of x to replace 0.15 - x by 0.15 (this ap

proximation is va lid if x « 0.15, wh ich is like ly because the 
acid is weak, but should be verified at the end of the ca lcu la

t ion once x has been calcu lated). Then the simplified equation 

K, = X'/0 .15 rearranges first to 0.15 x K, =X' and then to 

X= (0.15 X K,)112 = (0.15 X 1.8 X 10-5) 112 = 1.6 ... X 10-3 

where the va lue for the acidity constant. K,, has been taken 

from Table 5D.1. 

A note on good practice When an approximation has been as
sumed, veri fy at the end of the calculation that the approximation 
is consistent with the result obtained. In this case, it is assumed 
that x« 0. 15 and have found that x= 0.0016, which is consistent. 

Then 

pH= -log(1.6 .. x 10-3) = 2.78 

Ca lculations of th is kind are rarely accurate to more than 
one decimal place in the pH (and even that may be too opti

m istic) because the effects of ion-ion interactions have been 

ignored, so th is answer would be reported as pH = 2.8. The 

fract ion deprotonated, fdeprotonated• is 

X 

0.15 

1.6 ... X 10-3 

0.15 
0.011 

That is, on ly 1.1 per cent of the acetic acid molecu les have 

donated a proton. 

2. Solution using mathematical software 

Use software to solve the equation 

_ _ x_' -=1 .8 x 10-5 

0.15-x 

directly. The resu lts are x=-1.652 ... x 10-3, 1.634 .. x 10-3 . Only 

the posit ive value is physically meaningfu l, and in th is case it 

must be reported w ith two significant figures. Then proceed 

as above w ith x= 1.6 x 10-3 to ca lcu late f,,'"'"""' = 0.11. 
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: Self-test 50.3 

: Estimate the pH of 0.010 M CH3CH(OH)COOH(aq) (lactic 

; acid) from the data in Table 50.1. Before carrying out the 

: numerica l calculation, decide whether you expect the pH to 
; be higher or lower than that calculated for the same concen

; tration of acetic acid. 

Answer: 2.5 

Estimating t he pH of a dilute solution of a weak acid 

Estimate the pH of 1.5 x 10-4 M CH, COOH(aq), being careful 

to treat this solution as dilute, and not open to the approxima
tions used in Example 50. 1. 

Collect your thoughts This ex

ample is very similar to Example 
50.1, but you should notice that 
the solution is much more dilute, 

and consequently the extent of 

deprotonat ion might not be small 
i'iFY~ ••••• 

K = • •• :J 
• •• ; (even though the acid is weak). 

Therefore, be prepared to solve 
the quadratic equation that re-
suits from manipulation of the expression for K, exactly (see 

The chemist's toolkit 13 in Topic 5B) . 

The solution As in Example 50.1, draw up the fol lowing equi

librium table: 

Species CH,COOH H,o · CH,co,-

In itial concentration/ 1.5 X 10-4 0 0 
(moldm-3) 

• Change to reach -X +X +X 
; equilibrium/(mol dm-3) 

' Equilibrium concentration/ 1.5 X 10-4 X X 
(moldm-3) -X 

1. Solution by hand 

If you continued as in Example 50.1, you would calculate x = 
5.2 x 10· 5, which although less than the initial concentration is 

not much less. Therefore, you must solve the equation 

x' 
K, 

; which, after multiplying both sides by 1.5 x 10-4 - x, rearranges 

to 

~ ,.!L.~ 
1x 2 +K, x - (1.5x 10-4 )K, = 0 

From Table 50. 1, K, = 1.8 x 10-5
. Therefore, from the expres

sion in The chemist's toolkit 13 in Topic 5B for the roots of 
quadratic equations, 

'"' ~ b2 ,!1.... c 

-1.8x10.,; ± ((-1 .8x10.,; )2 -4(1) x (-1.5x 10-4 x 1.8x 10-5
)}

112 

X 
~ 

2x1 

' 
= 4.4x10.,; or-6.2x10.,; 

Because xis equa l to the concentrat ion of H, o •, it cannot 

be negative, so select x= 4.4 x 10-5
. It fol lows that pH = 4.4. 

2. Solution us ing mathemat ical software 

As in Example 50.1, use software to solve the equation 

x' 
__ c.:._-4~- = 1 .8 x 1 o-' 
1.5x10 -x 

(with K, = 1.8 x 10-5) . The resu lts are x = -6. 173 ... x 10-5, 

4.373 ... x 10-5
. Only the positive value is physical ly mean

ingful (it is the va lue of a concentration), and in this case it 
must be reported w ith two sign ificant figures. Proceed as 
above w ith x= 4.4 x 10· 3 to calculate pH = 4.4. 

Comment The illegal ca lculat ion, w hich would have assumed 
from the outset that x« 1. 5 x 10·•, would have given 4.3. 

: Self-test 50.4 

; Estimate the pH of 1.5 x 10-4M CH, CH(OH)COOH(aq) (lactic 

: acid) from the data in Table 50.1. 

Answer: 3.9 

i§ifi .. !.!IJ1·f• 
Assessing the extent of proto nation of a weak base 

The conjugate ac id of the base quinoline (1) has pK, = 4.88. 
Estimate the pH and the fraction of molecules protonated in 
a 0.010 M aqueous solution of quinoline. 

" co 
1 Quinoline 

Collect your thoughts The treat

: ment of solutions of weak bases 

' is very similar to that of weak 

acids, but the focus switches 
from the concentration of H,o • 

ions to that of OH· ions. You can 

therefore beg in by calcu lating the 

concentration of OH· ions in the 

solution by using the equ ilibrium-
table technique. Note that you will need an expression and 
value forK,, but you are given pK,. To find the value, use pK, = 
pf\. - pK, . Once you have the concentration of OH" ions, 

express it as the pOH of the solution . You then need to con
vert pOH to pH by using the water autoprotolysis equi librium, 



The solution First, write 

pKb = 14.00-4.88 = 9.12, corresponding to Kb = 10-9
·
12 

= 7.6 X 10-10 

Now draw up the following equilibrium table, denoting quin
oline by Q and its conjugate acid by HQ•: 

Species Q OH- HQ+ 

...................... ................... 
Initial concentration/ 0.010 0 0 
(moldm-3) 

Change to reach - X +X +X 
equilibrium! ( mol dm-3

) 

Equilibrium concentration/ 0.010-x X X 
(mo/dm-3) 

1. Solution by hand 

The value of xis found by inserting the equilibrium concentra
tions into the expression for the basicity constant and antici
pating, because the base is so weak, that X« 0.010: 

0.010-x 0.010 
'-------v---' 

.. Q.OlO 

Then the simplified equation K, = x'/0.010 rearranges to 

X= (0.010 X 1(,)112 = (0.010 X 7.6 X 10-10)112 = 2.8 X 10-e 

This value is consistent with the assumption that x << 0.01 0. 
Therefore, 

X 

pOH = -log ffll = -log(2.8 x 10-6
) = 5.55 

Checklist of key concepts 

0 1 In the Brsnsted-Lowry theory of acids and bases, 

an acid is a proton donor and a base is a proton 

acceptor. 

0 2 The strength of an acid HA is reported in terms of its 

acidity constant, K,. and that of a base Bin terms of 

its basicity constant, Kb. 
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and consequently pH= 14.00- 5.55 = 8.45, or about 8.4. The 
fraction protonated, f, 010"'1ed , is 

f. _ [HQ+)OQ,mbriom 
protonated - [Q] as prepared 

_x_ = 2.8 x 1 o-e = 2_8 x 1 0_. 
0.010 0.010 

or 1 molecule in about 3500. 

2. Solution using mathematical software 

As in Examples 50. 1 and 50.2, use software to solve the 
equation 

__ x_' _=7.6 x 10-10 
0.010- x 

(with K, = 7.6 x 10-10). The results are x = -2.757 .. x 10-e, 
2.756 ... x 10-e. Again, only the positive result is meaningfu l, 
and it must be reported with two significant figures as x= 2.8 x 
10_._ Proceed as above to calculate the fraction protonated as 

fprotonated = 2 · 8 X 1 Q-4 · 

! Self-test 50.5 

• The pK, for the first protonation of nicotine (2) is 8.02. What 
is the pH and the fraction of molecules protonated in a 
0.015 M aqueous solution of nicotine? 

- ~ - ~ 
~N 

2 Nicotine 

Answer: 10.1 ; 1/120 

0 3 A weak acid has K, < 1, with pK, > 0. A strong acid is 

commonly regarded as being completely deproton

ated in aqueous solution. 

0 4 A strong base is fully protonated in solution (Kb > 1 ). 

A weak base is not fully protonated in water (Kb < 1 ). 



TOPIC 5E 

Polyprotic acids 

~ Why do you need to know this 
material? 

Many acids can donate more than one proton 
and the species present in solution depend on 
the pH. This Topic also shows the importance of 
being able to identify and implement approxi
mations. 

~ What is the key idea? 

Proton transfer is so rapid that all proton 
transfer equilibria, including sequential proton
ations and deprotonations, are immediately es
tablished in solution. 

~ What do you need to know already? 

This Topic develops the material in Topic SD and 
depends on the manipulation of acidity constants. 

A polyprotic acid is a molecular compound that can 
donate more than one proton. Two examples are sul
furic acid, H2S04, which can donate up to two pro
tons, and phosphoric acid, H3P04, which can donate 
up to three. A polyprotic acid is best considered to 
be a molecular species that can give rise to a series 
of Bremsted acids as it donates a succession of pro
tons. Thus, sulfuric acid is the parent of two Bmnsted 
acids, H 2S04 itself and HS04-; similarly, phosphoric 
acid is the parent of three Bmnsted acids, namely 
H3P04, H 2P04-, and HP04

2
- . 

As pointed out in Topic 5B, molar concentrations 
are commonly denoted UJ in expressions for equilib
rium constants, but c1 in expressions relating to activ
ities; be prepared to use either symbol in calculations, 
depending on the context. 

5E.1 Successive deprotonation 

For a species H 2A with two acidic protons (such as 
H 2S04), the successive equilibria to consider are 

H 2A(aq) + H 20(1) 
<== H30 +(aq) + HA-(aq) 

HA-(aq) + H 20(1) 
<== H30 +(aq) + A2-(aq) 

In the first of these equilibria, HA- is the conjugate 
base of H2A. In the second, HA- acts as the acid and 
A2- is its conjugate base. 

Values of successive acidity constants of poly
protic acids are given in Table 5£.1. In all cases, K,2 is 
smaller thanK,~> typically by three orders of magni
tude for small molecular species, because the second 
proton is more difficult to remove, partly on account 
of the negative charge on HA -, which attracts the 
positive charge of H+ and hinders its escape. En
zymes are polyprotic acids, for they possess many 
protons that can be donated to a substrate molecule 
or to the surrounding aqueous medium of the cell. 
For them, successive acidity constants vary much less 
because the molecules are so large that the loss of a 
proton from one part of the molecule has little effect 
on the ease with which another some distance away 
may be lost. 

5E.2 Speciation 

Speciation is the specification of the fractional com
position of ions in a solution. The speciation of a 
diprotic acid H 2A depends on the pH of the solution 
that has been controlled by the addition of a strong 
acid or strong base. Thus, at low pH you should ex
pect H 2A to be dominant because the abundance of 
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Table5E.1 
Successive acidity constants of po/yprotic acids at 298.15 K 

Acid K, 

·--- --- -------- --- -------- --- -------- --- ------· 
Carbon ic acid, H2C03 4.3 X 10-7 

Hydrosulfur ic acid, H2S 1.3 X 10-7 

Ethanedioic acid (oxa lic acid). (COO H), 5.9 X 10-2 

Phosphoric acid, H3P04 7.6 X 10-3 

Phosphorous acid, H2P03 1.0 X 10-2 

Sulfuric acid, H2S04 Strong 

Sulfurous acid, H2S03 1. 5 X 10-2 

Tartaric acid, C2H40 2(COO H)2 6.0 X 10-4 

hydrogen ions favours its formation. At high pH the 
acidic protons will be stripped from the molecules 
and the dominant species will be A 2-. As shown in the 
following Justification, the fractions of ions present 
at a general pH are 

(l a) 

(lb) 

(lc) 

with 

(ld) 

Justification 5E.1 

Fractional composition 

The derivation of eqn 1 involves us ing materia l balance and two 
acidity constants to express the composition in terms of [H30 +J. 

Step 1: Establish three equations for the three unknown 

concentrations 

The two acidity constants are 

H2A(aq) + H20(1) ~ H30 +(aq) + HA-(aq) K - IH30 +J[HA- l 
'

1
- IH

2
Al 

The tota l concentration of acid and its successive deproton-

• ated forms, given its initia l concentration A= [H2Al,,""'"'' is 

pK., K,2 pK,2 K,3 pK,3 

6.37 5 .6 X 10- 11 10.25 

6.88 7. 1 X 10-15 14.15 

1.23 6 .5 X 10-5 4.19 

2.12 6 .2 X 10-B 7.21 2. 1 X 10-13 12.67 

2.00 2.6 X 10-7 6.59 

1.2 X 10-2 1.92 

1.81 1.2 X 10-7 6.91 

3 .22 1. 5 X 10-5 4.82 

You now have three equations for three unknown concentra

t ions: [H2AL [HA-L and [A2-I. 

Step 2: Use the acidity constants to express the concen

trations of the deprotonated species 

Use K., to express [HA-l in terms of [H2AJ : 

Now use K,2 to express [A2-I in terms of [HA-l and then [H2AJ : 

From expression 
for Ka1 

K,1K,2 [H2Al 

IH3o +J' 

Step 3: Express the total concentration A 

• Use the resu lts from steps 1 and 2 to w rite A in terms of [H2Al 

and [H30 +J: 

[HA- l [A2- J 
~~ 

A= IH AI+ K, [H2Al + K, K,2[H2Al 
2 [H30 +J [H30 +J' 

={1+~+ K,1K' 2 } IH AI 
[H30 +1 [H30 +J' 2 

H 

= [H3~+ l 2 ([H30 +J' + [H30 +JK,1 + K,1K, 2 JIH2Al 

H[H2Al 
= IH3o +J' 

Step 4: Express the fractional composition of the species 

present in terms of A and then H 

It fo llows that the fractions f of each species present in the 

solution are 
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f(H
2
A) = [H,Al 

A 

and similarly 

[H2A] 

H [H2A](1 I [H30 + ll' 
1 

IH,o +J' 

H 

f(HA _1 = [HA -I = [H30 +]K, 
A H 

as in eqn 1. 

Brief illustration 5E.1 Speciation of a diprotic acid 

Ethanedioic acid (oxal ic acid, HOOC-COOH). wh ich we de
note H2C20 4 , exists in solution in equ ilibrium w ith HC20 4- and 

C,O/-. To show how the compos it ion of an aqueous solution 

varies w ith pH, insert K, = 5.9 x 10-2 and K,2 = 6.5 x 10-5 into 

all parts of eqn 1. The resul t ing fract ions are plotted aga inst 
pH= - log [H30 +J in Fig . 1 (so that [H30 +J in each expression is 
given by 10-PH). Note from the graphs that: 

• H2C20 4 is dom inant for pH< pK,, 

• H2C20 4 and HC20 4- have the same concentration at pH= 

pK, , 

• HC20 4- is dom inant for pH> pK, , 

• HC20 4- and C20 4
2

- have the same concentration at pH = 

pK, 2, and 

• C,O/ - is dominant for pH> pK,2 . 

: Self-test 5E.1 

: Construct the diagram for the fraction of protonated spe

: cies in an aqueous solution of carbonic acid (for data, see 

: Table 5E. 1 ). 

Answer: See Fig. 2 

You should always be ready to take advantage of 
symmetries in the expressions. In the current context, 
inspection of the three expressions for the fractions 
of the species present in eqn 1 shows symmetry in the 
appearance of [H30 +] and the Ks. By noting this sym
metry, you should be able to write down the expres
sion for the species present in a solution of a triprotic 
acid without repeating the detailed calculation. 
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Fig. 1 The fract iona l compos it ion of the protonated and depro
tonated forms of ethanedioic acid (oxa lic acid) in aqueous 
solution as a funct ion of pH . Note that conjugate pa irs are 
present at equal concentrations when the pH is equal to the 
pK, of the acid member of the pair. 
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Fig. 2 The fractiona l compos it ion of the protonated and 
deprotonated forms of carbon ic acid in aqueous solution as 
a function of pH . 

Calculating the fractional composition of a solution 

of a triprotic acid 

Phosphoric acid, H3P04, exists in solution in equilibrium w ith 

H2P04- , HPO/-. and P04,_ . Write expressions for the frac

t iona l compos it ions of these four species. 

Collect your thoughts You cou ld 

proceed systematica lly in just the 

same way as in the Justification 
of eqn 1, but allowing for three 

successive deprotonat ion steps. 
However, it is far more econom

ica l to identify the pattern in eqn 1 

and then to extend the pattern in 

an obvious way. 

t 
.... + ·~ ·· +·· 

t 
I 

·· + ·~ .+ .. 



The solution In an aqueous solution of phosphoric acid, 
H3P04, the following equilibria must be considered: 

H3P04(aq) + H20(1) 
~ H30 +(aq) + H2P04-(aq) 

H2P04-(aq) + H20( I) 
~ H30 +(aq) + HP04

2-(aq) 

HP04
2-(aq) + H20( I) 

~ H30 +(aq) + PO/ -(aq) 

K _ [H30 +J[H2P04- I 
'' - [H3P04 l 

IH o +J[HPO ,_I 
K _ ' • 
'' - IH,P04 I 

K _ [H30 +J[PO/ - I 
'
3

- IHPO/ I 

In place of the expression for A in the Justification write 

and, because the acid is triprotic, write Has 

H= [H30 +J' + K, 1[H30 +J2 + K,, K,2[H30 +J + K,, K,2K,3 

By direct extension of the expressions in eqn 1, you can now 

write 

: Self-test 5E.2 

! Plot the diagram for the fraction of protonated species in an 
! aqueous solution of phosphoric acid. . 

Answer: See Fig. 3 

Checklist of key concepts 

0 1 A polyprotic acid is a molecular compound that can 

donate more than one proton. 

0 2 Speciation is the specification of the species pre

sent in solution, typically as a function of pH. 
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Fig. 3 The fract iona l composition of the protonated and 
deprotonated forms of phosphoric acid in aqueous solution 
as a function of pH. 

The behaviour illustrated in Figs. 1-3 can be sum
marized as follows. Consider each successive conju
gate acid-base pair, with acidity constant K,n; with 
n = 1, 2, ... Then: 

• The acid form is dominant for pH < pK,n 

• The conjugate pair have equal concentrations at 
pH=pK," 

• The base form is dominant for pH > pK,n 

In each case, the other deprotonated forms of a poly
protic acid can be ignored, provided the pK,n values 
are not too close together. 

0 3 For a conjugate acid-base pair, the acid form is 

dominant for pH < pK,. the base form is dominant 

for pH> pK,. 



TOPIC 5F 

Acid-base equilibria 
of salts in water 

)- Why do you need to know this 
material? 

Chemists deal with solutions most of the time 
and need to know their properties. Moreover, 
central to analytical techniques are titrations 
and the control of pH with buffers. 

)- What is the key idea? 

The ions provided by salts act as weak Bnmsted 
acids or bases and in some cases both. 

)- What do you need to know already? 

You need to be familiar with the Bnmsted
Lowry theory (Topic 5D) and be able to manipu
late acidity and basicity constants. The Topic 
supposes that you are familiar with the calcu
lation of the pH of solutions of acids and bases 
(Topic 5D). 

The ions present when a salt is added to water may 
themselves be either acids or bases and consequently 
affect the pH of the solution. For example, when am
monium chloride is added to water, it provides both 
a weak acid (NH/) and a very weak base (Cl-). The 
net effect is that the solution is acidic. Similarly, a 
solution of sodium ethanoate consists of an ion that 
is neither an acid nor a base (the Na+ ion) and a base 
(CH3C02- ) . The net effect is that the solution is basic, 
and its pH is greater than 7. An amphiprotic species 
is a molecule or ion that can both accept and donate 
protons. For instance, HC03- can act as an acid (to 
form CO/-) and as a base (to form H2C03) . A ques
tion that arises is whether the solution is acidic on 
account of the acid character of HC03- , or basic 
on account of the anion's basic character. Acidity 

constants also play an important role in acid-base 
titrations, for they can be used to decide the value of 
the pH that signals the stoichiometric point, the stage 
at which a stoichiometrically equivalent amount of 
acid has been added to a given amount of base. 

5F.1 The pH of salt solutions 

To estimate the pH of the solution of a salt, you 
should proceed in exactly the same way as for the 
addition of a 'conventional' acid or base (Topic 5D): 
in the Bmnsted- Lowry theory, there is no distinction 
between 'conventional' acids such as ethanoic acid 
and the conjugate acids of bases (such as NH4 +). 

: 
Evaluating the pH of a salt solution 

Estimate the pH of 0.010 M NaCH3C02(aq). 

Collect your thoughts The solu
tion consists of a weak base 
(CH3CO,-) and an ion that is nei
ther an acid nor a base (Na+). 
so expect pH > 7. Proceed as in 
Example 50.3, taking the in it ial 
concentration of the base to be 
0.010 mol dm-3. Use for Kb the 
va lue obta ined from the va lue of 
K, for its conjugate acid ICH3COOH), for which K, = 1.8 x 10-s. 

The solution The proton transfer equi librium CH3C02 -(aq) + 
H20 (I)~ CH3COOH(aq) + OH-(aq) and the equilibrium table is 

Species 

Initial concentration/ 
(moldm-3) 

Change to reach 
equilibrium!( mol dm-3

) 

CH3CO,- OH- CH3COOH 

0.010 0 0 

-X +X +X 

Equilibrium concentration/ 0.010- x x 
(moldm-3) 

X 



The value of x is found by inserting the equi librium concen

trations into the expression for the basicity constant, which is 

equal (from K,K, = /C.,) to 

K _ Kw _ 1.0x1o-'' 5.5 ... x 1o-" 
, -K, -1.8x10 5 

and anticipating that x« 0.010: 

X X - .---"-------, 
K, = IOW][CH,COOHJ = ~ ~ ___!{__ 

[CH3C02 ] 0.010-x 0.010 
~ ~ 

Then the simplified equation K, = x'/0.010 rearranges to 

X= (0 .010 X }(,)112 = (0.010 X 5.5 .. X 10-10)112 = 2.3 .. X 1o-" 

This va lue is consistent with the assumption that x << 0.010. 
Therefore, 

~ 
pOH = -log[OW ] = -log(2.3 .. x 10_.) = 5.63 

and consequently pH= 14.00-5.63 = 8.37, or about 8.4. 

: Self-test 5F.1 

Estimate the pH of 0.0025 M NH(CH3),CI(aq) at 25 °C. 

Answer: 6.2 

Now consider the pH of a solution of a salt with 
an amphiprotic anion, such as NaHC03• As shown in 
the following Justification, the pH of such a solution 
is given by 

pH of amphiprotic 
salt solution (1) 

provided the molar concentration of the salt is high 
in the sense that Sfc• >> K,jK,2 and Sic" >> K,~> where 
S is the initial concentration of the salt. If these con
ditions are not satisfied, a much more complicated 
expression must be used. 

Brief illustration 5F.1 The pH of a solution of an amph i

protic species 

If the dissolved sa lt is sod ium hydrogencarbonate, you can 

immediately conc lude from the pK, va lues for the successive 

equi libria that the pH of the solution of any concentration (pro

vided the approximations remain valid) is 

PKal PKa2 

pH = Y, (637 + fci25) = 8.31 

The solution is basic. Because K.,!K,, = 2 x 10-4 and K,, = 4.3 x 

10-7
, this resu lt is reliable provided S!c" » 2 x 10-4 (that is, 

[NaHC03]., '"'"'d >> 0.2 mmol dm-3). 
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Self-test 5F.2 

Identify the pH of a solution of potassium dihydrogenphos

phate. 
Answer: pH~ 9.94;This expression is re liable provided 

S/c0 » 0.05(i.e. IKH,PO,J,,,,,,., » 0.05 mol dm-") 

Justification 5F.1 

The pH of an amphiprotic salt solution 

Consider a solution of the salt MHA with in itial concentration 

S, where HA- is the amphiprotic anion (such as HCO,-) and M• 

is a cation (such as Na•). 

Step 1: Identify the equilibria present 

The relevant equilibria involving the an ion are 

H2A(aq) + H20 (I)~ H,O•(aq) + HA-(aq) K, = [H,O•J[HA-VIH2AI 

HA-(aq) + H20 (I)~ H,O•(aq) + A'-(aq) K,, = [H,O•JIA'-VIHA-J 

Step 2: Set up the equilibrium table 

In it ially on ly HA- is present, and equi librium is ach ieved when 

its concentration is reduced by x due to the formation of H2A 

in the first reaction and also by ydue to the formation of A'- in 

the second reaction, for a net change of -(x + yj. The fi rst of 

these equilibria also results in the reduction of the concen

tration of H,o • by x and the second results in its increase by 

y, for a net change of y- x. The equil ibrium table is therefore 

as fol lows: 

Species H,A 

·--- -------········ ·································· ·-·- -- ------- ------- -·-·· ············ 
Initial molar 0 s 0 0 
concentration/ 
(moldm-3) 

Change to reach +X -(X+ yj +y +(y-x) 
equilibrium/ 
(moldm-3) 

Equilibrium X S-x-y y y-x 
concentration/ 
(moldm-3) 

Step 3: Use the equilibrium concentrations in the expres

sions for the acidity constants 

The two acid ity constants are 

IH,o •Hs- x- yl 

X 

IH,o • ]y 

(5-x-y) 
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Step 4: Solve for x andy, being prepared to make approxi- 14 1 --1 --1 - 1 --1 - =:::::+===i 
mations ~-

First, consider the express ion for K,, wh ich after mu lt iplica
t ion by xand replacement of [H30 +[ by v-x(from the equilib

rium table) becomes 

xK, = (y-x)(S-x- y) = Sv- v' - Sx+ x' 

Because xK, , X', and y' (in blue) are all very small compared 

w ith terms that have S in them, th is expression reduces to 

o~sv-Sx 

and therefore x~ v. and vlx~ 1. Now consider the product of 
the two acidity constants (wh ich will el im inate the common 

term [HA-l= S-x- y): 

_, 
K K =IH,O+](S-x-y) IH,O+ly =IHO+J' x 2 

' ' '
2 

X (5-x-y) 3 
X 

That is, 

[H 30 +] ~ (K, K,2)112 

Equation 1 then follows by taking the common logarithm of 

: th is expression. 

5F.2 Acid-base titrations 

An acid-base titration is a common analytical pro
cedure. The plot of the pH of the analyte, the solu
tion being analysed, against the volume of titrant, the 
solution in the burette, added is called the pH curve. 
It shows a number of features that are still of inter
est even nowadays when many titrations are carried 
out in automatic titrators with the pH monitored 
electronically: automatic titration equipment is built 
to make use of the concepts described here and have 
replaced the traditional use of the organic dyes used 
as indicators. 

First, consider the titration of a strong acid with a 
strong base, such as the titration of hydrochloric acid 
with aqueous sodium hydroxide. The reaction is 

HCl(aq) + NaOH(aq) ~ NaCl(aq) + H20(1) 

Initially, the analyte (hydrochloric acid) has a low 
pH. The ions present at the stoichiometric point1 (the 
Na+ ions from the strong base and the ct- ions from 
the strong acid) barely affect the pH, so the pH is 

1 For historical reasons, the stoichiometric point is widely called 
the equivalence point of a titration. The 'end point' is not the same 
as the stoichiometric point: it is the stage of the titration at which 
the indicator changes colour (when its two forms are in equal 
abundance) . 
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Fig. 1 The pH curve for the t itration of a strong acid (the ana
lyle) w ith a strong base (the titrant). There is an abrupt change 
in pH near the stoich iometric point at pH = 7. The fina l pH of 
the med ium approaches that of the t itrant 

that of almost pure water, namely pH = 7. After the 
stoichiometric point when base is added to a neutral 
solution, the pH rises sharply to a high value. The pH 
curve for such a titration is shown in Fig. 1. 

Figure 2 shows the pH curve for the titration of a 
weak acid (such as CH3COOH) with a strong base 
(NaOH). At the stoichiometric point the solution 
contains CH3C02- ions and Na+ ions together with 
any ions stemming from autoprotolysis. The pres
ence of the Bmnsted base CH3C02- in the solution 
means that you should expect pH> 7. In a titration of 
a weak base (such as NH3) and a strong acid (HCl), 
the solution contains NH/ ions and ct- ions at the 
stoichiometric point. Because Cl- is only a very weak 
Bmnsted base and NH/ is a weak Bmnsted acid the 
solution is acidic and its pH will be less than 7. 

Now consider the shape of the pH curve in Fig. 2 in 
terms of the acidity constants of the species involved. 
The approximations to be made are based on the fact 
that the acid is weak, and therefore that HA is more 
abundant than any A- ions in the solution. Further
more, when HA is present, it provides so many H 30 + 
ions, even though it is a weak acid, that they greatly 
outnumber any H 30 + ions that come from the very 
feeble autoprotolysis of water. Finally, when excess 
base is present after the stoichiometric point has been 
passed, the OH- ions it provides dominate any that 
come from the water autoprotolysis. As shown in 
the following justification, the pH at an intermediate 
stage of the titration can be estimated from the 
Henderson-Hasselbalch equation: 

H _ K _ 1 [acid] 
p - p ' og [base] 

Henderson-
Hasselbalch (2) 
equation 
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Fig. 2 The pH curve for the t itration of a weak acid (the ana
lyte) w ith a strong base (the titrant) . Note that the stoichio
metric point occurs at pH > 7 and that the change in pH near 
the stoichiometric point is less abrupt than in Fig . 1. The pK, of 
the acid is equal to the pH half way to the stoichiometric point. 

Justification 5F.2 

The Henderson-Hasselbalch equation 

Consider a solution of a weak acid HA and its t itration with 

strong base. The addition of titrant converts some of the acid 
to its conjugate base in the reaction 

Suppose enough t it rant is added to produce a concentration 
[basel of the conjugate base A- and simultaneously reduce 

the concentrat ion of acid HA to [ac id[. Then, because the acid 

and its conjugate base remain at equilibrium: 

HA(aq) + H20 (I) ~ H30 ' (aq) + A-(aq) 

• write 

This expression rearranges f irst to 

a _ K, [acid[ 
H:JO' - [basel 

and then, by taking common logarithms, to 

r log XV= log X+ log V ) 

log a • ~log K, [acidl = logK + log [acid( 
~ [basel ~ [basel 

-~ Pa 

which is eqn 2. 
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1Jif!,!.!fJ1fi 
: Estimating the pH at an intermediate stage in 

: a titration 

; Consider the titration of 25.00 em' of 0.10 M CH3COOH(aq) 

: w ith 0.20 M NaOH(aq) at 25 oc. Calcu late the pH of the solu

; t ion after the addit ion of 5.00 em' of the t it rant to the analyte 

: in t he titration. 

; Collect your thoughts The initial /' 

; acid analyte solution has pH = 2.9 
: (from Example 5D.2); the addition 
' of base w ill raise the pH, so you 

should expect a pH greater than 
2.9. The f irst step is to decide the 
amount of OH- ions added in the 
titrant, use that amount to cal
culate the amount of CH,COOH 
remaining, and then insert the concentrations into the Hen

derson-Hasselbalch equation. Notice that because the ratio 

of acid-to-base molar concentrations occurs in eqn 2, the 
volume of so lution cancels, and you can equate the ratio of 

concentrations to the ratio of amounts: 

The solution The addition of 5.00 em', or 5.00 x 10-3 dm3 

(because 1 cm3 = 10-3 dm3
). of titrant corresponds to the add

it ion of 

nmr = (5.00 x 10-3 dm3
) x (0.200 mol dm-3) = 1.00 x 10-3 mol 

Th is amount of OH- (1.00 mmol) converts 1.00 mmol 

CH,COOH to the base CH,Co,-. The initial amount of 

CH,COOH in the analyte is 

n CH,COOH = (25.00 X 10-3 dm3
) X (0.100 mol dm-3) = 2.50 X 10-" mol 

so the amount remaining after the addition of titrant is 

1.50 mmol. It then follows from the Henderson-Hasselbalch 

equation that 

H=4.75-lo 1.50x10-3 
P g 1.00x10-3 

4.6 

As expected, the addition of base has resulted in an increase 

in pH from 2.9. You should not take the value 4.6 too ser

iously because such calculations are approximate. However, 

it is important to note that the pH has increased from its initia l 
acidic value. 

Self-test 5F.3 

Calculate the pH after the addition of a further 5.00 cm3 of 

titrant. 

Answer: 5.4 
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Half-way to the stoichiometric point, when 
enough base has been added to neutralize half the 
acid, the concentrations of acid and base are equal 
and because log 1 = 0 the Henderson-Hasselbalch 
equation gives 

pH~ pK. 
pH ha lfway to the 
stoich iometric point (3) 

In the titration treated in Example 5F.2, at this stage 
of the titration, pH~ 4. 75. Note from the pH curve 
in Fig. 2 how much more slowly the pH is changing 
compared with initially: this point will prove im
portant shortly. Equation 3 implies that the pK. of 
the acid can be determined directly from the pH of 
the mixture. Indeed, the pK. may be calculated by re
cording the pH during a titration and then examining 
the record for the pH half way to the stoichiometric 
point. 

At the stoichiometric point, enough base has been 
added to convert all the acid to its base, so the solu
tion consists primarily of CH3C02- ions. These ions 
are Bmnsted bases, so you can expect the solution to 
be basic with a pH of well above 7. How to estimate 
the pH of a solution of a weak base in terms of its 
concentration is illustrated in Example 5D.3, so all 
that remains to be done is to calculate the concentra
tion of CH3C02- at the stoichiometric point. 

Brief illustration 5F.2 The pH at the stoichiometric point 

Because the ana lyte in Example 5F2 init ially contained 
2.50 mmol CH3COOH, the volume of t itrant needed to neu

tra lize it is the volume that contains the same amount of NaOH: 

II: _ 2.50x10-
3 

mol 1.25 x 10_, dm' 
"'" - 0.200 mol dm_, 

It is very important to note that the pH at the stoi
chiometric point of a weak acid-strong base titra
tion is on the basic side of neutrality (pH > 7). At 
the stoichiometric point, the solution consists of a 
weak base (the conjugate base of the weak acid, here 
the CH3C02- ions) and neutral cations (the Na• ions 
from the titrant) . 

The general form of the pH curve suggested by 
these estimates throughout a weak acid-strong base 
titration is illustrated in Fig. 2. The pH rises slowly 
from its initial value, passing through the values 
given by the Henderson-Hasselbalch equation when 
the acid and its conjugate base are both present, 
until the stoichiometric point is approached. It then 
changes rapidly to and then through the value char
acteristic of a solution of a salt, which takes into ac
count the effect on the pH of a solution of a weak 
base, the conjugate base of the original acid. The pH 
then climbs less rapidly towards the value corres
ponding to a solution consisting of excess base, and 
finally approaches the pH of the original base solu
tion when so much titrant has been added that the 
solution is virtually the same as the titrant itself. The 
stoichiometric point is detected by observing where 
the pH changes rapidly through the value calculated 
in the illustration at the beginning of this section. 

A similar sequence of changes occurs when the 
analyte is a weak base (such as ammonia) and the 
titrant is a strong acid (such as hydrochloric acid). 
In this case the pH curve is like that shown in Fig. 3: 
the pH falls as acid is added, plunges through the pH 
corresponding to a solution of the conjugate acid of 
the original base, in this case NH/, and then slowly 
approaches the pH of the original strong acid which 

14 

or 12.5 cm3
. At the sto ich iometric point, the amount of 12 

CH3CO,- is the same as the initia l amount of CH3COOH, 

namely 2.50 mmol. The total volume of the solution at th is 10 I~ 
stage is therefore 375 cm3, so the concentration of CH3CO,- is 

[CH CO -1= 2·50 x 1o-' mol 6.67x10-2 mol dm-' 
3 2 37.5 x 10_, dm3 

It then follows from a ca lcu lation similar to that in Example 

J: 
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- ~ SA-8 

6 
~ 

4 
stoichif met_ric 

/ ~ pomt 

-~ W8 
5F1 (with pKb = 9.25 for CH3CO,-) that the pH of the solution 2 
at the stoichiometric point is 8.8. 

Self-test 5F.4 

What is the pH at the stoich iometric point of a simi lar t itra

tion, but starting w ith 0.20 M CH3COOH(aq)? 

Answer:8.9 

0 
Volume of titrant added, V---+ 

Fig. 3 The pH curve for the t itrat ion of a weak base (the ana
lyl e) w ith a strong acid (the t it rant). The stoichiometric point 
occurs at pH< 7 The final pH of the solution approaches that 
of the t itrant. 



in this example is HCI. The pH of the stoichiometric 
point is that of a solution of a weak acid, and is calcu
lated as illustrated in Example SD.2 . 

5F.3 Buffer action 

The slow variation of the pH when the concentra
tions of the conjugate acid and base are nearly equal, 
when pH ~ pK., is the basis of buffer action, the 
ability of a solution to oppose changes in pH when 
small amounts of strong acids or bases are added 
(Fig. 4) . An acid buffer solution, one that stabilizes 
the solution at a pH below 7, is typically prepared 
by making a solution of a weak acid (such as eth
anoic acid) and a salt that supplies its conjugate base 
(such as sodium ethanoate). A base buffer, one that 
stabilizes a solution at a pH above 7, is prepared by 
making a solution of a weak base (such as ammonia) 
and a salt that supplies its conjugate acid (such as 
ammonium chloride) . 

Brief illustration 5F.3 The pH of a buffer solution 

Suppose you need to estimate the pH of a buffer formed from 
equal amounts of KH 2P04 (aql and K2HP04(aql . Note that the 
two anions present are H2P04- and HPO.'-. The former is the 
con jugate acid of the latter: 

H2P04-(aq) + H20(1) ~ H30 •(aq) + HPO/-(aq) 

so you need the pK, of the acid form, H2P04 - . In this case you 
can take it f rom Table 5D.1, or recognize it as the pK,2 of phos
phoric acid, and take it from Table 5E.1 instead. In either case, 
pK, = 7.21. Hence, the solution should buffer close to pH= 7. 

; Self-test 5F.5 

: Est imate the pH of an aqueous buffer solution that contains 
: equal amounts of NH3 and NH4CI . . 

Answer: 9.25; more real istically: 9 

An acid buffer stabilizes the pH of a solution be
cause the abundant supply of A- ions (from the salt) 
can remove any H 30 + ions brought by additional 
acid; furthermore, the abundant supply of HA mol
ecules (from the acid) can provide H 30 + ions to react 
with any base that is added. Similarly, in a base buffer 
the weak base B can accept protons when an acid is 
added and its conjugate acid HB+ can supply protons 
if a base is added. 

These abilities can be expressed quantitatively by 
considering the changes in equilibrium composition 
of hydronium ions in the presence of a buffer. This 
behaviour is best illustrated with a specific example. 
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Fig. 4 The pH of a solution changes on ly slowly in the region 
of ha lf way to the stoich iometric point (SP). In th is reg ion the 
solution is buffered to a pH close to pK,. 

: Illustrating the effect of a buffer 

When a drop (taken to be 0.20 cm3) of 1.0 M HCI(aq) is added 
to 25 cm3 of pure water, the resulting hydronium ion con
centration rises to 0.0080 mol dm-3 and so the pH changes 
from 7.0 to 2.1, a big change. Now suppose the drop is added 
to 25 cm3 of an ethanoate buffer solution that is 0.040 M 

NaCH3C02(aq) and 0.080 M CH3COOH(aq). What w il l be the 
change in pH? 

Collect your thoughts The pres
ence of the acid indicates that 
this mixtu re w ill be an acid buffer. 
Use the Henderson- Hasselba lch 
equation (or, better, first prin
ciples), to estimate the initial pH . 
Then calculate the amount of H30 + 
added in the drop and the conse
quent changes to the amounts 

,I lfl 
"·~ 

v 
"'~ 

of ethanoic acid and ethanoate ions in the solution. Use the 
Henderson-Hasselbalch equat ion to estimate the pH of the 
resu lting solution . 

The solution The in it ial pH of the buffer solution is 
!Cfi:3COOHV 
ICH:JC02- l 

PKa ~ 

H = 4.75 - lo 
0

·
080 

= 4.45 
p g 0.040 

The drop of HCI(aq) contains 

n(H30 +) = (0.20 x 10-3 dm3) x (1.0 mol dm-3
) = 0.20 mmol 

The buffer solution contains 

n(CH3CO,-) = (25 x 10-3 dm3) x (0.040 mol dm-3) 
=1 .0mmol 

n(CH3COOH) = (25 x 10-3 dm3) x (0.080 mol dm-3) 
=2.0 mmol 

The ethanoate ion is protonated by the incoming acid, 
and so its amount is reduced to 0.8 mmol. As a result, the 



212 FOCUS 5 CHEMICAL CHANGE 

amount of CH3COOH rises from 2.0 mmol to 2.2 mmol. The 
volume of the solution barely changes, so the two concentra
tions become 0.032 mol dm-3 NaCH3C02(aq) and 0.088 mol 
dm-3 CH3COOH(aq). It then follows from the Henderson

Hasselbalch equation that 

(CriJCOOH)/ 
(CH3C02- J 

PKa r---"'----. 

H = 4:'75 -lo 
0

·
088 

= 4.31 p g 0.032 

Checklist of key concepts 

0 1 An amphiprotic species is a molecule or ion that 

can both accept and donate protons. 

02 The pH of a mixed solution of a weak acid and 

its conjugate base is given by the Henderson

Hasselbalch equation . 

03 The pH of a buffer solution contain ing equal con

centrations of a weak acid and its conjugate base 

is pH= pK,. 

The change in pH is from 4.45 to 4.31, far smaller than in the 

absence of the buffer. 

Self-test 5F.6 

Estimate the change in pH when 0.20 cm3 of 1.5 M 

NaOH(aq) is added to 30 cm3 of (a) pure water and (b) a 
phosphate buffer that is 0.20 M KH2P04(aq) and 0.30 M 

K2HP04(aq). 

Answer: lal 7.00 to 9.00; (b) 7.39 to 7.42 

04 An acid buffer solution stabilizes the solution at a 

pH below 7, and is prepared by making a solution 

of a weak acid and a salt that supplies its conjugate 

base. 

0 5 A base buffer stabilizes a solution at a pH above 

7, and is prepared by making a solution of a weak 

base and a salt that supplies its conjugate acid. 



TOPIC 5G 

So I u b i I i ty e q u i I i b ria 

~ Why do you need to know this 
material? 

Much of chemistry makes use of aqueous solu
tions and you need to understand what controls 
the ability of a substance to dissolve in water, 
and how to modify the extent of that dissolving. 

~ What is the key idea? 

In a saturated solution, the dissolved and undis
solved solutes are in a heterogeneous dynamic 
equilibrium. 

~ What do you need to know already? 

The Topic assumes that you know how to write 
equilibrium constants in terms of activities 
(Topic 5B). The final section draws on infor
mation about activity coefficients developed in 
Topic 5H, but is largely self-contained. 

A solid dissolves in a solvent until the solution and 
the solid solute are in equilibrium. At this stage, the 
solution is said to be saturated, and its molar con
centration is the molar solubility, s, of the solid. That 
the two phases-the solid solute and the solution
are in dynamic equilibrium implies that equilibrium 
concepts can be used to discuss the composition of 
the saturated solution. A solubility equilibrium is an 
example of a heterogeneous equilibrium in which the 
species are in different phases (the solid solute and 
the solution) 

The properties of aqueous solutions of electro
lytes are commonly treated in terms of equilibrium 
constants. The discussion will also be limited to 
sparingly soluble salts, which are ionic compounds 

that dissolve only slightly in water. This restriction 
is applied because the ion-ion interaction is a com
plicating feature of more concentrated solutions and 
more advanced techniques are then needed before the 
calculations are reliable. 

5G.1 The solubility constant 

The heterogeneous equilibrium between a sparingly 
soluble ionic compound, such as calcium hydroxide, 
Ca(OHh, and its ions in aqueous solution is 

a a2 

Ks = Ca
2
+ OH-

aca(OH), 
'-.r-' 

1 

The equilibrium constant for an ionic equilibrium 
such as this, bearing in mind that the pure solid does 
not appear in the equilibrium expression because its 
activity is 1, is called the solubility constant (it is also 
called the solubility product constant or simply the 
solubility product) . For very dilute solutions, a1 ~ cjc9 

and the activity a1 of a species J can be replaced by 
the numerical value of its molar concentration. Ex
perimental values for solubility constants are given 
in Table 5G.l. As pointed out in Topic 5B, in expres
sions for equilibrium constants, molar concentra
tions are commonly denoted UJ in place of c1. 

The solubility constant can be interpreted in 
terms of the molar solubility of a sparingly soluble 
substance. For an ionic compound of the form AxBy 
made up of A a+ and Bb- ions, the molar concentration 
of cations in solution is [A a+]= xs and that of anions 
is [Bb-] = ys. 
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Brief illustration 5G.1 The so lub ility of a sa lt 

Table5G.1 It fo llows from t he stoichiometry of calcium hydroxide that 
Solubility constants at 298.15 K the molar concentration of Ca2+ ions in solution is equa l to 

that of the Ca(OH)2 dissolved in solution, so [Ca2+[ = s. Like-
Compound Formula K, wise, because the concentration of OH- ions is twice t hat of 

1.0 X 10-33 
Ca(OH)2 formu la units, it fo llows that [OW[= 2s. Therefore, 

Aluminium hydroxide A I(OH), 
K, ~ s;c• x (2s/c•)2 = 4(s/c•)3 and so s ~It /(,)113 c• Antimony su lfide Sb2S3 1.7 X 10-93 

Barium carbonate BaC03 8.1 X 10-9 
Thus, from Table 5G .1, K, = 5.5 x 10-B, so s ~ (1 x 10-2)c• and 

fl uoride Ba F2 1.7 X 10-6 the molar solubility is 1 x 10-2 mol dm-3. 

su lfate BaS04 1.1 X 10- 10 

Bism uth su lfide Bi2S3 1.0 X 10-97 : Self-test 5G.1 
Calcium carbonate CaC03 8.7 X 10-9 . 

: Copper occurs in many m inerals, one of which is cha lcocite, 
fl uoride CaF2 4.0 X 10- 11 

: Cu2S. What is the approximate solubility of this compound 
hydroxide Ca(OH)2 5.5 X 10-6 

: in water at 25 oc? Use the data for Cu2S in Table 5G.1. 
sulfate caso. 2.4 X 10-5 Answer: 1. 7 x 10-16 mol dm-3 

Copper( I) bromide CuBr 4.2 X 10-8 

ch loride CuCI 1.0 X 10-6 

iod ide Cui 5.1 X 10- 12 The result obtained in Brief illustration SG.l is 
su lfide Cu2S 2.0 X 10-47 only approximate because ion- ion interactions have 

Copper(! I) iodate Cu( l03)2 1.4 X 10-7 been ignored. However, because the solid is sparingly 
oxalate CuC20 4 2.9 X 10-8 soluble, the concentrations of the ions are low and 
su lfide CuS 8.5 X 10-45 the result is reasonably reliable. Solubility constants 

Iron(! I) hydroxide Fe(OH)2 1.6 X 10-14 (which are determined by electrochemical measure-
su lfide FeS 6.3 X 10- 18 ments of the kind described in Topics 51 and 5J) pro-

Iron(! II) hydroxide Fe(OH)3 2.0 X 10-39 vide a more accurate way of measuring solubilities 
Lead(! I) bromide PbBr2 7.9 X 10-5 of very sparingly soluble compounds than the direct 

ch loride PbCI2 1.6 X 10-5 measurement of the mass that dissolves. 
fl uoride PbF2 3.7 X 10-8 Because solubility products are equilibrium con-
iodate Pb(l03)2 2.6 X 10- 13 stants, they may be calculated from thermodynamic 
iod ide Pbl2 1.4 X 10-8 data, particularly the standard Gibbs energies of for-
sulfate PbS04 1.6 X 10-8 mation of ions in solution and the relation L'l,G• = 
sulfide PbS 3.4 X 10-28 -RT In K. Another application is to the discussion of 

Magnesium ammonium 
2.5 X 10- 13 

qualitative analysis, where judicious choice of con-
phosphate MgNH4P04 centrations guided by the values of K, can result in 

carbonate MgC03 1.0 X 10-5 
the successive precipitation of compounds (sulfides, 

fl uoride MgF2 6.4 X 10-9 
for instance) and the recognition of the heavy elem-

hydroxide Mg(OH), 1.1 X 10- 11 
ents (barium, for instance), present in a mixture. 

Mercury( !) ch loride Hg2CI2 1.3 X 10- 18 

iod ide Hg212 1.2 X 10-28 

Mercury(! I) sulfide HgS black: 1.6 X 10-52 
5G.2 The common-ion effect 

red: 1.4 X 10-53 

Nicke l(ll) hydroxide Ni(OH)2 6.5 X 10- 18 
The principle that an equilibrium constant remains 

Si lver bromide AgBr 7.7 X 10- 13 
unchanged whereas the individual concentrations 

carbonate Ag2C03 6.2 X 10- 12 
of species may change is applicable to solubility 

ch loride AgCI 1.6 X 10- 10 
constants, and may be used to assess the effect of 

hydroxide AgOH 1.5 X 10-8 
the addition of species to solutions. An example of 

iod ide Agl 1.5 X 10-16 
particular importance is the effect on the solubility 

sulfide Ag2S 6.3 X 10-51 
of a compound of the presence of another freely sol-

Zinc hydroxide Zn(OH)2 2.0 X 10- 17 
uble solute that provides an ion in common with the 

sulfide ZnS 1.6 X 10-24 sparingly soluble compound already present. For ex-
ample, you might consider the effect on the solubility 



of adding sodium chloride to a saturated solution of 
silver chloride, the common ion in this case being Cl-. 

Le Chatelier's principle (Topic 5C) suggests what 
you should expect: when the concentration of the 
common ion is increased, you can expect the equilib
rium to respond by tending to minimize that increase. 
As a result, the solubility of the original salt can be 
expected to decrease. To treat the effect quantita
tively, note that the molar solubility of silver chloride 
in pure water is related to its solubility constant by 
s ~ K, 112c•. To assess the effect of the common ion, 
suppose that Cl- ions are added to a concentration 
C, which greatly exceeds the concentration of the 
same ion that stems from the presence of the silver 
chloride. Therefore, 

It is very dangerous to neglect deviations from ideal 
behaviour in ionic solutions, so from now on the 
calculation will only be indicative of the kinds of 
changes that occur when a common ion is added to 
a solution of a sparingly soluble salt: the qualitative 
trends are reproduced, but the quantitative calcula
tions are unreliable. With these remarks in mind, it 
follows that the solubility s' of silver chloride, which 
is equal to [Ag•], in the presence of added chloride 
ions, is 

I Ks X ce2 
or s =---

C 
(1) 

The ratio of solubilities with and without the com
mon ion present is therefore 

(2) 

(To appreciate the origin of the inequality, see the 
following Brief illustration.) The solubility is greatly 
reduced by the presence of the common ion. The 
reduction of the solubility of a sparingly soluble 
salt by the presence of a common ion is called the 
common-ion effect. 

Brief illustration 5G.2 The common-ion effect 

The solubil ity constant of silver chloride in water is 1.7 x 10- 10 

(correspond ing to a solubi lity of 1.3 x 10-5 mol dm-3). In the 

presence of 0.10 M NaCI(aq) 

i_ = (1.7 x 10-10 )1" = 1.3x10-4 
s 0.10 
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That is, the solubility is reduced by a factor of nearly ten 

thousand. 

: Self-test 5G.2 

: Estimate the molar solubility of calcium fluor ide, CaF2 , in 

: (a) water, (b) 0.010 M NaF(aq). 
0 Answer: (a) 2 .2 x 10-4 mol dm-3

; (b) 4.0 x w-' mol dm-3 

5G.3 The effect of added salts on 
solubility 

Even a salt that has no ion in common with the spar
ingly soluble salt can affect the latter's solubility. At 
low concentrations of the added salt, the solubility 
of the sparingly soluble salt is increased. The ex
planation lies in a phenomenon that is described in 
Topic 5H, in which it is explained that in aqueous 
solution, cations tend to be found near anions and 
anions tend to be found near cations. That is, each 
ion is in an environment, called an 'ionic atmos
phere', of opposite charge. The charge imbalance is 
not great, because the ions are ceaselessly churned 
around by thermal motion, but the presence of the 
ionic atmosphere is enough to lower the energy of 
the central ion slightly. 

When a soluble salt without a common ion (such 
as KN03) is added to the solution of a sparingly sol
uble salt (such as Agel), the abundant ions of the for
mer form ionic atmospheres around the ions of the 
sparingly soluble salt. As a result of the lowering of 
their energy, the sparingly soluble salt has a greater 
tendency to go into solution. That is, the presence of 
the added salt raises the solubility of the sparingly 
soluble salt. 

To estimate the effect of an added salt MX on a 
sparingly soluble salt AB (taken to be A •B- in this dis
cussion), the solubility constant is written for AB in 
terms of activities: 

K, = aAaB = YAJ1l[N)[B-]/c62 = YAJ1ls 2/c62 

It follows that stc•= (K/YAJ1l) 112 and therefore that 

r log(x/y} =log x- log v) 
log(s/c6

) = t log(K/r AYB) = t logK,- t log(y AYB) 

It is shown in Topic 5H that the logarithm of the 
product of activity coefficients is proportional to the 
square root of the concentration, C, of the added salt; 
with log YAYB=-2A(Cic6

)
112 whereA is a dimensionless 
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constant that depends on the identity of the solvent 
and the temperature; for water at 25 oc, A = 0.51. 
It follows that for the salt AB in the presence of the 
saltMX, 

log(s/c9
) = t log K, + A(C/c9

)
112 Effect of 

added salt 
(3) 

Note that AC112 increases with increasing concen
tration of added salt, so logs, and therefore s itself, 
also increases, as anticipated. The linear depend
ence of log s on C112 is observed, but only for low 
concentrations of added salt; as can be inferred 
from the following Brief illustration, the effect is 
quite small. 

Checklist of key concepts 

0 1 A solid dissolves in a solvent until the solution and 

the solid solute are in equilibrium. 

02 The molar solubility of a compound is its molar 

concentration in a saturated solution. 

03 The common-ion effect is the reduction in solu

bility of a sparingly soluble salt by the presence of a 

common ion. 

Brief illustration 5G.3 The effect of added sa lts on 

sol ubility 

The solubility of AgCI in water at 25 oc iss= K,112 c9
; because 

K, = 1.6 x 10"10
, it follows that s = 1.3 x 10-5 mol dm-3 In the 

presence of 0.10 M KN03(aq) its solubility increases to 

Ks (C/c~112 

,-"--------, ~ ,-"-----. 

log(s/c9
) = -J- x log (1.6 x 10-10 )+0.51x(0.10)112 = -4.74 

corresponding to s= 1.8 x 10-5 mol dm-3 . 

! Self-test 5G.3 

! Estimate the concentration of KN03 that results in an in
! crease in the solubility of AgCI in water to 2.1 x 10-5 mol dm-3 . 

Answer: 0.19 mol dm·3 

04 The solubility of a sparingly soluble salt increases 

in the presence of a low concentration of a salt that 

does not provide common ions. 



TOPIC 5H 

Ions in solution 

~ Why do you need to know this 
material? 

Many solutions encountered in chemistry con
tain ions, and to discuss their thermodynamic 
properties it is essential to be able to take into 
account their deviations from ideal behaviour. 

~ What is the key idea 7 

Ions in solution interact with the ionic atmos
phere that assembles around them and affects 
their chemical potential and mobility. 

~ What do you need to know already? 

The Topic makes use of the definition of ac
tivity and its relation to the chemical potential 
(Topic 4C). It draws on the definition of acidity 
constant and the use of an equilibrium table to 
establish the equilibrium composition of a solu
tion (Topic 5D). For a summary of measures of 
concentration, including molality, see The chem
ist's toolkit 12 in Topic 4D. 

An electrolyte (or electrolyte solution) is an elec
trically conducting solution. Most electrolytes are 
ionic solutions, with the ions acting as the carriers 
of charge. A non-electrolyte (or non-electrolyte so
lution) is a solution that does not conduct electric
ity because no ions are present. The most significant 
difference between electrolyte and non-electrolyte 
solutions is that there are long-range Coulombic 
interactions between the ions in the former. As a re
sult, electrolyte solutions exhibit non-ideal behav
iour even at very low concentrations because the 
solute particles, the ions, do not move independently 
of one another. 

The properties described in this Topic depend to 

a large extent on the energy of the Coulomb inter
action between ions. This interaction is reviewed in 
The chemist's toolkit 14. 

The chemist's toolkit 14 The Coulomb potential 

The potential energy of an electric charge a, in a reg ion 

where the electric potential is 1/! is V= a,l/!. If that potential 
arises from another point charge a, situated a distance r 
away in a vacuum, then the Coulomb potential is 

1/!(r) = ___g__ 
47tt:0r 

where t;, is the vacuum pennittivity (or the 'electric con

stant'). a fundamenta l constant with the value 8.854 .. x 

10-12 J-' C2 m-'. Thus, w ith the distance r in metres and 

the charge a, in coulombs (C). the potential is obta ined 

in J c-'. By definition, 1 J c-' = 1 V (volt). so 1/! can also be 
expressed in volts . It fol lows that the Coulomb potential 
energy of a, in the presence of a, is 

Vir)= a,a, 
47tt:0r 

and is obtained in joules. When the charges have the same 

sign, \llr) is positive. Th is quantity can be regarded as the 

work done when bring ing a, from infin ity to a point a dis

tance r from a,. 
When the charges are immersed in a medium other 

than a vacuum, the potential energy is reduced to 

Vir)= a,a, 
47tt:r 

where t: is the electric permittivity of the medium. This 

quantity is commonly expressed as a mult iple of the vac

uum permittivity, t: = t;t;,. where t; is the relative pennit
tivity (formerly: 'die lectric constant') of the medium. 
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5H.1 Mean activity coefficients 

In Topic 4D it is explained how the thermodynamic 
properties of solutes are expressed in terms of their 
activities, a1, which is a kind of dimensionless ef
fective concentration. Activities are related to molar 
concentrations, c1, by multiplication by an activity 
coefficient, rj: 

a1 = 'YJC/c9 
(1) 

where c9 = 1 mol dm-3
• Because the solution becomes 

more ideal as the molality approaches zero, y1 ---7 1 
as c1 ---7 0. 

Once the activity of the species J is known, its 
chemical potential can be evaluated from eqn 8 of 
Topic 4D (f.11 = f.lj + RT In a1). The thermodynamic 
properties of the solution-such as the equilibrium 
constants of reactions involving ions-can then be 
derived in the same way as for ideal solutions but 
with activities in place of concentrations. However, 
to make the connection of the resulting expressions 
to observations, it is necessary to know how to relate 
those activities to concentrations. 

An initial problem is that cations and anions always 
occur together in solution. Therefore, there is no ex
perimental procedure for distinguishing the deviations 
from ideal behaviour due to the cations from those due 
to the anions: the activity coefficients of cations and 
anions cannot be measured separately. The best that 
can be done experimentally is to ascribe deviations 
from ideal behaviour equally to each kind of ion and 
to talk in terms of a mean activity coefficient, Y±· As 
shown in the following Justification, for a salt MX, 
such as NaCI, the mean activity coefficient is related to 
the activity coefficients of the individual ions by 

Mean activity coefficient 
(MX saltl (2a) 

For a salt MpXq, the mean activity coefficient is re
lated to the activity coefficients of the individual ions 
as follows: 

s=p+q 

Mean activity 
coefficient 
IM,X, salt] 

(2b) 

Thus, for Mg3(P04h, where p = 3, q = 2, and s = 5, 
the mean activity coefficient for each type of ion is Y± = 

(r]r!ts. 

Brief illustration 5H.1 Mean activity coefficients 

Suppose you found a way to calculate the actual activity co

efficients of Na• and SO/- ions in 0.010 M Na2S04(aq) and 

found them to be 0.65 and 0.84 respectively (these va lues are 

. 

invented). Because p = 2, q = 1, and s = 3, the mean activity 

coefficient wou ld be 

Y±= {(0.65)2 
X (0.84))113 = 0.71 

(This is the actua l experimenta l value.) 

: Self-test 5H .1 

: The experimenta l value of the mean activity coefficient for 

; 0.020 M CaCI2(aq) is 0.664. Suppose you knew that the ac· 

: tivity coefficient of the CJ- ion is 0.811. What would be the 

: activity coefficient of the Ca'• ion in th is solution? 

Answer: 0.445 

Justification 5H.1 

Mean activity coefficients 

For a sa lt MX that dissociates completely in solution, the 

molar Gibbs energy of the ions is Gm = 11. + 11- where 11. and 

11- are the chemica l potentia ls of the cations and anions, re

spectively. Follow these steps to obta in eqn 2b. 

Step 1: Write expressions for the chemical potentials 

Each chemical potential can be expressed in terms of a molar 

concentration c and an activity coefficient r by using 11 = 119 + 

RTin a and then eqn 1 (a= yc!c"), which gives 

Gm = 111: +RT ina. l + !11~ + RT In a_} 

=I11: +RT lnlr.c.fc9 ))+{11~ +RT ln(y_c_/c 9
)} 

log (xyj = log x + log v 

l = 111: + RT in r. + RT in(c)c9 
)) +{ 11~ +RT iny_ +RTin(c_/c 9

)} 

Step 2: Combine terms involving activity coefficients 

: The two terms involving the activity coefficients (blue) com

bine to give 

Gm = { 11: + RTin(c. lc9
)} +{ 11~ + RT in(c_/c9 I)+ RT iny. y_ 

Next, write the term inside the final (blue) logarithm as rt. 
to obtain 

Gm = {JJ.: +RT In (c. /c 9
)} +{JJ.~ +RT ln(c_ /c9

)} + RTiny~ 

r log K = 2 log X) 

=IJJ.: +RT ln(c. /c9
)} +{JJ.~ +RT ln(c_/c9 )}+ 2RT iny± 

= {JJ.: +RTin (c. /c9
)} + {JJ.~ +RT In (c_/c" )} +RT iny± +RT iny± 

log x + log v = log (xyj 

= {JJ.: + RT ln(y±c+ /c9 
)} + {JJ.~ + RT ln(y± c_ I c9

)} 

The deviation from ideal behaviour (as expressed by the mean 

activity coefficient) is now shared equa lly between the two 



types of ion. In exactly the same way, the Gibbs energy of a 

sa lt M,Xq can be w ritten 

Gm = p{Jl~ + RT ln(y±c+/ c9
)} + q {Jl~ + RT ln(y± c_/c9

)} 

with the mean activity coefficient defined as in eqn 2b. 1 

5H.2 The Debye--Huckel theory 

The question still remains, however, as to how the 
mean activity coefficients may be estimated. A theory 
that accounts for their values in very dilute solutions 
was developed by Peter Debye and Erich Hiickel in 
1923. They supposed that each ion in solution is sur
rounded by an ionic atmosphere of counter charge. 
This 'atmosphere' is actually the slight imbalance of 
charge arising from the competition between thermal 
motion, which tends to keep all the ions distributed 
uniformly throughout the solution, and the Coulom
bic interaction between ions, which tends to attract 
counterions (ions of opposite charge) into each oth
er's vicinity and repel ions of like charge (Fig. 1 ). As 
a result of this competition, there is a slight excess of 
cations near any anion, giving a positively charged 
ionic atmosphere around the anion, and a slight ex
cess of anions near any cation, giving a negatively 
charged ionic atmosphere around the cation. 

Because each ion is in an atmosphere of opposite 
charge, its energy is lower than in a uniform, ideal 
solution, and therefore its chemical potential is lower 
than in an ideal solution. A lowering of the chemical 
potential of an ion below its ideal solution value is 
equivalent to the activity coefficient of the ion being 
less than 1 (because In r is negative when r < 1). 
Debye and Hiickel were able to derive an expres
sion that is a limiting law in the sense that it becomes 

Fig. 1 The ionic atmosphere surround ing an ion consists of 
a slight excess of opposite charge as ions move through the 
vicinity of the centra l ion, wi th counter ions lingering longer 
than ions of the same charge. The ion ic atmosphere lowers 
the energy of the centra l ion. 

1 For the details of this general case, see our Physical chemistry: 
thermodynamics, structure, and change (2014 ); see also Exercise 
5H.2. 
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increasingly valid as the concentration of ions ap
proaches zero. The Debye-Hiickellimiting law is2 

log Y± = -Aiz..z_II112 Debye-Huckel 
limiting law (3) 

(Note the common logarithm.) In this expression, A 
is a dimensionless constant which for water at 25 oc 
works out as 0.509. The z1 are the charge numbers 
of the ions (so z. = +1 for Na• and z_ = -2 for 504

2
- ); 

the vertical bars mean that the sign of the product is 
discarded. The quantity I is the dimensionless ionic 
strength of the solution, which is defined in terms of 
the molalities, b, of the ions as 

Ionic strength 
ldefinitionl 

Brief illustration 5H.2 The lim iting law 

(4a) 

To estimate the mean act ivity coefficient for the ions in 
0.0010 M Na2S04 (aq) at 25 oc. first eva luate the ionic strength 

of the solution from eqn 4a by using b+/b0 = 2 x 0.0010 and z+= 

+ 1 for Na+ and bj b• = 0.0010 and z_ = -2 for SO/ -: 

f= -j- {(+1)2 X (2 X 0.0010) + (-2)2 X (0 .0010)} = 0.0030 

Then use the Debye-Huckel lim it ing law, eqn 3, to write 

log Y± = -0.509xl(+ 1)(-2)1 x (0.0030)112 

= -2 x 0.509 x (0.0030)'12 
= -0.056 

Fina lly, take antilogarithms to obtain Y± = 0.88. The experi
mental va lue is 0.886. 

: Self-test 5H.2 

: Estimate the mean activity coefficient for the ions in 5 x 10-4 M 

l AI2(S04), at 25 oc. 
• Answer: 0.77 

When calculating the ionic strength it is important 
to include all the ions present in the solution, not just 
those of interest. For instance, when calculating the 
ionic strength of a solution of silver chloride that also 
contains potassium nitrate, there are contributions to 
the ionic strength from all four types of ion. When more 
than two ions contribute to the ionic strength, write: 

Sum over 
all ions 
present 

,-"-, 

I= t 'LzfbJb• 
Ionic strength 
!genera l easel 

(4b) 

2 For a derivation of the Debye-Hi.ickel limiting law, see our 
Physical chemistry: thermodynamics, structure, and change 
(2014). 
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Fig . 2 The variation of the activity coefficient w ith ion ic 
st rength according to the extended Debye-HOckel theory. (a) 
The lim it ing law for a 1, 1-electrolyte. (b) The Davies equation 
with 8 = 0.5 and C = 0. (c) The Davies equat ion, extended 
furthe r by t he addit ion of a te rm C/; in th is case w ith C= 0.2. 
The last form of the law reproduces the observed behaviour 
reasonably well. 

where zi is the charge number of an ion i (positive for 
cations and negative for anions) and b1 is its molality. 

Equation 3 is a limiting law and is reliable only in 
very dilute solutions. For solutions more concentrated 
than about 10-3 mol dm-3 ion-ion interactions be
come even more important and it is better to use an 
empirical modification known as the Davies equation: 

Alz+z-1 I1t2 
logy+=- 112 +CI 

- 1+BI 
Davies equation (5) 

where B and C are dimensionless constants (Fig. 2). 
Although B can be interpreted as a measure of the 
closest approach of the ions, it (like C) is best re
garded as an adjustable empirical parameter. As 
usual, it is better to interpret this equation than to try 
to remember it: 

• When BI112 << 1 and CI is small, the extended 
law reduces to the limiting law. 

• The term proportional to I becomes more 
important than the terms proportional to !112 

at higher ionic strengths; because CI is posi
tive, it increases the value of log Y± above its 
limiting law value, as shown in Fig. 2. 

5H.3 The migration of ions 

Ions are mobile in solution, and the study of their 
motion down a potential gradient gives an indication 
of their size, the effect of solvation, and details of the 
type of motion they undergo. The migration of ions 

Conductivi bridge 

Sample 

Fig. 3 A typical conductivity cell. The cell is made part of a 
'bridge' and its resistance is measured. The conductivity is 
normally determined by comparison of its resistance to that 
of a solution of known conductivity. An alternating current is 
used to avoid the formation of decompos ition products at the 
electrodes. 

in solution is studied by measuring the electrical re
sistance of a solution of known concentration in a 
cell like that in Fig. 3. Certain technicalities must be 
dealt with in practice, such as using an alternating 
current to minimize the effects of electrolysis, but 
the essential point is the determination of the con
ductivity K(kappa) (see The chemist's toolkit 15) and 
from that the molar conductivity, Am (lambda): 

Molar conduct
ivity [defin ition] 

where cis the molar concentration of the solute. 

(6) 

A note on good practice With molar concentration in moles 
per cubic decimetre, molar conductivity is expressed in sie
mens per metre (moles per cubic decimetre) , or S m-1 (mol 
dm-3t 1

. These awkward units are useful in practical applica
tions but can be simpli fied to siemens metre-squared per mole 
(S m2 mol-1

). Specifica lly, the relation between units is 1 S m-1 

(mol dm-3)-1 = 1 mS m2 mol-1, where 1 mS = 10-3 S. 

The molar conductivity of a strong electrolyte (a 
solution in which the solute is fully dissociated into 
ions in solution, such as the solution of a salt) varies 
with molar concentration in accord with the empir
ical law established by Friedrich Kohlrausch in 1876: 

Kohlrausch law 
[strong electro lyte] (7) 

The constant A~, the limiting molar conductivity, is 
the molar conductivity in the limit of such low con
centration that the ions no longer interact with one 
another. The constant '1( takes into account the ef
fect of these interactions when the concentration is 
nonzero. The fact that the interactions give rise to a 
square-root dependence on the concentration (and 



The chemist's toolkit 15 Resistance and 

conductance 

Ohm's law expresses the current, /, through a medium of 

resistance R in the presence of a potent ial difference o/(or 
ll¢) through the relation 

'V= IR 

The current is expressed in amperes (A). the res istance in 
ohms (Q, w ith 1 Q = 1 V A-'L and the potential d ifference 

in volts (\1. w ith 1 V = 1 J c -' ). Note that, by definition, 

the cou lomb is defined through 1 A = 1 C s-1
, w ith the 

ampere a fundamental unit in the Sl. Ohm's law may be 

rearranged into 

!=:!:'_=Go/ 
R 

where G is the conductance and is reported in siemens, 

S (1 S = 1 n-' = 1 A v-'). In the older literature, conduct

ance is reported in 'reciprocal ohms', n-' , denoted mho. 

The conductance of a sample depends on its dimensions 
(as well as the temperature and pressure). For a sample of 

length Land cross-section A. the conductance is 

G=IC~ 
L 

where 1C (kappa) is the conductivity, w ith units siemens 

per met re (S m-1
) . Thus, the conduct ivity can be deter

m ined from the dimensions of the sample and the cu rrent 
f lowing for a given potential difference from 

GL IL 
IC=-=-

A 'VA 

In pract ice, the conduct ivit ies of solutions are determined 

by calibration us ing a solution of known conductivity. 

therefore on the square root of the molality too) sug
gests that they arise from effects like those responsible 
for activity coefficients in the Debye-Hiickel theory, 
and in particular the effect of an ionic atmosphere on 
the mobilities of ions. The fact that the molar con
ductivity decreases with increasing concentration can 
be traced to the retarding effect of the ions on the 
motion of one another. 

When the ions are so far apart that their inter
actions can be ignored, the molar conductivity is due 
to the independent migration of cations in one dir
ection and of anions in the opposite direction. Thus 

Ionic conductivities 
[defin ition] (8) 

where A,. and A._ are the ionic conductivities of the 
individual cations and anions (Table 5H.1 ). 

The molar conductivity of a weak electrolyte 
varies in a more complex way with the concentration 
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Table5H.1 

Ionic conductivities, Y(mS m 2 mol'), at 298.15 K* 

Cations Anions 

W(H30 +) 34.96 OH- 19.91 

Li+ 3.87 F- 5.54 

Na+ 5.01 cr- 7.64 

K+ 7.35 Br- 7.81 

Rb+ 7.78 r- 7.68 

cs+ 7.72 co,>- 13.86 

Mg'+ 10.60 NO,- 7.15 

Ca2+ 11.90 SO/- 16.00 

Sr'+ 11.89 CH,co,- 4.09 

NH; 7.35 HCO,- 5.46 

N(CH, l; 4.49 

N(CH2CH,l; 3.26 

* The same numerical values apply when the un its are S m-1 

(mol dm-'1-'. 

of the solute. This variation reflects the fact that the 
extent of dissociation (or, in the case of weak acids 
and bases, the extent of deprotonation or proton
arion) varies with the concentration, with relatively 
more ions present at low concentrations than at high. 
Because simple equilibrium-table techniques can be 
used to relate the ion concentrations to the nominal 
(initial) concentration, measurements of molar con
ductivity can be used to determine acidity constants, 
as shown in the following Example. 

M§if! .. !.ifJMii 
: Determining the acidity constant from the 

: conductivity of a weak acid . 
; The molar conductivity of 0.010 M CH3COOH(aq) is 1.65 mS 

; m2 mol-'. What is the acidity constant, K,, of the acid? 

: Collect your thoughts If you need 

: to be reminded of the definition 

; of acidity constants, refer to 

; Topic 5D. Because ethanoic acid 
: is weak, it is only partly deproton
; ated in aqueous solution and only 

; the fraction of acid molecules 

; present as ions contributes to 

: the conduction, so the observed 
: molar conductivity is the product of that fraction and the 

; molar conductivity calculated assuming full deprotonation. 

; The former can be calculated from K, and an equilibrium table 
: (Topic 5D). The latter is given by the law of the independent 
: migration of ions (specifically, eqn 8) . 
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The solution The equilibrium table for CH3COOH(aq) + H20(1) 
~ H30 +(aq) + CH3CO,-(aq) is 

Species CH3COOH H30 + CH,co,-

Initial molar concentration! 0.010 0 0 
(moldm-3) 

Change! ( mol dm-3
) -X +X +X 

Equilibrium molar 0.010-x X X 
concentration! ( mol dm-3

) 

The va lue of xis found by substitut ing the entries in the last 

line into the expression forK, : 

~~ 
K = [H30 +][CH3C021 x' 

' [CH3COOH] 0.010 - x 
0.010-x 

On the assumption that x is small, 0.010 - x can be re
placed by 0.010 and hence x= (0.010K,)112 . The fraction, a, of 

CH3COOH molecu les present as ions is therefore x/0 .010, or 
a= (K,/0.010)112 . The molar conduct ivi ty of the solution is th is 

fract ion mult ipl ied by the molar conductivity of ethanoic acid 

calcu lated on the assumption that de proto nat ion is complete: 

Am = ~ = a(A,H,O' + -'cH,co,- ) 

Because 

-'H,o' + \ H,co,- = (34.96 + 4.09) mS m2 mol-1 

= 39.05 mS m2 mol-' 

it fo llows that a= (1.65 mS m2 mol-1)/ (39.05 mS m2 mol-1
) = 

0.0422 ... Therefore, 

K, = 0.010if = 0.010 X (0 .0422 ... )2 = 1.78 .. X 10-5 

Th is va lue corresponds to pK, = 4. 75. 

: Self-test 5H.3 

: The molar conductivity of 0.0250 M HCOOH(aq) is 4.61 mS 
: m2 mol-1. What is the pK, of methanoic (formic) acid? 

Answer: 3.49 

The ability of an ion to conduct electricity depends 
on its ability to move through the solution. When an 
ion is subjected to an electric field 'E, it accelerates. 
However, the faster it travels through the solution, 
the greater the retarding force it experiences from the 
viscosity of the medium. As a result, it settles down 
into a limiting speed called its drift speed, s, which is 
proportional to the strength of the applied field: 

s = u'E Mobility !definition! (9) 

The mobility, u, depends on the radius, a, of the ion 
and, as shown in the following Justification, on the 
viscosity, 11 (eta), of the solution: 

elzl 
u=--

6nrya 
(lOa) 

where z is the charge number of the ion. The mo
bility of an ion determines the rate at which it can 
transport charge through a solution and therefore its 
molar conductivity. The relation between the two is3 

Conductivity 
and mobility 

where F is Faraday's constant (F = N Ae). 

Justification 5H.2 

The ionic mobility 

(lOb) 

An ion of charge zein an elect ric field 'E (typically, in volts per 

metre, V m-1
) experiences a force of magnitude lzJe'E, which 

accelerates it. However, the ion also experiences a fr ictional 
force due to its motion through the medium, which increases 

the faster the ion travels. The retard ing force due to the vis

cosity on a spherica l particle of rad ius a trave ll ing at a speeds 
is given by 'Stokes' law': 

F viscous = 61t1J8S Stokes' law (11) 

When the particle has reached its drift speed, the accelerating 

and viscous retarding forces are equal, so 

Accelerat ing 

I~ 
Therefore 

Retarding 

'"'"' ,..----'"----, 

= 6nryas 

lzie'E 
S=--

6nrya 

At this point this expression for the drift speed can be com
pared w ith eqn 9, and hence arrive at the expression for mo

bili ty given in eqn 10. 

Equation 10 shows that the mobility of an ion is 
high if it is highly charged, has a small radius, and if 
it is in a solution with low viscosity. These features 
appear to contradict the trends in Table 5H.2, which 
lists the mobilities of a number of ions. For instance, 
the mobilities of the Group 1 cations increase down 
the group despite their increasing radii. The ex
planation is that the radius to use in eqn 10 is the 

3 For a derivation, see our Physical chemistry: thermodynamics, 
structure, and change (2014 ). 



Table5H.2 

Ionic mobilities in water, u/(1(18 m 2 s-' v-' ), at 
298.15 K 

Cations Anions 
................................. . ................... .................. 

W(H30 +) 36.23 OH- 20.64 

Li+ 4.01 F- 5.74 

Na+ 5.19 Cl- 7.92 

K+ 7.62 Br 8.09 

Rb+ 8.06 1- 7.96 

cs+ 8.00 co,'- 7.18 

Mg'+ 5.50 No,- 7.41 

Ca2+ 6.17 SO/ - 8.29 

Sr2+ 6.16 

NH; 7.62 

N(CH,l; 4.65 

N(CH2CH3l; 3.38 

hydrodynamic radius, the effective radius for the 
migration of the ions taking into account the entire 
object that moves. When an ion migrates, it carries 
its hydrating water molecules with it, and as small 

Checklist of key concepts 

0 1 Deviations from ideal behaviour in ionic solutions 

are ascribed to the interaction of an ion with its 

ionic atmosphere. 

02 The Debye-Hiickel limiting law relates the mean 

activity of ions in a solution to the ionic strength. 

03 The molar conductivity of a strong electrolyte fol

lows the Kohlrausch law. 
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Fig. 4 A simplified version of the Grotthuss mechanism of 
proton conduction through water. The proton leaving the cha in 
on the right is not the same as the proton entering the cha in 
on the left. 

ions are more extensively hydrated than large ions 
(because they give rise to a stronger electric field in 
their vicinity), ions of small radius actually have a 
large hydrodynamic radius. Thus, hydrodynamic ra
dius decreases down Group 1 because the extent of 
hydration decreases with increasing ionic radius. 

One significant deviation from this trend is the very 
high mobility of the proton in water. It is believed that 
this high mobility reflects an entirely different mech
anism for conduction, the Grotthuss mechanism, in 
which the proton on one H20 molecule migrates to its 
neighbour, a proton on that H20 molecule migrates 
to its neighbour, and so on along a chain (Fig. 4 ). The 
motion is therefore an effective motion of a proton, 
not the actual motion of an individual proton. 

04 The rate at which an ion migrates through solution 

is determined by its mobility, which depends on its 

charge, its hydrodynamic radius, and the viscosity 

of the solution. 

0 5 Protons migrate by the Grotthuss mechanism. 



TOPIC 51 

Electrochemical cells 

~ Why do you need to know this 
material? 

Electrochemistry holds the promise of providing 
clean sources of power and physical chemistry is 
central to its development. 

~ What is the key idea 7 

The potential difference generated by an electro
chemical cell is proportional to the Gibbs energy 
of the cell reaction. 

~ What do you need to know already? 

This Topic develops the relation between the 
change in Gibbs energy accompanying a process 
and the maximum work it can do (Topic 3D). 
You need to be aware of the formal definition of 
reversibility (Topic 2A) and the relation between 
Gibbs energy and the composition of a reaction 
mixture as expressed by the reaction quotient 
(Topic SA) . 

An electrochemical cell consists of two electronic 
conductors (metal or graphite, for instance) in elec
trical contact with an electrolyte (an ionic conductor), 
which may be a solution, a liquid, or a solid. The 
electronic conductor and its electrolyte constitute an 
electrode. The physical structure containing them is 
called an electrode compartment. The two electrodes 
may share the same compartment (Fig. 1). If the elec
trolytes are different, then the two compartments 
may be joined by a salt bridge, which is an electro
lyte solution that completes the electrical circuit by 
permitting ions to move between the compartments 

y Electrolyte 

Fig. 1 The arrangement for an electrochemical cell in which 
the two electrodes share a common electrolyte. 

(Fig. 2) . Alternatively, the two solutions may be 
in direct physical contact (for example, through a 
porous membrane) and form a liquid junction. How
ever, a liquid junction introduces complications into 
the interpretation of measurements, and is not con
sidered further here. 

Salt 

Fig. 2 When the electrolytes in the electrode compartments 
of a cell are different, they need to be joined so that ions can 
t ravel from one compartment to another. One device for 
jo ining the two compartments is a sa lt bridge. 



A galvanic cell (also called a voltaic cell) is an elec
trochemical cell that produces an electric current as a 
result of the spontaneous reaction occurring inside it. 
An electrolytic cell is an electrochemical cell in which 
a nonspontaneous reaction is driven by an external 
source of direct current. The commercially available 
dry cells, mercury cells, nickel-cadmium ('nicad'), 
and lithium ion cells used to power electrical equip
ment are all galvanic cells and produce electricity as a 
result of the spontaneous chemical reaction between 
the substances built into them at manufacture. A fuel 
cell is a galvanic cell in which the reagents, such as 
hydrogen and oxygen or methane and oxygen, are 
supplied continuously from outside. Fuel cells are 
used on manned spacecraft, are beginning to be con
sidered for use in terrestrial vehicles, and gas supply 
companies hope that one day they may be used as a 
convenient, compact source of electricity in homes. 
Electric eels and electric catfish are biological ver
sions of fuel cells in which the fuel is food and the 
cells are adaptations of muscle cells. Electrolytic cells 
include the arrangement used to electrolyse water into 
hydrogen and oxygen and to obtain aluminium from 
its oxide in the Hall-Herault process. Electrolysis is 
the only commercially viable means for the produc
tion of fluorine. The electron transfer processes that 
occur in respiration and photosynthesis can be mod
elled by electrochemical cells in which electrons are 
transferred between proteins. 

51.1 Half-reactions and electrodes 

A redox reaction is the outcome of the loss of elec
trons, and perhaps atoms, from one species and their 
gain by another species. It will be familiar from intro
ductory chemistry that the loss of electrons (oxida
tion) is identified by noting whether an element has 
undergone an increase in oxidation number (see The 
chemist's toolkit 16 for a review of oxidation num
bers). The gain of electrons (reduction) is similarly 
identified by noting whether an element has under
gone a decrease in oxidation number. The require
ment to break and form covalent bonds in some redox 
reactions, as in the conversion of PC13 to PC15 or of 
N02- to N03- , is one of the reasons why redox re
actions often achieve equilibrium quite slowly, often 
much more slowly than acid-base proton transfer 
reactions. The substance that brings about oxida
tion is called the oxidizing agent (or, more rarely, the 
oxidant), and the substance that brings about reduc
tion is called the reducing agent (or reductant). In a 
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The chemist's toolkit 16 Oxidation numbers 

An oxidation number, N0 ,, is a formal measure of the ex

tent to which an atom can be considered to have gained or 

lost electrons when it is part of a compound. The oxidation 
number of an uncombined form of the element. such as 
oxygen as 0 2 and 0 3, is zero. For monatomic cations, the 

oxidation number is the same as the charge number of the 
ion. Thus, the oxidation number of magnesium present as 

Mg2+ is +2 and that of ch lorine present as Cl- is -1. The oxi

dation number of elements present in polyatomic species 

is ca lcu lated forma lly by regarding ownersh ip of electrons 
having passed to the more electronegative atom. Thus, if 

oxygen is present in a cova lent compound, it is regarded 
as having acquired two electrons, to be present as o'-, 
and therefore to have oxidation number -2. The oxidation 

number of the elements other than oxygen is then ca lcu

lated by arrang ing for the sum of oxidation numbers of 
all the atoms in the species to be equal to the charge (in
cluding 0) of the species. Thus, SO.'- is regarded (but on ly 

for th is purpose) as being S"'(02- )4 and therefore as be ing 

a species in wh ich su lfur is present w ith oxidation number 

+6, denoted S(+6). Oxygen has oxidation number -2 in 
all its compounds, except H20 2 and those w ith f luorine. 
Oxidation numbers are often denoted by roman numerals, 

as in S(VI) or Felli I) for Fe3+. 

We, but not everyone, distinguish oxidation number 

from oxidation state. The oxidation state is the physical 
state in wh ich an atom of that oxidation number is re

garded as being . Thus, oxygen is in the -2 oxidation state 

when its oxidation number is -2; su lfur is in the oxidation 

state +6 in the ion SO/-. 

redox reaction, as a result of the electron transfer the 
oxidizing agent is reduced and the reducing agent is 
oxidized. 

Brief illustration 51 .1 Oxidation and reduction 

To identify the elements that have undergone oxidation and 
reduction in the reaction CuS(s) + 0 2(g)-> Cu(s) + S02(g) note 
the following oxidation numbers (in red) 

+2-2 0 0 -14-2 

CuS(s) + 0 2(g) -> Cu(s) +SO,( g) 

You can see that Cu(+2) is reduced to Cu(O). S(-2) is oxidized 

to S(+4). and 0(0) reduced to 0(-2). Both Cu(+2) and 0 are 

reduced, but 0 2 wou ld conventiona lly be regarded as the oxi

dizing agent. 

Self-test 51.1 

Identify wh ich elements undergo oxidation and wh ich re

duction in the reaction 2 H2(g) + 0 2(g)-> 2 H20(1). 

Answer: H is oxidized, 0 is reduced 
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Any redox reaction may be expressed as the differ
ence of two reduction half-reactions. Two examples 
of half reactions are 

Reduction of Cu2+: 

Reduction of Zn2+: 

Cu2+(aq) + 2 e- -7 Cu(s) 

Zn2+(aq) + 2 e- -7 Zn(s) 

Difference: Cu2+(aq) + Zn(s) ~ Cu(s) + Zn2+(aq) 

A half-reaction in which atom transfer accompanies 
electron transfer is 

Reduction ofMn04- : Mn04-(aq) + 8 H+(aq) 
+ 5 e-~ Mn2+(aq) + 4 H 20(!) 

where oxygen atoms are lost from Mn04-(aq) and 
form H 20(!). In the discussion of redox reactions, the 
hydrogen ion is commonly denoted simply H+(aq) ra
ther than treated as a hydronium ion, H 30 +(aq), as 
proton transfer is less of an issue and the chemical 
equations are simplified. 

Half-reactions are conceptual. Redox reactions 
normally proceed in a much more complex sequence 
of steps in which the electron is never free, but for 
thermodynamic considerations the details of the 
journey between the initial and final states is irrele
vant. The electrons in these conceptual reactions are 
regarded as being 'in transit' and are not ascribed 
a state. The oxidized and reduced species in a half
reaction form a redox couple, denoted Ox/Red. 
Thus, the redox couples mentioned so far are Cu2+/ 
Cu, Zn2+/Zn, and Mn04-,H+/Mn2+,H20. In general, 
we adopt the notation 

Couple: Ox/Red Half-reaction: Ox+ ve- -7 Red 

with v the stoichiometric number of electrons trans
ferred. 

MUI"!.Ifjdi 
Expressing a reaction in terms of half-reactions 

Express the oxidation of NADH (n icotinamide adenine di· 

nucleotide; the relevant part of the molecu le is shown as 1). 

which participates in the cha in of oxidations that constitutes 
respiration, to NAD+ (2) by oxygen as the difference of two 

reduct ion ha lf-reactions. In th is reaction, the 0 2 is reduced to 

H20 2, in aqueous solution and the overall reaction is NADH(aq) + 
0 2(g) + W(aq) -7 NAD+(aq) + H20 2(aq). 

• OO NH2 

VVV'N ---
1 NADH 2NAD+ 

Collect your thoughts To express 

a reaction as the difference of 
two reduction half-reactions, you 

need to identify one reactant spe

cies that undergoes reduction, its 
correspond ing reduction product, 
and write the ba lanced half-reac

tion for th is process. To find the 
second ha lf-reaction, subtract the 

•+• ..... ........ 
( ·-· ..... _. 

· +· -+ · +· 

first ha lf-reaction from the overa ll reaction and rearrange the 

species so that all the stoich iometric coefficients are positive 

and the equation is written as a reduct ion. 

The solution Oxygen is reduced to H20 2 , so one half-react ion 

is 

0 2(g) + 2 W(aq) + 2 e- ~ H20 2(aq) 

Subtraction of th is half-reaction from the overa ll equation 

gives 

NADH(aq)- W(aq)- 2 e- ~ NAD+(aq) 

Add it ion of W(aq) + 2 e- to both sides gives 

NADH(aq) ~ NAD+(aq) + W(aq) + 2 e-

This is an oxidation ha lf-reaction. Reverse it to find the corres

pond ing reduction ha lf-reaction: 

NAD+(aq) + W(aq) + 2 e-~ NADH(aq) 

: Self-test 51.2 

: Express the formation of H20 from H2 and 0 2 in acidic solu

: t ion as the difference of two reduction half-reactions. 

Answer: 4 W(aq) + 4 e· ~ 2 H, lgl. 0 2(g) + 4 W(aq) + 4 e-~ 

2H,OIII 

A chemical reaction need not be a redox reaction 
for it to be expressed in terms of reduction half
reactions. For instance, the expansion of hydrogen 
gas, H 2(g,p;) ~ H 2(g,p1), can be expressed as the dif
ference of two reductions: 

2 H+(aq) + 2 e- ~ H 2(g,p£l 

2 H+(aq) + 2 e- ~ H 2(g,pJ 

The two couples are both H+fH2 with the gas at a 
different pressure in each case. Similarly, the dissol
ution of the sparingly soluble salt silver chloride, 
AgCI(s) ~ Ag+(aq) + Cl-(aq), can be expressed as 
the difference of the following two reduction half
reactions: 

AgCI(s) + e- ~ Ag(s) + Cl-(aq) 

Ag+(aq) + e- ~ Ag(s) 



It is established in Topic SA that a natural way 
to express the composition of a system for thermo
dynamic applications is in terms of the dimensionless 
reaction quotient, Q. The quotient for a half-reaction 
is defined like the quotient for the overall reaction, but 
with the stateless electrons ignored. Thus, for the half
reaction of the NAD+fNADH couple in Example 51.1, 

[NADH]c• 

[NAD+][W] 

[NADH]tc• 

In elementary work, and provided the solution is very 
dilute, the activities are interpreted as the numerical 
values of the molar concentrations (as here, see Table 
4D.2). The replacement of activities by molar concen
trations is very hazardous for ionic solutions, so wher
ever possible that step is delayed for as long as possible. 

51.2 Reactions at electrodes 

In an electrochemical cell, the anode is where oxida
tion takes place and the cathode is where reduction 
takes place. As the reaction proceeds in a galvanic cell, 
the electrons released at the anode travel through the 
external circuit (Fig. 3 ). They re-enter the cell at the 

il 
Ions 

Cathode 

il 
Ions 

Reduction 

Oxidation 

Fig. 3 The f low of electrons in the externa l circuit is from the 
anode of a ga lvan ic ce ll, where they have been lost in the 
oxidation reaction, to the cathode, where they are used in 
the reduction react ion. Electrical neutra lity is preserved in the 
electrolytes by the f low of cations and anions in oppos ite dir
ections through the salt bridge. 
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cathode, where they bring about reduction. Because 
negatively charged electrons tend to travel to regions 
of higher (more positive) potential, this flow of cur
rent in the external circuit, from anode to cathode, 
corresponds to the cathode having a higher potential 
than the anode. In an electrolytic cell, the anode is 
also the location of oxidation (by definition). Now, 
though, electrons must be withdrawn from the spe
cies in the anode compartment, so the anode must 
be connected to the positive terminal of an external 
supply. Similarly, electrons must pass from the 
cathode to the species undergoing reduction, so the 
cathode must be connected to the negative terminal 
of a supply (Fig. 4). 

There are several common ways of implementing 
the structure of an electrode (Table 51.1 ). In a 
gas electrode (Fig. 5), a gas is in equilibrium with a 
solution of its ions in the presence of an inert metal. 
The inert metal, which is often platinum, acts as a 
source or sink of electrons but takes no other part 
in the reaction except perhaps acting as a catalyst. 
One important example is the hydrogen electrode, 
in which hydrogen is bubbled through an aqueous 
solution of hydrogen ions and the redox couple is 
H+fH2• This electrode is denoted Pt(s)IH2(g)IH+(aq). 
The vertical lines denote junctions between phases. 
In this electrode, the junctions are between the plat
inum and the gas and between the gas and the liquid 
containing its ions. 

Fig. 4 The f low of elect rons and ions in an elect ro lyt ic cell. 
An external supply forces electrons into the cathode, where 
they are used to bring about a reduct ion, and withdraws them 
from the anode, which resu lts in an oxidation react ion at 
that electrode. Cat ions (red) m igrate towards the negatively 
charged cathode and anions (green) m igrate towards the pos i
t ive ly charged anode. An electrolytic cel l usually consists of a 
single compartment, but a number of industrial versions have 
two compartments . 
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Table51.1 

Varieties of electrodes 

Electrode type 

Gas 

Metal- insoluble sa lt 

Redox 

Typical structure 

Pt(sliX2(gliX±(aq) 

M(sliMX(sliX-(aq) 

Pt(sliM•(aq). M' •(aq) 

Fig. 5 The schematic structure of a hydrogen electrode, 
wh ich is like other gas elect rodes. Hydrogen is bubbled over 
a black (that is, fine ly divided) plat inum surface that is in con
tact w ith a solution conta ining hydrogen ions. The platinum, 
as well as acting as a source or sink for elect rons speeds the 
electrode react ion because hydrogen attaches to (adsorbs on) 
the surface as atoms. 

,;:g;,j,jfJ1fi 
: Writing the reaction quotient for a gas electrode 

: Write the half-reaction and the reaction quotient for the re

: duction of oxygen to water in acidic solution. 

: Collect vourthoughts You can pro-

: ceed in exactly the same way as 
: for a complete reaction, using the 

activities and the corresponding 

stoichiometric coefficients, with 

products in the numerator and 

reactants in the denominator. The 
only difference is that the electron 
does not appear. Pure (and nearly 

pure) solids and liquids do not appear in 0 (their activities 

are 1 ). Finally, set the activity of the gas equal to pip9
. For 

reasons that will become clear, keep the hydrogen ion activity 

as an activity. 

The solution The equation for the reduction of 0 2 in acidic 

solution is 

0 2(g) + 4 W(aq) + 4 e-~ 2 H20( I) 

Half-reaction 

X2(g) + 2 e- ~ 2 x -(aq). 

2 x •(aq) + 2 e- ~ X2(g) 

MX(s) + e- ~ M(s) + x -(aq) 

M' •(aq) + e- ~ M•(aq) 

Reaction quotient 

0 =a~_/ a,, 

O=ax/a~+ 
O=a, _ 

0 =aM,/ aM'' 

: The reaction quotient for the half-reaction is therefore 

: Note the very strong dependence of 0 on the hydrogen ion 

! activity. 

: : Self-test 51.3 .. 
: : Write the half-reaction and the reaction quotient for a 

: : chlorine gas electrode. 

Answer: Cl, (g) + 2 e- -> 2 Cl-(aq), 0 = p 9 a~ 1- /p(CI2 ) 

A metal-insoluble salt electrode consists of a metal 
M covered by a porous layer of insoluble salt MX, 
the whole being immersed in a solution containing 
x- ions (Fig. 6). The electrode is denoted MIMXIX-. 
An example is the silver-silver chloride electrode, 
Ag(s)IAgCl(s)ICI-(aq), for which the reduction half
reaction is AgCl(s) + e-~ Ag(s) + Cl-(aq). Both solids 

Fig. 6 The schematic st ructu re of a silver ch loride electrode (as 
an example of an insoluble-sa lt electrode). The electrode con
sists of metall ic silver coated with a layer of si lver chloride in 
contact w ith a solution contain ing Cl- ions. 



are pure and in their standard states, and therefore 
have an activity of 1. Thus 

Note that the reaction quotient (and therefore, as 
shown in Topic 5], the potential of the electrode) de
pends on the activity of chloride ions in the electro
lyte solution. 

l#if!uj,ji1fi 
Writing the reaction quotient for a metal-insoluble 
salt electrode 

Write the half-react ion and the reaction quotient for the lead
lead sulfate electrode of the lead-acid battery. in wh ich Pb(l l), 
as lead(ll) su lfate, is reduced to metal lic lead in the presence 
of hydrogensulfate ions in the electrolyte. 

Collect your thoughts Begin 
by identifying the species that 
is reduced and writing the 
half-reaction. Balance that half
reaction by using H20 molecules 
if 0 atoms are required, hydrogen 
ions (because the solution is 
acidic) if H atoms are needed, 
and electrons for the charge. Then 
write the reaction quotient in terms of the stoich iometric 
numbers and activities of the species present. Products ap
pear in the numerator, reactants in the denominator. 

The solution The electrode is Pb(s)IPbSO,(siiHSO,-(aq), in 
wh ich Pb(l l) is reduced to metall ic lead. The equation for the 
reduction half-reaction is therefore 

PbSO, (s) + W(aq) + 2 e- ~ Pb(sl + HSO,-(aql 

and the reaction quotient is 

Self-test 51.4 

Write the half-reaction and the reaction quotient for 
the calomel electrode, Hg(IIIHg2CI2(sliCI-(aq), in wh ich 
mercury( I) chloride (calomel) is reduced to mercury metal in 
the presence of chloride ions. 

Answer: Hg,CI,(s) + 2 e· --> 2 Hg(l) + 2 Cl-(aq). 0 = a~ ,-

The term redox electrode is normally reserved for 
an electrode in which the couple consists of the same 
element in two nonzero oxidation states (Fig. 7). An 
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Fe3+ 

Pt 

Fig. 7 The schematic structure of a redox electrode. The plat
inum metal acts as a source or sink for electrons required for 
the interconversion of (in this case) Fe'• and Fe,. ions in the 
surrounding solution. 

example is an electrode in which the couple is Fe3•J 
Fe2

• . In general, the equilibrium is 

Ox+ ve- ~ Red Q = aR,d 

a ox 

A redox electrode is denoted MIRed, Ox, where M is 
an inert metal (typically platinum) making electrical 
contact with the solution containing the Red and Ox 
species. The electrode corresponding to the Fe3•/Fe2

• 

couple is therefore denoted Pt(s)1Fe2•(aq),Fe3•(aq) and 
the reduction half-reaction and reaction quotient are 

Another example of a similar kind is the electrode 
Pt(s)INADH(aq),NAD•(aq),H•(aq) used to study the 
NAD•JNADH couple. 

51.3 Varieties of cell 

The simplest type of galvanic cell has a single 
electrolyte common to both electrodes (as in Fig. 6). 
In some cases it is necessary to immerse the electrodes 
in different electrolytes, as in the Daniell cell (Fig. 8), 
in which the redox couple at one electrode is Cu2•/Cu 

Zn 

Fig. 8 A Daniell cell consists of copper in contact w ith 
copper(ll) sulfate solution and zinc in contact with zinc sulfate 
solution; the two compartments are in contact through the 
porous pot that conta ins the zinc su lfate solution. The copper 
electrode is the cathode and the zinc electrode is the anode. 
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and at the other is Zn2•tzn. In an electrolyte con
centration cell, which would be constructed like 
the cell in Fig. 7, the electrode compartments are of 
identical composition except for the concentrations 
of the electrolytes. In an electrode concentration cell 
the electrodes themselves have different concentra
tions, either because they are gas electrodes operating 
at different pressures or because they are amalgams 
(solutions in mercury) with different concentrations. 

In a cell with two different electrolyte solutions in 
contact, as in the Daniell cell or an electrolyte con
centration cell, the liquid junction potential, Ei, the 
potential difference across the interface of the two 
electrolytes, contributes to the overall potential dif
ference generated by the cell. The contribution of the 
liquid junction to the potential can be decreased (to 
about 1-2 mV) by joining the electrolyte compart
ments through a salt bridge consisting of a saturated 
electrolyte solution (usually KCl) in agar jelly (as in 
Fig. 2). The reason for the success of the salt bridge 
is that the mobilities of the K+ and Cl- ions are very 
similar and the liquid junctions at each end of the 
bridge are minimized. 

In the notation for cells, an interface between 
phases is denoted by a vertical bar, I· For example, 
a cell in which the left-hand electrode is a hydrogen 
electrode and the right-hand electrode is a silver
silver chloride electrode is denoted 

Pt(s)IH2(g)IHCl(aq)IAgCl(s)IAg(s) 

A double vertical line II denotes an interface for 
which the junction potential has been eliminated. 
Thus a cell in which the left-hand electrode, in an ar
rangement like that in Fig. 7, is zinc in contact with 
aqueous zinc sulfate and the right-hand electrode is 
copper in contact with aqueous copper(II) sulfate is 
denoted 

Zn(s)IZnS04(aq)IICuS04(aq)ICu(s) 

51.4 The cell reaction 

The current produced by a galvanic cell arises from 
the spontaneous reaction taking place inside it. The 
cell reaction is the reaction in the cell written on the 
assumption that the right-hand electrode (as it ap
pears in the cell diagram) is the cathode, and hence 
that reduction is taking place in the right-hand com
partment. If the right-hand electrode is in fact the 
cathode, then the cell reaction is spontaneous as 
written. If the left-hand electrode turns out to be the 

cathode (when a measurement is made, or a calcu
lation like those in Topic 5] is carried out), then the 
reverse of the cell reaction is spontaneous. 

To write the cell reaction corresponding to the cell 
diagram: 

1. Write the half-reactions at both electrodes as re
ductions. 

2. Subtract the equation for the left-hand electrode 
from the equation for the right-hand electrode. 

Thus, for the cell used to study the reaction between 
NADH and 0 2 in Example 51.1, 

Pt(s)INADH(aq),NAD•(aq),H•(aq)ll 
H20 2(aq),H+ (aq)l02(g)1Pt(s) 

the two reduction half-reactions are 

Right (R): 0 2(g) + 2 W(aq,R) + 2 e- -7 H20 2(aq) 

Left (L): NAD•(aq) + H•(aq,L) + 2 e- -7 NADH(aq) 

Note that the H+ concentrations have been allowed 
to be different in each compartment. The equation 
for the cell reaction is the difference: 

Overall (R- L): NADH(aq) + 0 2(g) + 2 H•(aq,R) ~ 

NAD•(aq) + H20 2(aq) + H•(aq,L) 

In other cases, it may be necessary to match the num
bers of electrons in the two half-reactions by multi
plying one of the equations through by a numerical 
factor: there should be no spare electrons showing in 
the overall equation. If, given the concentrations and 
pressures of the various species in the cell reaction, it 
turns out that the right-hand electrode is the cathode, 
then this cell reaction is spontaneous. If the con
centrations and pressures are adjusted so that the 
left-hand electrode turns out to be the cathode, then 
under these new conditions the reverse of this cell re
action is spontaneous. 

51.5 The cell potential 

A galvanic cell can do electrical work as the reac
tion drives electrons through an external circuit. The 
work done by a given transfer of electrons depends 
on the potential difference between the two elec
trodes. This potential difference is measured in volts 
(V, where 1 V = 1 J c-1

). When the potential differ
ence is large (for instance, 2 V), a given number of 
electrons tra veiling between the electrodes can do a 



lot of electrical work. When the potential difference 
is small (such as 2 mV), the same number of electrons 
can do only a little work. A cell in which the reaction 
is at equilibrium can do no work and the potential 
difference between its electrodes is zero. 

According to the discussion in Topic 3D, the max
imum non-expansion work, w nonoxp,mm that a sys
tem (in this context, the cell) can do is given by eqn 
6 of Topic 3D (wnonoxp,max =,:\.G). Maximum work is 
achieved when a process occurs reversibly, that is, 
when the process can be reversed by an infinitesimal 
change in the external conditions. In the present con
text, reversibility means that the cell should be con
nected to an external source of potential difference 
that opposes and exactly matches the potential dif
ference generated by the cell. Then an infinitesimal 
change of the external potential difference will allow 
the reaction to proceed in its spontaneous direction 
and an opposite infinitesimal change will drive the 
reaction in its reverse direction. The potential differ
ence measured when a cell is balanced against an ex
ternal source of potential is called the cell potential 
and denoted E,o~1 (Fig. 9). An alternative name for this 
quantity, which formerly was called the electromo
tive force (emf) of the cell, is the zero-current cell po
tential. In practice, the cell potential is measured with 
a voltmeter that draws negligible current. 

As shown in the following Justification, the rela
tion between the cell potential and the Gibbs energy 
of the cell reaction is 

-vFE,o~ 1 = ,:\.,G 
Cell potential 
[constant T and pi 

Opposing source 

(1) 

Fig. 9 The potential of a cell is measured by balancing the 
cell against an externa l potential that opposes the reaction in 
the cell. When there is no cu rrent f low, the external potent ial 
difference is equa l to the cel l potential. 
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where F is Faraday's constant (F =eN A) and vis the 
stoichiometric coefficient of the electrons transferred 
in the cell reaction (as inferred from the half-reac
tions into which it may be divided). 

Justification 51.1 

The cell potential 

Suppose the cell reaction can be broken down into ha lf-reac

t ions of the form A+ ve- --> B. The electrical work done when 

a charge 0 moves through a potential difference !J.¢ is O!J.¢. 

When the react ion takes place, vN. elect rons are t ransferred 

f rom the reducing agent to the oxidizing agent per mole of 
reaction events, so the charge t ransferred between the elec

t rodes is vN. x (-e), or -vF. Thus, the elect rical work w,,.,P 
done when this charge travels f rom the anode to the cathode 
is equa l to the product of the charge and the potent ial differ

ence Ece11: 

W nonexp = -VF X f cell 

Provided the work is done reversibly at constant temperatu re 

, and pressure, this electrica l work can be equated to the reac
: t ion Gibbs energy, and so we obta in eqn 1. 

Equation 1 shows that the sign of the cell potential 
is opposite to that of the reaction Gibbs energy, the 
slope of a graph of G plotted against the composition 
of the reaction mixture (Topic SA): 

• When the reaction is spontaneous in the forward 
direction, ,:\.,G < 0 and E,o~ 1 > 0. 

• When ,:\.,G > 0, the reverse reaction is spontaneous 
and E,o~1 < 0. 

• At equilibrium ,:\.,G = 0 and therefore E,o~1 = 0 too. 

Equation 1 provides an electrical method for meas
uring a reaction Gibbs energy at any composition of 
the reaction mixture: simply measure the cell poten
tial and convert it to ,:\.,G. Conversely, if the value of 
,:\.,G is known at a particular composition, then the 
cell potential can be predicted. 

Brief illustration 51 .2 The ce ll potentia l 

Suppose !J., G ~ -1 x 102 kJ mol-1 and v= 1, then 

(-1 x 105 J mol-1
) 

1 
V 

1x(9.6485x104 C mol 1
) 

Most elect rochemica l cel ls bought commercially are indeed 

rated at between 1 and 2 V 
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: Self-test 51.5 . 
! The cell potential for a nickel-cadmium cell is 1.2 V. Calcu

! late the corresponding reaction Gibbs energy for this two

: electron process. . Answer: -2.3 x 102 kJ mol-1 

The next step is to see how E,o~1 varies with com
position by combining eqn 1 and eqn 3a of Topic SA 
(t.,G = t.,c • + RT In Q) showing how the reaction 
Gibbs energy varies with composition. In this expres
sion, t.,c • is the standard reaction Gibbs energy and 
Q is the reaction quotient for the cell reaction. The 
substitution of this relation into eqn 1 written E oell 

= -t.,GivF gives the Nernst equation: 

e RT
1 E,o~1 = E,o~1 - -- nQ 

vF 
Nernst 
equation 

where E ~ell is the standard cell potential: 

E. -- t.,c· 
cell - vF 

Standard cell 
potentialldefinitionl 

(2) 

(3) 

The standard cell potential is often interpreted as the 
cell potential when all the reactants and products are 
in their standard states (unit activity for all solutes, 
pure gases and solids, a pressure of 1 bar). However, 
because such a cell is not in general attainable, it is 
better to regard E~ell as the standard Gibbs energy of 
the reaction (in kilojoules per mole) expressed as a 
potential (in volts). 

Checklist of key concepts 

0 1 A galvanic cell is an electrochemical cell in which a 

spontaneous chemical reaction produces a poten

tial difference. 

0 2 An electrolytic cell is an electrochemical cell in 

which an external source of current is used to drive 

a nonspontaneous chemical reaction . 

0 3 A redox reaction is expressed as the difference of 

two reduction half-reactions. 

If all the stoichiometric coefficients in the equation 
for a cell reaction are multiplied by a facto~; then l'l,Ge is 
increased by the same factor; but so too is v, so the 
standard cell potential is unchanged. Likewise, Q is 
raised to a power equal to the factor (so if the factor 
is 2, Q is replaced by Q2

) and because In Q2 = 2 In 
Q, and likewise for other factors, the second term 
on the right-hand side of the Nernst equation is also 
unchanged. That is, E oell is independent of how the 
balanced equation for the cell reaction is written. 

Brief illustration 51 .3 The Nern st equat ion 

At 25.00 oc. 

RT 
F 

(8.314 47 J K-1 mol-1)x (298.15 K) 

9.6485x104 C mol 1 
2.5693 x 1 o-' J c-1 

Because 1 J = 1 V C, 1 J c-1 = 1 V. and 10-3 V = 1 mV. this result 

can be written as RT/F= 25.693 mV. or approximately 25.7 mV. 

It follows from the Nernst equation that for a reaction in which 

v= 1, if 0 is decreased by a factor of 10. then the cell potential 
becomes more positive by (25.7 mV) x In 10 = 59.2 mV. The 
reaction has a greater tendency to form products. If 0 is in

creased by a factor of 10. then the cell potential falls by 59.2 mV 
and the reaction has a lower tendency to form products. 

: Self-test 51.6 

! By how much does a cell potential increase at 30 oc when 

' 0 is increased by a factor of 20? 

Answer: 78 mV 

0 4 A cathode is the site of reduction ; an anode is the 

site of oxidation. 

0 5 The cell potential is the potential difference it pro

duces when operating reversibly. 

0 6 The Nemst equation relates the cell potential to the 

composition of the reaction mixture. 



TOPIC 5J 

Standard potentials 

>- Why do you need to know this material? 

Most applications of cell potentials to chemistry 
are expressed in terms of standard potentials, 
which are of great usefulness for discussing equi
libria and the ability of species to oxidize and 
reduce each other. 

>- What is the key idea? 

The standard cell potential is the difference of 
the standard potentials of the couples that con
tribute to the cell reaction. 

>- What do you need to know already? 

This Topic builds on the discussion of cell potential 
introduced in Topic 51 and uses the Nemst equa
tion introduced there. It makes use of the relation 
between the equilibrium constant and the standard 
Gibbs energy of reaction developed in Topic SA. 

Each electrode in a galvanic cell makes a character
istic contribution to the overall cell potential. Not 
only does the listing of these contributions provide 
a succinct way of summarizing electrochemical data, 
it provides a way of discussing redox reactions in a 
rational way. 

5J.1 The contributions of 
individual electrodes 

Although it is not possible to measure the contribu
tion of a single electrode, one electrode can be as
signed the value zero and the others assigned relative 
values on that basis. The specially selected electrode 
is the standard hydrogen electrode (SHE): 

Ee = 0 at all temperatures 

The standard potential, E9 (0x/Red), of a couple Ox/ 
Red is then measured by specifying a cell in which the 
couple of interest forms the right-hand electrode and 
the standard hydrogen electrode is on the left. 1 For 
example, the standard potential of the Ag+/Ag couple 
is the standard potential of the cell 

Left Right 

Pt(s) IH2(g) IH+(aq)i1Ag+(aq)1Ag(s) 

and is +0.80 V. Table 5J.llists a selection of standard 
potentials; a longer list will be found in the Resource 
section. 

To calculate the standard potential of a cell formed 
from any pair of electrodes, take the difference of 
their standard potentials: 

Cell potential from 
electrode potentials 

(1) 

Here E; is the standard potential of the right-hand 
electrode (as it appears in the cell specification) and 
E~ is that of the left. 

Brief illustration 5J.1 The cell potential 

To ca lculate the standard potential for a cell in wh ich the dis· 
proportionation reaction 2 Cu+(aq) ~ Cu(s) + Cu2+(aq) takes 

place (at 298 Kl express the equation as the difference of two 
reduct ion ha lf-reactions wi th matching numbers of electrons. 
The two ha lf-reactions are 

Right: Cu+(aq) + e- ~ Cu(aq) E
9
(Cu+,Cu) = +0.52 V 

Left: Cu2+(aq) + e- ~ Cu+(aq) E9(Cu2+,Cu+) = +0.15 V 

The difference is 

E~,11 = E: - E~ = 0 52V -0 15V=+0.37V 

; Self-test 5J.1 . 
: Calculate the standard potential of a cell (at 298 Kl in which ! the reaction is Sn2+(aq) + Pb(s) ~ Sn(s) + Pb2+(aq). 

Answer:= +0.01 V 

1 Standard potentials are also called standard electrode potentials 
and standard reduction potentials. If in an older source of data you 
come across a 'standard oxidation potential', reverse its sign and 
use it as a standard reduction potential. 
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Table5J.1 

Standard potentials at 298. 15 K 

Reduction half-reaction 

Oxidizing agent Reducing agent 
..................................................... 

Strongly oxidizing 

F, + 2 e- ~ 2 F- +2.87 

s,o .'- + 2 e- ~ 2 SO/- +2.05 

Au+ +e ~ Au +1.69 
Pb4+ + 2 e- ~ Pb2+ +1.67 
Ce4+ +e- ~ Ce3+ +1.61 

Mn04- + 8 W + 5 e- ~ Mn2++4 H20 +1.51 

Cl2 + 2 e- ~ 2CI- +1.36 

Cr,o ,'- + 14 W + 6e- ~ 2 cr++ 7 H,o +1.33 

0 2 +4W +4e- ~ 2 H20 +1.23, 

+0.81 at pH = 7 

Br2 + 2 e- ~ 2Br- +1.09 

Ag+ + e- ~ Ag +0.80 

Hg,'+ + 2 e- ~ 2 Hg +0.79 
Fe3+ +e- ~ Fe2+ +0.77 

I, +e ~ 2 1 - +0.54 

0 2 +2 H20 +4e- ~ 40W +0.40, 

+0.81 at pH = 7 

Cu'+ + 2 e- ~ cu +0.34 

AgCI +e- ~ Ag + Cl- +0.22 

2W + 2 e- ~H, 0, by definit ion 

Fe3+ +3 e- ~ Fe - 0.04 

0 2 + H20 + 2 e- ~ HO,- +OW - 0.08 

Pb2+ + 2 e- ~ Pb - 0.13 

Sn2+ + 2 e- ~ sn - 0.14 

Fe2+ + 2 e- ~ Fe - 0.44 

Zn 2+ + 2 e- ~ zn - 0.76 

2 H20 + 2 e- ~ H2 +2 OH- - 0.83, 

- 0.42 at pH = 7 
Al3+ +3 e- ~ AI - 1.66 

Mg'+ + 2 e- ~ Mg - 2.36 

Na+ +e ~ Na - 2.71 

Ca2+ + 2 e- ~ ca - 2.87 

K+ +e ~ K - 2.93 

Li+ +e ~ Li - 3.05 

Strongly reducing 

For a more extensive table, incl uding an alphabetical list, see the Resource section. 

5J.2 Equilibrium constants from 
standard potentials 

One of the most important applications of 
standard electrode potentials is to the calculation of 

equilibrium constants. The Nernst equation, eqn 2 of 
Topic 51, is 



with E;,u calculated from standard potentials as in 
eqn 1 of this Topic. When the cell reaction has 
reached equilibrium Q = K, where K is the equilib
rium constant of the cell reaction. Moreover, because 
a chemical reaction at equilibrium cannot do work, it 
generates zero potential difference between the elec
trodes, so Ecdl = 0. Therefore 

0= E:,u - RT InK 
vF 

and hence 

InK= vFE:,u 
RT 

Equ ilibrium 
constant 

At 298.15 K, RTIF= 25.69 mV. Note that 

(2) 

• If E~,u > 0, then K > 1 and at equilibrium the cell 
reaction lies in favour of products. 

• If E~,u < 0, then K < 1 and at equilibrium the cell 
reaction lies in favour of reactants. 

Brief illustration 5J.2 Equilib ri um constants from 

sta ndard potentials 

In Brief illustration 5J.1 it is ca lculated that the standard po

tential of a cell in wh ich the reaction is 2 cu•(aq) -> Cu(s) + 
Cu' •(aq) is 0.37 V. From the two ha lf-reactions it can be seen 

that v = 1. It then fo llows from eqn 2 w ith v = 1, that 

InK= 
0

·
37 

V ~=14.4 ... 
2.569x10 2 V 2.569 
'-----,------' 

RTIF 

Therefore, because K = e'' K, 

K = e144
··· = 1.8 x 106 

Because the va lue of Kis so large, the equ ilibrium lies strong ly 
in favour of products, and cu• disproportionates almost tota lly 

in aqueous solution. 

A note on good practice Evaluate antilogarithms right at 
the end of the ca lculation, because ex is very sensit ive to 

the value of x and round ing an earlier numerica l result can 

have a sign ificant effect on the final answer. 

: Self-test 5J.2 

: To what standard ce ll potential wou ld K = 1 correspond at 
: 25 oc (in fact, at any temperature)? . 

Answer: f~en = 0. 

5J.3 The variation of potential 
with pH 

The half-reactions of many redox couples involve 
hydrogen wns. For example, the fumaric acid/ 
succmtc acid couple (HOOCCH=CHCOOH/ 
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HOOCCH2CH2COOH), which plays a role in the 
aerobic breakdown of glucose in biological cells, is 

HOOCCH=CHCOOH(aq) + 2 H•(aq) + 2 e- ~ 
HOOCCH2CH2COOH(aq) 

Half-reactions of this kind have potentials that de
pend on the pH of the medium. In this example, in 
which the hydrogen ions occur as reactants, an in
crease in pH, corresponding to a decrease in hydrogen 
ion activity, favours the formation of reactants, so the 
fumaric acid has a lower thermodynamic tendency to 
become reduced. You should therefore expect the po
tential of the fumaridsuccinic acid couple to decrease 
as the pH is increased. As shown in the following 
Justification, for a half-reaction of the form 

the potential depends on the pH as 

e vPRT ln10 
E=E - xpH 

vF 

(Rl) 

Effect of pH (3) 

At298.15 K, (RT/F) In 10=59.2 mV.When VP= v,as 
in the fumaric acid reduction (note the 2 H•(aq) + 2 e-), 
each increase of 1 unit in pH decreases the potential 
by 59.2 mV, which is in agreement with the remark 
above, that the reduction of fumaric acid is discour
aged by an increase in pH. 

Justification 5J.1 

The variation of potential with pH 

The Nernst equation for an electrode potential is w ritten in the 
same way as for a cell react ion except the stateless elect ron 

does not appear in 0. It fo llows that the Nernst equat ion 
for the protonat ion half-react ion R1 w ith all species in the ir 

standard states apart from the hydrogen ion is 

Then, because 

In a", = In 10 x log a", =-In 10 x pH 

It fo llows that 

E = Ee _ vPRT in10 xpH 
vF 

as in eqn 3. 
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The same approach is used to convert standard 
potentials to biological standard potentials, E"', 
which correspond to neutral solution (pH = 7). In 
that case 

Ee = E• Biological standard 
potential (4) 

If the hydrogen ions appear as reactants in the reduc
tion half-reaction (taking v P as a positive quantity), 
the potential is decreased below its thermodynamic 
standard value by 7 x 59.2 mV = 414 mV, or about 
0.4 V). If the hydrogen ions appear as products (in 
which case v P is negative), the biological standard 
potential is higher than the thermodynamic standard 
potential. 

Brief illustration 5J.3 The biological standard value 

To estimate the biolog ical standard potentia l of the NAD•; 
NADH couple at 25 ac for wh ich the reduction half-reaction is 

NAO•(aq) + H+(aq) + 2 e- -'> NADH(aq) E~,11 = -0.11 V 

identify v, = 1, v = 2. and then evaluate 

E"' =-0.11 V 7x 1x59.2 mV 
2 

=-0.1 1 v -0.207 v =-0.32 v 

: Self-test 5J.3 

: Calculate the biological standard potential of the half-reaction 
: 0 2(g) + 4 H+(aq) + 4 e- -'> 2 H20(1) at 25 ac given its value 
: + 1.23 V under thermodynamic standard conditions. 

Answer: +0.82 V 

The potential of a hydrogen electrode (HE), for 
which E9 = 0, and the half-reaction is H+(aq) + e- ~ 
t H2(g), with v P = 1 and v = 1 is 

E(HE) = _ RT ln10 x pH 
F 

Hydrogen 
electrode (5) 

and is directly proportional to the pH of the solu
tion, so it may be used to determine pH. However, in 
practice, indirect methods are much more convenient 
to use than one based on the standard hydrogen 
electrode, and the hydrogen electrode is replaced by 
a glass electrode (Fig. 1). This electrode is sensitive 
to hydrogen ion activity and has a potential that de
pends linearly on the pH. It is filled with a phosphate 
buffer containing CJ- ions, and conveniently has E z 0 
when the external medium is at pH = 7. The glass 
electrode is much more convenient to handle than 
the gas electrode itself, and can be calibrated using 

Silver/silver chloride v electrode (Ag/AgCI/Cn 

Fig. 1 A glass electrode has a potential that varies w ith the 
hydrogen ion concentration in the medium in which it is im
mersed. It consists of a thin glass membrane conta ining an 
electrolyte and a silver ch loride electrode. The electrode is 
used in conjunction with a calomel (Hg2CI2) electrode that 
makes contact w ith the test solution through a sa lt bridge; 
the electrodes are normally combined into a sing le unit. 

solutions of known pH (for example, one of the 
buffer solutions described in Topic SF). 

5J.4 The electrochemical series 

As remarked in Section 5J.2, a cell reaction has K > 1 
if E: ,u > 0, and E,,u > 0 corresponds to reduction at 
the right-hand electrode in the cell as depicted (using 
the conventions explained in Topic 5I). Because E:.u = 
E; - E~, a reaction corresponding to reduction at 
the right-hand electrode has K > 1 if E~ < E; . In 
general: 

A couple with a low standard potential has a 
thermodynamic tendency (in the sense K > 1) to 
reduce a couple with a high standard potential. 

More briefly: low reduces high and, equivalently, 
high oxidizes low. 

Brief illustration 5J.4 The tendency to reduce 

Because E9 1Zn' •.Zn) = -0.76 V < E9 (Cu' •.cu) = +0.34 V. you 
can infer that Zn(s) has a thermodynamic tendency to reduce 
Cu' •(aq) under standard cond it ions. More precisely, the reac
tion Zn(s) + CuSO, (aq) ~ ZnSO, (aq) + Cu(s) can be expected 
to have K > 1 lin fact, K = 1.5 x 1037 at 298 K). 

Self-test 5J.4 

Does acidified dichromate (Cr,o ,'-) have a thermodynamic 
tendency to oxidize mercury metal to mercury(!)? 

Answer: Yes 
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5J.5 The combination of standard 
potentials 

The relation between the standard cell potential and 
the standard reaction Gibbs energy is a convenient 
route for the calculation of the standard potential of a 
couple from two others relating to the same element. 
Thus, G is a state function, so the Gibbs energy of a 
half-reaction is the sum of the Gibbs energies of the 
half-reactions into which it can be divided. In general, 
the Ee values of the couples themselves cannot be 
added together directly because they depend on the 
value of v, which may be different for the two couples. 

l#if!,!.!fJUi 
Calculating a standard potential from two others 

Given the standard potent ia ls E0 (Cu2+,Cu) = +0.340 V and 

E0
(Cu+,Cu) = +0.522 V. ca lcu late E0

(Cu 2+,cu+). 

Collect your thoughts You need 

to convert the two E
0 

to f!.,G0 by 
us ing eqn 1 of Topic 51 (t.,G0 = 
-vFE0

) , add them appropriately, 

and then convert the sum to the 
requi red E0 by using that equa-

• tion aga in. Because the Fs cancel 

at the end of the ca lcu lat ion, ca rry 

them through. As emphasized in 

the text, the standard potentials are not in general add it ive 
because they might (as here) correspond to the t ransfer of 

different numbers of e lect rons. 

The solution The electrode half-react ions and their standard 

potentia ls are as fo llows: 

(a) Cu2+(aq) + 2 e· --'> Cu(s) E0 
= +0.340 V 

f!..,G0 (a) = -2F x (0 .340V) 

= (-0.680 V) X F 

(b) Cu+(aq) + e· --'> Cu(s) E0 = +0.522 V 

The requ ired ha lf-reaction is 

!!..,G0 (b) = -Fx (0.522 V) 
= (-0.522 V) x F 

(c) Cu'+(aq) + e· --'> Cu+(aq) f!..,G0 (c) = -FE0 

Because (c)= (a)- (b). it fol lows that 

t.,G0 (c) = t.,G0(a) -f!..,G0 (b) 

Therefore, 

FE0 (c) =-{(-0.680V)F - (-0.522V) F) = (+0. 158V) F 

The Fs cancel, leaving E
0
(c) = +0. 158 V. 

Self-test 5J.5 

Given the standard potentials E0 (Fe3+,Fe) = -0.04 V and 
E0 (Fe2+,Fe) = -0.44 V. ca lcu late E0 (Fe3+,Fe2+). 

Answer: +0.77 V 

5J.6 Thermodynamic data from 
standard potentials 

Once L'l,G0 has been obtained from the determin
ation of E~,u either experimentally or from standard 
potentials, thermodynamic relations can be used to 
determine other properties. For instance, as shown 
in the following justification, the standard entropy of 
the cell reaction can be obtained from the change in 
the cell potential with temperature: 

( e e' ) 
1'1 s• = vF Eco~t - Eceu 

' T-T' 

Justification 5J.2 

Standard entropy 
of reaction 

The reaction entropy from the cell potential 

(6a) 

The defin it ion of the Gibbs energy is G= H- TS. This formu la 
appl ies to all substances involved in a reaction, so at a given 

temperature t.,G"I n = t.,H0
- Tt.,S0

. If the weak temperatu re 
dependence of f!.,H 0 and t.,s • can be ignored, then at a tem

perature T' t.,G0
( T') = t.,H0

- T' t.,S0
. Therefore, 

t.,G• I n- t.,G"I n = -1 r- nt.,s• 

Subst itut ion of t.,G" = -vFE~,11 gives 

-vFE~;, + vFE~,11 =-IT'- nt.,S0 

which becomes eqn 6a. An alternative approach is to 
start at eqn 4b ofTopic 4A (dG = -Sd T) in the form dt.,G0 = 

-f!..,S0d T. in which case vFdE~11 =f!..,S0d TTherefore, the standard 

reaction entropy is obtained from the slope of a graph of the 
standard cell potential plotted against temperature (Fig. 2) : 

t. s• = vF dE:,, 
' dT 

Standard entropy 
of reaction (6b) 

Th is expression is a more soph isticated version of eqn 6a but 
enables the react ion entropy to be determined even if it (and 

the va lue of f!.,H 0
) varies with temperature. 

i 
--
"' ·;::; 
c 
Q) 

15 
a. 
a; 
u 
"E 
"' "0 
c 
"' ci5 

t.,S"> 0 

Temperature, r -

Fig. 2 The va riation of the standard potential of a cell with tem
perature depends on the standard entropy of the cell reaction. 
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According to eqn 6, the standard cell potential in
creases with temperature if the standard reaction en
tropy is positive, and the slope of a plot of potential 
against temperature is proportional to the reaction 
entropy. An implication is that if the cell reaction 
produces a lot of gas, then its potential will increase 
with temperature (so the reaction entropy is likely to 
be positive). The opposite is true for a reaction that 
consumes gas. 

Finally, the results obtained so far can be combined 
with G = H- TS in the form H = G + TS to obtain the 
standard reaction enthalpy: 

(7) 

with l'l,G9 determined from the cell potential and 11,5" 
from its temperature variation. This approach pro
vides a non-calorimetric method of measuring a re
action enthalpy. 

l#if!,!.!fJjfj 
Using the temperature dependence of the cell potential 

The standard potential of the cell Pt(s)IH2(g)IHCI(aq)1Hg2CI2(s)l 
Hg(l) was found to be +0.2699V at 293 K and +0.2669V at 303 K. 
Evaluate the standard Gibbs energy, enthalpy, and entropy at 
298 K of the reaction Hg2CI2(s) + H2(g)-> 2 Hg(l) + 2 HCI(aq). 

Collect your thoughts You know 
that the standard Gibbs en-
ergy can be calculated from the 
standard cell potential (by eqn 1 

of Topic 51, !1,G" = -vFE~,11 ) and 
have just seen that the standard 
reaction entropy can be calculated 
from its temperature dependence 
(by eqn 6 of this Topic). and you 

T 

also know the standard reaction enthalpy can be found by 

Checklist of key concepts 

D 1 The standard potential of a couple is the standard 

cell potential in which it forms the right-hand elec

trode and a hydrogen electrode is on the left. 

D 2 The biological standard state has pH = 7. 

03 The pH of a solution is determined by measuring 

the potential of a glass electrode. 

D 4 A couple with a low standard potential has a 

thermodynamic tendency (in the sense K> 1) tore

duce a couple with a high standard potential. 

combining these two quantities (by eqn 7). The data need to 
be used to find the standard reaction Gibbs energy at 298 K 
by making a linear interpolation between the two tempera

tures (in this case, take the mean E~,11 because 298 K lies 
midway between 293 K and 303 K). Use 1 C V = 1 J. 

The solution Because the mean standard cell potential is 
+0.2684 V and v = 2 for the reaction, 

!1,G" = -vFE~,11 = -2 X (9.6485 X 104 C mol-1
) x (0.2684 V) 

= -51.79 kJ mol-' 

Then, from eqn 6a, the standard reaction entropy is 

~ F ~~ 

11 
se = 2x (9.6485 x 104 C mol-1)x(0.2699 V-0.2669 V) 

' 293 K-303 K 
'-v--' '-v--' 

T T' 

2 X 9.6485 X 10
4 

X 0.0030 fv K_1 mol-' 
(-10) 

= -57.9 J K-1 mol-' 

For the next stage of the calculation it is convenient to write 
the last value as -0.0579 kJ K-1 mol-1

• Then, from eqn 7. 

11,H9 
= (-51.79 kJ mol-1

) + (298 K) x (-0.0579 kJ K-1 mol-1
) 

= -69 kJ mol-' 

One difficulty with this procedure lies in the accurate meas
urement of small temperature variations of cell potential. 
Nevertheless, it is another example of the striking ability of 
thermodynamics to relate the apparently unrelated, in this 

case to relate electrical measurements to thermal properties. 

: Self-test 5J.6 . 
Predict the standard potential of the Harned cell 

Pt(s)IH2(g)IHCI(aq)IAgCI(s)IAg(s) 

: at 303 K from tables of thermodynamic data for 298 K. 

Answer: +0. 2168 V 

D 5 The electrochemical series is a table of relative re

ducing powers of couples. 

D 6 The temperature coefficient of the cell potential is 

related to the reaction entropy. 
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Exercises 

Topic SA The thennodynamics of reaction 

5A.1 Write the reaction quotients for the follow ing reactions 
making the approximation of replacing activit ies by molar con

centrations or partial pressures: 

(a) 2 CH3COCOOH(aq) + 5 0 2(g) --'> 6 C02(g) + 4 H20(1) 

(b) Fe(s) + PbS04(aq) --'> FeS04(aq) + Pb(s) 

(c) Hg2CI2(s) + H2(g)--'> 2 HCI(aq) + 2 Hg(l) 

(d) 2 CuCI(aq) --'> Cu(s) + CuCI2(aq) 

5A.2 Borneol is a pungent compound obtained from the 
camp harwood t ree of Borneo and Sumatra. The standard re

action Gibbs energy of the isomerizat ion of borneol to isobar

neal in the gas phase at 503 K is +9.4 kJ mol-' . Calculate the 

reaction Gibbs energy in a mixture consisting of 0.15 mol of 
borneol and 0.30 mol of isoborneol w hen the tota l pressure 

is 600 Torr. 

5A.3 The distribution of Na• ions across a typica l biolog ical 

membrane is 10 mmol dm-3 inside the cell and 140 mmol 
dm-3 outside the cel l. At equi librium. the concentrations are 

equal. What is the Gibbs energy difference across the mem

brane at 37 oc? 

5A.4 The reaction 

Pyruvate-(aq) + NADH(aq) + W(aq)--'> lactate-(aq) 

+ NAD•(aq) 

where NAD+ is the oxidized form of nicotinamide adenine 

dinucleotide. occurs in muscle cel ls deprived of oxygen 

during strenuous exercise and can lead to cramp. Calculate 
the biolog ica l standard Gibbs energy. !'.,G". for the reaction at 

310 K given that the thermodynamic standard reaction Gibbs 
energy !;,G0 = -66.6 kJ mol-1

• 

5A.5 The biolog ical standard reaction Gibbs energy for the 
remova l of the phosphate group from adenosine monophos

phate is !'.,G" = -14 kJ mol-' at pH = 7 and 298 K. What is the 

va lue of the thermodynamic standard react ion Gibbs energy. 
!'.,Go? 

Topic 58 The equilibrium constant 

58.1 Sol id calcium carbonate. CaC03(s). partia lly decom

poses at high temperatures to form sol id ca lcium oxide. 
CaO(s). and gaseous carbon dioxide. C02(g). If the equi librium 

5A.6 Write the expressions for the equ il ibrium constants of 

the following reactions: 

(a) CO(g) + Cl2(g) ~ COCI(g) + Cl(g) 

(b) 2 S02(g) + 0 2(g) ~ 2 S03(g) 

(c) H2(g) + Br2(g) ~2 HBr(g) 

(d) 2 0 3(g) ~ 3 0 2(g) 

5A.7 One of the most extensively studied reactions of in

dustrial chemistry is the synthesis of ammonia. for its suc
cessfu l operation helps to govern the efficiency of the entire 
economy. The standard Gibbs energy of formation of NH3(g) 

is -16.5 kJ mol_, at 298 K. What is the reaction Gibbs energy 

when the partial pressure of the N2• H2• and NH3 (treated as 

perfect gases) are 3.0 bar. 1.0 bar. and 4.0 bar. respectively? 
What is the spontaneous direction of the reaction in this case? 

5A.8 If the equ il ibrium constant for the reaction A+ B ~ C 

is reported as 0.432. what wou ld be the equi librium constant 
for the reaction w ritten as C ~A+ B? 

5A.9 The equi librium constant for the reaction A+ B ~2 Cis 

reported as 7.2 x 105
. What would it be for the reaction written 

as (a) 2 A+ 2 B ~ 4 C. (b)-J- A+ -J- B ~ C? 

5A.10 What is the value of the equi librium constant of a reac

tion for wh ich !'.,G0 
= 0? 

5A.11 The equi librium constant for the isomerization of cis-
2-butene to trans-2-butene is K = 2.07 at 400 K. Ca lcu late the 

standard reaction Gibbs energy for the isomerization. 

5A.12 The standard reaction Gibbs energy of the isomeriza

tion of cis-2-pentene to trans-2-pentene at 400 K is -3.67 kJ 

mol-'. Calculate the equilibrium constant of the isomerization. 

5A.13 The biological standard reaction Gibbs energies. at 

pH = 7. for the hydrolysis of glucose-1-phosphate. glucose-

6-phosphate. and glucose-3-phosphate are !'.,G" = -21. -14. 
and -9.2 kJ mol_, at 37 oc. Calculate the equil ibrium con

stants for the hydrolyses at this temperature. 

constant for the decomposit ion reaction is 0.102 at 1000 K. 

ca lcu late the result ing partial pressure of carbon dioxide. 
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58.2 A gas-phase reaction mixtu re contains phosphorus pen

tachloride. PCI5• phosphorus t rich loride. PCI3• and ch lorine. 

Cl2 . At equi librium. the partial pressures of the gases are 

54 kPa. 21 Pa. and 78 Pa. respectively. at 298 K. Ca lcu late 

the equilibrium constant. K. for the reaction PCI3(g) + Cl2(g) 
~ PCI5(g) at th is temperature. 

58.3 Bromine. Br2• reacts w ith chlorine. Cl2• in a tetrachloro

methane. CCI4• solution to form bromine monochloride. 
BrCI. At equ ilibrium. the concentrations of Br2• Cl2• and BrCI 
in a reaction mixture were found to be 0.048 mol dm-3• 

Topic 5C Response to conditions 

5C.1 What is the standard enthalpy of a reaction for w hich 
the equilibrium constant is (a) doubled. (b) ha lved w hen the 

temperature is increased by 10 Kat 298 K? 

5C.2 The equilibrium constant for the reaction N2(g) + 3 H2(g) 

~ 2 NH3(g). which corresponds to the formation of ammonia 

by the Haber process. is 2.13 x 106 at 288 K and 1.75 x 105 at 

308 K. Ca lcu late the standard reaction enthalpy at 298 K. 

5C.3 The equi librium constant for the formation of su l

fur t rioxide. S03• from sulfur dioxide. SO, . and oxygen. 
0 2• S02(g) + 1 0 2(g) ~ S03(g) is 2.643 x 1012 at 298 K. 

The standard reaction enthalpy is -98.9 kJ mol-1
. Ca lcu late 

the value of the equilibrium constant at 308 K. Assume that 

Topic 50 Proton transfer equilibria 

50.1 Write the proton transfe r equi libria for the fol lowing 
acids in aqueous solution and identify the conjugate acid

base pa irs in each one: (a) H2S04 • (b) HF (hydrofluoric acid). 

(c) C6H5NH,+ (ani lin ium ion). (d) H2P04- (dihydrogenphosphate 

ion). (e) HCOOH (formic acid). (f) NH2NH,+ (hydrazin ium ion). 

50.2 Numerous acidic species are found in living systems. 
Write the proton transfer equ il ibria for the following bio

chemica lly important acids in aqueous solution: (a) lactic acid 

(CH 3CH(OH)COOH). (b) glutamic acid (HOOCCH2CH2CH(NH 2) 

COOH). (c) glycine (NH 2CH 2COOH). (d) oxa lic acid 

(HOOCCOOH). 

Topic 5E Polyprotic acids 

5E.1 Calculate the f raction of intact H2P03 molecu les in an 
aqueous solution of phosphorous acid at (a) pH = 5.0 and 
(b) pH =9.0. 

5E.2 Hydrogen sulfide. H2S. acts as a diprotic acid. hydrosul
furic acid. and exists as H2S. Hs-. and s'- species in aqueous 

Topic SF Acid-base equilibria of salts in water 

5F.1 The hydrogensulfite ion. HSO,-. is amphiprotic. Use the 

va lues for the successive acidity constants for sulfurous acid. 

H2S03• in Table 5E.1 to ca lcu late the pH of an aqueous solu
t ion of sod ium hydrogensulfite. NaHSo,-. 

0.037 mol dm-3• and 0.111 mol dm-3• respectively. at 298 K. 

Calculate the equi librium constant in terms of concentration. 

K,. at this temperature. 

58.4 The equilibrium constant for the reaction 12(g) ~ 2 l(g) 

is 0.26 at 1000 K. W hat is the correspond ing value of K/ 

58.5 The standard reaction Gibbs energy for the reaction 
H2(g) + 1 0 2(g) --'> H20(1) is -237.13 kJ mol-1 at 25 oc. Deter

mine the equilibrium constant in terms of concentration. K,. 
at this temperatu re. 

the standard reaction entha lpy is constant over th is tempera

tu re range. 

5C.4 For the following combustion reactions. predict 

whether compression wil l favou r the formation of products 

or reactants. or whether there wi ll be no change in the equi
librium composition: 

(a) C4H8(g) + 6 0 2(g) --'> 4 C02(g) + 4 H20(1) 

(b) C2H50H(I) + 31 0 2(g)--'> 2 C02(g) + 3 H20(1) 

(c) C6H120 11(s) + 31 0 2(g)--'> 6 C02(g) + 6 H20 (I) 

(d) 2 C6H5NH 2(1) + 177 0 2(g)--'> 12 C02(g) + 7 H20(1) 

+2 N02(g) 

50.3 The molar concentration of H,o • ions in the following 
solutions was measured at 25 oc. Calculate the pH and pOH 

of the solution: (a) 1.5 x 10-5 mol dm-3 (a sample of ra in water). 
(b) 1.5 mmol dm-3• (c) 5.1 x 10-14 mol dm-3 • (d) 5.01 x 10-5 mol 
dm-3 . 

50.4 Calculate the molar concentration of H,O• ions and the 

pH of the fol lowing solutions: (a) 25.0 cm3 of 0.144 M HCI(aq) 

was added to 25.0 cm3 of 0.125 M NaOH(aq). (b) 25.0 cm3 

of 0.15 M HCI(aq) was added to 35.0 cm3 of 0.15 M KOH(aq). 
(c) 21.2 cm3 of 0.22 M HN03(aq) was added to 10.0 cm3 of 0.30 

M NaOH(aq). 

solution. Use the va lues for the successive acid ity constants 

in Table 5E.1 to deduce wh ich of these species is dominant at 
(a) pH= 4.0 and (b) pH= 10.0. 

5F.2 Determine whether aqueous solutions of the following 

salts have a pH equal to. greater than. or less than 7; if pH > 7 

or pH< 7. write a chemica l equation to justify your answer. (a) 
NH4Br. (b) Na2C03• (c) KF. (d) KBr. (e) AICI3• (f) Co(N03)2. 



5F.3 Predict the pH reg ion in which each of the following buf

fers wi ll be effective, assuming equa l molar concentrations of 
the acid and its conjugate base: (a) sodium lactate and lactic 

acid, (b) sodium benzoate and benzoic acid, (c) potassium hy

drogenphosphate and potassium phosphate, (d) potassium 

Topic 5G Solubility equilibria 

5G. 1 Write the expression for the solubility constants of the 
following compounds: (a) Agl, (b) Hg2S, (c) Fe(OH)3, (d) Ag2Cr04. 

5G.2 Use the data in Table 5G.1 to estimate the molar solubil
ities of (a) BaS04, (b) Ag2C03, (c) Fe(OH)3, (d) Hg2CI2 in water. 

Topic 5H Ions in solution 

5H.1 Calculate the ionic strength of a solution that is 0.15 
mol kg-1 in KCI(aq) and 0.30 mol kg-1 in CuS04(aq). 

5H.2 Express the mean activity coefficient of the ions in a 

solution of MgF2 in terms of the activity coefficients of the 

individual ions. 

Topic 51 Electrochemical cells 

51.1 Write the cell reactions, electrode half-reactions, and 

Nernst equations for the fo llowing cells: 

(a) Ag(sl1AgN03(aq,m,l11AgN03(aq,mR)IAg(s) 

(b) Pt(sliH2(g,p, liHCI(aq)IH 2(g,pRl1Pt(s) 

(c) Pt(s)IK3[Fe(CN)6J(aq), K4[Fe(CN)6J(aqliiM n' •(aq), W(aqll 
MnO,(sliPt(s) 

(d) Pt(sliCI, (gliHCI(aqliiHBr(aqliBr, (lliPt(s) 

(e) Pt(sll Fe3+(aq), Fe' •(aq) liS n4+(aq), S n'•(aq) I Pt(s) 

(f) Fe(s)lfe' •(aql ll Mn' •(aq). W(aq) IMnO,(s)l Pt(s) 

51.2 Devise cells in which the following are the reactions. 

In each case, state the number of electrons involved in the 
oxidation/reduction reaction, v. 

Topic 5J Standard potentials 

5J.1 Use the standard potentia ls of the electrodes to ca lcu

late the standard potentials of the cells in Exercises 51.1 and 
51.2. 

5J.2 From the biological standard ha lf-cell potentia ls 

E"(02,W,H20) = +0.82 V and E"(NADW,W,NADH) = -0.32 V. 
calculate the standard potential arising from the reaction in 
which NADH is oxidized to NAD+ and the corresponding bio

logical standard reaction Gibbs energy. 
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hydrogenphosphate and potassium dihydrogenphosphate, 
(e) hydroxylamine and hydroxylammonium ch loride. 

5F.4 From the information in Table 5E.1, select suitable buf

fers for (a) pH= 2.2 and (b) pH= 7.0. 

5G.3 Use the data in Table 5G.1 to estimate the solubil ity in 

water of each sparingly soluble substance in its respect ive 
solution: (a) silver bromide in 1.4 x 10-3 M NaBr(aq). (b) magne

sium carbonate in 1.1 x 10-5
M Na2C03(aq), (c) lead(ll) sulfate 

in a 0.10 M CaS04(aq), (d) nickel( ll ) hydroxide in 2.7 x 10-5 M 

NiS04(aq). 

5H.3 The mobility of a chloride ion in aqueous solution at 25 oc 
is 7.91 x 10-8 m2 s-1 v-1

. Calcu late its molar ionic conductivity. 

5H.4 The mobility of a Rb+ ion in aqueous solution is 7.92 x 

10-8 m2 s-1 v-1 at 25 oc. The potential difference between two 

electrodes placed in the solution is 35.0 V. If the electrodes 
are 8.00 mm apart, what is the drift speed of the Rb+ ion? 

(a) Fe(s) + PbS04(aq) --'> FeS04(aq) + Pb(s) 

(b) Hg2CI2(s) + H2(g)--'> 2 HCI(aq) + 2 Hg(l) 

(c) 2 H2(g) + 0 2(g) --'> 2 H20(1) 

(d) H2(g) + 0 2(g) --'> H20 2(aq) 

(e) H2(g) + 12(g)--'> 2 Hl(aq) 

(f) 2 CuCI(aq)--'> Cu(s) + CuCI 2(aq) 

51.3 The standard cell potential of a Daniell cell, w ith cell re
action Zn(s) + Cu' •(aq) --'> Zn'•(aq) + Cu(s). is 1.10 Vat 25 oc. 
Calculate the corresponding standard reaction Gibbs energy. 

51.4 The net ionic cell reaction for the 'Bunsen ce ll ' is Zn(s) + 

2 NO,-(aq) + 4 W(aq)--'> Zn'•(aq) + 2 H20(1) + 2 N02(g). The 
standard cel l potential at 25 oc is -0.04 V. Calculate the elec

trical work that can be done by the cell. 

5J.3 The standard cell potentia l for the aqueous reduction 
of Pb4+ to Pb2+ ions by the corresponding oxidation of Ce3+ 
to Ce4+ ions, Pb4•(aq) + 2 Ce' •(aq) --'> Pb'•(aq) + 2 Ce4+(aq) is 

0.06 V at 25 oc. Calculate the equilibrium constant for the 

reaction at this temperature. 

5J.4 The equi librium constant for the reaction Zn(s) + Fe' •(aq) 

~ Zn' •(aq) + Fe(s) is 6.66 x 1010 at 25 oc. Calcu late the 

standard cel l potential for the cell. 



242 FOCUS 5 CHEMICAL CHANGE 

Discussion questions 

5.1 Describe the changes in pH that take place during the 
titration of: (a) a weak acid with a strong base, (b) a weak base 
with a strong acid. 

5.2 Describe the basis of buffer action and indicator detection. 

5.3 Explain the difference between 'stoichiometric (equiva
lence) point' and 'end point' in the context of a titration. 

5.4 Outline the change in composition of a solution of the 
salt of a triprotic acid as the pH is changed from 1 to 14. 

5.5 State the limits to the generality of the expression for 
estimating the pH of an amphiprotic salt solution. Suggest 
reasons for why these limitations exist. 

5.6 Describe and justify the approximations used in the der
ivation of the Henderson-Hasselbalch equation? 

5.7 Explain the common-ion effect. 

5.8 Explain how the mixing of reactants and products affects 
the position of chemical equilibrium. 

5.9 Explain how a reaction that is not spontaneous may be 
driven forward by coupling it to a spontaneous reaction. 

5.10 State and explain Le Chatelier's principle in terms of 
thermodynamic quantities. Could there be exceptions to Le 
Chatelier's principle? 

Problems 

5.1 Using data from the Resource section, calculate the 
standard reaction entropies and standard reaction enthalpies 
and combine them to find the standard reaction Gibbs ener
gies for the following reactions at 298 K: 

(a) HCI(g) + NH3(g) ~ NH4CI(s) 

(b) 2 Al 20 3(s) + 3 Si(s) ~ 3 Si02(s) + 4 Al(s) 

(c) Fe(s) + H2S(g) ~ FeS(s) + H2(g) 

(d) FeS2(s) + 2 H2(g) ~ Fe(s) + 2 H2S(g) 

(e) 2 H20 2(1) + H2S(g) ~ H2S04 (I)+ 2 H2(g) 

5.2 The standard enthalpy of combustion of solid phenol, 
C6H50H, is 3054 kJ mol-' at 298 K and its standard molar 
entropy is 144.0 J K-1 mol-' . Use these values, together with 
those given in the Resource section to calculate the standard 
Gibbs energy of formation of phenol at 298 K. 

5.3 Adenosine triphosphate, ATP. is used to store energy 
within biological systems. It releases that energy by losing 
a terminal phosphate group, P;, to form adenosine diphos
phate, ADP. through the hydrolysis reaction ATP(aq) + H,O(I) ~ 

5.11 Suggest how the thermodynamic equilibrium constant 
and the equilibrium constant expressed in terms of partial 
pressures may respond differently to changes in pressure 
and temperature. 

5.12 Identify and justify the approximations made in the der
ivation of the van 't Hoff equation. 

5.13 Describe the general featu res of the Debye-Huckel 
theory of electrolyte solutions. Which approximations limit its 
reliability to very low concentrations? 

5.14 Describe the mechanism of proton conduction in water. 
Could a similar mechanism apply to proton conduction in li
quid ammonia? 

5.15 Distinguish between galvanic, electrolytic, and fuel 
cells. Expla in why salt bridges are routinely used in electro
chemical cell measurements. 

5.16 Discuss how the electrochemical series can be used to 
determine if a redox reaction is spontaneous. 

5.17 Describe an electrochemical method for the determin
ation of thermodynamic properties of a chemical reaction . 

ADP(aq) + P;(aq) + H+(aq). The standard reaction Gibbs energy, 
t:.,G", for the hydrolysis of ATP to ADP is+ 10 kJ mol-' at 298 K. 
Th is assumes that the concentration of hydrogen ions is 
1 mol dm-3. (a) In biochemistry, it is common practice to 
assume an alternative, and more realistic, standard state 
for which pH = 7. What is the corresponding standard reac
tion Gibbs energy, denoted t;.,C?, for this biological standard 
state? (b) What is the Gibbs energy of reaction in an envir
onment at 37 °C and pH = 7 in which the ATP. ADP. and P; 
concentrations are all (i) 1.0 mmol dm-3

, (iii 1.0 11mol dm-3? 

5.4 The overall reaction for the glycolysis reaction is 
C6H120 6 (aq) + 2 NAD•(aq) + 2 ADP(aq) + 2 P;-(aq) + 2 H20 (I) ~ 
2 CH3COCO,-(aq) + 2 NADH(aq) + 2 ATP(aq) + 2 H30 •(aq). For 
this reaction, t;.,C? = -80.6 kJ mol-' at 298 K. What is the value 
of t:.,G"? Use the relation t;.,G=t;.,G" + RTin Owith the appro
priate value of 0 for the presence of H30 • at pH= 7. 

5.5 Use the information in the Resource section to classify 
the following compounds as endergonic or exergonic: (a) glu
cose, (b) methylamine, (c) octane, (d) ethanol. 



5.6 Use the information in the Resource section to estimate 
the temperature at which (a) CaC03 decomposes spontan
eously and (b) CuS04 .5H20 undergoes dehydration . 

5.7 The standard reaction enthalpy of Zn(s) + H20(g) ~ 
ZnO(s) + H2(g) is approximately constant at +224 kJ mol-' 
from 920 K up to 1280 K. The standard reaction Gibbs energy 
is +33 kJ mol-' at 1280 K. Assuming that both quantities re
main constant, estimate the temperature at which the equi
librium constant becomes greater than 1. 

5.8 Use the Gibbs energies of formation in the Resource sec

tion to decide wh ich of the following reactions have K > 1 at 
298 K. 

(a) 2 CH3CHO(g) + O, (g) ~ 2 CH3COOH(I) 

(b) 2 AgCI(s) + Br2(1) ~ 2 AgBr(s) + Cl 2(g) 

(c) Hg(l) + Cl2(g) ~ HgCI2(s) 

(d) Zn(s) + Cu2+(aq) ~ Zn2+(aq) + Cu(s) 

(e) C12H220 , (s) + 12 0 2(g) ~ 12 C02(g) + 11 H20(1) 

5.9 One of the examples that we have used to illustrate 
the concept of equilibrium is the isomerization of glucose-
6-phosphate (G6P) to fructose-6-phosphate (F6P), which is 
the second step in glycolysis. Draw a graph to show how the 
reaction Gibbs energy varies with the fraction fof F6P in solu
tion. Label the regions of the graph that correspond to the 
formation of F6P and G6P being spontaneous, respectively. 

5.10 One reaction has a standard Gibbs energy of -320 kJ 
mol-' and a second reaction has a standard Gibbs energy of 
-55 kJ mol-'. What is the ratio of their equilibrium constants 
at 300 K? 

5.11 One enzyme-catalysed reaction in a biochemical cycle 
has an equilibrium constant that is 8.4 t imes the equilibrium 
constant of a second reaction. If the standard Gibbs energy 
of the former reaction is -250 kJ mol-1, what is the standard 
reaction Gibbs energy of the second reaction? 

5.12 The equilibrium constant for the gas-phase isomeriza
tion of borneol, C10H170H, to isoborneol at 503 K is 0.106. A 
mixture consisting of 6.70 g of borneol and 12.5 g of isobor
neol in a container of volume 5.0 dm3 is heated to 503 K and 
allowed to come to equilibrium. Calculate the mole fractions 
of the two substances at equilibrium. 

5.13 Calculate the composition of a system in which nitrogen 
and hydrogen are mixed at partial pressures of 1.00 bar and 
4.00 bar and allowed to reach equilibrium with their product, 
ammonia, under conditions when K = 89.8. 

5.14 In a gas-phase equilibrium mixture of SbCI5, SbCI3, and 
Cl2 at 500 K, PsbC1, = 0.17 bar and Psoo, = 0.22 bar. Ca lculate the 
equi librium partial pressure of Cl 2 given that K = 3.5 x 10-4 for 
the reaction SbCI5(g) ~ SbCI3(g) + Cl2(g). 
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5.15 The equilibrium constant K = 0.36 for the reaction PCI5(g) 
~ PCI3(g) + Cl2(g) at 400 K. (a) Given that 1.5 g of PCI5 was 
initially placed in a reaction vessel of volume 250 cm3

, deter
mine the molar concentrations in the mixture at equilibrium. 
(b) What is the percentage of PCI5 decomposed at 400 K? 

5.16 In the Haber process for ammonia, K = 0.036 for the 
reaction N2(g) + 3 H2(g) ~ 2 NH3(g) at 500 K. If a reactor 
is charged with partial pressures of 0.020 bar of N, and 
0.020 bar of H2, what will be the equilibrium partial pressure 
of the components? 

5.17 The equilibrium pressure of H2 over a mixture of sol id 
uranium and solid uranium hydride at 500 K is 1.04 Torr. 
Calculate the standard Gibbs energy of formation of UH3(s) 
at 500 K. 

5.18 Express the equilibrium constant for N20 4(g) ~2 N02(g) 
in terms of the fraction a of N20 4 that has dissociated and 
the tota l pressure p of the reaction mixture, and show that 
when the extent of dissociation is small, a « 1, a is in
versely proportional to the square root of the total pressure, 
aocp-112 . 

5.19 The dissociation vapour pressure (the pressure of gas
eous products in equilibrium w ith the solid reactant) of NH4CI 
at 427 oc is 608 kPa but at 459 oc it has risen to 1115 kPa. 
Ca lculate (a) the equilibrium constant. (b) the standard reac
t ion Gibbs energy, (c) the standard enthalpy, (d) the standard 
entropy of dissociation, all at 427 oc. Assume that the vapour 
behaves as a perfect gas and that I!.H0 and 1!.5° are inde
pendent of temperature in the range given. 

5.20 Use the following data on the reaction H2(g) + Cl 2(g) 
~ 2 HCI(g) to determine the standard reaction enthalpy: 

T/K 

K 

300 

4.0 X 1031 

500 

4.0 X 1018 

1000 

5.1 X 108 

5.21 The equil ibrium constant of the reaction 2 C3H6(g) ~ 
C2H4(g) + C4H8(g) is found to f it the expression 

InK= -1.04-(1088 K){f +(1.51 x 10-2 K2){f2 

between 300 K and 600 K. (a) Calculate the standard reaction 
Gibbs energy at each temperature at 390 K and 410 K. (b) Use 
the van 't Hoff equation to determine the standard reaction 
enthalpy at 400 K. (c) Hence also ca lculate the standard reac
tion entropy at 400 K. 

5.22 For biolog ical and medical applications it is often neces
sary to consider proton transfer equilibria at body tempera
ture (37 °C). The value of Kw for water at body temperature 
is 2.5 x 10-14 (a) What are the va lue of [H30 +) and the pH of 
neutral water at 37 °C. (b) What is the molar concentration of 
OW ions and the pOH of neutral water at 37 oc? 
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5.23 Suppose that something had gone wrong in the Big 
Bang, and instead of ordinary hydrogen there was an abun
dance of deuterium in the universe. There would be many 
subtle changes in equilibria, particularly the deuteron transfer 
equil ibria of heavy atoms and bases. The Kw for D20, heavy 
water, at 25 °C is 1.35 x 10_,., (a) Write the chemica l equa
tion for the autoprotolysis (more precisely, autodeuterolysis) 
of D20. (b) Evaluate pi\, for D,O at 25 °C. (c) Ca lculate the 
molar concentrations of D,o • and oD- in neutral heavy water 
at 25 °C. (d) Evaluate the pD and pOD of neutral heavy water 
at 25 °C. (e) Formulate the relation between pD, pOD, and 
pKw(D,O). 

5.24 Estimate the pH of a solution of 0.50 M HCI(aq). as
suming ideal behaviour. The mean activity coefficient at this 
concentration is 0.769. Calculate a more rel iable value of 
the pH. 

5.25 Use the van 't Hoff equation to derive an expression for 
the slope of a plot of pK, aga inst temperature. 

5.26 The pi\, of water varies with temperature as fol lows: 

e;oc 10 15 20 25 30 35 

pKw 14.5346 14.3463 14.1669 13.9965 13.8330 13.6801 

Determine the standard enthalpy of deprotonation of water. 

5.27 The pK, of ammonia in water varies with temperature 
as fol lows: 

e;oc 10 15 20 25 30 35 

pK, 4.798 4.782 4.767 4.759 4.740 4.733 

Deduce as much information as you can from these va lues. 

5.28 The pK, of the organic base nicotine (denoted Nic) is 
5.98. Write the correspond ing protonation reaction, the 
deprotonation reaction of the conjugate acid, and the value 
of pK, for nicotine. 

5.29 Using the values for pK, or pK,, as appropriate, from 
Table 5D.1, determine the fraction of solute deprotonated 
or protonated in (a) 0.25 M C6H5COOH(aq). (b) 0.150 M 
NH2NH2(aq) (hydrazine). (c) 0.112 M (CH3)3N(aq) (trimethyl
amine) . 

5.30 Calculate the pH, pOH, and fraction of solute proton
ated or deprotonated in the following aqueous solutions: (a) 
0.150 M CH3CH(OH)COOH(aq) (lactic acid). (b) 2.4 x 10-4 M 
CH3CH(0H)C00H(aq). (c) 0.25 M C6H5S03H(aq) (benzenesul
fon ic acid). The appropriate values for pK, or pK, are given in 
Table 5D.1. 

5.31 Calculate the pH of the following acid solutions at 
25 °C: (a) 1.0 x 10-4 M H3B03(aq) (boric acid acts as a mono
protic acid). (b) 0.015 M H3P04(aq). (c) 0.10 M H2S03(aq). 
Va lues for the successive acidity constants for each of these 
acids are given in Table 5E.1. 

5.32 Use the values for the successive acidity constants for 
oxalic acid in Table 5E.1 to calculate the molar concentrations 
of (COOH), , HOOCCO,-, (C02)2

2
-, H,o •, and OW in 0.15 M 

(COOH)2(aq). 

5.33 Calculate the molar concentrations of H,S, HS-, S'-. 
H,O•, and OH- in 0.065 M H2S(aq). Use the values for the suc
cessive acidity constants for H,S in Table 5E.1. 

5.34 Show how the composit ion of an aqueous solution 
that contains 20 mmol dm-3 glycine varies with pH . The pK, 
values for the successive acid dissociations are pK,1 = 9.60 
and pK,, = 2.35. 

5.35 Sodium acetate, NaCH3C02, of mass 7.4 g is used to 
prepare 250 cm3 of aqueous solution. What is the pH of the 
solution? 

5.36 What is the pH of a solution when 2. 75 g of ammo
nium chloride, NH4CI, is used to make 100 cm3 of aqueous 
solution? 

5.37 Sketch reasonably accurately the pH curve for the titra
tion of 25.0 cm3 of 0.15 M Ba(0H)2(aq) with 0.22 M HCI(aq). 
Mark on the curve (a) the initial pH, (b) the pH at the stoichio
metric point. 

5.38 The amino acid tyrosine has pK, = 2.20 for deprotona
tion of its carboxylic acid group. What are the relative con
centrations of tyrosine and its conjugate base at a pH of (a) 7. 
(b) 2.2, (c) 1.5? 

5.39 Show how the composition of an aqueous solution that 
conta ins 30 mmol dm-3 tyrosine varies w ith pH. 

5.40 Estimate the pH of an aqueous solution of sodium hy
drogenoxalate. Under what cond it ions is this estimate rea
sonably rel iable? 

5.41 Calculate the pH of (a) 0.10 M NH4CI(aq), (b) 0.25 M 
NaCH3C02(aq). (c) 0.200 M CH3COOH(aq). 

5.42 A sample of 0.10 M CH3COOH(aq) of volume 25.0 cm3 

is titrated with 0.10 M NaOH(aq). The K, for CH3COOH is 
1.8 x 10-5. (a) What is the pH of 0.10 M CH3COOH(aq)? 
(b) What is the pH after the addition of 10.0 cm3 of 0.10 M 
NaOH(aq)? (c) What volume of 0.10 M NaOH(aq) is required 
to reach halfway to the stoichiometric point? (d) Calculate the 
pH at that halfway point. (e) What volume of 0.10 M NaOH(aq) 
is required to reach the stoich iometric point? (f) Calculate the 
pH at the stoich iometric point. 

5.43 At the half-way point in the t itration of a weak acid with 
a strong base the pH was measured as 5.16. What is the 
acidity constant and the pK, of the acid? What is the pH of the 
solution that is 0.025 M in the acid? 

5.44 Calculate the pH at the stoichiometric point of the t itra
tion of25.00cm3 of0.150M lactic acid with 0.188 M NaOH(aq). 

5.45 Sketch the pH curve of a solution containing 0.10 M 
NaCH3C02(aq) and a variable amount of acetic acid . 



5.46 There are many organic acids and bases in our cells. and 

their presence modifies the pH of the fluids inside them. It 

is useful to be able to assess the pH of solutions of acids 

and bases and to make inferences from measured values of 

the pH. A solution of equal concentrations of lactic acid and 
sodium lactate was found to have pH= 3.08. (a) What are the 

va lues of pK, and K, of lactic acid? (b) What wou ld the pH be if 

the acid had twice the concentration of the salt? 

5.47 The weak base colloquially known asTris. and more pre

cisely as tris(hydroxymethyl)-aminomethane, has pK, = 8.3 at 

20 oc and is commonly used to produce a buffer for biochem

ical applications. At what pH would you expect Tris to act as a 

buffer in a solution that has equal molar concentrations ofTris 
and its conjugate acid? 

5.48 A buffer solution of volume 100 cm3 consists of 0.10 M 
CH3COOH(aq) and 0.10 M NaCH3C02(aq). (a) What is its pH? 

(b) What is the pH after the addition of 3.3 mmol NaOH to the 

buffer solution? (c) What is the pH after the addition of 6.0 
mmol HN03 to the in it ial buffer solution? 

5.49 The solubility of mercury(!) iodide is 5.5 fmol dm-3 

(1 fmol = 10-15 mol) in water at 25 °C. What is the standard 

Gibbs energy of dissolution of the salt? 

5.50 Thermodynamic data can be used to pred ict the solubili
t ies of compounds that would be very difficult to measure dir

ectly. Calculate the solubility of mercury(ll) chloride in water 

at 25 °C from standard Gibbs energies of formation in the 
Resource section. 

5.51 (a) Derive an expression for the ratio of solubilities of 

AgCI at two different temperatures; assume that the standard 

enthalpy of solution of AgCI is independent of temperature in 

the range of interest. (b) Do you expect the solubility of AgCI 
to increase or decrease as the temperature is raised? 

5.52 Calcu late the masses of (a) Ca(N03)2 and, separately, 
(b) NaCI to add to a 0.150 mol kg-' solution of KN03(aq) 

containing 500 g of solvent to ra ise its ionic strength to 0.250. 

5.53 Estimate the mean ionic activity coefficient and activity 
of a solution that is 0.015 mol kg-' MgF2(aq) and 0.025 mol 
kg-' NaCI(aq). 

5.54 The mean activity coefficients of HBr in three dilute 
aqueous solutions at 25 oc are 0.930 (at 5.0 mmol kg-'). 0.907 
(at 10.0 mmol kg-1

), and 0.879 (at 20.0 mmol kg-1). Estimate 

the value of 8 in the Davies equation. 

5.55 The limiting molar conductivities of KC I, KN03, and 
AgN03 are 14.99 mS m' mol-' , 14.50 mS m' mol-1, and 

13 .34 mS m' mol-1
, respectively (all at 25 °C). What is the 

limiting molar conductivity of AgCI at this temperature? 

5.56 The resistances of a series of aqueous NaCI solutions, 
formed by successive dilution of a sample, were measured in 

a cell with cell constant (the constant Cin the relation IC= C!FrJ 
equal to 0.2063 cm-1

. The following values were found: 
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c/(mol dm-3) 0.00050 0.0010 0.0050 0.010 0.020 0.050 

RIO 3314 1669 342.1 172.5 89.08 3714 

(a) Verify that the molar conductivity follows the Kohlrausch 
law and find the limiting molar conductivity. (b) Determine the 

coefficient 1( (c) Use the value of 'I( (which should depend 

on ly on the nature, not the identity of the ions) and the infor

mation that ,l.(Na•) = 5.01 mS m' mol-' and ,1.(1') = 768 mS m2 

mol_, to predict (i) the molar conductivity, (ii) the conductivity, 
(iii) the resistance it would show in the ce ll, of 0.010 mol dm-3 

Nal(aq) at 25 °C. 

5.57 After correction for the water conductivity, the conduct
ivity of a saturated aqueous solution of AgCI at 25 °C was 

found to be 0.1887 mS m-1. Given that the limiting molar 

conductivity of AgCI at this temperature is 138.3 S em' mol-' , 

what is the solubility of silver chloride at this temperature? 

5.58 The molar conductivity of 0.020 M HCOOH(aq) is 

3.83 mS m2 mol-'. What is the value of pK, for formic acid? 

5.59 The mobil ity of an ion depends on its charge and if a 

large molecule, such as a protein, can be contrived to have 

zero net charge, then it does not respond to an electric field. 

This 'isoelectric point' can be reached by varying the pH of 

the medium. The speed with which bovine serum albumin 
(BSA) moves through water under the influence of an electric 

field was monitored at several values of pH, and the data are 

listed below. 

pH 4.20 4.56 5.20 5.65 6.30 700 

Speed/ll!m s-' ) 0.40 0.18 -0.25 -0.51 -0.90 -125 

By drawing a plot of speed against pH to find the pH at which 

the speed is zero, determine the isoelectric point of the protein. 

5.60 Consider a hydrogen electrode in H Br(aq) at 25 °C 
operating at 145 bar. Estimate the change in the electrode 

potential when the solution is changed from 5.0 mmol dm-3 

to 15.0 mmol dm-3. 

5.61 Devise a ce ll in which the cell reaction is Mn(s) + Cl2(g) 

~ MnCI, (aq). Give the half-reactions for the electrodes 

and from the standard cell potential of +2.54 V deduce the 
standard potential of the Mn'•tMn couple. 

5.62 A fuel cell develops an electric potential from the chem

ical reaction between reagents supplied from an outside 

source. What is the potential of a cell fuel led by (a) hydrogen 

and oxygen, (b) the complete oxidation of benzene at 10 bar 
and 298 K? 

5.63 A fuel cell is constructed in which both electrodes make 
use of the oxidation of methane. The left-hand electrode 

makes use of the complete oxidation of methane to carbon 
dioxide and water; the right-hand electrode makes use of the 

partial oxidation of methane to carbon monoxide and water. 

(a) Which electrode is the cathode? (b) What is the cell poten

tial at 25 oc when all gases are at 1 bar? 
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5.64 (a) Ca lculate the standard potentia l of the cell Hg(l) 

1HgCI,(aqliiTIN03(aq) ITI(s) at 25 oc. (b) Calculate the cell poten
tia l when the molar concentration of the Hg2+ ion is 0.230 mol 

dm-3 and that of the Tl+ ion is 0. 720 mol dm-3 

5.65 Calculate the standard Gibbs energ ies at 25 oc of the 

following react ions from the standard potential data in the 

Resource section. 

(a) Ca(s) + 2 H20(1)--> Ca(OH)2(aq) + H2(g) 

(b) 2 Ca(s) + 4 H20(1) --> 2 Ca(OH)2(aq) + 2 H2(g) 

(c) Fe(s) + 2 H20(1) --> Fe(OH)2(aq) + H2(g) 

(d) Na,S20 8(aq) + 2 Nal(aq) --> 12(s) + 2 Na,S04(aq) 

(e) Na,S,08(aq) + 2 Kl(aq)--. l,(s) + Na,S04 (aq) + K,S04(aq) 

(f) Pb(s) + Na2C03(aq) --> PbC03(aq) + 2 Na(s) 

5.66 (a) Use the information in the Resource section to calcu

late the standard potential of the cell Ag(sl1AgN03(aq)IICu(N03)2 

(aq)ICu(s) and the standard Gibbs energy and entha lpy of the 
cell reaction at 25 oc. (b) Estimate the value of t;,G" at 35 oc. 

5.67 (a) Calcu late the standard potentia l of the cell Pt(s)lcys

tine(aq).cysteine(aq)ll W(aq)l0 2(gl1Pt(s) and the standard Gibbs 
energy and enthalpy of the cell reaction at 25 oc. (b) Estimate 

the va lue of !'.,G" at 35 oc. Use E" = -0.34 V for the cysteine/ 

cystine couple. 

5.68 State what you would expect to happen to the cell 
potentia l when the following changes are made to the cor

respond ing cells in Exercise 51.1. Confirm your pred iction by 

using the Nernst equation in each case. 

(a) The molar concentration of si lver nitrate in the 

left-hand compartment is increased. 

(b) The pressure of hydrogen in the left-hand compart

ment is increased. 

(c) The pH of the right-hand compartment is decreased. 

(d) The concentration of HCI is increased. 

(e) Some iron( lll ) ch loride is added to both compartments . 

(f) Acid is added to both compartments. 

5.69 State what you would expect to happen to the cell 
potentia l when the following changes are made to the cor

respond ing cells devised in Exercise 51.2. Confi rm your pre

diction by using the Nernst equation in each case. 

(a) The molar concentration of FeS04 is increased. 

(b) Some nit ric acid is added to both cel l compartments. 

(c) The pressure of oxygen is increased. 

(d) The pressure of hydrogen is increased. 

(e) Some (i) hydrochloric acid. (ii) hydroiodic acid is added 

to both compartments. 

(f) Hydrochloric acid is added to both compartments. 

5.70 Calculate the biological standard Gibbs energies of re

actions of the fo llowing react ions and half-reactions: 

(a) 2 NADH(aq) + 0 2(g) + 2 W(aq)--> 

2 NAD+(aq) + 2 H20(1) E"=+1.14 v 
(b) Malate(aq) + NAD+(aq) --> oxa loacetate(aq) + 

NADH(aq) + W(aq) E"=-0.154 V 

(c) 0 2(g) + 4W(aq) + 4 e- --> 2 H20(1) E" = +0.81 V 

5.71 Tabu lated the rmodynamic data can be used to predict 

the standard potentia l of a ce ll even if it cannot be measured 
directly. The standard Gibbs energy of the reaction K2Cr04(aq) 

+ 2 Ag(s) + 2 FeCI3(aq) --> Ag2Cr04(s) + 2 FeCI2(aq) + 2 KCI(aq) 
is -62.5 kJ mol-' at 298 K. (a) Ca lculate the standard potential 

of the corresponding galvanic ce ll and (b) the standard poten

tia l of the Ag 2CrOJAg.CrO.'- couple. 

5.72 Estimate the potentia l at 25 oc of the cell 

Ag(sliAgCI(sll KCI(aq. 0.025 mol kg-' l11AgN03(aq. 
0.010 mol kg-'liAg(s) 

5.73 Calculate the equ ilibrium constants of the fo llowing re
actions at 25 oc from standard potentia l data: 

(a) Sn(s) + Sn4+(aq) ~ 2 Sn2+(aq) 

(b) Sn(s) + 2 AgBr(s) ~ SnBr2(aq) + 2 Ag(s) 

(c) Fe(s) + Hg(N03)2(aq) ~ Hg(l) + Fe(N03)2(aq) 

(d) Cd(s) + CuS04(aq) ~ Cu(s) + CdS04(aq) 

(e) Cu2+(aq) + Cu(s) ~ 2 Cu+(aq) 

(f) 3 Au 2+(aq) ~ Au(s) + 2 Au3+(aq) 

5.74 The dichromate ion. Cr,o,'-. in acidic solution is a com
mon oxidizing agent for organic compounds. Derive an expres

sion for the potential of an electrode for which the ha lf-reaction 

is the reduction of Cr,o,'- ions to Cr'+ ions in acidic solution. 

5.75 The permanganate ion. Mn04- . is a common oxidizing 
agent. What is the standard potentia l of the Mn04-.W/Mn2+ 

couple at (a) pH= 6.00. (b) general pH? 

5.76 The bio log ica l standard potentia l of the couple pyruvic 
acid/lactic acid is -0. 19 V at 25 oc. What is the thermo

dynamic standard potential of the couple? Pyruvic acid is 
CH3COCOOH and lactic acid is CH3CH(OH)COOH. 

5.77 One ecolog ically important equ ilibrium is that between 
carbonate and hydrogencarbonate (bicarbonate) ions in natural 

water. (a)The standard Gibbs energies of formation of C03 ,_(aq) 
and HC03-(aq) are -52781 kJ mol_, and -586.77 kJ mol-' . 

respectively. What is the standard potential of the HC03- / 

co,>-.H, couple? (b) Calculate the standard potential of a cell in 

which the ce ll reaction is Na2C03(aq) + H20(1) --> NaHC03(aq) + 

NaOH(aq). (c) Write the Nernst equation for the cell and (d) 

pred ict and ca lcu late the change in potential when the pH is 
changed to 70. (e) Calculate the value of pK, for HC03-(aq). 



5.78 (a) Can mercury produce zinc meta l from aqueous zinc 

su lfate under standard cond it ions? (b) Can ch lorine gas oxi

dize water to oxygen gas under standard cond it ions in basic 

solution? 

Projects 

5.1 Deduce expressions for the fractions of each type of spe

cies present in an aqueous solution of lysine as a function 

of pH and plot the appropriate speciation diagram. Use the 
fol lowing va lues of the acidity constants: pK, (H3Lys2+) = 2.18. 

pK, (H 2Lys+) = 8.95. pK,(Hlys) = 10.53. 

5.2 Using the insights gained through your work in the pre

ced ing problem. and without doing a calculation. sketch the 

speciation diagram for histid ine in water and label the axes 
w ith the sign ificant va lues of pH. Use pK, (H3His2+) = 1.77. 
pK, (H 2His+) = 6.10. pK, (HHis) = 9.18. 

5.3 Consider the Harned ce ll . Pt(s)IH 2(g.1 bar)IHCI(aq.bll 
AgCI(s)IAg(s). Show that the standard potential of the silver
silver ch loride electrode may be determined by plotting E
(RT/A In bagainst b112 . Hint: Express the cell potential in terms 

of activit ies. and use the Debye-HOckel law to estimate the 
mean activity coefficient. (b) Use the procedure you devised 

in part (a) and the fol lowing data at 25 oc to determ ine the 
standard potential of the silver-si lver ch loride electrode. 

b/(10-3 b") 3.215 5.619 9.138 25.63 

EN 0.52053 0.49257 0.46860 0.41824 

5.4 The standard potentials of proteins are not commonly 

measured by the methods described in th is Focus because 
proteins often lose their native structure and their function 
when they react on the surfaces of electrodes. In an alterna

t ive method. the oxid ized protein is allowed to react with an 

appropriate electron donor in solution. The standard potentia l 
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5.79 For a hydrogen/oxygen fue l cell. with an overal l four
electron cell reaction 2 H2(g) + 0 2(g) --> 2 H20(1). the standard 

cel l potentia l is + 1.2335 Vat 293 K and+ 1.2251 Vat 303 K. 

Ca lculate the standard reaction entha lpy and entropy w ith in 

th is temperatu re range. 

of the protein is then determined from the Nernst equation. 
the equilibrium concentrations of all species in solution. and 
the known standard potential of the electron donor. We il

lustrate th is method w ith the protein cytochrome c. (a) The 

one-e lectron reaction between cytochrome c. cyt. and 2.6-d i

ch loroindophenol. D. can be written as cyt, + D"' --> cyt"' + 
D, . Consider E~, and E~ to be the standard potentials of 

cytochrome c and D. respectively. Show that. at equilibrium 

(eq). a plot of ln([D0, l,JID,..,J,q) against ln([cvto,I,Jicyt"'l,ql is 
linear with slope of one and y-intercept FIE':,. - E~)/RT. where 
equilibrium activit ies are replaced by the numerica l va lues of 
equ ilibrium molar concentrations. (b)The fol lowing data were 

obta ined for the reaction between oxidized cytochrome c and 

reduced D at pH = 6.5 buffer and 298 K. The rat ios [D 0,[,q/ 
JD",['q and Jcyt0,1,q!Jcyt",l'q were adjusted by adding known 
volumes of a solution of sod ium ascorbate. a reducing agent. 

to a solution contain ing oxidized cytochrome c and reduced 

D. From the data and the standard potential of D of 0.237 V. 
determine the standard potential of cytochrome cat pH= 6.5 

and 298 K. 

ID0,l,q/ID",I'q 

[cyt0, [,q/[cyt",l'q 

[D 0,l,q/ID",I'q 

[cyt0, [,q/[cyt",['q 

0.00279 0.00843 

0.0106 0.00230 

0.0748 

0.335 

0.238 

0.809 

0.0257 0.0497 

0.0894 

0.534 

1.39 

0.197 





FOCUS 6 

Chemical kinetics 

The branch of physical chemistry ca lled chemical kinetics 
is concerned with the rates of chemica l reactions. Chemical 
kinetics deals with how rapidly reactants are consumed and 
products formed, how reaction rates respond to changes in 
the cond it ions or the presence of a catalyst, and the identif i
cation of the steps by which a reaction takes place. 

6A Empirical chemical kinetics 

The first step in any kinetic analysis is to define what is 
meant by the rate of a reaction and then to see how it is 
measured by a va ri ety of experimenta l techniques. The use 
of spectroscopy is highlighted in this Topic. 

6A.1 The definition of rate; 6A.2 Experimental 
techniques 

68 Ratelaws 

How the rate depends on the concentration of the reactants 
(and in some cases the products too) is summarized by an 
expression called a 'rate law' and one or more 'rate con
stants'. Different reactions might have the same kind of rate 
law, so reactions can be class ified by the law they follow. 

68.1 The rate constant; 68.2 Reaction order; 68 .3 The 
determination of the rate law 

6C Integrated rate laws 

Rate laws give the rate at a specified compos it ion. One 
important appl ication of a rate law is to the prediction of the 
composit ion of the reaction mixture at any time after the 
start of the reaction. To do so, the rate law is converted into 
an ' integrated rate law' giving the composition as a funct ion 
of time. These integrated laws are also used to determine 
the reaction order and to measure the rate constants. 

6C.1 Zeroth-order reactions; 6C.2 First-order reac
tions; 6C.3 Second-order reactions of the type A--+ 
products; 6C.4 Second-order reactions of the type 
A+ B --+ products; 6C.5 Half-lives 

60 The temperature dependence of 
reaction rates 

Most reactions are faster at higher temperatures. This 
variation is expressed by the 'Arrhenius equation' which 
expresses the rate constant as a funct ion of temperature. 
Not on ly can this law be used to predict the effect of 
temperature, but it is also used to infer details about the 
molecular processes tak ing place during a reaction and to 
bui ld models of the processes. One model is based on the 
frequency of collisions in gases; the other more general 
theory, 'transition state theory', is also applicable to reac
t ions in solution. 

60.1 The Arrhenius parameters; 60.2 Collision theory 
of gas-phase reactions; 60.3 Transition-state theory 

6E The approach to equilibrium 

Reactions proceed from products to reactants as well as in 
the forward direction. When the rates of the forward and 
reverse reactions are equal, the reaction is at equi librium. 
This condition provides an important relation between rate 
constants and equi librium constants and also illuminates 
the effect of temperature on equ ilibria. 

6E.1 Equilibria and rates; 6E.2 Relaxation 

6F Reaction mechanisms 

One reason for studying the rates of reactions is that it 
leads to an understanding of the 'mechanism' of a reac
tion, its ana lys is into a sequence of elementary steps. The 
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essentia l task t reated here, another aspect of model-build ing, 

is to show how a proposed multi-step mechanism can be 

used to construct a rate law, which can then be tested 

against experiment. 

6F.1 Elementary reactions; 6F.2 The formulation 
of rate laws; 6F.3 Consecutive reactions; 6F.4 Pre
equilibrium; 6F.5 The steady-state approximation; 
6F.6 The rate-determining step; 6F.7 Kinetic control; 

6F.B Unimolecular reactions 

6G Reactions in solution 

M ost chemica l reactions take place in solution, and so it is 
important to understand what controls the ir rates. There are 
two classes of reactions in solution, one in wh ich the migra

t ion of reactants is fast and the other where it is slow. The 

latter depends on the diffusion characterist ics of molecu les 

in fluids, which are expressed by the laws of diffusion. 

6G.1 Activation control and diffusion control; 

6G.2 Diffusion 

6H Homogeneous catalysis 

A 'cata lyst' increases the rate of a reaction without undergo

ing a net chemica l change. Th is Topic discusses the general 

mechanism of action of cata lysts and then focuses on the 

mode of action of biolog ical cata lysts, the enzymes. 

6H.1 The Michaelis-Menten mechanism of enzyme 
catalysis; 6H.2 The analysis of rates of enzyme
catalysed reactions 

61 Heterogeneous catalysis 

Th is Topic beg ins with a discussion of the extent to wh ich a 

solid surface is covered and its variat ion w ith pressure and 

temperatu re. Then it explores the chemica l reactions on 
solid surfaces that can take place there. 

61.1 Physisorption and chemisorption; 61.2 Adsorption 
isotherms; 61.3 Mechanisms of surface-catalysed 

reactions 



TOPIC 6A 

Empirical chemical kinetics 

~ Why do you need to know this 
material? 

Although thermodynamics provides powerful 
techniques for assessing the spontaneity of 
reactions, chemical kinetics is needed to decide 
whether a reaction proceeds at an acceptable 
rate. 

~ What is the key idea? 

The rate of a reaction is defined in terms of the 
change in concentration of a reactant or product 
in a known interval of time. 

~ What do you need to know already? 

This Topic uses information about the absorption 
of light by samples (a discussion developed in 
Topic llA, and only touched on here) and 
assumes that you understand the significance 
of stoichiometric coefficients. 

The first step in the investigation of the rate and 
mechanism of a reaction is the determination of the 
overall stoichiometry of the reaction and the identi
fication of any side reactions. The next step is to de
termine how the concentrations of the reactants and 
products change with time after the reaction has been 
initiated. Because the rates of chemical reactions are 
sensitive to temperature, the temperature of the reac
tion mixture must be held constant throughout the 
course of the reaction, for otherwise the observed 
rate would be a meaningless average of the rates for 
different temperatures. 

6A.1 The definition of rate 

The rate of a reaction taking place in a container of 
fixed volume is defined in terms of the rate of change 
of the concentration of a designated species: 

Change in Ul 

Rate= ~ 
M 
"..-' 

Time interval of interest 

Average rate 
!defin ition] (1) 

where ~Ul is the change in the molar concentration 
of the species J that occurs during the time interval M . 
The change in concentration is between modulus 
signs (I .. . 1, signifying that the sign should be ignored) 
to ensure that all rates are positive: if J is a reactant, 
its concentration will decrease and ~Ul will be nega
tive, but I~Ull is positive. 

Because the rates at which reactants are consumed 
and products are formed change in the course of a 
reaction, it is necessary to consider the instantaneous 
rate of the reaction, its rate at a specific instant. The 
instantaneous rate of consumption of a reactant is the 
slope of a graph of its molar concentration plotted 
against the time, with the slope evaluated as the tan
gent to the graph at the instant of interest (Fig. 1) 
and reported as a positive quantity. The instantan
eous rate of formation of a product is also the slope 
of the tangent to the graph of its molar concentration 
plotted against the time, and also reported as a posi
tive quantity. The steeper the slope in either case, the 
greater the rate of the reaction. With the concentra
tion measured in moles per cubic decimetre and the 
time in seconds, the reaction rate is reported in moles 
per cubic decimetre per second (mol dm-3 s-1

). 

In general, the various reactants in a given reac
tion are consumed at different rates, and the various 
products are also formed at different rates. However, 



252 FOCUS 6 CHEM ICAL KINETICS 

t 
s: 
1::' 
"' t> 
"' ~ 
0 
c 
0 

·;::; 

~ 
c ., 
"' c 
0 
u 

0 

- Rates at 
later times 

~ 
Time, I____. 

Fig. 1 The rate of a chemica l react ion is the slope of the tan
gent to the curve showing the variation of concent ra t ion of a 
species w ith t ime. Th is graph is a plot of the concentration of a 
reactant, wh ich is consumed as the reaction progresses. The 
rate of consumpt ion decreases in the course of the reaction 
as the concentration of reactant decreases. 

these rates are related by the stoichiometry of the 
reaction. 

Brief illustration 6A.1 The rate of reaction and t he reac

tion sto ichiometry 

In the decomposition of urea, (NH 2)2CO, in acidic solution, 

(NH,),CO(aq) + 2 H20(1)--'> 2 NH; (aq) + Co§-(aq), the rate of for
mation of NH; is twice the rate of disappearance of (NH2)2CO, 

because for 1 mol (NH2)2CO consumed, 2 mol NH; is formed . 

Once you know the rate of format ion or consumption of one 

substance, you can use the react ion stoichiometry to deduce 
the rates of formation or consumption of the other partici

pants in the react ion. 

: Self-test 6A. 1 

: What is the re lation between the rate of format ion of NH; 
: and the rate of consumpt ion of (NH2)2CO? 

Answer: Rate of formation of NH; ~ 2 x ra te of consumpt ion of 
INH 2)2CO 

One consequence of using a relation like eqn 1 is 
that you have to be careful to specify exactly what 
species is meant. For this reason, the most sophisti
cated definition of a unique rate, v, of a reaction is in 
terms of the stoichiometric numbers, v1, that appear 
in the chemical equation. Stoichiometric numbers are 
the stoichiometric coefficients but written as positive 
for products and as negative for reactants. Then 

v= Unique rate (2a) 

Note that the modulus sign has been removed from 
,:\.U]. The rate is always positive because, whenever 

,:\.U]/M is negative (signalling consumption of a 
reactant), so is the stoichiometric number (which is 
negative for a reactant). 

A more precise definition acknowledges that the 
rate changes in the course of the reaction, so the time 
interval M should be allowed to become infinitesimal 
and the rate be identified as the slope of the tangent 
to the graph of concentration against time at the 
chosen time. That is, 

v= 
__!_ d[J] 
v1 dt 

Unique rate 
[definit ion[ (2b) 

This definition ts the basis of the development in 
Topic6B. 

Brief illustration 6A.2 The unique ra te of reaction 

The ra te of format ion of NH3 in the react ion N2(g) + 3 H2(g)--'> 

2 NH3(g) was reported as 1.2 mmol dm-3 s-1 under a certa in set 

of cond it ions. For this reaction v""' = +2, vN, = -1. and v"' = -3. 
Then the unique rate of the reaction, written in terms of the 

change in concent ra t ion of ammonia, is 

v = - 1- d[NH3 ] = _1_ x (1 .2 mmol dm-3 s-1) 

VNH, dt 2 

= 0.6 mmol dm-3 s-1 

: Self-test 6A.2 

: What is the rate of consumption of H2 ? 
Answer: 1.8 mmol dm-3 s-1 

6A.2 Experimental techniques 

The method used to monitor the concentrations of 
reactants and products and their variation with time 
depends on the substances involved and the rapidity 
with which their concentrations change (Table 6A.1 ). 
Spectrophotometry, the measurement of the absorp
tion of light by a material, is used widely to monitor 
concentration. The key result for using the intensity 
of absorption of radiation at a particular wavelength 
to determine the concentration UJ of the absorbing 
species is the empirical Beer-Lambert law (Fig. 2), 
which is discussed further in Topic llA: 

I 
log;= e[J]L Beer-Lambert 

law (3a) 

where I 0 and I are the incident and transmitted in
tensities, respectively, and L is the length of the 
sample. (Note: common logarithms, to the base 
10.) The quantity e (epsilon) is called the molar 
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Table6A.1 
Kinetic techniques for fast reactions 

-15 -14 -13 -12 -11 -10 -9 -8 -7 -6 -5 --4 -3 -2 -1 0 

Flash photolysis 

Fluorescence decay' 

Ult rason ic absorption 

EPRb 

Temperature jump' 

Phosphorescence decay' 

NMRb 

Stopped flow 

a Fluorescence and phosphorescence are modes of emission of radiation from a material; see Topic 11 E. 
b EPR is electron paramagnetic resonance (or electron spin resonance, ESRI; NMR is nuclear magnetic resonance. 
' This technique is discussed in Topic 6E. 

absorption coefficient (formerly, and still widely, the 
'extinction coefficient'; its dimensions are those of 
(concentrationt1 (lengtht1 and is typically reported 
in dm3 mol-1 cm-1

): it depends on the wavelength of 
the incident radiation and is greatest where the ab
sorption is most intense. The logarithm is commonly 
denoted A and called the absorbance (a dimension
less quantity), and then the law takes the form 

A= e[J]L 

100 
<f. 
0 
0 

X 80 

-g 60 
I" .E 
"' c 40 
~ 
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Cl E 20 
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~ 
Q) 

"- 0 

\ 
~ 

Beer-Lambert law (3b) 

~ 
""'-
~ 

1--------t--
0 0.25 0.5 0.75 1 1.25 1.50 

Molar concentration, [J] x eL 

Fig. 2 Accord ing to eqn 3a in the form 1110 = 10-clJJL. the 
intensity of light transmitted by an absorbing sample de
creases sharply with increasing concentration of absorbing 
species. 

Brief illustration 6A.3 The Beer- Lambert law 

The molar absorption coefficient of benzene in a certain 
solvent at a wavelength of 256 nm is 1.6 x 102 dm3 mol_, cm-1. 

In an experiment examining the rate at which benzene re

acts in a non-absorbing solvent the radiation was reduced to 

16 percent of its incident intensity in a cell of length L= 1.0 mm 

= 0.10 em. That is, 1110 = 0.16 and A= 0.80. The concentration 

of benzene is calculated from eqn 3 rewritten as [J] =AieL: 

.-L. 
[J] = 0.80 

(1.6x102 dm3 mol 1 em 1)x(0.10 em) 
'-----v---' 

L 

0·80 mol dm_, 
(1.6x102)x0.10 

= 5.0 x 1 o-' mol dm-3 

Self-test 6A.3 

; At a later stage in the react ion it was found that the rad iation 

; had increased to 28 per cent of its incident intensity. What is 
; the molar concentration of benzene? 

Answer: 35 mmol dm-3 

In a real-time analysis, the composition of a system 
is analysed while the reaction is in progress by direct 
spectroscopic observation of the reaction mixture. In 
the flow method, the reactants are mixed as they flow 
together in a chamber (Fig. 3 ). The reaction continues 
as the thoroughly mixed solutions flow through a 
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Movable 

Mixing 
chamber 

Fig. 3 The arrangement used in the flow techn ique for 
studying react ion rates. The reactants are squ irted into the 
m ixing chamber at a steady rate from the syringes or by using 
peristalt ic pumps (pumps that squeeze the flu id through f lex
ible tubes, like in our intestines). The location of the spectrom
eter corresponds to different t imes after init iation. 

capillary outlet tube at about 10m s-1
, and different 

points along the tube correspond to different times 
after the start of the reaction. Spectrophotometric de
termination of the composition at different positions 
along the tube is equivalent to the determination of 
the composition of the reaction mixture at different 
times after mixing. This technique was originally de
veloped in connection with the study of the rate at 
which oxygen combined with haemoglobin. Its dis
advantage is that a large volume of reactant solution 
is necessary, because the mixture must flow continu
ously through the apparatus. This disadvantage is 
particularly important for reactions that take place 
very rapidly, because the flow must be rapid if it is 
to spread the reaction over an appreciable length of 
tube. 

The stopped-flow technique avoids this disad
vantage (Fig. 4). The two solutions are mixed very 
rapidly (in less than 1 ms) by injecting them into a 
mixing chamber designed to ensure that the flow 

Fig. 4 In the stopped f low techn ique the reagents are driven 
quickly into the mixing chamber and then the t ime depend
ence of the concentrations is monitored. The switch ensures 
that the f low stops after a certa in volume of reagents has 
been injected. 

is turbulent and that complete mixing occurs very 
quickly. Behind the reaction chamber there is an ob
servation cell fitted with a plunger that moves back 
as the liquids flood in, but which comes up against 
a stop after a certain volume has been admitted. The 
filling of that chamber corresponds to the sudden 
creation of an initial sample of the reaction mixture. 
The reaction then continues in the thoroughly mixed 
solution and is monitored spectrophotometrically. 
Because only a small, single charge of the reaction 
chamber is prepared, the technique is much more 
economical than the flow method. The suitability 
of the stopped-flow technique to the study of small 
samples means that it is appropriate for biochem
ical reactions, and it has been widely used to study 
the kinetics of enzyme action. Modern techniques of 
monitoring composition spectrophotometrically can 
span repetitively a wavelength range of 300 nm at 
1 ms intervals. 

Very fast reactions can be studied by flash pho
tolysis, in which the sample is exposed to a brief 
flash of light that initiates the reaction, and then the 
contents of the reaction chamber are monitored spec
trophotometrically. Lasers can be used to generate 
nanosecond flashes routinely and picosecond flashes 
quite readily. Flashes as brief as a few femtoseconds 
(1 fs = 10-15 s) and even attoseconds (1 as = 10-18 s) 
are now being used. Fast reactions are also studied by 
pulse radiolysis in which the flash of electromagnetic 
radiation is replaced by a short burst of high-velocity 
electrons. 

In contrast to real-time analysis, quenching 
methods are based on stopping, or quenching, the re
action after it has been allowed to proceed for a cer
tain time and the composition is analysed at leisure. 
The quenching (of the entire mixture or of a sample 
drawn from it) can be achieved either by cooling 
suddenly, by adding the mixture to a large volume of 
solvent, or by rapid neutralization of an acid reagent. 
This method is suitable only for reactions that are 
slow enough for there to be little reaction during the 
time it takes to quench the mixture. 

Ideally, information on any intermediates should 
also be obtained, but often they cannot be studied 
because their existence is so fleeting or their concen
tration so low. More information about the reaction 
can be extracted if data are obtained at a series of 
different temperatures. 



Checklist of key concepts 

0 1 The instantaneous rate of a reaction is the slope of 

the tangent to the graph of concentration against 

time (expressed as a positive quantity). 

0 2 The unique rate of a reaction is the slope of the 

tangent to the graph of concentration against time 

modified by noting the stoichiometric number of 

the species. 
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0 3 The rates of chemical reactions are measured by 

using techniques that monitor the concentra

tions of species present in the reaction mixture 

(Table 6A.1 ). 

0 4 Techniques of chemical kinetics include real-time 

and quenching procedures, flow and stopped-flow 

techniques, and flash photolysis. 



TOPIC 68 

Rate laws 

~ Why do you need to know this 
material? 

The identification of rate laws is the first step in 
the process of understanding how chemical reac
tions occur and is an essential step in predicting 
how the composition of a reaction mixture 
changes with time. 

~ What is the key idea? 

The instantaneous rate of a chemical reaction 
can be expressed in terms of the current concen
trations of the reactants and products. 

~ What do you need to know already? 

You need to know how the rate of a reaction, 
and specifically the 'universal rate' of a reaction, 
is defined and determined (Topic 6A). 

Model building is at the heart of physical chemis
try, and one of the best places to see it in action is in 
the description of the rates of chemical reactions. 
First, though, patterns must be identified from the 
empirical data assembled about rates. Moreover, 
once those patterns have been identified, reac
tions can be classified by their rates and discussed 
systematically. 

68.1 The rate constant 

An empirical observation of the greatest importance 
is that the rate of reaction is often found to be pro
portional to the molar concentrations of the react
ants raised to a simple power. For example, it may 
be found that the instantaneous rate, v, is directly 

proportional to the concentrations of the reactants 
AandB,so 

v=k,[A][B] (1) 

The coefficient k, which is characteristic of the re
action being studied, is called the rate constant (or 
'rate coefficient'). The rate constant is independent 
of the concentrations of the species taking part in the 
reaction but depends on the temperature. An experi
mentally determined equation of this kind is called 
the 'rate law' of the reaction. More formally, a rate 
law is an equation that expresses the rate of reaction 
in terms of the molar concentrations (or partial pres
sures) of the species in the overall reaction (including, 
possibly, any products that might be present). 

The units of k, are always such as to convert the 
product of concentrations into a rate expressed as 
a change in concentration divided by time. For ex
ample, if the rate law is the one in eqn 1, with con
centrations expressed in mol dm-3

, then the units of 
k, will be dm3 mol-1 s-1 because 

units of k, units of [A] units of [8] 
,.....--"----- ,...---"----, ,...---"----, 

dm3 mol-1 s-1 x mol dm-3 x mol dm-3 

units ofv 
,.--"-------, 

=mol dm-3 s-1 

In gas-phase studies, including studies of the pro
cesses taking place in the atmosphere, concentrations 
are commonly expressed in molecules cm-3, so the 
rate constant for the reaction in eqn 1 would be ex
pressed in cm3 molecule-1 s-1

. The approach just illus
trated can be used to determine the units of the rate 
constant for rate laws of any form. For example, the 
rate constant for a reaction with rate law of the form 
v = k,[A] is commonly expressed in s-1

• 

In general, a rate constant is denoted k, but if 
more than one appear in a rate constant, they are de
noted k., kb, ... . In Topic 6£ rate laws are also written 
for the reverse reactions, and their constants are de
noted k; and k:, k~, ... . Rate constants are so-called 



68.1 THE RATE CONSTANT 257 

Table6B.1 

Kinetic data for first-order reactions 

2 N20 5 --> 4 NO, + 0 2 

C2H6 --> 2 CH3 

Cyclopropane --> propene 

Br2(1) 

g 

g 

25 

700 

500 

4.27 X 10-5 4.51 h 

5.46 x 10-4 21.2 min 

6.17 x 10-4 18.7 min 

The rate constant is for the un ique rate as defined in Topic 6A. Half-l ives (t1121 are int ro
duced in Topic 6C. Order is defined in the next section. 

because they are independent of the concentrations 
of the reactants and products, but they do depend on 
the temperature (Topic 6D). Tables 6B.l and 6B.2list 
some rate constants at a variety of temperatures. 

Brief illustration 68.1 Rate constant in different units 

The rate constant for the reaction O(g) + 0 3(g) --> 2 0 2(g) is 

8.0 x 10-15 cm3 molecule-• s-1 at 298 K. Then because 

1 em= 10-2 m= 10-2 x10dm= 10-1 dm 

1 mol= 6.022 x 1023 molecules, so 1 molecule 1 mol 
6.022 x 1023 

it follows that 

molecule- 1 

cm3 ...----"------

=8.0x10-15~( 1 mol ) -' s-• 
6.022x1023 

= 4.8 X 106 dm3 mol-1 
S -

1 

Table6B.2 

: Self-test 68.1 

: A reaction has a rate law of the form k,[A[ 2 [B[. What are the 

; units of the rate constant k, if the reaction rate is reported 
: in mol dm-3 s-1? 

Answer: dm 6 mol-2 s-1 

Once you know the rate law and the rate constant 
of the reaction, you can predict the rate of the reaction 
for any given composition of the reaction mixture. In 
Topic 6C it is explained how to use the rate law to pre
dict the concentrations of the reactants and products 
at any time after the start of the reaction. Furthermore, 
in Topic 6F it is explained that an observed rate law is 
also an important guide to the mechanism of the reac
tion (the sequence of steps by which it takes place), for 
any proposed mechanism must be consistent with it. 
Finally, the temperature dependence of reaction rates 
is embodied in the temperature dependence of k" and 
accounting for that dependence gives insight into the 

Kinetic data for second-order reactions 

Reaction Phase eJ•c k,/(dm3 mol-' s-1) 

·--- ------- --------- --------- --------- ------- -- · --
2 NOBr--> 2 NO+ Br2 g 10 0.80 

2 NO, --> 2 NO+ 0 2 g 300 0.54 

H2 + 12 --> 2 HI g 400 2.42 X 10-2 

0 2 + HCI --> DH + DCI g 600 0.141 

2 I--> 12 g 23 7 X 109 

hexane 50 1.8x 1010 

CH3CI + CH30 - --> CH30CH3 + Cl- CH30H(I) 20 2.29 X 10-6 

CH3Br + CH30 - --> CH30CH3 + Br- CH30H(I) 20 9.23 X 10-6 

W+ OW--> H20 water 25 1.5x 1011 

The rate constant is for the unique rate as defined in Topic 6A. Order is defined in the 
next section. 
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details of the atomic changes that accompany reaction, 
the ultimate step in model building in this context. 

68.2 Reaction order 

A rate law provides a basis for the classification of 
reactions according to their kinetics. The advan
tage of having such a classification is that reactions 
belonging to the same class have similar kinetic 
behaviour-their rates and the concentrations of the 
reactants and products vary with composition in a 
similar way. The classification of reactions is based 
on their order, the power to which the concentration 
of a species is raised in the rate law. For example: 

First-order in A: v=k,[A] (2a) 

First-order in A, v = k,[A][B] (2b) 

first-order in B: 

Second-order in A: v = k,[A]2 (2c) 

The overall order of a reaction with a rate law of the 
form v = k,[A]a[B] b[C]' .. . is the sum, a+ b + c + .. . , 
of the orders of all the components. The rate laws in 
eqns 2b and 2c both correspond to reactions that are 
second-order overall. 

Brief illustration 68.2 Reaction order 

An example of a reaction like eqn 2c is the reduction of 
nitrogen dioxide by ca rbon monoxide, 

N02(g) + CO(g) -> NO(g) + C02(g) V= k,[N02[
2 

which is second-order in N02 and, because no other species 
occurs in the rate law, second-order overa ll. The rate of this 

react ion is independent of the concentration of CO provided 

that some CO is present. Th is independence of concentration 
is expressed by saying that the react ion is zeroth-order in CO, 

because a concentration raised to the power zero is 1 ([C0]0 = 1, 
just as x0 = 1 in algebra). 

Self-test 6B.2 

Classify the reaction in which a DNA double helix re-forms 

after it has been separated into two strands by ra ising the 

temperatu re or the pH: 

Strand+ complementary strand -> double hel ix 

v= k,[strand][complementary st rand] 

Answer: First-order in each strand and second-order overall 

A reaction need not have an integral order, and 
many gas-phase reactions do not. For example, if a 
reaction is found to have the rate law 

(3) 

then it is half-order in A, first-order in B, and three
halves-order overall. 

If a rate law is not of the form v = k,[A]a[B]b[C] ' .. . 
then the reaction does not have an overall 
order. Thus, the experimentally determined rate 
law for the gas-phase reaction H 2(g) + Br2(g) ~ 
2 HBr(g) is 

(4) 

Although the reaction is first-order in H 2, it has an 
indefinite order with respect to both Br2 and HBr 
and an indefinite order overall. Note that two rate 
constants are needed to express its rate. Similarly, a 
typical rate law for the action of an enzyme E on a 
substrateS is (see Topic 6H) 

k,[E][S] 
v=---

[S]+KM 
(5) 

where KM is a constant (but not a rate constant). This 
rate law is first-order in the enzyme but does not have 
a specific order with respect to the substrate. 

Under certain circumstances a complicated rate 
law without an overall order may simplify into a 
law with a definite order. For example, if the sub
strate concentration in the enzyme catalysed re
action is so low that [S] << KM, then [S] can be 
ignored in the denominator of eqn 5, which then 
simplifies to 

(6) 

The reaction is now first-order in S, first-order in E, 
and second-order overall. 

It is very important to note that a rate law is es
tablished experimentally, and cannot in general be 
inferred from the chemical equation for the reaction. 
The reaction of hydrogen and bromine, for example, 
has a very simple stoichiometry, 

but its rate law (eqn 4) is quite complicated. In some 
cases, however, the rate law does happen to reflect the 
reaction stoichiometry. This is the case with the reac
tion of hydrogen and iodine, which has the same stoi
chiometry as the reaction of hydrogen with bromine 
but a much simpler rate law: 



68.3 The determination of the 
rate law 

The determination of a rate law is simplified by the 
isolation method, in which all the reactants except 
one are present in large excess. The dependence of 
the rate on each of the reactants can be found by iso
lating each of them in turn-by having all the other 
substances present in large excess-and piecing to
gether a picture of the overall rate law. 

If a reactant B is in large excess it is a good ap
proximation to take its concentration as constant 
throughout the reaction. Then, although the true rate 
law might be v = k,[A][B]\ the current value of [B] can 
be approximated by its initial value [B] 0 (from which it 
hardly changes in the course of the reaction) and write 

A pseudofirst
order reaction, 
8 in excess 

(7a) 

Because the true rate law has been forced into 
first-order form by assuming a constant B concentra
tion, the effective rate law is classified as pseudofirst
order and k,,,rf is called the effective rate constant for 
a given, fixed concentration of B. If, instead, the con
centration of A is in large excess, and hence effect
ively constant, then the original rate law simplifies to 

v = k,,,rr[B]\ now with k,,err = k,[A] 0 

A pseudosecond-order 
react ion, A in excess 

(7b) 

This pseudosecond-order rate law is also much easier 
to analyse and identify than the complete law. Note 
that the order of the reaction and the form of the ef
fective rate constant change according to whether A 
orB is in excess. In a similar manner, a reaction may 
even appear to be zeroth order. 

Brief illustration 68.3 Pseudo orders 

The oxidation of ethanol to ethanal (acetaldehyde) by NAD+ in 

the liver in the presence of the enzyme liver alcohol dehydro

genase 
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Self-test 68.3 

Under what circumstances does the reaction in eqn 5 ac

quire a definite order with respect to S? 

Answer: Either lSI >> KM or lSI « KM 
[orders 0 and 1 in S, respect ively) 

In the method of initial rates, which is often used 
in conjunction with the isolation method, the in
stantaneous rate is measured at the beginning of the 
reaction for several different initial concentrations 
of reactants. If the initial rate is doubled when the 
concentration of an isolated reactant A is doubled, 
then the reaction is first-order in A; if the initial rate 
is quadrupled, then the reaction is second-order in A. 
More formally, with an eye on developing a graphical 
method for determining the order, suppose the rate 
law for a reaction with A isolated is 

v=k,[A]a 

Then the initial rate of the reaction, v0, is given by the 
initial concentration of A: 

Init ial rate of an 
ath-order reaction 

Taking (common) logarithms gives 

log lxyl ~ log x + log y 

f lag X' ~ a log x ) 

= logk,,err +a log [A]0 

(8) 

(9) 

This equation has the form of the equation for a 
straight line: 

y intercept slope x x 
r-"---- ,.--J'----, ~ 

log v0 =log k,,,ff + a log[A]0 

It follows that, for a series of initial concentrations, a 
plot of the logarithms of the initial rates against the 
logarithms of the initial concentrations of A should 
be a straight line, and that the slope of the graph will 
be a, the order of the reaction with respect to A. 

CH3CH 20H(aq) + NAD+(aq) + H20( I)~ 1Jifi..!.!!j1=i+ 
CH3CHO(aq) + NADH(aq) + H3Q+(aq) Using the method of initial rates 

is zeroth-order overall as the ethanol is in excess and the The recombination of I atoms in the gas phase in the pres-

concentration of the NAD+ is maintained at a constant level ence of argon (which removes the energy released by the 
by normal metabolic processes. Many reactions in aqueous formation of an 1-1 bond, and so prevents the immediate dis-

solution that are reported as first- or second-order are actually sociation of a newly formed 12 molecule) was investigated and 

pseudofirst- or pseudosecond-order: the solvent water par- the order of the reaction was determined by the method of 

ticipates in the reaction but it is in such large excess that its initial rates. The initial rates of reaction of 2 l(g) + Ar(g) ~ 12(g) 

concentration remains constant. + Ar(g) were as follows: 
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111,/110-5 mol dm_,l 1.0 2.0 4.0 6.0 

V,/(mol dm-3 S - 1( (a ( 8.70 X 10-4 3.48 X 10-3 1.39 X 10-2 3. 13 X 10-2 

lbl 4.35 x w-3 1.74 x w-' 6.96 x w-' 1.57 x w-' 
(C( 8.69 X 10-3 3.47 X 10-2 1.38 X 10-1 3. 13 X 10-1 

The Ar concentrations are (a) 1.0 x 10-3 mol dm-3
, (b) 5.0 x 

10-3 mol dm-3, and (c) 1.0 x 10-2 mol dm-3 . Find the orders of 

react ion w ith respect to I and Ar and the rate constant. 

Collect your thoughts You need to 
identify sets of data in which only 
one reactant is chang ing (such 

as each row of data for constant 
[Ar]). The identification of order 

from data involves the application 

of eqn 9, plotting the logarithm of 

the rate aga inst the logarithm of 
a concentration of one of the re

actants (in th is case, arbitrar ily choose 1). So, first tabu late 

the logarithms of the concentrations of I and the rates for 
the va lues at constant [Ar]0 (that is, for each row of data). The 

slope gives the order and the intercept at log [1] 0 = 0 gives log 

k,.,ff• with a different va lue for each [Ar]0 . The effective rate 

constant obta ined in this way is k,.,ff = k,[Ar]g, so to extract k, 

and b, take logarithms, as in the text, to obtain 

log k'· '" = log k, + b log [Arlo 

Now real ize that you need to plot the log k,. ,ff found in the fi rst 
part of the solution aga inst log [Ar]0 . Then the slope gives b 

and the intercept at log [Ar]0 = 0 gives k,. 

The solution The data give the fo llowing points for the graph: 

log([I]Jmol dm-3) -5.00 -4.70 -4.40 -4.22 

log(vJmol dm-3 s- 1
) (a) -3.060 -2.458 -1.857 -1.504 

(b) -2.362 -1.760 -1.157 -0.804 

(c) -2.061 -1.460 -0.860 -0.504 

- 4.8 -4.6 -4.4 -4.2 - 4 
log([I]Jmol dm-3) 

Fig. 1 The plots of the data in Example 68.1 for find ing the 
order w ith respect to I. The intercepts at log [1] 0 = 0 are far to 
the right, and are shown in the inset. 

The graph of the data for varying [I] but constant [Ar] is shown 

in Fig. 1. The slopes of the lines are 2, so the reaction is 

second-order with respect to I. The effective rate constants 

k,.,ff are as fo llows: 

[Ar]J (mol dm-3) 1.0 X 10-3 5.0 X 10-3 1.0 X 10-2 

log([Ar]Jmol dm-3
) -3.00 

log(k,.,ff/mol-1 dm3 s- 1
) 6.94 

-2.30 

7.64 

-2.00 

7.93 

Figure 2 is the plot of log k,.,ff aga inst log [Ar]0 . The slope is 1, 
so b = 1 and the reaction is fi rst-order w ith respect to Ar. The 

intercept at log [Ar]0 = 0 is log k,.,ff = 9.94, so k,= 8.7 x 109 mol-2 

dm6 s-1
. The overall (initial) rate law is therefore v= k,[l]g[Ar]0. 

A note on good practice When taking the common logarithm 
of a number of the form x.xx x 10", there are four significant 
figures in the answer (for instance, log 1.23 x 104 = 4.090): the 
figure before the decimal point is simply the power of 10. Con
versely, when taking the common anti logarithm of y.yyy, there 
are three signi ficant figures in the answer (for instance, 105

·
678 = 

4.76 X 105(. 

Self-test 68.4 

The initial rate of a certain reaction depended on concentra

t ion of a substance J as follows : 

10.2 

9.6 

17 

4 

30 

130 

Find the order of the reaction w ith respect to J and the rate 
constant. 

Answer: 2, 1.6 x w-' mol-' dm3 s-' 

The method of initial rates might not reveal the 
entire rate law, for in a complex reaction the products 
themselves might affect the rate. That is the case for 
the synthesis of HBr, for eqn 4 shows that the rate 
law depends on the concentration of HBr, none of 
which is present initially. 

8 

6.5 
- 3 

/ 
v 

v / 

/ 9.94 

/ 
v / I 

/ 0 • 

- 2.8 - 2.6 - 2.4 - 2.2 - 2 
log([Ar]Jmol dm- 3) 

Fig 2 The plots of the data in Example 68.1 for find ing the 
order w ith respect to Ar and the rate constant k,. The intercept 
at log [Ar]0 = 0 is far to the right, and is shown in the inset. 



Checklist of key concepts 

0 1 A rate law is an expression for the reaction rate 

in terms of the concentrations of the species that 

occur in the overall chemical reaction. 

0 2 For a rate law of the form v = k,[A] •[B]b .. . , the 

order with respect to A is a and the overall order is 

a + b + ... . 
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0 3 A pseudofirst- or pseudosecond-order reaction oc

curs when one reactant is in large, constant excess. 



TOPIC 6C 

Integrated rate laws 

~ Why do you need to know this 
material? 

One of the most important applications of a rate 
law is to predict the composition of a reaction 
mixture at any time after the reaction begins. 
The same equations are also used in the deter
mination of rate constants. 

~ What is the key idea? 

The composition of a reaction mixture can be 
predicted by integrating a rate law. 

~ What do you need to know already? 

You need to be aware of how rate laws are 
expressed (Topic 6B) and be able to integrate 
simple expressions. All the integrals required are 
listed in the Resource section. 

A rate law expresses the rate of a reaction at a given in
stant (when the reaction mixture has a particular com
position). That is rather like being given the speed of a 
car at each point of its journey. For a car journey, you 
might want to know the distance that a car has trav
elled at a certain time given its varying speed. Similarly, 
for a chemical reaction, you might want to know the 
composition of the reaction mixture at a given time 
given the varying rate of the reaction. An integrated 
rate law is an expression that gives the concentration 
of a species as a function of the time. They are called 
integrated rate laws because a rate law is a differential 
equation, and solving such an equation involves the 
mathematical technique of integration. 

Integrated rate laws have two principal uses. One 
is to predict the concentration of a species at any 
time after the start of the reaction. Another is to help 

find the rate constant and order of the reaction. In
deed, although in Topic 6B rate laws are introduced 
through a discussion of the determination of reaction 
rates as described in Topic 6A, these rates are rarely 
measured directly because slopes are so difficult to 
determine accurately. Almost all experimental work 
in chemical kinetics deals with integrated rate laws, 
their great advantage being that they are expressed 
in terms of the experimental observables of concen
tration and time. Computers can be used to find the 
integrated form of even the most complex rate laws 
numerically and in some cases can be used to obtain 
explicit, algebraic expressions. However, in a number 
of simple cases solutions can be derived by elemen
tary techniques and prove to be very useful. 

6C.1 Zeroth-order reactions 

Because the rate of a zeroth-order reaction is constant 
(so long as reactant remains), the amount of reactant 
consumed by a time t is simply the rate of its consump
tion (which is the constant k,) multiplied by the time for 
which the reaction has been in progress. For a reaction 

A ~ products, Rate of consumption of A= k, 

the concentration of A after a time tis 

[A],= [A]0 - k,t Zeroth-order integrated 
rate law (1) 

where [A] 0 is the initial concentration of A. This ex
pression applies until all the reactant has been used 
up at t= [A]Jk" after which [A] , remains zero (Fig. 1). 

6C.2 First-order reactions 

As shown in the following Justification, the inte
grated rate law for a chemical reaction and first-order 
rate law of the form 



Time,t-

Fig. 1 The linear decay of the reactant in a zeroth-order re
action. 

IS 

A--? products, Rate of consumption of A= k,[A) 

[A) 
ln--=-kt 

[Alo ' 
First-order integrated 
rate law ( 2a) 

Another form of this expression obtained by taking 
natural antilogarithms (ex) of both sides is 

Exponential decay (2b) 

Equation 2b has the form of an 'exponential decay' 
(Fig. 2) . A common feature of all first-order reactions, 
therefore, is that the concentration of the reactant de
cays exponentially with time. 

~ 
~ 
c:' 
0 . ., 
~ 
c: 
Q) 

" c: 
0 
u 

Time, t-+ 

Fig. 2 The exponential decay of the reactant in a first-order 
reaction . The greater the rate constant, the more rapid is the 
decay. 
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Justification 6C.1 

First-order integrated rate laws 

As remarked in Topic 6B, the rate of a reaction of the form 

A~ products that is first-order in A is 

diAl =-k[AJ 
dt ' 

Follow these steps to derive the integrated rate law in eqn 2. 

Step 1: Rearrange the rate law 

Because the terms diAl and dt may be manipulated like any 

algebraic quantity, on multiplying both sides by dt/[AJ the rate 

law becomes 

diAl =-kdt 
[A) ' 

Step 2: Integrate both sides of the rearranged rate law 

Integration from t = 0, when the molar concentration of A is 

[Ala. to the time of interest, t, when the molar concentration 
of A is [A) ,, is written as 

i !AI, d[AJ ,....-....,i; 

-=-k dt 
!A~ [A) ' o 

Now note that 

lntegra1A2 
......-'"-----, 

f !AI, diAl =In~ 
J lA~ [A) [A)0 

Equation 2a follows after combining the resu lts for the left

and right-hand te rms. 

Step 3: Rearrange the expression from step 2 

To develop the expression further, take the natural antilogar

ithm (e") of both sides of eqn 2a noting that e1
"' = x: 

Left-hand side : e'o(IAI,IIA~) = ~ 
[A], 

Then equate the two sides to form 

~=e-'•' 
IAJ, 

which rearranges into eqn 2b . 

Right-hand side: e-'·' 

Equation 2b gives the concentration of A at any 
time after the start of the reaction. Equation 2a 
shows that a plot of ln ([A)/[A) 0) against tis a straight 
line if the reaction is first-order. If the experimental 
data do not give a straight line when plotted in this 
way, then the reaction is not first-order. If the line is 
straight, then it follows from eqn 2a that its slope 
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is -k" so the rate constant can be determined from 
the graph. 

1£if!..!.ifj4i• 
Analys ing a first-order reaction 

The variation in the partial pressure of azomethane with time 
was followed at 600 K, with the following results: 

t/s 0 

p/Pa 10.0 

1000 

7.00 

2000 

4.88 

3000 

3.40 

4000 

2.38 

Confirm that the decomposition CH3N2CH3(g) -'> CH3CH3(g) + 

N2(g) is first-order in azomethane, and find the rate constant 

at 600 K. 

Collect your thoughts You have 

just seen that to confirm that a 
reaction is first-order, you should 

plot ln([Al ,/1Al 0) against time and 

expect a straight line. Because 
the partial pressure of a gas is 
proportional to its concentration, 

an equivalent procedure is to plot 

ln(p,/p0) against t. If a straight line 

_0~1ope =-k 0 ' 

~ 
~-
E 

0 t 

is obtained, its slope can be identified with -k,. Follow the 

guidelines for plotting graphs given in The chemist's toolkit 2 

in Topic 1A. 

The solution Draw up the following table: 

t/s 

PrfPo 

0 1000 2000 3000 4000 

0.700 0.488 0.340 0.238 

ln(p,/p0) 0 -0.357 -0.717 -1.078 -1.435 

Figure 3 shows the plot of ln(p,/p0) against t. The plot is 
straight, confirming a first-order reaction, and its slope is 

-3.6 x 10-4
. Therefore, k, = 3.6 x 10-4 s-1

• 

0 

~ 
- 0.4 

? 
c:t""-0.8 
c 

- 1.2 

- 1.6 
0 

~ 
~ 

"-c r'.. 
~ 

~ 
~ 

'-r 

2 3 4 
Time, t/(103 s) 

Fig. 3 The determination of the rate constant of a first-order 
reaction. A straight line is obtained when In [Al , (or In p,, where 
p is the partial pressure of the species of interest) is plotted 
against t; the slope is -k,. The data, expressed as ln(p,/p0), are 
from Example 6C.1. 

Self-test 6C.1 

The concentration of N20 5 in liquid bromine varied with time 

as follows: 

t/s 0 200 400 600 1000 

[N20 5l,/(mol dm-3
) 0.110 0.073 0.048 0.032 0.014 

Confirm that the reaction is first-order in N20 5 and deter

mine the rate constant. 
Answer: 2.1 x 10-3 s-1 

6C.3 Second-order reactions of 
the type A~ products 

Now consider a second-order rate law of the form 

A~ products, Rate of consumption of A= k,[Af 

If the concentration of A at t= 0 is [A] 0 then,as shown 
in the following Justification, 

1 1 
- - - =-kt 
[A]0 [A], ' 

Second-order 
integrated rate law (3a) 

which may also (as also shown in the Justification) 
be written 

[A]_ [A]0 

'- 1 + k,t[A]0 
(3b) 

Justification 6C.2 

Second-order integrated rate laws 

To derive eqn 3, follow steps similar to those in 

Justification 6C.1. 

Step 1: Rearrange the rate law 

The rate law is 

diAl = -k IAl' 
dt ; 

which (after multiplying both sides by dt/IA12
) becomes 

diAl =-kdt 
[AJ' ' 

Step 2: Integrate both sides of the rearranged rate law 

Integrate the expression from step 1 between t= 0, when the 

concentration of A is [Al0, and the time of interest I when the 

concentration of A is [Al ,: 

t 

JIAJ, d[Al f--;-
-=-k dt 

IAio [AJ' ' o 
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Now use 

Integral A.1, n ,. -2 
~ 

f iAI, d(A( 1 1 

J IAl:J [Aj2 =(Ala - (A), 

and so obtain eqn 3a . 

Step 3: Rearrange the expression from step 2 

To obtain eqn 3b, rearrange eqn 3a as follows: 

_1_=kt+-1-= !Alak/ + -1-= IAJok,t +1 
!AI, ' [Ala [Ala [Ala [Ala 

and then take the reciprocal of both sides. 

Equation 3a shows that to test for a second-order 
reaction, plot 1/[A], against t and expect a straight 
line (Fig. 4 ). If the line is straight, then the reaction 
is second-order in A and the slope of the line is equal 
to the rate constant. Equation 3b gives the concen
tration of A at any time after the start of the reaction 
(Fig. 5) . 

It can be seen from plots of [A], against t that the 
concentration of A approaches zero more slowly in 
a second-order reaction than in a first-order reac
tion with the same initial rate (Fig. 6) . That is, react
ants that decay by a second-order process die away 
more slowly at low concentrations than would be 
expected if the decay were first-order. A point of 
interest in this connection is that pollutants com
monly disappear by second-order processes, so it 
might take a very long time for them to decline to 
acceptable levels. 

I I I v 
- L_ 

Slo~e = ty v 
y 

r- / 

/ 
v 

/ 
/ 
~ 

r-
Intercept = 11[A]0 

0 Time, t---+ 

Fig. 4 The determination of the rate constant of a second 
order reaction. A straight line is obtained when 1/[AJ, (or 1/p,, 
where p, is the partial pressure of the species of interest at 
time d is plotted against t, the slope is k,. 

Fig. 5 The variation with time of the concentration of a 
reactant in a second-order reaction. 
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Fig. 6 Although the initial decay of a second-order reaction 
may be rapid, later the concentration approaches zero more 
slowly than in a first-order reaction with the same in it ial rate. 

6C.4 Second-order reactions of 
the type A+ B -+ products 

Another common instance of a second-order reaction 
is A + B ~ products. (Remember that the stoichiom
etry of the reaction does not imply a rate law of this 
form; here the reaction of this form has been identi
fied as second-order overall and first-order in both A 
and B.) As shown in the following Justification, the 
composition at a timet, given that the initial concen
trations of A and Bare [A] 0 and [B]0, is given by 

[A] _ ([Ala - [Blo)[A]0 

' - [AJo- [B]oe !IA ~-{B~)k,t Overall 
second-order (4a) 

[B] _ ([Blo- [Alo)[B]0 

' - [B]o- [Aloe !IB1 IA1)k,t 

reaction 
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c: 
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Fig. 7 The concentrations of A and B in a second-order reac
t ion of the form A + B ~ products, as given by eqn 4a with 
IBlc/IAla = 2. 

The behaviour predicted by these two equations is 
illustrated in Fig. 7. Careful manipulation of eqn 4a 
(letting [B]0 approach [A)0 ) shows that if A and B have 
the same initial concentrations, so [A] 0 = [B) 0, then at 
a later time 

[A] - [B) - [AJo 
, - , -l+[A)

0
k,t (4b) 

just as for a second-order A~ products reaction. 

Justification 6C.3 

Second-order reactions of type A + 8 ~products 

The rate law is 

diAl= - k [AliBI 
dt ' 

which, after multiplying both sides by dt/IAIIBI. becomes 

diAl =-kdt 
!AliBI ' 

Several steps are needed to solve this equation . 

Step 1: Use stoichiometry to relate !AI and IBI 

! At t ime t, [Ala will have fa ll en to [A] = !Ala - x; then from the 
: stoichiometry of the reaction it fo llows that !Bla will have fa llen l to [B l = !Bla- x because a B molecule is consumed for each A 

molecule that is consumed. These relations imply that d[A]/dx= 
-1 and therefore that d[A] = --dx. The rate law then becomes 

dx =kdt 
([Ala- x)([Bla- x) ' 

Step 2: Integrate the equation 

At t= 0, x= 0, so t he integrals required are 

,.J_..., 

r· dx =k f ' dt 
Ja ([Ala-x)([Bla-Xl ' Ja 

The integral on the left is 

lntegraiA3 

It fo llows that 

and hence, by multiplying both sides by [Bla- [Ala. that 

In [AlaUBla- X) ([B] _[A] )k t 
[BlaUAla- X) a a ' 

Step 3: Solve for x 

Take natura l antilogarithms of both sides of this expression: 

(AJa([BJa- X) = e(IBIJ-IAIJ)k,t 
!Bla([A]a- xl 

Multiply both sides by !Bla([Ala- x) : 

Expand the factors: 

(AJa(BJa - (AJaX = (AJalBJae(IBIJ-IAIJ)k,t - (BJaxe(IBIJ-IAIJ)k,r 

Collect factors of x(in blue) : 

Divide both sides by the term in blue. The fina l result (after 
reversing the factor ([Bla- [Alalt in each exponent) is 

X= (AJa(BJa(1-e-IIAIJ-IBIJik,t) 
[Ala- IBlae IIAIJ IBIJik,r 

Note that if the reaction is A+ B ~ P. then [PI ,= x. 

Step 4: Construct the expression for [A], 

It now fo llow s from [A],= [Ala- x that 

which is eqn 4a. The solution for [B] , follows similarly, from 

[B] ,= [Bla- x. 



6C.5 Half-lives 

A useful indication of the rate of a first-order chem
ical reaction is the half-life, t 112 , of a reactant, which 
is the time it takes for the concentration of the spe
cies to fall to half its initial value. The half-life of 
a species A that decays in a first-order reaction is 
found by substituting [A],= t[A] 0 and t = t112 into 
eqn 2a: 

fin (1/xl =-In x) 
k - I t[AJo - In 1 -ln2 ,tl/2 - - n---- 2 -

It follows that 

ln2 
t,12 =T 

[A]0 

Half-life of a 
first-order reaction (5) 

Brief illustration 6C.1 The half-life of a first-order reaction 

Because the rate constant for the fi rst-order reaction 

N20 5(g) -4 2 N02(g) + 1 0 2(g) Rate of consumption of 
N20 5 = k,[N 20 5) 

is equal to 6.76 x 10-5 s-1 at 25 oc. the half-life of N20 5 is 

t- ln 2 1.03 x 104 s 
112

- 6.76x10 5 s 1 
~ 

k, 

or 2.85 h. Hence, the concentration of N20 5 fal ls to ha lf its 
initia l value in 2.85 h, and then to half that concentration again 
in a further 2.85 h, and so on (Fig. 8). Th is procedure is com
monly used in reverse: the half-life is measured and then eqn 
5 is used to determine k, from k, =(In 2)/t112• 

: Self-test 6C.2 

: The rate constant for the fi rst-order isomerization of cyclo
: propane to propene is 6.17 x 104 s-1 at 500 °C. What is the 
: ha lf-life of cyc lopropane? 

Answer: 1490 s 

The main point to note about eqn 5 is that for 
a first-order reaction, the half-life of a reactant 
is independent of its concentration. It follows that 
if the concentration of A at some arbitrary stage of 
the reaction is [A], then the concentration will fall 
to t[A] after an interval of {In 2)/k, whatever the 
actual value of [A] (Fig. 9 ). Some half-lives are given 
in Table 6B.2. 
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Fig. 8 The molar concentration of N20 5 after a success ion of 
half lives. 

Brief illustration 6C.2 The half-l ife and t he progress of 
a react ion 

In acidic solution, the disaccharide sucrose (cane sugar) is 
converted to a mixture of the monosaccharides glucose and 
fructose in a pseudofirst-order reaction. Under certain condi
tions of pH, the half-life of sucrose is 28.4 min. To calculate 
how long it takes for the concentration of a sample to fall from 
8.0 mmol dm-a to 1.0 mmol dm-3 note that 

Molar concentration/(mmol dm-3
): 

8.0~4.0~2.0~ 1.0 

The total time required is 3 x 28.4 min= 85.2 min. 

Self-test 6C.3 

The half-life of a substrate in a certa in enzyme-cata lysed 
first-order reaction is 138 s. How long is required for the 
concentration of substrate to fa ll from 1.28 mmol dm-3 to 
0.040 mmol dm-a? 

t 
~ 
~ 
e-
.g 
~ 
E 
Q) 
() 
c 
0 
u 

1\ I 

\ 
j_ ~ -

Answer: 690 s 

~ 
/4 ~ 

1/8 -1/16 
2t1 /2 3t1 /2 

Time, t-

Fig. 9 In each success ive period of duration t112 , the concen
tration of a reactant in a first-order reaction decays to ha lf 
its va lue at the start of that period. After n such periods, the 
concentration is It)' of its initia l concentration. 
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The half-life of a substance can be used to recog
nize first-order reactions. All you need do is inspect 
a set of data of composition against time. If you see 
that the initial concentration falls to half its value in 
a certain time, and that another concentration falls to 
half its value in the same time, then you can infer that 
the reaction is first-order. The first-order character 
can then be confirmed by plotting In [A], against t 
and obtaining a straight line, as indicated earlier. 

It follows from eqn 3a, by substituting t = t112 and 
[A],= t(A] 0, that the half-life of a species A that is 
consumed in a second-order reaction of the form 
A ~ products is 

1 t ---
112- k,[A]o 

Half-life for a second· 
order reaction (6) 

Therefore, unlike a first-order reaction, the half-life 
of a reactant in a second-order reaction varies with 
the initial concentration. 

Brief illustration 6C.3 The half-life of a second-order 

reaction 

Consider a second-order reaction A -> P with rate constant 
k, = 5.0 x 104 dm3 mol-1 s-1

• The half-life of A when [Ala= 2.50 x 
10-2 mol dm-3 is 

t,12 = (5.0x104 dm3 mol ' s 1)x (2.50x10 2 mol dm_, ) 
IAIJ 

= B.Ox10-4 s 

but when [Ala is lowered to 1.00 x 10-3 mol dm-3 the half-life 

increases to 

Checklist of key concepts 

D 1 An integrated rate law is an expression for the rate 

of a reaction as a function of time. 

D 2 Table 6C.1 summarizes the integrated rate laws for 

a variety of simple reaction types. 

1 
t,12 = (5.0x104 dm3 mol ' s 1)x (1.00 x 10 3 mol dm_, ) 

= 2.0 x 10-2 s 

A practical consequence of this dependence of the half-life 
on concentration is that species that decay by second-order 
reactions (which includes some environmentally harmful sub
stances) may persist in low concentrations for long periods 
because their half-lives are long when their concentrations 

are low. 

Self-test 6C.4 

What is the half-life when the concentration has been 
lowered to 0.50 mmol dm-3 ? 

Table6C.1 

Integrated rate Jaws 

Order Reaction Rate law 
type 

0 

2 

v=k,[AJ 

v=k,[AJ 2 

Answer: 40 ms 

Integ rated rate law 

IPJ = k,tfor t ,;, JAJJ k, 

IPI = [Ala for t > IAIJ k, 

IPI = [Ala (1-e- ' '' ) 

IPI = k,tiAI~ 
1+k,t1Aia 

D 3 The half-life is the time it takes for the concentration 

of a reactant to fall to half its initial value. 



TOPIC 60 

The temperature dependence 
of reaction rates 

~ Why do you need to know this 
material? 

The interpretation of the effect of temperature 
on the rate of a reaction leads to a variety of 
models of how reactions take place. 

~ What is the key idea? 

For a reaction to occur, the reactants must meet 
with at least the activation energy. 

~ What do you need to know already? 

This Topic draws on information from the kinetic 
theory of gases (Topic 1B), especially the distribu
tion of molecular speeds. It also makes use of the 
relation between an equilibrium constant and the 
standard reaction Gibbs energy (Topic 5B). 

The rates of most chemical reactions increase as the 
temperature is raised. Many organic reactions in 
solution lie somewhere in the range spanned by the 
hydrolysis of methyl ethanoate (for which the rate 
constant at 35 °C is 1.8 times that at 25 oq and the 
hydrolysis of sucrose (for which the factor is 4.1). 
Enzyme-catalysed reactions may show a more com
plex temperature dependence because raising the 
temperature may provoke conformational changes 
that lower the effectiveness of the enzyme. Indeed, 
one of the reasons why infection is fought with a 
fever is to upset the balance of reaction rates in the 
infecting organism, and hence destroy it, by the in
crease in temperature. There is a fine line, though, 
between killing an invader and killing the invaded! 

60.1 The Arrhenius parameters 

As data on reaction rates were accumulated to
wards the end of the nineteenth century, the Swed
ish chemist Svante Arrhenius noted that almost all 
of them showed a similar dependence on the tem
perature. In particular, he noted that a graph of Ink" 
where k, is the rate constant for the reaction, against 
1/T, where Tis the (absolute) temperature at which 
k, is measured, gives a straight line with a slope that is 
characteristic of the reaction (Fig. 1 ). The mathemat
ical expression of this conclusion is that the rate 
constant varies with temperature as 

In k, = intercept + slope x ~ 
Empirical 
temperature 
dependence 

(la) 

This expression is normally written as the Arrhenius 
equation 

Ink =lnA-_S_ 
' RT 

Arrhenius 
equation (lb) 

An alternative form of eqn 1b is obtained by using 
In k,- In A= ln(k/A) and taking natural antilogar
ithms, eX, of both sides: 

k, = Ae- E,tRT Arrhen ius equation 
[alternative form] 

(lc) 

The parameter A (which has the same units as k,) is 
called the frequency factor (formerly pre-exponential 
factor) and E. (which is a molar energy and nor
mally expressed as kilojoules per mole) is called the 
activation energy. Collectively, A and E. are called the 
Arrhenius parameters of the reaction (Table 6D.1). 
These parameters can be obtained from a plot of In k, 
against 1/T and, as explained in the following Justi
fication, using the resulting (dimensionless) intercept 
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"--~ 
lntercbpt =In A 

t ~ 
1'----
~ ~e=-E.JR 

~ 
~ 

1/T ---+ 

Fig. 1 The general form of an Arrhen ius plot of In k, against 
1/T. The slope is equal to -EJ R and the intercept at 1/T = 0 is 
equal to In A. 

and slope (obtained from a least-squares fit) as fol
lows when the plot is against 103/T: 

A= einten ept x dm3 mol-1 s-1 (or, in general, the 
same units as k,) 

E, =-slope x R x 103 K 

Table6D.1 

Arrhenius parameters 

First-order reactions 

cis-CHD=CHD--> trans-CHD=CHD 

Cyclobutane--> 2 C2H4 

2 N20 5 -->4 N02 + 0 2 

N20-->N2 +0 

Second-order, gas phase 

0+N2 --> NO+ N 

OH + H2 --> H20 + H 

Cl + H2 --> HCI + H 

CH3 + CH3 --> C2H6 

NO +CI2 --> NOCI + Cl 

Second-order, solution 

NaC2H50 + CH31 in ethanol 

C2H5Br +OW in water 

CH31 + S,o ,'- in water 

Sucrose+ H20 in acid ic water 

Justification 60.1 

The Arrhenius plot 

The starting point is the re lation developed in The chemist"s 
toolkit2 in Topic 1A. ifthe units of yare Y and those of xare X. 

then the dimensionless form of y= mx+ b is 

slope intercept 
,.....-A---, ~ 

y/Y=(mX/Y)x/X+ b!Y 

In th is appl ication. y= In k, and x= 1/T. 

Step 1: Identify the units of y 

Logarithms can be taken on ly of dimension less numbers. 
so In k, needs to be interpreted as ln(k/ dm3 mol-' s-1

) if 

the reaction is second-order (in general. A has the same 

un its as k,). That is. for a second-order react ion identify y as 
ln(k,/dm3 mol_, s-1

) . Logarithms (of numbers) are themse lves 

numbers. so in th is instance (and for any order of reaction) 

y is dimension less. andY= 1. 

Step 2: Identify the units of x 

In th is instance. x= 1/Twhich needs to be expressed as the 

dimensionless quantity 1/(T/K). More manageable numbers 
are obtained if in fact you use 1/(77103 K). which is the same 

as (103 K)/T = (1/n/(103 Kt' . so X= (103 Kt '. 

3.98 X 1013 

3.16x 1012 

3.98 x 1015 

4.94 x 1013 

7.94 x 1011 

1 X 1011 

8x 1010 

8x 1010 

2 X 1010 

4x 109 

2.42 X 1011 

4.30 X 1011 

2.19x 1012 

1.50 X 1015 

160 

256 

261 

103 

250 

315 

42 

23 

0 

85 

81.6 

89.5 

78.7 

107.9 



Step 3: Interpret the values of the intercept and slope 

At this stage, you know that you should plot ln(k/ dm3 mol_, s-1
) 

against (103 K)/T Then b = ln(A/dm3 mol_, s-1) and m = -EJ R 

are calculated by using the relations intercept= b/Y and slope= 

m X!Y in the form 

b = intercept x Y withY = 1 and b = ln(A/dm3 mol_, s-1
) 

implies that ln(A/dm3 mol-' s-1
) =intercept, and therefore 

A= e;"'"~P' x dm3 mol-1 s-1. For a first-order reaction the 

units would be s-1
• 

m =slope xY x-' with X= (103 Kt', Y = 1, and m = -EJR 
implies that -EjR = slope x 103 K, and therefore E, = 

-slope x R x 103 K. 

A practical point to note from eqn 1c, and illustrated 
in Fig. 2, is that a high activation energy corresponds 
to a rate constant that is very sensitive to temperature 
(the Arrhenius plot has a steep slope). Conversely, a low 
activation energy indicates a rate constant that varies 
only slightly with temperature (the slope is shallow). A 
reaction with zero activation energy, as for some rad
ical recombination reactions in the gas phase, has a rate 
constant that is largely independent of temperature. 

MJifi .. !.!fJ1·h 
Determining the Arrhenius parameters 

The rate of the second-order decomposition of ethanal (acet· 

aldehyde, CH3CHO) was measured over the temperature 
range 700-1000 K, and the rate constants are reported below. 

Find E, and A. 

T/K 700 730 760 790 

k/(dm3 mol- ' s-1
) 0.011 0.035 0.105 0.343 

T/K 810 840 910 1000 

k/(dm3 mol- ' s-1
) 0.789 2.17 20.0 145 

··· .. ~ 

···· ... "" I ~ lncreas ng Ea 

······~~ ~ 
........ 
~ 
~ 
'\ ~ ............... 

~ ~ 
1/Temperature, 1/T--+ 

Fig. 2 These three Arrhenius plots correspond to three dif· 
ferent activation energies. Note that the plot corresponding to 
the highest activation energy indicates that the rate constant 
of that reaction is most sensitive to temperature. 
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Collect your thoughts According 
to eqn 1 b, the data can be ana

lysed by plotting dimension

less versions of In k, against 1/T 

and identifying the slope of the 
straight line v = mx + b as m = 

-EjR and the intercept at 1/T = 0 

as b = In A. As pointed out in the 

text. interpret the intercept and 

~ ~ntercept = In A 

~" '·,~=~R 

E ~ 

1/ T 

slope as A= e;"'"~P' dm3 mol-1 s-1 and E, =-slope x R x 103 K 

when the plot is against 103/ T Use a least-squares procedure 

to identify intercept and slope. 

The solution Draw up the following table: 

(103 K)/T 1.43 1.37 1.32 1.27 

ln(k.fdm3 mol_, s-1) -4.51 -3.35 -2.25 -1.07 

(103 K)/T 1.23 1.19 1.10 1.00 

ln(k.fdm3 mol_, s-1) -0.24 0.77 3.00 4.98 

Now plot ln(k.fdm3 mol_, s-1) against (103 K)/T (Fig. 3). The 

least-squares fit results in a line with slope= -22.6 and inter

cept= 27.6. Therefore, 

A= en 6 dm3 mol-' s-1 = 9.7 x 1011 dm3 mol-' s-1 

E, = 22.6 x (8.3145 J K-1 mol-1
) X 103 K = 188 kJ mol-1 

Self-test 60.1 

Determine A and E, from the following data: 

T/K 300 350 400 

k.f(dm 3 mol-' s-1) 7.9 X 106 3.0x 107 7.9 x 107 

T/K 

k.f(dm 3 mol-' s-1) 

5 

'., 
L.. 

0 
E 

M Q 
E 
:!:' 
.,.~ 

c 

"" 

-5 
1 

"" 
""" 

1.1 

450 500 

1.7 X 108 3.2x 108 

Answer: 8 x 1010 dm3 mol_, s-1
, 23 kJ mol·' 

~ 
b 

~ 

"" ~ 
~ 

'-o 
1.2 1.3 1.4 1.5 

(103 K)/T 

Fig. 3 The Arrhenius plot for the decomposition of CH3CHO 
and the best (least squares) straight line fitted to the data 
points. The data are from Example 6D.1. Note that the inter
cept at 1/T = 0 is well to the left of the portion of the graph 
shown here. 
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Once the activation energy of a reaction is known, 
it is a simple matter to predict the value of a rate con
stant k,2 at a temperature T2 from its value k,,1 at an
other temperature T 1• To do so, write 

E 
ink =inA--• ,,2 RT2 

and then subtract eqn lb (with T identified as T1 and 
k, as k,,1), so obtaining 

ink,,2 -ink,,1 = -~+~ 
RT2 R~ 

That is, 

Temperature 
dependence of the 
rate constant 

Brief illustration 60.1 The Arrhenius equation 

(2) 

For a reaction with an activation energy of 50 kJ mol-' , an 
increase in the temperature from 25 °C to 37 °C (body tem
perature) corresponds to 

E, ( 1/T, 1fT, l ,.....---"---- ,-'"'--, ,-'"'--, 

Ink'·' _ 50x103 J mol_, _1 _ _ _ 1_ 
k,,, - 8.3145 JRK 1 mol 1 298 K 310 K 

= 50x10
3 
(-1 ___ 1_)= 0.781... 

8.3145 298 310 

By taking natural anti logarithms (that is, by forming e"), k,,, = 
2. 18k,,1• Th is result corresponds to slightly more than a doub· 
ling of the rate constant. 

: Self-test 60.2 

: The activation energy of one of the reactions in a biochem
: ical process is 87 kJ mol-1

. By what factor does the rate 
: constant change when the temperature fal ls from 37 oc to 

: 15 °C? 
Answer: k,(15 •c) = 0.076k,(37 • c1 

60.2 Collision theory of 
gas-phase reactions 

The Arrhenius equation is the basis of the develop
ment of models of the way in which a reaction takes 
place. In the collision theory of reaction rates in the 
gas phase it is supposed that reaction occurs only if 
two molecules collide with a certain minimum kin
etic energy along their line of approach (Fig. 4 ). In 

(a) (b) 

Fig. 4 In the collision theory of gas phase chemical reactions, 
reaction occurs when two molecules collide, but only if the 
collision is sufficiently vigorous. (a) An insufficiently vigorous 
collision: the reactant molecules collide but bounce apart un· 
changed. (b) A sufficiently vigorous collision results in a reaction . 

this model, a reaction resembles the collision of two 
defective billiard balls: the balls bounce apart if they 
collide with only a small energy, but might smash 
each other into fragments (products) if they collide 
with more than a certain minimum kinetic energy. 

A reaction profile in collision theory is a graph 
showing the variation in potential energy as one 
reactant molecule approaches another and the prod
ucts then separate (Fig. 5): 

• The horizontal line on the left represents the po
tential energy of the two reactant molecules that 
are far apart from one another. 

• The potential energy rises when the molecules are 
in contact: bonds bend and start to break and new 
bonds begin to form. 

• The potential energy reaches a peak when the two 
molecules are highly distorted, with old bonds 
largely broken and the new bonds only partly 
formed. 

Activation t energy, £8 
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Fig. 5 A reaction profile. The graph depicts schematical ly the 
changing potential energy of two species that approach, col
lide, and then go on to form products. The activation energy 
is the height of the barrier above the potential energy of the 
reactants. 



• At separations to the right of the maximum, the 
potential energy rapidly falls to a low value as the 
new bonds become fully formed and the product 
molecules separate. 

For a reaction to be successful, the reactant molecules 
must approach with sufficient kinetic energy along 
their line of approach to carry them over the activation 
barrier, the peak in the reaction profile. The height of 
the activation barrier is identified with the activation 
energy of the reaction. 

With the reaction profile in mind, it is quite easy to 
establish that collision theory accounts for Arrhenius 
behaviour. Thus, the collision frequency, the rate of 
collisions between species A and B, is proportional to 
both their concentrations: if the concentration of B is 
doubled, then the rate at which A molecules collide 
with B molecules is doubled, and if the concentration 
of A is doubled, then the rate at which B molecules 
collide with A molecules is also doubled. It follows 
that the collision frequency of A and B molecules is 
directly proportional to the concentrations of A and B: 
collision frequency ~[A][B]. 

Next, the collision frequency must be multiplied 
by a factor f which represents the fraction of colli
sions that occur with at least a kinetic energy E, 
along the line of approach (Fig. 6), because only 
these collisions will lead to the formation of prod
ucts. Molecules that approach with less than a kinetic 
energy E, will behave like a ball that rolls toward the 
activation barrier, fails to surmount it, and rolls back. 
According to Topic lB, only a small fraction of mol
ecules in the gas phase have very high speeds and the 
fraction with very high speeds increases sharply as 
the temperature is raised. Thus, as the temperature 
is raised, a larger fraction of molecules will have a 
speed and kinetic energy that exceed the minimum 

Fig. 6 The criterion for a successful col lision is that the two 
reactant species shou ld collide w ith a kinetic energy along 
their line of approach that exceeds a certa in min imum va lue 
E, that is characteristic of the reaction. The tw o molecules 
might also have components of velocity (and an associated 
kinetic energy) in other di rections; but only the energy asso· 
ciated w ith their mutual approach can be used to overcome 
the activation energy. 
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Fig. 7 Accord ing to the Maxwell distribution of speeds (Topic 
1 B). as the temperature increases, so does the fraction of gas 
phase molecu les w ith a speed that exceeds a min imum value 
Vm;o· Because the kinetic energy is proport ional to the square 
of the speed, it fo llows that more molecules can col lide w ith 
a m inimum kinet ic energy E, (the activation energy) at higher 
temperatures. 

values required for collisions that lead to formation 
of products (Fig. 7). The fraction of collisions that 
occur with at least a kinetic energy E, can be calcu
lated from general arguments based on the Boltz
mann distribution (as mentioned in the panel Energy, 
temperature, and chemistry at the front of the text). 
The result is 

(3 ) 

This fraction increases from 0 when T = 0 (no colli
sions effective) to 1 when Tis infinite (every collision 
is effective). 

Brief illustration 60.2 The f raction of energet ic collisions 

If the act ivation energy is 50 kJ mol-' , the fraction of collisions 

that have sufficient energy for reaction at 25 oc is 

~ R T 

f = e -(5.0 X 10
4 J md- 1

)/(8.31 45 J K-
1 

mor
1
Jxi298Kl = 1. 7 X 1 o-9 

or about 1 in 600 million. 

: Self-test 60.3 

: What is the fraction of collisions that have sufficient energy 
: for the same reaction at 500 oc? . Answer: 4.2 x 10-4, 1 in 2400 

The conclusion at this stage is that the rate of reac
tion, which is proportional to the collision frequency 
multiplied by the fraction of successful collisions, is 

v oc [A][B]e-E.tRT 
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Comparison of this expression with a second-order 
rate law, v = k,[A)[B], implies that 

This expression has exactly the Arrhenius form 
( eqn 1) if the constant of proportionality is identified 
with the frequency factor A. Collision theory there
fore suggests the following interpretation: 

• The frequency factor, A, would be the rate 
constant if every collision resulted in reac
tion. 

• The activation energy, E., is the minimum 
kinetic energy required for a collision to re
sult in reaction. 

The value of A can be calculated from the kinetic 
theory of gases (Topic 1B): 

_ (8kT)
112 

A-0" -- NA 
T!Jl 

The frequency factor 
from the kinetic 
theory of gases 

(4) 

where rnA and m8 are the masses of the molecules A 
and B and a is the collision cross-section. However, 
it is often found that the experimental value of A is 
smaller than that calculated from the kinetic theory. 
One possible explanation is that not only must the 
molecules collide with sufficient kinetic energy, but 
they must also come together in a specific relative 
orientation (Fig. 8).1t follows that the reaction rate is 
proportional to the probability that the encounter oc
curs in the correct relative orientation. The frequency 
factor A should therefore include a steric factor, P, 
which usually lies between 0 (no relative orientations 

(b) 

Fig. 8 Energy is not the on ly criterion of a successful react ive 
encounter. for re lative orientation may also play a role. (a) 
In th is collision. the reactants approach in an inappropriate 
re lative orientation. and no react ion occurs even though the ir 
energy is sufficient. (b) In th is encounter. both the energy and 
the orientation are su itable for reaction. 

lead to reaction) and 1 (all relative orientations lead 
to reaction). For instance, for the reactive collision 
NOCl + NOCl ~NO+ NO+ Cl2 in which two NOCl 
molecules collide and break apart into two NO mol
ecules and a Cl2 molecule, P ~ 0.16. For the hydrogen 
addition reaction H 2 + H 2C=CH2 ~ H 3C-CH3 in 
which a hydrogen molecule attaches directly to an 
ethene molecule to form an ethane molecule, P is 
only 1. 7 x 10-6, which suggests that the reaction has 
very stringent orientational requirements. 

60.3 Transition-state theory 

There is a more sophisticated theory of reaction 
rates that can be applied to reactions taking place in 
solution as well as in the gas phase. In the transition
state theory (also called the 'activated complex the
ory') of reactions, it is supposed that as two reactants 
approach, their potential energy rises and reaches a 
maximum, as illustrated by the reaction profile in 
Fig. 9. This maximum corresponds to the formation 
of an activated complex, a cluster of atoms poised to 
pass on to products or to collapse back into the react
ants from which it was formed (Fig. 10). The concept 
of an activated complex is applicable to reactions in 
solution as well as to the gas phase, because it can 
be thought of as perhaps involving any solvent mol
ecules that may be present. 

Initially only the reactants A and Bare present. As 
the reaction event proceeds, A and B come into con
tact, distort, and begin to exchange or discard atoms. 
The potential energy rises to a maximum, and the 
cluster of atoms that corresponds to the region close 
to the maximum is the activated complex. The poten
tial energy falls as the atoms rearrange in the cluster, 

Activation t 
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Fig. 9 The same type of graph as in Fig. 5 represents the 
reaction profile that is cons idered in transit ion-state theory. 
The activation energy is the potential energy of the activated 
complex relative to that of the reactants. 



Activated complex 

Fig. 10 The activated complex is depicted here by a relatively 
loose cluster of atoms that may undergo rearrangement into 
products. In an actual react ion. only some atoms-those at the 
actual reaction site-might be sign ificantly loosened in the com
plex. the bonding of the others remaining almost unchanged. 

and reaches a value characteristic of the products. The 
climax of the reaction is at the peak of the poten
tial energy. Here, two reactant molecules have come 
to such a degree of closeness and distortion that a 
small further distortion will send them in the direc
tion of products. This crucial configuration is called 
the transition state of the reaction. Although some 
molecules entering the transition state might revert to 
reactants, if they pass through this configuration it is 
probable that products will emerge from the encounter. 

The reaction coordinate is an indication of the 
stage reached in this process. On the left are the un
distorted, widely separated reactants. On the right 
are the products. Somewhere in the middle is the 
stage of the reaction corresponding to the forma
tion of the activated complex. The principal goal 
of transition-state theory is to write an expression 
for the rate constant by tracking the history of the 
activated complex from its formation by encounters 
between the reactants to its decay into product. To 
build this expression, the activated complex C* and 
the reactants A and B are supposed-without much 
justification-to be in equilibrium and described by 
an equilibrium constant K*: 

A+ B ~ C* K* = ~~;~~e]' so [C*] = (K*/c9 )[A)[B] 

where c9 = 1 mol dm-3
• At the transition state, mo

tion along the reaction coordinate corresponds to 
some complicated collective vibration-like motion 
of all the atoms in the complex (and the motion of 
the solvent molecules if they are involved too). As 
explained in Topic 2C, the average energy of a low
frequency vibration (one that can be treated classic
ally) is kT, where k is Boltzmann's constant, so the 
average frequency of such a motion is kT!h, where 
h is Planck's constant. 1 This frequency can be inter
preted as the rate at which the atoms in the activated 

1This relation stems from quantum theory (Topic 7 A), where en· 
ergies E and frequencies v associated with modes of motion are 
related byE= hv. 
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complex approaches the arrangement typical of the 
transition state, so at this stage of the discussion 
the rate of reaction is (kT!h)[C*] = (kT/h)(K*/c9 )[A)[B], 
and the rate constant is therefore (kT/h)(K*/c9

). 

However, it is possible that not every motion along 
the reaction coordinate takes the complex through 
the transition state and to the product P, so a factor 
1C (kappa), the transmission coefficient, is introduced. 
In the absence of information to the contrary, 1C is 
assumed to be about 1. The end result is 

kT K* 
k =ICX-X-
' h C

9 
Eyring equation (5) 

A note on good practice Be very careful to distinguish the 
Boltzmann constant k from the symbol for a rate constant, k,. 
In some accounts you will see Boltzmann's constant denoted 
k, to emphasize its significance (and sometimes, confusingly, 
the rate constant is denoted k). 

Calculation of the equilibrium constant K* is very 
difficult, except in certain simple model cases. For 
example, if it is supposed that the reactants are two 
atoms and that the activated complex is a diatomic 
molecule of bond length Rbond, then k, turns out to be 
the same as for collision theory provided the collision 
cross-section in eqn 4 is interpreted as nR~ond· Because 
of this difficulty, it is more useful to express the Eyring 
equation in terms of thermodynamic parameters and 
to discuss reactions in terms of their empirical values. 
Thus, according to Topic 5B, an equilibrium constant 
may be expressed in terms of the standard reaction 
Gibbs energy (-RT In K = .1.,G9

). In this context, the 
standard Gibbs energy is called the activation Gibbs 
energy, and written .1-*G.It follows that 

.1-*G = -RT InK* and K* = e - " ' c t RT 

Therefore, by writing 

.1-*G = .1-*H- T.1.*S 

It follows that (with IC= 1) 

•'c ~ 
k _ kT -~IRT !_ ~- tJ. SIR - tJ.1H !RT 

' - hce e - hce e e 

The Eyring equation 
in terms of thermo
dynamic parameters 

(6) 

(7) 

This expression has the form of the Arrhenius expres
sion, eqn 1c, if the blue term, which depends on the 
entropy of activation, .1-*S, is identified with the fre
quency factor and the enthalpy of activation, .1-*H, is 
identified with the activation energy. More precisely, 
as explained in the following Justification, for a 
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gas-phase reaction when A(g) + B(g) ~ C*(g), t,.+H 
= E,- RT, but for a reaction in solution, t,.+H = E,. 
Therefore: 

In the gas-phase: A= kTe e~'s;R 
he" 

In solution: A= kT e~'s;R 
he" 

Justification 60.2 

The activation enthalpy 

(8a) 

(8b) 

In Topic 2F it is established thati'>,H=I'>,U+I'>v9, RT(this is eqn 1 
of thatTopic generalized from a combustion to any reaction). 

where l'>v,, is the difference in stoichiometric coefficients of 
gas-phase species in the products and reactants. For a gas· 
phase activation step of the form A(g) + B(g)-> C' (g). l'>v9, = 
-1 and so (with a minor change of notation) t>' H = t>' U- RT 
For a reaction in solution, where no gas-phase species are 

present, t>v,, = 0, sot>' H = t>' U. The internal energy of activa
tion is a thermodynamic quantity that takes into account the 
population of energy levels. To a good approximation, how

ever, t>' U can be identified with the difference between the 
ground-state energy levels of the activated complex and the 
reactants, and so t>' U~ E,. The two types of reaction there
fore have t>' H= E, - RT(for the gas phase) and t>' H= E, (in 
solution), as in the text. 

Checklist of key concepts 

D 1 The temperature dependence ofthe rate constant of 

a reaction typically follows the Arrhenius equation. 

D 2 The larger the activation energy, the more sensitive 

the rate constant is to the temperature. 

D 3 In collision theory, it is supposed that the rate of 

a gas-phase reaction is proportional to the colli

sion frequency, a steric factor, and the fraction of 

The advantage of transltlon-state theory over 
collision theory is that it is applicable, in principle 
at least, to reactions in solution as well as in the 
gas phase. It also gives some clue to the calcula
tion of the steric factor P, for the orientation re
quirements are carried in the entropy of activation. 
Thus, if there are strict orientation requirements 
(for example, in the approach of a substrate mol
ecule to an enzyme), then the entropy of activation 
will be strongly negative (representing a decrease in 
disorder when the activated complex forms), and 
the frequency factor will be small. In practice, it is 
occasionally possible to estimate the sign and mag
nitude of the entropy of activation and hence to es
timate the rate constant. For instance, if two ions 
of opposite charge come together to form an elec
trically neutral activated complex in water, then the 
contribution of the solvent to the entropy of activa
tion is likely to be positive because H 20 is less or
ganized around the neutral species than around the 
initial charged reactants. The general importance of 
transition-state theory is that it shows that even a 
complex series of events-not only a collisional en
counter in the gas phase-displays Arrhenius-like 
behaviour, and that the concept of activation en
ergy is applicable. 

collisions that occur with at least the kinetic energy 

E, along their lines of centres. 

D 4 In transition-state theory, it is supposed that an 

activated complex is in equilibrium with the react

ants, and that the rate at which that complex forms 

products depends on the rate at which it passes 

through a transition state. 



TOPIC 6E 

The approach to equilibrium 

~ Why do you need to know this 
material? 

All reactions proceed towards a state of equi
librium in which the reverse reaction becomes 
increasingly important. 

~ What is the key idea? 

All forward reactions are accompanied by their 
reverse reactions. 

~ What do you need to know already? 

You need to know how to write simple rate laws 
(Topic 6B) and to be able to differentiate expres
sions (mostly exponential functions) to demon
strate that they are indeed solutions of the rate 
laws (The chemist's toolkit 5 in Topic lC). 

Throughout this Topic, k, denotes the rate constant 
of a general forward reaction and k; the rate constant 
of the corresponding reverse reaction. 

6E.1 Equilibria and rates 

All forward reactions are accompanied by their re
verse reactions. Close to the start of a reaction, when 
little or no product is present, the rate of the reverse 
reaction is negligible. However, as the concentration 
of products increases, the rate at which they decom
pose into reactants becomes greater. At equilibrium, 
the reverse rate matches the forward rate and the re
actants and products are present in abundances given 
by the equilibrium constant for the reaction. 

This behaviour can be analysed by thinking of a 
very simple reaction of the form 

Forward: A ~ B Rate of formation of 
B=k,[A] 

Reverse: B ~A Rate of decomposition of 
B=k;[B] 

The net rate of formation of B, the difference of its 
rates of formation and decomposition, is 

Net rate of formation ofB = k,[A]- k;[B] 

When the reaction has reached equilibrium, the con
centrations of A and Bare [A],q and [B],q and there is 
no net formation of either substance. It follows that 

and therefore, provided activities can be approximated 
by molar concentrations, that the equilibrium con
stant for the reaction is related to the rate constants by 

Relation of 
equil ibrium constant (la) 
to rate constants. 

If the forward rate constant is much larger than the 
reverse rate constant, then K >> 1. If the opposite is 
true, then K << 1. This result is a crucial connection 
between the kinetics of a reaction and its equilibrium 
properties. It is also very useful in practice, for it might 
be possible to measure the equilibrium constant and 
one of the rate constants, and the missing rate con
stant can then be inferred from eqn la. This relation 
is valid even if the forward and reverse reactions have 
different orders. In that case you need to be careful 
with units. For instance, if the reaction A + B ~ C is 
second-order forward and first-order in reverse, the 
condition for equilibrium is k,[A],q[B],q = k;[C],q and 
the dimensionless equilibrium constant in full dress is 

K = _ __:_[C-'].::!,q_lc_• __ 

([A],/c") ([B],/c") 

(lb) 
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The presence of c• = 1 mol dm-3 in the last term en
sures that the ratio of a second-order to first-order 
rate constants, with their different units, is turned 
into a dimensionless quantity. 

Brief illustration 6E.1 Relat ion between rate and equ i

libri um constants 

The rate constants of the forward and reverse react ions 
for the dimerization of an ant ibacteria l agent were found to 
be 8.1 x 108 dm3 mol-1 s-1 (second-order) and 2.0 x 106 s-1 

(first-order). respectively. The equil ibrium constant for the di· 

merization is therefore 

,. 
81 10B d 3 ~-1 -1 ~ 

K= · x m , m~ s x 1 mol dm-3 =4.0 x 102 

2.0x10 s 
'-----v------" 

k( 

Self-test 6E.1 

The equilibrium constant for the isomerizat ion reaction 
CH3CN -> CH3NC is 3.6 x 10- 11 at 500 K. The rate constant 

for the (first-order) forward react ion is 7.68 x 10-4 s-1 at th is 

temperature. Ca lculate the value of the rate constant for the 
(first-order) reverse react ion. 

Answer: 2. 1 x 107 s-1 

Equation 1 also provides insight into the tempera
ture dependence of equilibrium constants. First, sup
pose that both the forward and reverse reactions show 
Arrhenius behaviour (Topic 6D). As can be seen from 
Fig. 5 of Topic 6D, for an exothermic reaction the ac
tivation energy of the forward reaction is smaller than 
that of the reverse reaction. Therefore, the forward 
rate constant increases less sharply with temperature 
than the reverse reaction does. Consequently, when 
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Fig. 1 The approach to equi librium of a reaction that is 
first-order in both directions w ith k,= 2k;. Note how, at equilib· 
rium, the rat io of concentrations is 2:1, correspond ing to K= 2. 

the temperature is raised, k; increases more steeply 
thank, does, and the ratio k/k;, and therefore K, de
creases. This is exactly the conclusion drawn from 
thermodynamic arguments (Topic 5C). 

Equation 1 expresses the ratio of concentrations 
after the reaction has reached equilibrium. To find 
the concentrations at an intermediate stage, it is ne
cessary to use the integrated rate equation. As shown 
in the following Justification, if no B is present ini
tially, then 

(k' + k e-(k,+k;)')[A] 
[A] = ' ' o 

t k,+k; 

k (1- -(k,+k;)')[A] 
[B] = ' e o 

t k, +k; 

Approach to 
equilibrium 

(2a) 

(2b) 

where [A] 0 is the initial concentration of A. These ex
pressions are plotted on Fig. 1. 

Justification 6E.1 

The approach to equilibrium 

The strategy here is to show that when eqn 2a is differen

tiated with respect to t ime, the resulting expression is the 

actua l rate law. 

Step 1: Formulate the rate law 

The concentration of A is reduced by the forwa rd reaction (at a 

rate k,[AJ ,) but it is increased by the reverse reaction (at a rate 

f<[BJ ,). Therefore, the net rate of change of [AJ , is 

d[AJ, = -k [A] + k'(B] 
dt r r r t 

If the init ial concentration of A is [AJ0, and no B is present 

init ially, then at all times [AJ , + [BJ , = [AJ0 . Therefore, the re

placement of [BJ , by [AJ 0 - [AJ , gives 

d[AJ, = -k,[AJ , + f<( [AJ 0 - [AJ,) = -(k, + k;HAJ , + k;!Alo 
dt 

Step 2: Differentiate the expression for [AJ , 

Differentiation of the express ion in step 1 gives 

d[AJ, 

dt 

d (k; + k,e-lk,+k(lr )[AJ
0 

dt k, +k: 

The derivative of the first term (a constant) is zero. That of 

the second is 

~ [AJ0 k,e-(k,+k;)r = [AJ0k, ~e-(k,+k;)r 
dt k, + k; k, + k: dt 



Therefore, at th is stage of the calculation, 

diAl, =-[A] k e -lk,+k; lt 

dt 0 
' 

Step 3: Express the last equation in terms of the concen

tration of A 

Use eqn 2a again rearranged into 

and then into 

It then fo ll ows from step 2 that 

d[A], = k'[A] - (k + k11Al dt r 0 r r f 

which is the rate equation in step 1. Therefore, eqn 2a is in
deed the solution of the rate equation . Equation 2b fo llows 
from [A] ,+ [B] ,= [A]0 . 

As you can see in Fig. 1, the concentrations start 
from their initial values and move gradually towards 
their final equilibrium values as t approaches infinity. 
These values are found by setting t equal to infinity in 
eqn 2 and using e-x= 0 at x = oo: 

[A] = k;[A]0 

<q k, +k; 
[B] = k,[A]o 

<q k, +k; (3) 

As may be verified, the ratio of these two expressions 
is the equilibrium constant in eqn 1 (that is, [B],/[A],q 
=k/k;). 

6E.2 Relaxation 

The term relaxation denotes the return of a system to 
equilibrium. It is used in chemical kinetics to indicate 
that an externally applied influence has shifted the 
equilibrium position of a reaction, normally abruptly, 
and that the reaction is adjusting to the equilibrium 
composition characteristic of the new conditions 
(Fig. 2). Consider the response of reaction rates to 
a temperature jump, a sudden change in tempera
ture. As explained in Topic SC, the equilibrium 
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Fig. 2 The relaxation to the new equilibrium composition 
when a reaction initially at equilibrium at a temperature T, is 
subjected to a sudden change of temperature, which takes 
it to T2 . 

composition of a reaction mixture depends on the 
temperature (provided I'!,H 9 

is nonzero), so a shift in 
temperature acts as a perturbation on the system. One 
way of achieving a temperature jump is to discharge 
a capacitor through a sample made conducting by the 
addition of ions, but laser or microwave discharges 
can also be used. Temperature jumps of between 
5 and 10 K can be achieved in about 1 !lS with electrical 
discharges. The high energy output of pulsed lasers is 
sufficient to generate temperature jumps of between 
10 and 30 K within nanoseconds in aqueous samples. 

As shown in the following Justification, when a 
sudden temperature increase is applied to a simple 
A ~ B equilibrium that is first-order in each direc
tion, the composition relaxes exponentially to the 
new equilibrium composition: 

1 
1:=---

k,+k; 
Relaxation (4) 

where x is the departure from equilibrium at the new 
temperature, x 0 is the departure from equilibrium im
mediately after the temperature jump, and r (tau) is 
the relaxation time. 

Justification 6E.2 

Relaxation to equilibrium 

At the initial temperature, when the rate constants are k,_,,,,,,, 
and k;,1, 111, 1, the net rate of change of [A] is 

Formation of A 

d[A] ~~ 
dt = -kr,initiai [AJ + kr,init iai[B] 
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The following steps are necessary to solve this equation for 
the case of a system first perturbed by a change in tempera
ture and then allowed to return to equilibrium at that new 
temperature. 

Step 1: Identify the effect of a temperature change 

At equilibrium under the initial conditions, the concentrations 
are IAI.,.1, 111, 1 and IBI,,.1, 111, 1 and because d]Al/dt is then zero, 

kr,initia i[A]eq,initial = k;,initiai [B]eq, initia l 

When the temperature is increased suddenly, the rate con
stants change to k, and t< but the concentrations of A and B 
remain for an instant at thei r old equilibrium values. As the 
system is no longer at equilibrium, it readjusts to the new 
equilibrium concentrations, which are now given by 

kr[AJ eQ,final = J<[B]eq,final 

and it does so at a rate that depends on the new rate con
stants. 

Step 2: Set up the expression for the rate of relaxation 

Write the deviation of ]A] frorn its new equilibrium value as x, 
so ]AI= x+ IAI.,.11, 1 and IBI = ]6]00•11, 1- x. The concentration of 
A then changes as follows: 

diAl = - k IAI + k'IBI 
dt r r 

= - k,x- k;x -k,]Aleq.ficel + k,1BJ,,.,.,1 

= - (k, +k,1x 

From ]A] = x+ IA1,,.11 , 1 it follows that d]A]/dt= dx/dt, and there
fore that 

dx =-(k +k1x 
dt r r 

Step 3: Solve for x 

To solve this equation divide both sides by xand mult iply by dt 

dx = - (k, +k,1dt 
X 

Checklist of key concepts 

0 1 Relaxation denotes the return of a system to equi

librium. 

Now integrate both sides. When t= 0, x= x0, its initial value, so 

Integral A2 t 

~Ixd ....---..I, 
_.:5... = -(k, +k,1 dt 

xo X 0 

The integrated equation is therefore 

In~= -(k, + k;lt 
X o 

When natural anti logarithms are taken of both sides, the 
result is eqn 4. 

Equation 4 shows that the concentrations of A 
and B relax into the new equilibrium at a rate de
termined by the sum of the two new rate constants. 
Because the equilibrium constant under the new 
conditions is K"' k/k;, its value may be combined 
with the relaxation time measurement to find the 
individual k, and k;. 

Brief illustration 6E.2 Relaxation 

The forward and reverse rate constants for a first-order 
reaction (in both directions) were found to be 5.0 x 104 s-' 
and 2.0 x 103 s-1, respectively. The relaxation time for return to 
equilibrium after a thermal pu lse is therefore 

'~" - 1 
-

1 
1.9 x 1 o-' s 

- (5.0x104 +2.0x103
) s 1

- 5.2x104 s 1 

The relaxation time is therefore 19 ~s. 

: Self-test 6E.2 

: The relaxation t ime for another first-order reaction was 
: measured as 1.3 ms. What is the rate constant for the re
: verse reaction given that the rate constant for the forward 
; reaction is 320 s-1? 

Answer: 450 s-' 

0 2 Relaxation methods include the temperature jump 
technique. 



TOPIC 6F 

Reaction mechanisms 

~ Why do you need to know this 
material? 

This material is an essential step in the verifica
tion of a proposed reaction mechanism, for the 
proposed sequence of steps must result in a the
oretical rate law that agrees with the observed 
rate law. 

~ What is the key idea? 

Rate laws of elementary reactions are commonly 
combined by making a variety of approxima
tions or by identifying the rate-determining step. 

~ What do you need to know already? 

You need to be aware of how rate laws are ex
pressed (Topic 6B). At one stage, the presentation 
makes use of the Arrhenius rate law (Topic 6D). 

A reaction mechanism typically consists of a pro
posed sequence of steps, each with its own rate law. 
The challenge confronted in this Topic is to see how 
to combine them into an overall rate law. 

6F.1 Elementary reactions 

Many reactions occur in a series of steps called elemen
tary reactions, each of which involves only one or two 
molecules or ions. An elementary reaction is specified 
by writing its chemical equation without displaying 
the physical state of the species, as in H + Br2 ~ HBr + 
Br. This equation signifies that a specific H atom at
tacks a specific Br2 molecule to produce a molecule 
of HBr and a Br atom. Ordinary chemical equations 
summarize the overall stoichiometry of the reaction 
and do not imply any specific mechanism. 

The molecularity of an elementary reaction is the 
number of molecules coming together to react. In a 
unimolecular reaction a single molecule shakes itself 
apart or shakes its atoms into a new arrangement 
(Fig. 1 ). An example is the isomerization of cyclo
propane into propene. The radioactive decay of nu
clei (for example, the emission of a ~ particle from 
the nucleus of a tritium atom, which is used in mech
anistic studies to follow the course of particular 
groups of atoms) is 'unimolecular' in the sense that 
a single nucleus shakes itself apart. In a bimolecular 
reaction, two molecules collide and exchange energy, 
atoms, or groups of atoms, or undergo some other 
kind of change, as in the reaction between Hand F2 

or between Hand Br2 (Fig. 2). 
It is important to distinguish molecularity from 

order: 

• The order of a reaction is an empirical quantity, 
and is obtained by inspection of the experimen
tally determined rate law; 

• The molecularity of a reaction refers to an indi
vidual elementary reaction that has been postu
lated as a step in a proposed mechanism. 

Many substitution reactions in organic chemistry 
(for instance, SN2 nucleophilic substitutions) are bi
molecular and involve an activated complex that is 
formed from two reactant species. Enzyme-catalysed 
reactions can be regarded, to a good approximation, 
as bimolecular in the sense that they depend on the 
encounter of a substrate molecule and an enzyme 
molecule. 

Unlike for an overall reaction, the rate law of an 
elementary reaction can be written down from its 
chemical equation. First, consider a unimolecular 
reaction. In a given interval, ten times as many A 
molecules decay when there are initially 1000 A 
molecules as when there are only 100 A molecules 
present. Therefore the rate of decomposition of A is 
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Fig. 1 In a unimolecu lar elementary react ion. an energetical ly 
excited species decomposes into products: it simply shakes 
itself apart. 

proportional to its concentration, so a unimolecular 
reaction is first-order: 

A~ products v=k,[A] 
Unimolecular 
reaction (1) 

The rate of a bimolecular reaction is proportional to 
the rate at which the reactants meet, which in turn is 
proportional to both their concentrations. Therefore, 
the rate of the reaction is proportional to the product 
of the two concentrations and an elementary bimol
ecular reaction is second-order overall: 

A+ B ~ products v = k,[ A ][B] 
Bimolecular 
reaction (2) 

6F.2 The formulation of rate laws 

Suppose it is proposed that a particular reaction is 
the outcome of a sequence of elementary steps. How 
would you arrive at the overall rate law implied by 
the mechanism? To introduce the technique, consider 
the rate law for the gas-phase oxidation of nitric 
oxide (nitrogen monoxide, NO) which is found to be 
third-order overall: 

2 NO(g) + 0 2(g) ~ 2 N02(g) v = k,[NOF[02] 

One explanation of the observed reaction order 
might be that the reaction is a single termolecular 

Fig . 2 In a bimolecu lar elementary reaction. two species are 
involved in the process. 

(three-molecule) elementary step involving the sim
ultaneous collision of two NO molecules and one 
0 2 molecule. However, such collisions occur very 
infrequently and so termolecular processes can usu
ally be ignored. Because a termolecular mechanism 
is so slow another mechanism usually dominates. 
The following alternative mechanism has been pro
posed: 

Step 1. Two NO molecules combine to form a dimer: 

(a) NO+ NO ~ N 20 2 Rate of formation of 
N 20 2 = k,[NOF 

This step is plausible, because NO is an odd-electron 
species, a radical, and two radicals can pair their elec
trons and form a covalent bond when they meet. That 
the N 20 2 dimer is also known in the solid makes the 
suggestion plausible: it is often a good strategy to de
cide whether a proposed intermediate is the analogue 
of a known compound. Each step in a proposed 
mechanism in principle has its reverse, which in this 
case ts 

N 20 2 ~NO+ NO Rate of decomposition of 
N 20 2 = k:[N20 2] 

This reaction is a unimolecular decay: the dimer 
shakes itself apart. In the formulation of a mechanism, 
we denote the rate constants of successive steps by 
k., kb, .. . and the corresponding rate constants of the 
elementary reverse reactions by k:, k~, ... . 

Step 2. Alternatively, an 0 2 molecule collides with 
the dimer and results in the formation ofN02: 

N 20 2 + 0 2 ~ N02 + N02 Rate of consumption of 
N 20 2 = kb[N20 2][02] 

The reverse of this reaction is likely to be very slow, 
and can be ignored. 

To derive the rate law on the basis of this proposed 
mechanism, proceed as follows. The rate of forma
tion of product comes directly from Step 2: 

The 2 appears in the rate law because two N02 

molecules are formed in each reaction event, so the 
concentration of N02 increases at twice the rate 
that the concentration of N 20 2 decays. However, 
this expression is not an acceptable overall rate law 
because it is expressed in terms of the concentra
tion of the intermediate N 20 2: an intermediate is 
any species that does not appear in the overall reac
tion but which has been invoked in the mechanism. 
An acceptable rate law for an overall reaction is 



expressed solely in terms of the species that appear 
in the overall reaction. Therefore, an expression 
must be found for the concentration ofN20 2. To do 
so, consider the net rate of formation of the inter
mediate, the difference between its rates of forma
tion and decay. Because N 20 2 is formed by Step 1 
but decays by the reverse of that reaction and by 
Step 2, its net rate of formation is 

Net rate of formation of N20 2 = k, [NOF 
- k;[N20 2]- kb[N20 2][02] 

Notice that formation terms occur with a positive 
sign and decay terms occur with a negative sign be
cause they reduce the net rate of formation. 

If this equation could be solved for the concentra
tion of N 20 2 in terms of the concentrations of NO 
and 0 2, the result could be substituted into the pre
ceding expression and the overall rate law obtained. 
However, this involves solving a very difficult differ
ential equation and will give an enormously complex 
expression. In fact, even in this relatively simple case 
a numerical solution can only be obtained by using 
a computer and assuming specific values of the rate 
constants. To make progress towards obtaining a 
simple, more revealing, and more general formula, 
either a simplified model of the reaction must be pro
posed (as in the following section) or one of a number 
of approximations must be made (as in Sections 6F.4 
and 6F.5). 

6F.3 Consecutive reactions 

It is commonly the case that a reactant produces 
an intermediate, which subsequently decays into a 
product. Radioactive decay is often of this type, with 
one nuclide decaying into another, and then that nu
clide decaying into a third: 

239U _2o:c.3ec:5_,m:e:.in~ 239N p _2o:c.3ec:5_,d~ 239 Pu 

The times are half-lives. Biochemical processes are 
often elaborate versions of this simple model. For 
instance, the restriction enzyme EcoRI catalyses the 
cleavage of DNA and brings about the sequence of 
reactions 

Supercoiled DNA~ open-circle DNA 
~linear DNA 

To illustrate the kinds of considerations involved, 
suppose that a reaction takes place in two steps. 
First, an intermediate I (the open-circle DNA, for 
instance) is formed from the reactant A (the super
coiled DNA) in a first-order reaction. Then I decays 
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in a first-order reaction to form the product P (the 
linear DNA): 

A ~I Rate of loss of A= rate of formation of 
l=k,[A] 

Rate of loss of I= rate of formation of 
P = kb[I] 

For simplicity, the reverse reactions are ignored, which 
is permissible if they are very slow. The first of these 
rate laws implies that the rate of loss of A is first-order 
(specifically, d[A]/dt = -k,[A]) and therefore that 

[A]= [A]
0
e_,, (3a) 

The net rate of formation of I is the difference between 
its rate of formation and its rate of consumption, so 

Net rate of formation ofl = k,[A]- kb[I] 

with [A] given by eqn 3a. This equation, which 
in mathematical form is d[I]/dt = k,[A] - kb[I] is a 
standard form of differential equation with the fol
lowing solution: 

(3b) 

Finally, because [A] + [I] + [P] = [A] 0 at all stages of 
the reaction, the concentration of Pis [P] = [A] 0 - [A]
[1], and therefore, after substituting the expressions 
for [A] and [1], 

(3c) 

These solutions are illustrated in Fig. 3. You can see 
that the intermediate grows in concentration initially 

1 -- --..,--

c.. A 
-- 0.8 11----l---7"'-l----l------1 
<t.' 
II ...., 

.:.:: 0.6 1+-1'----"c-t+---j----l------1 
2 
c' 
0 

·;::; 0 4 
~ . 
c 
Q) 

g0.211--~~-+---~~----+---~ 
0 
u 

Time, k.t 
20 

Fig. 3 The concentrat ions of the substances involved in a con
secutive reaction of the form A--> I --> P. where I is an inter
mediate and P a product, w ith k, = 5kb. Note that at each t ime 
the sum of the three concentrat ions is a constant. 
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and then decays as A is exhausted. Meanwhile, the 
concentration of P rises smoothly to its final value. 
Differentiation of eqn 3b with respect to time and 
then setting the result equal to 0 shows that the inter
mediate reaches its maximum concentration at 

1 1 k, 
t= k -k n h 

' b "b 

Time for Ill at 
maximum (4) 

Brief illustration 6F.1 The time for the intermediate to 
be a maximum 

Suppose that in a certa in batch process k, = 0.120 h-1 and kb = 
0.012 h-1

, then the intermediate is at a maximum at 

t= 1 ln0.120 =-h-ln0.120 = 21 h 
(0.120-0.012) h 1 0.012 0.108 0.012 

: Self-test 6F.1 

: What is the time of maximum abundance when k, = kb= k,? 

: Answer: t = 1/k, 

6F.4 Pre-equilibrium 

Now consider possible approximations. One com
mon approximation is based on the assumption that 
an intermediate I is formed and decays so rapidly that 
it is in equilibrium with the reactants A and B and 
therefore its concentration can be expressed in terms 
of an equilibrium constant. That is, it is supposed 
that a pre-equilibrium is established very rapidly, and 
the product Pis formed so slowly from I that the sec
ond step does not affect the concentration of I, which 
is replenished by the rapid pre-equilibrium: 

Pre-equilibrium: A+ B ~ I 

Slow decay ofl: I~ P 

K = [l]c
6 

[A][B] 

v = kb[I] 

(Sa) 

(5b) 

It follows from eqn Sa that the concentration of I is 
[I]= K[A][B]tc•, and therefore that the reaction rate is 

Pre-equilibrium 
rate law (5c) 

For a gas-phase reaction, K would be replaced by Kc
We see that the overall rate constant may be large if K is 
large, for then the intermediate is present in high abun
dance. For the nitric oxide reaction, the two steps are 

Pre-equilibrium: NO+ NO ~ N 20 2 

Slow decay ofN20 2: N 20 2 + 0 2 ~ N02 + N02 
v = kb[Np2][02] 

The overall rate law then becomes 

Pre-equilibrium 
rate law 

which is in accord with the observed law. 

6F.5 The steady-state 
approximation 

(6) 

A second kind of approximation is the steady-state 
approximation, in which it is supposed that the 
concentrations of all intermediates remain constant 
and small throughout the reaction (except right at 
the beginning and right at the end when no inter
mediates are present). For the concentration of 
an intermediate to be constant, the net rate of its 
formation must be zero (its rates of formation and 
consumption must match). In the present case (of 
the oxidation of NO), the intermediate is N 20 2, so 
its net rate of formation is set equal to zero, which 
implies that 

k,[NOjl- k:[N20 2]- kb[N20 2] [02l = 0 

This equation can be rearranged first to 

and then into an expression for the concentration of 
N202: 

It follows that the rate of formation of N02 (from 
Step 2) is 

Rate of formation ofN02 = 2kb[NP2][02] (?a) 

_ 2k,kb[N0]2[02] 
- k~ +kb[02] 

At this stage, the rate law is more complex than 
the observed law, but the numerator resembles it. The 
two expressions become identical if it is supposed 
that the rate of decomposition of the dimer is much 
greater than its rate of reaction with oxygen, for then 
k:[N20 2] » kb[N20 2][02], or, after cancelling the 
[N20 2], k: » kb[02]. When this condition is satisfied, 
the denominator in the overall rate law can be ap
proximated by k: alone and 



This expression has the observed overall third-order 
form. Moreover, the observed rate constant can be 
identified as the following combination of rate con
stants for the elementary reactions: 

k = 2k,kb 
r k~ (7c) 

'£if!..!.llj18i 
Using the steady-state approximation 

An alternative mechanism that may apply when the concentra· 

tion of 0 2 is high and that of NO is low is one in which the first 

step is NO+ 0 2 ~ N0···02 , where the dotted line indicates a 
loosely bound cluster, and its reverse, followed by N0 .. ·02 + 

NO ~ NO, + NO, . Confirm that this mechanism also leads to 

the observed rate law when the concentration of NO is low. 

Collect your thoughts You need 
to set up the rate laws for the indi

vidual elementary reactions, iden

tify the reaction intermediate, and 

set its net rate of formation equal 
to zero. Then solve the equa

tions for the rate of formation of 
product. Finally, even if the final 

expression does not match the 

• · ~ -~ •• 
observed rate law exactly, it might be possible to impose the 

conditions stated in the question and so simplify it. 

The solution The elementary reactions and their rate laws are 

(a) NO+ 0 2 ~ N0 .. ·02 Rate of formation of 
NO .. ·O, = k, [NOJ[02l 

Its reverse: N0 .. ·02 ~NO+ 0 2 Rate of decomposition 

of N0 .. ·02 = k; JNO .. ·O,J 

(b) N0 .. ·02 +NO~ NO, + NO, Rate of loss of N0 .. ·02 

= kb[N0 .. ·02J[NOJ 

Rate of formation of 
NO, = 2kb[N0 .. ·02J[NOJ 

The intermediate is NO .. ·O, ; its net rate of formation (its rate 
of formation less the sum of the rates at which it is lost, sche

matically a- a'- b) is 

or 

Net rate of formation of N0 .. ·02 = k,[NOJ[021- k; JNO .. ·O,J 

- kb[NO· · ·02J[NOJ = 0 

k,[NOJ[02l- (k: + kb[N0J)[N0 .. ·02l = 0 
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Therefore, the steady-state concentration of the inter

mediate is 

[NO .. ·O, J = ~,[NOJ[O, J 
k, + kb[NOJ 

The rate law for the formation of product, from (b). is therefore 

. k [NOJ[O I 
Rate of formation of NO, = 2kb x ,' 2 x [NOJ 

k, + kb[NOJ 

2k,kb[NOJ' IO, J 

k; + kb[NOJ 

WhentheconcentrationofNOislowinthesense kb[NOJ « k; , 
the second term in the denominator may be neglected, and 

k, 
~ 

. 2k kb 2 2 
Rate of formation of NO, = ---:;- [NO[ [021 = k,[NOJ [021 

This rate law is also in accord with the one observed but relies 
on a different assumption than the law based on the exist

ence of pre-equilibrium. 

Self-test 6F.2 

The proposed reaction mechanism for renaturation of a 

double helix from its strands A and B is A+ B ~unstable 
helix (fast, k, and k; ) followed by Unstable helix~ stable 

double helix (slow, kb). Deduce the rate law for the formation 
of the double helix by using the steady-state approximation. 

Answer: v= k,kbiAIIBI/Ik; + kb) 

One feature to note is that although each of the 
rate constants in eqn 7c increases with temperature, 
this might not be true of k, itself. Thus, if the rate 
constant k; increases more rapidly than the product 
k,kb increases, then k, will decrease with increasing 
temperature and the reaction will go more slowly 
as the temperature is raised. The physical reason is 
that the dimer N 20 2 shakes itself apart so quickly at 
the higher temperature that the opportunity for it to 
react with 0 2 is reduced, and products are formed 
more slowly. Mathematically, the overall reaction 
is said to have a 'negative activation energy'. For 
instance, suppose that each rate constant in eqn 7c 
exhibits an Arrhenius temperature-dependence. The 
overall rate constant would be 

= Ae-E,tRT with A= 
2~:b and E, = E,,a + E,,b - E, ,a' 
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In this case E, < 0 if E,,a' > E,,a + Ea,b· You have to be 
very cautious when making predictions about the ef
fect of temperature on reactions that are the outcome 
of several steps (and also when a pre-equilibrium has 
been assumed). 

6F.6 The rate-determining step 

The oxidation of nitrogen monoxide introduces an
other important concept. Suppose Step 2 is very fast, 
so k; may be neglected relative to kb[02] in eqn 7a. 
One way to achieve this condition is to increase the 
concentration of 0 2 in the reaction mixture. Then the 
rate law simplifies to 

(8) 

Now the reaction is second-order in NO and the con
centration of 0 2 does not appear in the rate law. The 
physical explanation is that the rate of reaction ofN20 2 

is so great on account of the high concentration of 0 2 

in the system, that N 20 2 reacts as soon as it is formed. 
Therefore, under these conditions, the rate of forma
tion ofN02 is determined by the rate at which N 20 2 is 
formed. This step is an example of a rate-determining 
step, the slowest step in a reaction mechanism and 
which controls the rate of the overall reaction. 

The rate-determining step is not just the slowest 
step: it must be slow and be a crucial gateway for the 
formation of products. If a faster reaction can also lead 
to products, then the slowest step is irrelevant because 
the slow reaction can then be side-stepped (Fig. 4). 
A rate-determining step is like a slow ferry crossing 
between two fast highways: the overall rate at which 
traffic can reach its destination is determined by the 
rate at which it can make the ferry crossing. If a bridge 
is built that circumvents the ferry, the ferry remains the 
slowest step but it is no longer rate-determining. 

The rate law of a reaction that has a rate
determining step can often be written down almost by 
inspection. If the first step in a mechanism is rate-de
termining, then the rate of the overall reaction is equal 
to the rate of the first step because all subsequent steps 
have such high rate constants that once the first inter
mediate is formed it immediately forms products. 
Figure 5 shows the reaction profile for a mechanism 
of this kind in which the slowest step is the one with 

Fig. 4 The rate-determ ining step (RDS) is the slowest step of 
a react ion and acts as a bottleneck. In this schematic diagram, 
fast reactions are represented by heavy lines (freeways) and 
slow reactions by th in lines (country lanes). Circles represent 
substances. (a)The first step is rate-determin ing; (b) Although 
the second step is the slowest, it is not rate-determ ining be
cause it does not act as a bottleneck (there is a faster route 
that circumvents it) . 

Progress of reaction---+ 

Fig. 5 The react ion profi le for a mechanism in wh ich the first 
step is rate-determ ining. 

the highest activation energy. Once over the initial 
barrier, the intermediates cascade into products. 

6F.7 Kinetic control 

In some cases reactants can give rise to a variety 
of products, as in nitrations of mono-substituted 
benzene, when various proportions of the ortho-, 
meta-, and para-substituted products are obtained, 
depending on the directing power of the original 
substituent. Suppose two products, P1 and P2, are 
produced by the following competing reactions: 

A+ B ~ P1 Rate offormation ofP1 = k,,1[A][B] 

A+ B ~ P2 Rate of formation of P2 = k,,2[A][B] 

The relative proportion in which the two products 
have been produced at a given stage of the reaction 



(before it has reached equilibrium) is given by the 
ratio of the two rates, and therefore to the two rate 
constants: 

Kinetic control (9) 

This ratio represents the kinetic control over the pro
portions of products, and is a common feature of the 
reactions encountered in organic chemistry where re
actants are chosen that facilitate pathways favouring 
the formation of a desired product. If a reaction is 
allowed to reach equilibrium, then the proportion of 
products is determined by thermodynamic rather than 
kinetic considerations and the ratio of concentrations 
is controlled by considerations of the standard Gibbs 
energies of all the reactants and products. 

6F.8 Unimolecular reactions 

A number of gas-phase reactions follow first-order 
kinetics, as in the isomerization of cyclopropane, in 
which the strained triangular molecule bursts open 
into an acyclic alkene: 

cyclo-C3H6 ~ CH3CH=CH2 v = k,[ cyclo-C3H 6] 

The problem with reactions like this is that the 
reactant molecule presumably acquires the energy it 
needs to react by collisions with other molecules. Col
lisions, though, are bimolecular events, so how can 
they result in a first-order rate law? First-order gas
phase reactions are widely called 'unimolecular reac
tions' because (as you will see) the rate-determining 
step is an elementary unimolecular reaction in which 
the reactant molecule changes into the product. This 
term must be used with caution, however, because 
the composite mechanism has bimolecular as well as 
unimolecular steps. 

The first successful explanation of unimolecular 
reactions is commonly ascribed to Frederick Linde
mann (others have claimed priority). The Lindemann 
mechanism is as follows: 

Step 1. A reactant molecule A becomes energetic
ally excited (denoted A*) by collision with another 
A molecule: 

A+ A ~A* +A Rate of formation of 
A* =k,[AF 

In the reverse step, the energized molecule might 
lose its excess energy by collision with another 
molecule: 
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A* +A~ A+ A Rate of deactivation of A* 
=k;[A*][A] 

Step 2. Alternatively, the excited molecule might 
shake itself apart and form products P. That is, it 
might undergo the unimolecular decay 

A*~ P Rate offormation of P = kb[A *] 

Rate of consumption of A*= kb[A *] 

If the unimolecular step, Step 2, is slow enough to be 
the rate-determining step, then the overall reaction 
will have first-order kinetics, as observed. This con
clusion can be demonstrated explicitly by applying 
the steady-state approximation to the net rate of for
mation of the intermediate A* and, as shown in the 
following Justification, 

Rate of formation of P = k,[A], with k = k,kb (10) 
r k~ 

This rate Ia w is first-order, as required. 

Justification 6F.1 

The Lindemann mechanism 

Th is Justification makes use of the steady-state approxima

t ion. 

Step 1: Write the rate law for the net formation of A* 

Write the expression for the net rate of formation of A*, and 

set th is rate equa l to zero: 

Format ion Loss in Loss in 
inStep 1 Step2 Step3 
,.....-"--, r---"------.. ,......-A----, 

Net rate of formation of A*= k,[Al2 -k;IA*JJAJ-kbiA*J = 0 

and therefore 

The so lution of th is equat ion is 

JA*l=~ 
kb +k; JAJ 

It fo llows that the rate law for the format ion of products is 

. k k IAI2 

Rate of formation of P = kb[A*J = _ , _b __ 
kb +k; JAJ 

Step 2: Identify plausible approximations 

At this stage the rate law is not first-order in A. However, if the 
rate of deactivation of A* by (A*,A) collisions is much greater 

than the rate of unimolecular decay of A* to products, then 

k; JA *JJAJ >> kb[A *I. wh ich simplifies to k; JAJ >> kb. If that is the 
case, kb in the denominator of the ra te law can be neglected 

and so obtain eqn 10. Note that when k;IAJ « kb at low con

centrations of A. the rate law is predicted to become second

order in A. which provides a further test of the mechanism. 
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Checklist of key concepts 

01 The molecularity of an elementary reaction is the 

number of molecules coming together to react. 

0 2 An elementary unimolecular reaction has first-order 

kinetics; and elementary bimolecular reaction has 

second-order kinetics. 

03 In a pre-equilibrium it is assumed that an inter

mediate establishes a rapid equilibrium with there

actants and the subsequent formation of products 

is slow. 

04 In the steady-state approximation, it is assumed 

that the concentrations of all reaction intermedi-

ates remain constant and small throughout the 

reaction . 

0 5 The rate-determining step is the slowest step in a 

reaction mechanism that controls the rate of the 

overall reaction. 

0 6 Provided a reaction has not reached equilibrium, 

the products of competing reactions are controlled 

by kinetics. 

07 The Lindemann mechanism of 'unimolecular ' re

actions is a theory that accounts for the first-order 

kinetics of gas-phase reactions. 



TOPIC 6G 

Reactions in solution 

~ Why do you need to know this 
material? 

Many chemical reactions take place in solution 
and for a full understanding of chemistry it is 
essential to understand what governs their rates. 
This Topic also illustrates another aspect of mo
lecular motion, the hugely important process of 
diffusion. 

~ What is the key idea? 

Reactions in solution are either activation-con
trolled or diffusion-controlled. 

~ What do you need to know already? 

You need to be aware of the concept of the rate
determining step and the steady-state approxi
mation (Topic 6F). The discussion of diffusion 
uses the notation of partial differentiation (The 
chemist's toolkit 17) and the concept of activa
tion energy (Topic 6D). 

In solution the reactant molecules do not fly freely 
through a gaseous medium and collide with each 
other. Instead, they wriggle past their closely packed 
neighbours as gaps open up in the structure. 

6G.1 Activation control and 
diffusion control 

The concept of the rate-determining step plays an im
portant role for reactions in solution where it leads 
to the distinction between 'diffusion control' and 'ac
tivation control'. To develop this point, suppose that 
a reaction between two solute molecules A and B oc-

curs by the following mechanism. First, A and B drift 
into each other's vicinity by the process of diffusion, 
or migration through the system in a series of small 
steps in random directions, and form an encounter 
pair, AB, at a rate proportional to each of their con
centrations: 

A+ B ~ AB Rate of formation of AB = k,,d[A][B] 

The 'd' subscript is a reminder that this process 
is diffusional. The encounter pair may persist 
for some time as a result of the cage effect, the 
trapping of A and B near each other by their in
ability to escape rapidly through the surrounding 
solvent molecules. However, the encounter pair 
can break up when A and B have the opportunity 
to diffuse apart, so the following process must be 
included: 

AB ~A+ B Rate of loss of AB due to 
dissociation= k~d[AB] 

This process is assumed to be first-order in AB. Com
peting with it is the reaction between A and B while 
they exist as an encounter pair. This process depends 
on their ability to acquire sufficient energy to react. 
That energy might come from the jostling of the 
thermal motion of the solvent molecules. This step 
is assumed to be first-order in AB, but if the solvent 
molecules are involved it is more accurate to regard 
it as pseudofirst-order with the solvent molecules in 
great and constant excess. In any event, it can be sup
posed that the reaction is 

AB ~ products Rate of loss of AB due to 
reaction= k,.[AB] 

The 'a' subscript is a reminder that this process is ac
tivated in the sense that it depends on the acquisition 
by AB of at least a minimum energy. 

Now we use the steady-state approximation 
(Topic 6F) to set up the rate law for the formation 
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of products. As shown in the following Justification, 
the result is 

Rate of formation of products= k,[A)[B] 

k = k, ,,k,,d 
' k,,, +k;,d 

Justification 6G.1 

Diffusion control 

The net rate of formation of AB is 

(1) 

Net rate of format ion of AB = k,,o(AIIBI- k;,,JAB]- k,,JAB] 

In a steady state this net rate is zero, so 

k,,,[A][B]- k;,, JABI- k,,JABI = 0 

and therefore 

The rate of formation of products (which is the same as the 

rate of loss of AB due to its reaction) is therefore 

. k k [AliBI 
Rate of formation of products= k,[AB] = -'""·'--''"'·'---,-,-

. kr,a+k:.d 

which is eqn l 

Suppose the rate of reaction of AB is much faster 
than the rate at which the encounter pair breaks up. 
In this case, k,,,[AB] » k;,d[AB], so k,,, » k;,d, and k;d 
can be neglected in the denominator of the expression 
fork, in eqn 1: 

f £ . f d k, ,k, d[A)[B] 
Rate o ormatwn o pro ucts = --"'"--'-"'' "--.:.:..-" 

k,,. 

The (blue) k,,, in the numerator and denominator 
now cancel, leaving 

Rate of formation of products= k,,d[A)[B] 

Diffusion
controlled limit 

(2) 

In this diffusion-controlled limit, the rate of the reac
tion is controlled by the rate at which the reactants 
diffuse together (as expressed by k,d). In this case, 
once they have encountered one another, the reaction 
is so fast that they will certainly go on to form prod
ucts rather than diffuse apart before reacting. 

Alternatively, suppose that the rate at which the 
encounter pair accumulated enough energy to react 
is so low that it is highly likely that the pair will break 
up. In this case, k,,[AB] « k;,d[AB], so k,,, « k~d, and 
the rate law becomes 

f f f 
k, ,k, d 

Rate o ormation o products=-' ,-' [A][B] 
k,,d 

Activation
controlled limit 

(3) 

In this activation-controlled limit, the reaction rate 
depends not only on the rates of the diffusion pro
cesses but also on the rate at which energy accumu
lates in the encounter pair (as expressed by k,,). 

A lesson to learn from this analysis is that the con
cept of the rate-determining step is rather subtle: 

• In the diffusion-controlled limit, the condition for 
the encounter rate to be rate-determining is not 
that it is the slowest step, but that the reaction rate 
of the encounter pair is much greater than the rate 
at which the pair breaks up without reacting. 

• In the activation-controlled limit, the condition 
for the rate of energy accumulation to be rate
determining is a competition between the rate of 
reaction of the pair and the rate at which the pair 
breaks up, and all three rate constants control the 
overall rate. 

The best way to analyse competing rates is to do as 
done here: to set up the overall rate law, and then 
to identify how it simplifies as particular elementary 
processes are supposed to dominate others. 

6G.2 Diffusion 

Diffusion plays such a central role in the processes in
volved in reactions in solution that it is important to 
examine it more closely. The picture to hold in mind 
is that a molecule in a liquid is surrounded by other 
molecules and can move only a fraction of a diameter, 
perhaps because its neighbours move aside moment
arily. The motion of the molecule can be thought of 
as a series of short jumps in random directions, a so
called random walk. 

If the initial concentration in the liquid is not 
uniform-for instance, a solution may have a high 
concentration of solute in one region, such as when 
a reactant is first injected into a region-then the 
rate at which the molecules spread out is propor
tional to the concentration gradient at that loca
tion. This relation is expressed mathematically 
by introducing the flux,], which is the number of 
particles passing through an imaginary window 
perpendicular to the flow in a given time interval, 
divided by the area of the window and the dur
ation of the interval: 



J = number of particles passing through window 
area of window x time interval 

Flux 
!definition] (4) 

The statement that the rate is proportional to the 
concentration gradient is then written 

J = -D x concentration gradient Fick's first 
law 

(Sa) 

where D is a constant of proportionality. This ex
pression is a verbal interpretation of the equation 

J=-Dd:N 
dx 

Fick's first law 
!mathemat ica l form] 

(5b) 

where :N is the number density (the number of 
solute molecules in a given volume divided by the 
volume) and d.Y\ifdx is the gradient of that density. 1 

The number density is proportional to the molar 
concentration, c = n!V, because :N= NIV = nNAIV = 

cNA, where NA is Avogadro's constant. Equation 5 
is called Fick's first law. The coefficient D, which 
has the dimensions of area divided by time (with 
units m2 s-1

), is called the diffusion coefficient: if 
D is large, molecules diffuse rapidly. Some values 
are given in Table 6G.l. The negative sign in eqn 5 
simply means that if the concentration gradient is 
negative (down from left to right, Fig. 1), then the 
flux is positive (flowing from left to right). To de
termine the number of molecules passing through 
a given window in a given time interval, simply 
multiply the flux by the area of the window and 
the time interval. If the concentration in eqn 5 is a 
molar concentration, then the flux is expressed in 
moles rather than numbers of molecules and the :N 
in the equation is replaced by c. 

Table6G.1 

Diffusion coefficients at 25 °C, 01(1()9 m2 s-') 

Ar in tetrach loromethane 

C72 H220 77 (sucrose) in water 

CH30H in water 

H20 in water 

NH 2CH 2COOH in water 

0 2 in tetrachloromethane 

3.63 

0.522 

1.58 

2.26 

0.673 

3.82 

1For the derivation of this expression, see our Physical chemistry: 
thermodynamics, structure, and change (2014 ). 
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Fig. 1 The flux of solute particles is proportional to the con
centration gradient. Here a solution is depicted in wh ich the 
concentrat ion fa lls f rom left to right. The gradient is negat ive 
(down from left to right) and the flux is posit ive (towards the 
right). The greatest f lux is found where the gradient is steep
est (towards the left). 

Brief illustration 6G.1 Flux 

Suppose that in a reg ion of an unstirred aqueous solution of 
sucrose the molar concent ra t ion grad ient is -0.010 mol dm-3 

em-' . Then, us ing the va lue for the diffusion coefficient from 

Table 6G.1, the flux arising from th is gradient is 

~ dc/dx 

J=-(0.522x10-9 m2 s-' ) x (-0.010 mol dm-3 cm-1
) 

=5.22 x 1.0x10-11 m' s-' mol 
dm3 cm 

=5.22 x 1.0x10-11 m' s-' mol 
(10 3 m3 )x(10 2 m) 

= 5.2 X 1 0"" mol m-2s-1 

The amount of sucrose molecules passing through w indow of 

area A= 10 em' (and perpend icu lar to the flow) in an interva l M 
= 10 m inutes is therefore 

n = JMt= (5.2 x 10-6 mol m-2 s-1) x (1.0 x 10-2 m)2 

x(10x60s) 

=3.1 x 10-7 mol 

: Self-test 6G.1 

: What amount of sucrose (in water) diffuses through a cir

: cu lar hole of rad ius 5.0 mm in 10 min where the concentra
: t ion grad ient is -0.015 mol dm-3 cm-' ? 

Answer: 12 nmol 

The diffusion of molecules may be assisted-and 
normally greatly dominated-by bulk motion of the 
fluid as a whole (as when a wind blows in the at
mosphere and currents flow in lakes). This motion 
is called convection. Because diffusion and often 
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convection are so slow, the spread of solute mol
ecules is speeded up by stirring a fluid, turning on an 
extractor fan, or relying on natural phenomena such 
as winds and storms. 

One of the most important equations in the phys
ical chemistry of fluids is the diffusion equation, 
which enables the rate at which the concentration of 
a solute changes in a non-uniform solution to be pre
dicted. In essence, the diffusion equation expresses 
the fact that inhomogeneities in the concentration 
tend to disperse. The formal (but still verbal) state
ment of the diffusion equation, which is also known 
as Fick's second law of diffusion, is: 

Rate of change of concentration in a region= 

D x (curvature of the concentration in the region) 

Fick's second law ( 6a) 

The 'curvature' is a measure of the wrinkliness of the 
concentration (see below). The concentrations on the 
left and right of this equation may be either number 

The chemist's toolkit 17 Partial derivatives 

When a function, f. depends on on ly one variable x, and is 
written f(x). there is no ambiguity about the meaning of the 

derivat ive df/dx. When fdepends on more than one variable, 
such as x and y, and is w ritten f(x, yj, the derivatives must 
be specified more precisely. Thus, if y is held constant , the 

derivat ive w ith respect to x is w ritten (ilf/ilx) ,. and cal led 

a partial derivative w ith respect to x the subscript y ind i· 

eat ing the variable held constant. Simi larly, if xis held con· 
stant, the 'partial derivative' of fwith respect to ywith xheld 

constant is denoted (ilf/ilyjx· In each case the derivat ive w ith 

respect to the va riable is eva luated by us ing the ru les set out 

in The chemist's toolkit 5 in Topic 1 C and 11 in Top ic 4A. For 

instance, if f(x,yj = x 2 y3
, then (ilf/ilxl, = 2xy3 and (ilf/ilyjx = 

3x2 y2 The two partial derivatives can be interpreted as the 

slope of the function para llel to the xor yaxes, respective ly 
(Sketch 1 ). If both x and ya re allowed to vary by dx and dy, 

f(x,y) I 

y 

Sketch 1 

density (:N, as molecules m-3
, for instance) or molar 

concentration (c). The mathematical form of the dif
fusion equation is2 

Fick's second law 
I mathematical form] (6b) 

The second derivative a2w/ax2 can be interpreted as 
a measure of the 'curvature' of the concentration c. 
Note that partial derivatives (The chemist's toolkit 
17) appear in this expression because :N depends on 
both location and time, so formally would be written 
:N(x,t). Here (aw/at)x simply means that x is treated 
as a constant when differentiating with respect to 
t; similarly, in the second derivative (a2w/ax2

), t is 
treated as a constant. 

2For the derivation of this expression from Pick's first law, see our 
Physical chemistry: thermodynamics, structure, and change (2014 ). 

df= ( iJ fliJ~ ,dx + (()~ 

-- -- ----- -- (ilflilylxd y 

X 

Sketch 2 

respect ive ly, as in Sketch 2, the funct ion f changes by an 

amount df, the sum of the two individual changes, and 

df=(~) dx+(~) dy 
ax y i)y X 

Second partial derivatives are defined in the same way 

as for single-variable funct ions, wi th (iJ2 f/iJX')~ for instance, 
evaluated by holding y constant and taking the second de

rivat ive w ith respect to x. Thus, for f(x,yj = x 2 y3
, (iJ2 f/ilx2), = 

2y'- A very important property is that the order of partial 

differentiation is unimportant, so il ' f!ilxily= iJ ' f!ilyiJx. This is 

a more compact notation for the cumbersome 

Thus, with f(x,yj = x 2 y3
, then il' f!ilxily= iJ ' f!ilyiJx= 6xy2 



The diffusion equation tells us the following: 

• If the concentration is uniform or its profile 
has a constant slope in a region, there is no net 
change in concentration in the region. 

• Where the curvature is positive in a region 
(a dip, Fig. 2) the change in concentration is 
positive: the dip tends to fill. 

• Where the curvature is negative in a region 
(a heap), the change in concentration is nega
tive: the heap tends to spread. 

In the first case, the rate of influx through one wall 
of the region is equal to the rate of efflux through the 
opposite wall. Only if the slope of the concentration 
varies through region-only if the concentration is 
wrinkled-is there a change in concentration. 

The diffusion coefficient increases with tempera
ture (the molecule becomes more mobile) because 
an increase in temperature enables a molecule to 
escape more easily from the attractive forces ex
erted by its neighbours. If it is supposed that the 
rate of the random walk follows an Arrhenius tem
perature dependence with an activation energy 
E, (Topic 6D), then the diffusion coefficient will 
follow the relation 

(7) 

The rate at which particles diffuse through a liquid 
is related to the viscosity, so a high diffusion coeffi
cient should be expected for fluids that have a low 

t 
" c' 
0 

·;::; 

~ 
c 
Q) 
u 
c 
0 
u 

Negative curvature 
~ 

Spreads 

Positive curvature 

Position, X---+ 

Fig. 2 Nature abhors a wrinkle. The diffusion equation tells 
us that peaks in a distribution (regions of negative curvature) 
spread and troughs (regions of positive curvature) fill in. 

2 

:1.5 
I 

E 
z 
E 
'f 

\ 

6G.2 DIFFUSION 293 

\ 
\ 

I""' 
i 
'iii 
0 

~ 0.5 
> 

- ~ 
K 

0 
0 20 40 60 

--..........__ --
80 100 

Temperature, e;oc 

Fig. 3 The experimental temperature dependence of the vis
cosity of water. As the temperature is increased, more mol
ecules are able to escape from the potential wells provided by 
their neighbours, so the liquid becomes more fluid. 

viscosity. That is, 17 oc 1/D, where 17 is the coefficient 
of viscosity. In fact, the Einstein relation states that 

D=}!I_ 
6n17a 

Einstein relation (8) 

where a is the radius of the molecule. It follows that 

(9) 

Note the change in sign of the exponent: the viscosity 
of a liquid decreases as the temperature is raised. 
The temperature dependence described by eqn 9 is 
observed, at least over reasonably small temperature 
ranges (Fig. 3). The forces acting between the mol
ecules govern the magnitude of E., but the problem 
of calculating it is immensely difficult and still out of 
reach. 

IJif! .. !.!fjgtl+ 
ldentifying the activation energy for viscosity 

Estimate the activation energy for the viscosity of water from 
the graph in Fig. 3, by using the viscosities at40 oc (for greater 

precision, tables give this value as 0. 785 mN m·' s) and 80 oc 
(0.416 mN m· ' s). 

Collect your thoughts You know 

how the viscosity depends on 
the temperature (eqn 9), so the 

calculation depends on being 

able to extract E, from that ex

pression. There is an additional 

factor, ry0 , that you can eliminate 

by taking the ratio of viscosities at 
two temperatures. Then take the 

~~~ 0 
T, T 

logarithm of both sides to eliminate the exponential (In e = x) 
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The solution The ratio of viscosities at two temperatures is 

Now take the logarithm of both sides: 

It follows that 

E = R In 7J(T,) 
' 1/T,-1/T, 7](T,) 

At this point insert the data. With 7](313 K) = 0.785 mN m-2 s 
and 7](353 K) = 0.416 mN m-2 s, 

E = 8.3145 J K-1 mol-1 In 0.416 mN m-1 s 
' (1/353 K)-(1/313 K) 0.785 mN m 1 s 

8.3145 J mol-' In 0.416 
(1/353)-(1/313) 0.785 

= 1.46 x 104 J mol-1 

or 14.6 kJ mol-1
. 

: Self-test 6G.2 

: Does the activation energy depend on the temperature? 
: Evaluate it using the viscosities at 80 oc and 100 oc 
: (0.416 mN m-2 and 0.329 mN m-2). . . Answer: 12.8 kJ mol-' 

This material can now be brought back into the 
context of reaction kinetics. A detailed analysis of the 
rates of diffusion of molecules in liquids shows that 
the rate constant k,d is related to the coefficient of 
viscosity of the medium (Table 6G.2) by3 

k _ 8RT 
c,d- 31) (10) 

3For a derivation, see our Physical chemistry: thermodynamics, 
structure, and change (2014). 

Checklist of key concepts 

D 1 A reaction in solution may be diffusion-controlled 

or activation-controlled. 

D 2 A reaction in solution takes place by the formation 

of an encounter pair. 

D 3 The encounter pair might survive as a result of 

the cage effect, the trapping of the pair by the sur

rounding solvent. 

Table6G.2 

Coefficients of viscosity at 25 °C, ry/ (to-3 kg m- 1 s- 1
) 

Benzene 

Mercury 

Pentane 

Water 

0.601 

1.55 

0.224 

0.891* 

• The viscosity of water corresponds to 0.891 cP (where cP 
denotes centipoise, a non-SI unit sti ll commonly used to report 
viscosities). 

Therefore, the higher the viscosity, the smaller the 
diffusional rate constant and therefore the slower the 
rate of a diffusion-controlled reaction. 

Brief illustration 6G.2 The diffusion-controlled rate con

sta nt 

For a diffusion-controlled reaction in water, for which 7J = 8.9 x 
10-4 kg m-1 s-1 at 25 oc. 

k _ 8 x (B.3145 J K-1 mol-1)x(298 K) 
c.d - 3 x (8.9 x 10-4 kg m 1 s 1) 

kg m2 s- 2 

8 x 8.3145x298 'J mol-1 =
7
.4x

10
, kg m2 s-2 mol-1 

--=3-x-8=-_.,.9_x_1-::-0-;-4- ..... k-g- m--;1- s....,...1 kg m 1 s 1 

= 7.4x106 m3 mol-' s-1 

Because 1 m3 = 103 dm3
, this result can be written k,.d = 7.4 x 

109 dm3 mol-' s-1
, which is a useful approximate estimate to 

keep in mind for such reactions. 

: Self-test 6G.3 

: Estimate the diffusion-controlled rate constant for a reac
: tion in benzene at 25 oc. 

Answer: 1.1 x 1010 dm3 mol-1 s-1 

D 4 Fick's first law of diffusion states that the flux is pro

portional to the concentration gradient. 

D 5 Fick's second law of diffusion, the 'diffusion equa

tion', states that the rate of change in concentration 

in a region is proportional to the curvature of the 

concentration there. 



TOPIC 6H 

Homogeneous catalysis 

~ Why do you need to know this 
material? 

Many chemical reactions conducted in the la
boratory and all those occurring in organisms 
depend on the activity of catalysts, and an ana
lysis of their kinetic role gives insight into their 
action. 

~ What is the key idea? 

A homogeneous catalyst is in the same phase as 
the reaction mixture and, like any catalyst, acts 
by providing a new reaction pathway with a 
lower activation energy. 

~ What do you need to know already? 

You need to know how to express a reaction 
mechanism as a rate law by using the steady
state approximation (Topic 6F). 

A catalyst lowers the activation energy of a reac
tion, thereby accelerating it, by providing an alter
native path that avoids the slow, rate-determining 
step of the uncatalysed reaction (Fig. 1). A homo
geneous catalyst is a catalyst in the same phase as 
the reaction mixture. For example, the activation 
energy for the decomposition of hydrogen peroxide 
in solution is 76 kJ mol-1 and the reaction is slow 
at room temperature. When some iodide ions are 
added, the activation energy falls to 57 kJ mol-1 

and the rate constant increases by a factor of 2000. 
Acids and bases are commonly used as catalysts 
in organic chemistry and result in 'acid catalysis' 
and 'base catalysis', with H+ and OH- the catalyst, 
respectively. Enzymes, the principal topic of this 

discussion, are very selective homogeneous cata
lysts that regulate the rates of biological processes. 
They can have a dramatic effect on the reactions 
they control. For example, the enzyme catalase re
duces the activation energy for the decomposition 
of hydrogen peroxide to 8 kJ mol-1

, corresponding 
to an acceleration of the reaction by a factor of 1015 

at 298 K. 

6H.1 The Michaelis-Menten 
mechanism of enzyme catalysis 

One of the earliest descriptions of the action of en
zymes is the Michaelis-Menten mechanism. The 
proposed mechanism, with all species in an aqueous 
environment, is as follows. 

Step 1 The bimolecular formation of a combin
ation, ES, of the enzyme E and the substrate S, with 
the substrate bound to a specific site in the enzyme 
called the active site: 

E + S ~ ES Rate of formation of ES = k,[E] [S] 

Step 2 The unimolecular decomposition of the 
complex: 

ES ~ E + S Rate of decomposition of ES = k:[ES] 

Step 3 The unimolecular formation of products P 
and the release of the enzyme from its combination 
with the substrate: 

ES ~ P + E Rate of formation of P = kb[ES] 

Rate of consumption of ES = kb[ES] 

As shown in the following Justification, the rate law 
for the rate of formation of product in terms of the 
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Fig. 1 A catalyst acts by providing a new reaction pathway be
tween reactants and products, w ith a lower activation energy 
than the original pathway. 

concentrations of enzyme and substrate turns out 
to be 

Rate of formation of P = k,[E] 0, 

withk =~ 
' [S]+KM 

Michaelis-Menten 
rate law 

(1) 

The Michaelis constant, KM (which has the dimen
sions of a concentration), is 

K - k~+kb 
M - k, Michaelis constant (2) 

and [E]0 is the total concentration of enzyme (both 
bound and unbound). 

Justification 6H.1 

The Michaelis-Menten rate law 

The derivation of eqn 1 makes use of the strategies in Topic 

6F for writing rate laws from a proposed mechanism. The 

product is formed (irreversibly) in Step 3 of the reaction mech

anism, so begin by writing 

Rate of formation of P = kb[ESJ 

Then take the following steps to write an expression for [ES]. 

and substitute the resu lt into this expression. 

Step 1: Apply the steady-state approximation 

To calculate the concentration [ES]. set up an expression 

for the net rate of formation of ES allowing for its formation 

through E + S ~ ES and its removal through both ES ~ E + S 

and ES ~ P + E. Then use the steady-state approximation to 

set that net rate equal to zero: 

Net rate of formation of ES = k, [E][SJ - k; IESJ 

- kb[ESJ =0 

Therefore 

It follows that 

Step 2: Use mass balance to express [EJ in terms of the 
total enzyme concentration 

Note that lEI and lSI are the molar concentrations of the free 
enzyme and free substrate. If [E]0 is the tota l concentration of 

enzyme, then lEI+ [ES) = [E)0 and [E] = [E)0 - [ES]. Therefore, 

[ES[ 
k, ([EJ0 -IES))[SJ 

k; +kb 

Step 3: Simplify the resulting expression 

• Multiplication of the previous expression for [ESI by k; + kb 
gives first 

k; !ESI + kb[ESI = k, [E]0[S)- k,[ES][SJ 

and then 

lk; + kb + k, [S]) [ESI = k, [E[0 [S] 

Division by k, turns this expression into 

The first term inside the parentheses is a collection of con

stants that may be denoted KM, the Michaelis constant. Then 

this expression becomes 

(KM + [S])[ESI = [E]0 [S] 

and then 

[ESI = IEI0 1SJ 
[S]+KM 

Step 4: Finalize the expression for the rate of product for

mation 

The rate of formation of P is equal to kb[ES], so using the 

expression for [ESI in step 3 gives 

k, 
~ 

. lEI [Si k lSI 
Rate of formation of P = kb --0 - = _ b _ _ [E]

0 [S]+KM [S]+KM 

as in eqn 1. 

According to eqn 1, the rate of the enzyme-cata
lysed reaction is first-order in the added enzyme con
centration, but the effective rate constant k, depends 
on the concentration of substrate. Furthermore, 

• When [S] << KM, the effective rate constant is 
equal to kb[S]/KM. Therefore, the rate increases lin
early with [S] at low concentrations. 
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• When [S] >> KM, the effective rate constant is 
equal to kb, and the rate law in eqn 1 reduces to 

Rate of formation of P = kb[E] 0 (3) 

That is, when [S] >> KM, the rate is independent of the 
concentration of S because there is so much substrate 
present that it remains at effectively the same con
centration, even though products are being formed. 
Under these conditions, the rate of formation of 
product is a maximum, and kb[£] 0 is called the max
imum velocity, vm.., of the reaction: 

Maximum velocity 
ldefinitionl 

(4) 

The rate-determining step is Step 3 because there is 
ample ES present (with S being so abundant), and the 
rate is determined by the rate at which ES reacts to 
form the product. 

It follows from eqns 1 and 4 that the reaction rate v 
at a general substrate composition [S] is related to the 
maximum velocity by 

v = k [S][E]0 = _ [S_] _ v 
b [S]+KM [S]+KM max (5) 

This relation is illustrated in Fig. 2. The graph gives 
a clue to the significance of KM, for as eqn 5 shows, 
the rate of the reaction reaches tvmax when [S] = KM. 
Broadly speaking, therefore, the value of KM is the 
substrate concentration at and above which the en
zyme is effective. 

20 40 60 80 100 
Substrate concentration, [S]/(mmol dm- 3) 

Fig. 2 The va riation of the rate of an enzyme-cata lysed re
action w ith concentration of the substrate according to the 
M ichaelis-Menten model. When [S] << KM, the rate is propor
t iona l to [S]; when [S] >> KM, the rate is independent of [S]. 

6H.2 The analysis of rates of 
enzyme-catalysed reactions 

Equation 5 is the basis of the analysis of enzyme kin
etic data by using a Lineweaver-Burk plot, a graph of 
1/v (the reciprocal of the reaction rate) against 1/[S] 
(the reciprocal of the substrate concentration). On 
taking the reciprocal of both sides of eqn 5 it becomes 

.!. - ([S]+ KM ) -1-- (1 + KM )-1-
v [S] Vmox [S] Vmox 

1 ( KM) 1 
= vmax + vmax [S] 

(6a) 

Because this expression has the form y = b + mx, 

Lineweaver-Burk 
plot (6b) 

with y = llv and x = 1/[S], a straight line should be 
obtained by plotting 1/v against 1/[S]. The slope of 
the straight line is KM/vm,. and the extrapolated inter
cept at 1/[S] = 0 is equal to 1/vm,. (Fig. 3). Therefore, 
the intercept can be used to find vm.., and then that 
value combined with the slope to find the value of 
KM. Alternatively, note that the extrapolated inter
cept with the horizontal axis (where llv = 0) occurs 
at 1/[S] = -1/KM. 

~:~ i 
I ~ 
II 

15. 
Q) 

~ 
Q) 

c 

1 
+--Intercept= 1/vmax 

0 1/[SJ-

Fig. 3 A Lineweaver-Burk plot is used to ana lyse kinetic data 
on enzyme cata lysed react ions. The reciprocal of the rate of 
formation of products (1/vl is plotted aga inst the reciproca l of 
the substrate concentration (1/[S]). All the data points (wh ich 
typica lly lie in the fu ll reg ion of the line) correspond to the 
same overa ll enzyme concentration, [E ]0. The intercept of the 
extrapolated (dotted) stra ight line w ith the horizonta l axis is 
used to obta in the M ichaelis constant. KM. The intercept with 
the vert ica l axis, is used to determ ine vm, = kb[E] 0, and hence 
kb. The slope may also be used, for it is equa l to K~vm, . 
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Other parameters, which are used to compare the 
catalytic properties of different enzymes, can be cal
culated from the data. The catalytic constant (or tum

over frequency), k"" is the maximum rate of reaction 
that an enzyme achieves divided by its concentration: 

k = vmax 

" ' [EJo 
Catalyt ic constant 
)definition) 

(7) 

Comparison with eqn 4 shows that k,., is simply kb. 
The catalytic efficiency, 11 (eta), of an enzyme is the 
ratio 

Catalytic efficiency 
[definit ion ) 

(8) 

This relation is inspired by recognizing that k,., is a 
measure of the effectiveness of an enzyme, and KM is 
a measure of the concentration at which the enzyme 
becomes effective. The higher the value of 17, the more 
efficient is the enzyme. The enzyme catalase has 11 = 

4.0 x 108 dm3 mol-1 s-1, and is said to have attained 
'catalytic perfection', in the sense that the rate of the 
reaction it catalyses is controlled only by the rate at 
which E and S diffuse together through the medium 
and react as soon as they meet (Topic 6G). 

• Mfl~~!.itiM I+ 
Determining the catalytic efficiency of an enzyme 

The enzyme carbonic anhydrase catalyses the hydration of 

C02 in red blood cells to give bicarbonate (hydrogencarbon

atel ion: C02(gl + H20(11 ~ HC03-(aql + W(aql. The following 

data were obtained for the react ion at pH= 7.1, 273.5 K, and 
an enzyme concentration of 2.3 nmol dm-3: 

!C02JI(mmol dm-31 

vl(mmol dm-3 s-11 

!C02JI (mmol dm-31 

vl(mmol dm-3 s-11 

1.25 

2.78 X 10-2 

5 

8.33 X 10-2 

2.5 

5.00 X 10-2 

20 

1.67 X 10-1 

Determine the catalytic efficiency of carbonic anhydrase at 
273 .5 K. 

Collect your thoughts The key 

to analysing the data is eqn 

6, so begin by constructing a 

Lineweaver-Burk plot by drawing 

up a table of 11[SJ and 1lv. Then 

identify Vma.• from the intercept 

at 1I[SJ = 0 and evaluate KM by 

dividing the slope of the line (KJ 

vma,l by the intercept (1 lvm.,l. 

m" 

/

<+- 1/v 

/ 0 1/)S) 

Use a least-squares procedure for the best fit. Finally, use 

eqn 7 to determine k,, and eqn 8 to determine the catalytic 
efficiency. 

The solution Draw up the following table : 

1I([C02JI(mmol dm-311 

1l(vl(mmol dm-3 s-1)) 

0.8 

36 

0.4 

20 

0.2 0.05 

12 5.99 

The data are plotted in Fig. 4. The line that fits the data best 
has an intercept at 4.00 and a slope of 40.0. It follows that 

vm., I (mmol dm"" s-' 1 = -. -
1
- - = -

1
- = 0.250 

Intercept 4.00 

and 

KM I (mmol dm-31 = . slope = 40.0 = 10.0 
Intercept 4.00 

Therefore 

k = vm., = 2.5x10""' mol dm"" S-
1 

1.1x10' s-1 
~' IEI0 2.3x10 9 mol dm 3 

and 

Tf= k,, = 1.1x10' s_, 1.1x10' dm3 mol_, s_, 
KM 1.0x10 2 mol dm 3 

Self-test 6H.1 

Several solutions containing the small peptide N-glutaryi

L-phenylalanine-p-nitroanilide at different concentrations 

were prepared and the same small amount of the enzyme 

a-chymotrypsin was added to each one. The following 

data were obtained on the initial rates of the formation of 
product: 

[SJI(mmol dm-31 0.334 0.450 0.667 1.00 1.33 1.67 

vl(mmoldm-3s-11 0.152 0.201 0.269 0.417 0.5050.667 

Determine the maximum velocity and the Michaelis constant 

for the reaction. 

Answer: v~,= 2 .80 mmol dm-3 s-1
, KM= 5.89 mmol dm-3 

40 

"\: 30 -

'7 
E 
-c 
0 20 
E 
E 
"S 
;:: 10 r 

0~-~~--~--~~-~~-~ 
0 0.2 0.4 0.6 0.8 

1/([C02]/mmol dm-31 

Fig. 4 The Lineweaver-Burk plot based on the data in 
Example 6H.1. 



Active site Substrate 

Fig. 5 In competitive inhibition, both the substrate (the green 
egg shape) and the inhibitor (the purple egg shape) compete 
for the active site, and reaction ensues only if the substrate is 
successful in attaching there. 

The action of an enzyme may be partially sup
pressed by the presence of a foreign substance, which 
is called an inhibitor. An inhibitor may be a poison 
that has been administered to the organism, or it may 
be a substance that is naturally present in a cell and 
involved in its regulatory mechanism. In competitive 

Checklist of key concepts 

0 1 A homogeneous catalyst is a catalyst in the same 

phase as the reaction mixture. 

02 An enzyme is a homogeneous biological catalyst. 

03 The Michaelis-Menten mechanism of enzyme kin

etics accounts for the dependence of rate on the 

concentration of the substrate. 

04 An inhibitor is a substance that supresses the ac

tion of an enzyme. 
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Active site Substrate 

Fig. 6 In one version of non-competitive inhibition, the sub
strate and the inhibitor attach to distant sites of the enzyme 
molecule, and a complex in which they are both attached does 
not lead to the formation of product. 

inhibition the inhibitor competes for the active site 
and reduces the ability of the enzyme to bind the 
substrate (Fig. 5). In non-competitive inhibition the 
inhibitor attaches to another part of the enzyme mol
ecule, thereby distorting it and reducing its ability to 
bind the substrate (Fig. 6). 

0 5 In competitive inhibition the inhibitor competes for 

the active site and reduces the ability oft he enzyme 

to bind the substrate. 

0 6 In non-competitive inhibition the inhibitor attaches 

to another part of the enzyme molecule, thereby 

distorting it and reducing its ability to bind the sub

strate. 



TOPIC 61 

Heterogeneous catalysis 

~ Why do we need to know this material? 

Catalysis is at the heart of the chemical industry, 
and an understanding of the concepts is essential 
for developing new catalysts. 

~ What is the key idea? 

In heterogeneous catalysis, the pathway for 
lowering the activation energy of a reaction 
commonly involves chemisorption of one or 
more reactants. 

~ What do you need to know already? 

Catalysis is introduced in Topic 6H. This Topic 
builds on the discussion of reaction mechanisms 
(Topic 6F). 

A catalyst acts by providing a reaction pathway 
with a low activation energy (Topic 6H). In hetero
geneous catalysis, the catalyst and the reagents are 
in different phases. A common example is a solid 
that increases the rate of a gas-phase reaction. The 
solid provides a surface to which the reactants bind 
and so facilitates encounters between reactants. 
Many industrial processes make use of heteroge
neous catalysts, which include platinum, rhodium, 
and various metal oxides. In general, heterogeneous 
catalysts are highly selective and to find an appro
priate catalyst each reaction must be investigated 
individually. 

Two techniques have revolutionized the study of 
surfaces in recent years. In scanning tunnelling mi
croscopy (STM) a platinum-rhodium or tungsten 

needle is scanned across the surface of a conducting 
solid. When the tip of the needle is brought very close 
to the surface, electrons tunnel across the intervening 
space (Fig. 1). Because the tunnelling probability is 
very sensitive to the size of the gap (Topic 7C), the 
microscope can detect tiny, atom-scale variations in 
the height of the surface. A spectacular demonstra
tion of the power of STM is given in Fig. 2, which 
shows the hexagonal arrangement of carbon atoms 
in graphite. 

In atomic force microscopy (AFM) a sharpened 
stylus attached to a beam is scanned across the sur
face . The force exerted by the surface and any mol
ecules attached to it pushes or pulls on the stylus 
and deflects the beam (Fig. 3). The deflection is 
monitored by using a laser beam. Because no cur
rent is needed between the sample and the probe, 
the technique can be applied to non-conducting 
surfaces too. Both techniques can be used to study 
the structure of the surface and any molecules at
tached to it. 

Fig. 1 A scann ing tunnelling m icroscope makes use of the 
current of elect rons that tunnel between the surface and the 
tip. That cu rrent is very sensit ive to the distance of the t ip 
above the surface. 



Fig. 2 An STM image of carbon atoms in graphite. (Courtesy 
of Oxford Instruments; imaged using an Asylum Cypher SPM 
in STM mode.) 

Surface 

Fig. 3 In atomic force microscopy, a laser beam is used to 
monitor the t iny changes in position of a probe as it is attracted 
to or repe lled from atoms on a surface. 

61.1 Physisorption and 
chemisorption 

The key to the operation of a heterogeneous cata
lyst is the attachment of molecules to a surface by 
the process called adsorption. The substance that ad
sorbs is the adsorbate and the underlying material is 
the adsorbent or substrate. The reverse of adsorption 
is desorption. 

Molecules and atoms can attach to surfaces in 
two ways, although there is no clear frontier be
tween the two types of adsorption. In physisorption 
(an abbreviation of 'physical adsorption'), there is 
a van der Waals interaction between the adsorbate 
and the substrate (for example, a dispersion or a di
polar interaction, as described in Topic lOB, of the 
kind responsible for the condensation of vapours 
to liquids). The energy released when a molecule 
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is physisorbed is of the same order of magnitude 
as the enthalpy of condensation. Such small en
ergies are not sufficient to lead to bond breaking, 
but can be absorbed as vibrations of the lattice and 
dissipated as thermal motion. A molecule bouncing 
across the surface will gradually lose its energy and 
finally adsorb on to it in the process called accom
modation. 

In chemisorption (an abbreviation of 'chemical 
adsorption'), the molecules (or atoms) adsorb to 
the surface by forming a chemical (usually covalent) 
bond and tend to find sites that maximize their coor
dination number with the substrate. A chemisorbed 
molecule may be torn apart at the demand of the un
satisfied valencies of the surface atoms, and the exist
ence of molecular fragments on the surface as a result 
of chemisorption is one reason why solid surfaces 
catalyse many reactions. 

The extent of surface coverage is normally ex
pressed as the fractional coverage, e (theta): 

e = number of adsorption sites occupied 
number of adsorption sites available 

Fractiona l coverage 

!definition! (1) 

The fractional coverage can be inferred from the 
volume of adsorbate adsorbed by e = VIV ~'where V ~ 
is the volume of adsorbate corresponding to com
plete monolayer coverage (a single layer of adsorbed 
molecules). In each case, the volume in the definition 
of e is that of the free gas measured under standard 
conditions of temperature and pressure. The rate of 
adsorption is the rate of change of surface coverage 
and is measured by observing the change of frac
tional coverage with time. 

• Brief illustration 61.1 The f ractiona l coverage 

For the adsorpt ion of CO on charcoa l at 273 K, v_ = 111 em' . a 
va lue corrected to 1 atm. When the partial pressure of CO is 
40.0 kPa, the value of V (also corrected to 1 atm) is 25.5 cm3

, 

so it follows that 

e = ~ = 25.5 em' = 0.230 
V~ 111 em' 

Self-test 61.1 

When the partial pressures of CO are 13.3 kPa and 93 .3 kPa, 
the va lues of V (corrected to 1 atm) are 10.2 em' and 
46.1 em' . respectively. Calcu late the respective fract ional 
coverages and the va lue of 6.fJ/6.p when p increases f rom 

13.3 kPa to 40.0 kPa 
Answer: 0= 0.0919 and 0.415 at 13.3 kPa and 93.3 kPa, between 

13.3 kPa and 40.0 kPa, 1'!.0/l!.p = 5.17 x 10_, kPa-' 
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61.2 Adsorption isotherms 

For a catalyst to be effective, at least one of the re
actants must adsorb on to its surface (this is the 
equivalent of the formation of the bound state ES in 
homogeneous catalysis), so the rate can be expected 
to depend on the extent of surface coverage. In a typ
ical arrangement, the gas A is in a dynamic equilib
rium between the free and adsorbed states: 

A(g) + M(surface) ~AM( surface) 

and the fractional coverage of the surface depends 
on the pressure of the overlying gas. The variation of 
e with pressure at a chosen temperature is called the 
adsorption isotherm. 

The simplest physically plausible model for de
riving an adsorption isotherm is based on three as
sumptions: 

1. Adsorption does not proceed beyond monolayer 
coverage. 

2. All sites are equivalent. 

3. There are no interactions between adsorbed mol
ecules, so the ability of a molecule to adsorb at 
a given site is independent of the occupation of 
neighbouring sites. 

Assumptions 2 and 3 imply, respectively, that the 
enthalpy of adsorption is the same for all sites and 
is independent of the extent of surface coverage. As 
shown in the following Justification, the relation be
tween the fractional coverage e and the partial pres
sure of A, p, that results from these three assumptions 
is the Langmuir isotherm: 

e=...!!P_ 
l+ap 

k, a= 
kd 

Langmuir 
isotherm 

(2) 

where k, and kd are, respectively, the rate constants 
for adsorption and desorption. Note that a, being 
the ratio of forward and reverse rate constants, is a 
type of equilibrium constant (Topic 5B), but is not 
a true equilibrium constant because it has units (of 
reciprocal pressure). Equation 2 can be turned into 
a form suitable for graphical analysis by taking the 
reciprocal of both sides, which gives 

_!_= l+ap =l+-l
e ap ap 

(3) 

Then a plot of lie= VjV against lip should be a 
straight line of slope lla. 

The Langmuir isotherm is plotted for vanous 
values of a in Fig. 4.1t is seen that: 

• As the partial pressure of A increases, the frac
tional coverage increases towards 1 (com
plete coverage) . Half the surface is covered 
whenp= lla. 

• At low pressure (in the sense that ap << 1 ), the 
denominator can be replaced by 1, and then 
e = ap. Under these conditions, the surface 
coverage increases linearly with pressure. 

• At high pressure (in the sense that ap >> 1 ), 
the 1 in the denominator can be neglected, the 
ap cancel, and then e = 1. Now the surface is 
saturated. 

Justification 61.1 

The Langmuir isotherm 

To obta in the Langmuir isotherm, proceed as fo llows. 

Step 1: Write an expression for the rate of adsorption 

Suppose that the rate at wh ich A adsorbs to the surface 
is proportional to the partial pressure (because the rate at 

wh ich molecules strike the surface is proportiona l to that 
pressure), and to the number of sites that are not occupied 
at the t ime, wh ich is (1 - fJ)N, w ith N the tota l number of 

sites : 

Rate of adsorption= k, N(1 - fJ)p 

where k, is the adsorption ra te constant. 

Step 2: Write an expression for the rate of desorption 

The rate at wh ich the adsorbed molecu les leave the surface 
is proportional to the number currently on the surface (NfJ) : 

Rate of desorpt ion = k, NfJ 

"'0.8 
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Cl 
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> 
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~ kPa- 1 
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Pressure, p/kPa 

Fig. 4 The Langmuir isotherm for non-dissociative adsorption 
for different values of a. 



where k., is the desorption rate constant. 

Step 3: Establish the equilibrium condition 

At equilibrium, the rates of adsorption and desorption are 

equal, so write 

k,N(1 - e)p = k,NfJ 

The Ns cancel and, by writing a= k)k,, obtain 

ap(1-fJ)=fJ 

which rearranges into eqn 3. 

IJifi .. !.!§ijii 
Using the Langmuir isotherm 

The data given below are for the adsorption of CO on charcoal 

at 273 K. Confirm that they conform to the Langmuir isotherm, 

and find the constant a and the volume corresponding to com

plete coverage. In each case Vhas been corrected to 1 atm. 

p/kPa 13.3 26.7 40.0 53.3 66.7 80.0 93.3 

lt'lcm3 10.2 18.6 25.5 31.5 36.9 41.6 46.1 

Collect your thoughts You need to 
adapt eqn 3 into a form that de-

' pends on p and V. as in the data. 

First, substitute fJ = V/V_, where 

v_ is the volume corresponding to 

complete coverage (as measured 
at 273 K and 1 atm), to obtain 

V_!V= 1/ap + 1. Although this ex

pression becomes 1/V= 1/ v_ap+ 

~ Slo("/ 
0. / 

1£ 1tav_ 

p 

1/V_ when both sides are divided by v_, the two unknown 

quantities a and v_ occur together and cannot be separated. 

To fix thi s problem, multiply both sides by p which gives 

y Intercept slope xx ,..., - ,----"----, 
p 1 1 
- = -- + - Xp 
V aV~ V~ 

implying that a plot of p/V against p gives a straight line of 

slope 1/V_ and intercept 1/aV_. Once you have determined 

the slope and intercept you can calculate a from their rat io: 

vv ... 

~ =__2__xaV =a 
intercept V~ ~ 
'--v---' 

1/aV. 

The solution The data for the plot are as follows: 

p/kPa 13.3 26.7 40.0 53.3 66.7 80.0 93.3 

(p/kPa)/(V/cm3
) 1.30 1.44 1.57 1.69 1.81 1.92 2.02 

The points are plotted in Fig. 5. The slope of the line through 

the points is 0.009 00, so v_ = 111 cm3
. The intercept at p= 0 

is 1.25, so 
Units of 

Slope (p/V)I P 

o.Oo9oo~ 
a = -1-.2-5-kP=-a_c_m------oc' 

0
·
009 00

-
1
- = 7.20x10_, kPa-1 

1.25 kPa 
~~~ 
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Fig. 5 The plot of the data in Example 61.1. As illustrated here, 
the Langmuir isotherm predicts that a straight line should be 
obtained when pNis plotted against p. 

Self-test 61.2 

Repeat the calculation for the following data: 

p/kPa 13.3 26.7 40.0 53.3 66.7 80.0 93.3 

V/cm3 10.3 19.3 273 34.1 40.0 45.5 48.0 

Answer: 128 cm3
, 6.70 x 10"' kPa-1 

Now suppose the substrate dissociates on adsorp
tion, as in 

A2(g) + M(surface) ~A-M( surface)+ 
A-M( surface) 

As shown in the following Justification, the resulting 
isotherm is 

Langmuir isotherm 
for adsorption w ith 
dissociation 

(4) 

The surface coverage now depends on the square root 
of the pressure in place of the pressure itself (Fig. 6). 

~~-~2o'-o,_-,4~ono--c6ok.o~-c8~oon--,1~o~oo 
Pressure, p/kPa 

Fig. 6 The Langmuir isotherm for dissociative adsorption, 
X2(g)--> 2 )((surface), for different values of a. 
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Justification 61.2 

The effect of substrate dissociation on the Langmuir 
isotherm 

Only a relat ive m inor modificat ion ofthe equations used in the 

previous Justification is needed to account for dissociation, 

so proceed as fol lows. 

Step 1: Write an expression for the rate of adsorption 

When the substrate dissociates on adsorption, the rate of ad

sorption is proportiona l to the pressure and to the probabi lity 

that both atoms wi ll find sites, which is proportional to the 

square of the number of vacant sites as both molecules need 

to find a home: 

Rate of adsorption= k,p{N(1 - e))' 

Step 2: Write an expression for the rate of desorption 

The rate of desorption is proportiona l to the f requency of en

counters of atoms on the surface, and is therefore propor

t ional to the square of the number of atoms present 

Rate of desorption = k,(Ne)' 

Step 3: Establish the condition of equilibrium 

The condit ion for no net change (equal rates of adsorption and 

desorption) is 

k,p{N(1 - e))' = k,(Ne) ' 

Now write a= kj k, and cancel the Ns, to get 

ap(1- W= fi2 

Final ly, take the square-root of both sides of the expression, 

and obtain 

(ap) 112(1- fJ) = e, or (ap) 112 = (1 + (ap) 112)e 

which rearranges into eqn 4. 

A second modification of the Langmuir isotherm 
to consider deals with co-adsorption, in which a mix
ture of two gases A and B compete for the same sites 
on the surface. If A and B both follow Langmuir iso
therms, and adsorb without dissociation, then (see 
Problem 6.32) 

Langmuir isotherm 
w ith co-adsorption 

(5) 

where o:1 (with J =A or B) is the ratio of adsorption 
and desorption rate constants for species J, p1 is its 
partial pressure in the gas phase, and ej is the fraction 
of total sites occupied by]. 

If the initial adsorbed Ia yer can act as a substrate 
for further (for example, physical) adsorption, then 
instead of the isotherm levelling off to some satur-

Fig. 7 Adsorption on to the substrate occurs w ith an equi lib
rium constant a,, and physisorption on to the overlaying layers 
already present occurs with an equ ilibrium constant a,. 

a ted value at high pressures, it can be expected to rise 
indefinitely as more and more molecules condense 
on to the surface, just like water vapour can con
dense indefinitely on to the surface of liquid water. 
The most widely used isotherm dealing with multi
layer adsorption was derived by Stephen Brunauer, 
Paul Emmett, and Edward Teller, and is called the 
BET isotherm: 

v cz 
vmon (1- z)(1- (1- c)z} 

with z= _p_ 
p* 

BET isotherm (6) 

In this expression, P* is the vapour pressure above 
a layer of adsorbate that is more than one molecule 
thick and can therefore be taken to be the vapour 
pressure of the bulk liquid, vmon is the volume corres
ponding to monolayer coverage, and c = o;.ubmm/ O:tiquid, 

where o;.ubmato refers to adsorption on to the substrate 
and o:liquid refers to physisorption on to the overlaying 
layers already present (Fig. 7). 

Figure 8 illustrates the shapes of BET isotherms. At 
low pressures, the dominant effect is monolayer ad
sorption, so the BET isotherm is expected to resemble 
the Langmuir isotherm. Indeed, when p << P*, so 
z<< 1, 

v cz 
(1- z) (1- z+ cz) 
~......,.._. 

· 1 · 1 

cz 
1+cz (7) 

which has the form of the Langmuir isotherm. As the 
pressure is increased, though, multilayer coverage 
becomes important and the extent of coverage rises 
without limit. A BET isotherm is not accurate at all 
pressures, but it is widely used in industry to deter
mine the surface areas of solids. 
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Fig. 8 Plots of the BET isotherm for different va lues of c. The 
va lue of VNmoo rises indefinitely because the adsorbate may 
condense on the covered subst rate surface. 

61.3 Mechanisms of surface
catalysed reactions 

A solid acts as a heterogeneous catalyst for certain 
gas-phase reactions by providing a surface to which 
a reactant can attach by chemisorption. For example, 
hydrogen molecules may attach as atoms to a nickel 
surface and these atoms react much more readily with 
another species (such as an alkene) than the original 
molecules. The chemisorption step therefore results 
in a new reaction pathway with a lower activation 
energy than in the absence of the catalyst. Note that 
chemisorption is normally required for catalytic ac
tivity: physisorption might precede chemisorption 
but is not itself sufficient. 

In the Langmuir-Hinshelwood mechanism of sur
face-catalysed reactions, the reaction takes place by 
encounters between molecular fragments and atoms ad
sorbed on the surface. The rate law is then expected to be 
overall second-order in the extent of surface coverage: 

Langmuir
Hinshelwood 
rate law 

(8) 

Insertion of the appropriate isotherms for A and B 
then gives the reaction rate in terms of the partial 
pressures of the reactants. For example, if A and B 
follow the co-adsorption isotherms given in eqn 5, 
then the rate law can be expected to be 

Langmuir isotherm for A Langmuir isotherm for B 
,....--"------ ,....--"------

Rate= k x aApA x aBpB 
' (1+aApA +aBpB) (1+aApA +aBpB) 

(9) 
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The parameters a in the isotherms and the rate con
stant k, are all temperature dependent, so the overall 
temperature dependence of the rate may be strongly 
non-Arrhenius, in the sense that the reaction rate is 
unlikely to be proportional to e - E,IRT. The Langmuir
Hinshelwood mechanism is dominant for the catalytic 
oxidation of CO to C02 on the surface of platinum. 

In the Eley-Rideal mechanism of a surface-cat
alysed reaction, a gas-phase molecule collides with 
another molecule already adsorbed on the surface. 
We can therefore expect the rate of formation of 
product to be proportional to the partial pressure, pB, 
of the non-adsorbed gas B and the extent of surface 
coverage, eA, of the adsorbed gas A. It follows that 
the rate law should be 

Eley-Rideal 
rate law 

(10) 

If the adsorption isotherm for A is known, then it is 
possible to express the rate law in terms of its partial 
pressure, PA· For example, if the adsorption of A fol
lows a Langmuir isotherm, eA = aAPA/(1 + aAPA), in the 
pressure range of interest, then the rate law would be 

Rate= k,ap APB 
1+aApA 

(11) 

If A were a diatomic molecule that adsorbed disso
ciatively as atoms, then the isotherm given in eqn 4 
should be used instead. 

According to eqn 11, when the partial pressure of 
A is high (in the sense ap »1) there is almost com
plete surface coverage, and 

Now the rate-determining step is the collision of B 
with the adsorbed fragments. When the pressure of 
A is low ( ap << 1 ), perhaps because of its reaction, 
the rate is equal to k,aPAPB; now the extent of surface 
coverage, which depends on pA, is important in the 
determination of the rate. 

Almost all thermal surface-catalysed reactions 
are thought to take place by the Langmuir-Hinshel
wood mechanism, but a number of reactions with 
an Eley-Rideal mechanism have also been identified 
from molecular-beam investigations. For example, 
the reaction between H(g) and D(ad) to form HD(g) 
is thought to be by an Eley-Rideal mechanism in
volving the direct collision and pick-up of the ad
sorbed D atom by the incident H atom. However, the 
two mechanisms should really be thought of as ideal 
limits, and all reactions lie somewhere between the 
two and show features of both. 
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Checklist of key concepts 

0 1 Techniques for studying surfaces include scanning 
tunnelling microscopy (STM) and atomic force mi

croscopy (AFM). 

0 2 Adsorption is the attachment of molecules to a sur

face; the reverse of adsorption is desorption. 

0 3 The substance that adsorbs is the adsorbate and 

the underlying material is the adsorbent or sub

strate. 

0 4 The fractional coverage, e, is the ratio of the number 

of occupied sites to the number of available sites. 

05 Physisorption is adsorption by a van der Waals 

interaction. 

06 Chemisorption is adsorption by formation of a 

chemical (usually covalent) bond. 

0 7 The variation of fractional coverage with pressure 

at a chosen temperature is called the adsorption 

isotherm. 

08 In the Langmuir-Hinshelwood mechanism of sur

face-catalysed reactions, the reaction takes place 

by encounters between molecular fragments and 

atoms adsorbed on the surface. 

09 In the Eley-Rideal mechanism of a surface-cata

lysed reaction, a gas phase molecule collides with 

another molecule already adsorbed on the surface. 



FOCUS 6 Chemical kinetics 

Exercises 

Topic 6A Empirical chemical kinetics 

6A.1 The molar absorption coefficient of cytochrome P450. 

an enzyme involved in the breakdown of harmful substances 
in the liver and small intestine. at 522 nm is 291 dm3 mol-' 
em·'. When light of that wavelength passes through a cell of 

length 6.5 mm conta ining a solution of the solute. 39.8 per 
cent of the light was absorbed. What is the molar concentra

t ion of the solute? 

Topic 68 Rate laws 

68.1 The rate law for a reaction was reported as v= k,[A][B][CJ 

with the molar concentrations in moles per cubic decimetre 

and the time in seconds. What are the units of k,? 

68.2 What are the units of the rate constants in the rate law 

v= k,,[A][BJ/1 1 + k"' [BJ) when the concentrations are in moles 

per cubic decimetre? 

68.3 What are the units of the rate constants in the rate law 

v= k,1p8pA312/(pA+ k;2p8 ) when the partial pressures are in kilo

pascals and the rate is expressed in kilopascals per second? 

Topic 6C Integrated rate laws 

6C.1 The half-life of a first-order reaction was found to be439 s; 

what is the rate constant for the reaction? 

6C.2 In a study of the alcohol dehydrogenase cata lysed 

oxidation of ethanol. the molar concentration of ethanol 
decreased in a first-order reaction from 220 mmol dm-3 to 
56.0 mmol dm-3 in 1.22 x 104 s. What is the rate constant of 

the reaction? 

6C.3 The elimination of carbon dioxide from pyruvate ions by 
a decarboxylase enzyme was monitored by measuring the 
partial pressure of the gas as it was formed. In one experi

ment. the partial pressure increased from zero to 100 Pa in 
422 s in a fi rst-order reaction. What is the rate constant of 

the reaction? 

6C.4 The formation of NOCI from NO in the presence of a 
large excess of chlorine is pseudosecond-order in NO. In an 

experiment to study the reaction. the partia l pressure of NOCI 

6A.2 The rate of formation of C in the reaction 2 A + B --> 
4 C + 3 D is 3.2 mol dm-3 s·'. State the rates of formation and 

consumption of A. B. and D. 

6A.3 Equation 2a defines the unique rate of a reaction. Write 

expressions for vfor each of the species in the reaction 2 A+ 

B --> 4 C + 3 D. What is the value of v given the rate of forma
tion of C is 3.2 mol dm-3 s·' ? 

68.4 The rate constant for a gas-phase reaction was reported 
as 6.2 x 10-14 cm3 molecule_, s· ' at 298 K. What wou ld its 

value be in cubic decimetres per mole per second? 

68.5 The fol lowing rate law was established in a series of 

experiments: 

k,,[A][BJ 
v = k,

2 
+ k,

3 
IBI112 

Identify the conditions under which the reaction can be clas

sified by its order. 

increased from zero to 100 Pa in 522 s. What is the rate con

stant of the reaction? 

6C.5 A number of reactions that take place on the surfaces 

of cata lysts are zeroth order in the reactant. One example is 
the decomposition of ammonia on hot tungsten. In one ex

periment. the partial pressure of ammonia decreased from 
21 kPa to 10 kPa in 770 s. (a) What is the rate constant for 

the zeroth-order reaction? (b) How long will it take for all the 

ammonia to disappear? 

6C.6 The rate constant for the gas-phase decomposition of 

azomethane. CH3N2CH3• to form ethane. C2H6• and nitrogen. 
N2• is k, = 3.6 x 10-4 s·' at 25 oc. How does the tota l pressure 

of a sample of azomethane change with t ime as it decom

poses? 

6C.7 The ha lf-l ife of pyruvic acid in the presence of an amino

transferase enzyme (wh ich converts it to alanine) was found 



308 FOCUS 6 CHEM ICAL KINETICS 

to be 221 s. How long wi ll it take for the concentration of 

pyruvic acid to fal l to 1
/ 64 of its in it ial va lue in th is first-order 

react ion? 

6C.8 The half-life for the (fi rst-order) radioactive decay of 14C 
is 5730 a (1 a is the Sl unit 1 annum, for 1 year); the nuclide 

em its ~ particles, high-energy electrons, w ith an energy of 
0.16 MeV). An archaeolog ica l sample conta ined wood that 

had on ly 69 per cent of the 14C found in living t rees. What is 
its age? 

6C.9 One of the hazards of nuclear explosions is the gen

eration of 90Sr and its subsequent incorporation in place of 

calcium in bones. Th is nucl ide emits ~ particles of energy 
0.55 MeV. and has a half-l ife of 28.1 a. Suppose 1.00 ~g was 

absorbed by a newly born ch ild. How much wi ll remain after 
(a) 19 a, (b) 75 a if none is lost metabolica lly? 

6C.10 The second-order rate constant for the reaction 

CH 3COOC2H5(aq) + OH-(aq)--'> CH3CO,-(aq) + CH3CH20H(aq) 

is 0.11 dm3 mol_, s-1
. What is the concentration of ester after 

(a) 15 s, (b) 15 m in when ethyl acetate is added to sod ium 

hydroxide so that the in it ial concentrations are [NaOHJ 
0.055 mol dm-3 and [CH3COOC2H5J = 0.150 mol dm-3? 

6C.11 A reaction 2 A--'> P has a second-order rate law w ith k, = 

1.44 dm3 mol_, s-1
. Calculate the t ime requ ired for the concen

tration of A to change from 0.460 mol dm-3 to 0.046 mol dm-3 . 

6C.12 The rate constant for the fi rst-order decomposition of 

N20 5 in the reaction 2 N20 5(g) --'> 4 N02(g) + 0 2(g) w ith v = 

k,[N 20 5J is k, = 3.38 x 10-5 s-1 at 25 oc. What is the ha lf- life of 

N20 5? What w ill be the tota l pressure, init ial ly 78.4 kPa for the 
pure N20 5 vapour, (a) 5.0 s, (b) 5.0 m in after init iation of the 

reaction? 

Topic 60 The temperature dependence of reaction rates 

60.1 Calcu late the rate constant for the second-order gas

phase react ion between ch lorine atoms, Cl, and hydrogen 
molecules, H2, given the frequency factor, A= 8.1 x 10-10 mol-1 

dm3 s-1 and activation energy E, = 23 kJ mol-1
. 

60.2 The Arrhen ius parameters for the gas-phase decom
posit ion of cyclobutane, C4H8(g)--'> 2 C2H4(g). are log(A/s-1

) = 

15.6 and E, = 261 kJ mol-1• What is the ha lf- life of cyclobutane 
at (a) 20 °C, (b) 500 oc? 

60.3 A rate constant is 2.78 x 10-4 dm3 mol-' s-1 at 19 oc 

and 3.38 x 10-3 dm3 mol-' s-1 at 37 oc. Evaluate the Arrhenius 

parameters of the reaction. 

60.4 The activation energy for the decomposit ion of ben

zene diazon ium chloride is 99.1 kJ mol-1
• At what temperatu re 

w ill the rate be 10 per cent greater than its rate at 25 oc? 

60.5 Which react ion responds more strongly to changes of 
temperature, one with an activation energy of 52 kJ mol-1 or 

one with an activation energy of 25 kJ mol-1? 

60.6 The rate constant of a react ion increases by a factor of 
1.41 when the temperature is increased from 20 oc to 27 oc. 

What is the activation energy of the reaction? 

Topic 6E The approach to equilibrium 

6E.1 The equil ibrium constant for the attachment of a sub

strate to the active site of an enzyme was measured as 200. 
In a separate experiment, the rate constant for the second
order attachment was found to be 1.5 x 108 dm3 mol-1 s-1. 

What is the rate constant for the loss of the unreacted sub

strate from the active site? 

6E.2 In a temperature-jump experiment to investigate the 

kinetics of an isomerization reaction that is first-order in both 

60.7 Food rots about 40 t imes more rapidly at 25 oc than 

when it is stored at 4 oc. Estimate the overa ll activation en

ergy for the processes responsible for its decomposition. 

60.8 Suppose that the rate constant of a react ion de
creases by a factor of 1.23 when the temperature is in
creased from 20 oc to 27 oc. What is the activation energy 

of the reaction? 

60.9 Calculate the activation energy for a react ion for wh ich 
(a) 10-3 and (b) 1o-• of the coll is ions occur w ith sufficient kin

etic energy for react ion at a temperatu re of 200 oc. 

60.10 The coll ision cross section for methyl rad icals is 
2.62 nm2 Use coll ision theory to estimate the Arrhenius fre

quency factor for the reaction CH3(g) + CH3 (g) --'> C2H6(g) at 

298 K. Why might the measured value be rather lower than 

that calcu lated? 

60.11 Suppose a reactant needs to come to w ith in 500 pm 

of a reactant with low ionization energy before an electron 
can f lip across from one to the other (as in the harpoon mech

an ism). Estimate the react ion cross-section. 

directions, the relaxation t ime was measured as 27.6 IJ.S. 
The rate constant for the forward react ion is known to be 
12.4 ms-1

. Ca lcu late the rate constant for the reverse reaction. 

6E.3 The half- lives for the forward and backward reac

t ions of a reaction that is first-orde r in both directions are 

24 ms and 39 ms respect ively. Calculate the correspond ing 
re laxation time for return to equi librium after a temperature 

jump. 



Topic 6F Reaction mechanisms 

6F.1 Two radioactive nuclides decay by successive first-order 

processes: X ~ Y ~ Z. The times are half-l ives 

in days. Suppose thatY is an isotope that is requ ired formed

ica l appl ications. At what time after X is fi rst formed w ii iY be 

most abundant? 

6F.2 Two products are formed in reactions in wh ich there 
is kinetic control of the ratio of products. The activation en

ergy for the reaction leading to Product 1 is greater than 

Topic 6G Reactions in solution 

6G.1 Calculate the magnitude of the diffusion-control led rate 

constant at 298 K for a species in (a) water, (b) pentane. The 
viscosit ies are 1.00 x 10-3 kg m-1 s-1 and 2.2 x 10-4 kg m-1 s-1

• 

respectively. 

6G.2 What is (a) the flux of nutrient molecules down a con

centration gradient of 0.10 mol dm-3 m-1, (b) the amount of 

molecules (in moles) passing through an area of 5.0 mm2 in 

1.0 m in? Take for the diffusion coefficient the value for su
crose in water (5.22 x 10-10 m 2 s-1). 

6G.3 How long does it take a sucrose molecule in water at 

Topic 6H Homogeneous catalysis 

6H.1 Calcu late the ratio of rates of catalysed to non-catalysed 

react ions at 37 oc given that the activation energy for a par
t icu lar react ion is reduced from 150 kJ mol-' to 15 kJ mol-1

. 

6H.2 The enzyme-catalysed conversion of a substrate at 

25 oc has a Michael is constant of 0.045 mol dm-'- The rate 
of the reaction is 1.15 mmol dm-3 s-1 when the substrate 

concentration is 0.110 mol dm-3 . What is the maximum vel

ocity of this reaction? 

6H.3 The enzyme-catalysed conversion of a substrate at 
25 oc has a Michael is constant of 0.015 mol dm-3 . and a max-

Topic 61 Heterogeneous catalysis 

61.1 A monolayer of CO molecules is adsorbed on the sur

face of 1.00 g of an Fe/AI20 3 catalyst at 77 K, the boiling point 
of liquid nitrogen. Upon warming, the carbon monoxide occu

pies 4.25 cm3 at 0 oc and 1.00 bar. What is the surface area 

of the catalyst? 

61.2 The adsorption of a gas is described by the Langmuir 
isotherm w ith a= 1.85 kPa-1 at 25 oc. Calcu late the pres-
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that lead ing to Product 2. Wi ll the rat io of product concen

trations [P11/[P2] increase or decrease if the temperatu re is 

raised? 

6F.3 The effective rate constant for a gaseous reaction which 
has a Lindemann mechanism is 2.50 x 10-4 s-1 at 1.30 kPa and 

2.10 x 10-5 s- 1 at 12 Pa. Calculate the rate constant for the 

activation step in the mechan ism. 

25 octo diffuse along a single dimension by (a) 10 mm. (b) 10 em, 

(d) 10m from its starting point? 

6G.4 Pollutants spread through the environment by convec

tion (winds and cu rrents) and by diffusion. How many steps 

must a molecule take to be likely to be found 1000 step 
lengths away from its orig in if it undergoes a one-dimensional 

random walk? 

6G.5 The viscosity of water at 20 oc is 1.0019 mN s m-2 and 

at 30 oc it is 0. 7982 mN s m-2 What is the activation energy 

for the motion of water molecules? 

imum velocity of 4.25 x 10-4 mol dm-3 s-1 when the enzyme 

concentration is 3.60 x 10-9 mol dm-3
. Calculate ko,. and the 

catalytic efficiency ry. Is the enzyme 'cata lytica lly perfect'? 

6H.4 The enzyme urease cata lyses the reaction in which 

urea is hydrolysed to ammonia and carbon dioxide. The 
half-life of urea in the pseudofirst-order react ion for a cer

tain amount of urease doubles when the temperature is 
lowered from 20 oc to 10 oc and the Michaelis constant 

is largely unchanged. What is the activation energy of the 

reaction? 

sure at which the fract iona l surface coverage is (a) 0.10 and 

(b) 0.90. 

61.3 The chemisorption of hydrogen. H2, on copper powder 
at 25 oc fo llows the Langmuir isotherm with a= 3.67 kPa-1

. 

Calculate the fractiona l surface coverage if the pressure of 
hydrogen gas is (a) 20 Pa and (b) 200 Pa. 
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Discussion questions 

6.1 Consult literature sources and list the observed ranges of 

t imescales during which the fol lowing processes occur: proton 
transfer reactions. electron transfer events between complex 

ions in solution. harpoon reactions. and collisions in liquids. 

6.2 What information can be extracted from the determin

ation of the rate of a chemical reaction under different con

dit ions? 

6.3 Describe the main features. including advantages and 

disadvantages. of the fo llowing experimenta l methods for 

determining the rate law of a reaction: the isolation method. 

the method of initial rates. and f itting data to integrated rate 
law expressions. 

6.4 Distinguish between zeroth-order. first-order. second

order. and pseudofi rst-order reactions; under what cond it ions 

can the apparent order of a reaction change? 

6.5 Define the te rms in. and limit the general ity of. the ex

pression In k, = In A- E) RT; w hy might there be deviations 

from the Arrhenius expression? 

6.6 State. explain. and justify the steady-state approxima
t ion. 

6.7 Describe the formu lation of the Eyring equation; in what 

sense is it superior to the coll ision theory of reaction rates? 

6.8 Sketch. without carrying out the ca lcu lation. the variation 

of concentration with time for the approach to equ il ibrium 
when both forward and reverse reactions are second-order. 

Problems 

The symbol t indicates that calculus is required. 

6.1 The following initial-rate data were obtained on the rate 

of bind ing of glucose w ith the enzyme hexokinase (obtained 

from yeast) present at a concentration of 1.34 mmol dm-3
. 

What is (a) the order of reaction with respect to glucose. (b) 

the rate constant? 

[C6H120 6]/(mmol dm-3) 

vJ (mol dm-3 s-1
) 

1.00 

5.0 

1.54 3.1 2 

7.6 15.5 

4.02 

20.0 

6.2 The following data were obtained on the initial rates of 
a reaction of a d-metal complex in aqueous solution . What 

is (a) the order of reaction with respect to the complex and 
the reactant Y. (b) the rate constant? For the experiments 

(a) [Y] = 2 . 7 mmol dm-3 and for experiments (b) ]Y] = 6.1 mmol 
dm-3 

[complex]/ (mmol dm-3) 

v/(mol dm-3 s-1
) (a) 

(b) 

8.01 9.22 

125 144 

640 730 

12.11 

190 

960 

How does your graph differ from that shown for a react ion 
that is first-order in both directions? 

6.9 Assess the va lid ity of the fol lowing statement: the rate

determining step is the slowest step in a reaction mech

anism. 

6.10 Specify the pre-equil ibrium and steady-state approxi
mations and expla in why they might lead to different conclu

sions. 

6.11 Distingu ish between kinetic and the rmodynamic con

trol of a reaction. Suggest criteria for expecting one rather 
than the other. 

6.12 Why may some gas-phase reactions show fi rst-order 

kinetics? 

6.13 Discuss the featu res. applications. and limitations of 
the Michaelis-Menten mechanism of enzyme action . 

6.14 Explain and justify the assumptions that are used to de

rive the Langmuir isotherm . 

6.15 Demonstrate that the BET isotherm describes mult i

layer adsorption. showing that it behaves in the manner that 
you would expect on physical grounds as the various param

eters are changed . 

6.16 Describe the essential features of the Langmui r- Hin
shelwood and Eley- Rideal mechanisms for surface-catalysed 

reactions. How can they be tested experimental ly? 

6.3 The fol lowing kinetic data (v0 is the in it ial rate) were ob
tained for the react ion 2 ICI(g) + H2(g) ~ 12(g) + 2 HCI(g) : 

Experiment [ICI]of [H,]of vof(mol 
(mmoldm-3) (mmol dm-3) dm-3 s-1) 

1. 5 1. 5 3.7 X 10-7 

2 3.0 1. 5 7.4x 10-7 

3 3.0 4 .5 22 X 10-7 

4 4.7 2.7 

(a) W rite the rate law for the reaction . (b) From the data. de

termine the va lue of the rate constant. (c) Use the data to 

pred ict the reaction rate for Experiment 4 . 

6.4 The variation in the partial pressure p of mercury 

dimethyl w ith t ime was fol lowed at BOO K. w ith the re

sults given in the table. Confirm that the decomposit ion 
Hg(CH3)2(g) ~ Hg(g) + 2 CH3(g) is f irst-order in Hg(C H3)2 and 

find the rate constant at this temperature. 



tis 0 

p/kPa 15.1 

1.0 

11.8 

2.0 

9.21 

3.0 

72 

4.0 

5.6 

6.5 The following data were collected for the reaction 
2 Hl(g) ---7 H2(g) + 12(g) at 580 K: 

tis 0 1000 2000 3000 4000 

[HI[/(mol dm-3) 1.00 0.112 0.061 0.041 0.031 

(a) Plot the data in an appropriate fashion to determine the 
order of the reaction. (b) From the graph, determine the rate 
constant 

6.6 The following data were collected for the reaction H,(g) + 
l2(g) ---7 2 H l(g) at 780 K: 

tis 0 

[H IJ/(mol dm-3) 0.43 

2 

0.27 

3 

0.2 

4 

0.16 

(a) Plot the data in an appropriate fashion to determine the 
order of the reaction . (b) From the graph, determine the rate 
constant 

6.7 Laser flash photolysis is often used to measure the 
binding rate of CO to haem proteins, such as myoglobin 
(Mbl. because CO dissociates from the bound state rela
tively easily upon absorption of energy from an intense 
and narrow pulse of light The reaction is usually run under 
pseudofirst-order conditions. For a reaction in which [Mb)0 = 
10 mmol dm-3, [COl = 400 mmol dm--3, and the rate constant 
is 5.8 x 105 dm3 mol-' s-1, plot a curve of [Mbl against time. 
The observed reaction is Mb +CO ---7 MbCO. 

6.8 The integrated rate law of a second-order reaction of the 
form 3 A ---7 B is [A),= [A)o/(1 + k,t!A)0). How does the concen
tration of B change with time? 

6.9 The composition of a liquid phase reaction 2 A ---7 B was 
followed spectrophotometrically with the following results: 

tim in 0 10 20 30 40 

[BJ/(mol dm-3) 0 0.372 0.426 0.448 0.460 0.500 

Determine the order of the reaction and its rate constant 

6.10 Make an appropriate Arrhenius plot of the following data 
for the conversion of cyclopropane to propene and hence cal
culate the activation energy for the reaction . 

T/K 750 BOO 850 900 

k/s-' 1.8 x 104 2.7 X 10-3 3.0 X 10-2 0.26 

6.11 The rate constant for the gas-phase reaction of ethene 
and hydrogen, C2H4(g) + H2(g) ---7 C2H6(g). was measured at 
different temperatures. Use the following va lues to deter
mine the values of Arrhenius parameters. 

T/K 1000 1200 1400 1600 

k,/(mol-1 8.35 X 10-lO 3.08 X 10-B 4.06 X 10-7 2.80 X 10-<l 

dm3 s-'1 

6.12 The activation energy for the reaction 2 N02(g) ---7 
2 NO(g) + 0 2(g) is 111 kJ mol-1. What proportion of the 
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collisions between N02 molecules have enough energy tore
sult in reaction when the temperature is (a)20 oc. (b)200 °C? 
Use collision theory to estimate the pre-exponential factor for 
the reaction. The experimental value is 2 x 109 dm3 mol-' s-1

• 

Suggest a reason for any discrepancy. 

6.13 The pseudofirst-order rate constant for the decompos
ition of urea, CO(NH2)(aq) + 2 H,O(I)---7 2 NH; (aq) + C03

2-(aq). 
is 1.2 x 10-7 s-1 at 60 °C and 4.6 x 10-7 s-1 at 70 oc. Estimate 
(a) the activation Gibbs energy and (b) the entropy of activa
tion of the reaction. 

6.14 Show, following the method used in Justification 6E.2, 
that for a reaction of the form A+ B ---7 C + D, the relaxation 
t ime is -r= k,([AJ + IBII + k;([CJ +[D)) . 

6.15 The equilibrium NH3(aq) + H20 (I) ~ NH; (aq) + OH-(aq) 
at 25 oc is subjected to a temperature jump which slightly 
increased the concentration of NH; (aq) and oH-(aq). The 
measured relaxation time is 7.61 ns. The equilibrium constant 
for the system is 1.78 x 10-5 at 25 oc. and the equilibrium con
centration of NH3(aq) is 0. 15 mol dm-3

. Calculate the rate con
stants for the forward and reverse steps. 

6.16 The reaction mechanism 

A, ~ A+A (fast) 

A+ B ---7 P (slow) 

involves an intermediate A. Deduce the rate law for the for
mation of P. 

6.17 Deduce the rate law for a reaction with the following 
mechanism, where M is an inert species, and identify any ap
proximations you make. Suggest an experimental procedure 
that may either support or refute the mechanism. 

A+M---?A*+M 

A*+M---7A+M 

A*---?P 

Rate of formation of A* = k,[A)[MJ 

Rate of deactivation of A* = k; [A *][MJ 

Rate of formation of P = k,[A *I 

6.18 Deduce the rate law for a reaction with the mechanism 
specified in the preceding exercise but in which A, as well as 
M, can also participate in the activation of A and the deacti
vation of A*. Suggest an experimental procedure that may 
either support or refute the mechanism. 

6.19 The conversion of hypochlorite ions, Clo-. to chlorate 
ions, CI03- , in aqueous solution proceeds by a two-step 
mechanism: 

(11 CIO- +CI0- ---7CI02- +CI

(2) CIO,- + CIO- ---7 CI03- + Cl-

The rate of formation of chlorate ions is found to depend 
upon the square of the concentration of hypochlorite ions. (a) 
Write an equation for the overall reaction. (b) Identify the rate
determining step in the mechanism. 

6.20 The mechanism for the reaction between 2-chloroethanol, 
CH 2CICH20H, and hydroxide ions in aqueous solution to form 
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ethylene oxide, (CH 2CH 2)0, is thought to consist of two steps 

(1) CH 2CICH20H + OH-~CH2CICH20- + H20 fast 

(2) CH 2CICH,o -~ (CH 2CH 2)0 + o-slow 

Show that, for this mechanism, the rate of formation of 
ethylene oxide is 

Rate= k2 K]CH 2CICH 20HJ[OH-I 

where K is the equi librium constant for the first step and k2 is 

the rate constant for the second step. 

6.21 The following mechanism has been proposed for the 

decomposition of ozone in the atmosphere: 

(1) OJ ~ 0 2 + 0 and its reverse (k,, k{) 

(2) 0 +OJ ~ 0 2 + 0 2 (k2 ; the reverse reaction is negli-
gibly slow) 

Use the steady-state approximation, with 0 treated as the 

intermediate, to find an expression for the rate of decompos
ition of OJ. Show that if step 2 is slow, then the rate is second

order in OJ and -1 order in 0 2. 

6.22 Consider the following mechanism for formation of a 

double hel ix from its strands A and B: 

A+ B ~ unstable helix (fast) 

unstable helix ~stable double helix (slow) 

Derive the rate equation for the formation of the double helix 
and express the rate constant of the reaction in terms of the 

rate constants of the individual steps. What would be your 

conclusion if the pre-equilibrium assumption was replaced by 
the steady-state approximation? 

6.23* Confirm, by differentiation, that the expressions given 

in Section 6F.3 for the concentrations of the reactant, inter

mediate and product ()AI. Ill. and IPI. respectively) are correct 

solutions of the rate laws for consecutive first-order reactions. 

6.24 The condensation reaction of acetone, (CHJ)2CO (pro

panone). in aqueous solution is catalysed by bases, B. which 

react reversibly with acetone to form the carbanion CJH50 -. 

The carbanion then reacts with a molecule of acetone to give 

the product. A simplified version of the mechanism is 

(1) AH+B~BW+A

(2) A- +BH+~AH+B 

(3) A- + HA ~ product 

where AH stands for acetone and A- its carbanion. Use the 
steady-state approximation to find the concentration of the 

carbanion and derive the rate equation for the formation of 
the product. 

6.25 Michaelis and Menten derived their rate law by assuming 
a rapid pre-equilibrium of E, S, and ES. Derive the rate law in this 

manner, and identify the conditions under which it becomes the 

same as that based on the steady-state approximation. 

6.26 The following results were obtained for the action of 

an ATPase on ATP at 20 oc. when the concentration of the 
ATPase is 20 nmol dm-3: 

IATPI/(IJ.mol dm-J) 0.60 0.80 1.4 2.0 3.0 

v/(IJ.mol dm-J s-1) 0.81 0.97 1.30 1.47 1.69 

Determine the Michaelis-Menten constant, the maximum 

velocity of the reaction, and the maximum turnover number 
of the enzyme. 

6.27 The enzyme serine hydroxymethyltransferase (SHMT) 

catalyses the conversion of serine into glycine. The following 

table gives the initia l rates, v0, for the SH MT-catalysed re

action of the substrate serine at various concentrations of 
serine, lSI. 

ISI/(mmol dm-3) 10 

vof(IJ.mol dm-3 s-1) 1.63 

20 30 

2.94 4.10 

40 

4.95 

Use the data to determine the values of the Michaelis

Menten constant, the maximum velocity of the reaction, and 
the maximum turnover number of the enzyme. 

6.28 The data be low are for the chemisorption of hydrogen 

on copper powder at 25 °C. Confirm that they fit the Langmuir 
isotherm at low coverages. Find the value of a for the adsorp

tion equil ibrium and the adsorption volume corresponding to 

complete coverage. 

p/Pa 25 129 253 540 1000 1593 

WcmJ 0.042 0.163 0.221 0.321 0.411 0.471 

6.29 Hydrogen iodide is very strongly adsorbed on gold but 

only slightly adsorbed on platinum. Assume the adsorption 

follows the Langmuir isotherm and predict the order of the HI 

decomposition reaction on each of the two metal surfaces. 

6.30 Suppose you wanted to achieve a certain surface 
coverage of an adsorbate that dissociates. By rearranging the 

expression for the Langmuir isotherm for adsorption with dis

sociation, deduce how p depends on e. 

6.31 Suppose that an ozone molecule dissociates into three 
oxygen atoms when it adsorbs to a surface. Deduce the cor
responding isotherm. 

6.32 Confirm that the adsorption isotherms for two react

ants A and B that compete for the same sites on a surface is 
given by the Langmuir isotherm w ith co-adsorption. 

6.33 The data for the adsorption of ammonia on barium 

fluoride at 0 °C, when p* = 429.6 kPa, are reported below. 
Confirm that they fit a BET isotherm and find va lues of c 
and v mon· 

p/kPa 14.0 

V/cmJ 11.1 

37.6 

13.5 

65.6 

14.9 

79.2 

16.0 

82.7 100.7 106.4 

15.5 17.3 16.5 

6.34 According to the Langmuir-Hinshelwood mechanism of 

surface-catalysed reactions, the rate of reaction between A 

and B depends on the rate at which the adsorbed species 
meet. (a) Write the rate law for the reaction according to this 

mechanism. (b) Find the limiting form of the rate law when 

the partial pressures of the reactants are low. (c) Could this 

mechanism ever account for zeroth-order kinetics? 



Projects 

The symbol t indicates that calculus is required. 

6. H Here you are invited to explore integrated rate laws in 
more detail. (a) Derive the integrated form of a third-order rate 

law of the form v= k,[A[3
. What would be appropriate to plot 

to confirm that a reaction is third order? (b) Establish the inte

grated form of a second-order rate law of the form v= k,[A[B[ 

for a reaction A+ B--> products (i) with different initial concen
trations of A and B, (ii) wi th the same concentrations of the 

two reactants. Start by expressing the rate law in the form 

dx = k, ([AJ
0 - x)([BJ

0 - x) 
dt 

where x= [AJ0 - [AI = [8 [0 - [BJ. Then use the standard integral 

I dx 
(a-x)(b-x) 

1 ( 1 1 ) -- In---In-- +constant 
b-a a-x b-x 

6.2 Prebiotic reactions are reactions that might have oc

curred under the conditions prevalent on the Earth before the 

f irst living creatures emerged and that can lead to analogues 
of molecules necessary for life as we now know it. To qualify, 

a reaction must proceed with a favourable rate and have a 

reasonable value for the equilibrium constant. An example 
of a prebiotic reaction is the formation of 5-hydroxymethyl

uracil (HMU) from uracil and formaldehyde (HCHO). Amino 

acid analogues can be formed from HMU under prebiotic 

conditions by reaction with various nucleophiles, such as 

H2S, HCN, indole, imidazole, etc. For the synthesis of HMU 

at pH = 7. the temperature dependence of the rate constant 

is given by 

log k,/(dm3 mol-' s-1) = 11.75- 5488/(77K) 

and the temperature dependence of the equilibrium constant 

is given by 

log K = -1.36 + 1794/(77K) 

(a) Calculate the rate constants and equilibrium constants 

over a range of temperatures corresponding to possible pre

biotic conditions, such as 0-50 oc. and plot them against tem

perature. (b) Calculate the activation energy and the standard 
reaction Gibbs energy and enthalpy at 25 oc. (c) Prebiotic 

conditions are not likely to be standard conditions. Speculate 

about how the actual values of the reaction Gibbs energy and 

enthalpy might differ from the standard values. Do you expect 

that the reaction would still be favourable? 

6.3 t Here you are invited to explore in more detail the kinetic 
analysis of a reaction approaching equilibrium. (a) Confirm by 

differentiation that the expressions for the concentrations of 

A and Bat time t. [AJ , and [BJ ,, are 

(k' + k e- lk,+k(lr)[AJ 
IAJ = ' ' 0 

t kr +k: 

PROJECTS 313 

are the correct solutions of the rate laws for approach to equi
librium. (b) Now consider the more general case when some 

B is present initially. Use the approach in Justification 6E.1 to 

find expressions for [AJ, and [BJ,. Confirm that the solutions 
you f ind reduce to those above when [8[0 = 0. 

6.4 Some reactions proceed through a chain mechanism in

volving radicals, which are highly reactive species with one 
or more unpaired electrons. The radicals are produced in ini

tiation steps, through either thermal or photodissociation. 

Reactions in which the radical centre is transferred are called 
propagation steps. The radicals are lost in termination steps. 

Consider the following chain mechanism: 

(1) AH -->A+ H· 

(2) A --> B· + C 

(3) AH + B· -->A+ D 

(4) A+ B· --> P 

(a) Identify the initiation, propagation, and termination steps. 

(b) Use the steady-state approximation to deduce that the de

composition of AH is f irst-order in AH. 

6.5 The reaction of hydrogen and bromine, H2(g) + Br 2(g)--> 
2 HBr(g). occurs through a radical mechanism. The individual 

steps may be written as 

Br2 --> Br + Br k, 

Br+H2 -->H+HBr kb 

H + Br2 --> Br+ HBr k, 

H + HBr --> H2 + Br k, 

Br+Br+M-->Br2 +M k, 

(a) Deduce the expressions for the steady-state concentra

tions [Brl and [HI from the expressions for the net rates of 
formation of H and Br. (b) By combining these expressions, 

show that the rate of formation of HBr is 2kb(k,/ko)' 12 [H21 
[Br2[

312/{[Br21 + (k,/ko)}. (c) What are the orders of the reaction 
(with respect to each species) when the concentration of H Br 

is (i) very low, (ii) very high? Suggest an interpretation in each 

case. 

6.6 There are different ways to represent and analyse data 
for enzyme-catalysed reactions . The text shows how the ex

pression derived by Michaelis and Menten for the reaction 
rate may be rearranged into linear form as a Lineweaver

Burk plot of 1/v against 1/[SJ. (a) Show, by rearranging the 
expression in a different way, that an Eadie-Hofstee plot 

of v/[SJ against vis also expected to be linear. Identify how 
the Michaelis constant and the maximum velocity of the re

action may be determined from such a plot. (b) In the same 
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way, show that a Hanes plot of v/[S[ against [S[ is also linear. 

Identify how the parameters may be determined from such 

a plot. The appropriately named enzyme, catalase, catalyses 
the decomposition of hydrogen peroxide, H20 2 . (c) By con

structing Lineweaver-Burk, Ead ie-Hofstee, and Hanes plots, 

use the fo llowing va lues for the rate of reaction for various 

initial concentrations of hydrogen peroxide to determine the 

va lues of the Michael is constant and the maximum velocity 

of the reaction. 

[H 20 2J/(mol dm-3
) 0.300 0.400 0.500 0.600 0.700 

v/(mol dm-3 s-1
) 4.431 4.518 4.571 4.608 4.634 



FOCUS 7 

Quantum theory 

The very currency of chemistry- the structures and properties 

of atoms and molecules-cannot be understood without a 
f irm grasp of the principal concepts of 'quantum mechanics'. 

To prepare for applying quantum mechanics to chemistry this 

Focus establishes the basic principles of quantum mechanics 

and then applies them to th ree basic types of motion, namely 
t ranslation (motion through space), rotation, and vibration. 

7 A The emergence of quantum theory 

Towards the end of the nineteenth century experimental evi

dence summarized in th is Topic showed that classica l mech

an ics, which was very successfu l at explain ing the motion 

of planets and everyday objects such as pendulums and 

projectiles, failed when it was appl ied to very smal l particles, 
such as individual atoms, nuclei, and electrons, and w hen the 

t ransfers of energy were very small. 

7A.1 The evidence for discrete energies; 7A.2 The 
evidence for radiation as particles; 7A.3 The evidence 
for particles as waves 

78 The dynamics of microscopic systems 

It took until 1926 to formulate the appropriate concepts and 

equations of quantum theory. The central concept is that 
particles spread through space like waves described math

ematica lly by a 'wavefunction', wh ich is obta ined by solving 
the 'Schrbdinger equation'. Th is Topic shows how the wave

function is interpreted. It also introduces the 'uncertainty 

principle', one of the most profound departures of quantum 

mechanics from classical mechanics. 

78.1 The Schrodinger equation; 78.2 The Born inter
pretation; 78.3 The uncertainty principle 

7C Translation 

Accord ing to quantum theory, a particle confined to a f inite 

region of space can possess only certa in discrete energies 

and the correspond ing wavefunctions. Hence, quantization 
of energy emerges as a natural consequence of solving the 

Schrbdinger equation and the cond it ions imposed on it. Th is 
Topic also introduces a striking non-classical feature of small 

particles, such as electrons and protons: thei r abi lity to pene

trate into and through regions where classical physics would 
forbid them to be found . 

7C.1 Motion in one dimension; 7C.2 Tunnelling; 
7C.3 Motion in two dimensions 

70 Rotation 

This Topic switches attention from motion in a line to 

motion first on a circle and then on the surface of a sphere, 
and by imposing certa in constra ints on the wavefunction 
shows how the energy and angu lar momentum of a ro

tating particle are quantized . The conc lusions are crucial 

to the descri ption of electrons in atoms and of rotating 

molecules. 

70.1 Rotation in two dimensions; 70.2 Rotation in 
three dimensions 

7E Vibration 

A molecule is not just a frozen, static array of atoms: all of 

them are in constant motion relative to one another. Th is 
Topic introduces the 'harmonic osci llator ', a simple but very 

important model for the description of molecu lar vibrations 
and shows that the energies of vibration are restricted to cer

tain va lues. The acceptable wavefunctions also show that the 

oscillator may be found at extensions and compressions that 
are forbidden by classica l physics. 

7E.1 The harmonic oscillator; 7E.2 The quantum 
mechanical treatment 



TOPIC 7A 

The emergence of quantum theory 

~ Why do you need to know this 
material? 

Experimental results motivated the development 
of quantum theory, which describes the structure 
of atoms and molecules and is the basis of spec
troscopy. Quantum theory is the foundation of 
many explanations in chemistry. 

~ What is the key idea? 

Experimental evidence led to the conclusions 
that energy cannot in general be varied continu
ously and that the classical concepts of'particle' 
and 'wave' blend together when applied to radi
ation, atoms, and molecules. 

~ What do you need to know already? 

You need to be familiar with basic principles 
of classical physics (The chemist's toolkits 3 in 
Topic lB, 7 in Topic 2A, and 18 in this Topic). 

Classical mechanics, which has its ongms in the 
laws of motion introduced by Isaac Newton in the 

The chemist's toolkit 18 Electromagnetic waves 

Electromagnetic radiation consists of oscillating electric 

and magnetic disturbances that propagate as waves. The 
two components of an electromagnetic wave are mutually 
perpend icula r and perpendicu lar to the direction of propaga

t ion (Sketch 1 ). The electric fie ld acts on both stationary and 

moving charged particles but the magnetic fie ld acts only 

on moving charged particles. Electromagnetic waves travel 
through a vacuum at a constant speed ca lled the speed of 
light, c, wh ich has the defined va lue of exactly 

c= 2.997 924 58 x 108 m s-1 

seventeenth century, predicts a precise trajectory 
for particles, with specified locations and momenta 
at each instant. It also allows the translational, ro
tational, and vibrational modes of motion to be 
excited to any energy simply by controlling the 
forces that are applied. These conclusions agree 
with everyday experience. Everyday experience, 
however, does not extend to individual electrons 
and atoms, and careful experiments have shown 
that classical mechanics fails when applied to the 
transfers of very small energies and to objects of 
very small mass. 

Three experiments dating from the late nineteenth 
to the early twentieth century were crucially im
portant. One showed-contrary to what had been 
supposed for two centuries-that energy was trans
ferred only in discrete amounts. Another showed 
that electromagnetic radiation (which includes vis
ible light), long considered to be a wave (The chem
ist's toolkit 18), in fact also behaves like a stream of 
particles. A third showed that electrons, which since 
their discovery in 1897 had been supposed to be par
ticles, in fact also behave like waves. These observa
tions suggested a new picture of radiation and matter, 
and led to the formulation of the entirely new and 
very successful quantum theory. 

Electromagnetic waves propagate more slowly in media 
such as air, water, and glass. The rat io of the speed in a vac

uum to the speed in a medium is the refractive index, n,, of 

the medium: nr = C/Cmedium· 

A wave is characterized by its wavelength, A. (lambda). the 

distance between consecutive peaks of the wave (Sketch 

2). The classification of electromagnetic rad iation accord ing 
to its wavelength is shown in Sketch 3. Light, which is elec

tromagnetic radiation that is visible to the human eye, has 
a wavelength in the range 420 nm (violet light) to 700 nm 



Sketch 1 

(red light). The properties of a wave may also be expressed in 

terms of its frequency, v(nu), the number of oscillations in a 

t ime interval divided by the duration of the interva l. Frequency 
is reported in hertz, Hz, w ith 1 Hz= 1 s-1

• Light spans the fre

quency range from 710THz (violet light) to 430THz (red light). 

The period of an oscillation is the reciproca l of the frequency, 

1/v. During th is period the wave propagates by one complete 

wavelength, A. It fo llows that the speed of propagation is 

c = distance of propagation during one period of oscillation 

period of one oscillation 

or 

A 
1/v 

C= AV 
The re lation between-wavelength 
and frequency in a vacuum 
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Sketch 2 

Propagation 
------+ 

The properties of an electromagnetic wave are also ex

pressed in terms of its wavenumber, v (nu t ilde), which 

is defined as 

- v 1 
V= - = -

C A 
Wavenumber 
[defin ition] 

Thus, wavenumber is the reciprocal of the wavelength and 

can be interpreted as the number of wavelengths in a given 
distance. In spect roscopy, for historic reasons, wavenum

ber is usually reported in units of reciproca l centimetres 
(cm-1

). Visible light therefore corresponds to electromag
netic rad iat ion w ith a wavenumber of 14 000 em-' (red light) 

to 24 000 em-' (vio let light). 

Electromagnetic rad iat ion that cons ists of a sing le fre

quency (and therefore sing le wavelength) is known as 

monochromatic, because it represents a single colour. 
White light consists of electromagnetic waves w ith a con

t inuous, but not necessarily uniform, spread of frequencies 

throughout the visible reg ion of the spect rum. 

Wavelength, )Jm 

E 

., Oi 
E Oi ., 

" 0 0 :;; ~ :;; ~ :0 ·;;; :J 

~ 
:J ·;;; 

u. " ~ 'iii ~ u ~ .!: z > ~ c: 5 :; 

u .E,. 
"' ~ 8 

Sketch 3 

7 A.1 The evidence for discrete 
energies 

A spectrum is a display of the frequencies, wave
lengths, or wavenumbers of electromagnetic radia
tion that are absorbed or emitted by an atom or 

molecule. Energetically excited atoms and molecules 
can be produced in a number of ways, such as by 
passing an electric discharge through a gas or va
pour, exposing a sample to a hot flame or to electro
magnetic radiation. Figure 1 shows a typical atomic 
emission spectrum obtained when excited atoms 
discard their excess energy as radiation. Atoms and 
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t 
~ 
'iii 
c 
2l 
c 
c 
0 

: ~ 
E 

UJ 

415 420 
Wavelength, A. /nm 

Fig.1 A reg ion of the spectrum of radiation emitted by excited 
iron atoms cons ists of rad iat ion at a series of discrete wave
lengths (or frequencies). 

molecules can also absorb energy from electromag
netic radiation. Figure 2 shows a typical molecular 
absorption spectrum. 

The obvious feature of the spectra shown in 
Figs. 1 and 2 is that radiation is absorbed or emitted 
at a series of discrete frequencies . The absorption and 
emission of radiation at discrete frequencies can be 
understood if it is supposed that 

• The energy of the 'internal modes' of motion of 
atoms or molecules (the distribution of their elec
trons and, for molecules, their rotations and vi
brations) is confined to discrete values, for then 
energy can be discarded or absorbed only in 
packets as the atom or molecule jumps between its 
allowed states (Fig. 3 ). 

• The frequency of the radiation is related to the en
ergy difference between the initial and final states. 

The simplest assumption is that the frequency v (nu) 
of the radiation absorbed or emitted is directly 

t 
~ 
'iii 
c 
Q) 

c 
c 
0 

e. 
0 

"' .0 
<1: 

200 280 
Wavelength, A./nm 

320 

Fig. 2 When a molecule changes its state, it does so by ab
sorbing radiat ion at defin ite frequencies. Th is spectrum is part 
of that due to su lfu r dioxide (502) molecules. This observation 
suggests that molecu les can possess on ly discrete energies, 
not a cont inuously variable energy. 

lf---+-....L.-,-
:>. 
Cl 
(i; 
c 

UJ 

Fig. 3 Spectral lines can be accounted for if we assume that 
a molecule emits or absorbs rad iat ion as it changes between 
discrete energy levels. The figure illust rates the process of 
emission from high-energy states to lower-energy states. 
High f requency rad iation is em itted when the two states in
volved in the t ransit ion are w idely separated in energy; low 
frequency rad iation is emitted when the two states are close 
in energy. 

proportional to the difference in energy /1E between 
the initial and final states of the atom or molecule. 
The result is the Bohr frequency relation, 

11E=hv Bohr frequency condition (1) 

where h is the constant of proportionality. The add
itional evidence described below confirms this simple 
relation and gives the value h = 6.626 x 10-34 J s. This 
constant is now known as Planck's constant, for it 
had arisen in another related context, the spectra of 
radiation emitted by heated solids, that had been ex
plained by the German physicist Max Planck. 

Brief illustration 7A. 1 The Bohr f requency condition 

The yel low light emitted by sod ium atoms in some st reet 
lamps has wavelength 590 nm. As seen in The chemist's tool
kit 18, wavelength and frequency are related by v= c/A., so the 

light is emitted when a sod ium atom loses an energy I!.E = 
he/A.. It fo llow s that 

h ' 
~ ...----"------

I!.E = (6.626 x 10-34 J s)x(2.998x108 m s·' ) 

5.9 x 10 7 m 
'----or------' 

> 

= 3.4 x 10-19 J = 0.34 aJ 

: Self-test 7 A. 1 

: Neon lamps emit red light of wavelength 736 nm. What is 

: the energy separation of the levels (in jou les) responsible 

: for the emission? 

Answer: 0.270 aJ 

The conclusion at this stage is that any system 
of mechanics must accommodate an important fea
ture of nature: that the internal modes of atoms and 



molecules are quantized, that is, can possess only 
certain energies. 

7 A.2 The evidence for radiation 
as particles 

By the middle of the nineteenth century, the generally 
acceptable view was that electromagnetic radiation is 
a wave, as described in The chemist's toolkit 18. But a 
conflicting view began to emerge when experimental 
evidence suggested that electromagnetic radiation can 
also be understood as a stream of particles. This inter
pretation arose from attempts to explain the photo
electric effect, the ejection of electrons from metals 
when they are exposed to ultraviolet radiation (Fig. 4). 

The characteristics of the photoelectric effect are 
as follows: 

1. No electrons are ejected, regardless of the inten
sity of the radiation, unless the frequency exceeds 
a threshold value characteristic of the metal. 

2. The kinetic energy of the ejected electrons varies 
linearly with the frequency of the incident radi
ation but is independent of its intensity. 

3. Even at low light intensities, electrons are ejected 
immediately if the frequency is above the threshold 
value. 

Data from experiments on several metals reveal a re
lation between the kinetic energy, Ek> of the ejected 
electron (which is equal to tm,zl, when the speed of 
the electron is v) and the frequency v of the incident 
radiation: 

The photoelectric effect (2) 

Photoelectrons 

Fig. 4 The experimental arrangement to demonstrate the 
photoelectric effect. A beam of ultraviolet rad iation is used to 
irradiate a patch of the surface of a meta l, and electrons are 
ejected from the surface if the f requency of the rad iation is 
above a threshold value that depends on the metal. 
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where h is Planck's constant and the quantity C1> 

(uppercase phi) is called the work function of the 
metal, the minimum energy needed to remove an 
electron from the metal, and the analogue of the ion
ization energy of an atom. 

A note on good practice The kinetic energy and work 
function are often expressed in electronvolts leV): 1 eV is the 
kinetic energy gained by an electron when it is accelerated 
through a potential difference of 1 V. It turns out that 1 eV = 

1.602 x 10-19 J = 0. 1602 aJ. 

These observations inspired Albert Einstein to sug
gest in 1905 that an electron is ejected in a collision 
with a particle-like projectile, now called the photon, 
when it carries enough energy to expel the electron 
from the metal. Einstein also proposed that that a 
photon of radiation of frequency vis 

Ephoron = hv Energy of a photon (3) 

Because a photon has this energy, the conservation 
of energy requires that the kinetic energy, Eb of the 
electron should be equal to this value less the energy 
C1> required to remove the electron from the metal 
(Fig. 5). This interpretation is consistent with eqn 2. 
The model also explains the characteristics of the 
photoelectric effect: 

• When hv < Cl>, photoejection (the ejection of elec
trons by radiation) cannot occur because the photon 
supplies insufficient energy to expel the electron: this 
conclusion is consistent with observation 1. 

• Equation 2 predicts that the kinetic energy of an 
ejected electron should increase linearly with the 
frequency, in agreement with observation 2. 

• During a collision with an electron, the photon 
gives up all its energy, so electrons are expected 
to appear as soon as the collisions begin, provided 
the photons carry sufficient energy: this conclu
sion agrees with observation 3. 

t 
UJ 

> 
Cl 
(;; 
c 

UJ 

hv 

Ek(e- ) I 

t1> 

Photoelectron, e

Free, stationary 
electron 

Bound electron 

Fig. 5 In the photoelectric effect, an incom ing photon brings 
a defin ite quantity of energy, hv. It collides with an electron 
close to the surface of the meta l ta rget, and t ransfers its 
energy to it. The difference between the work function, <1>, 

and the energy hv appears as the kinetic energy of the ejected 
electron. 
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1 ¥¥1"!.!1l!l 
Calculating a threshold for photoejection 

A photon of radiation with A= 305 nm ejects an electron from a 

metal w ith E, = 1.77 eV Ca lculate the threshold for photoejection, 
the frequency and wavelength of the radiation able to remove 

the electron from the metal but not give it any excess energy. 

Collect your thoughts Begin by 

expressing the work funct ion of 

the metal in terms of the data by 

us ing eqn 2 rearranged into <P = hv 
- E, and combined w ith v= c/A. At 
the threshold frequency, Vm;, . the 

photoelectron escapes w ith E, = 

0, so <P = hvm;o· Therefore use the 

va lue of <P just ca lcu lated to f ind 

Vm;o = <P/h. Then express Vm;o as 

>
Cl 
(;; 
c 

UJ 

a maximum wavelength by using Am, = c/vm;o · To convert E, 
from electronvo lts to joules, use 1 eV = 1.602 x 10- 19 J. 

The solution From <P = hv- E, and v= c/A, it fo llows that 

Then, from Vm;o = <P/h, the minimum frequency for photoejec
tion is r <P ~ he/).- E,) 

v. =5!!._= hc/A-E, =!:._- E, 
m'" h h A h 

The wavelength of the incident photon is A= 305 nm = 3.05 x 
10-7 m, and the kinetic energy of the electron it ejects is 

E, =1.77 eV x (1.602 x 10- 19 J eV-1)=2.8 ... x 10-19 J 

so it fo llows that 

~ 
2.998 x 108 m s-1 

Vm;o = 3.05 x 10 7 m 
'------v------' 

> 
= 5.55 ... x1 014 s- 1 

E, 
~ 

2.B ... x1o-" J 
6.626 x 10 34 J s 

or 555THz. The maximum wavelength is therefore 

' ~ 
Am = 2.99Bx10

8 
m s-

1 

5.40 x 10_7 m 
" 5.55 .. . x1014 s 1 

'-----v-------' 
'~o 

or 540 nm, correspond ing to green light. 

Self-test 7A.2 

When ultraviolet rad iation of wavelength 165 nm strikes a 

certain metal surface, electrons are ejected w ith a speed of 
1.24 Mm s-1 (1 Mm =106 m). Ca lcu late the speed of elec

trons ejected by rad iation of wavelength 265 nm. 

Answer: 735 km s- 1 

In sum, a beam of electromagnetic radiation can 
be imagined to consist of a stream of photons, each 
having an energy hv. According to the particle pic
ture of electromagnetic radiation, an intense beam 
of monochromatic (single-frequency) radiation 
consists of a dense stream of identical photons; a 
weak beam of radiation of the same frequency con
sists of a relatively small number of the same type 
of photons. 

7A.3 The evidence for particles as 
waves 

The photoelectric effect shows that electromagnetic 
radiation has certain properties of particles. Al
though contrary to the long-established wave theory 
of radiation, a similar view had been held before (by 
Newton, for instance), but discarded. No significant 
scientist, however, had taken the view that matter is 
wavelike. Nevertheless, experiments carried out in 
the early 1920s forced people to question even that 
possibility. 

A characteristic property of waves is that they 
interfere with one another, which means that they 
result in a greater amplitude where their displace
ments add and a smaller amplitude where their dis
placements subtract (Fig. 6). The former is called 
'constructive interference' and the latter 'destruc
tive interference'. The regions of constructive and 
destructive interference show up as regions of en
hanced and diminished intensity. The phenomenon 
of diffraction is the interference caused by an object 

v v v 
(b) 

Fig. 6 When two waves (drawn as th in lines) are in the same 
region of space they interfere. Depending on their relative 
phase, they may interfere (a) constructively, to give an en
hanced amplitude, or (b) destructively, to give a smal ler amp
litude . 



Fig. 7 In the Davisson-Germer experiment, a beam of elec
trons was directed on a single crysta l of nickel, and the scat
tered electrons showed a variation in intensity w ith angle that 
corresponded to the pattern that would be expected if the 
electrons had a wave character and were diffracted by the 
layers of atoms in the solid. 

in the path of waves and occurs when the dimensions 
of the object are comparable to the wavelength of 
the radiation. Light waves, with wavelengths of the 
order of 500 nm, are diffracted by narrow slits and 
had been taken as compelling evidence that light is 
wavelike. However, the American physicists Clinton 
Davisson and Lester Germer carried out an experi
ment that demonstrated the diffraction of electrons 
(Fig. 7), and had to conclude that electrons, which in 
other respects behaved as particles, have the charac
teristics of waves. 

There was an understandable confusion-which 
continues to this day- about how to combine both 
aspects of matter into a single description. Some 
progress was made by the French scientist Louis de 
Broglie when, in 1924, he suggested that any particle 
travelling with a linear momentum, p = mv, should 
have (in some sense) a wavelength A. given by what is 
now called the de Broglie relation: 

de Broglie re lat ion (4) 

The de Broglie relation implies that the wavelength 
of what de Broglie called a 'matter wave' should 
decrease as the particle's speed increases (Fig. 8). 
Equation 4 was confirmed by the Davisson-Germer 
experiment, for the wavelength it predicts for the 
electrons they used in their experiment agrees with 
the details of the pattern of diffraction they ob
served. 
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Short wavelength, 
A high momentum 

!*-'---;--~ '\ 
Long wavelength, 
low momentum 

Fig. 8 According to the de Broglie relation, a particle w ith low 
momentum has a long wavelength whereas a particle with 
high momentum has a short wavelength. A high momentum 
can resu lt either from a high mass or from a high velocity (be
cause p = mv). Macroscopic objects have such large masses 
that, even if they are trave lling very slowly, their wavelengths 
are undetectably short. 

I %fl.. I .lfjj.f) 
! Estimating a de Broglie wavelength 

Estimate the wave length of electrons that have been 
accelerated from rest through a potent ial difference of 

1.00 kV. 

Collect your thoughts You need 
to establ ish a string of re lations, 
from potential difference to kin
etic energy, then from kinetic 
energy to linear momentum, and 
fina lly from linear momentum to 
wavelength. For the first step 
you need to know that the kinetic 
energy acquired by an electron 
of charge -e accelerated from rest by fa lling through a po

tential difference ll¢ is E, = ell¢. For the second step you 
need to express the electron's kinetic energy in terms of 

its linear momentum by combining E, = -J: m, v' with p = m, v 

(The chemist's toolkit 3 in Topic 1 B). For the f ina l step, use 
that linear momentum in the de Broglie relat ion, eqn 4, to 

ca lcu late the wavelength. You w ill need the relat ions 1 C V = 
1 J and 1 J = 1 kg m2 s-2. 

The solution From E, = -J: m, v' and p = m, v it follows that E, = 
r}/2m, and therefore p= (2m, E,)112 Then, because for the accel

erated electron E, = ell¢, 

p= (2m,ell¢1 '12 

Use this expression in eqn 4, which becomes 

A= h 
(2m,ell¢)112 
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Now substitute the data: 

~ 
"-= 6.626 x 10-34 Js 

{
2x(9.109x10-31 kg) x (1.602x10-19 C)x(1.00x103 V)}'" 

'---------,--- '---------.,-- '---------v----
~ . ~ 

6.626 x 1 o-34 

(2 x (9.1 09 x 1 0 31 )x(1.602 x 1 0 19 )x (1.00 x 103
)}

112 

kgm2 s- 1 

~ x---
(kg CV)112 

'-------v----' 
kgms- 1 

=3.88 x 10-11 m, or38.8pm 

Comment The wavelength of 38.8 pm is comparable to typ
ical bond lengths in molecules (about 100 pm). Electrons ac
celerated in this way are used in the technique of electron 
diffraction, in which the diffraction pattern generated by inter
ference when a beam of electrons passes through a sample 

is interpreted in terms of the locations of the atoms. 

Checklist of key concepts 

0 1 Atomic and molecular spectra show that the ener

gies of atoms and molecules are quantized. 

0 2 The photoelectric effect is the ejection of electrons 

when radiation of greater than a threshold fre

quency is incident on a metal. 

Self-test 7 A.3 

Calculate the wavelength of an electron in a 10 MeV particle 
accelerator (1 MeV= 106 eV). 

Answer: 0 .39 pm 

The Davisson-Germer experiment, which has 
since been repeated with other particles (including 
molecular hydrogen and C60 ), shows clearly that 
'particles' have wavelike properties. But other 
experiments (for instance, the photoelectric effect) 
show that 'waves' also have particle-like proper
ties. It follows that, when examined on an atomic 
scale, the concepts of particle and wave melt to
gether, particles taking on the characteristics of 
waves, and waves the characteristics of particles. 
This joint wave-particle character of matter and 
radiation is called wave-particle duality. It is the 
heart of modern physics, and will be central to all 
that follows. 

03 The wave-like character of electrons was demon

strated by the Davisson-Germer diffraction experi

ment. 

0 4 The joint wave-particle character of matter and ra

diation is called wave-particle duality. 



TOPIC 78 

The dynamics of microscopic 
systems 

~ Why do you need to know this 
material? 

Quantum theory provides the essential founda
tion for understanding of the properties of elec
trons in atoms and molecules and a number of 
key concepts for an understanding of chemistry. 

~ What is the key idea? 

All the dynamical properties of a system are con
tained in the wavefunction, which is obtained by 
solving the Schrodinger equation. 

~ What do you need to know already? 

You need to be aware of the shortcomings of 
classical physics that drove the development of 
quantum theory (Topic 7 A), and specifically that 
electrons have wavelike character. 

How can the facts that atoms and molecules can 
possess only certain energies, that waves exhibit the 
properties of particles, and that particles exhibit the 
properties of waves (as established in Topic 7 A) be 
reconciled? The de Broglie relation is the starting 
point, along with abandoning the classical concept 
of particles moving along 'trajectories', precise paths 
at definite speeds. These aspects have been accom
modated by the development of quantum mechanics, 
in which equations are set up that treat a particle as 
being spread through space like a wave. 

To describe this wavelike character, quantum 
mechanics introduces the concept of a wavefunction, 
If/ (psi) , and then sets up a scheme for calculating 
and interpreting it. To a very crude first approxima
tion, a wavefunction can be visualized as a blurred 
version of a path (Fig. 1) but this picture must be 

/ 
Wavefu nctio n 

Fig. 1 According to class ica l mechan ics, a particle may have 
a well-defined trajectory, w ith a precisely specified pos ition 
and momentum at each instant (as represented by the pre
cise path in the diagram). According to quantum mechanics, 
a particle cannot have a precise t rajectory; instead, t here is 
on ly a probability that it may be found at a specific location 
at any instant. The wavefunction that determ ines its prob
ability distribut ion is a kind of blurred ve rsion of the t rajectory. 
Here, the wavefunction is represented by areas of shading: 
the darke r the area, t he greater the probability of fi nding the 
particle there. 

refined, as described m the following section. The 
formal definition is 

A wavefunction is a mathematical function that 
contains all the dynamical information about the 
state of a system. 

By 'dynamical information' is meant information 
about all aspects of the particle's motion, such as its 
location, momentum, and energy. 

78.1 The Schrodinger equation 

In 1926, the Austrian physicist Erwin Schrodinger 
proposed an equation for calculating the wavefunc
tion of a particle. The Schrodinger equation, specifi
cally the time-independent Schrodinger equation, for 
a single particle of mass m moving with energy E in 
one dimension is 

The Schrodinger 
equation 

(la) 
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The chemist's toolkit 19 Ordinary differential equations 

An ordinary differential equation is a relat ion between 

derivatives of a funct ion of one va riable and the function 

itself, as in 

(a) ady +by+c=O 
dx 

d2 d 
(b) a---4+b__l:'_+cy+d=0 

dx dx 

The coefficients a, b, etc., may be constants or funct ions 

of x. The order of the equation is the order of the highest 
derivative that occurs in it, so (a) is a first-order equation 
and (b) is a second-order equation. 'Solving' a differentia l 

equat ion is the process of determ ining the function, in th is 
case y(x). that sat isfies it. On ly very rarely are orders higher 

than 2 encountered in science. 
In many cases it is found that various constants appear in 

the solution. These constants are determined by imposing 
various boundary conditions on the solut ions, va lues that the 

solut ion must have at specified points, such as y= 0 at the 

locat ions x= 0 and x= L. which wou ld be written y(O) = 0 and 
y(L) = 0. For example, the general solution of the equat ion 

d2y/dx' + y= 0 (the solution w ith the constants unspecified) 

where V(x) is the potential energy and n (which is 
read h-bar) is a convenient modification of Planck's 
constant: 

tz = _!:_ = 1.055 x 10-34 J s 
27t 

The Schrodinger equation is a 'differential equation', 
and in this case a second-order ordinary differential 
equation (see The chemist's toolkit 19) because it is 
expressed in terms of the second derivative of the 
function If/. A feature to keep in mind for when we 
turn to the interpretation of wa vefunctions is that be
cause the energy of a particle is the sum of its poten
tial and kinetic energies, the first term in eqn 1a can 
be identified with the kinetic energy of the particle: 

Kinetic 
energyX'f' Potential Total 

r----"'----.. energyX'f' 
tz2 d 2lj/ r-"-----

-2m dx2 + V(x)ljl 

energyxvr 

Equation 1a is often written in the very compact 
form 

The Sch rbdinger equation 
(compact form] (lb) 

where 'Hljl' stands for everything on the left of 
eqn 1a. The quantity H is called the hamiltonian 

is y(xj =A sin ax+ 8 cos ax. The solution taking into account 

the two boundary cond it ions wou ld be obta ined by requ iring 
y(O) = 8 = 0 and y(L) =A sin aL = 0. Because sin e = 0 for 
e = 0, 1t, 2n, .. . , it fol lows that aL = nn, w ith n = 0, 1, 2 ... , 

so a= nn/L. In th is case, the acceptable solution wou ld be 
simply y(xj =A sin(nnx/L) w ith n = 0, 1, 2 ... There may be 

other requ irements on the solution that lead to a va lue for A. 
For instance, if the solut ion is a wavefunction, then the tota l 
probabi lity of find ing the particle somewhere must be 1 (this 

point is developed in the text). 

A fi rst-order differential equation requi res one boundary 

cond it ion; a second-order equation requ ires two. For t ime
dependent solutions, the 'boundary cond it ion' is termed an 

initial condition, and is typically the va lue that the solution 

must have at t = 0. 
Simple ord inary differential equations are solved by elem

entary methods; others, though, requ ire sophisticated 
techn iques. Many of these techniques are included in math

ematical software; other solutions can simply be written down 

by reference to tables of solutions that have been compiled. 

of the system after the Irish mathematician William 
Hamilton, who had formulated a version of classical 
mechanics that used equations similar to eqn 1a. It is 
written with a " (a 'hat' or 'caret') to signify that it is 
an 'operator' (The chemist's toolkit 20), a mathemat
ical action on ljl, such as taking the second derivative. 
A lot of quantum mechanics is formulated in terms 
of operators but they are used sparingly in this text.1 

The fact that the Schrodinger equation is a differ
ential equation should not cause too much conster
nation, for in most cases the solutions will be quoted 
without going into the sometimes tricky details of 
how they are found. The rare cases in which the ex
plicit forms of its solution are needed will involve 
very simple functions, as shown in the following Jus
tification. For example, three simple but important 
cases, omitting various constants in order to empha
size the form of the functions and to show that they 
are familiar, are as follows: 

• The wavefunction for a freely moving particle is 
sin x, exactly as for de Broglie's matter wave. 

• The wavefunction for a particle free to oscillate 
to-and-fro near a point is e-x' , where x is the dis
placement from the point. 

1See, for instance, our Physical chemistry: thermodynamics, struc
ture, and change (2014). 



The chemist's toolkit 20 Operators 

A mathematica l operator, which in genera l is often denoted 
Q ('omega hat'), is a collection of mathematica l symbols 

that, when applied to an algebraic expression, generates 
another express ion (or, in certain cases, leaves it unchanged). 

Thus, differentiat ion is represented by the operator Q = d/dx, 
w hich when applied to a function f(x) produces df(x)/dx. For 

instance, the effect of the operator d/dx on the function X' 
produces 2x. Taking a logarithm can also be expressed as 
the outcome of the operator log applied to an expression 
(including a number). For instance, applying it to x' produces 

log(x2
) = 2 log x. Even mult iplication by x can be regarded as 

the outcome of the operator Q = x x operating on a function. 

In this case, when applied to x' it produces xx x' = x 3 

An operator is classified as linear if, when appl ied to a 

sum of functions, it operates on each function individual ly: 

Linear operator: D(f +g)= Qf + Qg 

Mult iplication by x and differentiation w ith respect to x are 
both linear operators, but taking a logarithm is not (because 

log(f+ g)* log f+ log g). 

• The wavefunction for an electron in the lowest en
ergy state of a hydrogen atom is proportional to 
e-', where r is the distance from the nucleus. 

Justification 78.1 

The solution of the Schrodinger equation for a freely 

moving particle 

The form of the Schrbdinger equation can be justified to a cer· 

tain extent by showing that it implies the de Broglie relation 

for a freely moving particle (eqn 4 ofTopic 7A, A= h/p). 

Step 1: Simplify the Schr6dinger equation 

By free motion is meant motion in a region where the poten

tial energy is constant and may be taken to be zero IV= 0 
everywhere). Then, eqn 1 a simplifies to 

li2 
d

2'1f 
-2m dx2 =E'If 

The Schrodinger equation 
!f ree ly moving particle] 

Step 2: Verify that 'If= sin kx is a solution 

A solution of eqn 2 is 

'If= sin kx 
(2mE)112 

k=--
li 

(2) 

as can be verified by substitution of the solution into both 

sides of the equation: 

~sinkx ~ kcoskx 
dx 

. li2 d2 
. kli 2 d k21i2 

. 
Lefthand s1de: ----s1nkx = ---coskx = --s1nkx 

2m dx2 2m dx 2m 
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The order in wh ich operators are applied is, in genera l, 

important. Thus, the outcome of differentiation of a funct ion 

Rx) followed by mult iplication by x (denoted x x df/dxl is 
in general different from mult iplicat ion followed by differ

ent iation (denoted d(x x fJ/dxJ. Thus, w ith Rx) =X', the first 

outcome is 2i' and the second outcome is 3i'. 
Operators are of the greatest importance in quantum 

mechan ics, where every observable (such as momentum 
and posit ion) is represented by a linear operator. Thus the 

kinetic energy E, of a particle of mass m moving along the 
x-axis, is represented by the operator E.,= -(li2/2m)d 2/dx2

, 

and pos it ion on that axis, x, is represented by the operator 

x = x x . Both operators act on the wavefunction, and the 
outcome is interpreted in terms of the outcome of meas

uring the two observables. One very important operator, 

that for the to;a l energy, is called the hamiltonian operator, 

and denoted H. 

Righthand side: E sinkx 

The function sin kxis a wave of wavelength A= 21t/k, as can be 
seen by comparing sin kx with sin(27tx/A), the standard form 

of a harmonic wave with wavelength A (Fig. 2). 

Step 3: Calculate the energy and momentum of the 

particle 

The energy of the particle is entirely kinetic (because V = 0 
everywhere), so the total energy of the particle is just its 

kinetic energy: 

p' 
E=E, =-

2m 

Because E is related to k by E = K'li ' 12m, it follows from a 

comparison of the two equations that p = kli. 

Step 4: Relate the momentum of the particle to the wave

length of its wavefunction 

Because A= 21t/k and therefore k= 21t/A, the linear momentum 
is related to the wavelength of the wavefunction by 

which is the de Broglie relation. That is, in the case of a freely 
moving particle, the Schrbdinger equation has led to an ex

perimentally verified conclusion. 
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Fig. 2 The wave length of a harmonic wave of the form 
sin(2nx/A). The ampl itude of the wave is the maximum height 
above the centre line. 

78.2 The Born interpretation 

Before going any further, it will be helpful to begin 
to understand the physical significance of a wave
function, and specifically what it reveals about the 
location of the particle it describes. The interpreta
tion that is widely used is based on a suggestion made 
by the German physicist Max Born. He made use of 
an analogy with the wave theory of light, in which 
the square of the amplitude of an electromagnetic 
wave is interpreted as its intensity and therefore (in 
quantum terms, Topic 7 A) as the number of photons 
present. He argued that, by analogy, the square of a 
wavefunction gives an indication of the probability 
of finding a particle in a particular region of space. To 
be precise, the Born interpretation asserts that: 

The probability of finding a particle in a small 
region of space of volume 8V is proportional to 
1J128 V, where IJI is the value of the wavefunction in 
the region. 

In other words, IJI2 is a probability density. As for 
other kinds of density, such as mass density (ordinary 
'density'), the probability itself is obtained by multi
plying the probability density IJI2 by the volume 8Vof 
the region of interest. 2 

A note on good practice The symbol 8 is used to indicate 
a small change in a parameter, as in x changing to x + ox. The 
symbol!!. is used to indicate a finite (measurable) difference be
tween two quantities, as in !:J.X = ~ina l - X nitia l· The sequence of 
symbols is!!. for measurable, 8 for small, and d for infinitesimal. 

For a small 'inspection volume' 8V of given size, 
the Born interpretation implies that: 

• Wherever IJI2 is large, there is a high probability of 
finding the particle. 

2The wavefunction 'I' is supposed to be a real function (that is, one 
that does not depend on i, the square-root of - 1). In general, ljfis 
complex (has both real and imaginary components), but complex 
functions are not considered in this book. For the role, properties, 
and interpretation of complex wavefunctions, see our Physical 
chemistry: thermodynamics, structure, and change (2014). 

Fig. 3 A wavefunction (green) does not have a direct physical 
interpretat ion. However, its square (red). or its square modulus 
if it is complex, tells us the probability of finding a particle at 
each point. The probability density implied by the wavefunc
tion shown here is depicted by the density of shading in the 
greyscale band below the x-axis . 

• Wherever IJI2 is small, there is only a small chance 
of finding the particle. 

The density of shading in Fig. 3 represents a probabil
istic interpretation, which accepts that predictions 
can be made only about the probability of finding 
a particle somewhere. The probabilitistic interpret
ation is in contrast to classical physics, which claims 
to be able to predict precisely that a particle will be at 
a given point on its path at a given instant. 

1 §ib!.!IU• 
, Interpreting a wavefunction 

The wavefunction of an electron in the lowest energy state of 
a hydrogen atom is proportiona l to e-'1' 0, with a0 = 52.9 pm and 

rthe distance from the nucleus (Fig . 4). Ca lcu late the relative 

probabilit ies of f ind ing the electron inside a small cubic vol

ume located at (a) the nucleus. (b) a distance a0 from the 

nucleus. 

Collect your thoughts Accord

ing to the Born interpretation. 

the probabi lity is proportiona l to 

ljl21iV evaluated at the specified 

location. The volume of interest 
is so small (even on the sca le of 
the atom) that you can ignore the 

variation of 'I' w ith in it. W ith 'I' 
evaluated at the point in question. 

the probabil ity is then 

Probabi l ity~ 'lf2liV 

(b) 

The solution (a) At the nucleus, r = 0, so there 'If' ~ 1.0 (be

cause e0 = 1) and the probabil ity is proportiona l to 1.0 x liV. 
(b) At a distance r= a0 in an arbitrary direction, 'I'' ~ e-2 x liV= 

0.14 x liV. Therefore, the ratio of probabil it ies is 1.0/0.14 = 7.4. 
It is more probable (by a factor of 7.4) that the electron wi ll be 



found at the nucleus than in the same t iny volume located at 

a distance a0 from the nucleus. 

: Self-test 7B.1 . 
: The wavefunction for the lowest energy state in the ion He• 
: is proportional to e·''1' ' . Repeat the calcu lation for th is ion. 

: Any comment? 

: Answer: 55; a more compact wavefunction on account of the higher 

nuclear charge 

The Born interpretation also leads to the identifi
cation of conditions that a wavefunction must satisfy 
for it to be acceptable: 

• It must be single-valued (that is, have only a single 
value at each point): there cannot be more than 
one probability density at each point. 

• It cannot become infinite over a finite region of 
space: the total probability of finding a particle in 
a region cannot exceed 1. 

Mathematically, these conditions are satisfied if the 
wavefunction takes on specific values at various 
points, such as at a nucleus, at the edge of a region, 
or at infinity. That is (in accord with the discussion 
of differential equations in The chemist's toolkit 19), 
the wavefunction must satisfy certain boundary 
conditions, values that the wavefunction must adopt 
at certain positions. Two further conditions stem 
from the Schrodinger equation itself, which could 
not be written unless: 

• The wavefunction is continuous everywhere. 

• It has a continuous slope everywhere. 
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Fig. 4 The wavefunction for an electron in the ground state of 
a hydrogen atom is an exponentially decaying funct ion of the 
form e·'1' o). where a0 is the Bohr radius . 
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Fig. 5 Th is wavefunction is unacceptable because (a) it is not 
single-valued, (b) it is infin ite over a fin ite range, (c) it is not 
continuous, (d) its slope is not continuous. 

These last two conditions mean that the second deriva
tive of IJI, the first term in eqn la, is well defined every
where. All four conditions are summarized in Fig. 5. 

These requirements have profound implications. 
One feature of the solution of any given Schrodinger 
equation, a feature common to all differential equa
tions, is that an infinite number of possible solutions 
are allowed mathematically. For instance, if sin xis a 
solution of the equation, then so too is a sin bx, where 
a and b are arbitrary constants, with each solution 
corresponding to a particular value of E. However, 
it turns out that only some of these solutions fulfil 
the requirements stated above. This feature lies at the 
heart of quantum mechanics: the fact that only some 
solutions are acceptable, together with the fact that 
each solution corresponds to a characteristic value of 
E, implies that only certain values of the energy are 
acceptable. That is, 

When the Schrodinger equation is solved subject 
to the boundary conditions that the solutions must 
satisfy, it is found that the energy of the system is 
quantized (Fig. 6). 

Boundary conditions can always be traced to a physi
cal constraint on the system. For instance, a particle 
cannot be found where its potential energy is infinite, 
so a boundary condition would be that the wave
function must vanish there. In some cases (an atom 
or molecule), an electron cannot be found at great 
distances from the nuclei (specifically at infinity), so a 
boundary condition would be that its wavefunction 
must approach zero at infinite distances. Wherever 
boundary conditions are imposed, they lead to the 
rejection of mathematically possible but physically 
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Fig. 6 A lthough an infin ite number of solut ions of the 
Schrbd inger equat ion exist. not all of them are physical ly ac
ceptable . Acceptable wavefunctions have to satisfy certain 
boundary cond itions. wh ich vary from system to system. 
In the example shown here, where the particle is confined 
between two impenetrable wa ll s, the on ly acceptab le wave
functions are those that fit between the wal ls (like the vi
brat ions of a stretched st ring). Because each wavefunction 
corresponds to a characteristic energy, and the boundary 
cond it ions rule out many solut ions, on ly certa in energies are 
permissible. 

unacceptable wavefunctions and their corresponding 
energies. That is, boundary conditions result in the 
quantization of energy. 

There is more information carried by If/ than 
the probability that a particle will be found some
where: as remarked earlier, it contains all the dy
namical information about a particle. A hint of 
that is found in the discussion of eqn 1 where the 
first term was taken as an indication of the relation 
between the kinetic energy of the particle and the 
second derivative of the wavefunction. Mathemat
ically, the term d2 lf//dx2 in eqn 1a can be interpreted 
as a way of expressing the 'curvature' of the wave
function at each point. Thus, if the wavefunction 
is sharply curved, then d2 lf//dx2 is large; if it is only 
slightly curved, then d2 lf//dx2 is small. But because 
the term proportional to d2 lf//dx2 is related to the 
kinetic energy, it follows that if the wavefunction is 
sharply curved, then the particle it describes has a 
high kinetic energy. Conversely, if the wavefunction 
has only a low curvature, then the particle has only 
a low kinetic energy (Fig. 7). This interpretation is 
consistent with the de Broglie relation, for a short 
wavelength corresponds to both a sharply curved 
wavefunction and a high linear momentum and 
therefore a high kinetic energy. For more compli
cated wavefunctions, the curvature changes from 
point to point, and the total contribution to the 
kinetic energy is an average over the entire extent of 
the wavefunction. 
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Position, x--+ 

Fig. 7 The observed kinet ic energy of a particle is the average 
of contributions from the entire space covered by the wave
funct ion. Sharply curved reg ions contribute a high kinetic en
ergy to the average; sl ightly curved regions contribute on ly a 
sma ll kinet ic energy. 

78.3 The uncertainty principle 

According to the de Broglie relation, the wavefunc
tion sin(2nx!A.), a wave of constant wavelength, corre
sponds to a particle with a definite linear momentum 
p = hi A. However, a wave does not have a definite loca
tion at a single point in space, so it is not possible to 
speak of the precise position of the particle if it has 
a definite momentum. Indeed, because a sine wave 
spreads throughout the whole of space, nothing can 
be said about the location of the particle: because the 
wave spreads everywhere, the particle may be found 
anywhere. This statement is one half of the uncertainty 
principle proposed by Werner Heisenberg in 1927: 

It is impossible to specify simultaneously, with ar
bitrary precision, both the momentum and the pos
ition of a particle. 

More precisely, this is the position-momentum un
certainty principle (there are other versions of the 
principle). 

Before discussing the principle further, the other 
half must be established: that if the exact position of 
a particle is known, then nothing can be said about 
its momentum. If the particle is at a definite loca
tion, then its wavefunction must be nonzero there 
and zero everywhere else (Fig. 8). Such a wavefunc
tion can be simulated by forming a superposition 
of many wavefunctions; that is, by adding together 
the amplitudes of a large number of sine functions 
(Fig. 9). This procedure is successful because the amp
litudes of the waves add together at one location to 
give a nonzero total amplitude but cancel everywhere 
else. In other words, a sharply localized wavefunc
tion can be created by adding together wavefunc
tions corresponding to many different wavelengths 
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Fig. 8 The wavefunction for a particle w ith a we ll-defined 
posit ion is a sharply spiked funct ion that has zero ampl itude 
everywhere except at the particle's posit ion. 

and therefore, by the de Broglie relation, of many dif
ferent linear momenta. 

The superposition of a few sine functions gives 
a broad, ill-defined wavefunction (Fig. 9) . As the 
number of functions increases, the wavefunction be
comes sharper because of the more complete inter
ference between the positive and negative regions of 
the components. When an infinite number of compo
nents are used, the wavefunction is a sharp, infinitely 
narrow spike like that in Fig. 8, which corresponds to 
perfect localization of the particle. Now the particle 
is perfectly localized, but at the expense of discarding 
all information about its momentum. 

Fig. 9 The wavefunction for a particle w ith an ill-defined lo
cation can be regarded as the sum (superposition) of several 
wavefunct ions of different wavelengths that interfere con
structively in one place but destruct ively elsewhere. As more 
waves are used in the superpos it ion, the location becomes 
more precise at the expense of uncerta inty in the particle's 
momentum. An infin ite number of waves are needed to con
struct the wavefunct ion of a perfectly localized part icle. The 
numbers aga inst each curve are the number of sine waves 
used in the superposit ions. 
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(a) 

(b) 

Fig. 10 A representation of the content of the uncerta inty 
principle. The range of locations of a particle is shown by the 
spheres, and the range of momenta by the arrows. In (a). the 
position is quite uncertain, and the range of momenta is sma ll. 
In (b), the location is much better defined, and now the mo
mentum of the particle is quite uncertain. 

The quantitative version of the position-momentum 
uncertainty relation is 

Position- momentum 
uncerta inty relation 

(3) 

The quantity l'lp is the 'uncertainty' in the linear mo
mentum and Ax is the uncertainty in position (which 
is proportional to the width of the peak in Fig. 9). 
Equation 3 expresses quantitatively the fact that the 
more closely the location of a particle is specified (the 
smaller the value of Ax), then the greater the uncer
tainty in its momentum (the larger the value of l'lp) 
parallel to that coordinate, and vice versa (Fig. 10). 
When Ax = 0, which is the case when the location 
of the particle is known exactly, l'lp must be infinite, 
implying complete ignorance about its linear mo
mentum. Likewise, if l'lp = 0 (certainty about the 
linear momentum), then Ax = oo (total ignorance 
about where the particle will be found). 3 

Brief illustration 78.1 The uncerta inty princ ip le 

Suppose that the speed of a certain projectile of mass 1.0 g 
is known to w ith in t.v= 1.0 J.!m s-1. From t.p = mt.v and t.pt.x 

~ -j- li, the uncertainty in its pos it ion along its line of f light is 

t.x ~ _tz_ = _tz_ 
2t.p 2mt.v 

h 
r---"-------, 

1.055x10-34 J s 

2x(1.0x10 3 kg)x(1.0 x 10"" m s 1
) 

'----or----' '----or----' 

m " 

r1 J ~ 1 kgm's-') 

5.3 x 10-26 m 

3The position-momentum uncertainty principle applies to location 
and momentum along the same axis . It does not limit our ability to 
specify location on one axis and momentum along a perpendicu
lar axis. For details, see our Physical chemistry: thermodynamics, 
structure, and change (2014). 
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This degree of uncertainty is completely negligible 
for all practical purposes, which is why the need for 
quantum mechanics was not recognized for over 
200 years after Newton had proposed his system of 
mechanics and why in daily life we are completely 
unaware of the restrictions it implies. However, when 
the mass is that of an electron, the same uncertainty 
in speed implies an uncertainty in position far larger 
than the diameter of an atom, so the concept of a 
trajectory-the simultaneous possession of a precise 
position and momentum-is untenable. 

: Self-test 7B.2 

: Estimate the minimum uncertainty in the speed of an elec
: tron in a hydrogen atom (taking its diameter as 100 pm). 
! Answer: 580 km s-1 

The uncertainty principle captures one of the 
principal differences between classical and quantum 
mechanics. Classical mechanics supposed, falsely as 
we now know, that the position and momentum of 

Checklist of key concepts 

01 Awavefunction, 1/f, contains all the dynamical infor

mation about a system. 

02 Wavefunctions are found by solving the appro

priate Schrodinger equation. 

0 3 Boundary conditions are the constraints on the so

lutions of the Schrodinger equation, and their im

position results in the quantization of energy. 

a particle can be specified simultaneously with arbi
trary precision. However, quantum mechanics shows 
that position and momentum along a given axis are 
complementary, that is, not simultaneously specifi
able. Quantum mechanics requires a choice: position 
can be specified at the expense of momentum, or 
momentum at the expense of position. Certain other 
pairs of observables are also complementary, as ex
plained in Topic 7D. 

The uncertainty principle has profound implica
tions for the description of electrons in atoms and 
molecules and therefore for chemistry as a whole. 
Early models of the atom supposed that the motion 
of an electron around the nucleus could be described 
by classical mechanics, and that the electron would 
move in some kind of orbit. But to specify an orbit, it 
is necessary to specify the position and momentum of 
the electron at each point of its path. The possibility 
of doing so is ruled out by the uncertainty principle. 
The properties of electrons in atoms, and therefore 
the foundations of chemistry, have had to be formu
lated in a completely different way. 

0 4 Accardi ng to the Born interpretation, the prob

ability offinding a particle in a small region of space 

of volume liVis proportional to l/f20V, where VIis the 

value of the wavefunction in the region. 

05 According to the Heisenberg uncertainty principle, 

it is impossible to specify simultaneously, with ar

bitrary precision, both the momentum and the pos

ition of a particle along a given axis. 



TOPIC 7C 

Translation 

>- Why do you need to know this 
material? 

The application of quantum theory to transla
tion reveals the origin of quantization and other 
non-classical features of motion. These features 
are responsible for a variety of physical and 
chemical phenomena. 

>- What is the key idea? 

The translational energy levels of a particle con
fined to a finite region of space are quantized, 
and under certain conditions particles can pass 
into and through classically forbidden regions. 

>- What do you need to know already? 

You should be familiar with the classical de
scription of translation (The chemist's toolkit 3) 
and with the de Broglie's relation (Topic 7B) . 
You should know that the wavefunction is the 
solution of the Schrodinger equation, be familiar 
with the Born interpretation (Topic 7B), and be 
aware of the role of boundary conditions in the 
solutions of differential equations (The chemist's 
toolkit 19 in Topic 7B). 

Translation is motion through space. Gas-phase 
molecules, for instance, undergo translational mo
tion, and their kinetic energy is a contribution to the 
total internal energy of the sample. Electrons migrate 
through metallic solids and give rise to electrical con
ductivity. 

Classical mechanics allows the translational kin
etic energy of a particle to be increased to any value 
by applying an appropriate force to the particle. As 
will become clea~; quantum theory predicts a dif
ferent outcome. When a particle is confined to a 

finite region of space only certain energies are accept
able. That is, its translational energy is quantized. 
Quantum mechanics also reveals other non-classical 
features, including the ability of a particle to pene
trate into and through regions where classical phys
ics would forbid it to be found. 

7C.1 Motion in one dimension 

Consider the translational motion of a 'particle in a 
box' , a particle of mass m that can travel in a straight 
line in one dimension (along the x-axis) but is con
fined between two walls separated by a distance L. 
The potential energy, V, of the particle can be taken 
to be zero inside the box but rises abruptly to infinity 
at the walls (Fig. 1 ). The classical model would be of a 
bead on a wire able to move freely between two stops. 

The starting point for this discussion is the 
Schrodinger equation (eqn 1a of Topic 7B): 

1i2 d2vr 
- 2m dx2 + Vvr = Evr 

co 

Wall 

0 

Potential 
energy, V 

X-+ 

Wall 

L 

Fig. 1 A particle in a one-dimensional reg ion with impene
trable walls at either end. Its potent ial energy is zero between 
x = 0 and x = Land rises abruptly to infinity as soon as the 
particle touches either wa ll. 
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Because V = 0 inside the region where the particle can 
be found, for a particle in a box 

Schrodinger equation 
[particle in a box] (1) 

The general solution of this differential equation 
(The chemist's toolkit 19 in Topic 7B) is 

. (2=) (2nx) lji=Asm T +Bcos T 

with A.=-h
(2mE)112 

(2) 

where A and B are constants. That is, the wavefunc
tions describe de Broglie's 'matter waves' (Topic 7B), 
with wavelengths A. that depend on the mass and 
total energy of the particle. Unlike the matter waves 
described in Topic 7B, the waves described by eqn 2 
must obey two boundary conditions. These condi
tions recognize that because the particle cannot be 
found outside the box where its potential energy 
would be infinite. Therefore, because the wavefunc
tion is continuous (no sudden steps) and is zero out
side the box, it must be zero at the edges of the box, 
at x = 0 and at x = L. 

First, the condition that lj/(0) = 0, when combined 
with sin 0 = 0 and cos 0 = 1 (and therefore lj/(0) =B), 
requires that B = 0. The second condition, that lji(L) = 
0, then requires that 

lji=Asin( 2~L )=o 

The function sin e is zero when e = nn, with n = 0, 1, 
2, ... , so in this case the second boundary condition 
is satisfied if 

2nL T = nn, and therefore 

2L 
-=n 

A, 
with n= 0, 1, 2 .. . 

It now follows that 

lji=Asin(n~) with n=1, 2, ... 

The value n = 0 has been discarded because it would 
give ljl= 0 everywhere (the particle would be found no
where). It follows that the allowed wavefunctions must 
be such that an integral number of half-wavelengths 
(one half-wavelength, two half-wavelengths, .. . ) fit 

n 

Fig. 2 The allowed energy leve ls and the correspond ing (sine 
wave) wavefunctions for a particle in a box. Note that the en
ergy leve ls increase as ri', and so the ir spacing increases as n 
increases. Each wavefunction is a stand ing wave, and succes
sive funct ions possess one more half wave and a correspond
ingly shorter wavelength. 

inside the box. Each wavefunction of the particle fits 
inside the box exactly, like the vibrations of a string 
pinned down at each end, as in a guitar (Fig. 2). 

As shown in the following Justification, the con
stant of proportionality A, which in this context is 
denoted N, is (2/L)112 and is called the normalization 
constant. Its value ensures that the total probability 
of finding the particle inside the box is 1. Therefore, 
the full form of the allowed wavefunctions is 

N=(if n=1, 2, .. . 

Wavefunctions of 
a pa rticle in a one
dimensional box 

(3) 

Each allowed wavefunction has been labelled with 
the number n, which is an example of a quantum 
number, an integer (in some cases, Topic 8B, a half
integer) that specifies the state of the system. 

Justification 7C.1 

The normalization constant 

Accord ing to the Born interpretation, the probabi lity of finding 

a particle in the infinites imal reg ion of length dxat the point x 
given that its normalized wavefunction has the va lue lJ!at that 
point, is equal to 1J12dx. Therefore, the tota l probability of find

ing the particle between x = 0 and x = L is the sum of all the 

probabilit ies of its being in each infin ites imal region. A sum of 

th is type over infin ites imal increments is the integra l of the 



function (The chemist's toolkit 8 in Topic 2A). The calcu lation 

has the fol lowing steps. 

Step 1: Write an expression for the total probability 

Because the particle is certain ly in the range somewhere, the 

tota l probability of find ing the particle between the two wa lls 
of the box is 1: 

Total proba~lity 

of f inding t he 

partic le between 

Oand L 
~ 

J,' lf/2 dx =1 

Substitut ion of the form ofthe wavefunction, lfln= Nsin(rmx/L). 

turns this express ion into 

J'( rmx)' N2 

0 

sin-L- dx = 1 

Step 2: Evaluate the integral 

Use Integral T1 in the Resource section with a= L. so it fol

lows that 

J'( nnx)' 
0 

sin-L- dx = ·J-L 

Step 3: Calculate N 

From the results in steps 1 and 2 it fo llows that 

N2 x V..L= 1 

and hence N = (2/L)112 . In th is case, but not in genera l, the 

normal ization constant is the same for all the wavefunctions 

regardless of the va lue of the quantum number. 

It is now a straightforward matter to find the per
mitted energy levels because the only contribution to 
the energy is the kinetic energy of the particle: the 
potential energy is zero everywhere inside the box, 
and the particle is never outside the box. From A.= 
h/(2mE) 112 in eqn 2, /\.2 = h2!2mE and therefore 

which becomes 

2h2 
E =-n__ 1 2 " 8mLz n= , , .. . 

Energies of a 
particle in a one
dimensional box 

(4) 

with the energies labelled with the quantum number n. 
As well as acting as a label, a quantum number 
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commonly specifies the value of certain physical 
properties of the system: in the present example, the 
energy of the particle by using its value in eqn 4. 

The solutions of a particle in a box have the fol
lowing important features: 

• The permitted energies of the particle are shown 
in Fig. 2 together with the shapes of the wavefunc
tions for n = 1-6. 

All the wavefunctions except the one of lowest en
ergy (n = 1) possess points called nodes where the 
function passes through zero. Passing through zero 
is an essential part of the definition of a node: just 
becoming zero is not sufficient. The points at the 
edges of the box, where If/= 0, are not nodes, because 
the wavefunction does not pass through zero there. 
The number of nodes in the wavefunctions shown in 
the illustration increases from 0 (for n = 1) to 5 (for 
n = 6), and in general is n- 1 for a particle in a one
dimensional box. It is a general feature of quantum 
mechanics that the wavefunction corresponding 
to the state of lowest energy has no nodes, and as the 
number of nodes in the wavefunctions increase, the 
energy increases too. 

According to the Born interpretation (Topic 7B), 
the probability density at the location x when the 
quantum number of the particle is n is 

2( ) 2 . 2(nrr.x) 
lf/nX=Lsm L Probabi lity density (5) 

Provided the fine detail of the oscillations is ignored, 
Fig. 3 shows that the probability density lJ!~(x) be
comes more uniform as n increases. The probability 
density when n is large reflects the classical result that 
a particle bouncing between the walls spends equal 
times at all points. This behaviour is an illustration of 
the correspondence principle, which states that clas
sical mechanics emerges from quantum mechanics as 
high quantum numbers are reached. 

• Because the quantum number n cannot be zero 
(for this system), the lowest energy that the par
ticle may possess is not zero, as would be allowed 
by classical mechanics, but h2!8mL2 (the energy 
when n = 1). 

This lowest, irremovable energy is called the zero
point energy. The existence of a zero-point energy is 
consistent with the uncertainty principle (Topic 7B). 
If a particle is confined to a finite region, its location is 
not completely indefinite; consequently its momentum 
cannot be specified precisely as zero, and therefore its 
kinetic energy cannot be zero either. The zero-point 
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(a) (b) 
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Fig. 3 (a) A narrow box has w idely spaced energy levels; (b) a 
w ide box has closely spaced energy levels. (In each case, the 
separations depend on the mass of the particle too.) 

energy is not a special, mysterious kind of energy. It is 
simply the last remnant of energy that a particle can
not give up. For a particle in a box it can be interpreted 
classically as the energy arising from a ceaseless fluc
tuating motion of the particle between the two confin
ing walls. The quantum origin of the zero-point energy 
is the fact that the wavefunction must be curved as it 
changes smoothly from 0 at x = 0 to 0 at x = L, and 
curvature is an indication of the possession of kinetic 
energy (Topic ?B) . 

• The energy difference between adjacent levels is 

n1+2n+1 2 2 
~ h 2 h LlE=E -E =(n+l) ---n - -

n+l n SmLz SmLZ 

hz 
=(2n+l)--2 SmL 

(6) 

This expression shows that the difference decreases 
as the length L of the box increases, and that it be
comes zero when the walls are infinitely far apart 
(Fig. 4 ). Atoms and molecules free to move in labora
tory-sized vessels rna y therefore be treated as though 
their translational energy is not quantized, because L 
is so large. The expression also shows that the separa
tion decreases as the mass of the particle increases. 
Particles of macroscopic mass (like balls and planets, 
and even minute specks of dust) behave as though 
their translational motion is not quantized. Both the 
following conclusions are true in general: 

1. The greater the extent of the confining region, the 
less important the effects of quantization. Quant
ization of translation is very important for highly 
confining regions. 

:::J 
~ 
~ 
)( 

~ 

00 
x!L 

Fig. 4 The probability density 11f2(x) for large quantum number 
(here n =50, blue, compared with n = 1, red). Notice that for 
high n the probability density is nearly uniform, provided the 
fine detail of the increasingly rapid oscillations are ignored. 

2. The greater the mass of the particle, the less im
portant the effects of quantization. Quantization 
of translation is very important for particles of 
very small mass. 

l&if! .. !.itJijl 
' Estimating an absorption wavelength 

~Carotene (1) is a linear polyene in which 10 sing le and 

11 double bonds alternate along a chain of 22 carbon atoms. 
If the length of each CC bond is taken to be about 140 pm, 

then the length L of the molecular box in ~carotene is L = 
2.94 nm. Estimate the wavelength of the light absorbed by 

this molecule when it undergoes a t ransit ion from its ground 

state to the next higher excited state. 

1 ~-Carotene 

12 

11 

Collect your thoughts Treat the 
conjugated system of single and 
double bonds in ~-carotene as 
a one-dimensional box contain
ing the electrons that occupy 
n-orbitals. For reasons fam iliar 
from introductory chemistry (and 
discussed in more detail in Topic 
9B). let each C atom contribute 

~ 

-=-= J Jh~ J 
---::-::- -

one " electron to the avai lable states, with two electrons 
occupying each state. Then use eqn 6 to calcu late the energy 

separation between the highest occupied and the lowest 

unoccupied levels. Convert that energy to a wavelength by 
using the Bohr frequency relation (eqn 1 ofTopic 7A, hv= !lEI 

and the relation A.= c/v. 

The solution There are 22 C atoms in the conjugated chain. 

Each contributes one " electron to the ava ilable states, so 



each state up to n = 11 is occupied by two elect rons. From 

eqn 6 the separation in energy between uppermost occupied 
level oft he ground state of the molecule (with n = 11) and the 

empty state immediately above is 

!J.E = E12 -E, = (2x11 + 1) 

h' 
~ 

(6.626 x 1 o-34 J sl' 

x 8 x (9.109x10 31 kg) x (2.94x10 9 m)2 

= 1.60 ... x10-19 J 

It fo llows from the Bohr f requency relation that the frequency 

of rad iation requ ired to cause th is trans it ion is 

v= !J.E = 1.60 ... x1o-19 J 2.42 .. . x 1014 s-1 
h 6.626 X 1 0 34 j s 

or 242THz (1 THz =1012 Hz). correspond ing to 

A.=E_=2.998x10
8

ms-
1 

1_23 .. _x 10"" m 
v 2.42 .. . x1014s 1 

or, after round ing up and limiting the answer to three sign ifi

cant figures, 1.24 [.im. 

Comment The experimenta l value is 603 THz (A. = 497 nm 

= 0.497 [.im), correspond ing to rad iation in the visible reg ion 

of the electromagnetic spect rum. Considering the crudeness 

of the model, you shou ld be encouraged by the thought that 
the computed and observed f requencies agree to w ithin a 

factor of 2.5. 

A note on good practice The ability to make such quick 'back
of-the-envelope' estimates of orders of magnitude of physical 
properties should be a part of every scientis t 's toolki t. 

Self-test 7C. 1 

Estimate a typical nuclear excitation energy in electronvolts 
(1 eV = 1.602 x 10-19 J; 1 GeV = 109 eV) by calculating the 

fi rst excitat ion energy of a proton confined to a one-d imen

sional box w ith a length equal to the diameter of a nucleus 
(approximate ly 1 x 10-15 m, or 1 fm). 

Answer: 0.6 GeV 

7C.2 Tunnelling 

Now consider the possibility that the potential en
ergy, V, of a particle does not rise to infinity at the 
walls of the container. Consider one of the states for 
which E < V. Classically, the particle cannot escape 
from the container. In contrast, when the Schrodinger 
equation is set up and solved for a particle in a con
tainer of this kind, it is found that the wavefunction 
does not decay abruptly to zero at the walls. In fact, 
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Fig. 5 A particle incident on a barrier from the left has an oscil
lat ing wavefunct ion, but inside the barrier there are no osci lla
t ions (forE< V) . If the barrier is not too th ick, the wavefunct ion 
is nonzero at its opposite face, and so osci llation beg ins aga in 
there. 

the wavefunction oscillates inside the box like a 
trapped particle, decays exponentially inside the re
gion representing the wall, and oscillates again on the 
other side of a wall of finite width (Fig. 5 ). If the walls 
are so thin and the mass of particle so small that 
the exponential decay of the wavefunction has not 
brought it to zero at the outside edge of the wall, the 
particle might be found outside the container even 
though according to classical mechanics it has insuf
ficient energy to escape. Such leakage by penetration 
into or through classically forbidden zones is called 
tunnelling. 

The Schrodinger equation can be used to calculate 
the probability that a particle of mass m can tun
nel through a barrier of width W and height V. The 
transmission probability, T, of a particle incident on 
a finite barrier, the probability that the particle of 
energy E will be found outside the wall, is 

{2m(V- E))112 

I( = -'-----'-----'-'---
n 

Transmission probabi li ty 
lone-d imensional barrier] (7a) 

where e = EIV. When the barrier is high (in the sense 
that VIE>> 1) and wide (in the sense that the wave
function loses much of its amplitude inside the bar
rier), eqn 7a becomes1 

Transmission probability 
!h igh and wide one- (7b) 
dimensional barrier] 

The transm1sswn probability decreases exponen
tially with W and with m 112 (which appears in K). 

' For details of the calculation, see our Physical chemistry: thermo
dynamics, structure, and change (2014). 
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Fig. 6 A proton can tunne l through the activation energy bar
rier that separates reactants from products, so the effect ive 
height of the barrier is reduced and the ra te of the proton 
transfer reaction is increased. The effect is represented here 
by drawing the wavefunction of the proton near the barrier. 
Proton tunnel ling is important on ly at low temperatures, when 
most of the reactants are trapped on the left of the barrier. 

It follows that particles of low mass are more able to 
tunnel through barriers than heavy ones. Hence, tun
nelling is very important for electrons, moderately 
important for protons, and negligible for most other 
he a vier particles. 

The very rapid equilibration of proton transfer 
reactions (Topic 5D) is also a result of the ability 
of protons to tunnel through barriers and transfer 
quickly from an acid to a base. The process may be 
visualized as a proton passing through an activation 
barrier rather than having to acquire enough energy 
to travel over it (Fig 6). Quantum mechanical tun
nelling can be the dominant process in reactions in
volving hydrogen atom or proton transfer when the 
temperature is so low that very few reactant mol
ecules can overcome the activation energy barrier. 
One indication that a proton transfer is taking place 
by tunnelling is that an Arrhenius plot (Topic 6D, a 
plot of In k, where k, is a rate constant, against 1/T) 
deviates from a straight line at low temperatures and 
the rate is higher than would be expected by extrapo
lation from room temperature. 

Brief illustration 7C. 1 Tunnelling in proton tra nsfer re

actions 

Suppose that a proton of an acidic hydrogen atom is confined 

to an acid by a barrier of w idth 100 pm and, due to its binding to 
the neighbouring atom, lies 5.0 meV below the top of the bar

rier of height 2.000 eV (so E = 1.995 eV). The probabili ty that it 

can escape from the acid by tunne ll ing is given by eqn 7a, w ith 

£= E!V= (1.995 eV)/(2.000 eV) =0.9975 and V- E= 0.0050 eV 
(correspond ing to 8.0 x 10-22 J) . 

IC = (2 X (1 .67 X 10-27 kg) X (8.0 X 1 Q-22 j)}112 

1.055 x 10-34 J s 

= 1.55 ... x 1010 m-1 

with 1 J = 1 kg m 2 s-2 It fol lows that 

ICW= (1.55 .. . X 1010 m-1) X (100 X 10- 12 m) = 1.55 .. . 

Equation 7a then yields 

T= 1+ =1 .96x1o-' 
{ 

(e155 ... -e-1.55 .. . )' } -1 

16 X 0.9975 X (1- 0.9975) 

To imagine the physical interpretat ion of th is va lue, think of the 
proton as vibrating in its bond, and hitt ing the wa ll of the bar

rier on each of its outward swings. Then there is a probabili ty 

of about 1 in 2000 that on that swing it will escape through 

the barrier. 

: Self-test 7C.2 

: Suppose that the junct ion between two sem iconductors 

: can be represented by a barrier of height 2.00 eV and width 

: 100 pm. Calcu late the probabi lity that an electron of energy 

: 1.95 eV can tunnel through the barrier. 
Answer: T ~ 0.881 

7C.3 Motion in two dimensions 

Once translation in one dimension has been solved it 
is quite easy to consider motion in higher dimensions, 
such as that of a particle confined to the floor of a 
rectangular box (Fig. 7). The box is of side Lx in the x
direction and 4 in they-direction. The wavefunction 

~ 
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X 

Fig. 7 A two-dimensional square well. The particle is con
fined to a rectangular plane bounded by impenetrable wa lls. 
As soon as the particl e touches a wa ll, its potent ia l energy 
rises to infin ity. 
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Fig. 8 Three wavefunctions of a particle confined to a rectangu lar surface. 

varies across the floor of the box, so it is a function 
of both the x - and y-coordinates, written IJI(x,y). As 
shown in the following Justification, the wavefunc
tion can be expressed as a product of wavefunctions 
for each direction: 

IJI(x,y) = X(x)Y(y) (8) 

with each wavefunction satisfying its 'own' one-di
mensional Schrodinger equation like that in eqn 1. 
This conclusion is an example of the 'separation of 
variables' procedure described in the Justification. 
The solutions are 

Wavefunctions 
of a particle in a 
two-dimensional 
box 

_ ( 2 )
112 

. ( nxnx )( 2 )
112 

. ( nyny) - - Sill--- Sill--

Lx Lx Ly Ly 

_ ( 4 )
112 

• (nx=) . (ny7ty) - -- Sill -- Sill --

LxLy Lx Ly 

with energies 

(9a) 

Energies of a 
particle in a two- (9b) 
dimensional box 

There are two quantum numbers (nx and ny) in 

eqn 9, each allowed the values 1, 2, ... independently. 
In one dimension the wavefunctions of a particle in a 
box are like the vibrations of a guitar string clamped 
at each end; in two dimensions the wavefunctions are 
like the vibrations of a rectangular sheet clamped at 
its edges (Fig. 8) . 

Justification 7C.2 

The separation of variables procedure 

The wavefunction for a particle in a two-dimensional box de

pends on two variables, xand y. That is, the Schrod inger equa

tion is a partial differential equation (The chemist's toolkit 21 ): 

For simplicity, write this equation as 

and solve it by the 'separation of variables' procedure as fol

lows. 

Step 1: Express the wave function as the product of two 
wavefunctions 

Write 'If= XYwhere Xis a function of x and Yis a funct ion of 
y, and substitute it on both sides of the last equation, 

It follows from The chemist's toolkit 17 in Topic 6G that in 

this expression Hx acts (by taking the second derivative w ith 

respect to x) on X. w ith Ytreated as a constant, and Hy simi

larly acts on on ly Y, with X treated as a constant. Therefore, 

HxXY = YHxX and HyXY = XHyY , and the last equation be

comes 

YHxX +XHyY =EXY 

Step 2: Extract the two ordinary differential equations 

Divide both sides by XYand obtain 

1 • 1 . 
XHxX+-yHvY=E 

Here is the clever part of the argument. The first term on 

the left depends only on x and the second term depends 
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only on y. Therefore, if x changes, only the first term can 
change. But its sum with the unchanging second term 
is the constant E. Therefore, the first term cannot in fact 
change when x changes. That is, the first term is equal to 
a constant, written as Ex. The same argument applies to 
the second term when y is changed; so it too is equal to a 
constant, written as Ey, and the sum of these two constants 
is E. That is, 

with Ex + Ey = E. On multiplication by X and Y, respectively, 
these two equations become 

which have the form of eqn 1: they are Schr6dinger equa
tions for one-dimensional motion, one along the x-axis and 
the other along they-axis. 

Step 3: Solve the differential equations 

Because the boundary conditions are essentially the same 
for each axis (the only difference being the actual values of 
the lengths Lx and 4l. the individual wavefunctions are es
sentially the same as those found for the one-dimensional 
case (eqn 3). 

You should be aware that the separation of variables pro
: cedure does not always work: it requires, as here, the original 
: differential equation to have a simple form. 

The chemist's toolkit 21 Partial differential 
equations 

Ordinary differential equations are described in The chem

ist's toolkit 19 in Topic 7B. If the unknown function f de
pends on more than one variable, as in 

then the equation is cal led a partial differential equation. 
Here, f is a function of x and y, which could be written 
explicitly as fjx, y), and the factors a, b, c may be constants 
or functions of either or both va riables. Note the change 
in symbol from d to a to signify a partial derivative (as de
scribed in The chemist's toolkit 17 in Topic 6G). 

In a number of important cases (but by no means all) 
the function f can be expressed as a product of functions 
of each variable, as in f(x,y) = X{xl Y(y). In such cases the 
partial differentia l equation separates into a set of ordinary 
differential equations, the procedure being known as the 
separation of variables. The method is illustrated in Jus
tification 7C.2 . 

Brief illustration 7C.2 The zero-point energy of a particle 
in a two-dimensional box 

An electron trapped in a two-dimensional cavity of dimen
sions Lx = 1.0 nm and 4 = 2.0 nm can be regarded as a par
ticle in a box. The zero-point energy of the electron is given by 
eqn 9b with nx= 1 and ny= 1: 

i i ~ 
: E _ { 1' + 1

2 
} x (6.626 x 10-3

4 
J s)

2 

: u - (1.0x10 ' m)2 (2.0x1o-' m)2 8 x (9.109 x10-31 kg) 
• '--------,---- '--y---------' 

~ 0 ~ 

=7.5x10-20 J 

This energy, which could be reported as 75 zJ (1 zJ = 10-21 J) 
corresponds to 0.47 eV. 

: Self-test 7C.3 . 
: Calculate the energy separation between the levels nx= ny= 2 
! and nx = ny = 1 of an electron trapped in a square cavity with 
! sides of length 1.0 nm. . 

Answer: 0.36 aJ, 2.2 eV 

An especially interesting case arises when the rect
angular region is square with Lx = 4 = L. The al
lowed energies are then 

2 2 h2 
E"x•"" = (nx + ny) --2 

· SmL 
(lOa) 

This expression shows that different wavefunctions 
may correspond to the same energy. For example, the 
wavefunctions with nx = 1, ny = 2 and nx = 2, n y = 1 
are different: 

+ 
Rotate 

~------------~b~o + 

Fig. 9 Degeneracy is always associated with an aspect of 
symmetry. For a particle in a square box, rotation through 90° 
takes the nx = 1, ny = 2 wavefunction into the nx = 2, ny = 1 
wavefunction. As a consequence the states described by the 
wavefunctions 1f't 2(x,y) and 1f12_,(x,y) have same energy; they 
are degenerate. 



lft,2(x,y) = isin( 7 }in(
2
2y) 

(lOb) 

but both have the energy 5h2!8mL2
• Different 

wavefunctions with the same energy are said to be 

Checklist of key concepts 

0 1 The energy levels of a particle of mass min a box 

of length L are quantized and the wavefunctions are 

sine functions. 

0 2 A quantum number specifies the state of a system 

and commonly can be used to calculate the value 

of a property. 

0 3 A normalization constant ensures that the total 

probability of finding the particle in a system is 1. 

0 4 A node is a point at which a wavefunction passes 

through zero. 

0 5 The quantization of translation is most important 

for particles of low mass confined to small regions 

of space. 
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degenerate. Degeneracy is always associated with an 
aspect of symmetry. In this case, it should be easy to 
understand, because the confining region is square, 
and can be rotated through 90°, which takes the 
nx = 1, ny = 2 wavefunction into the nx = 2, ny = 1 
wavefunction (Fig. 9). In other cases the symmetry 
might be harder to identify, but it is always there. De
generacy is very important in atoms and underlies the 
structure of the periodic table. 

0 6 The correspondence principle states that classical 

mechanics emerges from quantum mechanics as 

high quantum numbers are reached. 

0 7 The zero-point energy is the lowest permissible en

ergy of a system. 

0 8 Because wavefunctions do not, in general , decay 

abruptly to zero, particles may tunnel into or 

through classically forbidden regions. 

0 9 Different wavefunctions with the same energy are 

said to be degenerate. 



TOPIC 70 

Rotation 

)- Why do you need to know this 
material? 

The investigation of rotational motion introduces 
the concept of angular momentum, which is 
central to the description of the electronic structure 
of atoms and molecules and the interpretation of 
atomic and molecular spectra. 

)- What is the main idea? 

The energy and the angular momentum of a 
rotating object are quantized . 

)- What do you need to know already? 

You should be familiar with the Schrodinger 
equation and the Born interpretation of the wave
function (Topic ?B) . The Topic uses the concept 
of boundary conditions (Topics 7B and ?C) and 
constraints on the wavefunction (Topic ?B). 

The discussion of translational motion focuses on 
linear momentum, p. When rotational motion is 
considered, it is necessary to focus instead on the 
analogous angular momentum, J (The chemist's 
toolkit 22 ). 

The chemist's toolkit 22 Angular momentum 

Angular velocity, ro (omega), is the rate of change of an
gular position; it is reported in radians per second (rad s-' ). 
There are 2n radians in a circle, so 1 cycle per second is 
the same as 2n radians per second. For convenience, the 
'rad' is often dropped, and the units of angular velocity are 
written as s-1

• 

Expressions for other angular properties follow by ana
logy with the corresponding equations for linear motion 

(The chemist's toolkit 3 ofTopic 1 B). Thus, the angular 
momentum, J, is defined, by analogy with the linear mo
mentum (p= mv): 

J = lro 
Angular momentum 
!definition] 

The quantity I is the moment of inertia of the body. It 
represents the resistance of the body to a change in the 
state of rotation in the same way that mass represents 
the resistance of the body to a change in the state of 
translation. The moment of inertia is defined as the sum 
of the product of the mass of each atom (if the rotating 
body is a molecule) multiplied by the square of the dis
tance from the axis of rotation (Sketch 1 ). The Sl units of 
moment of inertia are therefore kilogram metre' (kg m2

) 

and those of angular momentum are ki logram metre' per 
second (kg m2 s-' ). 

The angular momentum is a vector, a quantity with 
both a magnitude and direction (The chemist's toolkit 23). 
That is, for rotation in three dimensions, the angular mo
mentum has three components: Jx, Jv, and J,. For a particle 
travelling on a circular path of radius r about the z-axis, 
and therefore confined to the xy-plane, the angular mo
mentum vector points in the z-direction only (Sketch 2), 
and its only component is 

J, = ±pr Angular momentum of a particle 
moving on a circular path 

Sketch 1 



p 

Sketch 2 

where pis the magnitude of its linear momentum in the 

xy-plane at any instant. When J, > 0, the particle t ravels in 
a clockwise direction, as viewed from below; when J, < 0, 

the mot ion is anticlockwise. A particle that is travelling at 

high speed in a circle has a higher angu lar momentum 

than a particle of the same mass t ravelling more slowly. 
An object wi th a high angu lar momentum (like a f lywheel) 

requ ires a st rong braking force (more precisely, a strong 

'torque') to bring it to a standstill. 

By ana logy w ith the expression for linear motion (f, = 

-J- mv2 = p 2/2m). the kinet ic energy of a rotating body is 

Kinetic energy 
[angu lar motion ] 

For a given moment of inertia, high angu lar momentum 

corresponds to high kinetic energy. Accord ing to classical 
mechanics, all angu lar momenta and rotat ional kinetic en

ergies are allowed. As may be verified, the units of rota

t iona l energy are jou les (J). 

70.1 Rotation in two dimensions 

To see what quantum mechanics reveals about rota
tional motion, consider a particle of mass m moving in 
a circular path of radius r in the xy-plane. According 
to classical mechanics (and as set out in The chemist's 
toolkit 22), the magnitude of the z-component of the 
angular momentum, IJzl• around the z-axis (which lies 
perpendicular to the xy-plane and is the only com
ponent in this case) is IJzl = pr. The energy of the par
ticle is entirely kinetic because the potential energy 
is constant and can be set equal to zero everywhere. 
It follows that E = p2!2m. But for this rotating particle 
p = IJzlfr, so this energy can be expressed in terms of 
the angular momentum as 

~ 
E=L=R 

2m 2mr2 
...._..... 

I 

Kinetic energy of a 
particle on a ring 

(1) 
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Fig. 1 A part icle t rave lling on a circu lar path has a moment 
of inertia I that is given by mr2 (a) Th is heavy particle has a 
large moment of inertia about the central point; (b) th is light 
part icle is travell ing on a path of the same rad ius, but it has a 
smaller moment of inert ia. The moment of inertia plays a role 
in circular motion that is the ana logue of the mass for linear 
motion: a particle w ith a high moment of inert ia is difficul t to 
accelerate into a given state of rotation, and requ ires a strong 
braking force to stop its rotat ion. 

where the quantity mr is the moment of inertia of 
the particle about the z-axis, and denoted I (Fig. 1 ). It 
follows that the energy of the particle is 

Kinetic energy of a particle 
on a ring in terms of I (2) 

From the de Broglie relation (A.= hlp), the angular 
momentum can be expressed in terms of the wave
length of the particle: 

~ 
1Jzi=Pr=7 

Magnitude of the 
angular momentum 
of a part icle on a ring 

(3) 

Suppose for the moment that A. can take an arbitrary 
value. In that case, the amplitude of the wavefunc
tion varies with angle, as shown in Fig. 2. When the 
angle increases beyond 27t (that is, beyond 360°), the 
wavefunction continues to change on its next circuit. 

Fig. 2 Three solutions of the Schrbd inger equation for a par
t icle on a ring. The circumfe rence has been opened out into 
a straight line; the points at ¢ = 0 and 21t are identical. The 
solutions in red are unacceptable because they have different 
va lues after each circu it. and so each one interferes destruc
t ively with itse lf. The solution in green is acceptable because 
it reproduces itself on success ive circu its . 
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For an arbitrary wavelength it gives rise to a differ
ent amplitude at each point and the wavefunction 
will not be single-valued (a requirement for accept
able wavefunctions, Topic 7B). Thus, this arbitrary 
wave is not acceptable. An acceptable solution is 
obtained if the wavefunction reproduces itself on suc
cessive circuits in the sense that the wavefunction at 
cfJ = 2n (after a complete revolution) is the same as the 
wavefunction at cfJ= 0: that is, the wavefunction must 
satisfy cyclic boundary conditions. Wavefunctions 
that match after each circuit have an integral number 
of wavelengths fitting round the circumference (of 
length 2nr), and so nA. = 2nr with n = 0, 1, 2, .. . That 
is, the acceptable wavefunctions have wavelengths 
given by 

Circumference 
of ring 

n 
n =0, 1, 2, ... 

The wavefunction with n = 0, with an infinite wave
length, corresponds to a uniform nonzero amplitude 
around the ring. It follows that the angular momen
tum is limited to the values 

I I 
hr hr nh 

Jz =;:= 2nrln = 2n n 0, 1, 2, .. . 

The sign of Jz also must be considered. When Jz> 0, 
the particle travels in a clockwise direction as viewed 
from below; when Jz < 0, the motion is anticlock
wise (Fig. 3 ). The sign of Jz can be absorbed into the 
quantum number by replacing n by m1= 0, ±1,±2, .. . , 
where m1 (the conventional notation for this quantum 
number) is allowed to have positive and negative in
teger values. After replacing h/2n by n the z-component 
of the angular momentum is 

m1 = 0,±1,±2, . .. 

z-Component 
of the angular 
momentum of 
a particle on 
a ring 

(4) 

This simple expression captures both the magnitude 
(that is, IJzl =lm11 h) and sign of Jz.lt follows that 

T he angular momentum of the particle is quantized. 

The quantized motion can be thought of in terms of 
the rotation of a bicycle wheel that can rotate with 
only a discrete series of angular momenta, so that as 
the wheel is accelerated, the angular momentum jerks 
from the values 0 (when the wheel is stationary) ton, 
2n, .. . but can have no intermediate value. Of course, 
bicycle wheels do not seem to move in that way, but 

Fig. 3 The significance of the sign of m1. When m1 < 0, the 
particle travels in an anticlockwise direct ion as viewed from 
below; when m1> 0, the motion is clockwise. 

this quantization is a central aspect of the rotational 
motion of electrons in atoms and of molecules. 

The permitted energies of a particle on a ring are 

2"2 

E =~ 0 1 ±2 m, 21 ml = ,± , + , .. . 

Quantized 
energies of 
a particle 
on a ring 

(5) 

These energy levels are drawn in Fig. 4. Their features 
are as follows . 

• The occurrence of mf means that two states 
of motion with opposite values of ml> such as 
those with m1 = + 1 and m1 = - 1, correspond to 
the same energy (are 'degenerate'). 

• This degeneracy arises from the fact that the 
energy is independent of the direction of travel. 

• The state with m1 = 0 is non-degenerate; the 
particle has an infinite wavelength and is 'sta
tionary', so there is no direction of rotation. 

• The particle does not have a zero-point en
ergy: m1may take the value 0, and E0 = 0. 

121 mt 

100 ±10 

~81 +9 
E-

lJ.J 64 +8 
,;. 
~ 49 +7 
Q) 
c 36 ±6 w 

25 +5 
9 16 +4 .±3 
4· ±2 
1 ±1 o · 

0 

Fig. 4 The energy levels of a particle that can move on a cir
cu lar path. Class ica l phys ics allowed the particle to travel w ith 
any energy (as represented by the continuous t inted band); 
quantum mechanics, however, al lows only discrete energ ies. 
Each energy leve l, other than the one w ith m1 = 0, is doubly 
degenerate, because the particle may rotate either clockwise 
or ant iclockwise with the same energy. 
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Using t he particle-on-a-ring model 

The particle on a ring is a crude but illustrative model of cyclic, 
conjugated molecular systems. Treat the 1t electrons in benzene 
as particles freely moving over a circular ring of carbon atoms. 
Ca lculate the minimum energy required for the excitation of a 
1t electron and express that difference as a frequency and wave
length. The carbon-carbon bond length in benzene is 140 pm. 

Collect your thoughts The gen
eral features of the It-electron 
structure of benzene should be 
familiar from introductory chemis
try. You need to consider features 
of the particle-on-a-ring model that 
can be used to approximate the 
electronic structure of benzene. 
Fi rst, because each carbon atom 

:;tlfl. 
~ 

contributes one 1t electron, six electrons in the conjugated 
system move round the perimeter of the ring. Second, each 
state is occupied by two electrons, so only the m, = 0, + 1, 
and -1 states are occupied (with the last two be ing mutually 
degenerate). It follows that the minimum energy required 
for excitation corresponds to a transition of an electron from 
the m, = + 1 (or -11 state to the m, = +2 (or -21 state, so you 
need to ca lculate E+, - E.,,. The energies of the states can be 
ca lculated from eqn 4, wi th I= mf, taking mas the mass of 
the electron, m, , and r = 140 pm = 1.40 x 10-'0 m (because 
benzene is hexagonal, the radius of the ring is the same as the 
carbon-carbon bond length) . Finally, calculate the frequency 
and wavelength from the Bohr frequency condition (t.E = hv) 
and the relation).= c/v. 

The solution From eqn 5, the energy separation between the 
m1= + 1 and the m1= +2 states is 

2 2 tz2 
t.E=E+2 -E+1 =(2 -1)x--2 2m,r 

=
3

x (1.055x10-34 J s)2 

2x (9.109x1 0 31 kg) x (1.40 x 10 10 m)2 

= 9.35 ... x10-'9 J 

Therefore the minimum energy required to excite an electron 
is 0.935 aJ or (after multiplication by NAI 563 kJ mol-' . The 
frequency of the transition is 

t.E 9.35 ... x10-' 9 J 
v=--;;-= 6.626x10-34 J s 

1.41... x1 015 s-' 

and the wavelength is 

). = ~ = 2.998x10
8 

m s-' = 2_12 .. . x10_7 m 
v 1.41 .. . x1015 s-1 

That is, the absorption frequency is 1.41 PHz (1 PHz =1015 Hz) 
and the wavelength is 212 nm. 

A note on good practice Note that, when quoting the value of 
m1, it is good practice always to give the sign, even if m, is positive. 
Thu s, write m1= + 1, not m, = 1. 
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Comment The experimental value for a transition of this 
kind is 260 nm. That such a primitive model gives reasonably 
good agreement is encouraging. In addition, even though the 
model is primitive, it gives insight into the origin of the quant
ized It-electron energy levels in cyclic conjugated systems 
(Topic 90). 

: Self-test 70.1 . 
Use the particle-on-a-ring model 
to calculate the minimum energy 
required for the excitation of a 1t 

electron in coronene, C24H12 (1). As
sume that the rad ius of the ring is 
three times the carbon-carbon bond 
length in benzene and that the elec
trons are confined to the periphery of 
the molecule. 1 Coronene 
Answer: For a transition from m1= +3 to m,=+4: t.E = 0.0147 zJ or 

8.83 J mol-' 

70.2 Rotation in three 
dimensions 

Rotational motion in three dimensions includes the 
motion of electrons around nuclei in atoms. Conse
quently, understanding rotational motion in three 
dimensions is crucial to understanding the electronic 
structures of atoms. Gas-phase molecules also rotate 
freely in three dimensions and by studying their al
lowed energies (using the spectroscopic techniques 
described in Topic llB) it is possible to infer bond 
lengths and bond angles. 

Just as a location on the surface of the Earth is spe
cified by giving its latitude and longitude, the loca
tion of a particle free to move at a constant distance 
from a point is specified by two angles, the colati
tude e (theta) and the azimuth cp (phi) (Fig. 5). The 
wavefunction for the particle is therefore a function 
of both angles and is written lfl( e, 1/J). It turns out that 
this wavefunction factorizes by the separation of 

X 

Fig. 5 The coord inates r (the radius). fJ (the colatitude). and 
if> (the azimuth) used in the description of rotation in three 
dimensions. 
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variables procedure (Topic 7C) into the product of 
a function of (}and a function of cp. The latter are 
exactly the same as those already found for a par
ticle on a ring. In other words, motion of a particle 
over the surface of a sphere is like the motion of the 
particle over a stack of rings that can be regarded as 
forming the surface, with the additional freedom to 
migrate between rings. 

Two cyclic boundary conditions limit the accept
ability of solutions of the Schrodinger equation. One 
is that the wavefunctions must match as the particle 
travels round the equator (just like the particle on a 
ring); that boundary condition introduces the quantum 
number mi. The other condition is that the wavefunc
tion must match as the particle travels over the poles. 
This constraint introduces a second quantum number, 
which is called the orbital angular momentum 
quantum number and denoted /. Detailed calculation 
shows that the quantum numbers are allowed the 
following values: 

1=0, 1,2, .. . mi=0,±1,±2,±l 

Note that mi has values like those for a particle 
on a ring, but for reasons that will become clear is 
bounded by the value of I. There are 2/ + 1 values of 
mi for a given value of I. The energy of the particle is 
given by the expression 

tz2 
E=i(/+1)--2 2mr 
1=0, 1, 2, . .. 

Quantized energies of a 
particle on a sphere 

(6) 

where r is the radius of the surface of the sphere on 
which the particle can be regarded as moving. For rea
sons that will also soon become clear, the energy de
pends on I and is independent of the value of mi. The 
wavefunctions themselves appear in a number of ap
plications, and are called spherical harmonics. They are 
commonly denoted ~.m, ( (},cp), and can be imagined as 
wavelike distortions of a spherical shell (Fig. 6). 

Fig. 6 The wavefunctions of a particle on a sphere can be 
imagined as having the shapes that the surface wou ld have 
when the sphere is distorted. Three of these 'spherica l har
monics' are shown here. 

A very important additional conclusion can be 
drawn by comparing the expression for the energy 
in eqn 6 with the classical expression for the energy: 

Classical 

f E--- 2mr2 

Quantum mechanical 

where J is the magnitude of the angular momentum of 
the particle. It follows that the magnitude of the an
gular momentum is quantized and limited to the values 

J= {1(1 + 1)}1ntz 
1=0, 1,2 .. . 

Magnitude of the angular momentum 
of a particle on a sphere (7) 

Thus, the allowed values of the magnitude of the an
gular momentum are 0, 2112n, 6112n, .. . 

The angular momentum can be represented by a 
vector (The chemist's toolkit 23) with a length given 
by eqn 7 and pointing in a direction that depicts the 
orientation of the particle's motion. Its z-component, 
which expresses the contribution to the angular mo
mentum that arises from motion around the z-axis 
(the polar axis of the sphere) is min (Fig. 7). Several 
features now fall into place: 

• The quantum number mi is confined to a range of 
values that depend on I because the angular mo
mentum around a single axis (as expressed by mi) 
cannot exceed the magnitude of the angular mo
mentum (as expressed by/). 

• Providing the particle has a given angular mo
mentum, its kinetic energy (its only source of en
ergy) is independent of the orientation of its path: 
hence, the energy is independent of mi, as asserted 
above. 

1=2, m 1=+2 

1=2, m 1=+1 

1=2,m1=0 

1=2, m 1=-1 

1·-·-··-· ·-·--·------·------- I= 2, m
1
= -2 

Fig. 7 The sign ificance of the quantum numbers I and m1 

shown for I= 2: /determines the magnitude ofthe angu lar mo
mentum (as represented by the length of the arrow), and m1 

the component of that angular momentum about the z-axis. 
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A vector is a quantity with both magnitude and direction. 
The vector vshown in Sketch 1 has components on the x, 
y, and z axes with va lues Vx, v,, and v,, respectively, which 
may be positive or negative. For example, if vx = -1.0, the 
x-component of the vector v has a magnitude of 1.0 and 

points in the -x direction. The magnitude of a vector is 

denoted v or I vi and is given by 

v= lv3 + v; + ,;)112 

Thus, a vector with components Vx = -1.0, v, = +2.5, and 
v,= + 1.1 has magnitude 2.9 and wou ld be represented by 
an arrow of length 2.9 units and the appropriate orienta

t ion (as in the inset in the Sketch). Velocity and momentum 

are vectors; the magnitude of a velocity vector is ca lled the 
speed. Force, too, is a vector. Electric and magnetic fie lds 

are two more examples of vectors. 
The operations involving vectors (add ition, multiplication, 

etc.) needed for th is text are described in The chemist's 

toolkit 24 in Topic 80. 

Sketch 1 

What can be said about the component of angular 
momentum about the x- andy-axes? Almost nothing. 
These components cannot exceed the magnitude of 
the angular momentum, but there is no quantum 
number that gives their precise values. In fact, J"' Jy, 
and J., the three components of angular momentum, 
are 'complementary observables' in the sense de
scribed in Topic 7B in connection with the uncer
tainty principle, and if one is known exactly (the 
value of J, for instance, as mtfl ), then the values of 
the other two cannot in general be specified. For this 
reason, the vector representing angular momentum is 
often represented as lying anywhere on a cone with 
a given z-component (indicating the value of m1) and 
side (indicating the value of {I (I+ 1) }112

), but with in
definite projection on the x- andy-axes (Fig. 8). This 
vector model of angular momentum summarizes the 
quantum mechanical aspects of angular momentum, 
expressing the fact that the magnitude is well defined, 
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Fig. 8 The vector model of angu lar momentum acknowledges 
that noth ing can be sa id about the x- and y-components of 
angular momentum if the z-component is known, by repre
senting the states of angular momentum by cones. 

one component is well defined, and the two other 
components are in general indeterminate. 

Brief illustration 70.1 The vector model of angular 

momentum 

Suppose that a particle is in a state with I= 3. You wou ld then 

know that the magnitude of its angular momentum is 12 11211, 
so the angu lar momentum itself cou ld be represented by 
a vector of length 12112 = 3.46 ... units (Fig . 9a). The angu lar 

momentum cou ld have any of seven orientations with z-com
ponents m1n, w ith m1 = 0, ±1, ±2, ±3, so it is represented 

by the vector lying in the orientations that give projections 
of length m1 units on the z-axis (Fig. 9b). Then invoke the 

uncerta inty principle, wh ich denies knowledge of the x- and 

v-components, and so replace the vectors by cones repre
senting possible but unspecified orientations around the 
z-axis (F ig. 9c) . 

: Self-test 70.2 

; How shou ld you express the vector model of angular mo

; mentum of a particle in a state with I = 4? 

(a) 

Answer: Cones of side 201(.2 = 4.47 .. units, components on z-axis 
are 0, ±1 , ±2, ±3, ±4 units. 

Fig. 9 (a) The angular momentum of a particle w ith I = 3. 
(b) The seven orientations of the angular momentum vector. 
(c) The cones representing possible but unspecified orienta
tions around the z-axis. 
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Checklist of key concepts 

0 1 The angular momentum and the energy of a par

ticle free to move on a circular ring are quantized; 

the quantum number is denoted m ,. 

0 2 The wavefunctions of a particle on a ring and on a 

sphere must satisfy cyclic boundary conditions (the 

wavefunctions must repeat on successive cycles). 

03 The angular momentum and the energy of a par

ticle on a sphere are quantized with values deter

m ined by the quantum numbers I and m,. 

0 4 The wavefunctions for a particle on a sphere are the 

spherical harmonics. 

0 5 The vector model of angular momentum repre

sents the angular momentum by a vector of length 

{1(1 + 1 )}112 units and z-component m, units lying at 

an indeterminate position on a cone around the 

z-axis. 



TOPIC 7E 

Vibration 

>- Why do you need to know this 
material? 

The detection and interpretation of vibrational 
frequencies is the basis of infrared spectros
copy (Topic 11 C), a widely used technique for 
identifying compounds. Molecular vibration 
also plays a role in the interpretation of thermo
dynamic properties (Topic 12B). 

>- What is the key idea? 

The energy of a harmonic oscillator is quantized 
and the oscillator may be found at extensions 
not allowed classically. 

>- What do you need to know already? 

You should know how to formulate the 
Schrodinger equation (Topic 7B), and be familiar 
with the Born interpretation of the wavefunc
tion (Topic 7B), the role of boundary conditions 
(Topics 7B, 7C, and 7D), and the phenomenon of 
tunnelling (Topic 7C). 

One very important type of motion of a molecule 
is its vibration, when bonds stretch, compress, and 
bend. One specific but important type of vibrational 
motion is considered here, that of 'harmonic motion' 
in one dimension. Topic llC extends the discussion 
to polyatomic molecules with more than one mode 
of vibration, and explores the consequences of the vi
bration not being harmonic. 

7E.1 The harmonic oscillator 

A harmonic oscillator is one in which a particle vi
brates backwards and forwards restrained by a 
spring that obeys Hooke's law of force. This law 

states that the restoring force is proportional to the 
displacement, x: 

Restoring force = -k£x Hooke's law ( 1) 

The constant of proportionality k£ is called the force 
constant: a stiff spring has a high force constant (the 
restoring force is strong even for a small displacement) 
and a weak spring has a low force constant. The SI 
units of k£ are newtons per metre (N m-1

), where the 
newton (N) is the SI unit of force (1 N = 1 kg m s-2

). 

The negative sign in eqn 1 is included because a dis
placement to the right (to positive x) corresponds to a 
force directed to the left (towards negative x). 

To formulate the Schrodinger equation, it is ne
cessary to know how the potential energy of an os
cillator depends on its extension. In the following 
Justification it is shown that the potential energy of a 
particle subjected to a restoring force - kpc increases 
as the square of the displacement, and specifically 

Potential energy of a 
harmonic oscillator (2) 

The variation of V with xis shown in Fig. 1: it has the 
shape of a parabola (a curve of the form y = ax2

), so a 

t 
,:. 
~ 

" c: 

" Cii 
·;::; 
c: 

" ~ 

0 
Displacement, X-+ 

Fig. 1 The parabolic potential energy characteristic of a 
harmonic oscillator. Posit ive displacements correspond to 
extension of the spring; negative displacements correspond 
to compression of the spring. 
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particle undergoing harmonic motion is said to have 
a 'parabolic potential energy'. 

Justification 7E.1 

Potential energy of a harmonic oscillator 

Force is the negative slope of the potential energy: F= -dV/dx 
(The chemist's toolkit7 in Top ic 2A). Because the infin itesima l 

quantit ies may be t reated as any other quantity in algebra ic 

manipulations, rearrange the express ion into dV= -Fdxand 

then integrate both sides from x = 0, where the potent ia l en· 

ergy is VIOl. to x, where the potent ia l energy is V(x): 

V(x)-VIO)=-r F(x)dx 

Now substitute F(x) = -k,x: 

Because the potentia l energy of the oscillator has its lowest 
va lue at x = 0, it is common to choose VIOl= 0, which then 

gives eqn 2. 

7E.2 The quantum mechanical 
treatment 

Unlike for translation (Topic 7C) and rotation 
(Topic 7D), the potential energy of a harmonic os
cillator varies with position in the regions where the 
particle may be found, so a term V(x) must be in
troduced in the Schrodinger equation, which for a 
particle of mass m becomes 

The solutions of this equation must satisfy the appro
priate boundary conditions. In this case, the wave
functions must all go to zero for large displacements 
in either direction from x = 0 because the potential 
energy rises towards infinity, and the particle cannot 
be found where its potential energy is infinite. The 
implication of the boundary conditions, which can 
be expressed as 1J!(±oo) = 0, is that not all wavefunc
tions, and therefore not all energies, are allowed: vi
brational motion is quantized. 

Although advanced techniques are needed to find 
the solutions, they turn out to be very simple. For in
stance, the allowed energies are 

,,12hv 5 v 

'I hv 
> ' 

4 
LIJ 
,;; 7

/
2
hv 

1 
3 

"' Q; 
5/ 2hv 2 c 

w 
3

/
2
hv 

1/ 2hv ZPE 0 
0 

Fig. 2 The array of energy leve ls of a harmon ic oscillator 
(the levels continue upwards to infin ity) . The separation 
depends on the mass and the force constant. Note the 
zero-po int energy (ZPE). 

Ev=(v+±)hv v=O,l,2, ... 

v = _!_( kf )112 
2n m 

Quantized energies ( 3) 
of the harmonic 
oscillator 

where v is the vibrational quantum number. 1 These 
energies form a uniform ladder of values separated 
by hv(Fig. 2). The quantity vis a frequency (in cycles 
per second, or hertz, Hz), and is in fact the frequency 
that a classical oscillator of mass m and force con
stant kr would be calculated to have. The separation 
of adjacent energy levels is large for stiff springs 
(large kr) and low masses (small m). 

Brief illustration 7E.1 The vibrational frequency of a 

chemical bond 

The force constant for an H- CI bond is 516 N m- 1
• Suppose 

that. because the ch lorine atom is relatively ve ry heavy, on ly 

the hydrogen atom moves; then m may be taken as the mass 
of the H atom (1.67 x 10-27 kg for 1H). It fol lows that 

[ 

kgm , -' ] '

12 

1/2 ~ _, 

v=..2..(5.) =....!... 516 N m =8.85x10'3 Hz 
2rr m 2rr 1.67x10 27 kg 

or 88.5 THz. The energy separation between adjacent leve ls 
is h t imes th is f requency, or 5.86 x 10-20 J (58.6 zJ). corres
pond ing (after multiplication by NA) to 35.3 kJ mol- ' . 

; Self-test 7E.1 

: The vibrationa l frequency of an H- 1 bond is 69.5 THz. Esti

; mate the force constant for the bond on the bas is that on ly 
; the H atom moves. 

Answer: 318 N m-' 

1Be very careful to distinguish the quantum number v (italic vee) 
from the frequency v (Greek nu). 



Table 7E.1 

Harmonic oscillator wavefunctions* 

v 
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* The wavefunctions are expressed in terms of the vari

able y ~ xI a and the parameter a ~ (h2/mk1)
114

. Each one is 

normalized in the sense that I~ 1fl~ dx ~ a I~ 1fl~ dy ~ 1. 

Table 7£.1 lists the first four wavefunctions of a 
harmonic oscillator, and Fig. 3 shows their shapes. In 
each case, the probability density for finding a par
ticle at a given displacement is proportional to the 
square of the value of the wavefunction at that dis
placement. The following features are important: 

• The lowest energy wavefunction (corres
ponding to v = 0) is a bell-shaped curve, a 
curve of the form e-x' (a Gaussian function; 
see The chemist's toolkit 4 in Topic 1B), with 
no nodes. The particle is most likely to be 
found at x = 0 (zero displacement), but may 
be found at greater displacements with de
creasing probability. 

• The first excited wavefunction (v = 1) has a 
node at x = 0 with positive and negative peaks 
on either side. In this state, the particle will 
be found most probably with the 'spring' 
stretched or compressed to the same amount. 
It has a higher energy because it is more 
curved (corresponding to higher kinetic en
ergy) and samples regions of higher potential 
energy too. 

• All the wavefunctions extend beyond the 
limits of motion of a classical oscillator (Fig. 4 ). 
That is, the particle tunnels into regions for
bidden by classical mechanics. 

ro 
u 
-~ 
.c 
0.. 
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Fig. 3 (a) The wavefunctions and (b) the probabi lity dens
ities of the first three states of a harmon ic osci llator. Note 
how the probabi lity of f ind ing the oscil lator at large displace
ments increases as the state of exc itat ion increases. 

0 
Displacement, x-

4 

3 

2 

0 

Fig. 4 A schematic illust ra t ion of the probability density 
for find ing a harmonic osci llator at a given disp lacement. 
Class ica lly, the osc illator cannot be found at displacements 
at wh ich its tota l energy is less than its potential energy 
(because the kinetic energy cannot be negative). A quantum 
oscillator, though, may tunnel into reg ions that are classic
al ly forbidden. 

Because v = 0 is allowed, an oscillator has a 
zero-point energy of E0 = ! hv, which cannot be re
moved. Classically, this energy would be the con
sequence of the oscillator ceaselessly fluctuating 
around zero displacement. Quantum mechanically 
it arises from the shape of the wavefunction, which 
must be curved (to satisfy the boundary conditions 
and not be zero everywhere), and therefore imparts 
kinetic energy to the oscillator. 

Figure 5 shows the probability density for a wave
function with a high value of the quantum number 
v (in this case, v = 25). The probability density is 
highest at maximum displacement, just as expected 
for a classical oscillator (think of a pendulum, which 
is moving most slowly at the ends of its swing). This 
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Fig. 5 At high values of the vibrational quantum number 
(here v= 25) the probability density is beginning to resemble 
the distribution expected for a classical oscillator, which is 
most likely to be found at the ends of its swing where it is 
travelling most slowly. 

Checklist of key concepts 

0 1 A particle undergoes harmonic motion if it is sub

jected to a Hooke's-law restoring force (a force pro

portional to the displacement) as characterized by 

the force constant, k,. 

0 2 The energy levels of a harmonic oscillator are 

equally spaced and specified by the vibrational 
quantum number v= 0, 1, 2, ... 

property is another example of the correspondence 
principle (Topic 7C) that classical behaviour emerges 
at high quantum numbers. 

Because the wavefunctions spread over a range of 
displacements, an oscillator has nonzero potential 
energy as well as a kinetic energy arising from its 
curvature. The average kinetic energy is equal to the 
average potential energy in any state of a harmonic 
oscillator: (Ek)v = (V)", and therefore (because their 
sum must be the total energy Ev) that both average 
values are equal to t Ev for all values of the quantum 
number v.2 

2For a justification of this result, see our Physical chemistry: 
thermodynamics, structure, and change (2014). 

0 3 The separation of neighbouring quantum levels in

creases with the force constant and decreases with 

the mass of the oscillating particle. 

0 4 The oscillating particle can tunnel to classically for

bidden displacements. 



FOCUS 7 Quantum theory 

Exercises 

Topic 7 A The emergence of quantum theory 

7A.1 The wavelength of the bright red line in the spectrum of 

atomic hydrogen is 652 nm. What is the energy of the photon 

generated in the transit ion? 

7A.2 What is the wavenumber of the rad iation emitted 

when a hydrogen atom makes a transition correspond ing to a 

change in energy of 10.20 eV? 

7A.3 Calcu late the size of the quantum involved in the exci

tat ion of (a) an electron ic motion of frequency 1.0 x 1015 Hz. 

(b) a molecu lar vibration of period 20 Is. (c) a pendu lum of 

period 0.50 s. Express the results in joules and in ki lojou les 

per mole. 

7A.4 The work function for metal lic caesium is 2.14 eV. 

Calculate the kinetic energy and the speed of the electrons 
ejected by light of wavelength (a) 750 nm. (b) 250 nm. 

Topic 78 The dynamics of microscopic systems 

78.1 The speed of a certain proton is 350 km s-1
• If the un

certainty in its momentum is 0.0100 per cent. what uncer

tainty in its location must be tolerated? 

78.2 Calculate the min imum uncerta inty in the speed of a 

ba ll of mass 500 g that is known to be w ith in 5.0 1-1m of a 

certain point on a bat. 

Topic 7C Translation 

7C.1 A particle is confined to a one-d imensiona l box of 

length L. Deduce the location of the posit ions w ith in the box 

at which the particle is most likely to be found when the 

quantum number of the particle is (a) n = 1. (b) n = 2. and 
(c) n = 3. 

7C.2 A hydrogen atom. treated as a point mass. is confined 
to a one-dimensional square wel l of width 1.0 nm. How much 

Topic 70 Rotation 

70.1 A particle is confined to a two-d imensiona l ring of radi

us 100 pm. What are the wavelengths of the wavefunctions 

of the three lowest rotational levels? 

70.2 A rotating HI molecule may be t reated as a stationary 
I atom around which an H atom circulates in a plane at a 
distance of 161 pm. Ca lcu late (a) the moment of inertia of 

7A.5 Calculate the de Broglie wave length of (a) a mass of 

1.0 g travelling at 1.0 m s-1
• (b) the same. t ravelling at 1.00 x 105 

km s- 1
• (c) a He atom travelling at 1000 m s- 1 (a typica l speed 

at room temperatu re). 

7A.6 A diffraction experiment requires the use of electrons 

of wavelength 550 pm. Ca lcu late the speed of the electrons. 

7A.7 Calculate the de Brogl ie wavelength of yourself travel

ling at 8 km h- 1
. What does your wavelength become when 

you stop? 

7A.8 Calculate the linear momentum of photons of wave

length (a) 600 nm. (b) 70 pm. (c) 200 m. 

7A.9 How fast wou ld a particle of mass 1.0 g need to travel to 
have the same linear momentum as a photon of rad iation of 

wavelength 300 nm? 

78.3 What is the min imum uncertainty in the position of a 
bu llet of mass 5.0 g that is known to have a speed some

where between 350.000001 m s-1 and 350.000000 m s-1? 

78.4 An electron is confined to a linear region w ith a length 
of the same order as the diameter of an atom (taken as 

100 pm). Ca lcu late the min imum uncertainties in its posit ion 

and speed. 

energy does it have to give up to fa ll from the fi rst excited 

level with n = 2 to the lowest energy level w ith n = 1? 

7C.3 An electron is confined to a one-dimensional box. The 

wavelength of the radiation requi red to excite the electron 

from the lowest level to the first excited level is 1.10 1-1m . 

What is the length of the box? 

the molecule. (b) the wave length of the radiation requ ired 

to excite the molecule from the lowest to first excited level. 

70.3 Suppose that the magnitude of the angu lar momentum 

of a system rotating in three dimensions is 42112/i. Deduce 
the angular momentum quantum number of the system. 
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70.4 For a system rotating in three dimensions. what is the de

generacy of the level with I= 4?What are the val id values of m? 

Topic 7E Vibration 

7E.1 A bee of mass 1 g lands on the end of a horizonta l twig, 

which starts to osci llate up and down w ith a period of 1 s. 

Treat the twig as a massless spring, and estimate its force 

constant. 

7E.2 Treat a vibrating HI molecule as a hydrogen atom oscil

lating towards and away from a stationary iodine atom. Given 

Discussion questions 

7.1 Summarize the evidence that led to the introduction of 

quantum theory. 

7.2 Discuss the physica l orig in of quantization energy for a 
particle confined to a one-dimensional box or on a ring. 

7.3 Define, just ify, and provide examples of zero-point energy. 

Problems 

7.1 Use the fo llowing data on the kinetic energy of photo

electrons ejected by radiation of different wavelengths from 
a metal to determ ine the va lue of Planck's constant and the 

work function of the meta l. 

300 

1.613 

350 

1.022 

400 

0.579 

450 

0.235 

7.2 When an electron is accelerated through a potential dif

ference !l.</J it acquires a kinetic energy e!J.cp. Calcu late the mo

mentum, and hence the de Brogl ie wavelength, of an electron 
accelerated from rest through (a) 1.00 V. (b) 1.00 kV. (c) 100 kV 

7.3 Suppose that you designed a spacecraft to work by pho

ton pressure. The sai l was a completely absorbing fabric of 
area 1.0 km 2 and you directed a red laser beam of wavelength 
650 nm on to it from a base on the Moon. What is (a) the 

force, (b) the pressure exerted by the rad iation on the sa il? (c) 

Suppose the mass of the spacecraft was 1.0 kg. Given that, 

after a period of acceleration from standstil l, speed= (force/ 

70.5 A hydrogen atom rotates in three dimensions at a fixed 

distance of 100 pm from a fixed point. Ca lculate the energy 

of the level w ith rotationa l quantum number J = 1. 

the force constant of the HI bond is 314 N m· ', calculate the 

vibrational frequency of the molecu le. 

7E.3 The vibrationa l period of the C-H bond in tribromo

methane, CHBr3, is 91.2 ps. Treating the molecule as an oscil

lating H atom and a stationary CBr3 group, calculate the force 
constant for the C-H bond. 

7.4 Describe and justify the Born interpretation of the wave

function. 

7.5 What are the implicat ions of the uncertainty principle? 

7.6 Discuss the physical origins of quantum mechanical tun

nelling. How does tunnel ling appear in chemistry? 

mass) x t ime, how long wou ld it take for the craft to acceler

ate to a speed of 1.0 m s· 1? 

7.4 A certain wavefunction is zero everywhere except be

tween x = 0 and x = L. where it has the constant va lue A. 
Normal ize the wavefunction. 

7.5 Suppose a particl e has a wavefunction 'l'(x) = Ne-'"
2

. 

Sketch the form of this wavefunction. Where is the particle most 
likely to be found? At what values of xis the probability of finding 

the particle reduced by 50 per cent from its maximum value? 

7.6 Suppose a part icle of mass m is in a reg ion where its 
potential energy varies as aX', where a is a constant. Write 

down the correspond ing Schr6dinger equation. 

7.7 Calculate the probability that an electron wi ll be found (a) 

between x= 0.1 and 0.2 nm, (b) between 4.9 and 5.2 nm in a 

box of length L = 10 nm when its wavefunction is 'If= (2/L)112 

sin(2nx/L). Treat the wavefunction as a constant in the small 

region of interest and interpret 15 Vas llx. 



7.8 Degeneracy is associated wi th symmetry. Consider a 

rectangular area of sides Land 2L. Are there any degenerate 

states? If there are. identify the two lowest. 

7.9 The pores in zeolite catalysts are so small that quantum 
mechanical effects on the distribution of atoms and mole

cu les with in them can be sign ificant. Calculate the location 

in a box of length L at wh ich the probabi lity of a particle being 

found is 50 per cent of its maximum probabil ity when n = 1. 

7.10 The blue solution formed when an alka li meta l dissolves 

in liquid ammonia consists of the metal cations and electrons 
trapped in a cavity formed by ammonia molecu les. (a) Calcu

late the spacing between the levels with n = 4 and n = 5 of an 
electron in a one-d imensiona l box of length 5.0 nm. (b) What 

is the wavelength of the radiation emitted when the electron 

makes a transit ion between the two levels? 

7.11 Suppose a particle has zero potential energy for x < 0. a 

constant value V. for 0 <:; x<:; L. and then zero for x > L. Sketch 
the potential. Now suppose that wavefunction is a sine wave 

on the left of the barrier. decl ines exponential ly inside the 

barrier. and then becomes a sine wave on the right. being 

continuous everywhere. Sketch the wavefunction on your 

sketch of the potential energy. 

Projects 

The symbol t indicates that calculus is required. 

7. H Calcu lus can be used to carry out more accurate ca lcu

lations of probabilit ies. (a) Repeat Problem 7.7 but allow for 

the variation of the wavefunction in the reg ion of interest by 

integrating lf/2dx between the lim its of interest. You w ill need 
to use the indefinite integral T1 as in Justification 7C.1. What 

are the relative errors in the approximate procedure used in 

Problem 7.7?. What is the probabi lity of finding a particle of 
mass min (b) the left-hand one-third. (c) the central one-third. 
(d) the right-hand one-th ird of a box of length L when it is in 

the state with n = 1? 

7.2t Here you are invited to explore the quantum-mechanical 
harmonic osci llator in more quantitative detai l. (a)The ground

state wavefunction of a harmonic oscil lator is proportiona l to 
e-'"' 12 • where a depends on the mass and force constant. 

(i) Normalize this wavefunction; you will need the Integral G1 in 

the Resource section. (i i) At what displacement is the oscilla

tor most likely to be found in its ground state? Reca ll that the 
maximum or m inimum of a function l(x) occurs at the va lue 
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7.12 An electron is incident on a potential-energy barrier of 

w idth L and height V = li2 /2m,L2 Estimate the probability 

that the electron wil l tunnel through the barrier if it has an 
energy (a) \110 and (b) V/100. 

7.13 The moment of inertia of an H20 molecu le about an axis 
bisecting the HOH ang le is 1.91 x 10-47 kg m'- Its min imum 

angular momentum about that axis (other than zero) is li. In 

classical terms. how many revolutions per second do the 
H atoms make about the axis when in that state? What is 

the min imum energy needed to excite the rotation of an H20 
molecule about the axis? 

7.14 The moment of inertia of CH4 can be ca lcu lated from 

the expression I= tm" R' where R = 109 pm is the CH bond 
length. Ca lcu late the m inimum rotational energy (other than 

zero) of the molecu le and the degeneracy of that rotational 

state. 

7.15 A vibrating HI molecule may be treated as an oscillating 
H atom and a stationary I atom. By what factor wi ll the vibra

tional frequency of the molecu le change when H is replaced 

by deuterium? 

of xfor which df/dx= 0. (b) Repeat part (a) for the first excited 

state of a harmonic oscil lator. for wh ich the wavefunction is 
proportiona l to xe-'"212 

7.3 The solutions of the Schrbdinger equation for a harmonic 
oscil lator also apply to diatomic molecules. The only compl ica

tion is that both atoms joined by the bond move. so the mass 
of the osci llator has to be interpreted carefully. Detai led calcu

lation shows that for two atoms of masses m. and m8 joined 
by a bond of force constant k1• the energy levels are given by 

eqn 3 ofTopic 7E. but w ith m replaced by the effective mass 

11 = m. m, /(m• + m8). Consider the vibration of carbon mon

oxide. The bond in a 12C160 molecule has a force constant of 
1860 N m-1

. (a) Ca lculate the vibrational frequency. v. of the 

molecule. (b) In infrared spectroscopy it is common to con

vert the vibrational frequency of a molecule to its vibrational 

wavenumber. v. given by v = v/c. What is the vibrational 
wavenumber of a 12C160 molecule? (c) Assuming that isotopic 
substitution does not affect the force constant of the C:=O 

bond, calcu late the vibrationa l wave numbers of the fol lowing 
molecules: 12C160, 13C160, 12C180, 13C180. 





FOCUS 8 

Atomic structure 

Atomic structure-the description of the arrangement of 

electrons in atoms-is an essential part of chemistry be

cause it is the basis for understanding molecular and solid 

structures, and all the physica l and chemical properties of 

elements and their compounds. Th is Focus explains how the 

principles of quantum mechanics introduced in Focus 7 are 

used to describe the internal structures of atoms and their 
spectroscopic transitions. 

8A Hydrogenic atoms 

A 'hydrogenic atom' is a one-electron atom or ion of 

general atomic number Z; examples are H, He+, Li'•. O'•. 
Hydrogenic atoms are important because their Schr6dinger 

equations can be solved exactly. They also provide a set of 
concepts that are used to describe the structures of many

electron atoms and of molecules too. This Topic beg ins 

with a discussion of experimenta l information from a study 

of the spectrum of atomic hydrogen and then describes the 
results of solving the Schr6dinger equation. The wavefunc
t ions so obta ined are the hugely important 'atom ic orbita ls' 

of hydrogenic atoms. 

8A.1 The permitted energies of hydrogenic atoms; 
8A.2 Quantum numbers; 8A.3 The s orbitals; 
8A.4 The p and d orbitals 

88 Many-electron atoms 

A 'many-electron atom' (or polyelectronic atom) is an atom or 

ion with more than one electron; examples include all neutra l 

atoms other than H. So even He, with on ly two electrons, 
is a many-electron atom. In this Topic hydrogenic atomic 

orbita ls are used in conjunction w ith the concept of 'spin' and 
the 'Pau li exclusion principle' to describe their structures. 

88.1 The orbital approximation; 88.2 Electron 
spin; 88.3 The Pauli principle; 88.4 Penetration 
and shielding; 88.5 The building-up principle; 
88.6 The occupation of d orbitals; 88.7 The 

configurations of cations and anions; 
88.8 Self-consistent field orbitals 

8C Periodic trends of atomic properties 

This Topic extends the discussion in Topic 88 to account for 
the periodicity of atomic properties and the structure of the 

periodic table. Specia l attention is given to atomic and ionic 

radi i, ionization energ ies, and electron affin it ies. 

8C.1 Atomic and ionic radii; 8C.2 Ionization energy 
and electron affinity 

80 Atomic spectroscopy 

Atomic spectroscopy is an important way of determining 

the energies of electrons in atoms. This Topic beg ins with a 

review of the spectra of hydrogenic atoms, and then moves 
on to a discussion of many-electron atoms. The concept 

of 'se lection ru les' is used to pred ict which spectroscopic 
transit ions can be observed. The spectra of many-e lect ron 

atoms are more complicated than those of hydrogen be

cause they are influenced by the Coulombic and magnetic 
interacti ons of electrons. They are described by using 'term 
symbols', wh ich are based on the various contributions to 

the total angu lar momentum of the electrons. 

80.1 The spectra of hydrogenic atoms; 80.2 The en
ergies of many-electron atoms; 80.3 Spin-orbit coup
ling; 80.4 Selection rules for many-electron atoms 

Web resource What is an application ofthis 
material? 

Techn iques of atom ic spectroscopy are used to examine 

stars. By analysing the ir spectra it is possib le to determine 
the composit ion of their outer layers and the surrounding 

gases, and to determine features of their phys ica l state. See 

Impact 6 on the webs ite of this book. 



TOPIC 8A 

Hydrogenic atoms 

)- Why do you need to know this 
material? 

An understanding of the structure of the 
hydrogen atom is central to the understanding of 
all other atoms, the periodic table, and bonding 
in molecules. 

)- What is the key idea? 

Atomic orbitals are labelled by three 
quantum numbers which specify the energy 
and angular momentum of an electron in a 
hydrogenic atom. 

)- What do you need to know already? 

You need to be aware of the concept of 
wa vefunction (Topic 7 A) and its interpretation. 
You need to know how boundary conditions 
limit the solutions of the Schrodinger equation 
(Topics 7A-7D). 

A hydrogenic atom is a one-electron atom or ion 
of atomic number Z. Hydrogenic atoms include H, 
He+, L?+, C5+, and even U91+. Such very highly ionized 
atoms may be found in the outer regions of stars. A 
many-electron atom is an atom or ion that has more 
than one electron. Many-electron atoms include all 
neutral atoms other than H. For instance, helium, 
with its two electrons, is a many-electron atom in 
this sense. Hydrogenic atoms, and H in particular, 
are important because the Schrodinger equation 
can be solved for them exactly and the concepts 
they introduce are used to describe the structures 
of many-electron atoms (Topic 8B) and molecules 
(Topics 9A- 9D). 

8A.1 The permitted energies of 
hydrogenic atoms 

Energetically excited atoms are produced when an 
electric discharge is passed through a gas or vapour, 
or when an element is exposed to a hot flame. These 
atoms emit electromagnetic radiation of discrete 
frequencies as they discard energy and return to the 
ground state, their state of lowest energy (Fig. 1). 
The record of frequencies (v, typically in hertz, Hz), 
wavenumbers (ii = vic, typically in reciprocal centi
metres, cm-1

), or wavelengths (A,= c!v, typically in 
nanometres, nm), of the radiation emitted is called 
the emission spectrum of the atom. The components 
of radiation present in a spectrum are widely referred 
to as spectroscopic 'lines' . 1 

The first important contribution to understanding 
the spectrum of atomic hydrogen was made by the 
Swiss schoolteacher Johann Balmer. In 1885 he 
pointed out that (in modern terms) the wavenumbers 

Fig. 1 The spectrum of atomic hydrogen. The spectrum is 
shown at the top, and is analysed into overlapping series 
below. The Balmer series lies largely in the visible region. 

1 In its earliest form, the radiation was detected photographically 
as a series of lines: the focused image of the slit through which the 
light was sampled. 



of the light in the visible region of the electromag
netic spectrum fit the expression 

with n = 3, 4, .. . The lines described by this formula 
are now called the Balmer series of the spectrum. 
Later, another set of lines was discovered in the ultra
violet region of the spectrum, and is called the Lyman 
series. Yet another set was discovered in the infrared 
region when suitable detectors became available, 
and is called the Paschen series. With this additional 
information available, the Swedish spectroscopist 
Johannes Rydberg noted (in 1890) that all the lines 
are described by the expression 

Rydberg formula (1 ) 

with n 1 = 1, 2, .. . , n2 = n 1 + 1, n 1 + 2, .. . , and 
RH = 109 677 cm-1

• The constant RH is now called 
the Rydberg constant for hydrogen. The first five 
series of lines then correspond to n 1 taking the values 
1 (Lyman), 2 (Balmer), 3 (Paschen), 4 (Brackett), and 
5 (Pfund). 

As seen in Topic 7 A, the existence of discrete spec
troscopic lines strongly suggests that the energy of 
atoms is quantized, and that when an atom changes 
its energy by t.E, this difference is carried away as a 
photon of frequency v related to t.E by the Bohr fre
quency condition (eqn 1 of Topic 7 A, t.E = hv), which 
in terms of wavenumbers becomes 

t.E=hcv Bohr f requency condit ion (2) 

It follows that discrete lines can be observed if an 
electron in an atom can exist only in certain energy 
states, and electromagnetic radiation induces (for ab
sorption) or results from (for emission) transitions 
between them. 

Quantum theory explains these observations. The 
description is based on Rutherford's nuclear model, 
in which a hydrogenic atom is pictured as consisting 
of an electron outside a central nucleus of charge Ze, 
and then formulating and solving the corresponding 
Schrodinger equation. This equation includes the 
potential energy, V, of the Coulombic interaction 
between the nucleus of charge +Ze and the electron 
of charge -e (The chemist's toolkit 14 of Topic 5H, 
V(r) = Q 1Qi4neor, with Q 1 = Ze and Q 2 =-e) : 

Coulombic potent ial 
energy of an elect ron 
in a hydrogenic atom 

(3) 
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where fo = 8.854 x 10-12 J-1 C2 m-1 is the vacuum 
permittivity. The negative sign indicates that the po
tential energy falls (becomes more negative) as the 
distance between the nucleus and the electron de
creases. 

The wavefunctions, the solutions of the Schrodinger 
equation for an electron in the presence of the 
nucleus, must satisfy certain conditions in order to 
be acceptable. For a hydrogenic atom, these 'boundary 
conditions' are that the wavefunction must decay 
to zero as it extends to infinity, and that it must 
repeat itself (just like the particle on the surface of a 
sphere, Topic 7D) on circling the nucleus either over 
the poles or round the equator. With three conditions 
to satisfy, three quantum numbers are expected to 
emerge. 

With a lot of work, the Schrodinger equation with a 
Coulombic potential energy and these conditions can 
be solved. As usual, the need to satisfy boundary con
ditions leads to the conclusion that the electron can 
have only certain energies, which is qualitatively in 
accord with the spectroscopic evidence. Schrodinger 
himself found that for a hydrogenic atom of atomic 
number Z with a nucleus of mass mN, the allowed 
energy levels are given by the expression 

E =- hcRNZ
2 

n 2 n 

where 

Energy levels of a 
hydrogenic atom 

Rydberg 
constant, 
reduced 
mass 

(4a) 

(4b) 

and n = 1, 2, .. . The quantity J.1 is called the reduced 
mass of the atom, which is a kind of effective mass 
that takes into account the fact that although 
most of the motion within an atom is that of the 
electron, the heavy nucleus is not completely sta
tionary. Because mN >> m" even for hydrogen, 
in all but the most precise calculations, J.1 = m ,. 
Schrodinger must have been thrilled to find that 
when he calculated RH, the value he obtained was 
in almost exact agreement with the experimental 
value of 109 677 cm-1

. 

The most important features of eqn 4a are the role 
of n, the significance of the negative sign, and the 
appearance in the equation of Z 2

. We consider each 
in turn. 

The quantum number n is called the principal 
quantum number. It is used to calculate the energy 
of the electron in the atom by substituting its value 
into eqn 4a. The resulting energy levels are depicted 
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Fig. 2 The energy leve ls of the hydrogen atom. The energ ies 
are re lative to a proton and an infin itely distant. stationary 
electron. 

in Fig. 2. They are widely separated at low values of 
n, but then converge as n increases. At low values of 
n the electron is confined close to the nucleus by the 
attraction of opposite charges and the energy levels 
are widely spaced like those of a particle in a narrow 
box. At high values of n, when the electron has such 
a high energy that it can travel out to large distances, 
the energy levels are close together, like those of a 
particle in a large box. 

Now consider the sign in eqn 4a. All the allowed 
energies are negative, which signifies that an elec
tron in an atom has a lower energy than when it 
is free. The zero of energy (which occurs at n = oo) 
corresponds to the infinitely widely separated (so 
that the Coulomb potential energy is zero) and 
stationary (so that the kinetic energy is zero) elec
tron and nucleus. An electron can have any energy 
greater than zero if it has escaped from the atom 
and is moving, but its wavefunctions then obey dif
ferent boundary conditions and its energies are no 
longer given by eqn. 4a. The state of lowest, most 
negative, energy, the ground state of the atom, is 
the one with n = 1 (the smallest permitted value of 
n and hence the most negative value of the energy). 
The energy of this state is E1 = -hcRNZ2

: the nega
tive sign means that the ground state lies hcRNZ 2 

below the energy of the infinitely separated and 
stationary electron and nucleus. The first excited 
state of the atom, the state with n = 2, lies at E2 = 

-thcRNZ2
• This energy level is ihcRNZ2 above the 

ground state. 
These results explain the empirical expression for 

the spectroscopic lines observed in the emission spec
trum of atomic hydrogen (for which RN is RH and 
Z = 1). In such a transition, an electron jumps from 
an energy level with one quantum number (n2 ) to a 

level with a lower energy (with quantum number n1). 

As a result, the energy discarded is 

This energy is carried away by a photon of energy 
hcv. By equating this energy to t.E, eqn 1 is obtained 
immediately. 

Now consider the significance of Z 2 in eqn 4a. 
The fact that the energy levels are proportional to Z 2 

stems from two effects. First, an electron at a given 
distance from a nucleus of charge Ze has a potential 
energy that is Z times more negative than an electron 
at the same distance from a proton (for which Z = 1 ). 
However, the electron is drawn in to the vicinity of 
the nucleus by the greater nuclear charge, so it is more 
likely to be found closer to the nucleus of charge Z 
than the proton. This effect is also proportional to Z, 
so overall the energy of an electron can be expected 
to be proportional to the square of Z, one factor rep
resenting the Z times greater strength of the nuclear 
field and the second factor representing the fact that 
the electron is Z times more likely to be found closer 
to the nucleus. 

Brief illustration 8A.1 Transitions in hydrogen ic atoms 

The shortest wavelength transit ion in the Paschen series in 

hydrogen occurs at 821 nm. Accord ing to eqn 4a, the al lowed 
energ ies of one-electron atoms and ions are proportiona l to 

7'. so the wavenumbers of the trans it ions between the same 

two leve ls sca le as Z2 too. Because wavelength is inversely 

proportiona l to the wavenumber. it fo llows that the wave

length of the transit ion shou ld sca le as 1/Z2 Therefore, the 
same transit ion in Li2+ (for wh ich Z= 3) can be expected to lie 

at -§- x 821 nm = 91.2 nm. It does. 

; Self-test 8A.1 

: A transit ion in the Brackett series of Li 2+ is observed at a 

; wavelength of 450 nm. What is the quantum number of the 

; upper energy leve l? 

Answer: 5 

The minimum energy needed to remove an elec
tron completely from an atom is called the ioniza
tion energy, I. For a hydrogen atom, the ionization 
energy is the energy required to raise the electron 
from the ground state (with n = 1 and energy E1 = 

-hcRH) to the state corresponding to complete re
moval of the electron (the state with n = oo and zero 
energy). Therefore, the energy that must be supplied 
is I= hcRH = 2.179 aJ, which corresponds to 1312 kJ 
mol-1 or 13.59 eV. 



Brief illustration 8A.2 Ionization energies of hydrogen ic 

atoms 

As in Brief illustration 8A.1. eqn 4a shows that the allowed en
ergies are proportional to Z2 Therefore the ionization energies 
of one-electron species should also scale as Z2 Because the 

ionization energy of His 13.59 eV. the ionization energy of He+ 

(for which Z = 2) should be 1",• = 41" = 54.36 eV. That is in fact 
its experimentally determined value. 

: Self-test 8A.2 

: What is the energy required to ionize a hydrogen atom ini

: tially in its first excited state? 

Answer: t heR" = 3.40 eV 

8A.2 Quantum numbers 

The wavefunction of the electron in a hydrogenic 
atom is called an atomic orbital. The name is in
tended to express something less definite than the 
'orbit' of classical mechanics. An electron that is 
described by a particular wavefunction is said to 
'occupy' that orbital. So, in the ground state of the 
atom, the electron occupies the orbital of lowest en
ergy (that with n = 1). 

As already mentioned, there are three mathematical 
conditions on the orbitals: every orbital must decay 
to zero as they extend to infinity, they must match 
as they encircle the equator, and they must match as 
they encircle the poles. Each condition gives rise to 
a quantum number, so each orbital is specified by 
three quantum numbers that act as a kind of'address' 
of the electron that occupies it. The values allowed 
to the three quantum numbers are linked because, as 
in the discussion of a particle on a sphere (Topic 7D), 
to get the right shape on a polar journey the orbital 
depends on the shape as the particle travels round the 
equator. It turns out that the relations between the 
allowed values are very simple. 

As remarked in Topic 7C, for some systems the 
Schrodinger equation separates into simpler equa
tions for each coordinate. As may be expected for a 
spherically symmetrical, centrosymmetric system like 
a hydrogenic atom, its Schrodinger equation separates 
into one equation for the angular coordinates (corres
ponding to motion around the nucleus, the analogue 
of the particle on a sphere treated in Topic 7D) and 
an equation for the radial dependence. The wavefunc
tion correspondingly factorizes, and is written 

Hydrogenic (S) 
orbital 
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The factor Rn,1(r) is called the radial wavefunction. The 
factor ~ m (8,1/J) is called the angular wavefunction 
and is e~a~tly the wavefunction found for a particle 
on a sphere and described in Topic 7D. As can be seen 
from this expression, the wavefunction is specified by 
three quantum numbers, all of which have already 
been met in different guises (Topics 7C and 7D): 

Quantum Name 
number 

n principa l 

Allowed 
values 

1, 2, ... 

Determines 

Energy, through 

En= -hcRNZ'!ri' 

orbita l D. 1, ... , n-1 Orbita l angu lar 

m, 

angular momentum, 
momentum through 

J=(/(/+1))'12/i 

magnetic 0, ±1, ... , ±I z-Component of 
orbita l angu lar 
momentum, 
through 

J, = m11i 

The radial wavefunction Rn1(r) depends only on n 
and /, so all wavefunctions of a given n and I have 
the same radial dependence regardless of the value 
of m1• Similarly, the angular wavefunction ~ .m, (8,¢) 
depends only on I and mi> so all wavefunctions of a 
given I and m1 have the same angular shape regardless 
of the value of n. The explicit expressions for some 
of the orbitals are shown in Table 8A.1; the notation 
used there is described immediately below. 

Brief illustration 8A.3 Quantum numbers and orbitals 

It follows from the restrictions on the values of the quantum 

numbers that there is only one orbital with n = 1, because 

when n = 1 the only value that I can have is 0, and that in turn 

implies that m1 can have only the value 0. Likewise, there are 

four orbitals with n = 2, because I can take the values 0 and 1, 
and in the latter case m1 can have the three values+ 1, 0, and 
-1. In general, there are n' orbitals with a given value of n. 

A note on good practice Always give the sign of m1, even 
when it is positive. So, w rite m1= +1, not m1= 1. 

: Self-test 8A.3 

: Specify the orbitals with n = 3. 
: Answer: 9 orbitals; one with I= 0, three with I= 1, and five with I= 2 

Although all three quantum numbers are needed 
to specify a given orbital, eqn 4 shows that for hy
drogenic atoms-and only for hydrogenic atoms-
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Table8A.1 
Hydrogenic wavefunctions* 

Orbital Radial wavefunctian Ang u Ia r wavefu nctia n 

1s 2n112 

2s 

_1_(l_J
312 

( Zr Je-M2•o 24112 a0 a0 

1 (3)112 
2 ~ sinecas<t> 

2p, 1 (3)112 
2 ~ sinesin<l> 

2p, 1 (3)112 
2 ~ case 

3s _2_ !___ 3 _ 2Zr + 2Z r 
8

_"''"" ( J
'" ( 2 2 J 243112 a0 a0 9a~ 2n112 

_2 (!_J'" (2- .!!__J(.!!__Je-"'3'o 486112 a0 3a0 3a0 

1 (3)112 
2 ~ sinecas<t> 

3p, 1 (3)112 
2 ~ sinesin<l> 

3p, 1 (3)112 
2 ~ case 

_1_(!_J'" (2ZrJ
2 
e-M3•o 2 430112 a0 3a0 

1 (15)112 
4 --;;- sin2 esin2<t> 

3d,, 1 (15)112 
2 --;;- casesinesin<l> 

1 (15)112 
2 --;;- casesinecos<t> 

1 (15)112 
4 --;;- sin2 ecas2<t> 

1 (5 )112 
4 ~ (3 cos2 e-1) 

• a0 = 41t£01i2 /m,e2
, the Bohr radius. All orbita ls of a given subshell have the same rad ial wavefunction . 



the energy depends only on the principal quantum 
number, n. Therefore, in hydrogenic atoms, and only 
in hydrogenic atoms, all orbitals of the same value of 
n but different values of I and m 1 have the same en
ergy. Wavefunctions are said to be 'degenerate' when 
they correspond to the same energy; so in hydrogenic 
atoms all orbitals with the same value of n are de
generate. This degeneracy arises because of the sym
metry of the centrosymmetric Coulomb potential. It 
is partly removed for atoms with more than one elec
tron because the high level of symmetry is broken. 

As already seen, at low values of n the electron is 
likely to be found close to the nucleus, whereas at 
high values of n it is more likely to be found at large 
distances. Once the wavefunctions are available, these 
qualitative remarks can be expressed more precisely, 
and it can be calculated that the average distance of an 
electron from the nucleus in an orbital with quantum 
numbers nand I (and any allowed value of m1) is 

(r ) = n
2

a0 { 1+.!(1_1(/+1))} 
n,l,m, z 2 n2 

Mean 
radius 

(6) 

where a0 is the 'Bohr radius' (see Table 8A.1 and the 
discussion below; a0 = 52.9177 pm). Note the fol
lowing: 

• The average distance from the nucleus in
creases as n2

, in accord with what is expected. 

• For a given n, I the mean distance decreases § 

with increasing Z: the electron is drawn closer ·g 
to the nucleus as the latter's charge increases. ~ 

2 
• Although the mean distance depends on /, - ~ 

with high-/ orbitals closer to the nucleus, the ~ 
-~ 

dependence is weak on account of the n2 in a: 
the denominator of the term inside the paren
theses. So an electron in an orbital of a given 
n has about the same average distances from 
the nucleus. 

For instance, the mean distance of an electron from 
the nucleus in orbitals with n= 3 is 27a0/2Z (for I= 0), 
25a0/2Z (for I= 1 ), and 21a0/2Z (fori= 2). 

The degeneracy of all orbitals with the same value of 
n (there are n2 of them) and their similar mean radii (the 
average distance from the nucleus) form the basis for 
saying that they all belong to the same shell of the atom. 
It is common to refer to successive shells by letters: 

n 1 

K 

2 

L 

3 

M 

4 .. . 

N .. . 

Thus, all four orbitals of the shell with n = 2 form the 
L shell of the atom. 
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Orbitals with the same value of n but different 
values of I belong to different subshells of a given 
shell. These subshells are denoted by the letters s, 
p, ... using the following correspondence:2 

0 1 

p 

2 

d 

3 

f 

4 .. . 

g .. . 

Only the first four types of subshell (s, p, d, and f) are 
important in practice. For the shell with n = 1, there 
is only one subshell, the one with I= 0, namely the 1s 
subshell. For the shell with n = 2 (which allows I = 
0, 1), there are two subshells, namely the 2s subshell 
(with I= 0) and the 2p subshell (with I= 1 ). The gen
eral pattern of the first three shells and their subshells 
is shown in Fig. 3. In a hydrogenic atom, all the sub
shells of a given shell correspond to the same energy 
(because the energy depends on nand not on /). 

If the orbital angular momentum quantum number 
is I, then m1 can take the 21 + 1 values m1 = 0, ±1, ... , 
±1. Therefore, each subshell contains 2/ + 1 individual 
orbitals (corresponding to the 21 + 1 values of m1 for 
each value of/). It follows that in any given subshell, 
the number of orbitals is 

1 

p 

3 

d 

5 

f 

7 

g .. . 

9 .. . 

An orbital with I= 0 (and necessarily m1 = 0) is called 
an s orbital. A p subshell (I = 1) consists of three 
p orbitals (corresponding to m1 = +1, 0, -1). An elec
tron that occupies an s orbital is called an s electron. 

Subshells (I) 
I= 0 I= 2 

L shell, n = 2 

Fig. 3 The structures of atoms are described in terms of 
shel ls of electrons that are label led by the pri ncipa l quantum 
number n, and a series of n subshells of these shells, w ith 
each subshe ll of a shell being labelled by the quantum 
number I. Each subshell consists of 21+ 1 orbita ls. 

2 The letters have only a historical significance: they originally 
stood for sharp, principal, diffuse, and fundamental , referring to 
the characteristics of certain spectral lines. 
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Similarly, electrons are labelled asp, d, .. . according 
to the orbitals they occupy. 

Brief illustration 8A.4 The compos ition of a shell 

As remarked in Brief illustration BA.3, there are ri' orbita ls in a 
shell w ith principal quantum number n, so there are 25 orbitals 

in the shell with n = 5. The orbital angular quantum number I 
can take the values 0, 1, 2, 3, and 4, w ith 2/ + 1 orbita ls in each 

subshe ll. It fo llows that the shel l consists of one s, three p, 
five d, seven I, and nine g orbita ls. 

: Self-test 8A.4 

: What subshells and orbitals are ava ilable in theN she ll ? 
: Answer. s (11, p (31. d (51, f (71 

8A.3 The s orbitals 

The mathematical form of a 1s orbital (the wave
function with n = 1, I= 0, and m1 = 0) for a hydrogen 
atom is 

where 

H 1s 
orbita l 

Bohr radius 
!definition] 

The features of this wavefunction are: 

(7a) 

(7b) 

• It is normalized to 1 (Topic 7B), so the prob
ability of finding the electron in a small volume 
of magnitude 8V at a given point is equal to 
lf8V, with 1Jfevaluated at a point in the region 
of interest, and provided that the volume 8V is 
so small that the wavefunction does not vary 
inside it. The interpretation is precise when the 
volume is infinitesimal and 8V is replaced by 
dV. 

• The angular wavefunction, ¥0,0 = 1/2n11
\ is a con

stant, independent of the angles e and cp. That is, 
the wavefunction is proportional toe-'. 

• The constant a0 is called the Bohr radius (because it 
occurred in Bohr's calculation of the properties of 
the hydrogen atom) and has the value 52.9177 pm. 

The general form of the wavefunction can be 
understood by considering the contributions of the 
potential and kinetic energies to the total energy of 
the atom. 

The source of potential energy in a hydrogenic 
atom is Coulombic attraction, which becomes 
stronger the closer the electron is to the nucleus. 
This dependence suggests that the wavefunction 
should be sharply peaked, with large amplitude 
at the nucleus and close to zero everywhere else 
(Fig. 4a). However, this shape implies a very high 
kinetic energy, because the wavefunction is sharply 
curved. On the other hand, for the electron to have 
very low kinetic energy its wavefunction must have 
only a very low average curvature. However, such 
a wavefunction spreads to great distances from the 
nucleus and the average attraction of the electron to 
the nucleus is correspondingly weaker (Fig. 4b). The 
actual wavefunction is a compromise between these 
two extremes (Fig. 4c): the wavefunction spreads 
away from the nucleus (so the attraction is not as 
strong as in the first example, but nor is it very weak) 
and has a reasonably low average curvature (so the 
kinetic energy is not very low, but nor is it as high as 
in the first example.) 

A 1s wavefunction depends only on the radius, 
r, of the point of interest and is independent of 
angle (the latitude and longitude of the point). 
Therefore, it has the same amplitude at all points 
at the same distance from the nucleus regardless 
of direction. Because the probability of finding an 
electron is proportional to the square of the wave
function, the electron will be found with the same 
probability in any direction (for a given distance 
from the nucleus). That is, a 1s orbital is spherically 

Strong attraction, t high kinetic energy 

> 
Cl 
Q; 
c 

LJ.J 

Radius, r ---+ 

Fig. 4 The ba lance of kinetic and potentia l energ ies that ac
counts for the structure of the ground state of hydrogen (and 
sim ilar atoms). (a) An electron in the sharply curved but local
ized orbital has high kinetic energy and experiences a strong 
Coulombic attraction to the nucleus; (b) the kinetic energy is 
low, but the Coulombic attraction is weak; (c) the compromise 
of moderate kinetic energy and moderate ly favourable poten
tia l energy. 
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Fig. 5 The rad ial dependence of the wavefunction of a 1 s or
bita l (n = 1, I= 0) and the corresponding probabil ity density. The 
quantity a0 is the Bohr rad ius (52.9 pm). 

symmetrical. Because the same factor Y0,0 occurs in 
all orbitals with I = 0, all s orbitals have the same 
spherical symmetry. 

The wavefunction in eqn 4 decays exponentially 
towards zero from a maximum value at the nucleus 
(Fig. 5). It follows that the probability density is 
highest at the nucleus itself. A method of depicting 
the probability density throughout the atom is 
to represent vl" by the density of shading in a dia
gram (Fig. 6). A simpler procedure is to show only 
the boundary surface, the shape that captures about 
90 per cent probability of finding the electron in a 
region. For the ls orbital, the boundary surface is a 
sphere centred on the nucleus (Fig. 7). 

(a) 1s (b) 2s 

Fig. 6 Representations of the first two hydrogenic s orbita ls, 
(a) 1 s, (b) 2s, in terms of the electron densit ies in a sl ice 
through the centre of the atom (as represented by the density 
of shad ing) shown at the origin of the two green arrows. Note 
the presence of a radial node in the 2s orbital. 
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Fig. 7 The boundary surface of an s orbital within which there 
is a high probabil ity of finding the electron. 

Brief illustration 8A.5 A probability distribution 

The probability of finding the electron in a volume of 1.0 pm3 

centred on the nucleus in a hydrogen atom is calcu lated by 
setting r = 0 in the express ion for lJI, using e0 = 1, and taking 

liV= 1.0 pm3 The va lue of lJI at the nucleus is 1/(7ta5)112
. There

fore, vl = 1/1ta5 at the nucleus, the probab il ity is 

1 1 
Probabrlrty = -xliV = 3 x (1 .0 pm3

) 1ta6 7tX(52.9 pm) 

= --
1
·-
0

- = 2.2 x 10"" 
1t X52.93 

Th is resu lt means that the electron wil l be found in the volume 

on one observation in 455 000. 

: Self-test 8A.5 

: Repeat the calculation for find ing the electron in the same 

; volume located at the Bohr rad ius. 
Answer: 3.0 X w-'. 1 in 3.3 million observations 

It is often necessary to know the probability that 
an electron will be found at a given distance from a 
nucleus regardless of its angular position (Fig. 8). The 
calculation is done by combining the wavefunction 
in eqn 5 with the Born interpretation. As shown in 
the following justification, for an s orbital the answer 
can be expressed as 

Probability= P(r)8r 

with 

P(r)=4nrv 

Radial 
distribution 
function for 
s orbitals 

(8a) 

This expression is exactly true when the thickness of 
the shell is infinitesimal and 8r is replaced by dr. The 
function P is called the radial distribution function. 
The more general form, which also applies to orbitals 
that depend on angle, is 

P(r) = rR(r)2 General form of the rad ial 
distribution function 

where R(r) is the radial wavefunction. 

(8b) 



364 FOCUS 8 ATOMIC STRUCTURE 

"' 0.6 -;o 
~ 
lE 

"' .B o.41----+---+- - -"r-f-
c:: 

"' 1: 
0 . ., 
:J 
.c 
·;: 

.~ 
"0 

co 
'0 
"' a: 

2 
Radius, r!a0 

3 

Fig. 8 The radia l distribution funct ion gives the probab il ity 
that the electron w ill be found anywhere in a shell of radius 
rand th ickness or regardless of angle. The graph shows the 
output from an imaginary shel l-like detector of variable radius 
and fixed thickness or. The figure shows the radia l distribution 
funct ion for a 1 s orbital in hydrogen, for wh ich the maximum 
occurs at a0. 

Mqi .. !.!lj:f.Si 
l Using the radial distribution function 

; Consider an electron in a 1 s orbital of a hydrogenic atom of 
; atomic number Z. Calculate the probability that the electron 

w il l be found anywhere in a shell formed by a region between 
a sphere of radius a0 and a sphere of radius 1.0 pm greater. 
Apply the result to Z = 1. 

Collect your thoughts Begin by 
establ ishing the form of the wave
function by referring to Table BA.1. 
Then substitute the wavefunction 
into the expression for P in eqn 
Ba, and evaluate it at r = a0, with 
or= 1 pm. This approach treats the 

, thickness of the shell as so small 
: that the wavefunction is uniform 

inside it. 

The solution The hydrogenic 1 s wavefunction is 

"" ~( ),;, ~ ( )'" _ 2 !._ - Zr fao _1 __ ___!___ !_ -Zrlao 
llf ls - Bo e X 21t112 - 1t1!2 8o 8 

So the radial distribution function for this orbita l is 

Now substitute r = a0 to find the radia l distribution function 
at that distance: 

For hydrogen, with or= 1.0 pm and Z= 1, and 

Probability = P(a0 )or = ~e-2 xor 
a, 

4 ~ 
=---xe-2 x(1 .0 pm)=0.010 

52.92 pm 
'--..-----' 

•o 

or about 1 inspection in 100 . 

; Self-test 8A.6 

; Repeat the analysis for a 2s orbital. 

Answer:8.7x10_., 1 inspection in 1100 

Justification 8A.1 

The radial distribution function 

Consider two spherical surfaces centred on the nucleus, one 
of radius rand the other of radius r + or. The probability of 
find ing the electron at a radius r regardless of its direction 
is equal to the probability of finding it between these two 
spherical surfaces, the 'shell' of thickness or. To calculate the 
probabi lity for an s orbital, follow these steps. 

Step 1: Calculate the volume of the shell 

The volume of the shell is equal to the surface area of its inner 
surface, 4nr2

, multiplied by its thickness, or, and is therefore 
4nr' or. 

Step 2: Use the Born interpretation to write an expression 
for the probability 

According to the Born interpretation, the probability of f inding 
an electron inside a small volume of magnitude o V is given, 
for a normalized wavefunction that can be treated as constant 
throughout the region, by the value of 1J120V. 

Step 3: Apply the result to an s orbital 

An s orbita l has the same value at all angles at a given dis
tance from the nucleus, so it is constant throughout the shell 
(provided or is very small). Therefore, interpreting oVas the 
volume of the shell, 

Probability= 1J12 x (4nr2or) 

as in eqn Ba. The resu lt applies on ly to s orbitals, wh ich have 
no angular variation throughout the shell. 

The radial distribution function gives the prob
ability of finding an electron at a distance r from the 
nucleus regardless of its direction. It can be inter
preted as fo llows: 

• Because r 2 increases from 0 as r increases but 
ljl2 decreases towards 0 exponentially, P starts 
at 0, goes through a maximum, and declines 
to 0 again. 

• The location of the maximum marks the most 
probable radius (not point) at which the elec
tron will be found. For a ls orbital of hydrogen, 
the maximum occurs at a0, the Bohr radius. 
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Fig. 9 The radial wavefunctions of some hydrogenic s, p, and d orbitals. Note that the s orbita ls have a nonzero and finite value 
at the nucleus. The vertical scales are different in each case. 

An analogy that might help to fix the significance 
of the radial distribution function for an electron 
is the corresponding distribution for the popula
tion of the Earth regarded as a perfect sphere. The 
radial distribution function is zero at the centre of 
the Earth and for the next 6400 km (to the sur
face of the planet}, when it peaks sharply and then 
rapidly decays again to zero. It remains virtually 
zero for all radii more than about 10 km above the 
surface. Almost all the population will be found 
very close to r = 6400 km, and it is not relevant 
that people are dispersed non-uniformly over a 
very wide range of latitudes and longitudes . The 
small probabilities of finding people above and 
below 6400 km anywhere in the world corres
ponds to the population that happens to be down 
mines or living in places as high as Denver or Tibet 
at the time. 

A 2s orbital (an orbital with n = 2, l = 0, and 
m1 = 0) is also spherical, so its boundary surface is 
a sphere. Because a 2s orbital spreads further out 
from the nucleus than a 1s orbital- because the 
electron it describes has more energy to climb away 
from the nucleus- its boundary surface is a sphere 
of larger radius . The orbital also differs from a 
1s orbital in its radial dependence (Fig. 9), for al
though the wavefunction has a nonzero value at the 
nucleus (like all s orbitals), it passes through zero 
before commencing its exponential decay towards 
zero at large distances. When the wavefunction 
passes through zero everywhere at a certain radius 
the orbital is said to have a radial node. A 3s orbital 
has two radial nodes, a 4s orbital has three radial 
nodes. In general, an ns orbital has n - 1 radial 
nodes. 

8A.4 The p and d orbitals 

All p orbitals (orbitals with l= 1) have a double-lobed 
appearance like that shown in Fig. 10. The two lobes 
are separated by a nodal plane that cuts through the 
nucleus and arises from the angular wavefunction 
~ m (8,1/J) . There is zero probability density for an 
el~~tron on this plane. 

Brief illustration 8A.6 The location of nodes 

From Table 8A.1, the explicit form of the 2p, orbital of a 
hydrogen atom (Z= 1) is 

= -
1- rcosO e -•l2ao 

( )

1/2 

321tag 

Because 'If has a factor r, it is zero at the nucleus, there 
is zero probability density of the electron at the nucleus. 
Because r does not extend to negative values, the wave
function does not pass through zero at r= 0, so there is no 
radial node there. However, there is a nodal plane through 
the nucleus: the orbital is also zero everywhere on the plane 
with cos 0 = 0, corresponding to 0 = 90° and the wavefunc
tion changes sign on passing through th is plane. The Px and 
p, orbitals are similar, but have nodal planes perpendicular 
to this one. 

Self-test 8A.7 

Where are the radial nodes of a 3p orbita l of a hydrogenic 
atom? 

Answer: at r = 6ar:JZ 
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Fig. 10 The boundary surfaces of p orbita ls. A nodal plane 
passes through the nucleus and separates the two lobes of 
each orbita l. 

The exclusion of the electron from the nucleus is 
a common feature of all atomic orbitals except s or
bitals. To understand its origin, note that the value 
of the quantum number I gives the magnitude of the 
angular momentum of the electron around the nu
cleus (in classical terms, how rapidly it is circulating 
around the nucleus) . For an s orbital, the orbital an
gular momentum is zero (because I= 0), and in clas
sical terms the electron does not circulate around the 
nucleus. Because I= 1 for a p orbital, the magnitude 
of the angular momentum of a p electron is 2112 n.As a 
result, a p electron-in classical terms-is flung away 
from the nucleus by the centrifugal force arising from 
its motion, but an s electron is not. The same centri
fugal effect appears in all orbitals with angular mo
mentum (those for which I> 0), such as d orbitals and 
f orbitals, and all such orbitals have nodal planes that 
cut through the nucleus. 

Each p subshell consists of three orbitals (m1 = 0, 
±1). The three orbitals are normally represented by 
their boundary surfaces, as depicted in Fig. 10. The 
Px orbital has a symmetrical double-lobed shape dir
ected along the x-axis, and similarly the Py and p, 
orbitals are directed along the y- and z-axes, respect
ively. As n increases, the p orbitals become bigger and 
have n - 2 radial nodes. However, their boundary 
surfaces retain the double-lobed shape shown in the 
illustration. 

Each d subshell (I = 2) consists of five orbitals 
(m1 = 0, ±1, ±2). These five orbitals are normally rep
resented by the boundary surfaces shown in Fig. 11 
and labelled as shown there. 

The quantum number m1 indicates, through the 
expression m1n, the component of the electron's 
orbital angular momentum around an arbitrary 
axis passing through the nucleus. As explained in 

Fig. 11 The boundary surfaces of d orbitals. Two nodal planes 
in each orbita l intersect at the nucleus and separate the fou r 
lobes of each orbita l. (For a d,, orbita l the planes are replaced 
by conica l surfaces.) The light and dark tones denote reg ions 
of opposite sign of the wavefunct ion. 

Topic 7D, positive values of m1 correspond to clock
wise motion seen from below and negative values 
correspond to anticlockwise motion. An s electron 
has m1 = 0, and has no orbital angular momentum 
about any axis. A p electron can circulate clockwise 
about an axis as seen from below (m1 = +1). Of its 
total orbital angular momentum of 2112n = 1.414n, 
an amount n is due to motion around the selected 
axis (the rest is due to motion around the other 
two axes). A p electron can also circulate anticlock
wise as seen from below (m1 = -1 ), or not at all 
(m1 = 0) about that selected axis. An electron in the 
d subshell can circulate with five different amounts 
of orbital angular momentum about an arbitrary 
axis (0, ±n, ±2n). 

Except for orbitals with m1 = 0, there is not a 
one-to-one correspondence between the value of 
m1 and the orbitals shown in the illustrations; it is 
not possible to say, for instance, that a Px orbital has 
m1 = + 1. For technical reasons, the orbitals are com
binations of orbitals with opposite values of m1 (p, 
for instance, is the sum-a superposition-of the 
orbitals with m1 = + 1 and -1 ). 3 

3 For more information on this point see our Physical chemistry: 
thermodynamics, structure, and change (2014). 



Checklist of key concepts 

0 1 Hydrogenic atoms are atoms with a single electron. 

0 2 The wavefunctions of hydrogenic atoms are la

belled with three quantum numbers, the principal 
quantum number n = 1, 2, .. . ,the orbital angular 
momentum quantum number I= 0, 1, . . . , n-1, and 

the magnetic quantum number m, = 0, ±1, . . . , ±1. 

03 An s orbital is spherically symmetrical and has 

nonzero amplitude at the nucleus. 
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0 4 The radial distribution function, P(r), is the prob

ability density of finding an electron at a radius rre

gardless of direction; the probability of finding the 

electron between rand r + oris P(r)lir. 

0 5 The magnitude of the orbital angular momentum 

of an electron is {/(1 + 1 )}1121i and the component of 

angular momentum about an axis is m11i. 



TOPIC 88 

Many-electron atoms 

~ Why do you need to know this 
material? 

Many-electron atoms are the building blocks of 
all compounds. To understand their properties, 
including their ability to participate in chemical 
bonding, it is essential to understand their elec
tronic structure. 

~ What is the key idea? 

Electrons occupy the lowest energy available 
orbitals, subject to the requirements of the Pauli 
exclusion principle. 

~ What do you need to know already? 

This Topic builds on the account of the structure 
of hydrogenic atoms (Topic 8A), especially their 
orbital and shell structure. 

The Schrodinger equation for a many-electron atom 
is highly complicated because all the electrons interact 
with one another. Even for a He atom, with its two 
electrons, no mathematical expression for the or
bitals and energies can be given, and approximations 
must be made. Modern computational techniques, 
though, refine the approximations introduced here, 
and permit highly accurate numerical calculations of 
energies and wavefunctions. 

88.1 The orbital approximation 

A general rule in quantum mechanics, as explained in 
the following Justification, is that the wavefunction 
for several non-interacting particles is the product of 
the wavefunctions for each particle. This rule justifies 
the orbital approximation, in which it is supposed 

that a reasonable first approximation to the exact 
wavefunction is obtained by letting each electron oc
cupy its 'own' orbital, and writing 

1J!(1,2, .. . ) = 1J!(1)1J!(2) .. . (1) 

where 1J!(1) is the wavefunction of electron 1, 1J!(2) 
that of electron 2, and so on. 

Justification 88.1 

Many-electron wavefunctions 

Consider a two-elect ron system. If the electrons do not 

interact w ith one another, the tota l hami lton ian that appears 

in the Schrbdinger equation is the sum of contributions from 
each electron, and the equation itself, using notation like that 

in eqn 1 b ofTopic 7B (Hl/f = El/fl, is 

It is now necessary to verify that l/f(1 ,2) = l/f(1 )l/f(2) is a solu

tion, where each individua l wavefunction is a solution of its 
'own' Schrbdinger equation: 

Hl1)1fi(1)=EI1)1fl(1) H(2)1f/(2) = E(2)1f/(2) 

To do so, substitute l/f(1 ,2) = l/f(1 )l/f(2) into the fu ll equation, 

then let H(1) operate on 1fl(1) and H(2) operate on l/f(2): 

IHI1) + H12H'Ifl1)'1fi2) = H11)'1fi1)'1fi2) + '1'(1)H12)'1fi2) 

= Ei1)'1f(1)1/f(2) + l/f(1)f(2)1/f(2) 

= (f(1) + E(2)}1/f(1)1/f(2) 

This express ion has the form of the origina l Schrbdinger equa

tion, so l/f(1 ,2) = l/f(1 )l/f(2) is indeed a solution, and the total 
energy can be identified as E = E(1) + E(2) . This argument 

fails if the electrons interact w ith one another, because then 

there is an add it ional term in the hamil tonian and the variables 
cannot be separated. For electrons in the same atom, there

fore, writing l/f(1 ,2) = l/f(1 )l/f(2) is an approximation . 

The individual orbitals in many-electron atoms, 
the IJI{i) in eqn 1, resemble the hydrogenic orbitals 



described in Topic 8A, but with nuclear charges that 
are modified by the presence of all the other electrons 
in the atom. This resemblance is only approximate, 
but it is a useful model for discussing the properties 
of atoms. Indeed, it is the starting point for more so
phisticated descriptions of atomic structure. 

Brief illustration 88.1 A two-electron wavefunction 

If both elect rons occupy the same 1 s orbita l for an atom with 
: atomic number Z, the wavefunction for each elect ron in He 

: (Z=2) is 1J!=(B/1ta~ )112 e -2' 1"' . If electron 1 is at a radius r, and 
; electron 2 is at a rad ius r2 (and at any ang le), then accord ing 

; to the orbita l approximation the overall wavefunct ion for the 
: two-electron atom is 

lf{l) yt(2) 

(~)1/2 (~)1/2 
lJI = 1Jf(1)1Jf(2) = J!._ e-2

''
1
' 0 x J!._ e-2

'' 100 

1t8~ 1t8~ 

Self-test SB. 1 

Const ruct the wavefunction for a state of the He atom with 
configuration 1 s12s1

• Th is is one of many possible excited 

states of the He atom . Use Z = 2 for the 1 s electron and Z = 

1 for the 2s elect ron . Why those va lues shou ld be used w ill 

become clear shortly. 
Answer: lJI = ( -j- 7ta~ )(2- r2/a0 )e-"''.,'"11'o 

The orbital approximation allows the electronic 
structure of an atom to be expressed by reporting 
its configuration, a statement of the orbitals that are 
occupied (usually, but not necessarily, in its ground 
state). For example, because the ground state of a 
hydrogen atom consists of a single electron in a ls 
orbital, its configuration is reported as ls1 (read 
'one s one'). A helium atom has two electrons. You 
can imagine forming the atom by adding the electrons 
in succession to the orbitals of the bare nucleus (of 
charge 2e). The first electron occupies a hydrogenic ls 
orbital, but because Z = 2 the orbital is more compact 
than in H itself. The second electron joins the first in 
the same ls orbital, and so the electron configuration 
of the ground state of He is ls2 (read 'ones two'). 

It is tempting to suppose that the electronic con
figurations of the atoms of successive elements with 
atomic numbers Z = 3, 4, .. . , and therefore with Z 
electrons, are simply ls2

. That, however, is not the 
case. The reason lies in two aspects of nature: that 
electrons possess 'spin' and their joint wavefunction 
must obey the very fundamental 'Pauli principle'. 

88.2 ELECTRON SPIN 369 

88.2 Electron spin 

The spin of an electron is an intrinsic angular mo
mentum that every electron possesses and which 
cannot be changed or eliminated (just like its mass 
or its charge). The name 'spin' is evocative of a ball 
spinning on its axis, and (so long as it is treated with 
caution) this classical interpretation can be used to 
help to visualize the motion. However, in fact spin is 
a purely quantum mechanical phenomenon and has 
no classical counterpart, so the analogy must be used 
with care. 

Two properties of electron spin are important in a 
discussion of atomic structure (Fig. 1 ): 

1. Electron spin is described by a spin quantum 
number, s (the analogue of I for orbital angular 
momentum), with s fixed at the single (positive) 
value oft for all electrons at all times. 

2. The spin can be clockwise or anticlockwise; these 
two states are distinguished by the spin magnetic 
quantum number, m, which can be either +t or 

1 
- 2 · 

An electron with m, = +t is called an a electron and 
commonly denoted a or i; an electron with m, = -± 
is called a~ electron and denoted~ or J.. 

The existence of electron spin was demonstrated by 
an experiment performed by Otto Stern and Walther 
Gerlach in 1922, who shot a beam of silver atoms 
through a strong, inhomogeneous magnetic field 
(Fig. 2) . A silver atom has 47 electrons, and (as will be 
familiar from introductory chemistry) 23 of the spins 
are i and 23 spins are J.; the one remaining spin may 
be either i or J.. Because the spin angular momenta 
of a i and a J. electron cancel each other, the atom 
behaves as if it had the spin of a single electron. The 
idea behind the Stern-Gerlach experiment was that a 
rotating, charged body-in this case an electron-be
haves like a magnet and interacts with the applied field. 
Because the magnetic field pushes or pulls the electron 
according to the orientation of the electron's spin, the 
initial beam of atoms should split into two beams, one 

Fig. 1 A classical representation of the two allowed spin 
states of an electron. The magnitude of the spin angu lar mo
mentum is 13"/2)/i in each case, but the directions of spin are 
opposite. 
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Atomic 
beam 

Detection 
screen 

Fig. 2 (a )The experimenta l arrangement for the Stern-Gerlach 
experiment: the magnet is the source of an inhomogeneous 
fie ld. (b)The classica lly expected resu lt . w hen the orientations 
ofthe electron spins can take all ang les. (c)The observed out
come using silver atoms. when the electron spins can adopt 
on ly two orientat ions ('1' and-!.) . 

corresponding to atoms with i spin and the other to 
atoms with J.. spin. This result was observed. 

Other fundamental particles also have character
istic spins. For example, protons and neutrons are 
spin-} particles (that is, for them s = t) so always 
spin with a single, irremovable angular momentum. 
Because the masses of a proton and a neutron are so 
much greater than the mass of an electron, yet they 
all have the same spin angular momentum, the clas
sical picture of proton and neutron spin would be of 
particles spinning much more slowly than an elec
tron. Some elementary particles are spin-1 particles 
(that is, for them s = 1) and therefore have a higher 
intrinsic angular momentum than an electron. The 
photon is a spin-1 particle. It is a very deep feature 
of nature that the fundamental particles from which 
matter is built have half-integral spin (such as elec
trons and quarks, all of which have s = t ). The par
ticles that transmit forces between these particles, so 
binding them together into entities like nuclei, atoms, 
and planets, all have integral spin (such as s = 1 for 
the photon, which transmits the electromagnetic 
interaction between charged particles). Fundamental 
particles with half-integral spin are called fermions; 
those with integral spin (including 0) are called 
bosons. Matter therefore consists of fermions bound 
together by the exchange of bosons. 

Brief illustration 88.2 Spin 

The magnitude of the spin angular momentum. like any angu lar 

momentum. is {s(s + 1 )}112 11 (Topic 70). For any spin-+ part icle. 

not only electrons. th is angu lar momentum is It )112 11 = 0.86611. 
or 9.13 x 10-35 J s. The component on the z-axis is m,tz. w hich 

for a spin-+ particl e is ±-l- tz. or ±5.27 x 10-35 J s. 

Self-test 88.2 

Evaluate the spin angu lar momentum of a nitrogen-14 nu

cleus. a spin-1 part icle. 
Answer: 2112/i = 1.49 x 10_,4 J s 

88.3 The Pauli principle 

Lithium, with Z = 3, has three electrons. Two of 
its electrons occupy a 1s orbital drawn even more 
closely than in He around the more highly charged 
nucleus. The third electron, however, does not join 
the first two in the 1s orbital because a 1s3 configur
ation is forbidden by a fundamental feature of nature 
summarized by the Pauli exclusion principle:' 

No more than two electrons may occupy any given 
orbital, and if two electrons do occupy one orbital, 
then their spins must be paired. 

Electrons with paired spins, denoted i J.., have zero 
net spin angular momentum because the spin angular 
momentum of one electron is cancelled by the spin of 
the other. The exclusion principle is the key to under
standing the structures of complex atoms, to chem
ical periodicity, and to molecular structure. It was 
proposed by the Austrian physicist Wolfgang Pauli in 
1924 when he was trying to account for the absence 
of some lines in the spectrum of helium. 

It follows from the discussion so far that lithium's 
third electron cannot enter the 1s orbital because that 
orbital is already full: the K shell (n = 1) is said to be 
complete and that the two electrons form a closed 
shell. Because a similar closed shell occurs in the He 
atom, it is denoted [He]. The third electron is ex
cluded from the K shell and must occupy the next 
available orbital, which is one with n = 2 and hence 
belonging to the L shell. However, is the next avail
able orbital the 2s orbital or one of the 2p orbitals, 
and is the lowest energy configuration of the atom 
[He]2s1 or [He]2p1? 

88.4 Penetration and shielding 

Unlike in hydrogenic atoms, in many-electron atoms 
the 2s and 2p orbitals (and, in general, the subshells 
of a given shell) are not degenerate. For reasons we 
shall now explain, s electrons generally lie lower in 
energy than p electrons of a given shell, and p elec
trons lie lower than d electrons. 

1 See our Physical chemistry: thermodynamics, structure, and 
change {2014) for a justification of the Pauli exclusion principle. 



No net effect 
/ of these electrons 

effect equivalent 
to a point charge 
at the nucleus 

Fig. 3 An electron at a distance r from the nucleus experi
ences a Coulombic repu lsion from all the electrons w ithin a 
sphere of rad ius rand which is equ iva lent to a point negative 
charge located on the nucleus. The effect of the point charge 
is to reduce the apparent nuclear charge of the nucleus from 
Zeta Z,ffe. 

An electron in a many-electron atom experiences a 
Coulomb repulsion from all the other electrons pre
sent. When the electron is at a distance r from the 
nucleus, the repulsion it experiences from the other 
electrons can be modelled by a point negative charge 
located on the nucleus and having a magnitude equal 
to the charge of the electrons within a sphere of ra
dius r (Fig. 3 ). The effect of this point negative charge 
is to lower the full charge of the nucleus from Ze to 
Z ,ne, the effective nuclear charge. To express the fact 
that an electron experiences a nuclear charge that has 
been modified by the other electrons present, the elec
tron is said to experience a shielded nuclear charge. 
The electrons do not actually 'block' the full Cou
lombic attraction of the nucleus: the effective charge 
is simply a way of expressing the net outcome of the 
nuclear attraction and the electronic repulsions in 
terms of a single equivalent charge at the centre of 
the atom. 

A note on good practice Commonly. z,. itsel f is referred to 
as the "effective nuclear charge·. although strictly that quantity is 
zefl e. 

The effective nuclear charges experienced by s 
and p electrons are different because the electrons 
have different wavefunctions and therefore dif
ferent distributions around the nucleus (Fig. 4). An 
s electron has a greater penetration through inner 
shells than a p electron of the same shell in the sense 
that an s electron is more likely to be found close to 
the nucleus than a p electron of the same shell. As a 
result of this greater penetration, an s electron ex
periences less shielding than a p electron of the same 
shell and therefore experiences a larger Z,n· Conse
quently, by the combined effects of penetration and 
shielding, an s electron is more tightly bound than 
a p electron of the same shell. Similarly, ad electron 
penetrates less than a p electron of the same shell, 
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Fig. 4 An electron in an s orbita l (here a 2s orbita l) is more 
likely to be found close to the nucleus than an electron in a p 
orbital of the same she ll. Hence it experiences less sh ield ing 
and is more t ightly bound. 

and it therefore experiences greater shielding and an 
even smaller Z,n· 

The consequence of penetration and shielding is 
that, in general, the energies of orbitals in the same 
shell of a many-electron atom lie in the orders< p < 
d <f. The individual orbitals of a given subshell (such 
as the three p orbitals of the p subshell) remain de
generate because they all have the same radial distri
bution and so experience the same effective nuclear 
charge. 

The average distance of the electron from the nu
cleus is not a good guide to the extent of shielding: 
it is important to examine the wavefunction close 
to the nucleus. For instance, as shown in Topic 8A 
the average distance of an electron from the nucleus 
is greater when it occupies a 2p hydrogenic orbital 
than when it occupies a 2s hydrogenic orbital with 
the same nuclear charge. (Equation 6 of that Topic 
with I= 0 and I= 1 gives 3arJZ for a 2s electron and 
SarJZ for a 2p electron.) However, the radial distribu
tion function for a 2s orbital has an inner peak and 
so a 2s electron is more likely to be found close to 
the nucleus than a 2p electron is despite its average 
distance being greater. As a result a 2s electron in a 
many-electron atom has a lower energy than a 2p 
electron of the same atom. Similar remarks apply to 
the electrons in other shells. 

The Li story can now be completed. Because the 
shell with n = 2 has two nondegenerate subshells, 
with the 2s orbital lower in energy than the three 2p 
orbitals, the third electron occupies the 2s orbital. 
This arrangement results in the ground-state config
uration ls22s\ or [He]2s1

• It follows that the struc
ture of the atom can be thought of as consisting of 
a central nucleus surrounded by a complete helium
like shell of two ls electrons, and around that a more 
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diffuse 2s electron. The electrons in the outermost 
shell of an atom in its ground state are called the va
lence electrons because they are largely responsible 
for the chemical bonds that the atom forms (and, as 
you will see, the extent to which an atom can form 
bonds is called its 'valence'). Thus, the valence elec
tron in Li is a 2s electron, and lithium's other two 
electrons belong to its core, where they take little part 
in bond formation. 

88.5 The building-up principle 

The extension of the procedure used for H, He, and 
Li to other atoms is called the building-up prin
ciple. The building-up principle, which is still widely 
called the Aufbau principle (from the German word 
for building up), specifies an order of occupation of 
atomic orbitals that reproduces the experimentally 
determined ground-state configurations of neutral 
atoms. 

Starting with a bare nucleus of atomic number Z, 
the procedure feeds Z electrons into the available or
bitals, one after the other. The first two rules of the 
building-up principle are: 

• The order of occupation of orbitals is2 

ls 2s 2p 3s 3p 4s 3d 4p 5s 4d 5p 6s Sd 
4f 6p ... 

• According to the Pauli exclusion principle, each 
orbital may accommodate up to two electrons. 

The order of occupation is approximately the order 
of energies of the individual orbitals, because in gen
eral the lower the energy of the orbital, the lower the 
total energy of the atom as a whole when that orbital 
is occupied. An s subshell is complete as soon as two 
electrons are present in it. Each of the three p orbitals 
of a shell can accommodate two electrons, soap sub
shell is complete as soon as six electrons are present 
in it. A d subshell, which consists of five orbitals, can 
accommodate up to ten electrons. 

Brief illustration 88.3 A n electron configurat ion 

Consider a carbon atom. Because Z = 6 for carbon, there are 

six electrons to accommodate. Two enter and fill the 1 s or· 
bital, two enter and fi ll the 2s orbita l, leaving two elect rons 

to occupy the orbita ls of the 2p subshell. Hence its ground 
configuration is 1 s22s22p2

, or more succinct ly [He]2s22p2
, w ith 

[He] the helium-like 1 s2 core. 

2 Although this order will be seen to account for the layout of the 
periodic table, the best way to remember it is to refer to the table 
and the structure of blocks, groups, and periods to which it leads. 

: : Self-test 88.3 

; ; What is the ground-state configuration of a magnesium 

: : atom? 

Answer: 1Ne]3s2 

As demonstrated in the Brief illustration, the elec
tron configuration of a carbon atom in its ground 
state is [He]2s22p2

• However, it is possible to be more 
specific. On electrostatic grounds, the last two elec
trons are expected to occupy different 2p orbitals, 
for they will then be farther apart on average and 
repel each other less than if they were in the same 
orbital. Thus, one electron can be thought of as oc
cupying the 2px orbital and the other the 2py orbital, 
and the lowest energy configuration of the atom is 
[He]2s22p~2p;. The same rule applies whenever de
generate orbitals of a subshell are available for oc
cupation. Therefore, another rule of the building-up 
principle is: 

• Electrons occupy different orbitals of a given sub-
shell before doubly occupying any one of them. 

It follows that a nitrogen atom (Z = 7) has the con
figuration [He]2s22p~2p;2p~. In oxygen (Z = 8) a 2p 
orbital is doubly occupied, giving the configuration 
[He ]2s22p;2p;2p~. 

An additional point arises when electrons occupy 
some of the degenerate orbitals (such as the 2p or
bitals) singly, as they do inC, N, and 0, for there is 
then no requirement that their spins be paired. But is 
the lowest energy achieved when the electron spins 
are the same (both i, for instance, denoted ii, if 
there are two electrons in question, as inC and 0) or 
when they are paired (i J..)? This question is resolved 
by Hund's rule: 

• In its ground state, an atom adopts a configuration 
with the greatest number of unpaired electrons. 

The explanation of Hund's rule is complicated, but 
it reflects the quantum mechanical property of spin 
correlation that electrons in different orbitals with 
parallel spins have a quantum-mechanical tendency 
to stay well apart (a tendency that has nothing to do 
with their charge: even two 'uncharged electrons' 
would behave in the same way). Their mutual avoid
ance allows the atom to shrink slightly, so the elec
tron-nucleus interaction is enhanced when the spins 
are parallel. So in the ground state of a C atom, the 
two 2p electrons have the same spin, all three 2p elec
trons in anN atom have the same spin, and the two 
electrons that singly occupy different 2p orbitals in 
an 0 atom have the same spin (the two in the 2px 
orbital are necessarily paired). 



Neon, with Z = 10, has the configuration 
[He]2s22p6

, which completes the L (n = 2) shell. This 
closed-shell configuration is denoted [Ne], and acts 
as a core for subsequent elements. The next electron 
must enter the 3s orbital and begin a new shell, and 
so a Na atom, with Z = 11, has the configuration 
[Ne]3s1

• Like lithium with the configuration [He]2s\ 
sodium has a single s electron outside a complete 
core. 

This analysis leads to the origin of chemical period
icity. The L shell is completed by eight electrons, and 
so the element with Z = 3 (Li) should have similar 
properties to the element with Z = 11 (Na). Likewise, 
Be (Z = 4) should be similar to Mg (Z = 12), and so 
on up to the noble gases He (Z = 2), Ne (Z = 10), and 
Ar (Z= 18). 

88.6 The occupation of d orbitals 

Argon has complete 3s and 3p subshells, and as the 
3d orbitals are high in energy, the atom effectively 
has a closed -shell configuration. Indeed, the 4s or
bitals are so lowered in energy by their ability to 
penetrate close to the nucleus that the next electron 
(for potassium) occupies a 4s orbital rather than a 
3d orbital and the K atom resembles aNa atom. The 
same is true of a Ca atom, which has the configur
ation [Ar]4s2

, resembling that of its partner in the 
same group, Mg, which is [Ne]3s2

• 

Ten electrons can be accommodated in the five 3d 
orbitals, which accounts for the electron configur
ations of scandium to zinc. The building-up principle 
has less clear-cut predictions about the ground-state 
configurations of these elements, and a simple ana
lysis no longer works. It is necessary to consider the 
total energy of the atom, including electron-electron 
repulsions in the valence shell. 

Calculations show that for these atoms the energies 
of the 3d orbitals are always lower than the energy 
of the 4s orbital. However, spectroscopic results show 
that Sc has the configuration [Ar]3d14s2, instead of 
[Ar]3d3 or [Ar]3d24s1

• To understand this observation, 
consider the nature of electron-electron repulsions in 
3d and 4s orbitals. The most probable distance of a 
3d electron from the nucleus is less than that for a 4s 
electron, so two 3d electrons repel each other more 
strongly than two 4s electrons. As a result, Sc has the 
configuration [Ar]3d14s2 rather than the two alterna
tives, for then the strong electron-electron repulsions 
in the 3d orbitals are minimized. The total energy of 
the atom is least despite the cost of allowing electrons 
to populate the high energy 4s orbital (Fig. 5) . 
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Fig. 5 St rong electron-e lectron repuls ions in the 3d orbita ls 
are m inim ized in the ground state of a scandium atom if (a) the 
atom has the configuration [Ar[3d 14s2 instead of (b) [Ar]3d24s 1

. 

The tota l energy of the atom is lower when it has the configur
ation [Ar]3d 14s2 despite the cost of popu lating the high-energy 
4s orbita l. 

The effect just described is generally, but not al
ways, true for scandium to zinc, so their electron con
figurations are of the form [Ar]3dN4s2

, where N = 1 
for scandium and N = 10 for zinc. Exceptions include 
Cr and Zn, with observed electron configurations 
[Ar]3d54s1 and [Ar]3d104s\ respectively, even though 
their expected configurations are [Ar]3d44s2 and 
[Ar]3d94s2

, respectively. In these cases, a half-filled or 
filled 3d subshell results in a configuration of lower 
energy. 

At gallium, the energy of the 3d orbitals has fallen 
so far below those of the 4s and 4p orbitals that they 
(the full 3d orbitals) can be largely ignored, and the 
building-up principle can be used in the same way as 
in preceding periods. Now the 4s and 4p subshells 
constitute the valence shell, and the period terminates 
with krypton. Because 18 electrons have intervened 
since argon, this period is the first long period of the 
periodic table. The existence of the d block (which 
includes the 'transition metals' of Groups 3 to 10) 
reflects the stepwise occupation of the 3d orbitals, 
and the subtle shades of energy differences along this 
series gives rise to the rich complexity of inorganic 
(and bioinorganic) d-metal chemistry. A similar in
trusion of the f orbitals in Periods 6 and 7 accounts 
for the existence of the f block of the periodic table 
(the lanthanoids and actinoids). 

88.7 The configurations of 
cations and anions 

The configurations of cations of elements in the 
s, p, and d blocks of the periodic table are derived 
by removing electrons from the ground-state config
uration of the neutral atom in a specific order. First, 
remove any valence p electrons, then the valence 
s electrons, and then as many d electrons as are neces
sary to achieve the stated charge. The configurations 
of anions are derived by continuing the building-up 
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procedure and adding electrons to the neutral atom 
until the configuration of the next noble gas has been 
reached. 

Brief illustration 8B.4 The electron configuration of 
an ion 

Because the configuration of Fe is [Ar]3d64s2
, an Fe3+ cation 

has the configuration [Ar]3d5. The configuration of an O' - ion 
is achieved by adding two electrons to [He]2s22p4, giving 
[He]2s22p6

, the configuration of Ne. 

: Self-test 8B.4 

: Predict the ground-state electron configurations of (a) a Cu'+ 
; ion and (b) an s'- ion. . Answer: (a) 1Ar]3d9

, (b) ]Ne]3s23p6 

88.8 Self-consistent field orbitals 

The treatment just given to the electronic configur
ation of many-electron species is only approximate 
because it is hopeless to expect to find exact solutions 
of a Schrodinger equation that takes into account 
the interaction of all the electrons with one another. 
However, computational techniques are available 
that give reliable approximate solutions for the wave
functions and energies. The techniques were origin
ally introduced by D.R. Hartree (before computers 
were available) and then modified by V. Fock to take 
into account the Pauli principle correctly. In broad 
outline, the Hartree-Fock self-consistent field (HF
SCF) procedure is as follows. 

Checklist of key concepts 

D 1 An electron possesses an intrinsic angular mo

mentum, its spin, which is described by the quantum 

numbers s = y and m, = ±y. 

02 In the orbital approximation, each electron in a many

electron atom is supposed to occupy its own orbital. 

D 3 The Pauli exclusion principle states that no more 

than two electrons may occupy any given orbital 

and if two electrons do occupy one orbital , then 

their spins must be paired. 

D 4 In a many-electron atom, the orbitals of a given 

shell lie in the order s < p < d < f as a result of the 

effects of penetration and shielding. 

Start with an idea of the structure of the atom as 
suggested by the building-up principle. In the Ne atom, 
for instance, the principle suggests the configuration 
1s22s22p6 with the orbitals approximated by hydro
genic atomic orbitals. Now consider one of the 2p 
electrons. A Schrodinger equation can be written for 
this electron by ascribing to it a potential energy due to 
the nuclear attraction and the repulsion from the other 
electrons. Although the equation is for the 2 p orbital, it 
depends on the wavefunctions of all the other occupied 
orbitals in the atom. To solve the equation, guess an ap
proximate form of the wavefunctions of all the orbitals 
except 2p and then solve the Schrodinger equation 
for the 2p orbital. The procedure is then repeated for 
the 1s and 2s orbitals. This sequence of calculations 
gives the form of the 2p, 2s, and 1s orbitals, and in 
general they will differ from the set used to start the 
calculation. These improved orbitals can be used in an
other cycle of calculation, and a second improved set of 
orbitals and a better energy are obtained. The recycling 
continues until the orbitals and energies obtained are 
insignificantly different from those used at the start of 
the current cycle. The solutions are then self-consistent 
and accepted as solutions of the problem. 

The outcomes of HF-SCF calculations are radial 
distribution functions that show the grouping of 
electron density into shells, as the building-up prin
ciple suggests. These SCF calculations therefore 
support the qualitative discussions that are used to 
explain chemical periodicity. They also extend that 
discussion considerably by providing detailed wave
functions and precise energies. 

D 5 The building-up principle specifies an order of occu

pation of atomic orbitals that reproduces (in many 

cases) the experimentally determined ground state 

configurations of neutral atoms. 

D 6 The detailed specification of the configuration of an 

atom makes use of Hund's rules relating to the rela

tive orientation of electron spins. 

D 7 The Hartree-Fock self-consistent field procedure 

leads to approximate solutions of the Schriidinger 

equation for many-electron atoms. 



TOPIC 8C 

Periodic trends of atomic properties 

~ Why do you need to know this 
material? 

Knowledge of atomic structure is used to explain 
the structure of the periodic table and all the 
physical and chemical properties it summarizes. 

~ What is the key idea? 

Trends in the variation of atomic and ionic radii 
and ionization energies can be correlated with 
the effective nuclear charges of atoms. 

~ What do you need to know already? 

This Topic builds on the account of the structure 
of many-electron atoms (Topic 8B), especially 
the concepts of effective nuclear charge, penetra
tion, and shielding. 

The periodic recurrence of analogous ground-state 
electron configurations as the atomic number in
creases accounts for the periodic variation in the 
properties of atoms. Here two aspects of atomic peri
odicity are emphasized: atomic and ionic radius and 
ionization energy. Both can be correlated with the 
effective nuclear charge, and Fig. 1 shows how this 
quantity varies through the first three periods. 

sc.1 Atomic and ionic radii 

The atomic radius of an element is half the distance 
between the centres of neighbouring atoms in a solid 
(such as Cu) or, for non-metals, in a homonuclear 
molecule (such as H2 or S8). It is of great significance 
in chemistry, for the size of an atom is one of the most 
important controls on the number of chemical bonds 
the atom can form. Moreover, the size and shape of a 
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Fig. 1 The variat ion of the effect ive atomic number w ith 
actua l atom ic number for the elements of the first three 
periods. The va lue of Z," depends on the ident ity of the or
bita l occupied by the electron: we show the va lues only for 
the va lence elect rons. 

molecule depend on the sizes of the atoms of which 
it is composed, and molecular size and shape are cru
cial aspects of a molecule's reactivity. Atomic radius 
also has an important technological aspect, because 
the similarity of the atomic radii of the d-block elem
ents is the main reason why they can be blended to
gether to form so many different alloys, particularly 
varieties of steel. 

In general, atomic radii decrease from left to 
right across a period and increase down each group 
(Table 8C.l and Fig. 2). The decrease across a period 
can be traced to the increase in nuclear charge, which 
draws the electrons in closer to the nucleus. The in
crease in nuclear charge is partly cancelled by the 
increase in the number of electrons, but because elec
trons are spread over a region of space, one electron 
does not fully shield one nuclear charge, so the in
crease in nuclear charge dominates. The increase in 
atomic radius down a group (despite the increase 
in nuclear charge) is explained by the fact that the 
valence shells of successive periods correspond to 
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Table8C.1 

Atomic radii of main-group elements, rlpm 

Li Be B c N 0 F 

157 112 88 77 74 66 64 
Na Mg AI Si p s Cl 

191 160 143 118 110 104 99 
K Ca Ga Ge As Se Br 

235 197 153 122 121 117 114 
Rb Sr In Sn Sb Te I 

250 215 167 158 141 137 133 

Cs Ba Tl Pb Bi Po 

272 224 171 175 182 167 

higher principal quantum numbers. That is, succes
sive periods correspond to the start and then com
pletion of successive (and more distant) shells of the 
atom that surround each other like the successive 
layers of an onion. The need to occupy a more dis
tant shell leads to a larger atom despite the increased 
nuclear charge. 

A modification of the increase down a group is 
encountered in Period 6, for the radii of the atoms 
late in the d block and in the following regions of 
the p block are not as large as would be expected 
by simple extrapolation down the group. The reason 
can be traced to the fact that in Period 6 the f orbitals 
are in the process of being occupied. An f electron 
is a very inefficient shielder of nuclear charge (for 
reasons connected with its radial extension), and as 
the atomic number increases from La to Yb, there is 
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Fig. 2 The variation of atomic radius through the period ic 
table. Note the contraction of radius in Period 6 (fo llowingYb, 
ytterbium). 

a considerable contraction in radius. By the time the 
d block resumes (at hafnium, Hf), the poorly shielded 
but considerably increased nuclear charge has drawn 
in the surrounding electrons, and the atoms are com
pact. They are so compact, that the metals in this re
gion of the periodic table (iridium to lead) are very 
dense. The reduction in radius below that expected 
by extrapolation from preceding periods is called the 
lanthanide contraction. 

The ionic radius of an element is its share of the 
distance between neighbouring ions in an ionic solid. 
That is, the distance between the centres of a neigh
bouring cation and anion is the sum of the two ionic 
radii. The size of the 'share' leads to some ambiguity 
in the definition. One common definition sets the 
ionic radius of 0 2

- equal to 140 pm, but there are 
other scales, and care must be taken not to mix them. 
Ionic radii also vary with the number of counterions 
(ions of opposite charge) around a given ion; the 
values in this text have been corrected to correspond 
to an environment of six counterions. 

When an atom loses one or more valence electrons 
to form a cation, the remaining atomic core is gener
ally much smaller than the parent atom. Therefore, 
a cation is often smaller than its parent atom. For 
example, the atomic radius ofNa, with the configur
ation [Ne]3s\ is 191 pm, but the ionic radius ofNa+, 
with the configuration [Ne], is only 102 pm. Like 
atomic radii, cationic radii increase down each group 
because electrons are occupying shells with higher 
principal quantum numbers. 

An anion is larger than its parent atom because the 
electrons added to the valence shell repel one another. 
Without a compensating increase in the nuclear 
charge, which would draw the electrons closer to the 
nucleus and each other, the ion expands. The vari
ation in anionic radii shows the same trend as that 
for atoms and cations, with the smallest anions at 
the upper right of the periodic table, close to fluorine 
(Table 8C.2). 

Brief illustration 8C.1 Ion ic rad ii 

The Ca' •. K•. and Cl- ions have the configuration [ArJ. However, 

their rad ii differ because they have different nuclear charges. 
The Ca'• ion has the largest nuclear charge, so it has the 

strongest attraction for the electrons and the smallest rad ius. 
The Cl- ion has the lowest nuclear charge of the th ree ions 

and, as a resu lt, the largest rad ius. 

Self-test 8C.1 

Which ion is the smallest among Mg' •. Na•. and F-? 

Answer: Mg2
+ 



Table8C.2 

Ionic radii, rlpm* 

Li+(4) Be2+(4) 83+(4) N3- o'-(6) F-(6) 

59 27 12 171 140 133 

Na+(6) Mg2+(6) Al3+(6) p3- s '-(6) Cl-(6) 

102 72 53 212 184 181 

K+(6) Ca2+(6) Ga3+(6) As3-(6) Se'-(6) Br-(6) 

138 100 62 222 198 196 

Rb+(6) Sr2+(6) ln3+(6) Te'-(6) 1-(6) 

149 116 79 221 220 

Cs+(6) Ba2+(6) Tl3+(6) 

167 136 88 

* Numbers in parentheses are the coordination numbers of the 
ions, the numbers of species (e.g. counter ions, solvent molecules) 
around the ions. Values for ions w ithout a coordination number 
stated are estimates. 

sc.2 Ionization energy and 
electron affinity 

The minimum energy necessary to remove an elec
tron from a many-electron atom is its first ionization 
energy, I 1• The second ionization energy, I 2, is the 
minimum energy needed to remove a second electron 
(from the singly charged cation): 

X( g) ~ x •(g) + e-(g) 

I 1 = E(X•)- E(X) 

x •(g) ~ X2. (g) + e-(g) 

I 2 = E(X2•) - E(X•) 
Ionization 
energy (1) 

The variation of the first ionization energy through 
the periodic table is shown in Fig. 3 and some nu
merical values are given in Table 8C.3. The ion
ization energy of an element plays a central role in 
determining the ability of its atoms to participate in 
bond formation (for bond formation, Focus 9, is a 
consequence of the relocation of electrons from one 
atom to another). After atomic and ionic radius, it is 
the most important property for determining an ele
ment's chemical characteristics. 

The internal energy of ionization, L'lionU, takes into 
account the thermal population of states at the tem
perature of interest and strictly L'lion U can be identified 
with the ionization energy only at T = 0. However, in 
atoms, the excited states are so high in energy (com
pared with kT) that they are almost unpopulated and 
there is a negligible difference between the two quan-
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Fig. 3 The periodic variation of the first ionization energies of 
the elements. 

tities at normal temperatures. The standard enthalpy 
of ionization, L'lionH•, does differ because (in the no
tation used in Topic 2F, eqn 1 in the form L'lionH• = 

L'lionif + L'1vg.,RT with L'lvg., = +1), L'lionF = L'lionu• + 
RT ~I+ RT. But RT = 2.5 kJ mol-1 at 298 K is much 
smaller than most typical values of the ionization en
ergy, that there is usually little reason, except in the 
most precise work, to distinguish between the ioniza
tion energy and the enthalpy of ionization. 

The following trends are noteworthy: 

• Lithium has a low first ionization energy: its outer
most electron is well-shielded from the weakly 
charged nucleus by the core (Z,ff = 1.3 compared 
with Z = 3) and it is easily removed. 

Table8C.3 

First ionization energies of main-group elements, 
/leV* 

H He 

13.59 24.59 

Li Be B c N 0 F Ne 

5.32 9.32 8.30 11.26 14.53 13.62 17.42 21.56 

Na Mg AI Si p s Cl Ar 

5.14 765 5.98 8.15 10.49 10.36 12.97 15.76 

K Ca Ga Ge As Se Br Kr 

4.34 6.11 6.00 790 9.81 9.75 11.81 14.00 

Rb Sr In Sn Sb Te I Xe 

4.18 5.70 5.79 734 8.64 9.01 10.45 12.13 

Cs Ba Tl Pb Bi Po At Rn 

3.89 5.21 6.11 742 7.29 8.42 9.64 10.78 

• 1 eV ~ 96.485 kJ mol-'. See also Table 2E.2 . 
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• Beryllium has a higher nuclear charge than 
lithium, and its outermost electron (one of the two 
2s electrons) is more difficult to remove: its ioniza
tion energy is larger. 

• The ionization energy decreases between beryl
lium and boron because in the latter the outermost 
electron occupies a 2p orbital and is less strongly 
bound than if it had been a 2s electron. 

• The ionization energy increases between boron 
and carbon because the latter's outermost electron 
is also 2p and the nuclear charge has increased. 

• Nitrogen has a still higher ionization energy be
cause of the further increase in nuclear charge. 

There is now a kink in the curve because the ioniza
tion energy of oxygen is lower than would be ex
pected by simple extrapolation. 

• At oxygen a 2p orbital must become doubly 
occupied, and the electron-electron repulsions 
are increased above what would be expected by 
simple extrapolation along the row. (The kink is 
less pronounced in the next row, between phos
phorus and sulfur, because their orbitals are more 
diffuse.) 

• The values for oxygen, fluorine, and neon fall 
roughly on the same line, the increase of their ion
ization energies reflecting the increasing attraction 
of the nucleus for the outermost electrons. 

• The outermost electron in sodium is 3s. It is 
far from the nucleus, and the latter's charge is 
shielded by the compact, complete neon-like core. 

Table8C.4 

As a result, the ionization energy of sodium is sub
stantially lower than that of neon. 

• The periodic cycle starts again along this row, 
and the variation of the ionization energy can be 
traced to similar reasons. 

The electron affinity, E,., is the difference in energy 
between a neutral atom and its anion. It is the energy 
released in the process 

X(g) + e-(g) ~ x -(g) 

E,. = E(X)- E(X-) 
Electron 
affinity (2a) 

The electron affinity is positive if the anion has a 
lower energy than the neutral atom. Care should be 
taken to distinguish the electron affinity from the 
standard electron-gain enthalpy (Topic 2£): they 
have very similar numerical values but differ in sign: 

X(g) + e-(g) ~ x -(g) 

!l,.F = H;(x-)- H ; (X) 
Electron-gain 
enthalpy (2b) 

An element with a positive electron affinity has a nega
tive electron-gain enthalpy. By the same argument as 
for ionization, but now with llvg" = -1, !i,,F ~ -E,. 
RT and the difference between !l,.F and -E,. can nor
mally be ignored. Moreover, in many thermodynamic 
calculations, ionization and electron gain both occur 
when electrons leave one substance and attach to an
other, and the 'correction' terms +RT and -RT cancel, 
so in such cases ignoring them introduces no error. 

Electron affinities (Table 8C.4) vary much less 
systematically through the periodic table than 

Electron affinities of main-group elements, E.,/eV * 

H He 

+0.75 <0' 

Li Be B c N 0 F Ne 

+0.62 -0.19 +0.28 +1.26 -0.07 +1.46 +3.40 -0.30' 

Na Mg AI Si p s Cl Ar 

+0.55 -0.22 +0.46 +1.38 +0.46 +2.08 +3.62 -0.36' 

K Ca Ga Ge As Se Br Kr 

+0.50 -1.99 +0.3 +1.20 +0.81 +2.02 +3.37 -0.40' 

Rb Sr In Sn Sb Te I Xe 

+0.49 -1.51 +0.3 +1.20 +1.05 +1.97 +3.06 -0.42' 

Cs Ba Tl Pb Bi Po At Rn 

+0.47 -0.48 +0.2 +0.36 +0.95 +1.90 +2.80 -0.42' 

* 1 eV = 96.485 kJ mol-'. See also Table 2E.3. 
1 Calculated. 



ionization energies. However, the following general 
observations are important: 

• Broadly speaking the highest electron affinities 
are found close to fluorine. In the halogens, the 
incoming electron enters the valence shell and ex
periences a strong attraction from the nucleus. 

• The electron affinities of the noble gases are nega
tive-which means that the anion has a higher 
energy than the neutral atom-because the in
coming electron occupies an orbital outside the 
closed valence shell. It is then far from the nucleus 
and repelled by the electrons of the closed shells. 

• The first electron affinity of oxygen is positive for 
the same reason as for the halogens. However, the 
second electron affinity (for the formation of 0 2

-

from o -) is strongly negative because although 
the incoming electron enters the valence shell, it 
experiences a strong repulsion from the net nega
tive charge of the o- ion. 

Mq!,!.!fj:!ji 
l Calculating the energy change of a reaction 

! The ionization energy of potassium is 4.34 eV and the elec· 
! tron affinity of Br is 3.36 eV. What is the change in energy in 
: the reaction K(g) + Br(g)-'> K+(g) + Bl(g)? 

Checklist of key concepts 

01 Atomic and ionic radii decrease from left to right 

across a period and increase down a group. 

02 The first ionization energy is the minimum energy 

necessary to remove an electron from a many

electron atom. 

0 3 Ionization energies increase from left to right across 

a period and decrease down a group. 

8C.2 IONIZATION ENERGY AND ELECTRON AFFINITY 379 

Collect your thoughts The reac
tion K(g) + Br(g) -'> K+(g) + Br-(g) 

can be thought of as the sum of 
the reactions K(g) -'> K+(g) + e· (g) t.E

1 
and Br(g) + e· (g)-'> Br-(g). Begin by 

using the first ionization energy of 

K(g) as the energy change t.E, of 
the process K(g) -'> K+(g) + e· (g). 

That is, t.E, = I,(K). Then, because 

the electron affinity of Br(g) is given by E, (Br) = E(Br)- E(Br-), 
it follows that the energy change t.E2 of the process Br(g) + 
e· (g) -'> Br(g) is t.E2 = E(Br·) - E(Br) = -E, (Br). Finally, add 

the energies t.E, and t.E2 to arrive at the energy change t.E 
associated with the net process K(g) + Br(g)-'> K+(g) + Br-(g). 

The solution Write 

K(g) -'> K+(g) + e· (g) 

Br(g) + e· (g) -'> Br-(g) 

t.E, = I, (K) = +4.34 eV 

t.E2 = -E, (Br) = -3.36 eV 

net: K(g) + Br(g) -'> K+(g) + Br-(g) t.E = t.E, + t.E2 = +0.98 eV 

This value corresponds to +95 kJ mol-1
. 

Self-test 8C.2 

How is the first ionization energy of an anion related to the 

electron affinity of the parent atom? 

Answer: I, IX-I = E,.IXI 

04 The electron affinity is the difference in energy be

tween a neutral atom and its anion. 

0 5 Electron affinities are highest towards the top right 

of the periodic table (near fluorine). 



TOPIC 80 

Atomic spectroscopy 

~ Why do you need to know this 
material? 

A knowledge of the energies of electrons in 
atoms, which is obtained experimentally by 
spectroscopy, is essential for understanding many 
chemical concepts, such as chemical bonding, and 
underlies many techniques for the determination 
of the chemical composition of materials. 

~ What is the key idea? 

Spectroscopic measurements confirm the theor
etical prediction that the energy levels of atoms 
correlate with the contributions to the total an
gular momentum of their electrons. 

~ What do you need to know already? 

This Topic draws on knowledge of the energy 
levels of hydrogenic atoms (Topic 8A) and 
the configurations of many-electron atoms 
(Topic 8B). In places, it uses the properties of 
angular momentum (Topic 7D) and the recogni
tion that a photon is a spin-1 particle (Topic 8B). 

The general idea behind atomic spectroscopy is 
straightforward: lines in the spectrum (in either 
emission or absorption) occur when the electron dis
tribution in an atom undergoes a transition with a 
change of energy I~EI, and emits or absorbs a photon 
of frequency V= I~Eifh and wavenumber ii = I~Eifhc. 
Hence, the spectrum gives information about the en
ergies of electrons in atoms. The spectra of atoms can 
be very complicated, yet that complexity contains a 
great deal of detailed information about the distri
bution of electrons and their interactions and relates 
to simple ideas about atomic structure and electron 
configurations as set out in Topic 8B. 

so.1 The spectra of hydrogenic 
atoms 

The energies of the hydrogenic atoms are given 
by eqn 4a of Topic 8A (En = -hcRNZ 2/n2

) . When 
the electron undergoes a transition, a change of 
state, from an orbital with quantum numbers n~> 
11> m 11 to another orbital with quantum numbers 
n2, 12, m 12, it undergoes a change of energy ~E. If 
the second state is lower in energy than the first, the 
difference in energy is emitted as a photon. If the 
opposite is the case, then the transition may be driven 
by the absorption of a photon of that energy. The 
frequency v of absorbed or emitted radiation is 
given by the Bohr frequency condition (Topic 7 A; 
~E= hv). Those frequencies (and the corresponding 
wavenumbers) are the basis of the description of 
the general features of the spectra of hydrogenic 
atoms in Topic 8A. 

Not all possible transitions from one orbital to an
other contribute to the spectrum. Transitions are clas
sified as either allowed, if they can contribute to the 
spectrum, or forbidden, if they cannot. The allowed 
or forbidden character of a transition can be traced 
to the fact that a photon is a spin-1 particle (Topic 
8B). When a photon, is generated in a transition, the 
angular momentum of the electron must change by 
one unit to compensate for the angular momentum 
carried away by the photon. Thus, an electron in a 
d orbital of a hydrogenic atom (with I= 2) cannot 
make a transition into an s orbital (with I = 0) be
cause the photon cannot carry away enough angular 
momentum. Similarly, an s electron cannot make a 
transition to another s orbital, because then there is 
no change in the electron's angular momentum to 
make up for the angular momentum carried away by 
the photon. 

A selection rule is a statement about which 
spectroscopic transitions are allowed. They are 



derived (for atoms) by identifying the transitions 
that leave the total angular momentum of the 
atom and the photon unchanged when a photon 
is emitted or absorbed. The selection rules for hy
drogenic atoms are 

!11=±1 !lm1= 0,±1 

The principal quantum number n can change by any 
amount consistent with the !11 for the transition be
cause n does not relate directly to the angular mo
mentum. Atoms can be excited to a variety of states 
by collisions, because the outcome of collisions is not 
governed by the same selection rules. 

Brief illustration 80.1 Select ion rules for hydrogenic 
atoms 

To identify the orbitals to wh ich an electron in a 4d orbital 
of a hydrogenic atom may make spectroscopic t rans it ions, 

you need to apply the se lection rules, principal ly the rule con

cern ing I. Because I = 2, the fina l orbita l must have I = 1 or 3. 
Thus, an elect ron may make a trans it ion from a 4d orbita l to 

any np orbita l (subject to !J.m1 = 0, ±1) and to any nf orbital 

(subject to the same restriction). However, it cannot undergo 

a transit ion to any other orbita l, so a t ransition to any ns orbital 

or another nd orbita l is forbidden. 

: Self-test 80.1 

: To what orbita ls may a 4s electron make spectroscopic tran

: sitions? 
Answer: np orbita ls only 

A Grotrian diagram (Fig. 1) summarizes the ener
gies of the states and the allowed transitions between 
them. The thickness of a transition line in the dia
gram is sometimes used to indicate in a general way 
its relative intensity in the spectrum. 

t 
> 
e' 
Ql 
c 
w 

s d 

3 

15 228 cm- 1, 656.7 nm (Ha ~ 
20 571 cm- 1, 486.1 nm (Hpl ., 
23 638 cm- 1, 434.7 nm (Hyl "' 
24 380 cm- 1, 410.2 nm (H8) 

Fig. 1 A Grotrian diagram that summarizes the appearance 
and ana lysis of the spectrum of atomic hydrogen. 
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so.2 The energies of many
electron atoms 

To interpret spectroscopic data on many-electron 
atoms, you need to know how the interactions be
tween electrons affect the energy levels and which 
transitions are allowed. As will become clear, the 
outcome of these interactions can be correlated with 
which orbitals are occupied and (because each or
bital corresponds to a certain angular momentum) 
with the total orbital angular momenta of the elec
trons, their total spin, and the relative alignment of 
these two sources of angular momentum. 

A common scheme used to arrive at the total an
gular momentum of electrons in an atom is called 
Russell-Saunders coupling. It is based on the notion 
that the orbital momenta of the electrons couple to
gether to give the total orbital angular momentum, 
then the spins are coupled together to give a total 
spin. Finally, the two total orbital and spin angular 
momenta are coupled together to give a grand total 
angular momentum. 

The coupling scheme focuses on the valence elec
trons, for the electrons of the core are fully paired, 
and do not contribute to the overall angular mo
mentum of an atom. Once these angular momenta 
have been identified, they are used to label the energy 
levels of the atom. For historical reasons, an energy 
level of an atom is called a term, and the notation 
used to specify the term is called a term symbol. A 
term symbol looks like 3D2, with each component 
(the 3, the D, and the 2) indicating something about 
the angular momentum. 

The letter (D, for instance) denotes the total orbital 
angular momentum of the electrons in the atom. To 
find it, the total orbital angular momentum quantum 
number, L, must be calculated in the manner described 
below. Then the following code is used: 

L 0 

s 
1 

p 

2 

D 

3 

F 

4 .. . 

G .. . 

The code is the same as for orbitals (Topic 8A), but 
uses uppercase Roman letters. The possible values of 
the quantum number L are calculated from the or
bital angular momentum quantum numbers (/1 and 
12 for instance) of the electrons in the valence shell of 
the atom through the following series: 

L = 11 + 12,11 + 12-1, ... , 11, -l2l 

This and the analogous series for other types of an
gular momenta are called Clebsch-Gordan series. 
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The modulus sign (! ... /) simply means that the series 
terminates at a positive value (because the quantum 
number L cannot be negative). 

The highest total orbital angular momentum occurs 
when the two electrons are orbiting in the same direc
tion (in classical terms, like two planets round the Sun). 
This image gives the first clue about how angular mo
mentum correlates with energy. Because high L corres
ponds to electrons circulating in the same sense, they 
do not meet and their repulsive interaction is weak. A 
low value of L signifies that the electrons are circulating 
in opposite directions and so do meet with the result 
that their energy is increased. Note that the angular 
momentum itself is not responsible for the difference 
in energy, but merely signifies different contributions to 
the Coulombic interaction between the electrons. 

Brief illustration 80.2 Atom ic term symbols 

Consider the excited state configuration of carbon 

[He[2s22p13p1 in which a 2p electron has been promoted to 

a 3p orbital (in a collision). Only the angular momenta of the 

p electrons need to be taken into account because the s elec· 

trans have no orbital angular momentum. For each electron 
I= 1 (that is, 11 = 1 and 12 = 1 for the two p electrons). It follows 
that 

L = 1 + 1, 1 + 1 - 1, ... , 11 - 11 = 2, 1, 0 

This result is shown pictorially in Fig. 2, which uses the 

rules for addition and subtraction of vectors (The chemist's 

toolkit 24). It follows that the configuration gives rise to D, 
P. and S terms, corresponding to the three allowed values of 

the total orbital angular momentum. Because as the value of 

L increases so does the average separation of the electrons 

as they circulate round the nucleus (because the higher the 
total orbital angular momentum, the more likely it is that the 

electrons are travelling in the same direction). it also follows 

that the likely order of energies is D < P < S. 

: Self-test 80.2 

: Identify the terms that may arise from an excited calcium 

: atom with an electronic configuration [Arl3d 14d1 . . 
Answer.· G, F, D, P, S 

(7 
1,=1v L=L ~ t =O 

~1 ~ 
Fig . 2 A depiction of the rules for coupling two angular mo· 
menta into a resultant. In this case, 11 = 12 = 1 (each of length 
2") to give resultants with L = 2, 1, and 0 (and lengths 6" . 2" . 
and 0, respectively). 

The chemist's toolkit 24 Addition and subtraction 

of vectors 

Consider two vectors v1 and v2 making an angle e. as 
shown in Sketch 1. 

Sketch 1 

The first step in the addition of v, to v, consists of joining 

the tail of v2 to the head of v,, as shown in Sketch 2. 

Sketch 2 

In the second step, shown in Sketch 3, a vector v,.,, the 
resultant vector, is drawn. It originates from the tai l of 

v, to the head of v,. The magnitude, v,.,, of the resultant 
vector is given by: 

v, .. = (v1
2 + v; + 2v1v2 cos0)112 

where v, and v2 are the magnitudes of the vectors v, and 
v2, respectively. 

~·, 
v, 

Sketch 3 

The subtraction of vectors follows the same principles 
outlined above for addition by noting that subtraction of 

v, from v, is the same as addition of -v, to v, (Sketch 4[. 

-yY 

Sketch 4 
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Identifying the terms of a three-electron shell 

Identify the terms that arise from 

the configuration p3 

Collect your thoughts When there 

are more than two elect rons to 
couple together, use two Clebsch

Gordan se ries in succession. First, 
couple two electrons, then couple 

the third to each combination, and 

so on. 

The solution The coupling of two elect rons w ith orbital an

gular momentum quantum numbers /1 = 12 = 1 gives a m in

im um va lue of 11 - 11 = 0. Therefore, us ing L' to denote the 

tota l orbita l angu lar momentum quantum number for these 
two electrons on ly, obtain 

L' = 1 + 1, 1 + 1 - 1, ... , 0 = 2, 1, 0 

Now go on to ca lcu late the va lues of L. the tota l orbita l angu lar 
momentum quantum number for the t hree-e lectron system . 

Couple /3 w ith L' = 2, to give L = 3, 2, 1 

Couple /3 w ith L' = 1, to give L = 2, 1, 0 

Couple /3w ith L' = 0, to give L = 1 

The overall resu lt is 

L = 3, 2, 2, 1, 1, 1, 0 

giv ing one F. two D, three P. and one S te rm and reported as 

F. 2D, 3P, S 

; Self-test 80.3 

Identify the terms that can arise from the configuration d2p1
. 

Answer: H. 2G, 3F. 3D, 3P. S 

The total spin angular momentum quantum 
number, S, is obtained in the same way as L, by 
adding together the individual spin angular mo
mentum quantum numbers: 

S=s 1 +s2,s1 +s2 -1, ... , ls 1 -s21 
For electrons, s = Vz, so for two electrons 

S=t +t,t +t -1, ... ,1t -tl= 1,0 

Then the value of Sis represented in the term symbol 
by writing the multiplicity of the term, the value of 
2S + 1, as a left superscript (the 3 in 3D2, for instance). 
The higher the multiplicity of a term, the more elec
trons there are in the atom with spin in the same dir
ection. A term of the form 1X (with X any letter) is 
called a singlet term, 2X a doublet term, 3X a triplet 
term, and so on. 

An important point is that certain combinations of 
spin and orbital angular momentum are forbidden 
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by the Pauli principle. For instance, the total orbital 
angular momentum of a He atom in its ground state 
is L = 0, corresponding to an S term. Both electrons 
must be paired (they occupy the same 1s orbital), so 
although two electrons can give rise to S = 0 and 1, 
only the former is allowed and the ground state is 
unambiguously 1S. 

Brief illustration 80.3 The m ultiplicities of terms 

For the excited configuration of ca rbon, [HeJ2s22p 13p 1, of 

Brief illustration 8D.2, the two p electrons each have s = 7, 
so S = 1 ,0. The corresponding mult iplicit ies are 2 x 1 + 1 = 3 
(a t riplet te rm) and 2 x 0 + 1 = 1 (a singlet te rm). The corres

pond ing te rm symbols are 

Triplet terms: 3D, 3 P, 3 S Singlet terms: 1D, 1P. 1S 

A note on good practice The name 'state' should not be used 
in place of 'term '. As explained below, in general a term consists 
of a number of different states. 

: Self-test 80.4 

: Consider the configu ration ... 2p3 What is the highest multi
: plicity of a term correspond ing to this configuration? 

: Answer: S ~% and 25 + 1 ~ 4, a quartet term 

When a configuration can give rise to terms with 
several multiplicities (as in the Brief illustration) it 
is possible to identify the term of lowest energy by 
using a restatement of Hund's rule, which is intro
duced in Topic 8B. There the rule was stated as 'in its 
ground state, an atom adopts a configuration with 
the greatest number of unpaired electrons'; in terms 
of multiplicity this statement becomes more generally 

For a given configuration, the term with the highest 
multiplicity lies lowest in energy. 

As explained in Topic 8B, electrons with parallel spins 
tend (for quantum mechanical reasons) to avoid each 
other and so allow the atom to shrink slightly. As a 
result, their Coulombic interaction with the nucleus 
is enhanced and the energy of the atom is lowered. 

80.3 Spin-orbit coupling 

The label displayed as a right subscript in a term 
symbol (the 2 in 3D2, for instance) is the total an
gular momentum quantum number, J, the total an
gular momentum being the vector sum of the orbital 
and the spin angular momenta. The possible values 
of J (a positive number) are found by forming the 
senes 

] = L + S, L + S -1, ... , IL- Sl 
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If there are many electrons having spins in the same 
direction as their orbital motion, then] is large. If the 
spins are aligned against the orbital motion, then J 
is small. Each value of J corresponds to a particular 
level of a term. 

Brief illustration 80.4 The levels of a term 

The levels that occur in the 30 term are found by setting L = 2 

and 5= 1; then 

J= 2 + 1, 2 + 1 - 1, ... , 12- 11 = 3, 2, 1 

That is, the levels of the 30 term are 30 3, 30 2, and 30 1 (there 

are three levels for th is triplet term). In the 30 3 level, not on ly 

are the two p electrons orbiting in the same sense, the two 

spins are spinning in the same direct ion as each other, and the 
• tota l spin is in the same direct ion as the orbita l angu lar mo· 

mentum. In 30 1 the total spin is al igned oppositely to the tota l 

orbital momentum and the overall tota l angular momentum 

is relat ively low. 

A note on good practice 'Levels' are still not 'states'. Each 
level with a quantum number J consists of 2J + 1 individual states 
distinguished by the quantum number MJ. 

! Self-test 80.5 

: What terms and leve ls can arise from the configuration ... 

: 4p13d ' ? .. . . 
The different levels of a term have different ener

gies that arise from magnetic effects (so far the inter
actions affecting terms have been Coulombic). An 
electron is a charged particle, so its orbital angular 
momentum gives rise to a magnetic field, just as an 
electric current in a loop gives rise to a magnetic field 
in an electromagnet. That is, an electron with orbital 
angular momentum acts like a tiny bar magnet. An 
electron also has a spin angular momentum, and this 
intrinsic 'spinning motion' means that it also acts as 
a tiny bar magnet. The magnet arising from the spin 
interacts with the magnet arising from the orbital 
motion and gives rise to the interaction called spin
orbit coupling. 

The two magnets have a higher energy when they 
are parallel than when they are anti parallel (Fig. 3 ). 
Therefore, because the relative orientation of the 
magnets reflects the relative orientation of the orbital 
and spin angular momenta, the energy of the atom 
depends on the total angular momentum quantum 
number J (because its value also reflects the rela
tive orientation of the two kinds of momentum). A 
low energy is obtained when the angular momenta, 
and therefore the bar magnets, are antiparallel to 
each other. That arrangement of angular momenta 

~· · ~;ghJ 
~ 

LtJ~ ... - LowJ 

~ 
(b) 

Fig. 3 The magnet ic interaction responsible for spin-orbit 
coupling. (a) A high total angu lar momentum corresponds to 
a para llel arrangement of magnetic moments (represented by 
the bar magnets), and hence a high energy. (b) A low tota l an
gular momentum corresponds to an ant iparal lel arrangement 
of magnet ic moments, and hence a low energy. Note that the 
difference in energy is not due directly to the differences in 
tota l angu lar momentum: the total simply specifies the rela
tive orientations of the two magnetic moments. 

corresponds to a low value of J. Therefore, the level 
with lowest value of J is predicted to lie lowest in 
energy. In the current example, the lowest level of 
the 3D term is predicted to be 3D 1• A more general 
statement, which applies to many-electron systems, 
is as follows: 

For atoms with shells that are less than half full, the 
level with lowest] lies lowest in energy; for atoms 
with shells that are more than half full, the level 
with highest] lies lowest. 

Brief illustration 80.5 Spin-orbit coupl ing 

Cons ider a 4F term arising from a d3 configuration (as in the 

Cr3+ ion). Because L = 3 (as implied by the symbol F) and 

5 = 1 (as implied by the multiplicity, 25 + 1 = 4). J = 1, f , t , 
t . The she ll is less than half fu ll, so the level w ith the lowest 

va lue of J has the lowest energy. It fol lows that the ground 

leve l is 4F312 • 

: Self-test 80.6 . 
: Consider the 3F term arising from the configuration .. .4p13d 1

. 

: What is the symbol of the ground leve l? 

Answer: 3F2 

The strength of the spin-orbit coupling increases 
sharply with atomic number. In Period 2 atoms it 
gives rise to splittings between levels of the order of 
102 cm-1, but in Period 3 the difference approaches 
103 cm-1

• This increase can be understood by thinking 
about the source of the orbital magnetic field. To do so, 
imagine riding on the electron as it orbits the nucleus. 
From this viewpoint, the nucleus appears to orbit 
around the electron (rather as the pre-Copernicans 
thought the Sun revolved around the Earth). If the 



nucleus has a high atomic number it will have a high 
charge, the electron will be at the centre of a strong 
electric current and so experience a strong magnetic 
field. If the nucleus has a low atomic number, the elec
tron will experience a feeble magnetic field arising 
from the low current that encircles it. 

Spin-orbit coupling has important consequences 
in photochemistry and in particular for the existence 
of the property of 'phosphorescence' (Topic 11£). 

80.4 Selection rules for many
electron atoms 

As remarked in Section 8D.1, spectroscopic selection 
rules arise from the conservation of angular mo
mentum during a transition and from the fact that 
a photon is a spin-1 particle. They can therefore be 
expressed in terms of the term symbols, because the 
latter carry information about angular momentum. 
A detailed analysis leads to the following rules: 

~S=O ~L=0,±1 ~1=±1 

N = 0, ±1, but]= 0 ~ J = 0 is forbidden 

Checklist of key concepts 

01 A tenn symbol specifies the angular momentum 

states of an atom, and has the form 25 + 1{L}J. 

0 2 Angular momenta are combined into a resultant by 

using the Clebsch-Gordan series. 

0 3 Possible values of the total orbital angular mo

mentum are expressed by values of the quantum 

number L. 

0 4 The multiplicity of a term is the value of 25 + 1. 

05 The total angular momentum in light atoms is ob

tained on the basis of Russell-Saunders coupling. 

0 6 For a given configuration, the term with the highest 

multiplicity lies lowest in energy. 
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The rule about ~S (no change of overall spin) stems 
from the fact that the light does not affect the total 
spin directly. The rules about ~Land~/ express the 
fact that the orbital angular momentum of an indi
vidual electron must change (so~~= ±1 ), but whether 
or not this results in an overall change of orbital 
momentum depends on the coupling of angular mo
menta. These selection rules apply strictly for rela
tively light atoms, those near the top of the periodic 
table. As the atomic number increases, the rules pro
gressively fail on account of significant spin-orbit 
coupling. So, for example, transitions between singlet 
and triplet states are allowed in heavy atoms and 
contribute to phosphorescence (Topic 11£). 

Brief illustration 80.6 Transitions in many-electron 
atoms 

A 3D2 -'> 3 P, transition is allowed because !J.S = 0, !J.L = -1 
and !J.J = -1. A 3P1 -'> 1S0 is forbidden in light atoms because 
!J.S = -1, but is allowed in heavy atoms. 

: Self-test 80.7 

l is the transition 3F4 -'> 3D3 allowed? 
0 Answer: Yes 

0 7 For atoms with shells that are less than half full, 

the level with lowest value of the total angular mo

mentum quantum number J lies lowest in energy; 

for atoms with shells that are more than half full, 

the level with highest J lies lowest. 

0 8 Different levels of a term have different energies 

on account of spin-orbit coupling, and the strength 

of spin-orbit coupling increases sharply with in

creasing atomic number. 

0 9 Selection rules for light atoms include the state

ment that changes of total spin are forbidden. 
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Exercises 

Topic SA Hydrogenic atoms 

8A.1 Calculate the wavenumber and wavelength of the line 

with n = 6 in the Balmer series of the spectrum of atomic 

hydrogen. 

8A.2 A line in the Balmer series of the spectrum of atomic 
hydrogen is observed at 23 032 em·'. What is the quantum 

number of the energy level? 

8A.3 The frequency of one of the lines in the Paschen series 
of the spectrum of atomic hydrogen is 2. 7415 x 1015 Hz. Iden

tify the principal quantum number of the energy level in the 

transition. 

8A.4 The Li2+ ion is a hydrogenic atom. Calculate the value 

of the Rydberg constant for Li2+. By what factor does it differ 

from the Rydberg constant for atomic hydrogen? 

8A.5 The Rydberg constant depends on the mass of the 

nucleus. What is the difference in wavenumbers of the 3p--> 

1s transition in hydrogen and deuterium? 

8A.6 What transition in He• has the same frequency (dis

regarding mass differences) as the 2p--> 1 s transition in H? 

Topic 88 Many-electron atoms 

88.1 Classify the following as either a fermion or a boson: 
(a) an electron. (b) a proton. (c) a neutron. and (d) a photon. 

88.2 Predict the ground-state electronic configuration of (a) 

a C atom. (b) a Ti2+ ion. and (c) a Mn' • ion. 

Topic SC Periodic trends of atomic properties 

8C.1 Consider the atoms of the Period 2 elements of the 
periodic table. Predict which element has the lowest (a) first 

ionization energy and (b) second ionization energy. 

Topic 80 Atomic spectroscopy 

80.1 Which of the following transitions are allowed in 

the electronic emission spectrum of an hydrogenic atom: 

(a) 2s -->1s. (b) 2p--> 1s. (c) 3d--> 2p. (d) 5d--> 2s. (e) 5p--> 
3s. (f) 61--> 4p? 

80.2 To which orbitals may electrons in a 3p orbital make 

spectroscopic transitions in a hydrogenic atom? 

8A.7 How many orbitals are present in the N shell of an 

atom? 

8A.8 What is the orbital angular momentum (as multiples 

of li ) of an electron in the orbitals (a) 1 s. (b) 3s. (c) 3d. (d) 

2p. (e) 3p? Give the numbers of angular and radial nodes in 

each case. 

8A.9 State the orbital degeneracy of the levels in the 

hydrogen atom that have energy (a) -heR". (b) --1;-hcR". and 

(c) --jghcR". 

8A.10 How many electrons can occupy subshells with the 
following values of/: (a) 0. (b) 3. (c) 5? 

8A.11 The wavefunction of one of the d orbitals is pro

portional to sin ecos e. At what angles does it have nodal 

planes? 

8A.12 For an atomic orbital with quantum numbers n and 
I. (a) how many radial. (b) angular. and (c) nodes are there? 

88.3 Why is the electronic configuration of the yttrium atom 

[Krl4d 15s2 and that of the silver atom [Krl4d 105s 1? 

8C.2 What is the ionization energy of a Cl- ion? Express your 

answer as a molar energy in units of kJ mol-'. 

80.3 To what orbitals may a 51 electron in a hydrogenic atom 

make spectroscopic transitions? 

80.4 Use the Clebsch-Gordan series to deduce the possible 

values for the total orbital angular momentum of (a) two p 

electrons. (b) two d electrons. 



80.5 The Clebsch- Gordan series may be used successive ly 

to determine the possible values for the tota l angu lar mo

mentum of several electrons. What are the tota l spin angu lar 

momenta that can arise from four electrons? 

80.6 What leve ls can the fo llowing terms possess: (a) ' S, (b) 

' F. (c) 5S. (d) 5P? 

80.7 What terms (expressed asS. D, etc .) can arise from the 
[He]2s22p '3d' excited configuration of carbon? 

80.8 The ground configuration of aTi2+ ion is [Ar]3d2 (a) What 

is the term of lowest energy and which level of that term lies 
lowest? (b) How many states belong to that lowest level? 

Discussion questions 

8.1 List and describe the sign if icance of the quantum num

bers needed to specify the internal state of a hydrogenic 

atom. 

8.2 Explain the sign ificance of (a) a boundary surface and (b) 

the radial distribution function for hydrogenic orbita ls. 

8.3 Describe the orbital approximation for the wavefunction 
of a many-electron atom. What are the lim itations of the ap

proximation? 

8.4 Discuss the relat ionsh ip between the location of a many

electron atom in the periodic table and its electron configura

t ion . 

Problems 

8.1 The distribution of isotopes of an element may yield 

clues about the nuclear reactions that occur in the interior of 
a star. Show that it is possible to use spectroscopy to con

f irm the presence of both 4He+ and 3He+ in a star by ca lcu lat

ing the wavenumbers of the n = 3 --'> n = 2 and of the n = 2 --'> 

n = 1 transit ions for each isotope. 

8.2 Pred ict the ionization energy of Li 2+ given that the ion iza

t ion energy of He+ is 54.36 eV. 

8.3 The Humphreys series is another group of lines in the 

spectrum of atomic hydrogen . It beg ins at 12 368 nm and 
has been traced to 3281.4 nm. (a) What are the transitions 
involved? (b) What are the wavelengths of the intermediate 

t ransit ions? (c) At what wavelength wou ld you expect the 

longest wavelength t ransit ion of the Humphreys series to 
occur in He+? 

8.4 A series of lines in the spectrum of atomic hydrogen 
lies at 656.46, 486.27, 434.17, and 410.29 nm. (a) What is the 

wavelength of the next line in the series? (b) What is the 

ion ization energy of the atom when it is in the lower state of 
the t ransitions? 
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80.9 What is the ground-state configuration of a Sc'+ ion? 

What levels arise from th is configu ration? Which of these 

levels lies lowest in energy? 

80.10 Use Hund"s rules to deduce the term of the lowest 

level of aTi atom. 

80.11 The lowest term of both the AI and Cl atoms is ' P. 
w hich gives rise to 2P,12 and 2P312 levels. Predict wh ich level 

lies lower in energy for each atom . 

80.12 Which of the following transitions between terms are 
allowed in the normal electronic emission spectrum of a many

electron atom : (a) 3D2 --'> 3P1, (b) 3P2 --'> 'S0• (c) 3F4 --'> 3D,? 

8.5 Describe the self-consistent f ield procedure for ca lcu

lating the form of the orbita ls and the energies of many

electron atoms. 

8.6 Describe and account for the variat ion of fi rst ion ization 
energies along Period 2 of the periodic table . Wou ld you ex

pect the same variation in Period 3? 

8.7 Explain the origin of spin-orbit coupling and how it af

fects the appearance of a spectrum. 

8.8 Specify and account for the selections rules for spec

troscopic t ransit ions in (a) hydrogenic atoms and (b) many

electron atoms. 

8.5 The Li2+ ion is hydrogenic and has a Lyman series of lines at 

740 747 em·' , 877 924 em·' , 925 933 em· '. and beyond. (a) Show 

that the energy levels are of the form -hcR,;!ri' and find the 
value of RLi for this ion. (b) Go on to predict the wavenumbers of 

the two longest wavelength transitions of the Balmer series of 
the ion and (c) f ind the ionization energy of the ion. 

8.6 When ultraviolet rad iation of wavelength 58.4 nm from a 

helium lamp is directed on to a sample of krypton, electrons 
are ejected with a speed of 1.59 x 106 m s· ' . Calculate the 

ionization energy of krypton. 

8.7 At what rad ius does the probabil ity of find ing an electron 

in a small volume located at a point in the ground state of an 

H atom fall to 30 per cent of its maximum value? 

8.8 At what radius in the H atom does the radial distribution 
function of the ground state have (a) 30 per cent. (b) 5 per 

cent of its maximum value? 

8.9 What is the probability of find ing the electron in a volume 
of 6.5 pm3 centred on the nucleus in (a) a hydrogen atom, 
(b) a He+ ion? 
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8.10 Locate the rad ial nodes in (a) the 3s orbital. (b) the 4s 

orbital of an H atom. 

8.11 One important function of atomic and ionic rad ius is 

in regulating the uptake of oxygen by haemoglobin. for the 
change in ionic radius that accompanies the conversion of 
Fe(ll) to Fe(lll) when 0 2 attaches t riggers a conformational 

Projects 

The symbol t indicates that calculus is required. 

8. H Here you are invited to explore hydrogenic wavefunc

t ions in more quantitative deta il. (a) Find. by identifying the 

maximum in the rad ial distribution function of a hydrogenic 

1 s electron, the most probable distance of an electron from 
the nucleus in a hydrogen atom in its ground state? (b) The 

(normal ized) wavefunction for a 2s orbita l in hydrogen is 

lfl = (-1 3 J"' (2- !__Je-•12•o 
32na0 a0 

Calculate the probabil ity of finding an electron that is de

scribed by th is wavefunction in a volume of 1.0 pm3 (i) cen

tred on the nucleus, (i i) at the Bohr rad ius, (i ii) at twice the 
Bohr radius. (c) Construct an expression for the rad ial dis

tr ibution function of a hydrogenic 2s electron (see part (b) 

for the form of the orbital). and plot the function against r. 

What is the most probable rad ius at which the electron wi ll 
be found? (d) For a more accurate determination of the rad ius 

at which an electron w ill most probably be found in an H2s 

orbital, differentiate the radial distribution function to identify 

where it is a maximum. 

8.2 Tha ll ium, a neurotoxin, is the heaviest member of Group 

13 of the period ic table and is found most usua lly in the 

+ 1 oxidation state. Aluminium, which causes anaemia and 

change in the protein. Which do you expect to be larger: Fe' + 

or Fe'"? Why? 

8.12 Two transitions in the [NeJ3p1-->[NeJ3s1 emission 

spectrum of atomic sodium are observed at 589.0 nm and 

589.6 nm. What is the difference in energy. expressed in elec

tronvolts. between the 2P312 and 2P112 1evels of the upper term? 

dementia, is also a member of the group but its chemical 

properties are dominated by the +3 oxidation state. Examine 

this issue by plotting the first. second, and th ird ion ization 

energies for the Group 13 elements aga inst atomic number 
(you might need to refer to on line resources). Explain the 

trends you observe. 

8.3 The spectrum of a star is used to measure its radial ve

locity w ith respect to the Sun, the component of the star's 

ve locity vector that is parallel to a vector connecting the 
star's centre to the centre of the Sun. The measurement 

rel ies on the Doppler effect, in which rad iation is shifted 

in f requency when the source is moving towards or away 

from the observer. When a star emitting electromagnetic 
rad iation of frequency v moves w ith a speed s relative to 

an observer, the observer detects radiation of f requency 

v""';,9 = vf or v,,,,,.,;,9 = v/f, where f = ((1 - s/c)/(1 + s/c)}112 

and c is the speed of light. (a) Three lines in the spectrum of 

atomic iron of the star HDE 271 182, which belongs to the 
Large Magellanic Cloud, occur at 438.882 nm, 441.000 nm, 

and 442.020 nm. The same lines occur at 438.392 nm, 
440.510 nm, and 441.510 nm in the spectrum of an Earth

bound iron arc. Determine whether HDE 271 182 is receding 
from or approach ing the Earth and estimate the star's radial 
speed with respect to the Earth. (b) What add it iona l informa

tion wou ld you need to calculate the rad ial ve locity of HDE 

271 182 with respect to the Sun? 



FOCUS 9 

The chemical bond 

The chemical bond, a link between atoms, is central to all 
aspects of chemistry. Reactions make them and break them, 

and the structures of solids and individual molecules depend 

on them. The physica l properties of individual molecules and 

of bulk samples of matter also stem in large part from the 

shifts in electron density that take place when atoms form 
bonds. 

There are two major approaches to the calculation of 
molecular structure, 'valence bond theory' (VB theory) and 

'molecular orbita l theory' (MO theory) . Almost all modern 

computational work makes use of MO theory. However, VB 
theory has left its imprint on the language of chemistry, and it 

is important to know the sign if icance of terms that chemists 

use every day. 

9A Valence bond theory 

Th is Topic begins with a procedure for writing wavefunction 

for a shared electron pair, which is then extended to account 

for the structures of a wide variety of molecules. The theory 
introduces the concepts of 'cr bonds', 'n bonds', 'promotion', 

and 'hybrid ization' that are used widely in chemistry. 

9A.1 Diatomic molecules; 9A.2 Polyatomic molecules; 
9A.3 Promotion and hybridization; 9A.4 Resonance; 
9A.5 The language of valence bond theory 

98 Molecular orbital theory: homonuclear 
diatomics 

In MO theory the concept of atomic orbital is extended 
to that of 'molecu lar orbita l', which is a wavefunction that 

spreads over all the atoms in a molecule. The Topic begins 

w ith an account of the hydrogen molecule-ion, H/ . which 
sets the scene for the application of MO theory to molecules 
in general. The principles establ ished for the hydrogen mole

cule-ion are readily extended to other homonuclear diatomic 

species, the principal difference being that more types of 
atomic orbita ls must be included to give a more varied col

lection of molecular orbitals. 

9B.1 The construction of molecular orbitals; 
9B.2 Bonding and antibonding orbitals; 
9B.3 Inversion symmetry; 9B.4 The chemical bond in 
molecular orbital theory; 9B.5 Many-electron homo
nuclear diatomics; 9B.6 The configurations of Period 
2 homonuclear diatomics; 9B.7 The criteria for build
ing molecular orbitals 

9C Molecular orbital theory: heteronuclear 
diatomics 

The MO theory of heteronuclear diatomic molecules and 

ions introduces the possibility that the atomic orbita ls on the 

two atoms contribute unequally to the molecular orbital. As 
a result, the molecule is polar. The polarity can be expressed 
in terms of the concept of 'electronegativity'. 

9C.1 Polar bonds; 9C.2 The formulation of molecular 
orbitals; 9C.3 Molecular orbital diagrams 

90 Molecular orbital theory: polyatomic 
molecules 

Most molecules are polyatomic, so it is important to be able 

to account for their electron ic structure. An early approach to 

the electronic structure of planar conjugated polyenes is the 
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'HOckel method '. It introduces severe approximations, but 

sets the scene for more sophisticated procedures, which 

are now used widely to predict molecular structure, physical 

properties, and chemical reactivity. 

90.1 The molecular orbitals of H20 ; 90.2 The Hi.ickel 

method; 90.3 The molecular orbitals of benzene; 
90.4 Computational chemistry 

Web resource What is an application of this 
material? 

Molecular orbital theory is used widely in the analysis of chem

ical and biochemica l phenomena. For example, computer-a ided 
molecular orbital calculations can contribute to the interpret

ation of molecular spectra and enhance understanding of elec

trochemical processes and the binding of drugs to receptor 

sites. See Impact 7 on the website of this book. 



TOPIC 9A 

Valence bond theory 

~ Why do you need to know this 
material? 

Valence bond theory was the first quantum 
mechanical theory of bonding to be developed. 
The language it introduced, which includes con
cepts such as spin pairing, CJ and 1t bonds, and 
hybridization, is widely used throughout chemis
try, especially in the description of the properties 
and reactions of organic compounds. 

~ What is the key idea 7 

A bond forms when an electron in an atomic 
orbital on one atom pairs its spin with that of an 
electron in an atomic orbital on another atom. 

~ What do you need to know already? 

You need to know about atomic orbitals (Topic 
8A) and the Pauli exclusion principle (Topic 8B). 

The character of a covalent bond was identified by 
G.N. Lewis in 1916, before quantum mechanics was 
fully developed, as a shared pair of electrons (The 
chemist's toolkit 25). However, his theory was unable 
to account for the shapes adopted by molecules. The 
most elementary but qualitatively quite successful ex
planation of the shapes adopted by molecules is the 
valence-shell electron pair repulsion model (VSEPR 
model) in which it is supposed that the shape of a 
molecule is determined by the repulsions between 
electron pairs in the valence shell (The chemist's 
toolkit 26). The purpose of this Topic is to extend 
these general concepts with arguments grounded in 

quantum theory. 

The chemist's toolkit 25 The Lewis theory of 
covalent bonding 

In his original formulation of an early and simple theory 

of the cova lent bond, wh ich should be familiar from intro
ductory chemistry courses, G.N. Lewis proposed that 

each bond consisted of one electron pair. Each atom in a 

molecule shared electrons unti l it had acquired an octet 
characteristic of a noble gas atom near it in the period ic 
table. (Hydrogen is an exception: it acquires a duplet of 

electrons.) Thus, to draw a Lewis st ructure: 

1. Arrange the atoms as they are found in the molecule. 

2. Add one electron pair (represented by dots, : I between 
each bonded atom. 

3. Use the rema ining electron pairs to complete the 

octets (for H, the duplet) of all the atoms present either 

by forming lone pai rs or by forming mult iple bonds. 

4. Replace bonding electron pa irs by bond lines (-) but 

leave lone pa irs as dots(:). 

A Lewis structure does not (except in very simple cases). 
portray the actua l geometrical structure of the molecule; 

it portrays the 'connect ivity ' of the molecule, the linkages 

between neighbouring atoms. 

The chemist's toolkit 26 The VSEPR model 

The basic assumption of the valence-shell electron pair 
repulsion model (VSEPR model) is that the attached 

atoms and the lone pairs of the central atom adopt posi

tions that maximize their separations. Thus, if the atom 

has three attached atoms and one lone pa ir (as in :NH3). 

then the atoms and the lone pa ir adopt a tetrahedral ar
rangement around the central atom. The arrangements 

adopted by these 'objects' (either atoms or lone pairs) are 

as follow s: 
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Number of objects Arrangement 

2 Linear 

3 Trigonal planar 

4 Tetrahedral 

5 Trigonal bipyramida l 

6 Octahed ral 

7 Pentagonal bipyramida l 

Once the bas ic shape of the arrangement of t he objects 

has been identif ied, the shape of the molecu le is classified 
by noting the arrangement of the atoms around the centra l 
atom (not the lone pairs). Thus NH3 is classified as trigona l 

pyramidal (not tetrahedral). 

The next stage in the application of the VSEPR model is 

to accommodate the greater repell ing effect of lone pa irs 
compared w ith that of bonding pa irs. That is, bonding pairs 

tend to move away from lone pairs even though that might 

reduce their separation from other bonding pairs. Thus, 

SF4 adopts the shape shown in Sketch 1. 
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Sketch 1 

All theories of molecular structure adopt the 
Born- Oppenheimer approximation . In this approxi
mation, it is supposed that the nuclei, being so much 
heavier than an electron, move relatively slowly and 
may be treated as stationary while the electrons 
move around them. The nuclei can be thought of as 
being fixed at arbitrary locations, so the Schrodinger 
equation can be solved for the electrons alone. The 
approximation is quite good for molecules in their 
electronic ground-states, for calculations suggest that 
(in classical terms) the nuclei in H 2 move through 
only about 1 pm while the electron speeds through 
1000 pm. 

By invoking the Born- Oppenheimer approxima
tion, the energies and wavefunctions of a diatomic 
molecule can be obtained by selecting an internuclear 
separation and then solving the Schrodinger equa
tion for the electrons. Then the calculation can be 
repeated at a different internuclear separation, and 
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Fig. 1 A molecu lar potent ial energy curve . The equ ilibrium 
bond length R, corresponds to the energy m inimum 0 , . 

so on. In this way it is possible to explore how the 
energy of the molecule varies with bond length and 
obtain a molecular potential energy curve, a graph 
showing how the molecular energy depends on the 
internuclear separation (Fig. 1). The graph is called 
a potential energy curve because the nuclei are sta
tionary and contribute no kinetic energy. Once the 
curve has been calculated, two important parameters 
can be identified: the equilibrium bond length, R" the 
internuclear separation at the minimum of the curve, 
and D" the depth of the minimum below the energy 
of the infinitely widely separated and stationary 
atoms. Similar considerations apply to polyatomic 
molecules, where bond angles may be varied as well 
as bond lengths . 

9A.1 Diatomic molecules 

In valence bond theory (VB theory), a bond is re
garded as forming when an electron in an atomic 
orbital on one atom pairs its spin with that of an elec
tron in an atomic orbital on another atom (Fig. 2). 
To understand why this pairing leads to bonding, it 
is necessary to examine the wavefunction for the two 
electrons that form the bond. 

(a) (b) 

Fig. 2 In the valence bond theory, a cr bond is formed when 
two elect rons in orbita ls on neighbouring atoms, as in (a). pa ir 
and the orbita ls merge to form a cylindrica l electron cloud, 
as in (b) . 



Consider the simplest possible chemical bond, the 
one in molecular hydrogen, H-H. When the two 
ground-state H atoms are far apart, electron 1 is 
in IJIA, the 1s orbital of atom A, denoted IJIA(1), and 
electron 2 is in IJIB, the 1s orbital of atom B, denoted 
IJIB(2). A general rule in quantum mechanics is that 
the wavefunction for several non-interacting par
ticles is the product of the wavefunctions for each 
particle (Topic 8B), so providing the interactions 
between the electrons can be ignored, the wavefunc
tion for the two-electron system can be written as 
1J1(1,2) = IJIA(1)1J!B(2). When the two atoms are close 
together, an equally likely arrangement is for elec
tron 1 to escape from A and be found on B and for 
electron 2 to be on A. In this case the wavefunction 
is 1J1(1,2) = IJIA(2)1J!B(1). Whenever two outcomes are 
equally likely, the rules of quantum mechanics call 
for adding together the two corresponding wave
functions, forming a superposition. Therefore, the 
(unnormalized) wavefunction for the two electrons 
in a hydrogen molecule is 

(1) 

This expression is the VB wavefunction for the elec
trons in molecular hydrogen and therefore describes 
the H-H bond. It is built on the impossibility of 
keeping track of either electron and expresses the 
blending of their distributions. The wavefunction is 
only an approximation, because when the two atoms 
are close together it is not true that the electrons do 
not interact. However, this approximate wavefunc
tion is a starting point for all discussions of the VB 
theory of bonding. 

For technical reasons related to the Pauli exclusion 
principle, the wavefunction in eqn 1 can exist only if 
the two electrons it describes have opposite spins. 1 

It follows that the merging of orbitals that gives rise 
to a bond is accompanied by the pairing of the two 
electrons that contribute to it. Bonds do not form 
because electrons tend to pair: bonds are allowed to 
form by the electrons pairing their spins. 

Because IJIH- H is built from the merging of H1s 
orbitals, the overall distribution of the electrons in 
the molecule is expected to be sausage-shaped (as 
in Fig. 2). A VB wavefunction with cylindrical sym
metry around the internuclear axis is called a CJ bond. 
The bond is so called because, when viewed along 
the internuclear axis it resembles a pair of electrons 
in an s orbital (and CJ, sigma, is the Greek equiva
lent of s). All VB wavefunctions are constructed in 

1For more information see our Physical chemistry: thermodynam
ics, structure, and change (2014) . 
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a similar way, by using the atomic orbitals available 
on the participating atoms. In general, therefore, the 
(unnormalized) VB wavefunction for an A-B bond is 

A valence bond 
wavefunction 

(2) 

To calculate the energy of a molecule for a series of 
internuclear separations R, the VB wavefunction is 
substituted into the Schrodinger equation for the 
molecule and the necessary mathematical manipula
tions are carried out to calculate the energy. When 
this energy is plotted against R, a curve like that 
shown in Fig. 1 is obtained. As R decreases from in
finity, the energy falls below that of two separated 
H atoms as each electron becomes free to migrate to 
the other atom. This decrease in energy is the outcome 
of several effects: 

• As the two atoms approach each other, there 
is an accumulation of electron density be
tween the two nuclei (Fig. 3 ). The electrons 
attract the two nuclei, and the potential en
ergy is lowered. 

• This accumulation between the nuclei is at the 
expense of removing electron density from 
close to the nuclei, which contributes an in
crease in potential energy. 

• The freedom of the electrons to migrate be
tween the atoms is like the transfer of an elec
tron from a small box to a bigger box, which 
(as seen in the discussion of a particle in a box, 
Topic 7C) results in a lowering of their kinetic 
energy. 

In H 2 the last is the dominant effect, but the relative 
importance of changes in potential and kinetic en
ergy is still unclear in more complex molecules and 
the lowering of energy is commonly attributed to the 
accumulation of electron density between the two 
nuclei. 

Fig. 3 The electron density in H2 accord ing to the valence
bond model of the chemica l bond and the electron densit ies 
corresponding to the contributing atomic orbita ls. The nuclei 
are denoted by large dots on the horizontal line. Note the accu
mulation of electron density in the internuclear region. 
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The overall decrease in energy due to the redistri
bution of electrons is counteracted by an increase in 
energy from the Coulombic repulsion between the 
two positively charged nuclei of charges ZAe and ZBe, 
which has the form 

V (R)- ZAZBe2 
nuc-nuc - 41tfoR 

Cou lombic repu lsion 
between two nuclei 

(3) 

(For H2, ZA = ZB = 1.) This positive contribution to 
the energy becomes large as R becomes small (and 
the decrease in electronic kinetic energy becomes less 
significant as the 'big box' is no longer much bigger 
than the initial two 'little boxes'). As a result, the total 
energy curve passes through a minimum and then 
climbs to a strongly positive value as the two nuclei 
are pressed together. 

A similar description is used for molecules built 
from atoms that contribute more than one electron 
to the bonding. For example, the VB description of 
N 2 begins by noting the valence-electron configur
ation of each atom, which is 2s22p;2p;2p~. The 2s 
orbitals of both atoms are filled completely, so ac
cording to VB theory they do not participate in 
bonding. It is conventional to take the z-axis to be 
the internuclear axis of a diatomic molecule, so 
each atom can be imagined as having a 2pz orbital 
pointing towards a 2pz orbital on the other atom, 
with the 2px and 2py orbitals perpendicular to the 
axis (Fig. 4). According to the building-up principle, 
each of these p orbitals is occupied by one electron, 
so bonds are formed by the merging of matching 
orbitals on neighbouring atoms and the pairing of 
the electrons that occupy them. A cylindrically sym
metric cr bond results from the merging of the two 
2pz orbitals and the pairing of the electrons they 
contain. However, the remaining p orbitals cannot 

Fig. 4 The bonds in N2 are bu il t by allowing the electrons in 
the N2p orbita ls to pa ir. However, only one orbita l on each 
atom can form a cr bond: the orb itals perpend icu lar to the axis 
form n-bonds. 

merge to give cr bonds because they do not have cy
lindrical symmetry around the internuclear axis. In
stead, the 2px orbitals merge and the two electrons 
pair to form a 1t bond. A 1t bond is so called because, 
viewed along the internuclear axis, it resembles a 
pair of electrons in a p orbital (and 1t is the Greek 
equivalent of p). Similarly, the 2py orbitals merge 
and their electrons pair to form another 1t bond. In 
general, a 1t bond arises from the merging of two 
p orbitals that approach side-by-side and the pairing 
of the electrons that they contain. 

Brief illustration 9A.1 The bonding pattern in N2 and 0 2 

It fo llows from the preced ing discussion that the overa ll 

bond ing pattern in N2 is a cr bond plus two n bonds, wh ich 
is consistent w ith the Lewis structure :N=:N: in which the 

atoms are linked by a triple bond. 

: Self-test 9A.1 

: Pred ict the bonding pattern in 0 2 . 

Answer: One cr(02p,.02p,l bond and one 7t(02p" 02p) bond. 
However, see Topic 9B for the continuing story about 0 2 • 

9A.2 Polyatomic molecules 

Each cr bond in a polyatomic molecule is formed by 
the merging of orbitals with cylindrical symmetry 
about the relevant internuclear axis and the pairing 
of the spins of the electrons they contain. Likewise, 
1t bonds are formed by pairing electrons that occupy 
atomic orbitals of the appropriate symmetry (broadly 
speaking, of the appropriate shape). 

Brief illustration 9A.2 A va lence bond descri ption of 

H20 

The valence electron configuration of an 0 atom is 2s22p; 

2p;2p; . The two unpaired electrons in the 02p orbitals can 
each pair with an electron in a H 1 s orbita l, and each com

bination resu lts in the format ion of a cr bond (each bond has 
cylindrica l symmetry about the respective 0-H internuclear 

distance). Because the 2py and 2p, orbita ls lie at goo to each 

other, the two cr bonds they form also lie at goo to each other 

(Fig. 5). It is pred icted, therefore, that H20 shou ld be an an

gular molecule, wh ich it is. However, the model pred icts a 
bond angle of goo. whereas the actua l bond ang le is 104°. 

Self-test 9A.2 

Give a VB description of NH 3, and pred ict the bond ang le of 
the molecule on the bas is of this description. 

Answer: three cr(N2p,H1 sl bonds; 90°; the experimental 
bond angle is 107". 



Fig. 5 The bond ing in an H20 molecu le can be pictured in 
terms of the pa iring of an electron in a 1 s orb ital (blue) of 
one H atom w ith an electron in an 02p, orbital (light and dark 
shades of ye llow) ; the other bond is formed likewise. but 
using a perpend icu lar 02p, orbita l. The pred icted bond ang le 
is 90°. which is in poor agreement w ith the experimental bond 
ang le (104°). 

While broadly correct in its predictions, Brief il
lustration 9A.2 shows that VB theory seems to have 
two deficiencies. One is the poor estimate it provides 
for the bond angle in H 20 and other molecules, such 
as NH3• Indeed, the theory appears to make worse 
predictions than the qualitative VSEPR model, which 
predicts HOH and HNH bond angles of slightly 
less than 109° in H 20 and NH3, respectively. The 
second major deficiency is the apparent inability of 
VB theory to account for the number of bonds that 
atoms can form, and in particular the tetra valence of 
carbon. To appreciate the latter problem, note that 
the ground-state valence configuration of a carbon 
atom is 2s22p;2p~ , which suggests that it should be 
capable of forming only two bonds, not four. 

9A.3 Promotion and hybridization 

Two modifications solve both problems (the number 
of bonds that an atom can form and their geomet
rical arrangement). Starting from atoms that are in 
their lowest energy configurations, as predicted by 
the building-up principle, a valence electron is re
garded as being promoted from a full atomic orbital 
to an empty atomic orbital as a bond is formed. Pro
motion should not be pictured as an actual excita
tion of the atom followed by the formation of bonds 
but simply as a way of interpreting one contribution 
to the overall change in energy that occurs when a 
molecule forms from its atoms. Promotion enables 
each electron to participate in the formation of a 
bond by pairing with an electron supplied by another 
atom. In carbon, for example, the promotion of a 2s 
electron to a 2p orbital leads to the configuration 
2s 12p;2p~2p!, with four electrons in separate or
bitals. These electrons may pair with four electrons in 
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orbitals provided by four other atoms (such as four 
Hls orbitals if the molecule is CH4 ), and as a result 
the atom can form four cr bonds. 

Promotion is feasible if the energy it requires can 
be more than recovered in the greater strength or 
number of bonds that can be formed. The promotion 
energy of carbon is small because the promoted elec
tron leaves a doubly occupied 2s orbital and enters 
a vacant 2 p orbital, hence significantly relieving the 
electron-electron repulsion. Furthermore, the energy 
required for promotion is more than recovered by 
the atom's ability to form four bonds in place of the 
two bonds of the unpromoted atom. This is how VB 
theory explains the common occurrence of tetrava
lent carbon. 

Promotion, however, appears to imply the presence 
of three cr bonds of one type (in CH4, from the mer
ging of Hls and C2p orbitals) and a fourth cr bond of 
a distinctly different type (formed from the merging 
of Hls and C2s). But it is well known that all four 
bonds in methane are equivalent in both their chem
ical and physical properties (their lengths, strengths, 
and stiffnesses) . Moreover, the problem of molecular 
geometry remains unresolved. 

The problems of equivalence and geometry are 
overcome in VB theory by drawing on another tech
nical feature of quantum mechanics which allows 
the same electron distribution to be described in dif
ferent ways. In this case, the electron distribution in 
the promoted atom can be described either as arising 
from four electrons in one s and three p orbitals, or 
as arising from four electrons in four different mix
tures of these orbitals. Mixtures (more formally, 
'linear combinations') of atomic orbitals on the same 
atom are called hybrid orbitals. The atomic orbitals 
interfere destructively or constructively in different 
regions and give rise to four new shapes. The specific 
linear combinations that give rise to four equivalent 
hybrid orbitals are 

h1 = s + Px + Py + Pz 

h3=s-px+Py-Pz 

hz = S- Px- Py + Pz 

h4=s+px-Py-Pz 

sp' hybrid 
orbitals 

(4) 

A note on good practice In general . a "linear combination" of 
two functions f and gis c1 f+ c,g. w here c1 and c2 are numerical 
coefficients. so a linear combination is a more general term 
than "sum ". In a sum. c1 = c2 = 1. 

As a result of the constructive and destructive 
interference between the positive and negative re
gions of the component orbitals, each hybrid orbital 
has a large lobe pointing towards one corner of a 
regular tetrahedron (Fig. 6). Because each hybrid 
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sp3 hybrid 

Fig. 6 The 2s and three 2p orbita ls of a ca rbon atom hybrid ize. 
and the resu lt ing hybrid orbitals point towards the corners of 
a regu lar tetrahedron. Each cr bond is formed by the pa iring 
of an electron in an Hls orbita l w ith an electron in one of 
the hybrid orbita ls. as shown here. The resu lt ing molecu le is 
regu lar tetrahedral. 

is built from one s orbital and three p orbitals, it is 
called an sp3 hybrid orbital. 

It is now easy to see how the VB description of the 
methane molecule leads to a tetrahedral molecule 
containing four equivalent C-H bonds. Promotion 
in the carbon atom is energetically favourable (in the 
end, after bonding has been taken into account). The 
promoted configuration has a distribution of elec
trons that is equivalent to one electron occupying 
each of four tetrahedral hybrid orbitals. Each hybrid 
orbital of the promoted atom contains a single un
paired electron; a hydrogen 1s electron can pair with 
each one, giving rise to a cr bond pointing in a tetra
hedral direction. Because each sp3 hybrid orbital has 
the same composition, all four cr bonds are identical 
apart from their orientation in space. 

Hybridization is also used in the VB description 
of alkenes. An ethene molecule is planar, with HCH 
and HCC bond angles close to 120°. To reproduce 
this a-bonding structure, each C atom is promoted 
to a 2s 12p~2p~2p~ configuration. However, instead 
of using all four orbitals to form hybrids, sp2 hybrid 
orbitals are formed by allowing the s orbital and two 
of the p orbitals to interfere. As shown in Fig. 7, the 
three hybrid orbitals 

hi= S + 2112Px 

hz = S + (!)112Px- (t)I/2Py 

h3=s- (!)112Px- (t)I/2Py 

sp' hybrid 
orbitals 

(5) 

lie in a plane and point towards the corners of an equi
lateral triangle. The third 2p orbital (2p.) is not included 
in the hybridization, and its axis is perpendicular to the 
plane in which the hybrids lie. The coefficients 21n etc. 
in the hybrids are chosen to give the correct directional 
properties of the hybrids. The squares of the coeffi
cients give the proportion of each atomic orbital in the 

~-
Fig. 7 (a) Trigonal planar hybridization is obta ined when an s 
and two p orb itals are hybridized. The three lobes lie in a plane 
and make an ang le of 120° to each other. (b)The remaining p 
orbita l in the va lence she ll of an sp2-hybridized atom lies per
pend icu lar to the plane of the three hybrids. 

hybrid. All three hybrids have s and p orbitals in the 
ratio 1:2, as indicated by the designation sp2

• 

The sp2-hybridized C atoms each form three 
cr bonds with either the h1 hybrid of the other C atom 
or with the H1s orbitals. The cr framework therefore 
consists of bonds at 120° to each other. Moreover, 
provided the two CH2 groups lie in the same plane, 
the two electrons in the unhybridized C2pz orbitals 
can pair and form a 1t bond (Fig. 8). The formation 
of this 1t bond locks the framework into the planar 
arrangement, for any rotation of one CH2 group rela
tive to the other leads to a weakening of the 1t bond 
(and consequently an increase in energy of the mol
ecule). 

Now consider a linear ethyne (acetylene) molecule, 
H-C==C-H. The carbon atoms are sp hybridized, 
and the cr bonds are built from hybrid atomic orbitals 
of the form 

sp hybrid orbita ls (6) 

Note that the sand p orbitals contribute in equal pro
portions. The two hybrids lie along the z-axis. The 
electrons in them pair either with an electron in the 
corresponding hybrid orbital on the other C atom or 
with an electron in the H1s orbitals. Electrons in the 
two remaining p orbitals on each atom, which are 

()" 

()" 

Fig. 8 The va lence bond description of the structure of a 
carbon-carbon double bond. as in ethene.The electrons in the 
two sp2 hybrids that po int towards each other pair and form a 
cr bond. Electrons in the two p orbitals that are perpend icular 
to the plane of the hybrids pa ir. and form a 1t bond. The elec
trons in the rema ining hybrid orbitals are used to form bonds 
to other atoms (in ethene itse lf. to H atoms). 



1t 

cr 

cr 

Fig. 9 The elect ronic structure of ethyne (acetylene). The 
electrons in the two sp hybrids on each atom pa ir to form cr 
bonds (shown as black lines) either with the other C atom or 
wi th an H atom. The remaining two unhybridized 2p orbita ls 
on each atom (wh ich are represented by the lobes coloured 
wi th two shades of ye llow) are perpend icu lar to the axis: the 
electrons in corresponding orbita ls on each atom pair to form 
two 1t bonds. The overall elect ron distribution is cylindrica l. 

perpendicular to the molecular axis, pair to form two 
perpendicular 1t bonds (as in Fig. 9). 

Other hybridization schemes, particularly those 
involving d orbitals, are consistent with other mo
lecular geometries (Table 9A.1). 

An important point to note is that 

The hybridization of N atomic orbitals always re
sults in the formation of N hybrid orbitals. 

Brief illustration 9A.3 Bonding in polyatomic molecules 

In SF6• the six S-F bonds are cr bonds formed from six 

sp3d2 hybrid orbitals (N = 1 + 3 + 2 = 6) on the central S atom. 
pointing towards the corners of a regular octahedron (as 
noted in Table 9A.1 ). This octahedral hybridization scheme is 

sometimes invoked to account for the structure of octahedral 

molecules. such as SF6 . 

Self-test 9A.3 

Describe the bond ing in a PCI5 molecule. 

Answer: Five equiva lent P-CI bonds. w ith the P atom 
at the centre of the molecu le. 

All bonds are o bonds formed f rom sp3d hybrid orbita ls 
on the cent ra l P atom. 

Table9A.1 

Hybrid orbitals 

Number Shape Hybridization* 
...................... 

2 Linear sp 

3 Trigonal planar sp' 

4 Tetrahedral sp' 

5 Trigonal bipyramidal sp3d 

6 Octahedra l sp3d2 

*Other combinations are possible. 
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Fig. 10 The variation of hybrid ization with bond ang le in (a) an
gular. (b) trigonal pyramidal molecu les. The vertical axis gives 
the rat io of p to s character. so high values indicate most ly p 
character. 

The 'pure' schemes in Table 9A.1 are not the only 
possibilities: it is possible to form hybrid orbitals 
with intermediate proportions of atomic orbitals. 
For example, as more p-orbital character is included 
in an sp-hybridization scheme, the hybridization 
changes towards sp2 and the angle between the hy
brids changes continuously from 180° for pure sp hy
bridization to 120° for pure sp2 hybridization. If the 
proportion of p character continues to be increased 
(by reducing the proportion of s orbital), then the hy
brids eventually become pure p orbitals at an angle of 
90° to each other (Fig. 10). Figure 11 shows contour 
plots of hybrid orbitals as the ratio of 2p character to 
2s character increases. 

Fig. 11 Contour plots showing the amplitudes of sp" hybrid 
orbitals. To construct these plots. hydrogenic 2s and 2p or
bita ls have been used w ith colours for positive and negative 
regions li ke those on geographical maps of mounta ins and 
sea depths. 
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Now it is possible to solve the problems arising 
in Brief illustration 9A.2 and account for the struc
ture of H 20, with its bond angle of 104°. Each 0-H 
cr bond is formed from an 0 atom hybrid orbital with 
a composition that lies between pure p (which would 
lead to a bond angle of 90°) and pure sp2 (which 
would lead to a bond angle of 120°). The actual bond 
angle and hybridization adopted are found by calcu
lating the energy of the molecule as the bond angle is 
varied, and identifying the angle at which the energy 
tsammtmum. 

In sum, promotion and hybridization are not 
observable physical processes; they are schemes 
invoked in VB theory to account for (or at least be 
consistent with) observed atomic valencies and mo
lecular geometries. 

.Jif! .. !.i@t·i+ 
Bonding in the amide group 

Use VB theory to describe the CO, CN, and NH bonds of the 

amide group based on the structure shown in (1). 

Collect your thoughts You need to 

account for hybrid and unhybrid· 
ized orbitals, and then form single 

and double bonds as appropriate, 

given the known pattern of con· 

nections between atoms in the 

structure. To calculate the number 
of hybrid orbitals, note that each 

orbital can hold either one or two 
electrons. If it contains one electron, the hybrid orbital is 

ready to make a cr bond with an orbital on another atom; if it 

contains a pair of electrons, the hybrid orbital does not partici· 
pate in bonding but acts as a lone pair. 

The solution The 0 atom is sp2 hybridized because it has two 
lone pairs and makes a cr bond with the C atom. The C atom 

is sp2 hybridized because it makes three cr bonds: one with 

the 0 atom, one with the C", atom, and one with the N atom. 

The N atom is sp3 hybridized because it has one lone pair and 

makes three cr bonds: one with the H atom, one with the 
c atom, and one with the ca2 atom. 

In sum, the CO group has a cr bond between Csp2 and 

Osp2 hybrid orbitals and a 1t bond between unhybridized C2p, 
and 02p, orbitals (where again the z-axis is perpendicular to 
the plane containing the hybrid orbitals). The CN group has 

a cr bond between Csp2 and Nsp3 hybrid orbitals. Finally, the 

NH group has a cr bond between a Nsp3 hybrid orbital and a 

H 1 s atomic orbital. 

Self-test 9A.4 

Estimate the values of the C"1CN and CNC"' bond angles for 
the structure shown in (1). 

Answer: 120°, <109° 

9A.4 Resonance 

Another term introduced into chemistry by VB the
ory is resonance, the superposition of the wavefunc
tions representing different electron distributions in 
the same nuclear framework. To understand what 
this means, consider the VB description of a purely 
covalently bonded HCl molecule, which could be 
written 

1JIH- Cl(1,2) = 1J!H(1)1J!ct(2) + 1J!H(2)1J!ct(1) 

The bond is formed by the spin pairing of electrons in 
the H1s orbital, lJIH, and the Cl2pz orbital, lJ!ct· How
ever, there is something wrong with this description: 
it allows electron 1 to be on the H atom when elec
tron 2 is on the Cl atom, and vice versa, but does 
not allow for both electrons to be found on the same 
atom and for the ionic form H+Cl- to play a role in 
the description of the bond. The wavefunction for 
this ionic structure, in which both electrons are in the 
Cl2pz orbital, is 

1J!H'Cl. (1,2) = 1Jict(1)1J!o{2) 

However, this wavefunction alone is unrealistic, be
cause HCl is not an ionic species. A better description 
of the wavefunction for the molecule is as a super
position of the covalent and ionic descriptions, as in 
(with a slightly simplified notation) 

lJIHCl = lJIH- Cl + AlJf H'ct· 

with A. (lambda) a numerical coefficient. In general, 

(7) 

where lJ!covolenr is the wavefunction for the purely co
valent form of the bond and lJ!ionic is the wavefunc
tion for the ionic form of the bond. According to the 
general rules of quantum mechanics, in which prob
abilities are related to squares of wavefunctions, the 
square of A. is interpreted as the relative proportion of 
the ionic contribution. If A.2 is very small (more specif
ically, A.2 << 1), the covalent description is dominant. 
If A.2 is large (in the sense A.2 » 1 ), the ionic descrip
tion is dominant. 

The numerical value of A. is found by using the vari
ation theorem. First, a plausible wavefunction, a trial 
wavefunction, is written for the molecule, such as the 



wavefunction in eqn 7 with A. a variable parameter. 
The variation theorem then states that: 

The energy of a trial wavefunction is never less than 
the true energy. 

The theorem implies that if A. is varied until the lowest 
energy is achieved, then the wavefunction with that 
value of A. is the best available of that particular kind. 

Equation 7 represents a specific type of resonance, 
namely ionic-covalent resonance, in which one struc
ture is pure covalent and the other pure ionic. The 
interpretation of the wavefunction, which is called a 
resonance hybrid, is that if the molecule is inspected, 
then the probability that it would be found with 
an ionic structure is proportional to A.2 • Resonance 
also occurs between purely covalent structures. In 
each case the nuclei are in the same locations but the 
bonding patterns of the electrons are different and 
might correspond to different energies. 

Brief illustration 9A.4 Resonance hybrids 

One of the most famous examples of resonance is in the VB 
descript ion of benzene, where the wavefunction of the mol

ecu le is written as a resonance hybrid of the two covalent 
Kekule structures (2) and (3): 

0-0 
2 3 

lJI= 1J'Kek1 + lJIKek2 

The two contributing structures have identical energ ies, so 

one is not more favourable than the other. In the language 

of quantum theory, each structure contributes equa lly to the 
superpos it ion. 

: Self-test 9A.5 

: Consider a bond described by eqn 7. wi th A.= 0.1. What is 
: the ratio of the probabi lit ies of find ing the molecu le in its 

: covalent and ionic forms? 

Answer: Because A.' ~ 0.12 ~ 0.01 , t he ratio is 100:1 

The effect of resonance (which is represented by 
a double-headed arrow, H) in the case of benzene is 
to distribute double-bond character around the ring 
and so to make the lengths and strengths of all the 
carbon-carbon bonds identical (in the sense that, 
in the presence of resonance, the lowest energy is 
obtained when all the bonds have the same length 
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and the electron densities are the same in each C-C 
region). The wavefunction is improved by allowing 
resonance because it allows the distribution to adjust 
into a state of lower energy. This lowering is called 
the resonance stabilization of the molecule and, 
in the context of VB theory, is largely responsible for 
the enhanced stability of aromatic rings. Resonance 
always lowers the energy, and the lowering is greatest 
when the contributing structures have similar ener
gies. The wavefunction of benzene is improved still 
further, and the calculated energy of the molecule 
is lowered further still, if ionic-covalent resonance 
is allowed too, by introducing a small admixture of 
structures such as that shown in (4). 

o-
4 

In sum, resonance is not a flickering between the 
contributing states: it is a blending of their character
istics. It is only a mathematical device for achieving a 
closer approximation to the true wavefunction of the 
molecule than that represented by any single contrib
uting structure alone. 

9A.5 The language of valence 
bond theory 

It will be helpful at this point to summarize the con
cepts that VB theory has introduced into chemistry 
and which still survive even though molecular orbital 
theory (Topics 9B-9D) is the dominant computa
tional mode: 

1. The names of bond types: CJ and 1t bonds are 
formed by spin pairing of electrons on adjacent 
atoms and are distinguished by their symmetry 
around the internuclear axis. 

2. Promotion: valence electrons may be promoted to 
empty orbitals if overall that results in a lowering 
of energy. 

3. Hybridization: atomic orbitals may be hybridized 
to match the observed geometry of a molecule. 

4. Resonance: the superposition of individual struc
tures distributes multiple-bond character over the 
molecule and lowers the overall energy. 
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Checklist of key concepts 

0 1 A covalent bond is formed when two atoms share a 

pair of electrons. 

0 2 In the Born-Oppenheimer approximation nuclei are 

stationary wh ile the electrons move around them. 

03 In valence bond theory (VB theory), a bond is re

garded as forming when an electron in an atomic 

orbital on one atom pairs its spin with that of an 

electron in an atomic orbital on another atom. 

04 A VB wavefunction with cyl indrical symmetry 

around the internuclear axis is a a bond. 

0 5 A 1t bond arises from the merg ing of two p orbitals 

that approach side by side and the pairing of elec

trons that they contain. 

06 Hybrid orbitals are m ixtures (linear combinations) 

of atom ic orbitals on the same atom. 

07 In VB theory, hybridization is invoked to be con

sistent with molecular geometries. 

0 8 Resonance is the superposit ion of the wavefunc

t ions representing different electron distributions 

in the same nuclear framework. 



TOPIC 98 

Molecular orbital theory: 
homo nuclear diatomics 

~ Why do you need to know this 
material? 

Molecular orbital theory is the basis of almost 
all computational techniques for the prediction 
and analysis of the properties of molecules. 
Homonuclear diatomic molecules and ions are 
a good starting point not only because they are 
simple to describe, but because they include such 
important species as H2, N 2, 0 2 (and its ions, 
such as the peroxide ion), and the dihalogens. 

~ What is the key idea? 

Molecular orbitals are wavefunctions that 
spread over all the atoms in a molecule; each one 
can accommodate up to two electrons. 

~ What do you need to know already? 

You need to be familiar with the shapes of 
atomic orbitals (Topic 8A), the Pauli exclusion 
principle, the building-up principle, and Hund's 
rule for many-electron atoms (Topic 8B). The 
entire discussion is within the framework of the 
Born-Oppenheimer approximation (Topic 9A). 

In molecular orbital theory (MO theory), electrons 
are treated as spreading throughout the entire mol
ecule: every electron contributes to the strength of 
every bond. Applications of this theory have been 
more fully developed than valence bond theory and 
provide the language that is widely used in modern 
discussions of bonding in small inorganic molecules, 
d-metal complexes, and solids. To introduce it, the 
same strategy as in Topics 8A and 8B is followed. 
There the one-electron hydrogen atom is taken as 
the fundamental species for discussing atomic struc-

ture, and then developed into a description of many
electron atoms. Here the simplest molecule of all, the 
one-electron hydrogen molecule-ion, H/, is used to 
introduce the essential features of bonding, and then 
used as a guide to the structures of more complex 
systems. 

98.1 The construction of 
molecular orbitals 

A molecular orbital is a one-electron wavefunction 
that spreads throughout the molecule. The mathemat
ical forms of such orbitals are highly complicated, 
even for such a simple species asH/, and they are un
known in general. All modern work builds approxi
mations to the true molecular orbital by formulating 
models based on linear combinations of the atomic 
orbitals on the atoms in the molecule. 

According to the general principles of quantum 
mechanics, if there are several possible outcomes, 
then the overall wavefunction is a superposition-a 
linear combination-of the wavefunctions that rep
resent the individual outcomes. In H/, there are two 
possible outcomes: an electron may be found either 
in an atomic orbital IJIA centred on A or in an atomic 
orbital IJIB centred on B. Therefore, the overall wave
function has the form 

An LCAO (la) 

where cA and cB are numerical coefficients. A wave
function constructed in this way is called a linear 
combination of atomic orbitals (LCAO), and the 
corresponding molecular orbital is called an LCAO
MO. The squares of the coefficients give the relative 
proportions of the atomic orbitals contributing to 
the molecular orbital. In a homonuclear diatomic 
molecule (such as H2, 0 2, or Cl2) an electron can be 
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found with equal probability in orbital A or orbital 
B, so the squares of the coefficients must be equal, 
which implies that cB =±cA. The two possible (unnor
malized) wavefunctions are therefore 

An LCAO for a homonuclear 
diatomic molecule 

(lb) 

Consider the LCAO with the plus sign, IJI= IJIA + 
IJIB, as this molecular orbital will turn out to have 
the lower energy of the two. The form of this or
bital is shown in Fig. 1. It is called a cr orbital be
cause it resembles an s orbital when viewed along 
the axis. More precisely, it is so called because an 
electron that occupies a cr orbital has zero orbital 
angular momentum around the internuclear axis, 
just as an s electron has zero orbital angular mo
mentum around an axis passing through the nu
cleus. Because it is the cr orbital of lowest energy, it 
is labelled 1cr. An electron that occupies a cr orbital 
is called a cr electron. In the ground-state of the H 2 + 

ion, there is a single 1cr electron, so the ground
state configuration of H2+ is reported as 1cr 1 (and 
read 'one-sigma-one'). 

The origin of the lowering of energy that is respon
sible for the formation of the bond can be explored 
by examining the form of the LCAO-MO. The two 
atomic orbitals are like waves centred on adjacent 
nuclei. In the internuclear region, the amplitudes 
interfere constructively and the wavefunction has 
an enhanced amplitude there (Fig. 2). The three con
tributions listed for bonding in valence bond theory 
(VB theory, Topic 9A) apply here too: there is an ac
cumulation of electron density between the two nu-

Region of 
constructive interference 

Fig. 1 The formation of a bond ing molecular orbita l (a cr or
bital). (a) Two H1s orbita ls come together. (b) The atomic 
orbitals overlap. interfere constructive ly. and give rise to an 
enhanced amplitude in the internuclear region. The resu lt ing 
orbital has cylindrical symmetry about the internuclear axis. 
When it is occupied by two paired electrons. to give the con
figurat ion cr 2

• a cr bond is formed. 

A B 

Fig. 2 The bond ing molecu lar orb ital wavefunction along the 
internuclear axis. Note that there is an enhancement of amp
litude between the nuclei. so there is an increased probability 
of find ing the bond ing electrons in that reg ion. 

clei, a removal of electron density from close to the 
nuclei, and a lowering of kinetic energy as a result of 
the electron spreading over both nuclei. 

The accumulation of probability density in the 
internuclear region is measured by the overlap inte
gral, S. This integral is calculated by dividing space 
up into a large number of small regions, multiplying 
together the values of IJIA and IJIB in each region, then 
adding together (integrating) the resulting products 
for all the regions. Formally, 

SAB =I IJIAIJIBdT An overlap integral (2) 

where d'!" (dee tau) is an infinitesimal volume ele
ment (for instance, d'!" = dxdydz in Cartesian co
ordinates). If IJIB is small wherever IJIA is large, and 
vice versa (such as when two hydrogen nuclei are 
far a part), the products are all small and the in te
gral is also small: this corresponds to a small value 
of SAB (Fig. 3). At typical bonding distances, IJIA and 
IJIB are both large in the internuclear region, so their 
products there are large, and the integral is also 
large: this corresponds to a value of SAB approaching 
1 (typically, up to about 0.4). If the two nuclei are 
coincident, the two atomic orbitals have identical 
values everywhere, and SAB = 1. 

Fig. 3 A schematic representation of the contributions to the 
overlap integra l. (a) S ~ 0 because the orbitals are far apart and 
their product is always small. (b) S is large (but less than 1) 
because the product lJ!AlJ!s is large over a substantial region. 
(c) S = 0 because the pos it ive region of overlap is exactly can
ce lled by the negative region. 
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Fig. 4 The variation of the overlap integral w ith internuclear 
distance for two H 1 s orbita ls. 

Brief illustration 98.1 An overlap integral 

It is possible, but not easy, to eva luate the overlap integral for 

hydrogenic orbitals. For two 1 s orbita ls on hydrogen nuclei 
separated by a distance R, the resu lt is 

S - {1 !!... ~} -RI•o HH - + + 2 e 
a0 3a0 

(3) 

where a0 is the Bohr rad ius. This funct ion is plotted in Fig. 4. 

The exponential factor guarantees that the overlap integral 

goes to zero at large separations. At R = 0, when the two 
orbita ls coincide, S HH = 1. 

: Self-test 9B. 1 

: By what factor does S HH decrease as the internuclear separl ation changes from a0 to 2a0? . 
Answer: 0. 68 

98.2 Bonding and antibonding 
orbitals 

The Schrodinger equation, HIJI= EIJI, for the hydrogen 
molecule-ion has three types of contribution: the kin
etic energy of the electron, its Coulomb attraction to 
the two nuclei, and the Coulomb repulsion between 
the two nuclei. To calculate the energy of an electron 
described by the wavefunction IJI= IJIA + IJIB, it is substi
tuted into the equation with the nuclei at a fixed separ
ation R, and the energy evaluated; then the calculation 
is repeated for another value of R. Figure 5 shows the 
molecular potential energy curve obtained by plotting 
the energy against R. The energy initially falls as R is 
decreased from large values because the electron is in
creasingly likely to be found in the internuclear region 
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as the two atomic orbitals interfere more effectively 
and electron density accumulates there. However, at 
small separations, there is too little space between the 
nuclei for significant accumulation of electron density 
there. Moreover, the nucleus-nucleus repulsion, which 
is proportional to 1/R, becomes large. As a result, after 
the initial decrease, at small internuclear separations 
the energy passes through a minimum and then rises 
sharply to high values. Calculations on H/ give the 
equilibrium bond length (the bond length corres
ponding to the minimum of the curve) as 130 pm and 
the bond dissociation energy (the depth of the well 
below zero) as 171 kJ mol-\ the experimental values 
are 106 pm and 250 kJ mol-\ so this simple LCAO
MO description of the molecule, while inaccurate, is 
not absurdly wrong. The crucial point is that an elec
tron in the 1 cr orbital bonds the nuclei together. It is 
an example of a bonding orbital, a molecular orbital 
which, if occupied, contributes to the strength of a 
bond between two atoms. 

Now consider the alternative LCAO-MO in 
eqn. 1 b, the one with a minus sign: 1Jf = IJIA - IJIB· Be
cause this wavefunction is also cylindrically symmet
rical around the internuclear axis it is also a cr orbital, 
and denoted 1cr* (Fig. 6; the different signs of the con
tributing atomic orbitals are represented by different 
tints). When this IJI is substituted into the Schrodinger 
equation the calculated energy is higher than that of 
the bonding 1 cr orbital and, indeed, higher than that 
of either of the two contributing atomic orbitals at all 
values of R. The origin of this high energy can be traced 
to the existence of a nodal plane, a plane on which the 
wavefunction passes through zero everywhere. This 
plane lies half way between the nuclei and cuts through 
the internuclear axis. Everywhere on it IJIA and IJIB are 
equal, so in the combination IJI= IJIA- IJIB they cancel 

The 1cr* orbital is an example of an antibonding 
orbital, an orbital that, if occupied, weakens a bond 
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Fig. 5 A molecular potential energy curve. The equ ilibrium 
bond length R, corresponds to the energy minimum 0 , . 
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Region of 
destructive interference 

Fig. 6 The formation of an antibonding molecu lar orbita l 
(a cr* orbita l). (a) Two Hls orbita ls come together. (b) The 
atom ic orbita ls overlap w ith opposite signs (as depicted by 
different shades of blue). interfere destructively. and give rise 
to a decreased ampl itude in the internuclear reg ion. There is a 
nodal plane exactly ha lf way between the nuclei, on wh ich any 
electrons that occupy the orbi tal w ill not be found. 

between two atoms. The antibonding character of 
the 1 cr* orbital is partly a result of the exclusion of the 
electron from the internuclear region and its reloca
tion outside the bonding region where it helps to pull 
the nuclei apart rather than pulling them together 
(Fig. 7). An antibonding orbital is often slightly 
more strongly antibonding than the corresponding 
bonding orbital is bonding: although the 'gluing' 
effect of a bonding electron and the 'anti-gluing' ef
fect of an antibonding electron are similar, the nu
clei repel each other in both cases, and this repulsion 
pushes both levels up in energy. 

98.3 Inversion symmetry 

A few points regarding notation are in order. For 
homonuclear diatomic molecules (such as 0 2 or N 2 ), 

it is helpful to identify the inversion symmetry of a 

Fig. 7 The antibonding molecu lar orbi tal wavefunction along 
the internuclear axis. Note that there is a decrease in ampli
tude between the nuclei, so there is a decreased probabil ity 
of finding the bond ing electrons in that reg ion. 

Fig. 8 The gerade/ungerade character of cr bond ing and ant i
bond ing orbi tals. 

molecular orbital, especially when discussing elec
tronic transitions (Topic llD). By 'inversion sym
metry' is meant the behaviour of a wavefunction 
when every point is projected through the centre of 
the molecule (the 'centre of inversion') and out an 
equal distance on the other side. If the sign of the 
wavefunction remains the same, as is the case for the 
1cr orbital (Fig. 8), then the orbital is said to have 
gerade symmetry (from the German word for 'even') 
is denoted by a subscript g, as in 1crg. The same pro
cedure applied to the anti bonding cr* orbital results in 
a change in sign of the wavefunction. This ungerade 
symmetry ('odd symmetry') is denoted by a subscript 
u, as in 1cru. This inversion symmetry classification 
(or 'parity') is not applicable to heteronuclear di
atomic molecules (like NO) as they do not have a 
centre of inversion. 

98.4 The chemical bond in 
molecular orbital theory 

The development so far has shown that, unlike in 
VB theory where spin pairing is an essential feature 
(Topic 9A), according to MO theory a single electron 
can form a bond by occupying a bonding orbital 
alone. The spin pairing that is characteristic of Lew
is's theory emerges in a different way, and to iden
tify its origin it is necessary to consider the simplest 
many-electron molecule, H 2 and draw on the Pauli 
exclusion principle as discussed in Topic 8B that no 
more than two electrons can occupy any given or
bital (and must be paired). 

The first step is to build the molecular orbitals. Be
cause each H atom of H 2 contributes a 1s orbital (as 
in H 2• ), the 1cr (more precisely, 1crg) and 1cr* (that is, 
1crul bonding and antibonding orbitals from them, in 
the way already described. At the equilibrium inter
nuclear separation these orbitals have the energies 
represented by the horizontal lines in Fig. 9. 

There are two electrons to accommodate (one 
from each atom) . Both can enter the 1crg orbital, 
but according to the Pauli principle, they can do so 
only by pairing their spins (Fig. 10). It is important 
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Fig. 9 A molecular orbital energy level diagram for orbitals 
constructed from (1 s,1 s)-overlap, the separation of the levels 
corresponding to the equilibrium bond length. 

to appreciate that electrons do not 'want' to pair: it is 
only by pairing that they can enter the same orbital 
and thereby achieve the greatest lowering of energy 
of the molecule. It then follows that the ground-state 
configuration of H2 is 1ai, and that the atoms are 
joined by a bond consisting of an electron pair in 
a bonding cr orbital. These two electrons bind the 
two nuclei together more strongly and closely than 
the single electron in H / is able to do and the bond 
length is reduced from 106 pm to 74 pm. A pair of 
electrons in a cr orbital is called a cr bond, and is very 
similar to the cr bond of VB theory. The two differ 
in certain details of the electron distribution between 
the two atoms joined by the bond, but both have an 
accumulation of density between the nuclei. 

An extension of this procedure shows why helium 
is a monatomic gas. Consider a hypothetical He2 

molecule. Like in H2, each He atom contributes a 
1s orbital to the linear combination used to form the 
molecular orbitals 1 crg and 1 cru. These orbitals differ in 
detail from those in H2 because the He1s orbitals are 
more compact, but the general shape is the same and 
for qualitative discussions the same molecular orbital 
energy level diagram as for H 2 can be used. Because 
each atom provides two electrons, there are four elec
trons to accommodate. Two can enter the 1crg orbital 
provided they pair (by the Pauli principle), but then 
it is full (by the Pauli exclusion principle). It follows 
that the next two electrons must pair and enter the an-

t 

Fig. 10 The ground electronic configuration of H2 is obtained 
by accommodating the two electrons in the lowest available 
orbital (the bonding orbital). 
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Fig. 11 The ground electronic configuration of the four
electron molecule He2 has two bonding electrons and two 
antibonding electrons. It has a higher energy than the separ
ated atoms, and so He2 is unstable relative to two He atoms. 

tibonding 1cru orbital (Fig. 11). The ground electronic 
configuration of He2 is therefore 1cri 1cr~. Because an 
antibonding orbital is slightly more antibonding than 
a bonding orbital is bonding, the He2 molecule has a 
higher energy than the separated atoms. Hence, two 
ground-state He atoms do not form bonds to each 
other, and helium is a monatomic gas. 

The strength of a bond in a molecule in general 
is the net outcome of the bonding and antibonding 
effects of the electrons in its molecular orbitals. This 
net bonding effect can be assessed by calculating the 
bond order, b, which is defined as 

h= t (N-N*) Bond order 
[defin ition] 

(4) 

where N is the number of electrons in bonding or
bitals and N* is the number of electrons in anti bond
ing orbitals. Each electron pair in a bonding orbital 
increases the bond order by 1 and each pair in an anti
bonding orbital decreases it by 1. For H2, b = 1, cor
responding to a single bond between the two atoms: 
this bond order is consistent with the Lewis struc
ture H-H for the molecule. In He2, which has equal 
numbers of bonding and anti bonding electrons (with 
N = 2 and N * = 2), the bond order is b = 0, and there 
is no bond. The bond order in H/ is t. 

Judging the stability of diatomic molecules 

Decide whether Li2 is likely to exist on the assumption that 

only the valences orbitals contribute to its molecular orbitals. 

Collect your thoughts To make 

a prediction about the existence 

of Li2 , you need to assess the 

consequence of occupancy of 

its molecular orbitals by valence 
electrons of the Li atoms. Decide 

what molecular orbitals can be 

formed from the available valence 

orbitals, and rank them in order of 

··~ 
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energy. Then, feed in the electrons suppl ied by the valence 

orbitals of the atoms. Judge whether the re is a net bond ing 

or net antibonding effect between the atoms. 

The solution The ground-state electron configuration of a 

Li atom is 1 s22s '. with the 2s orbita l the relevant valence 

orbita l. Each molecular orbita l is buil t from two 2s atomic 

orbita ls, wh ich give one bond ing and one antibond ing com

bination (1 cr, and 1 cr", respectively). Each atom supp lies one 

va lence e lectron; the two electrons fi ll the 1cr, orbital, to g ive 

the configuration 1 cr~ . which is bond ing. 

: Self-test 98.2 

; Is LiH li ke ly to exist if the Li atom uses on ly its 2s orbital for 

; bond ing? 

Answer: Yes. A cr orbital forms between the Li2s and H 1 s atomic 

orbitals, and is occupied by two electrons. 

98.5 Many-electron homonuclear 
diatomics 

The concepts introduced so far are easily extended to 
other homonuclear diatomic molecules, such as N 2 

and Cl2, and diatomic ions such as 0 2
2

- . The general 
procedure is as follows: 

1. Construct molecular orbitals by forming linear 
combinations of all suitable valence atomic or
bitals supplied by the atoms (the meaning of 
'suitable' is explained shortly); N atomic orbitals 
result in N molecular orbitals. 

2. Accommodate the valence electrons supplied by 
the atoms so as to achieve the lowest overall en
ergy subject to the constraint of the Pauli exclu
sion principle, that no more than two electrons 
may occupy a single orbital (and then must be 
paired). 

3. If more than one molecular orbital of the same 
energy is available, add the electrons to each in
dividual orbital before doubly occupying any one 
orbital (because that minimizes electron-electron 
repulsions). 

4. Take note of Hund's rule for atoms (Topic 8B), 
which also applies to molecules, that if electrons 
occupy different degenerate orbitals, then they do 
so with parallel spins. 

In Period 2, the valence orbitals are 2s and 2p. The 
2s orbitals on each atom overlap to form bonding and 
antibonding combinations, which are denoted lcrg 
and lcru, respectively. Likewise, the two 2pz orbitals 
(by convention, the internuclear axis is the z-axis) 

2cr* 

(a) 

2cr 

(b) 

Fig. 12 (a) The interference lead ing to the format ion of a 
cr bonding orbita l and (b) the corresponding antibond ing orbital 
when two p orbitals overlap along an internuclear axis. 

have cylindrical symmetry around the internuclear 
axis. They may therefore participate in cr-orbital for
mation to give the bonding and antibonding com
binations 2crg and 2cru, respectively (Fig. 12). The 
resulting energy levels of the cr orbitals are shown in 
the MO energy level diagram in Fig. 13. Note that 
the crg orbitals are numbered in sequence (lcrg, 2crg, .. . ) 
and the cru orbitals likewise. 

Strictly, the 2s and 2pz orbitals on each atom 
should not be considered separately, because both 
of them have cylindrical symmetry about the inter
nuclear axis and can therefore contribute to the for
mation of cr molecular orbitals. In a more advanced 
treatment, all four orbitals are considered together to 
form four cr molecular orbitals, each one of the form 

IJI= C1IJIA2' + C2IJIB2' + C31Jf A2p, + C4IJIB2p, 

The four coefficients, which represent the different 
contributions that each atomic orbital makes to the 
overall molecular orbital, are found by modifying 
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Fig. 13 A typical molecu lar orbita l energy leve l diagram for 
Period 2 homonuclear diatomic molecu les. The valence atomic 
orbitals are drawn in the columns on t he left and the right; the 
molecular orbita ls are shown in the m iddle. Note that then or
bita ls form doubly degenerate pa irs. The sloping lines joining 
the molecular orbita ls to the atomic orbita ls show the principa l 
compos ition of the molecu lar orbitals. This diag ram is su itable 
for 0 2 and F2; the configuration of 0 2 is shown. 



their values until the energy of the lowest-energy 
LCAO is minimized. However, in practice, the two 
lowest energy combinations of this kind are very 
similar to the combination 1crg and 1cr" of 2s orbitals 
already described, and the two highest energy com
binations are very similar to the 2crg and 2cr" com
binations of 2pz orbitals. In each case there are small 
differences: the 1 crg orbital, for instance, has some 2pz 
character and the 2crg orbital has some 2s character, 
and their energies will be slightly shifted from where 
they would be if they are considered only the 'pure' 
combinations. Nevertheless, the changes are not 
great, and the 1crg and 1cr" orbitals can be thought 
of as being one bonding and anti bonding pair, and of 
2crg and 2cr" as being another pair. The four orbitals 
are shown in the centre column of Fig. 14. There is 
no guarantee that 1 cr" and 2crg will be in the exact 
location shown in the illustration and the locations 
shown in Fig. 13 are found in some molecules (see 
below). The precise locations depend on the relative 
energies of the 2s and 2p orbitals and the extent of 
overlap between the neighbouring atoms. 

Now consider the 2p orbitals of each atom, 
which are perpendicular to the internuclear axis 
and may overlap side-by-side. This overlap may be 
constructive or destructive and results in a bonding 
and an antibonding 7t orbital, which initially are la
belled 17t and 1n*, respectively. The notation 7t is the 
analogue of p in atoms, for when viewed along the 
axis of the molecule, a 7t orbital looks like a p orbital 
(Fig. 15). More precisely, an electron in a 7t orbital 
has one unit of orbital angular momentum about the 
internuclear axis. The two 2px orbitals overlap to 
give a bonding and an antibonding 7t orbital, as do 
the two 2py orbitals too. The two bonding combin
ations have the same energy; likewise, the two anti
bonding combinations have the same energy. Hence, 
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Fig. 14 A typica l molecular orbital energy level diagram 
for Period 2 homonuclear diatomic molecu les up to and in· 
eluding N2 . 
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Fig. 15 (a) The interference leading to the formation of a 
"bonding orbital and (b) the correspond ing antibond ing orbita l. 

each 7t energy level is doubly degenerate and consists 
of two distinct orbitals. Typically (but not univer
sally) the bonding effect of electrons in a 7t orbital is 
less than for a cr orbital in the same molecule because 
the 7t electron density does not lie between the nuclei 
so completely as in a cr orbital. Likewise, the anti
bonding effect of electrons in an* orbital is typically 
less than when they occupy a cr* orbital in the same 
molecule. Two paired electrons in a 7t orbital consti
tute a 7t bond: such a bond resembles a 7t bond of VB 
theory, but the details of the electron distribution are 
slightly different. 

The inversion-symmetry classification also applies 
to 7t orbitals. As seen in Fig. 16, a bonding 7t orbital 
changes sign on inversion through the centre of the 
molecule, and is therefore classified as u. On the other 
hand, the antibonding n* orbital does not change sign 
on inversion, and is therefore g. The bonding and an
tibonding combinations will henceforth be denoted 
17tu and 11tg. 

The relative order of the cr and 7t orbitals in a mol
ecule cannot be predicted without detailed calcula
tion and varies with the energy separation between 
the 2s and 2p orbitals of the atoms; in some mol
ecules the order shown in Fig. 13 applies, whereas 
others have the order shown in Fig. 14. The change 
in order can be seen in Fig. 17, which shows the 

Fig. 16 The gerade/ungerade character of" bond ing and anti
bond ing orbitals. 
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u, Be, B, c, N, o, F, 

Fig. 17 The variation of the orbital energies of Period 2 homo
nuclear diatomic molecules. Only the valence-shell orbitals 
are shown. 

calculated energy levels for the Period 2 homonuclear 
diatomic molecules. A useful rule is that, for neutral 
molecules, the order shown in Fig. 13 is valid for 0 2 

and F2, whereas the order shown in Fig. 14 is valid for 
the preceding elements of the period. 

98.6 The configurations of 
Period 2 homonuclear diatomics 

With their molecular orbitals established, the elec
tron configurations of the Period 2 homonuclear dia
tomics are derived as follows: 

• Add the appropriate number of electrons to the 
orbitals by using the building-up procedure (as for 
atoms). 

• Charged species (such as the peroxide ion, 0 2
2

- , 

and C2+) need either more or fewer electrons (for 
anions and cations, respectively) than the neutral 
molecules. 

Consider N 2, which has ten valence electrons, and 
has molecular orbitals arrayed as in Fig. 13. The first 
two electrons pair, enter, and fill the 1 crg orbital. The 
next two electrons pair, enter, and fill the 1 cru orbital. 
Six electrons remain. There are two 17tu orbitals, so 
four electrons can be accommodated in them. The two 
remaining electrons enter the 2crg orbital. The ground
state configuration of N 2 is therefore 1cri1cr~1n12cri. 
This configuration is also depicted in Fig. 14. 

The bond order (eqn 4) summarizes the bonding 
pattern. In N 2, 1crg, 2crg, and 17tu are bonding orbitals, 
and N = 2 + 2 + 4 = 8; however, 1cru (the antibond-

ing partner of 1 crg) is antibonding, so N * = 2 and the 
bond order of N 2 is b = !(8 - 2) = 3. This value is 
consistent with the Lewis structure :N N:, in which 
there is a triple bond between the two atoms. 

The bond order is a useful parameter for dis
cussing the characteristics of bonds, because it correl
ates with bond length, and the greater the bond order 
between atoms of a given pair of atoms, the shorter 
the bond. The bond order also correlates with bond 
strength, and the greater the bond order, the greater 
the strength. The high bond order of N 2 is consistent 
with its high dissociation energy (942 kJ mol-1

). 

'*b!.!l1:fi 
Writing the electron configuration of a diatomic 
molecule 

Write the ground-state electron configuration of 0 2 and calcu

late the bond order. 

Collect your thoughts To write 
ground-state electron configur

ations of homonuclear diatomic 

molecules and calculate bond 
orders, begin by deciding which 

MO energy level diagram to use 
(Fig. 13 or Fig. 14). Then count the 

valence electrons and accommo

date them by using the building-

up principle. Finally, use eqn 4 to calculate the bond order. 

The solution Figure 13 is appropriate for oxygen. There are 

12 valence electrons to accommodate. The first 10 electrons 
recreate the N2 configuration (with a reversal of the order of 
the 2cr9 and 1n, orbitals); the remaining two electrons must 

occupy the 1n9 orbitals. The configuration and bond order are 

therefore 1cr~ 1cr~2cr~ 1n~ 11t~ . This configuration is also de

picted in Fig. 13. Because 1cr, . 2cr,. and 1n, are regarded as 
bonding and 1 cr, and 1n9 as antibonding, the bond order is b = 

-j- (8- 4) = 2. This bond order accords with the classical view 

that oxygen has a double bond. 

: Self-test 98.3 

: Write the electron configuration of F2 and deduce its bond 

: order. . 

As seen in Example 9B.2, the electron configur
ation of 0 2 is 1 cri1 cr~2cri1n11ni. According to the 
building-up principle, the two 17tg electrons in 0 2 

occupy different orbitals. One enters the 17tg orbital 
formed by overlap of the 2px orbitals. The other en
ters its degenerate partner, the 17tg orbital formed 
from overlap of the 2py orbitals. Because the two 
electrons occupy different orbitals, by Hund's rule 
they will have parallel spins (it). 



The electronic configuration of 0 2 suggests that it 
will be magnetic because the magnetic fields gener
ated by the two unpaired spins do not cancel. Specif
ically, 0 2 is predicted to be a paramagnetic substance, 
a substance that is drawn into a magnetic field. Most 
substances (those with paired electron spins) are dia
magnetic, and are pushed out of a magnetic field. 
That 0 2 is in fact a paramagnetic gas is a striking 
confirmation of the superiority of the molecular or
bital description of the molecule over the Lewis and 
VB descriptions (which require all the electrons to 
be paired). One application of the paramagnetism of 
oxygen is to monitor the oxygen content of incubators 
by measuring the magnetism of the gases they contain. 

An F2 molecule has two more electrons than an 0 2 

molecule, so its configuration is 1 cri1 cr~2cril7t~1n; 
and its bond order is 1. It follows that F2 is a singly
bonded molecule, in agreement with its Lewis struc
ture. The low bond order is consistent with the low 
dissociation energy of F2 (154 kJ mol-1

). A hypothet
ical Ne2 molecule would have two further electrons: 
its configuration would be 1cri1cr~2cri17t~1n;2cr~ 
and its bond order 0. The bond order of zero-which 
implies that two neon atoms do not bond together
is consistent with the monatomic character of neon. 

'*f!..!.!f!:fi 
Judging the relative bond strengths of molecules 

and ions 

The superoxide ion, 0 2- , plays an important role in the ageing 

processes that take place in organisms. Judge whether o,- is 

likely to have a higher or lower dissociation energy than 0 2 . 

Collectyourthoughts Use the pro

cedures outlined in Example 9B.2 
to write the ground-state electron 

configuration of 0 2- by adding one 
electron to the ground-state elec

tron configuration of 0 2. Because 

a species with the larger bond 

order is likely to have the larger 
dissociation energy, compare the 

--tt---

electronic configurations of 0 2- and 0 2, and assess their bond 

orders. 
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The solution From Fig. 13 (the • in the thumbnail mark the 

antibonding orbitals) and Example 9B.2, 

0 2 1 cr~ 1 cr~ 2cr~ 11t~11t~ 

0 2- 1 cr~ 1 cr~2cr~ 11t~ 11t~ 

b=2 

b= 1.5 

Because the anion has the smaller bond order, it can be 

expected to have the smaller dissociation energy. Indeed, 

whereas the dissociation energy of 0 2 is 494 kJ mol-' , that of 
o,- is 360 kJ mol-1

• 

: Self-test 9B.4 

: Which can be expected to have the higher dissociation en

: ergy, F2 or F/ ? 

98.7 The criteria for building 
molecular orbitals 

It will be helpful at this point to summarize the steps 
taken to construct molecular orbitals of homonu
clear diatomics. Initially, ignore the electrons that 
are available and focus only on the valence orbitals. 
Then: 

• Use all available valence orbitals from both atoms. 

• Consider only atomic orbitals of similar energies 
and of the same symmetry around the internuclear 
axts. 

• Build cr and 1t orbitals from all atomic orbitals of a 
given symmetry. 

• From Na atomic orbitals of cr symmetry, Na cr or
bitals can be built with progressively higher energy 
from strongly bonding to strongly anti bonding. 

• From N, atomic orbitals of 1t symmetry, N, 1t 

orbitals can be built with progressively higher en
ergy from strongly bonding to strongly antibond
ing. The 1t orbitals occur in doubly degenerate 
pairs. 

Finally, feed in the available electrons into molecular 
orbitals of successively higher energy, paying regard 
to the Pauli exclusion principle and Hun d's rule. 
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Checklist of key concepts 

0 1 In molecular orbital theory (MO theory), electrons 

are treated as spreading throughout the entire mol

ecule. 

02 A bonding orbital is a molecular orbita l that, if oc

cupied, contributes to the strength of a bond be

tween two atoms. 

0 3 An anti bonding orbital is a molecular orbital that, 

if occupied, decreases the strength of a bond be

tween two atoms. 

04 The ground-state configuration of a molecule is 

arrived at by adding electrons to the available or

bitals, paying regard to the Pauli exclusion prin

ciple and Hund's rule . 

05 The bond order is a measure of the number of 

bonds between neighbours and is related to the 

difference in numbers of electrons in bonding and 

anti bonding orbitals. 



TOPIC 9C 

Molecular orbital theory: 
heteronuclear diatomics 

~ Why do you need to know this 
material? 

Most molecules are heteronuclear, so you need 
to appreciate the differences in their electronic 
structure from homonuclear species, and how to 
treat those differences quantitatively. 

~ What is the key idea? 

The bonding molecular orbital of a heteronu
clear diatomic molecule or ion is composed 
mostly of the atomic orbital of the more electro
negative atom; the opposite is true of the anti
bonding orbital. 

~ What do you need to know already? 

You need to know about the molecular orbitals 
of homonuclear diatomics (Topic 9B) and the 
concept of normalization (Topic 7C). 

A heteronuclear diatomic molecule is a diatomic 
molecule formed from atoms of two different elem
ents; two examples are CO and HCL Heteronuclear 
diatomic ions, such as eN-, are also important in 
chemistry. 

In a heteronuclear species the electron distribution 
in the covalent bond between the atoms is not sym
metrical between the atoms because it is energetically 
favourable for a bonding electron pair to be found 
closer to one atom rather than the other. This imbal
ance results in a polar bond, which is a covalent bond 
in which the electron pair is shared unequally by the 
two atoms. 

9C.1 Polar bonds 

Molecular orbital theory takes polar bonds into its 
stride. A polar bond consists of two electrons in an 
orbital of the form 

A general LCAO (1) 

with c~ not equal to c}:. If c~ > c}:, the electrons have a 
greater probability of being found on B than on A and 
the molecule is polar in the sense &+A-BO-. A nonpolar 
bond, a covalent bond in which the electron pair is 
shared equally between the two atoms and there are 
zero partial charges on each atom, has c}:= c~. A pure 
ionic bond, in which one atom has obtained virtually 
sole possession of the electron pair (as in cs+r, to a 
first approximation), has one coefficient zero (so that 
NB- would have cl:= 0 and c~= 1). 

It will be familiar from introductory chemistry 
that the unequal sharing of electrons is related 
to the electronegativity, X (chi), of an element, its 
power to draw electrons to itself when it is part 
of a compound. A general feature of molecular or
bitals between dissimilar atoms is that the atomic 
orbital with the higher electronegativity makes the 
larger contribution to the lower energy molecular 
orbital. The opposite is true of the orbital with 
higher energy (the antibonding orbital), for which 
the principal contribution comes from the atomic 
orbital with higher energy (the less electronegative 
atom): 

Bonding orbitals: for XA > X8, c}: > c~ 

Anti bonding orbitals: for XA > X8, c}: < c~ 

Figure 1 shows a schematic representation of this 
point. 
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t Less 
i;; electronegative 
~atom 

L.U 

Fig. 1 A schematic representation of the relative contribu
tions to bonding and anti bonding molecula r orbitals of atoms 
of different electronegativities. In the bonding orbital, the more 
electronegative atom makes the greater contribution (repre
sented by the larger sphere), and the electrons of the bond are 
more likely to be found on that atom. The opposite is t rue of an 
antibonding orbital. A part of the reason why an antibonding 
orbita l is of high energy is that the electrons that occupy it are 
likely to be found on the less electronegative atom. 

Linus Pauling formulated a numerical scale of 
electronegativity based on considerations of bond 
dissociation energies, D0, and proposed that the dif
ference in electronegativities could be expressed as 

Pauling electronegativity 
ldefinition] 

(2) 

where the D0(XY) are the numerical values of the 
dissociation energies (in electron volts) of the X-Y 
bonds. Table 9C.1lists values of Pauling electronega
tivities for the main-group elements. 

Table9C.1 

Electronegativities of the main-group elements* 

H 
2.20 

Li Be B c N 0 F 
0.98 1.57 2.04 2.55 3.04 3.44 3.98 

Na Mg AI Si p s Cl 

0.93 1.31 1.61 1.90 2.19 2.58 3 .16 

K Ca Ga Ge As Se Br 
0.82 1.00 1.81 2.01 2.18 2.55 2.96 

Rb Sr In Sn Sb Te I 
0.82 0.95 1.78 1.96 2.05 2.1 2.66 

Cs Ba Tl Pb Bi Po 

0.79 0.89 1.8 1.8 1.9 2.0 

• Pauling values. 

Robert Mulliken proposed an alternative def
inition in terms of the numerical values of the ion
ization energy, I, and the electron affinity, E,., of the 
element itself expressed in electron volts: 

z= t(I + E .. )leV 
Mulliken 
electronegativity scale 
ldefinit ionl 

(3) 

This relation is plausible, because an atom that has 
a high electronegativity is likely to be one that has a 
high ionization energy (so that it is unlikely to lose 
electrons to another atom in the molecule) and a high 
electron affinity (so that it is energetically favour
able for an electron to move towards it) . The relative 
values of the Mulliken electronegativities are broadly 
in line with (but numerically different from) the Paul
ing electronegativities. 

Brief illustration 9C. 1 Electronegativity 

The bond dissociation energies of hydrogen, chlorine, and 

hydrogen chloride are 4.52 eV, 2.51 eV. and 4.47 eV, respect

ively. From eqn 2 it fo llows that 

IXPoollog(H)- XPoollog(CIJ I = (4.47- } (4.52 + 2.51)) 112 

=0.98= 1.0 

! Self-test 9C.1 

: Repeat the analysis for HBr. The bond dissociation energies 

! of bromine and hydrogen bromide are 190.2 kJ mol-' and 

1 362.7 kJ mol-' , respectively. 

Answer: Jx"'"li"'(H)- XP,cliog(Br)J = 0.73 

Electronegativities show a periodicity, and the 
elements with the highest electronegativities are those 
close to fluorine in the periodic table (excluding, of 
course, the noble gases). As will now be shown, the 
Mulliken electronegativity is related directly to the 
values of the coefficients in the linear combination 
that describes the orbitals in a heteronuclear di
atomic molecule. 

9C.2 The formulation of 
molecular orbitals 

The values of the coefficients in the linear combin
ation of atomic orbitals (LCAO) of eqn 1 depend 
on the energies of the contributing atomic orbitals. 
These energies can be est imated from ionization en
ergies and electron affinities of the two atoms. Thus, 
the extreme cases of an atom X (which stands for A 
orB in eqn 1) in a molecule are X+ if it has lost control 



of the electron it supplied, X if it is sharing the elec
tron pair equally with its bonded partner, and x - if it 
has gained control of both electrons in the bond. If x · 
is taken as defining the energy 0, then X lies at -J(X) 
and x - lies at -(I(X) + E,.(X)}, where I is the ioniza
tion energy and E,. the electron affinity (Fig. 2). The 
actual energy of the orbital lies at an intermediate 
value, and in the absence of further information, it 
is estimated as half-way down to the lowest of these 
values, namely -t{J(X) + E,.(X)}, which, apart from 
sign and the units (for instance, electronvolts), will 
be recognized as the Mulliken electronegativity of X. 
It is conventional to denote this energy as a and, for 
reasons that will become clear, call it the Coulomb 
integral: 

Coulomb integral (4) 

Solution of the Schrodinger equation for the 
LCAO of eqn 1 gives the following energies and co
efficients when the overlap integral S AB (Topic 9B) is 
very small: 1 

(Sa) 

(5b) 

(Sc) 

where f3 is called a resonance integral and is a measure 
of the strength of the interaction between the neigh
bouring atoms. It is negative and depends on the ex
tent of overlap between the two orbitals. A typical 
value is -1.0 e V. 

0 1-------.--- x+ + e-

> 
~ /(X) 

~ ·--·-···-·--·-···-·--·-·--·-··· ··-·-···-·--·-···-·--·-···-·-- -t{I(X) + Eea(X)} 

-/(X) 1----..,-'--
~Eea(X) 

-/(X)- Eea(X)t-----'---"''---

X 

x-

Fig. 2 The procedure for estimating the energy of an atomic 
orbital in a molecule. 

1For a derivation of these expressions, see our Physical chemistry: 
thermodynamics, structure, and change (2014). 
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IJifi .. !.lifli 
Assessing the molecular orbitals of HF 

The features of polar bonds can be illustrated by considering 

HF. The general form of the molecular orbital is lfl = CHlfiH + 

CFlf/F, where lf!H is an H1 s orbital and lf!F is an F2p, orbital (with 
z along the internuclear axis, the convention for linear mol

ecules). The relevant data are 

/leV 

H 13.6 

F 17.4 

E.,leV 

0.75 

3.40 

Calculate the energies and coefficients of the bonding and 

antibonding orbitals made from this combination of atomic 

orbitals in HF. 

Collect your thoughts From the 

data provided, estimate the ener

gies ax (X= H or F) of the atomic 
orbitals as - -j- (I(X) + E.,(X)). Use 

these energies and {J = -1.0 eV 
(a typical value) to calculate the 

energies from eqn 5a. Then use 
the calculated energies E in the 
expressions for the coefficients, 

eqns 5b and 5c, noting that two sets of coefficients will be 

obtained, one corresponding to the bonding orbital (by using 

the lower value of E) and one to the antibonding orbital (by 
using the higher value of E). 

The solution From the data provided and the table below 

H 

F 

-j- {/ + E.,}leV 

7.2 

10.4 

it follows that the energies of the H 1 sand F2p, orbitals can be 
taken as ~ = -7.2 eV and a,= -10.4 eV, respectively. Substi

tuting these values and {J = -1.0 eV into eqn 5a gives 

E/eV = -J- (-7.2 -1 0.4)± f ((-7.2+ 1 0.4)
2 
+4 x (-1.0)

2
)

112 

= -8.8±1.9 

These values represent a bonding orbital at E bocd;cg = -10.7 eV 
and an antibonding orbital at E.c,;bocd;cg = -6.9 eV, as shown in 

Fig. 3. 

For the bonding orbital with energy Ebocd;cg = -10.7 eV, 

((a A -E)2 + {32
)

112 = ((-7.2 + 1 0.7)2 +(-1.0)2
)

112 eV 

=3.64 ... eV 

It follows that 

__ -1.0 eV _ 
0 27 CH - - . 

3.64 ... eV 

(-7.2+10.7) eV 
CF = 0.96 

3.64 ... eV 
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For the antibonding orbital w ith energy f , 01;bood;, 9 = -6.9 eV. 

{(a A -f)2 + /3 2
)

112 = {(-7.2+6.9)2 +(-1.0)2
)

112 eV 

=1.04 ... eV 

It fo llows that 

CH =- -1.0 eV = 0.96 
1.04 .. . eV 

c, = 1-7.2+6.9) eV _0_29 
1.04 ... eV 

In summary, the resu lts are: 

f bood;,9= -10.7 eV 

E ant ibonding = -6.9 eV 

'l'bood;og = 0.27lf!H + 0.96lf!F 

'l'.ot;bood;og = 0.96lfiH- 0.29lfiF 

Comment Notice how the lower energy orb ital (the bonding 

orbital w ith energy -10.7 eV) has a composition that is more 

F2p, orbital than H1 s, and that the opposite is true of the 
higher energy, antibonding orbita l. Indeed, the probability of 

find ing a cr electron in HF in an F2p, orbita l is 

c~ x 100 per cent= (0.96)2 x 100 per cent= 92 per cent 

: Self-test 9C.2 . 
: Find the energies and forms of the cr orbita ls and their coef

: ficients in the HCI molecu le using f3= -1.0 eV. in the limit of 

: negl igible overlap. Use data from Tables BC.3 and BC.4. 

Answer: f oonding = -8.9 eV, f ant ibonding = -6.6 eV. 

V'oonding = 0.51 V'H + 0.86lJicl• lflantibonding= 0.861f!H- 0.51 V'c 1 

9C.3 Molecular orbital diagrams 

Molecular orbitals for Period 2 heteronuclear di
atomics are constructed by using the same procedure 
as for homonuclear diatomics (Topic 9B): 

1. Construct molecular orbitals by forming linear 
combinations of all suitable valence atomic or
bitals supplied by the atoms; N atomic orbitals 

H1s 

> 
Q) 

N 

"' 

Ionization limit 

> 
Q) 

"' <ci 

0.271/JH + 0.961/J,'---L.-/ 
F2p 

Fig. 3 The atom ic orbital energy leve ls of H and F atoms 
and the molecular orbitals they form. The bonding orb ita l has 
predominantly F atom character and the antibonding orb ita l 
has predominantly H atom character. 

result inN molecular orbitals. In Period 2, the va
lence orbitals are 2s and 2p. 

2. Accommodate the valence electrons supplied by 
the atoms so as to achieve the lowest overall en
ergy subject to the constraint of the Pauli exclu
sion principle. 

3. If more than one molecular orbital of the same 
energy is available, add the electrons to each in
dividual orbital before doubly occupying any one 
orbital. 

4. Apply Hund's rule, that if two electrons occupy 
orbitals, then the lowest energy is achieved if their 
spins are parallel. 

The g,u designation used for homonuclear diatom
ics is inapplicable because the molecule is hetero
nuclear and do not possess a centre of inversion. 
Consequently, the CJ orbitals are simply numbered in 
sequence, lcr, 2cr, .. . , and the 1t orbitals likewise. 

Brief illustration 9C.2 Molecu lar orbita l diagra ms 

Figure 4 shows the bonding scheme in CO and illustrates a 

number of points already made. Because the C atom has four 
va lence electrons and the 0 atom has six valence electrons, 

ten electrons occupy the molecular orbitals subject to the 
Pau li exclusion principle. It fo llows that the ground-state con

figurat ion is 1 cr22cr211t43cr2 As expected, the lowest energy 

orbita ls are predominantly of 0 character as that is the more 
electronegative element. 

Self-test 9C.3 

What is the ground-state configuration of NO? Is NO para

magnetic or diamagnetic? 

Answer: 1cr22ci1n43cr22n1
; paramagnetic 

t C2p 

>-
Cl 02p (;; 
c 

UJ 

C2s 

02s 

Fig. 4 The molecu lar orbital energy level diagram for CO. The 
orbita ls of the 0 atom are lower in energy than the corres
ponding orbitals of the C atom because the effective nuclear 
charge of oxygen is greater than that of carbon. 



As seen in Fig. 4, the highest occupied molecular 
orbital (HOMO) of CO is 3cr, which is a largely non
bonding orbital centred on C, so the two electrons 
that occupy it can be regarded as a lone pair on the 
C atom. The lowest unoccupied molecular orbital 
(LUMO) is 2n, which is largely a doubly degenerate 
orbital of 2p character on carbon. This combin
ation of a lone pair orbital on C and a pair of empty 

Checklist of key concepts 

D 1 The electronegativity of an element is the power of 

its atoms to draw electrons to itself when it is part 

of a compound. 

D 2 In a bond between dissimilar atoms, the atomic or

bital belonging to the more electronegative atom 

makes the larger contribution to the molecular 

orbital with the lowest energy. For the molecular 
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1t orbitals also largely on C is at the root of the im
portance of carbon monoxide in d-block chemistry, 
because it enables it to form an extensive series of 
carbonyl complexes by a combination of electron do
nation from the 3cr orbital and electron acceptance 
into the 27t orbitals. The HOMO and the LUMO 
jointly form the frontier orbitals of the molecule, and 
are of great importance for assessing its reactions. 

orbital with the highest energy, the principal contri

bution comes from the atomic orbital belonging to 

the less electronegative atom. 

D 3 The frontier orbitals of a molecule are its highest 
occupied molecular orbital (HOMO) and lowest un

occupied molecular orbital (LUMO); they play im

portant roles in chemical reactions. 



TOPIC 90 

Molecular orbital theory: 
polyatomic molecules 

~ Why do you need to know this 
material? 

Most molecules of interest in chemistry are poly
atomic, so it is important to be able to discuss 
their electronic structure. Although computa
tional procedures are now widely available, to 
understand and interpret them it is helpful to see 
how they emerged from the more primitive ap
proach described here. 

~ What is the key idea? 

Molecular orbitals can be expressed as linear 
combinations of all the atomic orbitals of the ap
propriate symmetry. 

~ What do you need to know already? 

This Topic extends the approach used for het
eronuclear diatomic molecules in Topic 9C. The 
principal mathematical technique used is that 
for solving systems of equations (The chemist's 
toolkit 27 in this Topic). 

The bonds in polyatomic molecules are built in the 
same way as in diatomic molecules, the only difference 
being that more atomic orbitals are used to construct 
the molecular orbitals, and these molecular orbitals 
spread over the entire molecule, not just the adjacent 
atoms of the bond, and contribute to binding all the 
atoms together. The general procedure is as follows: 

1. Construct molecular orbitals by forming linear 
combinations of all suitable valence atomic or
bitals supplied by the atoms; N atomic orbitals 
result in N molecular orbitals. 

2. 'Suitable atomic orbitals' are those that have 
non-zero overlap with their neighbours. 

3. Accommodate the valence electrons supplied by 
the atoms so as to achieve the lowest overall en
ergy subject to the Pauli exclusion principle that 
no more than two electrons may occupy a single 
orbital (and then must be paired). 

4. If more than one molecular orbital of the same 
energy is available, add the electrons to each in
dividual orbital before doubly occupying any one 
orbital (because that minimizes electron-electron 
repulsions). 

5. Take note of Hund's rule (Topics 8B and 9B), that 
if electrons occupy different degenerate orbitals, 
then they do so with parallel spins. 

Although there are formal procedures for judging 
the symmetries of orbitals (this is the role of 'group 
theory'), for the present purposes intuition is an 
adequate guide. The lowest energy, most strongly 
bonding orbital has the least number of nodes be
tween adjacent atoms. The highest energy, most 
strongly antibonding orbital has the greatest num
bers of nodes between neighbouring atoms. 

90.1 The molecular orbitals 
of H20 

A typical molecular orbital in H 20 constructed from 
Hls orbitals (denoted lJ!Hh iAI and lJ!HhiBI) and 02s, 
02py, and 02pz orbitals (denoted 1J!02, lj/02P,' and 
1Jf o2p, ) has the composition 

(1) 

The 02px orbital (which is perpendicular to the mo
lecular plane) has zero overlap with the Hls orbitals 
(see Fig. 3 of Topic 9B) and is not involved in this 
linear combination (but is present in the molecule). 
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Fig. 1 Schematic form of the molecu lar orb itals of H20 . The 
orbitals in blue are H1s atomic orbi tals (the shades denote 
the signs: dark+. light-). a pure 02p orbita l is shown in two 
shades of yellow. and the combinations of an 02p and 02s 
orbital are shown in two shades of green. Then. for example. 
the molecu lar orbita l of lowest energy resu lts from a bond ing 
interaction between four orbita ls: two H 1 s orbita ls and one 
combination of the 02p and 02s orbitals. Red lines denote 
nodal planes. The 1 a orb ital is almost non bond ing. 

Because five atomic orbitals are being used to form the 
linear combination of atomic orbitals (LCAO), there 
will be five possible molecular orbitals of this kind: 
the lowest energy (most bonding) orbital will have no 
internuclear nodes and the highest energy (most anti
bonding) orbital will have a node between each pair 
of neighbouring nuclei (Fig. 1 ). The unused 02px or
bital lies at the same position as it has in the unbound 
oxygen atom: it is available to accommodate electrons 
but does not participate directly in the bonding. 

The molecular orbital diagram for H20 is shown 
in Fig. 1. The orbitals have been labelled b, n, and 
a for net bonding, nonbonding, and antibonding 
(these are not their group theoretical labels). You do 
not need to know how to deduce the shapes of the 
molecular orbitals, but it is important to gain some 
appreciation for why they have these shapes. In total, 
there are eight electrons (six from 0, one from each 
H) to accommodate in the six molecular orbitals. 
Consequently, in the ground state of H20 each of the 
four lowest-energy orbitals hold two electrons, as 
shown in Fig. 1, and its configuration is 1b22b21a2n2

• 

Although you must always bear in mind that mo
lecular orbital theory (MO theory) describes bonding 
in terms of electrons that are delocalized over the en
tire molecule, this configuration can be interpreted to 
show its connection to the Lewis description of H 20: 

• Most of the bonding is due to the four electrons in 
1b and 2b (the 1a orbital is only very weakly anti-
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bonding). In terms of bond order, therefore, there 
are two bonds shared between the HO and OH 
fragments, so each fragment can be interpreted as 
having an 0-H single bond. 

• The a,n classification of molecular orbitals is not 
strictly applicable to nonlinear polyatomic mol
ecules. However, that classification is relevant 
locally, in the sense that the two 0-H bonds re
semble a bonds. 

• Most of the electron density in 1 a and all the elec
tron density in n are confined to the 0 atom. The 
four electrons that occupy these two orbitals cor
respond to the two lone pairs of the Lewis descrip
tion of the molecule. 

so.2 The Huckel method 

An important example of the application of MO 
theory is to the orbitals that may be formed from 
the p orbitals perpendicular to a molecular plane of 
alkenes, aromatic hydrocarbons, and related com
pounds, such as that of a phenyl ring. A common pro
cedure in elementary descriptions of the electronic 
structures of alkenes and arenes, and which is used 
here, is to treat the a-bonding framework using the 
language of VB theory (Topic 9A), and to treat the 
n-electron system separately by MO theory. A com
putational scheme, the Hiickel theory proposed by 
Erich Hiickel, provides a simple way of establishing 
the molecular orbitals of the 7t-electron component 
of these systems and of estimating their relative 
energies. 

Consider ethene, CH2=CH2• Each carbon atom 
is regarded as sp2 hybridized and forming C-C 
and C-H a bonds at 120° to each other by spin
pairing and either (Csp2,Csp2

)- or (Csp2,H1s)
orbital overlap (note the VB language) . The un
hybridized C2pz orbitals perpendicular to the 
a-framework, with IJIA and IJIB then used to construct 
molecular orbitals (Fig. 2): 

(2) 

As shown in the following Justification, to find the 
energies and coefficients of the two molecular or
bitals that can be formed from these two atomic or
bitals, the following simultaneous equations need to 
be solved: 

(HAA- E)cA + (HAB- ES)cB = 0 

(HBA- ES)cA + (HBB- E)cB = 0 

Secular equat ions (3) 
for ethene 
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Fig. 2 The bonding and antibonding 1t molecular orbitals of 
ethene and their energies. 

In the context of MO theory, these simultaneous 
equations are called secular equations. The H1K are 
expressions that include various contributions to the 
energy, including the repulsion between electrons and 
their attractions to the nuclei; the S1K are the overlap 
integrals between orbitals on atoms J and K. 

Justification 90.1 

The secular equations of ethene 

Substitution of eqn 2 into the Schr6dinger equation written in 

the form Hlfl= Elf/gives 

The followings steps are then taken to find the allowed values 

of E and the corresponding coefficients. 

Step 1: Operate on the wavefunctions 

Because the operators operate only on the 1f1, not the numer· 
ical coefficients c, the preceding expression becomes 

Step 2: Isolate expressions for E 

Multiply both sides by 1f1A: 

Then integrate each term in this expression over all space: 

~~~~ 
cA I 1fiAH1fiA d'!'+c8 I 1f1AH1fl8 d'!' = cAE I 1fiA1fiA d'!'+c8E I 1fiA1fiB d'!' 

where E is a constant and has been taken outside the two 

integrals on the right. The relation I 1fl AlfiA d'!' = 1 follows from 

the fact that each atomic orbital is normalized; SAB is the 
overlap integral between the orbitals on A and B (Topic 9B). 

It follows that 

Step 3: Rearrange the equation 

Now bring the right hand side across to the left: 

CAHAA +c8HAB -(CAE +c8ES) = 0 

and collect terms involving cA and c8 separately: 

Finally, factor out the two coefficients: 

This is the first of the two secular equations in eqn 3. 

Step 4: Repeat steps 2 and 3 

Return to step 2, but now multiply the equation from step 1 

by 1f1B. Then the same procedure leads to the second secular 

equation of eqn 3. 

To simplify the solution of the secular equations 
Hiickel introduced the following drastic approxima
tions: 

• All Hn are set equal to a single quantity a called 
the Coulomb integral. It is negative and can be 
interpreted as the energy of the electron when it 
occupies an orbital on A or B. 

• All H1K are set equal to zero unless atoms J and K 
are adjacent, when it is set equal to a single quan
tity f3 (a negative quantity) called the resonance 
integral. It is a measure of the strength of the inter
action between the neighbouring atoms. 

• All S (but not the related /3) are set equal to zero to 
simplify the resulting expressions. 

With these 'Hiickel approximations' the secular 
equations become 

(a- E)cA + f3c8 = 0 

fJcA +(a- E)cs = 0. 

Huckel approxi· 
mat ion for ethene ( 

4
) 

As shown in the following justification, the solutions 
are E =a± {3, and 

ForE= a+ f3 
ForE= a- f3 

CA = C8, SO IJI= CA(IJIA + IJ!s) 

CA = -C8, SO IJI= CA(IJIA- 1J18 ) 

(Remember that f3 < 0, so E = a+ f3 is the lower en
ergy of the two.) 

Justification 90.2 

Solutions of the secular equations of ethene 

Solving the secular equations entails finding expressions for 
E. cA. and c8 . The following steps need to be taken: 



Step 1: Find the energies 

As set out in The chemist's toolkit 27. the simultaneous equa
tions in eqn 4 have a solution only if the secular detenninant, 
a determinant formed from the factors multiplying the coef

ficients, is zero: 

I 
a- E f3 I = (a- E)' - !3' = 0 

f3 a- E 

Because 8'- ti' =(a+ b)(a- b). the expression can be written as 

(a - E + f3)(a - E- /3) = 0 

This condition is satisfied if either term in parentheses is 

equal to zero. It follows that 

E=a+f3 or E=a-f3 

Step 2: Find the coefficients 

Consider the value E =a+ f3. Substitution into the secular 
equations (eqn 4) gives 

from which it follows that cA = c9 . For E =a- f3, the same 

procedure leads to the solution cA = -c9 . 

The energies and orbitals are represented in Fig. 2: 
they are the bonding and antibonding combinations 
of the C2pz atomic orbitals. The value of the one un
known, cA, is found by ensuring that each molecular 

The chemist's toolkit 27 Simultaneous equations 

Two simultaneous equations of the form 

ax + by= 0 

ex+ dy= 0 

have solutions only if the 'determinant' of the coefficients is 

equa l to zero. In this case 

where the te rm on the left is the determ inant and has the 
fo llowing meaning: 

I ~ ~ l=ad-bc 

Three simultaneous equations of the form 

ax + by + cz= 0 

dx+ ey+ fz= 0 

gx+ hy+ iz= 0 
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orbital is normalized, but the explicit value is not 
needed for this discussion. 

Because there are two electrons to be accom
modated, both enter the lower energy orbital and 
contribute 2(a + fJ) to the energy of the molecule. 
It follows from the fact that the separation of the 
bonding and antibonding orbitals is 2{3, that the en
ergy needed to excite a 1t electron to the antibonding 
combination is 21/31- A typical value of f3 in hydro
carbons is about -2.4 eV, or -230 kJ mol-1

. 

MJifi .. !.!§!].u 
Calculating the Hucke I energies for butadiene 

The HOckel equations for butadiene (1) are constructed like 

those for ethene and are 

(a- E)cA + f3c9 = 0 

f3c. +(a- E)c9 + f3cc = 0 

{Jc9 +(a- E)cc + f3c0 = 0 

flee + (a- E)c0 = 0 

Write down and solve the secular determinant for the ener

gies of the 1t orbitals. 

1 Butadiene 

have a so lution on ly if 

I ~~ ~ 1 =0 
g h I 

Th is 3 x 3 determinant expands as follows: 

Note the alternation in signs for successive columns. The 2 x 2 

determinants then expand li ke the one above. Determinants of 
higher dimension expand analogously, so a 4 x 4 determinant 

is expanded as an alternating sum of 3 x 3 determinants, each 

of which is expanded according to this ru le, and so on. 

Most mathematical softw are is capable of eva luating a de
terminant of any dimension w ith numerical va lues in each loca

tion and of solving secular equations in the form determinant= 
0, where determinant has an unknown but required quant ity E 
(such as the energy of a molecular orbital) in various locations. 



420 FOCUS 9 THE CHEM ICAL BOND 

Collect your thoughts Because 

the re are four equations and four 

c,, the secu lar determinant in this 

case has four rows and four col

umns. From left to right, the elem

ents of the first row of the 

determinant are a- E, /3, 0, and 0; 

that is, the terms mult iplying cA. 

c8, Cc , and c0, respect ive ly, in the 

top equation. The rema ining rows are const ructed sim ilarly by 

inspection of the remaining equations. Solve th is determinant 

by one of two methods: manual ly by extension of the method 

described in The chemist's toolkit 27. or (more quickly) w ith 

mathematical software. 

The solution The secu lar determinant is 

a-E f3 0 0 

f3 a-E f3 0 

0 f3 a-E f3 

0 0 f3 a-E 

1. Solution using mathematical software 

The software looks for the four va lues of E that satisfy the 

expression 'determ inant= 0'. In th is case, the outcome is 

E =a± 1.62/3. a± 0.62/3 

Because a and f3 are both negative quantit ies, the order of 

increasing energy, from most bond ing to most ant ibonding, 

is a+ 1.62/3, a+ 0.62/3, a- 0.62/3, a- 1.62/3. 

2. Solution by hand 

To solve the secu lar determinant by hand, first expand it (by 

extension of the procedure in The chemist's toolkit 27), set it 

equal to 0, and find 

a-E f3 0 0 

f3 a-E f3 0 
0 f3 a-E f3 

0 0 f3 a-E 

a-E f3 0 f3 f3 0 

= (a- E) f3 a- E f3 - f3 0 a- E f3 

0 f3 a-E 0 f3 a-E 

(a-E)2-p2 (a-E)p 
~ ~ 

=(a- E)' I a- E f3 1- (a- E)/31 f3 f3 I 
f3 a-E 0 a-E 

(a-E)2-fJ2 0 

-/3' 1~1+/3'1~1 f3 a-E 0 a-E 

= (a- E)4 
- 3(a- E)2 /3 2 + /34 = 0 

With x= (a- 8 ' . this is a quadratic equation : 

X'-3/fx+/3"=0 

w ith the solutions (The chemist's toolkit 13 in Topic 5B, using 

a=1,b=-3f32,c=1) 

x= -j- (3 ± 5112)/32 = 2.62/32 and 0.38/32 

or (not ing that the square root of a positive number, here x, 
can be either positive or negative) 

x112 = 1.62/3, -1.62/3, 0.62/3, and -0.62/3 

Then, from x112 = (a- 8 and -(a- 8. and therefore E= a+x112 

and a- x112 , it fo llows that 

E =a+ 1.62/3, a- 1.62/3, a+ 0.62/3, a- 0.62/3 

wh ich are the four va lues of E ca lcu lated by using mathem

atical software. 

: Self-test 90.1 

: The 'n-electron bind ing energy', E,, is the tota l energy due 

: to the electrons occupying 1t orbita ls. What is the value of E, 
: for butad iene (in its ground-state)? 

Answer: 4a + 4.48/J 

90.3 The molecular orbitals 
of benzene 

Exactly the same procedure used for ethene and bu
tadiene can be used for benzene, C6H 6• Each C atom 
is regarded as sp2 hybridized (note the VB language 
again for the CJ framework) and forms a planar hex
agonal framework of CJ bonds (Fig. 3 ). There is an un
hybridized C2pz orbital on each atom perpendicular 
to the ring which is used to form molecular orbitals: 

The next steps are now familiar: six simultaneous 
equations for the coefficients are set up, the corres
ponding 6 x 6 secular determinant is written, and the 

H1s 

Fig. 3 The orbita ls used to construct the molecular orbita ls 
of benzene. 
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Fig. 4 The 1t orbitals of benzene and their energies. The 
lowest-energy orbital is fully bonding between neighbouring 
atoms. but the uppermost orbital is fully antibonding. The two 
pairs of doubly degenerate molecular orbitals have an inter
mediate number of internuclear nodes. As usual, different 
colours represent different signs of the wavefunction. 

Hiickel approximations are applied. The (unnormal
ized) molecular orbitals and their corresponding en
ergies are then as follows (Fig. 4): 

Energy Molecular orbital 

Highest (most antibonding) 

a-2/3 

a-/3 

a-/3 

a+/3 

a+/3 

a+2f3 

lJI =lJIA -lJI. +lJic -lJio +lJI, -lJI, 

lJI = 2'"lJI A -lJI. -lJic + 2'"lJio -lJI, -lJI, 

Lowest (most bonding) 

Note that the lowest energy, most bonding orbital 
(17t) has no internuclear nodes. It is strongly bonding 
because the constructive interference between neigh
bouring p orbitals results in a good accumulation of 
electron density between the nuclei (but slightly off 
the internuclear axis, as in the 1t bond of ethene ). In 
the most antibonding orbital (47t) the alternation of 
signs in the linear combination results in destructive 
interference between neighbours, and the molecular 
orbital has a nodal plane between each pair of neigh
bours, as shown in the illustration. The four inter-
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mediate orbitals (the pair labelled 27t and the pair 
labelled 37t) form two doubly degenerate pairs, one 
net bonding and the other net anti bonding. 

There are six electrons to be accommodated (one 
is supplied by each C atom), and they occupy the 
lowest three orbitals in Fig. 4 to give the configur
ation 1n22n4

• The resulting electron distribution is 
like a double doughnut. It is an important feature of 
the configuration that the only molecular orbitals oc
cupied have a net bonding character, for this is one 
contribution to the stability (in the sense of low en
ergy) of the benzene molecule. 

A feature of the molecular orbital description of 
benzene is that each molecular orbital spreads ei
ther all around or partially around the C6 ring. That 
is, 1t bonding is delocalized, and each electron pair 
helps to bind together several or all the C atoms. The 
delocalization of bonding influence is a primary fea
ture of molecular orbital theory. The delocalization 
energy, Edd oc> is the additional lowering of energy of 
the molecule due to the spreading of the p electrons 
throughout the molecule instead of being localized in 
discrete bonding regions. 

Brief illustration 90.1 The delocal ization energy of 

benzene 

If the six 1t electrons in benzene occupied three local

ized ethene-like orbitals, then their energy would be 3 x 

(2a+ 2/3) = 6a+ 6/3. However, their energy in benzene is 2(a+ 

2/3) + 4(a + {J) = 6a + 8/3. The delocalization energy is the differ

ence of these two energies: 

E deloc = (6a + 8/3) - (6a + 6/3) = 2/3 

or about -460 kJ mol-1
• 

: Self-test 90.2 

: Calculate the de localization energy of butadiene. . 
Answer: 0.48/l 

90.4 Computational chemistry 

Computational chemistry is now a standard part 
of chemical research. One major application is in 
pharmaceutical chemistry, where the likely pharma
cological activity of a molecule can be assessed com
putationally from its shape and electron density 
distribution before expensive and ethically contro
versial in vivo trials are started. Commercial software 
is now widely available for calculating the electronic 
structures of molecules and displaying the results 
graphically. All such calculations work within the 
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Born-Oppenheimer approximation and express the 
molecular orbitals as linear combinations of atomic 
orbitals. 

There are two principal approaches to solving the 
Schrodinger equation numerically for many-electron 
polyatomic molecules. In the semi-empirical methods, 
certain expressions that occur in the Schrodinger 
equation are set equal to parameters that have been 
chosen to lead to the best fit to experimental quan
tities, such as enthalpies of formation. Semi-empirical 
methods are applicable to a wide range of molecules 
with a virtually limitless number of atoms, and are 
widely popular. In the more fundamental ab initio 
methods, an attempt is made to calculate structures 
from first principles, using only the atomic numbers 
of the atoms present. Such an approach is intrinsically 
more reliable than a semi-empirical procedure but is 
much more demanding computationally. 

Both types of procedure typically adopt a 
self-consistent field (SCF) procedure, in which an 
initial guess about the composition of the LCAO is 
successively refined until the solution remains un
changed in a cycle of calculation. First, estimated 
values of the coefficients in the LCAO are used to 
build the molecular orbitals. Then, on the basis of 
this initial guess, the Schrodinger equation is solved 
for the coefficients of one occupied orbital given the 
initial guess for the other orbitals. In this way an 
improved approximation to the coefficients of that 
selected LCAO is obtained. The procedure is then re
peated for all the other occupied molecular orbitals. 
At the end of that stage a new set of LCAO coeffi
cients and an estimate of the energy of the molecule 
are obtained. The refined set of coefficients is used 
to repeat the calculation and calculate a new set of 
coefficients and a new energy. In general, these results 
will differ from the new starting point. However, 
there comes a stage when repetition of the calcula
tion leaves the coefficients and energy unchanged to 
within a predetermined criterion. The orbitals are 
now said to be 'self-consistent', and are accepted as a 
description of the molecule. 

The severe approximations of the Hiickel method 
have been removed over the years in a succession 
of better approximations. Each has given rise to an 
acronym, such as AMl ('Austin Modell'). Software 
for all these procedures is now readily available, and 
reasonably sophisticated calculations can now be run 
even on tablets and laptops. A semi-empirical tech
nique that has gained considerable ground in recent 
years to become one of the most widely used tech
niques for the calculation of molecular structure is 
density functional theory (DFT). Its advantages in-

elude less demanding computational effort, less com
puter time, and-in some cases, particularly d-metal 
complexes-better agreement with experimental 
values than is obtained from other procedures. 

The ab initio methods also simplify the calcula
tions, but they do so by setting up the problem in 
a different manner, avoiding the need to estimate 
parameters by appeal to experimental data. In these 
methods, sophisticated techniques are used to solve 
the Schrodinger equation numerically. The difficulty 
with this procedure is the enormous time it takes to 
carry out the detailed calculation. That time can be 
reduced by replacing the hydrogenic atomic orbitals 
used to form the LCAO by a gaussian-type orbital 
(GTO) in which the exponential function e-' char
acteristic of actual orbitals is replaced by a sum of 
gaussian functions of the forme-"-. 

One of the most significant developments in com
putational chemistry has been the introduction of 
graphical representations of molecular orbitals and 
electron densities. The raw output of a molecular 
structure calculation is a list of the coefficients of the 
atomic orbitals in each molecular orbital and the en
ergies of these orbitals. The graphical representation 
of a molecular orbital uses stylized shapes to repre
sent the basis set, and then scales their size to indicate 
the value of the coefficient in the LCAO. Different 
signs of the wavefunctions are represented by dif
ferent colours (Fig. 5). 

Fig. 5 The output of a computation of the n orbita ls of ben
zene: opposite signs of the wavefunctions are represented by 
different colours. Compare these molecu lar orbi tals w ith the 
more diagrammatic representation in Fig. 4. 



Fig. 6 The isodensity surface of benzene obtained by using 
the same software as in Fig. 5. 

Once the coefficients are known, a representation of 
the electron density in the molecule can be drawn by 
noting which orbitals are occupied and then forming 
the squares of those orbitals. The total electron density 
at any point is then the sum of the squares of the 
wavefunctions evaluated at that point. The outcome 
is commonly represented by an isodensity surface, a 
surface of constant total electron density (Fig. 6). 

One of the most important aspects of a molecule 
other than its geometrical shape is the distribution 
of charge over its surface, which is commonly de
picted as an electrostatic potential surface (an 'elpot 
surface'). The potential energy of an imaginary posi
tive charge at a point is calculated by taking into ac-

Checklist of key concepts 

01 Huckeltheory is a simpletreatmentofthe molecular 

orbitals of 1t-electron systems. In hydrocarbons the 

technique consists of forming linear combinations 

of unhybridized C2p orbitals. 

02 In the self-consistent field procedure, an initial 

guess about the composition of the molecular or

bitals is successively refined until the solution re

mains unchanged in a cycle of calculations. 
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Fig. 7 The electrostatic potential surfaces of (a) benzene and 
(b) pyridine. Note the accumulation of electron density on the 
nitrogen atom of pyridine at the expense of the other atoms. 

count its interaction with the nuclei and the electron 
density throughout the molecule. Then, because the 
potential energy is equal to the product of the charge 
and the electric potential (The chemist's toolkit 14 
in Topic 5H), the potential energy can be interpreted 
as a potential and depicted as an appropriate colour 
(Fig. 7). Electron-rich regions usually have negative 
potentials and electron-poor regions usually have 
positive potentials. 

03 In semi-empirical methods for the determination 

of electronic structure, the Schriidinger equation is 

written in terms of parameters chosen to agree with 

selected experimental quantities. 

0 4 In ab initio methods an attempt is made to calculate 

structures from first principles. 
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Exercises 

Topic 9A Valence bond theory 

9A.1 Calcu late the energy of Coulombic repulsion be

tween two hydrogen nuclei at thei r equ ilibrium separation in 
H2 (74.1 pm). Express your answer in ki lojoules per mole. The 

resu lt is the energy that must be overcome by the attraction 

from the electrons that form the bond. 

9A.2 Write the va lence bond wavefunction of the cr bond in a 
C-H group of a molecule. 

9A.3 Write the valence bond wavefunction for the one cr and 

two n bonds in a nitrogen molecu le, N2 . 

9A.4 Draw the three non-ionic contributions to the reson

ance structure of naphthalene, C10H8 . 

9A.5 A normal ized valence bond wavefunction turned out to 

have the form lfl= 0.8891/f,,., + 0.458'1Ji, . What is the chance 

that. in 1000 inspections of the molecu le, both electrons of 

the bond wi ll be found on one atom? 

Topic 98 Molecular orbital theory: homonuclear diatomics 

98.1 Give the (g,u) parities of the first four levels of a particle
in-a-box wavefunction. 

98.2 Put the fo llowing species in order of increasing bond 
length: F,-. F2, F/ . Identify the bond order of each of the spe

cies. 

98.3 Arrange the species 0 / . 0 2 , o,-. O,'- in order of in

creasing bond length and identify the bond order of each. 

98.4 Give the ground-state electron configu rations of (a) H2 - . 

(b) Li2 , (c) Be2, (d) C2, (e) N2 , and (f) 0 2 . 

98.5 From the ground-state electron configurations of B2 and 

C2, predict wh ich molecule should have the greater dissoci

ation energy. 

98.6 How many molecular orbitals can be constructed from 

a diatomic molecule in which s. p, d. and f orbitals are all im

portant for bond ing? 

Topic 9C Molecular orbital theory: heteronuclear diatomics 

9C.1 Use Paul ing electronegativit ies to predict the polarities 
of the bonds (a) P-H. (b) B-H. 

9C.2 Some chemical reactions proceed by the in it ial loss or 
transfer of an electron to a diatomic species. Which of the 

molecules N2 , NO. 0 2 , C2 , F2 , and CN would you expect to be 
stabil ized by (a) the add it ion of an electron to form As-. (b) the 

remova l of an elect ron to form AB+? 

9C.3 Two important diatomic molecu les for the welfare of 

humanity are NO and N2 : the former is both a pol lutant and a 

neurotransmitter. and the latter is the ultimate source of the 

nitrogen of proteins and other biomolecu les. Use the electron 

configurations of NO and N2 to predict which is likely to have 
the shorter bond length. 

Topic 90 Molecular orbital theory: polyatomic molecules 

90.1 The ion ization energy of a carbon atom is 11.26 eV and 
its electron affin ity is 1.26 eV Estimate the value of the Cou

lomb integral. a. expressing your answer both in electron

volts and as a molar energy in ki lojou les per mole. 

90.2 Express the n electron bind ing energy of benzene in 

terms of the HOckel parameters a and {l 

90.3 The Hucke I energies of the fou r n orbitals of cyclobuta

diene are a+ 2{J. a. a. and a- 2{J. What is the delocalization 
energy? 

90.4 The longest wavelength electron ic transition in simple 
unsaturated hydrocarbons corresponds to a transit ion from 
the highest occupied molecu lar orbita l (HOMO) to the lowest 

unoccupied molecular orbita l (LU M O). Predict the energy of 

the HOM O to LUMO separation in (a) ethane. (b) butad iene. 

and (c) benzene. 



Discussion questions 

9.1 List and discuss the approximations bu il t into valence 

bond theory and molecu lar orbital theory. 

9.2 Discuss the steps involved in the construction of sp3
• sp2

• 

and sp hybrid orbitals. 

9.3 Describe how molecular orbital theory accommodates all 

the conventiona l types of bonding. 

9.4 Why is the electron pai r such a central concept in the

ories of the chemical bond? 

Problems 

9.1 Write the va lence bond wavefunction of a P2 molecu le. 

Why is P4 a stable form of molecu lar phosphorus? 

9.2 Pred ict. on the basis of valence bond theory. whether 

you wou ld expect SO, to be linear or bent. 

9.3 Write the va lence bond wavefunction of CH4 based on 

hybrid orbitals h on the ca rbon atom. 

9.4 The structure of the visua l pigment retina l is shown in (1). 

Label each atom with its state of hybridization and specify the 

composition of each of the different type of bond. 

1 Retinal 

9.5 Benzene is commonly regarded as a resonance hybrid of 

the two Keku le structures. but other possible structures can 
also contribute. Draw th ree other structures in wh ich there 
are on ly cova lent n bonds (al lowing for bond ing between 

some non-adjacent C atoms) and two st ructu res in which 

there is one ionic bond. Why may these structures be ignored 

in simple descriptions of the molecule? 

9.6 Suppose that then-electron molecular orbitals of naph

tha lene can be represented by the wavefunctions of a particle 
in a two-d imensiona l rectangu lar box. What are the parities of 

the occupied orbita ls? 
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9.5 Describe and justify the Pau ling and M ul liken electro

negativity scales. 

9.6 Why is orbital overlap a guide to assessing the strengths 

of chemical bonds? Why. in some cases. is it not? 

9.7 Identify and justify the approximations used in the Hucke I 

theory of conjugated hydrocarbons. 

9.8 Explain the differences between semi-empi rica l and ab 

initio methods of electron ic structure computation. 

9.7 Draw diagrams to show the various orientations in which 

a p orbital and ad orbital on adjacent atoms may form bond ing 

and anti bonding molecular orbita ls. 

9.8 Three biolog ical ly important diatomic species. either 
because they promote or inh ibit life. are (a) CO. (b) NO. and 
(c) CN-. The first binds to haemoglobin. the second is a neuro

transmitter. and the thi rd interrupts the respiratory electron

transfer cha in. Their biochemical action is a reflection of the ir 
orbital structure. Deduce their ground-state electron config

urations. For heteronuclear diatomic molecu les. a good first 

approximation is that the energy level diagram is much the 

same as for homonuclear diatomic molecu les. 

9.9 The existence of compounds of the noble gases was 
once a great surprise and stimulated a great deal of theoret

ica l work. Sketch the molecular orbital energy level diagram 
for XeF and deduce its ground-state electron configurations. 
Is XeF likely to have a shorter or longer bond than XeF•? 

9.10 Construct the molecu lar-orbita l energy level diagrams 

of (a) ethene and (b) ethyne on the basis that the molecu les 

are formed from the appropriately hybrid ized CH 2 or CH frag

ments. 

9.11 Deduce the parities of the six n-orbitals of benzene. 

9.12 Many of the colours of vegetation are due to electron ic 
transit ions in conjugated n-electron systems. In the free

electron molecular orbital (FEM O) theory. the electrons in a 

conjugated molecu le are treated as independent particles in 
a box of length L. (a) Sketch the form of the two occupied 

orbitals in butad iene pred icted by this model and predict 
the m inimum excitation energy of the molecule. (b) In many 

cases. an extra half bond-length is often added at each end 

of the box. The tetraene CH2=CHCH=CHCH=CHCH=CH2 

can therefore be t reated as a box of length SR. where 
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R = 140 pm . Ca lcu late the m inimum excitation energy of the 

molecule and sketch the HOMO and LUMO. 

9.13 The FEMO theory (Problem 9.12) of conjugated mol

ecu les is crude and marginal ly better resu lts are obta ined 
with simple HOckel theory. (a) For a linear conjugated polyene 

with each of N ca rbon atoms contributing an electron in a 2p 

orbital, the energ ies Ek of the resulting 1t molecu lar orbita ls 
are given by: 

Ek =a+2f3cos::
1 

k=1,2,3, ... N 

Use this expression to estimate the resonance integral f3 
for the series consist ing of ethene, butad iene, hexatriene, 

and octatetraene given that ult raviolet absorptions from the 

HOMO, which is a bond ing 1t orbita l, to the LUMO, which is 
an antibond ing n* orbita l, occur at 61 500, 46 080, 39 750, 
and 32 900 cm-1

, respectively. (b) Calculate the n-electron 

delocalization energy, E d, loc = E,- n(a + /3). of octatetraene, 
where E, is the tota l n-electron binding energy and n is the 
tota l number of n-electrons. 

9.14 For monocyclic conjugated polyenes (such as cyclobuta

diene and benzene) with each of Ncarbon atoms contributing 

an electron in a 2p orbi tal, HOckel theory gives the fol lowing 
expression for the energies Ek of the resu lt ing 1t molecu lar 

orbitals 

Projects 

The symbol* indicates that calculus is required. 

9. H Here you are invited to explore hybrid orbitals in more 
quantitative detai l. Mathematical functions are said to be 
orthogona l if the integral of thei r product is zero. (a) Show 

that the orbitals h, = s + Px+ Py+ p, and h2 = s- Px- Py+ p, 
are orthogonal. Each atomic orbita l individual ly normal ized 
to 1. Also, note that: (i) s and p orbita ls are orthogonal and, 

Iii) p orbitals w ith perpend icu lar orientations are orthogonal. 
(b) Show that the sp2 hybrid orbita l (s + 2112p)/3 112 is normal ized 

to 1 if the sand p orbita ls are each normalized to 1. (c) Find 

another sp2 hybrid orbital that is orthogona l to the hybrid or

bital in part (b). 

9.2* Show, if overlap is ignored, (a) that any molecular 

orbita l expressed as a linear combination of two atomic 

orbita ls may be written in the form lJI = lJIA cos e + ll's sin e. 
w here e is a parameter that varies between 0 and n/2, and 

(b) that if li'A and ll's are orthogonal and normalized to 1, 

then lJI is also normalized to 1. (c) To what va lues of e do the 

bond ing and antibond ing orbitals in a homonuclear diatomic 

molecu le correspond? 

9.3* Now you are invited to explore orbital overlap and 
overlap integrals in detai l. (a) W ithout doing a calculation, 

sketch how the overlap between an H 1 s orbita l and an H2p 

Ek =a+ 2f3cos--'5!!:_ 
N+1 

[ 

± -j- N (even N) 
k=O, ±1, ±2, ±3, ... 

±-j-IN-1) (odd N) 

Calculate the energies of the 1t molecular orbitals of ben

zene and cyc looctatetraene. Comment on the presence 
or absence of degenerate energy levels. (b) Ca lcu late and 
compare the deloca lization energies of benzene and hex

atriene using the express ion from the preceding problem. 
What do you conclude from your results? (c) Calculate and 

compare the delocalization energies of cyclooctatetraene 
and (linear) octatetraene. Are your conclusions for th is pair 
of molecules the same as for the pair of molecules investi

gated in part (b)? 

9.15 By setting up and solving the secu lar determinant, use 
HOckel theory to find the energ ies of the three 1t orbita ls of 

the propenyl radical, C3H3 . Suggest descriptions for each of 

the orbitals. 

9.16 Predict the electronic configurations of (a) the benzene 
anion, (b) the benzene cation. Estimate then-bond energy in 

each case. 

orbital depends on thei r separation. (b) The overlap integral 

between an H 1 s orbital and an H2p orbita l on nuclei separated 

by a distance R isS= (R/a0){1 + (R/a0) + j- (R/a0)
2)e-"'' ' . Plot 

this function, and find the separation for which the overlap is 
a maximum. (c) Suppose that a molecu lar orbital has the form 

N(0.245A + 0.6448). Find a linear combination of the orbita ls 

A and B that does not overlap with (that is, is orthogona l to) 

this combination. (d) Normalize the wavefunction lJI = lJI,"' + 

A1Jii00 in terms of the parameter A and the overlap integral S 

between the cova lent and ionic wavefunctions. 

9.4 Use computational chemistry software to explore the 
bonding in pyridine, C6H5N. (a) Use the va rious procedures 

ava ilable in your chosen software or on the advice of your 

instructor to determine the shapes and energies of the 
highest occupied and lowest unoccupied molecular or

bita ls. (b) Hence determine the wavelength of the LUMO

HOMO transition. Compare the va lues that you obta in 
w ith the va rious methods with the observed v isible spec

trum of pyridine, wh ich shows a maximum absorption at 
352 nm. (c) Calcu late the entha lpy of formation of pyridine in 

the gas phase by using the different methods. Are the ca lcu

lated values consistent with the experimentally determined 
value of 140.2 kJ mol-' at 298 K? 
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Molecular 
interactions 

Atoms and molecules with complete valence shells are able 
to interact with one another even though all their valences 
are satisfied . They attract one another over a range of 
several atomic diameters and they repel one another when 
pressed together. These residual interactions are highly 
important. They account, for instance, for the condensation 
of gases to liquids and the structures of molecular solids. 
All organic liquids and solids, ranging from small molecules 
such as benzene to virtually infinite cellulose and the poly
mers from which fabrics are made, are bound together by 
the cohesive, nonbonding interactions explored here. These 
interactions are also responsible for the structural organiza
tion of biological macromolecules, for they pin molecular 
bui lding blocks-such as polypeptides, polynucleotides, and 
lipids-together in the arrangement essential to their proper 
physiological function. 

10A Electric properties of molecules 

Molecular interactions can be traced to various aspects 
of the electron distributions in the interacting species and 
the shapes of molecules. This Topic is an account of the 
electric properties of individual molecules, including their 
'electric dipole moments' and 'polarizabilities'. They reflect 
the degree to which the nuclei of atoms exert control over 
the electrons in a molecule, either by causing electrons to 
accumulate in particular reg ions or by permitting them to 
respond more or less strongly to applied electric fields. 

10A.1 Electric dipole moments; 10A.2 Dipole moments 
of polyatomic molecules; 10A.3 Polarizabilities 

108 Interactions between molecules 

All liquids and solids are bound together by one or more 
of the cohesive interactions explored in this Topic, which 
concentrates on 'van der Waals interactions', 'hydrogen 
bonding ', and the 'hydrophobic effect'. The strengths of the 
various van der Waa ls interactions are related to the dipole 
moments and polarizabilities introduced in Topic 10A. 

108.1 Interactions between partial charges; 
108.2 Charge-dipole interactions; 108.3 Dipole-dipole 
interactions; 108.4 Dipole-induced dipole interactions; 
108.5 Dispersion interactions; 108.6 Hydrogen bonding; 
108.7 The hydrophobic effect; 108.8 Modelling the total 
interaction 

Web resource What is an application of this 
material? 

Molecular interactions affect the efficiency of bind ing of a 
drug, a small molecule or protein, to a specific receptor site 
of a target molecule, such as a larger protein or nucleic acid. 
The chemical result of the formation of this assembly is the 
inhibition of the progress of disease. See Impact 8 on the 
website of this book. 



TOPIC 10A 

Electric properties of molecules 

~ Why do you need to know this 
material? 

The interactions responsible for the formation 
of condensed phases and large assemblies arise 
from the electric properties of molecules, so to 
understand bulk properties you need to know 
how these electrical properties are related to the 
electronic structures of molecules. 

~ What is the key idea? 

The nuclei of atoms exert control over the 
electrons in a molecule, and can cause electrons to 
accumulate in particular regions, or permit them 
to respond more or less strongly to external fields. 

~ What do you need to know already? 

You need to be familiar with vectors (The 
chemist's toolkits 23 and 24 in Topics 7D and 8D, 
respectively), molecular geometry (The chemist's 
toolkit 26 in Topic 9A), and the molecular orbital 
theory of polyatomic molecules (Topic 9D). 

The electric properties of molecules, specifically the 
distribution of electric charge in them and the re
sponse of their electron distribution to electric fields, 
are responsible for many of the properties of bulk 
matter. One property, the 'electric dipole moment' 
turns out to be central to this discussion. 

10A.1 Electric dipole moments 

An electric dipole consists of two charges Q and -Q 
separated by a distance /. A point electric dipole is 
an electric dipole in which I is very small compared 
with the distance to the observer. The electric dipole 

moment is a vector J1 (1) that points 
from the negative charge to the 
positive charge and has a magni
tude given by 

Jl=Ql 
Magnitude of the electric 
dipole moment 
!defin ition] 

(1 ) 

(See The Chemist's toolkit 23 in Topic 7D for more 
about vectors. ) Although the SI units of dipole mo
ment are coulomb metres (C m), it is still commonly 
reported in the non-SI unit debye, D, named after 
Peter Debye, a pioneer in the study of dipole mo
ments of molecules: 

1 D = 3.335 64 x 10-3° C m (2) 

The magnitude of the dipole moment formed by a pair 
of charges +e and -e separated by 100 pm is 1.6 x 
10-29 C m, corresponding to 4.8 D. The magnitudes 
of the dipole moments of small molecules are typic
ally about 1 D. 

A note on good practice The dipole is the electrical entity 
itself; the dipole moment is a measure of that dipole's elec· 
t rical strength and is a vector. In casual conversat ion chemists 
typically refe r to the 'dipole moment' w hen they actually mean 
its magnitude. 

A polar molecule has a permanent electric dipole 
moment arising from the partial charges on its atoms 
(Topic 9C). A nonpolar molecule has no permanent 
electric dipole moment. All heteronuclear diatomic 
molecules are polar because the difference in elec
tronegativities of their two atoms results in nonzero 
partial charges. Thus, the magnitudes of the dipole 
moments of HCl and HI are 1.08 D and 0.42 D, re
spectively (Table 10A.1). A very approximate rela
tion between the magnitude of the dipole moment 
and the difference ,:\.X of Pauling electronegativities 
(Table 9C.1) XA and XB of two atoms A and B, is 

Magnitude of the dipole 
moment and electronegativity ( 3) 
difference 



Table 10A.1 

Dipole moments, polarizabilities, and polarizability 
volumes 

pJD a /(10-40 J -1 C' m' ) a'/(10-30 m3) 

.......................... ............................ ---- ·-············ 
Ar 0 1.85 1.66 

CCI4 0 11.7 10.3 

c . H, 0 11.6 10.4 

H, 0 0.911 0.819 

H,O 1.85 1.65 1.48 

NH3 1.47 2.47 2.22 

HCI 1.08 2.93 2.63 

HBr 0.80 4.01 3.61 

HI 0.42 6.06 5.45 

Brief illustration 10A.1 Dipole moment and e lectro
negativity 

The electronegativities of hydrogen and bromine are 2.1 and 
2.8, respectively. The difference is 0.7, so the magnitude of the 
electric dipole moment of HBr is predicted to be about 0.7 D. 
The experimental value is 0.80 D. 

: Self-test 10A.1 

: What is the magnitude of the dipole moment of a C-H 
; fragment in an organic molecule; which atom lies at the 
; negative end of the dipole? 

Answer: 11 = 0.4 D; C 

Because it attracts the electrons more strongly, the 
more electronegative atom is usually the negative 
end of the dipole. However, there are exceptions, 
particularly when antibonding orbitals are occupied. 
Because electrons in antibonding orbitals tend to be 
found closer to the less electronegative atom, they 
contribute a negative partial charge to that atom. If 
this contribution is larger than the opposite contribu
tion from the electrons in bonding orbitals, then the 
net effect will be a small negative partial charge on 
the less electronegative atom. An example is CO (see 
Fig. 4 in Topic 9D), in which anti bonding orbitals are 
occupied: its dipole moment is small (0.12 D) but 
the negative end of the dipole is on the C atom even 
though oxygen is more electronegative than carbon . 

10A.2 Dipole moments 
of polyatomic molecules 

Molecular symmetry is of the greatest import
ance in deciding whether a polyatomic molecule is 
polar or not. Indeed, molecular symmetry is more 
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important than the question of whether or not the 
atoms in the molecule belong to the same element. 
Homonuclear polyatomic molecules may be polar 
if they have low symmetry and the atoms are in in
equivalent positions. For instance, the angular mol
ecule ozone, 0 3 (2), is homonuclear; however, it is 
polar because the central 0 atom is different from 
the outer two (it is bonded to two atoms, they are 
bonded only to one); moreover, the bond dipoles, 
the dipole moments associated with each bond, 
make an angle to each other and do not cancel. 
Heteronuclear polyatomic molecules may be non
polar if they have high symmetry, because individual 
bond dipoles may then cancel. The heteronuclear 
linear triatomic molecule C02, for example, is non
polar because, although there are partial charges on 
all three atoms, the dipole moment associated with 
the OC bond points in the opposite direction to the 
dipole moment associated with the CO bond, and 
the two cancel (3). 

&+ &+ 
2 Ozone, 0 3 3 Carbon dioxide, C02 

l#if!u!,]lj[,f.li 
Assessing the polarity of a molecule 

Is a CIF3 molecule polar or nonpolar? 

Collect your thoughts Judge .--------.. 

whether the bonds are polar: 
if they are not, the molecule is 
nonpolar. Then predict the shape 
of the molecule by using the VSEPR 
theory (The chemist's toolkit 26 
in Topic 9A) . Finally, judge whether 
the bond dipoles, if any, cancel. If 
they do (as in C02 or a tetrahedra l 
molecule), the molecule is nonpolar. If they do not cance l, 
then the molecule is polar. 

The solution The electronegativities of Cl and Fare 3.0 and 
4.0, respective ly; so each CI-F fragment is polar with a di
pole moment of magnitude of about 1 D. To apply VSEPR 
theory, note that the Lewis structure is shown in (4), with 
three atoms attached to the Cl atom and two lone pairs that 
are likely to be arranged as a t rigonal bipyramid (5). The re
pulsion between the two lone pairs is least if they occupy 
the equatoria l pos it ions and move apart slightly. The th ree F 
atoms lie at the remain ing positions, w ith the result that the 
molecule has a distorted T-shape (6). The th ree bond dipole 
moments do not cancel in this arrangement, so the mol
ecu le is polar. 
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:i=': 
,I •• 
:el-F: 
'I •• 

4 =.~: 6 

Comment Electronegativity differences are a cautious but 

unre liable guide because atoms of the same element that lie 

in inequiva lent locations m ight have different partia l charges. 
A better estimate of molecular dipole moments can be ca l

cu lated w ith software that uses the computational methods 

described in Topic 9D. 

: Self-test 10A.2 

: Is an SF4 molecu le polar? 

Answer: Yes 

The dipole moment of a polyatomic molecule can 
be resolved, at least approximately, into contributions 
from various groups of atoms in the molecule and the 
directions in which these individual contributions lie 
(Fig. 1). Consider 1,4-dichlorobenzene and 1,2-
dichlorobenzene and focus on the spatial arrangement 
of the strong C-CI bond dipoles. 1, 4-Dichlorobenzene 
is nonpolar by symmetry on account of the cancella
tion of two equal but opposing C-CI moments, exactly 
as in carbon dioxide. (Note that the smaller C-H 
moments also cancel.) 1,2-Dichlorobenzene, however, 
has a dipole moment which is approximately the 
resultant of two chlorobenzene dipole moments 
arranged at 60° to each other. (The small C-H mo
ments at positions 4 and 5 also con
tribute, though less importantly, to 
the net dipole moment of the mol
ecule.) This technique of 'vector add
ition' (The chemist's toolkit 24 in 
Topic 8D) can be applied with fair 

111 
success to other series of related mol
ecules, and the resultant J.l," of two 
dipole moments of magnitude J.11 and 
J.12 that make an angle e to each other 
(7) is approximately 7 

(4) 

This relation is not exact because the dipole moments 
of molecules are not strictly additive. 

Brief illustration 10A.2 The resu ltant dipole 

To estimate the rat io of the electric dipole moments of ortho 

(1,2-) and meta (1,3-) simi larly disubstituted benzenes note 

that for the ortho isomer fJ = 60° and for the meta isomer 

(a) (b) (c) (d) 

llobs = 1·57 D llcalc = 0 
llobs= O 

llcalc= 2·7 D llcalc= 1.6 D 
llobs= 2.25 D llobs= 1.48 D 

Fig. 1 The dipole moments of the dich lorobenzene isomers 
can be obta ined approximately by vector add it ion of two 
ch lorobenzene dipole moments (1.57 D). The result for the 
para isomer is exact (by symmetry). 

fJ = 120°. The C-X group dipole moments are the same, so 

use eqn 4 with J1.1 = J12 in the form Jl," = 2112J1.(1 +cos f!) 112 in 
each case. Then the ratio is 

Jl(ortho) 

Jl(meta) 

1 

,----1_, 
2112 J1.11 + cos60°)112 

1 

~ 
2112 J1.(1+ cos120°)112 

(.it)'" 
-

2-=3112 ~1 7 
(t )'" . 

This calcu lation ignores the effects of the weaker C-H 
moments. 

Self-test 10A.3 

The 0-H bond dipole moment is approximate ly 1.4 D. 

Estimate the dipole moment of a non-planar conformation 
of the H20 2 molecu le w ith the conformation depicted in (8). 

8 

Answer: 2.0 D 

Atoms in molecules in general have partial charges, 
and a better approach to the calculation of dipole 
moments is to take into account the locations and 
magnitudes of the partial charges on all the atoms. 
These partial charges are included in the output of 
many molecular structure software packages. The 
programs calculate the dipole moments of the mol
ecules by noting that the electric dipole moment 
vector, J.l, has three components, J.lx. J.ly, and J.lz (9). 
The direction of J.1 shows the orientation of the di
pole in the molecule and the length of the vector is 



its magnitude, J.l. In common with all vectors, the 
magnitude is related to the three components by (The 
chemist's toolkit 23 in Topic 7D) 

11 

9 

(Sa) 

To calculate J.1, the three components must be calcu
lated and then substituted into this expression. To 
calculate the x-component, for instance, the partial 
charge on each atom and the atom's x-coordinate rela
tive to a point in the molecule are used to form the sum 

(5b) 

Here Q1 is the partial charge of atom J, x1 is the x
coordinate of atom], and the sum is over all the atoms 
in the molecule. Analogous expressions are used for 
the y- and z-components. For an electrically neutral 
molecule, the origin of the coordinates is arbitrary, so 
it is best chosen to simplify the measurements. 

Calculating a molecular dipole moment 

Estimate the magnitude and orientat ion of the elect ric dipole 
moment of the amide group shown in (10) by using the partial 

cha rges (as multiples of e) and the locations of the atoms 

shown, w ith distances in picometres. 

(182, -87, 0) 
+0.18 H 

10 

Collect your thoughts Use eqn 5b 
to ca lcu late each of the com

ponents of the dipole moment 
vector. Then use eqn 5a to as

semble the three components 

into the magnitude of the dipole 

moment. 

(-62, 107' 0) 
-0.38 
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The solution The expression for Jlx is 

llx = (-0.36e) X (132 pm) + (0.45e) X (0 pm) 

+(0.18e)x(182 pm)+(-0.38e) x (-62.0 pm) 

=8.8e pm 

=8.8 x (1.602x10-19 C)x(10-12 m)=1.4 x 10-3° C m 

correspond ing to Jlx = +0.42 D. The expression for Jly is: 

11y = (-0.36e) x (0 pm) + (0.45e) x (0 pm) 

+(0.18e) x (-87 pm) + (-0.38e) x (1 07 pm) 

=-56e pm 

=-9.0x10-30 C m 

correspond ing to Jly = -2.7 D. The amide group is planar, so 

Jl, = 0. Then, from eqn 5a, 

J1={(0.42 D)2 +(-2.7 D)2
}

112 =2.7 D 

The orientat ion of the dipole moment is represented by ar

rang ing an arrow of length 2.7 units of length to have x, y, 

and zcomponents of 0.42, -2.7. and 0 units; the orientation is 
superimposed on (10). 

Self-test 10A.4 

Calculate the magnitude of the electric dipole moment 
of methanal (formaldehyde) by using the information 

in (11). 

(-94, -61, 0) H 
+0.02 

11 

Answer: 3.2 D 

1DA.3 Polarizabilities 

A nonpolar molecule may acquire a temporary 
induced dipole moment, J.l*, as a result of the influ
ence of an electric field generated by a nearby ion 
or polar molecule. The field distorts the electron 
distribution of the molecule, and gives rise to an 
electric dipole. The molecule is said to be polariz
able. The magnitude of the induced dipole moment 
is proportional to the strength of the electric field, 
'E, so 

J.l* = a'E 
Polarizability 
]defini t ion] 

(6) 
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The proportionality constant a is the polarizability 
of the molecule. It has the following features: 

• The greater the polarizability of the molecule, 
the greater is the distortion caused by a given 
strength of electric field. 

• If the molecule has few electrons (such as 
N 2 ), they are tightly controlled by the nuclear 
charges and the polarizability of the molecule 
is low. If the molecule contains large atoms 
with electrons some distance from the nucleus 
(such as 12 ), the nuclear control is less and the 
polarizability of the molecule may be high. 

• The polarizability is low when the ioniza
tion energy of the molecule is high: the more 
tightly the electrons are bound, the more dif
ficult it is to distort the electron distribution 
around the nuclei. 

• The polarizability depends on the orientation 
of the molecule with respect to the field un
less the molecule is tetrahedral (such as CC14 ), 

octahedral (such as SF6 ), or icosahedral (such 
as C60 ). Atoms and tetrahedral, octahedral, 
and icosahedral molecules have isotropic 
(orientation independent) polarizabilities; all 
other molecules have anisotropic (orientation 
dependent) polarizabilities. 

ro 
u 

-~ 
.c 
a. 

The polarizabilities reported in Table 10A.1 are 
given as polarizability volumes, a', which are often 
easier to use than the polarizabilities themselves: 

' a a=--
4m::0 

Polarizabil ity volume 
[definit ion] 

Checklist of key concepts 

(7) 

0 1 An electric dipole consists of two electric charges 

+0 and -0 separated by a distance /. 

0 2 The electric dipole moment Jt is a vector that points 

from the negative charge to the positive charge of a 

dipole; its magnitude is Jl. 

0 3 Molecular dipole moments are approximately addi

tive (as vectors) . 

The polarizability volume has the dimensions of 
volume (hence its name) and is comparable in magni
tude to the volume of the molecule. 

Brief illustration 10A.3 The induced dipole 

To assess the strength of electric field required to induce an 
electric dipole moment of 1.0 ].!Din a molecule of polarizability 
volume 1.0 x 10-29 m3 (like CCI4) write eqn 6 as 'E = Jl*/a and 

substitute the data. Use the fact that 1 D = 3.336 x 10-3° C m 
and convert the polarizability volume to polarizability by using 
eqn 7 in the form a= 4n<oa'. Then 

11* 
'E= 

a 
1.0 11D 

3.336 X 10-30 
X 1 .0 X 10-6 C m 

41t X (8.854 X 10 12 J 1 C2 m 1
) X (1.0 X 10 29 m3

) 

<o 

3.3 ... x10-36 C m 

4nx(8.854 x 10 12 )x(1.0 x 10 29
) J 1 C2 m2 

v 

= 3.0 x 103 :JC=l m-1 = 3.0 kV m-1 

Self-test 10A.5 

The polarizability volume of H20 is 1.48 x 10-30 m3
. What is 

the magnitude of the dipole moment of the molecule (in 
addition to the permanent dipole moment) induced by an 
applied electric field of strength 1.0 x 105 V m· 1? 

Answer: 4.9 !!D 

04 A polar molecule is a molecule with a permanent 

electric dipole moment; the magnitude of a dipole 

moment is the product of the partial charge and the 

separation. 

05 The polarizability is a measure of the ability of an 

electric field to induce a dipole moment in a mol

ecule. 



TOPIC 108 

Interactions between molecules 

~ Why do you need to know this 
material? 

A major feature of chemistry is its ability to 
relate bulk properties to the properties of 
individual molecules . To make this connection, 
you need to understand the many types of 
molecular interactions responsible for the 
formation of condensed phases and large 
molecular assemblies. 

~ What is the key idea 7 

Attractive interactions result in cohesion, but 
repulsive interactions prevent the complete 
collapse of matter to nuclear densities. 

~ What do you need to know already? 

You need to be familiar with the Coulomb 
interaction (The chemist's toolkit 14 in Topic 
5H) and the origin of the electric dipole 
moments and polarizabilities of molecules 
(Topic lOA). One section draws on the 
thermodynamic arguments introduced in 
Topic 3D. 

Table 108.1 

Potentia l energy of molecular interactions 

The interactions between or within molecules 
(for example, within macromolecules) include the 
attractive and repulsive interactions involving partial 
electric charges and electron clouds of polar and non
polar molecules or functional groups, and the repul
sive interactions that prevent the complete collapse 
of matter to densities as high as those characteristic 
of atomic nuclei. The repulsive interactions arise 
from the exclusion of electrons from regions of space 
where the orbitals of closed-shell species overlap. 
These attractive and repulsive interactions are called 
van der Waals interactions. The term excludes inter
actions that result from the formation of covalent or 
ionic bonds and is often restricted to interactions for 
which the potential energy is inversely proportional 
to the sixth power of the separation of the molecules. 
Table lOB.l summarizes the strengths and distance 
dependence of the attractive interactions considered 
in the following sections. 

108.1 Interactions between 
partial charges 

Atoms in molecules in general have partial charges 
(Topic lOA). When charges are separated by a vac
uum, they attract or repel each other in accord with 

Interaction type Distance dependence 
of potential energy 

Typical energy 
W(kJ mol-1) 

Comment 

lon-ion 1/r 
ion-dipole 1/r2 

Dipole-dipole 1/r 
1/r6 

London (dispersion) 1/r'r 

Hydrogen bonding 

250 
15 

2 

0.3 

2 

20 

Only between ions 

Between stationary polar molecules 

Between rotat ing polar molecules 

Between all types of molecu les and ions 

The interaction is for X- H Y and occurs on contact 
for X, Y = N, 0, or F. 
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Coulomb's law (with the potential energy EP denoted 
V, as is conventional in this context): 

Interaction between 
charges 

(la) 

where Q 1 and Q 2 are the charges and r is their sep
aration. However, it is possible that other parts of 
the molecule, or other molecules, lie between the 
charges, and decrease the strength of the inter
action. The simplest procedure for taking into ac
count these very complicated effects is to treat the 
medium surrounding the charges as a uniform sub
stance, and to write 

V(r)= Q,Q2 

4ner 
(lb) 

where e is the permittivity of the medium (see The 
chemist's toolkit 14 in Topic 5H): a high permittivity 
means that the medium reduces the strength of the 
interaction between the two charges. As explained in 
the toolkit, the permittivity is usually expressed as a 
multiple of the vacuum permittivity by writing e = 

e,fo, where the dimensionless quantity e, is the 'rela
tive permittivity'. The effect of the medium can be 
very large: for water at 25 °C, e, = 78, so the potential 
energy of two charges separated by bulk water is re
duced by nearly two orders of magnitude compared 
to the value it would have if the charges were separ
ated by a vacuum (Fig. 1). 

Brief illustration 108.1 The interact ion energy of two 

part ial charges 

The energy of interaction between a partial charge of -0.36 
(that is, a , = -0.36e) on theN atom of an amide group and the 

partial charge of +0.45 (02 = +0.45e) on the carbonyl C atom 

0 

-::.0-2 
:;;; 
> 
~-4 
Q) 
c 
Q) 

C1l 
·;::; 
c 
Q) 

15 
c.. 

-6 

-8 

-10 
0 

~ ~ =-

ff1 
w 

2 3 
Distance, rlr0 

Fig. 1 The Coulomb potential for two charges and its depend· 
ence on the ir separation. The two curves correspond to dif· 
ferent relative permittivities (1 for a vacuum, 3 for a f luid) . 

at a distance of 3.0 nm, on the assumption that the medium 

between them is a vacuum, is 

V = (-0.36e) x (0.45e) 
4n£0 x (3.0 nm) 

o.36 x 0.45 x 11.602 x 1 o- '9 C)' 

4n x (8.854 x 10 12 J 1 C2 m 1)x(3.0x10 9 m) 

=-1.2 x 10-20 J, or-12 zJ 

where £o is the vacuum permittivity. This energy (after multipli
cation by Avogadro's constant) corresponds to -75 kJ mol-1

. 

However, if the medium has a relative permittivity e, = £/eo= 
3.5, then the interaction energy is reduced by that factor, to 
-2.1 kJ mol-1• 

: Self-test 10B. 1 . 
: Repeat the calculation for bulk water as the medium. 

Answer: -0.096 kJ mol-' 

108.2 Charge-dipole interactions 

The potential energy when a dipole J.11 is in the pres
ence of a charge Q2 is calculated by taking into ac
count the interaction of the latter charge with the two 
charges of the dipole, one resulting in a repulsion and 
the other an attraction. As shown in the following 
Justification, the result for the arrangement shown in 
(1) is: 

Justification 108.1 

Charge-dipole 
interaction 

The interaction energy of a charge and a dipole 

(2a) 

Consider the arrangement in (1): the charge a, is coll inear 

w ith a dipole w ith charges a , and -a,. The fol lowing steps 

are taken to arrive at eqn 2a: 

Step 1: Account for all attractions and repulsions 

The Coulomb potential energy of the charges is 

Repulsion between Attraction between 
0;. and+~ 0;. and -~ 

r--"'-------,~ 

Vir)= a,o, a,o, 
4ne0 (r + tn 4ne0 (r - t n 

a,o, a ,a, 
4n£0r(1+1!2r) 4n£0r(1- / /2r) 



Step 2: Simplify the expression for cases where r is large 

If the separation of charges in the dipole is much smaller 
than the distance of the charge 0 2 in the sense that 112r« 1, 
then the terms 1 I (1 + 112r) and 1 I (1-//2r) in the previous ex
pression can be simplified by using the approximations (The 
chemist's toolkit 6 in Topic 1 C) 

-1-~ 1- x 
1+x 

It follows that 

-1- ~1+x 
1-x 

__ 1_ ~ 1+ _!__ 

( 1-;r) 2r 

and that the potent ial energy of interact ion can be written as 
in eqn 2a : 

-1/r 
.-------"-----

V(r) ~ o,o, {(1- _!__) _ ( 1 + _!__)} = _ o,o,1 = _ JJ.,O, 
47tt:0r 2r 2r 47tt:0r

2 47tt:0r' 

A similar calculation for the more general orienta
tion shown in (2) gives 

V(r)= 

02 

r<: 
2 

Charge-dipole 
interaction 

This expression is interpreted as follows: 

• If Q2 is positive, the energy is lowest when 
8= 0 (when cos 8= 1), because then the nega
tive charge of the dipole lies closer than the 
positive charge to the point charge and the 
attraction outweighs the repulsion. 

• The potential energy is zero when 8 = 90° 
because then Q 2 is equidistant from the two 
charges of the dipole and their effects cancel. 

• The interaction energy decreases more 
rapidly with distance than that between 
two point charges (as llr2 rather than 1/r) 
because, from the viewpoint of the single 
charge, the two charges of the dipole seem to 
merge and cancel as the distance r increases. 

(2b) 
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Brief illustration 108.2 The energy of interaction of a 
point charge and a dipole 

Consider a Li+ ion and a water molecule (Jl = 1.85 D) separated 
by 1.0 nm, w ith the point charge on the ion and the dipole of 
the molecule arranged as in (1). The energy of interaction is 
given by eqn 2b as 

V= (1.602 x 1o-" C)x(1 .85x3.336x10"'° C m) 

47tx(8.854x1o-" J-' C' m-1)x(1.0 x10-9 m)2 

"' 
=-8.9x1o-" J, or -8.9 zJ 

This energy corresponds (after multiplication by Avogadro's 
constant) to -5.4 kJ mol-'. 

: Self-test 108.2 

: Consider the arrangement in (1), w ith a Li+ ion and a water 
: molecule separated by 300 pm. Calculate the molar energy 
; required to reverse the orientation of the dipole moment of 
; the water molecule. 

Answer: 119 kJ mol-' 

108.3 DipoiEH:Iipole interactions 

The interaction energy of two dipoles J11 and J12 in 
the orientation shown in (3) is calculated in a similar 
way, by taking into account all four charges of the 
two dipoles. The outcome is1 

3 

V(r, 8) = JlctJ12 (1-3 cos
2
8) 

4ne0r
3 

Dipole-dipole 
interaction 
lfixed orientations] 

(3) 

1 For a derivation, see our Physical chemistry: thermodynamics, 
structure, and change (2014). 
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e 
Fig. 2 The angular dependence of the potential energy of two 
parallel electric dipoles. 

Figure 2 shows the angular dependence of the poten
tial energy, and illustrates the following features of 
eqn 3: 

• The potential energy decreases even more 
rapidly than in eqn 2 (as 1/il instead of 1/r) 
because the charges of both dipoles seem to 
merge as the separation of the dipoles in
creases. 

• The angular factor takes into account how 
the like or opposite charges come closer to 
one another as the relative orientation of the 
dipoles is changed. 

• The energy is lowest when e = 0 or 180° (when 
1 - 3 cos2 e = -2), because opposite charges 
then lie closer together than like charges. 

• The potential energy is negative (attractive) in 
some orientations when e < 54.7°(the angle 
at which 1 - 3 cos2 e = 0, corresponding to 
cos e = 1/3 112

) because opposite charges are 
closer than like charges. 

• The potential energy is posltive (repulsive) 
when e > 54.7° because then like charges are 
closer than unlike charges. 

• The potential energy is zero 
on the lines at 54.7° and 
180- 54.7 = 125.3° because 
at those angles the two at
tractions and the two repul
sions cancel (4 ). 

V> O 
54.7" 

V < 0 V< 0 
V>O 

4 

Brief illustration 108.3 The d ipole- d ipole interact ion 

c 
0 
-~ 

Q) 
D. 

" -~ 
"' u 

-~ 
.<: 
"-

To ca lculate the potentia l energy of the dipolar interaction be
tween two amide groups separated in a vacuum by 3.0 nm 

with e = 180°, take Jl.1 = JLz = 2. 7 D. corresponding to 9.0 x 
10-3° C m, and find 

2 n-Jcos26) 
JltP.2=J.1. with8=1S00 

V(3.0 nm, 180°) 
(9.0x 10-3° C m)2 x 0J 

(9.0x10-30 )
2 x(-2) C' m' 

- 47tx(8.854x10-12)x(3.0x10-9
)
3 J-1 C2 m-1 m3 

=-5.4x10-23 J, or -0.054 zJ 

This value corresponds (after mult ipl ication by Avogadro's con
stant) to -32 J mol-'. 

A note on good practice We reiterate the importance of in
cluding the units at every stage of the calculation, in part because 
the correct cancellation helps to monitor whether the calculation 
has been set up and carried out correctly. 

: Self-test 108.3 . 
: Repeat the calcu lation for an amide group and a water mol
: ecule separated by 3.5 nm with e = 90°, in a medium with 

: relative permittivity 3.5. 
Answer:-2.1 J mol-' 

The average potential energy of interaction be
tween polar molecules that are freely rotating in a 
fluid (a gas or liquid) is zero because the attractions 
and repulsions cancel. However, because the inter
action between nearby dipoles depends on their 
relative orientations, the molecules exert forces 
on each other and therefore do not in fact rotate 
completely freely, even in a gas . As a result, the 
lower energy orientations are marginally favoured, 
so there is a nonzero interaction between rotating 
polar molecules (Fig. 3). The detailed calculation of 
the interaction energy at a temperature T is quite 
complicated, but the fina l answer is reasonably 
simple: 

2 2 2 
V(r)= - !ItJil 

3(4ne0? kTr6 

Dipole-dipole 
interaction 
!rotating molecu les! 

(4) 

where k is Boltzmann's constant. The key features of 
this expression are: 

• The interaction between dipoles is an example 
of a van der Waals interaction that varies as 
the inverse sixth power of the distance. 

• The inverse temperature-dependence (V oc 

1/T) reflects the way that at higher tem
peratures the greater thermal motion over
comes the mutual orientating effects of the 
dipoles. 



Fig. 3 A dipole--{J ipo le interaction . When a pai r of molecu les 
can adopt al l relative orientations w ith equal probab il ity, 
the favourable orientations (a) and the unfavourable ones 
(b) cance l, and the average interaction is zero. In an actua l 
flu id, the interactions in (a) slightly predom inate. 

Brief illustration 108.4 The dipolar interaction of 
rotating molecu les 

At 25 °C the average interaction energy for pa irs of molecules 
w ith !l = 1.0 D when the separation is 0.30 nm is 

V(0.30 nml= 

{3.3x10--3) C m)2 {3.3x 10-30 C m)2 

3{41t x8.85 x10-12 J_, C2 m 1
)
2 x{1.381x10-23 J K-1)x (298 Klx(3.0x1 0-10 ml6 

._,-

3.34 X 1 o -l20 C4 m4 

3(47t X 8.85)2 
X 1.381 X 298 X 3.06 

X 10 107 J 1 C4 m4 

=-1 .1x 10-21 J, or-1.1 zJ 

Th is va lue corresponds to about --{).6 kJ mol-'. Note that this 
energy is much less than the energies involved in the making 
and breaking of chemical bonds. 

: Self-test 108.4 . 
: Suppose a water molecule (/l, = 1.85 D) can rotate 1.0 nm from 
; an amide group (/l, = 2. 7 D). Calculate the average energy, in 
; units of joules per mole (J mol-'), of their interaction at 25 oc. 
: Answer: -24 J mol-' 

108.4 Dipole-induced dipole 
interactions 

A polar molecule with dipole moment !l1 can in
duce a dipole moment in a nearby polarizable mol
ecule (which may itself be either polar or nonpolar) 
because the partial charges of the polar molecule 
give rise to an electric field that distorts the second 
molecule. That induced dipole interacts with the per
manent dipole of the first molecule, and the two are 
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attracted together. The energy of this dipole-induced 
dipole interaction is 

2 ' 
V(r)=- f.11a2 

41t£0r6 
Dipole-induced 
dipole interaction 

(5) 

where a; is the polarizability volume of molecule 2 
(polarizabilities and polarizability volumes are dis
cussed in Topic lOA). The negative sign shows that 
the interaction is attractive; note the inverse sixth
order dependence of the energy on the separation. 
For a molecule with f.1 = 1 D (such as HCl) near a 
molecule of polarizability volume a'= 1.0 x 10-29 m3 

(such as benzene), the average interaction energy is 
about -0.8 kj mol-1 when the separation is 0.3 nm. 

108.5 Dispersion interactions 

What can be said about the interactions between species 
that have neither a net charge nor a permanent electric 
dipole moment (such as two Xe atoms in a gas)? Des
pite the absence of partial charges, uncharged, nonpo
lar species, such as benzene, hydrogen, and xenon, can 
form condensed phases. Therefore, they must interact. 

The dispersion interaction, or London interaction 
(which is named for the German physicist Fritz Lon
don, who formulated a theory of the interaction), 
between nonpolar species arises from the transient 
dipoles that they possess as a result of fluctuations 
in the electron density distribution (Fig. 4 ). Suppose, 
for instance, that the electrons in one molecule flicker 
into an arrangement that results in partial positive and 
negative charges and thus gives it an instantaneous 
dipole moment f.11• While it exists, this dipole can po
larize the other molecule and induce in it an instantan
eous dipole moment f.12. The two dipoles attract each 

(a) 

(b) 

Fig. 4 In the dispersion interaction, an instantaneous di
pole on one molecule induces a dipole on another molecule, 
and the two dipoles then interact to lower the energy. The 
directions of the two instantaneous dipoles are correlated, 
and, although they occur in different orientations at different 
instants, the interaction does not average to zero. 
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other and the potential energy of the pair is lowered. 
Although the first molecule will go on to change the 
size and direction of its dipole (perhaps within 10-16 s), 
the second will follow it; that is, the two dipoles are 
correlated in direction like two meshing gears, with 
a positive partial charge on one molecule appearing 
close to a negative partial charge on the other mol
ecule and vice versa. Because of this correlation of the 
relative positions of the partial charges, and their re
sulting attraction, the interaction between the two in
stantaneous dipoles does not average to zero. Instead, 
it gives rise to a net attractive interaction. 

The dispersion interaction is not confined to non
polar molecules. Polar molecules also interact by a 
dispersion interaction as well as by dipole-dipole and 
dipole-induced dipole interactions, for their electron 
clouds also fluctuate and interact in the same way. 
Indeed, the dispersion interaction is often dominant. 

The calculation of the dispersion interaction is 
quite involved, but a reasonable approximation to 
the interaction energy is the London formula: 

V( ) 
_ , a;a; I 1I 2 r -- z- x -- x --

r6 I1 +I2 
London formula (6) 

where I 1 and I 2 are the ionization energies of the two 
molecules and a; and a{ are their polarizability vol
umes (Topic lOA; polarizability volumes are related 
to polarizabilities a by a=4ne0a'). This expression is 
interpreted as follows: 

• The strength of the dispersion interaction de
pends on the polarizability of the first molecule 
because the magnitude of the instantaneous 
dipole moment J.1 1 depends on the looseness 
of the control that the nuclear charge has over 
the outer electrons. If that control is loose, the 
electron distribution can undergo relatively 
large fluctuations. Moreover, if the control is 
loose, then the electron distribution can also 
respond strongly to applied electric fields and 
hence have a high polarizability. It follows 
that a high polarizability is a sign of large fluc
tuations in local electron density. 

• The strength also depends on the polarizability 
of the second molecule, for that polarizability 
determines how readily a dipole can be in
duced in molecule 2 by molecule 1. Therefore, 
it is reasonable to expect V oc a1 !Xz, as in eqn 6. 

• The interaction is an example of a van der 
Waals interaction that varies as the inverse 
sixth power of the distance. 

• The potential energy of interaction increases 
with decreasing ionization energies. 

ro 
u 
-~ 
_c 
Q_ 

The final comment may be puzzling at first sight, 
for the product of the ionization energies appears in 
the numerator of the right-hand side of eqn 6. How
ever, broadly speaking, the polarizability is inversely 
proportional to the ionization energy, so a;a; oc 

(I1I2t 1 and it then follows that V oc (I1 + I2t 1
: the 

potential energy is inversely proportional to the sum 
of the two ionization energies. 

Brief illustration 108.5 The strength of a dispersion 

interaction 

For two molecu les w ith polarizabil ity volume 1.0 x 10-29 m3 (as 
for benzene) w ith I= 9.2 eV (corresponding to 1.5 x 10_,, J) 

separated by 0.30 nm, noting that /1/2 /i/1+/21= 7 1 when the 
ion ization energ ies are the same, 

aia2=a2 

...----"'------ I 

V(0 .30 nm)=-+x (1.0x 1 o-'~, m' ~' x+~ 
(3.0x10 m) 
'-------v------

•' 

1.0' x1.5 x 1o-'• J m• =-1 5x10_,g J or-150 zJ 
t x3.06 x 10-8° m6 · ' 

This value corresponds to about -93 kJ mol-1
. 

: Self-test 108.5 

: Estimate the energy of the London interaction for two Ar 

: atoms separated by 1.0 nm. Report the resu lt in units of 
: joules per mole (J mol-1

). 

Answer: -3. 1 J mol-1 

Differences in the strength of the dispersion 
interaction can explain trends in physical prop
erties, such as the melting and boiling points of 
nonpolar substances. For example, the boiling and 
melting points of 12 are higher than those of F2, 

implying that molecular interactions-more spe
cifically, dispersion interactions because the mol
ecules are nonpolar-are stronger in 12 than in F2• 

The effect can be traced through eqn 6 to differ
ences in the polarizability of the two substances. 
As explained in Topic lOA, a molecule has a low 
polarizability if it has only a few electrons (such as 
F2 ). It is likely to have a high polarizability if it has 
many electrons (such as 12 ). Therefore, dispersion 
interactions are expected to be stronger between 12 

molecules than between F2 molecules. As a result, 
iodine can be expected to have higher transition en
thalpies and transition temperatures than fluorine, 
as is observed. 



108.6 Hydrogen bonding 

The strongest intermolecular interaction arises 
from the formation of a hydrogen bond, in which a 
hydrogen atom lies between two strongly electro
negative atoms and binds them together. The bond 
is normally denoted X-H · · · Y, with X andY being 
nitrogen, oxygen, or fluorine. Unlike the other 
interactions already considered, hydrogen bonding 
is not universal but is restricted to molecules that 
contain these atoms. A common hydrogen bond is 
that formed between 0-H groups and 0 atoms, 
as in liquid water and ice. The distance depend
ence of the hydrogen bond is quite different from 
the other interactions considered so far, and is best 
regarded as a 'contact' interaction, which turns on 
when the X-H group is in direct contact with the 
Y atom. 

The most elementary description of the forma
tion of a hydrogen bond is that it is the result of a 
Coulombic interaction between the partly exposed 
positive charge of a proton bound to an electron
withdrawing X atom (in the fragment X-H) and the 
negative charge of a lone pair on the second atom Y, 
as in ~>-x-H&r .. - :Y~>-. 

; Brief illustration 108.6 The hydrogen bond 

; The electrostatic model of the hydrogen bond can be used 

: to calcu late the dependence of the molar potential energy of 

; interaction on the OOH ang le, denoted fJ in (5), and the resu lts 

; are plotted in Fig. 5. At fJ = 0, when the OHO atoms lie in a 

stra ight line, the potential energy is -19 kJ mol-'. Note how 

sharp ly the energy depends on angle. 

: : Self-test 108.6 .. 
; ; Use Fig. 5 to explore the dependence of the interaction 

; ; energy on angle: at what angle does the interaction energy 

! : become negative? 
• , Answer.· The energy is negative (and the interaction is attractive) 

on ly when the atoms are within ±12° of a linear arrangement. 

Molecular orbital theory provides an alternative 
description that is more in line with the concept of 
delocalized bonding and the ability of an electron 
pair to bind more than one pair of atoms (Topic 9D). 
Thus, if the X-H bond is regarded as formed from 
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Fig. 5 The variat ion of the energy of interaction (on the elec
trostatic model) of a hydrogen bond as the ang le between the 
0-H and :0 groups is changed. 

the overlap of an orbital on X, IJ!x, and a hydrogen ls 
orbital, IJIH, and the lone pair on Y occupies an orbital 
on Y, IJ!y, then when the two molecules are close to
gether, three molecular orbitals can be built from the 
three atomic orbitals: 

IJI= C11Jfx + C2IJIH + C3IJIY 

One of the molecular orbitals is bonding, one almost 
non bonding, and the third antibonding (Fig. 6). These 
three orbitals need to accommodate four electrons 
(two from the original X-H bond and two from the 
lone pair of Y), so two enter the bonding orbital and 
two enter the nonbonding orbital. The antibonding 
orbital remains empty, so the net effect-which de
pends on the precise location of the almost non bond
ing orbital-may be a lowering of energy. 

Experimental evidence and theoretical arguments 
have been presented in favour of both the electro
static and molecular orbital models. Recent experi
ments suggest that the hydrogen bonds in ice have 

0 H 0 

Fig. 6 A schematic portraya l of the molecular orbitals that can 
be formed from an X, H, andY orbita l and wh ich gives rise to 
an X-H .. ·Y hydrogen bond. The lowest energy combination 
is fu lly bond ing, the next nonbonding, and the uppermost is 
antibond ing. The antibond ing orbital is not occupied by the 
electrons provided by the X-H bond and the :Y lone pa ir, so the 
configuration shown may resu lt in a net lowering of energy in 
certain cases (namely when the X andY atoms are N, 0, or F). 
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significant covalent character and are best described 
by a molecular orbital treatment. However, this inter
pretation of experimental results has been challenged 
by theoretical studies, which favour the electrostatic 
model. The matter has not yet been resolved. 

When they can form, hydrogen bonds, with typ
ical strengths of the order of 20 kJ mol-l, dominate 
the van der Waals interactions. They account for 
the rigidity of molecular solids such as sucrose and 
ice, the low vapour pressure, and high surface ten
sion of water, and the structure of DNA and hence 
the transmission of genetic information. Hydrogen 
bonding also contributes to the solubility in water of 
species such as ammonia and compounds containing 
hydroxyl groups, and to the hydration of anions. In 
this last case, even ions such as Cl- and Hs- can par
ticipate in hydrogen bond formation with water, for 
their charge enables them to interact with the pro
tons of H 20. 

108.7 The hydrophobic effect 

There is one further type of interaction to be dis
cussed: it is an apparent force that influences the 
shape of a macromolecule and which is mediated 
by the solvent, water. First, consider why hydro
carbon molecules do not dissolve appreciably in 
water. Experiments indicate that the transfer of a 
hydrocarbon molecule from a non-polar solvent into 
water is often exothermic (!'.H < 0). Therefore, the 
fact that dissolving is not spontaneous (in the sense 
that it does not proceed very far before equilibrium 
is attained) must mean that the entropy change is 
negative (f'.S < 0). 

The origin of the decrease in entropy that prevents 
hydrocarbons from dissolving in water is the forma
tion of a solvent cage around the hydrophobic mol
ecule (Fig. 7). The formation of this cage decreases the 
entropy of the system because the water molecules 
must adopt a less disordered arrangement than in the 
bulk liquid. However, when many solute molecules 
cluster together, fewer (but admittedly larger) cages 
are required and more solvent molecules are free to 
move. The net effect of formation of large clusters of 
hydrophobic molecules is then a decrease in the or
ganization of the solvent and therefore a net increase 
in entropy of the system. This increase in entropy of 
the solvent is large enough to render spontaneous 
the association of hydrophobic molecules in a polar 
solvent. 

The increase in entropy that results from the de
crease in structural demands on the solvent is the 

Fig. 7 When a hydrocarbon molecu le (H atoms in grey and 
C atoms in black) is surrounded by water (on ly the 0 atoms 
are shown, as red spheres), the water molecu les form a cage 
called a clathrate. As a result of this acquisition of structure, the 
entropy of the water decreases, so the dispersal of the hydro
carbon into water is entropy opposed; the coalescence of the 
hydrocarbon into a single large blob is entropy favoured. 

ongm of the hydrophobic effect, which tends to 
encourage the clustering together of hydrophobic 
groups in micelles and biopolymers. Thus, the pres
ence of hydrophobic groups in polypeptides results 
in an increase in structure of the surrounding water, 
which would lead to a decrease in entropy. However, 
the entropy can increase if the hydrophobic groups 
are twisted into the interior of the molecule, which 
liberates the water molecules and results in an in
crease in their disorder. The hydrophobic interaction 
is an example of an ordering process, a kind of virtual 
force, that is mediated by a tendency toward greater 
disorder of the solvent. 

108.8 Modelling the total 
interaction 

The total attractive interaction energy between ro
tating molecules that cannot participate in hydrogen 
bonding and are not subject to the hydrophobic 
effect is the sum of the contributions from the di
pole-dipole, dipole-induced dipole, and dispersion 
interactions. (In more advanced treatments, there 
may be other 'multipolar' contributions.2

) Only the 
dispersion interaction contributes if both molecules 
are nonpolar. All three interactions vary as the in
verse sixth power of the separation, so the total at
tractive contribution to the van der Waals interaction 
energy can be written as 

c 
V(r)=-'7 

van der Waals 
attraction 

(7) 

2 See our Physical chemistry: thermodynamics, structure, and 
change (2014) for more information. 



where Cis a coefficient that depends on the identity 
of the molecules and the type of interaction between 
them. 

Repulsive terms become important and begin to 
dominate the attractive forces when molecules are 
in contact (Fig. 8), for instance, during the impact 
of a collision, under the force exerted by a weight 
pressing on a substance, or simply as a result of the 
attractive forces drawing the molecules together. 
These repulsive interactions arise in large measure 
from the Pauli exclusion principle, which forbids 
pairs of electrons being in the same region of space. 
The repulsions increase steeply with decreasing sep
aration in a way that can be deduced only by very 
extensive, complicated molecular structure calcula
tions. In many cases, however, progress can be made 
by using a greatly simplified representation of the 
potential energy, where the details are ignored and 
the general features expressed by a few adjustable 
parameters. 

One such approximation is to express the short
range repulsive potential energy as inversely propor
tional to a high power of r: 

C* 
V(r)=+-

r" 
Repulsive 
contribution (8) 

where C* is another constant (the star signifies re
pulsion). Typically, n is set equal to 12, in which case 
the repulsion dominates the 1/r6 attractions strongly 
at short separations because then C*lr12 >> C/r6

• The 
sum of the repulsive interaction with n = 12 and 
the attractive interaction given by eqn 7 is called the 

Attraction 

Separation, r-

Fig. 8 The genera l form of an intermolecu lar potentia l energy 
curve (the graph of the potential energy of two closed shell 
species as the distance between them is changed). The at· 
tractive (negative) contribution has a long range, but the re· 
puls ive (pos it ive) interaction increases more sharply once the 
molecules come into contact. The overa ll potentia l energy is 
shown by the orange line. 

108.8 MODELLINGTHETOTAL INTERACTION 441 

4 I 
Tl tal X 10 

~ 
:> 2 

"' Q; 
c 
Q) 

.!!! 
c 0 
Q) 

15 
c.. 

To" I~ 
N!.'12 

-1( ~ -2 
0 0.5 1 1.5 

Internuclear separation, rlr0 

Fig. 9 The Len nard-Jones potential energy is another approxi
mat ion to the true intermolecu lar potential energy curves. It 
models the attractive component by a contribut ion that is 
proportional to 1/r6

, and the repu lsive component by a contri
but ion that is proportional to 1/r12

. Specifical ly, these choices 
result in the Len nard-Jones (12,6)-potential energy. A lthough 
there are good theoretical reasons for the former, there is 
plenty of evidence to show that 1/r12 is on ly a very poor ap
proximation to the repulsive part of the curve. 

Lennard-Jones (12,6)-potential energy. It is normally 
written in the form 

Repulsion Attraction 

V(r)=4EW~ Lennard-Janes 112,61· 
potential energy (9) 

and is drawn in Fig. 9. The two parameters are 
now£, the depth of the well in Fig. 9 (don't confuse 
this with the electric permittivity), and r0, the separ
ation at which V = 0. Some typical values are listed in 
Table 10B.2. The well minimum occurs at r = 2116r0, 

where V=-E 
The Lennard-Jones potential energies for pairs 

of atoms of the noble gases argon and xenon as a 

Table 108.2 

Lennard-Janes parameters for the (12,6)-potentia/ 

Ar 

Br2 

C6H6 

Cl2 

H, 

He 

Xe 

128 

536 

454 

368 

34 

11 

236 

rofpm 

342 

427 

527 

412 

297 

258 

406 



442 FOCUS 10 MOLECULAR INTERACTIONS 

400 

_200 
L.. 

0 
E 

~ 0 
~ 
$ 

-200 

300 

\Ar 
\ 

\-
\ 

\ ~e 

\ 

\ ~-------:: -- -

---------Pb ~ -

400 500 
r/pm 

~ 

600 

Fig. 10 The dependence of the Lennard-Janes potential en
ergy of pairs of noble gas atoms on their separation. 

function of separation are shown in Fig. 10. The lo
cation of the minimum moves to greater separations 

Checklist of key concepts 

0 1 van der Waals interactions are the nonbonding 

interactions between and within molecules. 

0 2 The following attractive molecular interactions are 

important: charge-dipole, dipole-dipole, dipole
induced dipole, dispersion (London), hydrogen 

bonding, and the hydrophobic effect. 

0 3 A hydrogen bond is an interaction of the form 

X-H ···Y. where X andY are N, 0, or F. 

on going down the group in the periodic table, as 
would be expected for these increasingly large atoms. 
The depth of the minimum increases too, because the 
polarizabilities of the atoms increase with number of 
electrons. 

Although the (12,6)-potential energy has been 
used in many calculations, there is plenty of evi
dence to show that 1/r12 is a very poor representa
tion of the repulsive potential energy, and that the 
exponential form e-"'o is superior. An exponential 
function is more faithful to the exponential decay of 
atomic wavefunctions at large distances, and hence 
to the distance dependence of the overlap that is re
sponsible for repulsion. However, a disadvantage of 
the exponential form is that it is slower to compute, 
which is important when considering the interactions 
between the large numbers of atoms in liquids and 
macromolecules. 

0 4 The hydrophobic effect is an ordering process 

mediated by a tendency toward greater disorder of 

the solvent: it causes hydrophobic groups to cluster 

together. 

0 5 The Len nard-Jones (12,6)-potential is a model of 

the total intermolecular potential energy. 



FOCUS 10 Molecular interactions 

Exercises 

Topic 10A Electric properties of molecules 

10A.1 Calculate the molar potentia l energy of interaction 

between singly charged positive and negative ions that are 

separated by 50 nm in water. 

10A.2 Estimate the dipole moment of (a) an HF molecule. 

(b) an HCI molecule. and (c) an HBr molecule from the elec

tronegativities of the elements. Express your answers in de
bye and cou lomb-metres. 

10A.3 Use electronegativit ies to pred ict the direction and 

magnitude of the dipole moment in a carbon monoxide. CO. 

Topic 108 Interactions between molecules 

108.1 Estimate the energy of the dispersion interaction (use 

the London formula) for two Ar atoms separated by 1.0 nm. 

108.2 Phenylalan ine (Phe. 1) is a natura lly occurring amino 

acid with a benzene ring. What is the energy of interaction 

between its benzene ring and the electric dipole moment of 

a neighbouring peptide group? Take the distance between 
the groups as 4.0 nm and treat the benzene ring as benzene 

itself. Take the dipole moment of the peptide group as 2. 7 D. 

0 

OH 

1 Phenylalanine 

Discussion questions 

10.1 Explain how the permanent dipole moment and the po

larizabi lity of a molecule arise and explain how they depend 

on the structure of the molecule. 

10.2 Account for the theoretical conclusion that many attrac

t ive interactions between molecules vary with their separa

t ion as 1/r"-

Compare your answer with the magnitude and direction of 
the observed dipole moment as described in the text. Ac

count for any difference. 

10A.4 Calculate the resu ltant of two dipoles moments of 

magnitude 1.20 D and 0.60 D that make an ang le 107" to 

each other. 

10A.5 (a) What are the units of polarizabil ity a? (b) Show that 

the units of polarizabi lity volume are cubic metres, m3
. 

108.3 Using the parameters for the Len nard-Jones potentia l 

energy in Table 106.2, calcu late the separation at wh ich the 
potential energy of interaction between two brom ine mol

ecules is lowest. 

108.4 The Len nard-Jones potential-energy function is some

t imes expressed in the form 

V(r) = A/r12
- B/r6 

For tetrach loromethane, CCI4• A= 7.31 x 1013 J pm 12 and 
8 = 1.24 x 10-3 J pm"- What is the depth of the wel l and the 

separation at wh ich the potentia l energy is a m inimum? 

10.3 Describe how van der Waa ls interactions depend on 

the structure of the molecules. 

10.4 Explain why the values for the Lennard-Jones param

eters € and r0 increase down Group 18 (the noble gases). 
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10.5 Describe the formation of a hydrogen bond in terms of 
(a) electrostatic interactions and (b) molecular orbitals. How 

wou ld you identify the better model? 

10.6 Account for the hydrophobic effect and discuss its mani

festations. 

Problems 

10.1 Use VSEPR theory to judge whether PCI5 is polar. 

10.2 The electric dipole moment of methyl benzene (toluene) 

is0.40 D. (a) Estimatethedipolemomentsofthethreedimethyl

benzenes (xylenes). (b) Also estimate the dipole moments 

of (i) 1.2.3-trimethylbenzene, Ii i) 1 ,2.4-trimethylbenzene. 
and (ii i) 1 ,3,5-trimethylbenzene. (c) Wh ich of the va lues can 

you be sure about? 

10.3 At low temperatu res a substituted 1.2-dichloroethane 
molecu le can adopt the three conformations (2), (3). and 

(4) with different probabil ities. Suppose that the dipole mo

ment of each C-CI bond is 1.50 D. Ca lculate the mean di

pole moment of the molecule when (a) all th ree conforma
tions are equa lly likely, (b) only conformation (2) occurs, (c) 

the three conformations occur with probabil ities in the rat io 
2:1 :1 and (d) 1:2:2. 

Cl Cl Cl 

~ ~CIC~ 
Cl 

2 3 4 

10.4 Calcu late the magnitude and direction of the 

dipole moment of the fo llowing arrangement of charges in 
the xy-plane: 3e at (0.0). -eat (0.32 nm. 0). and -2e at an 
angle of 20° from the x-axis and a distance of 0.23 nm from 

the origin. 

10.5 Calculate the electric dipole moment of a glycine mol

ecu le using the partial cha rges and the locations of the atoms 
shown in (5). 

(-86, 118,37) 

(--80,-110,-111) 

(34, 146,-98) 

(199,16,-38) 

(129,-146,126) 
(49,-107,88) 

5 Glycine, NH,CH,COOH 

10.7 Outline the procedures used to ca lculate the motion 

of molecules in fluids and atoms in molecules. 

10.6 (a) Plot the magnitude of the electric dipole moment 
of hydrogen peroxide as the H-00-H (azimutha l) angle 

¢ changes. Use the dimensions shown in (6). (b) Devise a 

way for depicting how the angle as wel l as the magnitude 

changes. 

6 Hydrogen peroxide, H,O, 

10.7 Calculate the molar energy required to reve rse the di

rect ion of a wate r molecule located (a) 150 pm, (b) 350 pm 
from a u• ion. Take the dipole moment of water as 1.85 D. 

10.8 Show, by fo llowing the procedure in Justification 106.1, 

that the potential energy of two electric dipole moments in 
structure (3) of Topic 106 is given by the expression for the 

dipole-dipole interaction energy, 

V(r,B)= !l,ll211-3cos
2

B) 
4m:0r

3 

10.9 What is the contribution to the tota l molar energy of 
(a) the kinetic energy, (b) the potential energy of interac

tion between hydrogen chloride molecu les in a gas at 298 K 

when 0.50 mol of molecules are confined to 1.0 dm3? Is the 

kinetic theory of gases justifiable in this case? 

10.10 The magnitude of the electric fie ld at a distance r 
from a point charge 0 is equa l to 0!4neor'. How close to 
a water molecule (of polarizability volume 1.48 x 1 o-30 m3

) 

must a proton approach before the dipole moment it induces 
is equa l to the permanent dipole moment of the molecule 
(1.85 D)? 

10.11 Now consider the London interaction between the 
benzene rings of two Phe residues (see Exercise 106.2) . Es

timate the potential energy of attraction between two such 
rings (treated as benzene molecules) separated by 4.0 nm. 

For the ion ization energy, use I= 5.0 eV. 



10.12 In a region of the oxygen-storage prote in myog lob in. 

the OH group of a tyrosine res idue is linked by a hydrogen 
bond to the N atom of a histid ine residue in the geom

etry shown in (7). In calculations involving polypeptides. 

the following partia l charges can be used: H(-0). +0.42e; 
N. -0.36e. 

0 

7 

HO 

~ 
OH---N 

\_NH 

10.13 Ethanoic acid vapour contains a proportion of planar. 
hydrogen-bonded dimers (8). The apparent dipole moment 

of molecules in pure gaseous acetic acid increases with in

creas ing temperature. Suggest an interpretation of the latter 

observation. 

o-H----o 

---{ }---
o----H-0 

8 

10.14 The coordinates of the atoms of an ethanoic acid 
dimer are set out in more detai l in (9). Cons ider on ly 

the Cou lombic interactions between the partial charges 

Projects 

The symbol t indicates that calculus is required. 

10. H Here you are invited to explore London interactions 

in more detai l. Given that force is the negative slope of the 
potential calculate the distance dependence of the force act
ing between two non-bonded groups of atoms in a polymeric 

chain that have a London dispersion interaction with each 
other. (a) What is the separation at which the force is zero? 

(b) First calculate the slope by considering the potential en

ergy at Rand R + liR. with liR « R, and eva luating (V(R + liR) 

- V{R))/IiR. You should use the expansions (1 + x r' ~ 1- x + ... , 

PROJECTS 

ind icated by the dashed lines and their symmetry-re lated 

equivalents. At what distance R does the attraction become 
attract ive? 

0 72 168 R-62 

I 
'',,,~~<:~a 

" :~yy-a 
R-168 R-72 

9 (CH,COOH)
2 

10.15 Consider the arrangement shown in (5) ofTopic lOB 
for a system cons isting of an 0-H group and an 0 atom, 

and then use the electrostatic model of the hydrogen bond 

to calculate the dependence of the molar potential energy of 

interaction on the angle e. Set the partia l charges on H and 0 
to 0.45e and -0.83e. respectively, and take R = 200 pm and 

r= 95.7 pm. 

10.16 The potential energy of a CH3 group in ethane as it is ro

tated around the C-C bond can be written V= fV0(1 +cos 3</J), 
where </J is the azimuthal angle (10) and V0 = 11.6 kJ mol·'. (a) 

What is the change in potentia l energy between the trans 
and fully ec lipsed conformations? (b) Show that for smal l 
variations in ang le, the torsiona l (twisting) motion around the 

C-C bond can be expected to be that of a harmonic osci l

lator. (d) Estimate the vibrational frequency of this torsiona l 

oscil lation. 

10 

(1±x+ .. .)"=1±6x+ ... and (1±x+ ... )
12

=1±12x+ .... At the 

end of the calculation, let liR become vanishing ly smal l. 
(c) Then repeat part (b) noting that F(R) = -dV/dR, and dif

ferentiating the express ion for V 

10.2t Here you are invited to exp lore an alternative to the 
Lennard-Janes potential. (a) Suppose you distrusted the 
Lennard-Janes (12,6)-potential for assessing a particular 

polymer conformation, and replaced the repu lsive term by 
an exponential funct ion of the form e·•l•,_ Sketch the form 

of the potentia l energy and locate the distance at which it 
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is a minimum. (b) Use calculus to ident ify the distance at 
which the exponential-6 potential described in part (a) is a 
minimum. 

10.3 For mature HIV particles to form in cel ls of the host or
ganism, several large proteins coded for by the vira l genetic 
material must be cleaved by a protease enzyme. The drug 
Crixivan (11 ) is a competitive inhibitor of HIV protease and 
has severa l molecular features that optimize binding to the 
active site of the enzyme. Consult the literature and prepare 
a brief report summarizing molecular interactions between 
Crixivan and H IV protease that are thought to be responsible 
for the drug's efficacy. 

C( 
Nl 
~N 

-
NH~O 
~I 

-= 
~ 

"8 0 

11 Crixivan 



FOCUS 11 

Molecular 
spectroscopy 

The origin of spectral lines in molecular spectroscopy is 
the absorption, emission, or scattering of a photon when 
the energy of a molecule changes. The analysis of molecu
lar spectra leads to values of important properties, such 
bond strengths, lengths, and angles, and molecular orbital 
energies. The study of emission properties also gives 
insight into photochemical properties, and can be used in 
the measurement of distances between groups in large 
molecules. 

11 A General features of molecular 
spectroscopy 

This Topic begins with a description of features of the 
instrumentation used to monitor the absorption, emission, 
and scattering of radiation spanning a wide range of fre
quencies. It also discusses the theory of absorption and 
emission of radiation, leading to the factors that determine 
the intensities and widths of spectral lines. 

11A.1 Spectrometers; 11A.2 Absorption and emission; 
11A.3 Raman scattering; 11A.4 Linewidths 

11 B Rotational spectroscopy 

This Topic begins by deriving expressions for the rotational 
energy levels of diatomic and polyatomic molecules. Then 
it shows how to interpret rotat ional spectra, in which only 
the rotational state of a molecule changes. 

11B.1 The rotational energy levels of molecules; 
11B.2 Forbidden and allowed rotational states; 
11 B.3 Populations at thermal equilibrium; 
11 B.4 Microwave spectroscopy; 11 B.5 Rotational 
Raman spectra 

11 C Vibrational spectroscopy 

Expressions for the vibrational energy levels of diatomic 
molecules are first established by treating the molecules 
as harmonic oscillators (Topic 7E); they are then refined by 
taking into account deviations from harmonic motion. The 
Topic goes on to show how the vib rational spectra of gas
eous samples show featu res that arise from the rotational 
t ransitions that accompany the excitation of vibrations. The 
vibrational spectra of polyatomic molecules are then dis
cussed by imagining that they consist of a set of independ
ent harmonic oscil lators. In this way, the same approach 
as that employed for diatomic molecules may be used for 
the interpretation of vibrational spectra of large molecules. 

11C.1 The vibrations of molecules; 11C.2 Vibrational 
transitions; 11C.3 Anharmonicity; 11C.4 Vibrational 
Raman spectra of diatomic molecules; 11C.5 The 
vibrations of polyatomic molecules; 11C.6 Vibration
rotation spectra; 11 C.7 Vibrational Raman spectra of 
polyatomic molecules 

11 D Electronic spectroscopy 

The core concept of this Topic is the 'Franck-Condon prin 
ciple', wh ich asserts that electronic transitions occur with in 
a stationary nuclear framework. This principle is used to 
show how electronic transitions are accompanied by vibra
t ional transitions, and in solution result in broad bands of ab
sorption. The characteristic absorptions of some molecules 
can be ascribed to the presence of certain chromophores. 

11D.1 Ultraviolet and visible spectra; 110.2 Specific 
types of transitions; 11 D.3 Analysis of mixtures 
by electronic spectroscopy; 11 D.4 Photoelectron 
spectroscopy 
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11 E The decay of excited states 

Two modes of radiative decay are 'fluorescence' and 'phos
phorescence', in which radiation is emitted spontaneously 
by molecules in excited states. The reduction in efficiency 
of emission through 'quenching' is interpreted in terms of 
the rates of physica l and chemical processes that compete 
for the energy stored in excited states of molecules. 

11 E.1 Fluorescence and phosphorescence; 
11 E.2 Mechanism of decay of excited states; 
11E.3 Quenching; 11E.4 Resonance energy transfer 

Web resource What is an application of this 
material? 

Molecular spectroscopy is useful to environmental scien
tists, as the vibrational properties of its atmospheric con
stituents can affect the Earth's climate. See Impact 9 on the 
w ebsite of this book. 



TOPIC 11A 

General features of molecular 
spectroscopy 

~ Why do you need to know this 
material? 

Spectroscopy is one of the principal techniques 
for identifying and investigating matter. To 
interpret data from the wide range of varieties of 
molecular spectroscopy, you need to understand 
the experimental and theoretical features that all 
types of spectra have in common. 

~ What is the key idea? 

Different arrangements of light sources, wave
length analysers, and detectors make possible the 
study of absorption, emission, and scattering of 
electromagnetic radiation by molecules in 
gaseous, liquid, and solid samples. 

~ What do you need to know already? 

You need to be familiar with the nature of electro
magnetic radiation (Topic 7 A and The chemist's 
toolkit 18 in that Topic), and the quantization of 
energy in atoms (Topics 8A-8D) and molecules 
(Topics 9A-9D). This Topic extends the discussion 
of spectroscopic transitions introduced in Topic 8D. 

Spectroscopy is the analysis of the electromagnetic 
radiation emitted, absorbed, or scattered by atoms 
and molecules. As seen in Topic 7D, photons act as 
messengers from inside atoms and atomic spectra 
can be used to obtain detailed information about 
electronic structure. Photons of radiation ranging 
from the radiofrequency region to the ultraviolet also 
bring information about molecules. The difference 
between molecular and atomic spectroscopy, how
ever, is that the energy of a molecule can change not 
only as a result of electronic transitions but also be
cause it can make transitions between its rotational 

and vibrational states. Molecular spectra are more 
complicated than atomic spectra but they contain 
more information, including electronic energy levels, 
bond lengths, bond angles, and bond strengths. Mo
lecular spectroscopy is also used to analyse materials 
and to monitor changing concentrations in kinetic 
studies (Topic 6A). 

As in the discussion of atomic spectra, the fre
quency of a photon emitted or absorbed is given by 
the Bohr frequency condition (Topic 7 A): 

Bohr frequency condit ion (1) 

Here E1 and E2 are the energies of the two states be
tween which the transition occurs and h is Planck's 
constant. This relation is often expressed in terms of 
the wavelength, A. (lambda), of the radiation by using 
the relation (as explained in The chemist's toolkit 18 
ofTopic 7A) 

A.=~ Wavelength (2a) 
v 

where cis the speed of light, or in terms of the wave
number, ii(nu tilde): 

- 1 v v----1\,-c Wavenumber (2b) 

The units of wavenumber are almost always chosen 
to be reciprocal centimetres (cm-1), so the wavenum
ber of radiation can be pictured as the number of 
complete wavelengths per centimetre. The chart in 
Fig. 1 summarizes the frequencies, wavelengths, and 
wavenumbers of the various regions of the electro
magnetic spectrum. 

A note on good practice People often speak of 'a frequency 
as so many wavenumbers'. This usage is doubly wrong. First, 
frequency and wavenumber are two distinct physical observ· 
abies with different units, and should be distinguished. Sec· 
ond, 'wavenumber' is not a unit, it is an observable with the 
dimensions of 1/length and commonly reported in reciprocal 
centimetres (em-' ). 
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Fig. 1 The elect romagnetic spectrum and its class ificat ion into regions (the boundaries are not prec ise). 

11A.1 Spectrometers 

Common to all spectroscopic techniques is a spec
trometer, an instrument that detects the character
istics of radiation absorbed, emitted, or scattered by 
atoms and molecules. Figure 2 shows the general 
layout of an absorption spectrometer. Radiation 
from an appropriate source is directed toward a 
sample and the radiation transmitted strikes a de
vice that separates it into different frequencies. The 
intensity of radiation absorbed at each frequency is 
then analysed by a suitable detector. In a conven
tional emission spectrometer for measuring the ra
diative process known as fluorescence, the source is 
tuned to a wavelength that causes electronic excita
tion of the molecule. Typically, the emitted radiation 
is detected perpendicular to the direction of the ex
citing beam of radiation (Fig. 3 ). In Raman spec
troscopy, a laser beam is passed through the sample 
and the radiation scattered from the front face of 
sample is monitored (Fig. 4) . 

Fig. 2 The layout of a typica l absorpt ion spectrometer, 
in wh ich the exciting beams of radiation pass alternately 
through a sample and a reference ce ll and the detector is 
synchron ized with them so that the relat ive absorption can 
be determ ined. 

Sources of radiation are either monochromatic, 
spanning a very narrow range of frequencies around 
a central value, or polychromatic, spanning a wide 
range of frequencies. Monochromatic sources that 
can be tuned over a range of frequencies include the 
Gunn diode, which operates in the microwave range, 
light-emitting diodes, which commonly operate m 
the ultraviolet to near-infrared range, and lasers. 

Incident 
radiation 

Monochromator 

Fig. 3 A simple em iss ion spect romete r for monitoring f luor
escence, where light em itted by the sample is detected at 
righ t ang les to the direction of propagation of an incident 
beam of rad iation. 

Source 

Detector or interferometer 

Fig. 4 A common arrangement adopted in Raman spectros
copy. A laser beam first passes through a lens and then 
through a small hole in a m irror w ith a cu rved reflecting 
surface. The focused beam strikes the sample and scattered 
light is both deflected and focused by the mirror. The spec
t rum is ana lysed by a monochromator or an interferometer. 



Polychromatic sources that take advantage of 
radiation from hot materials can be used from the 
infrared to the ultraviolet regions of the electromag
netic spectrum. Examples include mercury arcs inside 
a quartz envelope (35 cm-1 < ii < 200 cm-1), Nernst 
filaments and Globars (200 cm-1 < ii < 4000 cm-1

), 

and quartz-tungsten-halogen lamps (320 nm < A. 
<2500nm). 

A gas discharge lamp is a common source of ultra
violet and visible radiation. In a xenon discharge 
lamp, an electrical discharge excites xenon atoms to 
excited states, which then emit ultraviolet radiation. 
In a deuterium lamp, excited D2 molecules dissociate 
into electronically excited D atoms, which emit in
tense radiation in the range 200-400 nm. 

A common device for the separation of the wave
lengths (or wavenumbers) in a beam of radiation is a 
diffraction grating, which consists of a glass or cer
amic plate into which fine parallel grooves have been 
cut and covered with a reflective aluminium coating. 
For work in the visible region of the spectrum, the 
grooves are cut about 1000 nm apart (a spacing 
comparable to the wavelength of visible light). The 
grating causes interference between waves reflected 
from its surface, and constructive interference occurs 
at specific angles that depend on the wavelength of 
the radiation being used. Thus, each wavelength of 
light is directed into a specific direction (Fig. 5). In 
a monochromator, a narrow exit slit allows only a 
narrow range of wavelengths to reach the detector. 
Turning the grating around an axis perpendicular to 
the incident and diffracted beams allows different 
wavelengths to be analysed; in this way, the absorp
tion spectrum is built up one narrow wavelength 
range at a time. In a polychromator, there is no slit 
and a broad range of wavelengths is analysed simul
taneously by array detectors, such as those discussed 
below. 

Incident 
beam 

\Diffraction grating! 

~ // 
'"'·~-----------· 

To detector 

Fig. 5 A beam of light is dispersed by a diffraction grating 
into three component wave lengths A-1, A:,. and A,. In the con
figu ration shown, on ly rad iation w ith A:, passes through a 
narrow sl it and reaches the detector. Rotating the diffrac tion 
grating al lows A., and A, to reach the detector. 
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Most spectrometers, particularly those operating 
in the infrared and near-infrared, use Fourier trans
form techniques of spectral detection and analysis. 
The heart of a Fourier transform spectrometer is a 
Michelson interferometer, a device for analysing 
the wavelengths present in a composite signal. The 
total signal from a sample is like a chord played on 
a piano, and the Fourier transform of the signal is 
equivalent to the separation of the chord into its in
dividual notes, its spectrum. That transform is cal
culated on a computer that is an integral part of the 
spectrometer. 

Detectors may consist of a single radiation sensing 
element or of several small elements arranged in one 
or two-dimensional arrays. A common detector is a 
photodiode, a solid-state device that conducts elec
tricity when struck by photons because light-induced 
electron transfer reactions in the detector material 
create mobile charge carriers (negatively charged 
electrons and positively charged 'holes'). Silicon is 
sensitive in the visible region. A charge-coupled de
vice (CCD) is a two-dimensional array of several mil
lion photodiode detectors. With a CCD, a wide range 
of wavelengths that emerge from a polychromator 
are detected simultaneously, so eliminating the need 
to measure light intensity one narrow wavelength 
range at a time. CCD detectors are used widely to 
monitor absorption, emission, and Raman scattering. 

11A.2 Absorption and emission 

In absorption spectroscopy, the observed signal is the 
net absorption, in the sense that when a sample is ir
radiated, both absorption and (if upper states are occu
pied) emission at a given frequency are stimulated, and 
the detector measures the difference. The intensity of 
an absorption line is related to the rate at which energy 
from electromagnetic radiation at a specified frequency 
is absorbed by a molecule. Albert Einstein identified 
three contributions to the rates of transitions between 
states. Stimulated absorption is the transition from a 
low energy state to one of higher energy that is driven 
by the electromagnetic field oscillating at the transi
tion frequency. He reasoned that the more intense the 
electromagnetic field (the more intense the incident ra
diation), the greater the rate at which transitions are 
induced and hence the stronger the absorption by the 
sample. With these points in mind, he wrote the rate of 
stimulated absorption as 

Rate of stimulated 
absorption= NBp(v) 

Stimulated 
absorption 

(3a) 
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In this expression N is the number of molecules in 
the lower state, the constant B is the Einstein coeffi
cient of stimulated absorption. The quantity p(v) is 
the energy density of radiation at the frequency of 
the transition, v, in the sense that p( v)-1. v is the total 
energy in the frequency range v to v + .1. v in a region 
of the electromagnetic field divided by the volume of 
the region. If B is large, then a given intensity of in
cident radiation will induce transitions strongly and 
the sample will be strongly absorbing. 

Einstein considered that the radiation was also 
able to induce the molecule in the upper state to 
undergo a transition to the lower state, and hence to 
generate a photon of frequency v. He wrote the rate 
of this stimulated emission as 

Rate of stimulated 
emission = N'B' p( v) 

Stimulated 
emission 

(3b) 

where N' is the number of molecules in the excited 
state and B' is the Einstein coefficient of stimulated 
emission. Note that only radiation of the same fre
quency as the transition can stimulate an excited 
state to fall to a lower state. However, he suggested 
that an excited state could also undergo spontaneous 
emission at a rate that is independent of the inten
sity of the radiation (of any frequency) that is already 
present. Einstein therefore wrote the total rate of 
transition from the upper to the lower state as 

Overall rate of 
emission= N' {A+ B' p( v)} 

Overa ll 
emission 

(3c) 

The constant A is the Einstein coefficient of spon
taneous emission. It can be shown that the coeffi
cients of stimulated absorption and emission are 
equal (that is, B' = B for a given transition), and that 
the coefficient of spontaneous emission is related to 
B by1 

A _ ( 8nhv
3 

) B 
- c3 

Relation between 
coefficients 

(4) 

The equality of the coefficients of stimulated emis
sion and absorption implies that if two states happen 
to have equal populations, then the rate of stimulated 
emission is equal to the rate of stimulated absorption, 
and there is then no net absorption. The decrease in 
the value of A with decreasing frequency implies that 
spontaneous emission can be largely ignored at the 
relatively low frequencies of rotational and vibra
tional transitions, and the intensities of these tran-

1See our Physical chemistry: thermodynamics, structure, and 
change (2014) for the derivation. 

sitions can be discussed solely in terms of stimulated 
emission and absorption. Then the net rate of ab
sorption is given by 

Net rate of absorption= NBp(v)- N'B'p(v) 
= (N- N')Bp( v) 

and is proportional to the population difference of 
the two states involved in the transition. The ratio of 
populations of states of energies f and e is given by the 
Boltzmann distribution (Topic 12A and the Prologue): 

~ =e-l<'-<ltkT, so N-N'=N(l-e-l<'-<ltkT) 

Therefore 

Net rate of absorption 

= NBp(v) (1-e-l<'-<likT) 

Net 
absorption (5) 

The exponential term is small when the temperature 
Tis low or the energy separation .1-e= e'- e is large. It 
follows that: 

• For a given energy difference the population 
difference and therefore the net intensity of § 

·~ 

absorption increases with decreasing tern- 1i> 

perature. 

• For a specified temperature, the population 
difference, and therefore the intensity of ab
sorption, increases with increasing energy 
separation between the states. 

D. 
iii 
-~ 

The ability of the electromagnetic field to drive a 
transition, and hence the value of B, depends on a 
quantity called the transition dipole moment. This 
quantity is a measure of the dipole moment associated 
with the shift of electric charge that accompanies a 
transition (Fig. 6). 2 The intensity of the transition is 
proportional to the square of the associated transition 
dipole moment. A large transition dipole moment in
dicates that the transition gives a strong 'thump' to 
the electromagnetic field, and conversely that the elec
tromagnetic field interacts strongly with the molecule 
when driving the transition. A selection rule is a state
ment about when a transition dipole may be nonzero. 
There are two parts to a selection rule: 

• A gross selection rule specifies the general features 
a molecule must have if it is to have a spectrum of 
a given kind. 

2To be (nearly) precise, the transition dipole moment for the 
transition initial state ---7 final state is the value of the integral 
fll'fina tJlll' initialdr; see our Physical chemistry: thermodynamics, struc
ture, and change (2014) for more information. 



(a) (b) 

Fig. 6 The trans it ion moment is a measure ofthe magn itude 
of the sh ift in charge during a transit ion. (a) A spherical re
dist ribution of charge as in th is t ransition has no associated 
dipole moment. and does not result in either absorpt ion or 
emiss ion of e lectromagnet ic rad iation . (b) Th is red istribution 
of charge has an associated dipole moment. 

• A specific selection rule specifies what changes in 
quantum numbers may occur. 

A transition that is permitted by a specific selection rule 
is classified as allowed. Transitions that are disallowed 
by a specific selection rule are called forbidden. For
bidden transitions sometimes occur weakly because 
the selection rule is based on an approximation that 
turns out to be slightly invalid. Gross and specific selec
tion rules are different for different types of transitions, 
and are considered in the relevant Topic. 

According to eqn 5, the intensity of absorption 
of radiation at a particular frequency is related to 
the number of absorbing species N and therefore to 
the molar concentration UJ and the path length L 
through the sample. According to the Beer-Lambert 
law (Topic 6A): 

Beer-Lambert law (6) 

I 0 and I are the incident and transmitted intensities, 
respectively and e (epsilon) is the molar absorption 
coefficient (formerly and still widely the 'extinction 
coefficient'), with dimensions of 1/(concentration x 
length). A typical value of e for strong transitions is 
104 dm3 mol-1 em· ', indicating that in a solution of 
molar concentration 0.01 mol dm-3 the intensity of 
the incident radiation (of the relevant frequency) falls 
to 10 per cent of its initial value after passing through 
about 0.1 mm of solution (Fig. 7). 

The absorbance A = eUJL of a sample is measured 
by using the incident and final intensities of a light 
beam:3 

I 
A=log; Absorbance 

[definition] 
(7) 

3Don't confuse this A with the Einstein coefficient of spontaneous 
emission. 
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Path length through sample, L ---+ 

Fig. 7 The intens ity of light t ransmitted by an absorbing 
sample decreases exponentia lly with the path length 
through the sample. 

(The logarithm is a common logarithm, to the base 
10.) It is common to report the absorption of radi
ation in terms of the transmittance, T, of a sample at 
a given frequency, where 

Transmittance 
[definition] 

(8) 

Thus, A= -log T. The Beer-Lambert law then takes 
either of the two following forms: 

A = e[J]L, T = 10- <IJIL Beer-Lambert law 
[a lternative forms] 

(9) 

The Beer-Lambert law is an empirical result, but in 
the following Justification its form is justified by con
sidering the passage of radiation through a uniform 
absorbing medium. 

Example 11A.1 

Determining a molar absorption coefficient 

Rad iation of wavelength 280 nm passed through 1.0 mm of a 

solution that contained an aqueous solution of the amino acid 
tryptophan at a concentrat ion of 0.50 mmol dm-3 . The inten

sity of the rad iation is reduced to 54 per cent of its init ial va lue 
(so T = 0.54). Calcu late the molar absorpt ion coefficient and 

the absorbance of t ryptophan at 280 nm. What would be the 

transmittance through a cell of th ickness 2.0 mm? 

Collect your thoughts From A = 

- log T = £[JJL. write e = -(logT)/[JJL 
and ca lcu late the molar absorp

t ion coefficient. Then ca lculate the 

t ransmittance through the th icker 
cell, from T = 10-A and the va lue of£ 

ca lcu lated in the previous step. 

~~ § E E 
:t= 'II"'"" E 
~ N 
c 
"' .= 
0 
0 L 
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The solution The molar absorption coefficient is 

£ = log0.54 
(5.0x10-4 mol dm 3 )x (1.0 mm) 

=5.4x102 dm3 mol-1 mm-1 

These units are convenient for the rest of the calcu lation (but 

the outcome could be reported as 5.4 x 103 dm3 mol-' cm-1 if 

desired). W ith T = 0.54 the absorbance is 

A= -log 0.54 = 0.27 

From the ca lculated value of£, the absorbance of a sample of 

length 2.0 mm is 

A= (5.4 x 102 dm3 mol-' mm-1) x (5 .0 x 10-4 mol dm-3) 

x (2.0 mm) = 0.54 

It fo llows that the transmittance is now 

T = 10-A = 10-054 = 0.29 

That is, the radiation is reduced to 29 per cent of its incident 

intensity. 

Self-test 11A. 1 

The transmittance of an aqueous solution that conta ined the 

am ino acid tyrosine at a molar concentration of 0.10 mmol 
dm-3 was measured as 0.14 at 240 nm in a cell of length 

5.0 mm. Ca lcu late the molar absorption coefficient of 

tyrosine at that wave length and the absorbance of the 

solution. What wou ld be the transmittance through a cell 

of length 1.0 mm? 

Answer: 1.7 x 104 dm3 mol-' em-', A = 0.85, T = 0.68 

Justification 11A.1 

The Beer-Lambert law 

The Beer-Lambert law can be justif ied by fo llowing these 

three steps. 

Step 1: Set up the model 

Imagine the sample as cons isting of a stack of infinitesima l 
slices, like sliced bread (F ig. 8). The thickness of each layer is 

dx. The change in intensity, dl, that occurs when electromag

netic rad iation passes through one particu lar slice is propor

t iona l to the th ickness of the slice, the concentration of the 
absorber J, and the intensity of the incident rad iation at that 

slice ofthe sample, so dl~ [JJidx. Because dl is negative (the 

intensity is reduced by absorption), write 

di=-JC[JJidx 

where JC(kappa) is the proportiona lity coefficient. Division of 

both sides by I gives 

9.!_=-JC(JJdx 
I 

Th is expression applies to each successive slice. 

Step 2: Calculate the overall reduction in intensity 

To obtain the intensity that emerges from a sample of th ick

ness L when the intensity incident on one face of the sample 
is 10 , sum all the successive changes. Because a sum over 

infin itesimal ly small increments is an integral, write 

II dl IL 
-=-JC [JJdx 

Ia I o 

Then 

lntegraiA2 

f
ldj I 

10
/ = In,-

Provided the concentration of J is uniform, it can be taken 

outside the integral on the right: 

lntegraiAl 
~ 

-JC J,' [JJ dx = -JC[JJ J,' dx = -JC[JJL 

Therefore 

ln..!..= -JC[JJL 
I, 

Step 3: Convert to common logarithms 

The relation between natural and common logarithms is In x= 
(In 10)1og x. Therefore, write£= JC/In 10 and obtain 

log..!..= -e[JJL 
I, 

On taking antilogarithms of both sides (10'), the resu lt is eqn 6. 

Fig. 8 To establish the Beer-Lambert law, the sample is 
supposed to be sliced into a large number of planes. The 
reduct ion in intensity caused by one plane is proportional 
to the intensity incident on it (after pass ing through the pre
ceding planes), the thickness of the plane, and the concen
tration of absorbing species. 
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Fig . 9 The integrated absorption coefficient of a t ransition 
is the area under a plot of the molar absorpt ion coefficient 
aga inst the wavenumber of the incident rad iation . 

The molar absorption coefficient depends on the 
frequency (or, equivalently, the wavenumber and 
wavelength) of the incident radiation and is greatest 
when the absorption is most intense. The maximum 
value of the molar absorption coefficient, f mm is an 
indication of the intensity of a transition. However, 
because absorption bands generally spread over a 
range of wavenumbers, the absorption at a single 
wavenumber might not give a true indication of the 
intensity. The latter is best reported as the integrated 
absorption coefficient, }!, the area under the plot of 
the molar absorption coefficient against wavenum
ber (Fig. 9). 

11A.3 Raman scattering 

Raman spectroscopy is based on a special mech
anism in which photons are scattered by molecules. 
In Raman scattering, about 1 in 107 of the incident 
photons collide with the molecules, give up some of 
their energy, and emerge with a lower energy. These 
scattered photons constitute the longer-wavelength 
(lower-frequency) Stokes radiation from the sample 
(Fig. 10). Other incident photons may collect energy 
from the molecules (if they are already excited), and 
emerge as shorter-wavelength (higher-frequency) 
anti-Stokes radiation. The component of radiation 
scattered without change of frequency or wavelength 
is called Rayleigh radiation. 

Raman spectroscopy can be used to study rota
tional and vibrational transitions in molecules be
cause the result of a photon- molecule collision can 
be a change in the vibrational or rotational levels 
of molecules. Lasers are used as the source of the 
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(f}!Wv 

Fig. 10 In Raman scattering, an inc ident photon col lides 
with and is scattered from a molecule. (a) Stokes radiation 
(energy deposited in the molecu le) . (b) Rayle igh rad iation 
(no t ransfer of energy) . (c) Ant i-Stokes rad iation (energy col
lected from the molecule). 

incident radiation in Raman spectroscopy because 
an intense beam increases the intensity of scattered 
radiation. The monochromaticity of laser radiation 
makes possible the observation of frequencies of 
scattered light that differs only slightly from that of 
the incident radiation. Such high resolution is par
ticularly useful for observing rotational transitions 
by Raman spectroscopy. The monochromaticity of 
laser radiation also allows observations to be made 
very close to absorption frequencies. Spectrometers 
using polychromators connected to CCD detectors 
are also very common. 

11A.4 Linewidths 

Spectral lines vary in breadth. An important broad
ening process in gaseous samples is the Doppler effect, 
in which radiation is shifted in frequency when the 
source is moving towards or away from the observer 
(Fig. 11 ). Molecules reach high speeds in all directions 
in a gas, and a stationary observer, the spectrometer, 
detects the corresponding Doppler-shifted range of 
frequencies. Some molecules approach the observer, 
some move away; some move quickly, others slowly. 
The detected spectroscopic 'line' is the absorption or 
emission profile arising from all the resulting Doppler 
shifts. The profile reflects the Maxwell distribution of 
molecular speeds (Topic 2) towards or away from the 
observer, and the outcome is a bell-shaped Gaussian 
curve (a curve of the form e-x' , Fig. 12). When the tem
perature is T and for a molecule of molar mass M, 
the width of the 'line' at half its maximum height (the 
'width at half-height'), 8v, is 

ov = 2: ( 2R~ln2 r Width at half-height (10) 



456 FOCUS 11 MOLECULAR SPECTROSCOPY 

(a) Stationary source 

(b) Moving source 

Fig. 11 The Doppler effect. (a)The rad iation emitted by a sta
t ionary source. (b) When the same source moves towards 
the observer, the radiation appears to be shifted to higher 
frequencies. Simi larly, a reced ing source sh ifts the radiation 
to lower frequencies. 

which is best remembered as 3v oc v(T/M)112
• The 

Doppler width increases with frequency, so spectral 
lines in the ultraviolet-visible range are intrinsically 
broader than lines in the infrared range. The depend
ence on temperature arises because the molecules ac
quire a wider range of speeds at higher temperatures 
(Topic lB). Therefore, to obtain gas-phase spectra 
of maximum sharpness, it is best to work with cold 
samples. 

Frequency, v -

Fig. 12 The shape of a Doppler broadened spectral line 
reflects the Maxwell-Boltzmann distribut ion of speeds in 
the sample at the temperature of the experiment. Not ice 
that the line broadens as the temperature is increased . The 
w idth at half height is given by eqn 10. 

Brief illustration 11A.1 Doppler linewidth 

A rotat ional transition of ' H35CI (of molar mass 35.973 g 
mol-1, corresponding to 3.5973 x 10-2 kg mol-' ) occurs at 
6.356 x 1011 s-'. The Doppler width at 298 K is 

liv= 2x(6.356 x 10" s-' ) 
2.998x108 m s ' 
~ 

' 
R T 

,----"-------- ~ 112 
x (2 x (8.3145J K-' mor')x(298 K)xln2) 

\ 3.5973 x 10 2 kg mol ' 
M 

2x 6.356 x1 011 x (2x 8.3145x 298 x In 2)
112 

2.998 x 1 o• 3.5973 x 1 o-2 

,-:l-. 1/2 

x _2_ (kg m
2 

s-
2 
mol-' ) 

m kg mol- ' 

=1 .310 x 106 s-' 

This value corresponds to a width of 1.310 MHz. 

: Self-test 11A.2 

: Determine the Doppler width of a transit ion of 12C160, which 
: is observed at 461.0 MHz, at 400 K. 

Answer: 1.248 kHz 

Another source of line broadening is the finite life
time of the states involved in the transition. When the 
Schriidinger equation is solved for a system that is 
changing with time, it is found that the states of the 
system do not have precisely defined energies. If the 
time-constant for the decay of a state is -r (tau), which 
is called the lifetime of the state (in the sense that the 
decay of the state is proportional to e-"' .), then its 
energy levels are blurred by 3E (corresponding to a 
frequency range of iiv= 3Eih), with 

3E~~ or iiv~ -1-
-r 27t-r 

Lifetime 
broadening 

(11) 

The energy spread inherent to the states of systems 
that have finite lifetimes is called lifetime broadening. 
Only if -r is infinite can the energy of a state be spe
cified exactly (with 3E = 0). However, no excited 
state has an infinite lifetime; therefore, all states are 
subject to some lifetime broadening, and the shorter 
the lifetimes of the states involved in a transition, the 
broader the spectral lines. 



Brief illustration 11A.2 Lifetime broaden ing 

For a transition from a state with lifetime 50 ps the broadening 
is 

ov~ 1 
3.2 x 109 s-1 

27t x (5.0x10 11 s) 

This width corresponds to 3.2 GHz. 

: Self-test 11A.3 

! The widths of lines in the spectrum of a short-lived excited 
! state of N02 are due to lifetime broadening. Calculate the 
! lifetime of the state that gives rise to a line with a lifetime
; broadened width of 47kHz. 

Answer: 3.4 I!S 

Checklist of key concepts 

0 1 A spectrometer is an instrument that detects the 

characteristics of radiation absorbed, emitted, or 

scattered by atoms and molecules. 

02 In emission spectroscopy, an atom or molecule 

undergoes a transition from a state of high energy 

to a state of lower energy, and emits the excess 

energy as a photon. 

0 3 In absorption spectroscopy, the net absorption of 

incident radiation is monitored as the frequency is 

varied. 

0 4 In Raman spectroscopy, the radiation scattered by 

molecules is monitored. 

0 5 Stimulated absorption is the process by which a 

molecule is driven to a state of higher energy by an 

oscillating electromagnetic field . 

0 6 Stimulated emission is the process by which a mol

ecule is driven from a high energy state to one of 

lower energy by an oscillating electromagnetic field. 

0 7 Spontaneous emission is the process by which a 

transition takes place from high energy to low en

ergy even in the absence of an oscillating electro

magnetic field. 

0 8 The importance of spontaneous emission increases 

as the cube of the transition frequency. 

09 For a given energy difference between two states, 

the net intensity of absorption from the lower-energy 
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A note on good practice Lifetime broadening is sometimes 
referred to as 'uncertainty broadening' because eqn 11 can be 
written as ~oE ~ h, which resembles the form of a Heisenberg 
uncertainty principle for energy and time. However, there are 
technical reasons for not regarding this expression as a true 
uncertainty principle (essentially that there is no operator for 
time in quantum mechanics) and the term 'lifetime broadening' 
is to be preferred. 

state to the higher-energy state increases with de

creasing temperature. 

0 10 A gross selection rule specifies the general fea

tures a molecule must have if it is to have a spec

trum of a given kind. 

011 A specific selection rule is a statement about 

which changes in quantum number may occur in 

a transition. 

0 12 The intensity of a transition is proportional to the 

square of the transition dipole moment. 

0 13 A selection rule is a statement about when the 

transition dipole moment may be nonzero. 

0 14 Stokes radiation is scattered radiation at lower fre

quency than the incident radiation. 

0 15 Anti-Stokes radiation is scattered radiation at 

higher frequency than the incident radiation. 

0 16 The component of radiation scattered without 

change of frequency is called Rayleigh radiation. 

0 17 Doppler broadening of a spectral line is caused by 

the distribution of molecular and atomic speeds in 

a sample. 

0 18 Lifetime broadening arises from the finite lifetime 

of an excited state and a consequent blurring of 

energy levels. 



TOPIC 118 

Rotational spectroscopy 

~ Why do you need to know this material? 

Rotational spectroscopy provides very precise 
details of bond lengths and bond angles of mol
ecules in the gas phase. Transitions between ro
tational levels also contribute to vibrational and 
electronic spectra and are used in the investiga
tion of gas-phase reactions such as those taking 
place in the atmosphere. 

~ What is the key idea? 

Analysis of rotational spectra yields the bond 
lengths and bond angles of molecules in the gas 
phase. 

~ What do you need to know already? 

You should be familiar with the quantum mech
anical treatment of molecular rotation (Topic 7D), 
the general principles of molecular spectroscopy 
(Topic 11A), and the Pauli principle (Topic 8B). 

Very little energy is needed to change the state of ro
tation of a molecule, so the electromagnetic radiation 
emitted or absorbed lies in the microwave region, 
with wavelengths of the order of 0.1-1 em and fre
quencies close to 10 GHz. The rotational spectros
copy of gas-phase samples is therefore also known as 
microwave spectroscopy. Gaseous samples are essen
tial for rotational (microwave) spectroscopy, for in 
that phase molecules rotate freely. 

118.1 The rotational energy levels 
of molecules 

The rotational states of molecules are based on a 
model system called a rigid rotor, a body that is not 
distorted by the stress of rotation. The simplest type 

of rigid rotor is called a linear rotor, and corresponds 
to a linear molecule, such as HCl, C02, or HC=CH, 
that is supposed not to be able to bend or stretch 
under the stress of rotation. As shown in the fol
lowing Justification, the energies of a linear rotor are 

E1=hBJU+1) 
]=0,1,2, ... 

Rotational energy levels (1) 
[l inear rotor] 

where J is the rotational quantum number. The con
stant B (a frequency, with the units hertz, Hz, with 
1 Hz denoting 1 cycle per second) is called the rota
tional constant of the molecule, and is defined as 

B = ....!!__ 
4ni 

Rotational 
constant 

(2) 

where I is the moment of inertia of the molecule 
(Topic 7D and The chemist's toolkit 22 in that Topic). 
The moment of inertia of a molecule is the mass of 
each atom multiplied by the square of its perpen
dicular distance from the axis of rotation (Fig. 1): 

Moment 
of inertia 

(3) 

Table 11B.1 gives the expressions for the moments 
of inertia of various types of molecules in terms of 

Fig. 1 The definit ion of moment of inertia. In this molecule 
there are three identical atoms attached to the B atom and 
three different but mutua lly identical atoms attached to the 
C atom. In this example, the centre of mass lies on an axis 
passing through the Band C atoms, and the perpendicu lar 
distances are measured from th is axis. 



Table 118.1 

Moments of inertia* 

1. Diatomic molecules 

2. Triatomic linear rotors 

3. Symmetric rotor 

4. Spherical rotors 
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Jl= m. m, 
m 

I - R' R'' "-(m--"-AR_-_m_,c~R--'')_' -mA +me -
m 

/
11 

= 2m. (1-cose)R2 

/" = m. (1-cosO)R2 + mA (m8 +mcH1+2cosO)R2 

m 

+ '; {13m• +m8 )R' +6m. R[ j-11+2cose)J"' }R' 

/
11 

= 2m. (1-cose)R2 

I" = m. (1-cosO)R2 + m. m, (1+2cosO)R2 

m 

• Where it appears, m is the total mass of the molecule. 
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the masses of their atoms and their bond lengths and 
bond angles. 

A note on good practice To ca lculate the moment of inertia 
precisely, the nuclide must be specified. Also, the mass to use 
is the actua l atomic mass, not the element's molar mass. Nu
clide masses are reported as multiples of the atomic mass 
constant, as in16.00m,. 

Justification 118.1 

Energy levels of a linear rotor 

The starting point for this derivat ion draws on the concepts of 

energy and angular momentum introduced in The chemist's 

toolkit 22 in Topic 7D. The strategy is to begin with a classical 

picture and then move to a quantum mechanical description. 

Step 1: Write the classical expression for the energy 

A linear rotor can rotate about two perpendicular axes fixed in 

the molecule with the x- and y-axes perpendicular to the mo

lecu lar axis and t he z-axis lying along it. The moment of inertia 

around the x- and y-axes is I (the same in each case) and is 

zero about the z-axis (because al l the atoms lie on that axis); 

so the tota l rotational kinetic energy, and therefore the total 

energy when the body is rotating with an angu lar velocity ro0 

around the axis q = x, y is the sum of two contributions: 

• In terms of the angular momentum J0 = lro0 around each per

pend icular axis : 

J' J' J' 
E=-L+J...=-

21 21 21 

where J is the total angular momentum (there is no z-component 

for a linear rotor). 

Step 2: Convert to the quantum mechanical expression 

According to quantum mechanics, the square of the magni

tude of angu lar momentum is J(J + 1 )li2, w ith the quantum 

number J= 0, 1, 2, ... (Topic 7D) . It follows that the quantum 

• mechanical expression for the energy of a linear rotor is 

~ ....§...... 
r.' li h li 

E=J(J+1)-=J(J+1)-x-=h-J(J+1) 
21 21 2n 4nl 

which, with 8 = li/4nl, is eqn 1. 

Example 118.1 

Evaluating a rotational constant 

Eva luate the rotational constant of a 1 H35CI molecule. 

Collect your thoughts Evaluate the 

moment of inertia of the molecule by 

using the appropriate expression from 

Table 11 8 .1. Then convert the moment 

of inertia to the rotational constant by 

using eqn 2. 

The solution The masses of the two atoms are 1.008m, and 

34.969m,, for ' Hand 35CI, respectively; the equi librium bond 

length is 1274 pm. From Table 11 8.1 the value of Jl is 

m( 1H)m! 35 CIJ 

Jl= ,;:. ~ = (1 .008m) x(34.969m) 

[!] 1.008m, + 34.969m, 
m( 1H)+m( 35 CI) 

1 .008 x 34.969 m = 0.9798m 
1.008+34.969 " " 

Therefore, the moment of inertia is 

"" "' .--"---------, 

I= )l.R2 = 0.9798 X (1 .660 54 X 10-27 kg) X (1.274 X 1 o -lO m)2 

= 2.6407 x 1 0_.7 kg m2 

It then follows from eqn 2 that the rotational constant of 
1H35CI is 

8
=__!'!_ 1.054 57x10 34 J s 

4nl 4nx(2.6407x10_.7 kg m2
) 

1 kg m2 s-2 

=3.1779 x 1011 ~ 
kgm2 

=3.1779x1011 kg m' s-' s =3.1779 x 1011 ? 
kg m2 

This value corresponds to 3.1779 x 1011 Hz (or 0.317 79THz) . 

Expressed as a wavenumber, when it is denoted B ('8 tilde') 

with B = 8/c, it is 10.600 cm-1
. 

: Self-test 118.1 

l Evaluate the rotational constant of 2H35CI (m(2H) = 2.0141 m,). 

Answer: 0.163 50 THz 

Figure 2 shows the energy levels predicted by eqn 
1: note that the separation of neighbouring levels in
creases with f. Note also that, because J may be 0 
(Topic 7D), the lowest possible energy is E0 = 0: there 
is no zero-point rotational energy for molecules. 

Molecules are not really rigid rotors: they distort 
under the stress of rotation. As their bond lengths in
crease, their energy levels become slightly closer to
gether. This effect is taken into account by supposing 
that eqn 1 can be modified to 

EJ = hBJ(J + 1) _ hDf(J + 1)2 Centrifugal distort ion 
!linear rotor] (4) 

The parameter D is the centrifugal distortion con
stant. It is large when the bond is easily stretched, 
and so its magnitude is related to the force constants 
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Fig. 2 The energy leve ls of a linear rigid rotor as multiples 
of hB. 

of bonds, a measure of their rigidity (Topics 7D and 
llC). 

A number of nonlinear molecules, all of which can 
rotate around three axes, can be modelled as a sym
metric rotor, a rigid rotor in which the moments of in
ertia about two axes are the same but different from a 
third (and all three are nonzero). The formal criterion 
of a molecule being a symmetric rotor is that it has 
an axis of threefold or higher symmetry. An example 
of a symmetric rotor is ammonia, NH3, and another 
is phosphorus pentachloride, PC15 (Fig. 3). As shown 
in the following Justification, the rotational energy 
levels of a symmetric rotor are 

E1,K = hBJ(J + 1) + h(A- B)[(2 
J = 0, 1,2, ... ; K= 0,±1, ... ±] 

Symmetric (S) 
rotor 

The rotational constants A and B are inversely pro
portional to the moments of inertia parallel and per
pendicular to the axis of the molecule (Fig. 4): 

A=-n-
4ni11 

(a) 

B=-n-
4niJ. 

Rotational 
constants 

(6) 

Fig. 3 The two different moments of inertia of (a) a tr igonal 
pyramidal molecule and (b) a trigona l bipyram idal molecule. 
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Fig. 4 The two rotationa l constants of a symmetric rotor, 
wh ich are inversely proport iona l to the moments of inertia 
paral lel and perpend icu lar to the axis of the molecu le. 

Fig. 5 When K = 0 for a symmetric rotor, the entire motion 
of the molecu le is around an axis perpendicular to the sym
metry axis of the rotor. When the value of IKI is close to J, 
almost all the motion is around the symmetry axis. 

The quantum number K gives, through Kn, the com
ponent of angular momentum around the molecular 
axis (Fig. 5). When K = 0, the molecule is rotating end
over-end and not at all around its own axis. When 
K =±](the greatest values in its range), the molecule 
is rotating mainly about its axis. Intermediate values 
of K correspond to a combination of the two modes 
of rotation. 

Justification 118.2 

Energy leve ls of a symmetric rotor 

As in the previous Justification, construct the classica l ex

pression fi rst and then convert it to a quantum mechanica l 

expression. 

Step 1: Write the classical expression for the energy 

The starting point is a generalization of the express ion for the 
tota l energy of a linear rotor (in Justification 11 B.1) to 

In terms of the magnitude of the angu lar momentum J' = f } 
+ ; ; + ; ; (wh ich is easy to convert to a quantum mechanica l 
expression) th is equation becomes, 
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Step 2: Convert to the quantum mechanical expression 

Accord ing to quantum mechanics (Topic 7D). the square of the 

magnitude of angular momentum is J(J+ 1 )li2
, w ith J= 0, 1, 2, ... 

and any component (such as J, ) is limited to the values Kli with 

K = 0, ±1, ... , ± J. By convention, the quantum number K plays 

the role of MJ for the component on an internally defined axis 

and MJ is reserved for the projection of the angular momentum 
on to an externa lly defined c-axis. It follows that the quantum 

mechanical expression for the energy of a symmetric rotor is 

W ith A and B defined as in eqn 6, this expression becomes 

eqn 5. 

A special case of a symmetric rotor is a spherical 
rotor, a rigid body with three equal moments of in
ertia (like a sphere). Tetrahedral, octahedral, and 
icosahedral molecules (CH4, SF6, and C60, for in
stance) are spherical rotors. Their energy levels are 
very simple: when I11 = IJ., the rotational constants A 
and B are equal and eqn 5 simplifies to eqn 1. 

11 B.2 Forbidden and allowed 
rotational states 

Not all the rotational states with J = 0, 1, 2, .. . of sym
metrical molecules, such as H2 and C02, are permitted. 
The elimination of certain states is rather like the ex
clusion of certain electron configurations by the Pauli 
exclusion principle (Topic 8B) and stems from a very 
deep feature of nature that is summarized by the more 
fundamental Pauli principle: 

When the labels of any two identical fermions are ex
changed, the total wavefunction changes sign. When 
the labels of any two identical bosons are exchanged, 
the total wavefunction retains the same sign. 

Fermions are particles with half-integral spins (like 
electrons and protons); bosons are particles with in
tegral spins (including zero). The nuclear spin is de
noted I (the analogue of s for electrons). The nuclear 
spins of common nuclei include I= 0 for 160 and 12C, 
I= 'h for 1H, and I= 1 for 14N. Thus, if A and B are 
indistinguishable particles, and IJI is the total wave
function (including spin), then 

For fermions (half-integral spins): IJI(B,A) = -IJI (A,B) 

For bosons (integral spins): IJI (B,A) = IJI (A,B) 

A consequence of the Pauli principle for electrons is 
the Pauli exclusion principle. A consequence for the 

Fig. 6 The phases of the wavefunctions of a particle on a 
ring for the first few states: note that the parity of the wave
funct ion (its behaviour under invers ion through the centre 
of the ring) is even, odd, even, ... 

rotational motion of molecules is nuclear statistics, 
the relation between nuclear spin and the existence 
of certain rotational states of symmetrical molecules. 

Consider a C02 molecule (more precisely, a C02 in 
which both 0 atoms are identical, as in 160C160), de
noted as OACOB· When the molecule rotates through 
180°, it becomes OBCOA, with the two 0 atoms 
interchanged. Oxygen-16 is a boson, and therefore 
the wavefunction must remain unchanged by this 
interchange. However, when any molecule is rotated 
through 1800, its wavefunction changes by a factor 
of (-1) ' . To see why that is so, it is useful to draw 
the first few wavefunctions for a particle travelling 
on a ring as in Fig. 6, and see that a rotation of 180° 
leaves wavefunctions with]= 0, 2, ... unchanged but 
changes the sign of those with J = 1, 3, .. . The only 
way for the two requirements (that the wavefunction 
does not change sign and the fact that it changes by a 
factor of (-1 )')to be consistent is for J to be restricted 
to even values. That is, a C02 molecule can exist only 
in the rotational states with J = 0, 2, 4, .. . 

The analysis of the implications of nuclear statistics 
is more complex for molecules in which the nuclei have 
nonzero spin (which includes 1H2, with its spin-'h nu
clei) because the permitted rotational states depend on 
the relative orientation of the nuclear spins. However, 
the results can be expressed quite simply: 

Number of ways of achieving odd J Nuclear 

Number of ways of achieving even J statistics 
(7) 

= {(I+ 1)/I for half-integral spin nuclei 

II( I+ 1) for integrals pin nuclei 

where I is the nuclear spin quantum number. 



Brief Illustration 118.1 Nuclear statistics 

For 1H2, w ith its spin-7nuclei, 

Number of ways of ach ieving odd J = .!._:!:2 = 7 + 1 = 
3 

Number of ways of ach ieving even J I 7 

There are therefore three t imes as many ways of ach ieving 

rotationa l levels w ith odd J than w ith even J. The leve ls with 

even J correspond to molecu les w ith paral lel nuclear spins, 

which are ca lled ortho-hydrogen; levels w ith odd Jcorrespond 
to pa ired nuclear spins and are cal led para-hydrogen. Different 

relat ive nuclear spin orientations change into one another on ly 
very slowly, so an H2 molecu le w ith paral lel nuclear spins re

mains distinct from one w ith paired nuclear spins for long 
periods. The two forms of hydrogen can be separated by phys

ica l techn iques, and stored . 

: Self-test 118.2 

: Determine the ratio of the number of ways of ach ieving ro
: tationa l levels w ith odd and even J for D2 where D is deu

: terium, 2H, for wh ich I= 1. 

Answer: 1:2 

11 B.3 Populations at thermal 
equilibrium 

Because the rotational states of molecules are close 
together in energy, many states are occupied at or
dinary temperatures. However, the degeneracy of the 
rotational levels needs to be taken into account when 
using the Boltzmann distribution (see the Prologue 
and Topic 12A) to assess their population, because 
although a given state may have a low population, 
there may be many states of the same energy, and 
the total population of an energy level may be quite 
large. A further complication is that nuclear statistics 
may forbid the existence of certain states and so af
fect the populations of the remaining ones. 

To avoid the additional complication of nuclear 
spin statistics, consider a linear molecule that does 
not interchange identical nuclei as it rotates, such as 
HCl and OCS. The angular momentum of the mol
ecule may have 2] + 1 different orientations with re
spect to an external axis, each designated by the value 
of the quantum number M1= 0,±1, .. . ,±](Fig. 7, just 
as in atoms, where there are 21 + 1 orientations of 
the orbital angular momentum, one corresponding to 
each permitted value of m1; Topic 7D). The energy of 
the molecule is independent of its plane of rotation, 
so all 2] + 1 states have the same energy. There are 
therefore (2] + 1) states of the same energy for each 
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Fig. 7 The sign ificance of the quantum number MJ (i n this 
case, for J = 4) : it indicates the orientation of the molecular 
rotat iona l angu lar momentum w ith respect to an externa l 
ax is. 

J rotational level. Each state has a population that is 
proportional to the Boltzmann factor, e - E

11
kT, in this 

case with E1 = hBJ(J + 1). The total population, N1, 

of a given energy level consisting of 2] + 1 individual 
states, relative to that of the lowest level with J = 0 
and its one state (M1 = 0), is therefore 2] + 1 times the 
population of one of the states, and is 

N , = (2] + 1)e· hBJIJ+1)tkT 

No 
Boltzmann population 
[linear rotor] 

(8) 

Figure 8 shows how this population varies with J. 
As shown in the following Justification, it passes 
through a maximum at an integer value of J close to 

( 
kT )

1
'
2 

1 
fmax= 2hB -2 

Maximally populated level 
[linear rotor] 

(9) 

Broadly speaking the absorption spectrum of the 
molecule should show a similar distribution of inten
sities. 

6 

5 

Rotational 

E£ 20 4 
quantum 

Q; number, J 
c 

UJ 
12 3 

2 
1 
0 

Fig. 8 The therma l equ il ibrium re lative populations of the 
rotat iona l energy leve ls of a linear rotor. 
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• Brief illustration 118.2 The most populated level 

In Example 11 B.1 it is established that 8 = 3.1779 x 1011 Hz for 
1 H35CI. Therefore, the most popu lated rotational energy level 
at 298 K is at an integer value of J close to 

k T 
~ ,-"'-. 1/2 

J _ { (1 .381 x 1 o-" J K-' l x (298 Kl } 
m" - 2x(6.626 X 10 34 J s)x(3.1779x1011 Hz) 

'------------v- '--..--------' 
h 8 

=2.6 

1 - ,-

The closest integer is 3, so the level with J = 3 (with its 7 
states) is the most populated at 298 K. The molecule has a 
low moment of inertia as virtua lly the whole of the rotat ional 
motion is that of the H atom around a nearly stationary Cl 
atom, so its energy levels are widely separated and only a few 
(about 3) are thermally accessible at low temperatures. 

: Self-test 118.3 

: Repeat the calculation for the linear molecule OCS at 298 K, 
; with B = 0.2 cm-1

• 

Answer: J~ ~ 30 

Justification 11 8.3 

The most populated level 

The task is to find the va lue of J for wh ich PJ is a maximum. 
To proceed, note that to f ind t he va lue of x corresponding to 
the extremum (maximum or min imum) of any function f(x), 

different iate the function , set the result equal to zero, and 
solve the result ing equation for x. 

Step 1: Differentiate the function 

If J is treated as a continuous variable, differentiation of eqn 8 
gives, using the rules set out in The chemist 's toolkit 5 in 
Topic 1C: 

I .--------'L--, 
_c!_~e-hBJ(J+1)tkr 
dJ 

d(fg)!tlx = ldfl dx)g+ f(dgl dx) 

ldf/dx)g f(dg/dx) 

= { ddJ (2J + 1)}e-hBJ(J+11fkT + (2J + 11 { d~ e -hBJIJ+1){kT } 

'----.--------' '---v----' 
2 -lhBI2J+1)/kTie- hBJIJ+lllkT 

= { 2 h8(~ + 1)
2 

} e - hBJ!J+11fkT 

Step 2: Find the maximum value of J 

The preceding expression is equal to zero when the term 
multiplying the (blue) exponential function is zero. Therefore, 
after setting J = Jm, , solve 

2- h8(2J""' + 1)
2 

kT 
0 

which gives eqn 9. Th is derivation has treated J as a con
t inuous variable, whereas in fact it is confined to integer 
values. Therefore, the actual value of J corresponding to 
the maximum population is inte rpreted as the integer lying 
closest to the ca lcu lated Jm,· 

11 B.4 Microwave spectroscopy 

The gross selection rule for rotational transitions in 
microwave spectroscopy is that a molecule must have 
a permanent electric dipole moment. That is 

For a molecule to give a pure rotational spectrum 
it must be polar. 

The classical basis of this rule is that a stationary 
observer watching a rotating polar molecule sees its 
partial charges moving backwards and forwards and 
their motion shakes the electromagnetic field into os
cillation (Fig. 9). Because the molecule must be polar, 
it follows that tetrahedral (CH4, for instance), octa
hedral (SF6), symmetric linear (C02), and homonu
clear diatomic (H2) molecules do not have rotational 
spectra. On the other hand, heteronuclear diatomic 
(HCl) and less symmetrical polar polyatomic mol
ecules (NH3) are polar and do have rotational 
spectra. Polar molecules are said to be rotationally 
active, whereas nonpolar molecules are rotationally 
inactive. 

The specific selection rules for rotational transi
tions are 

t'J.]=±l ~K=O Rotational selection ru les (10) 

(b) 

Fig. 9 To an external observer, (a) a rotating polar molecu le 
has (b) an electric dipole (the arrow) that (c) appears to 
osci llate. This osc illating dipole can interact with the electro
magnetic field. 



The first of these selection rules can be traced, like the 
rule L'l./=±1 for atoms (Topic 8D), to the conservation 
of angular momentum when a photon is absorbed or 
created. A photon is a spin-1 particle, and when one 
is absorbed or created the angular momentum of the 
molecule must change by a compensating amount. 
Because J is a measure of the angular momentum of 
the molecule, J can change only by ±1 (for pure rota
tional transitions, L'l.J = + 1 corresponds to absorption, 
L'l.f = -1 to emission). The second selection rule (L'l.K = 
0; that is, the quantum number K may not change) 
can be traced to the fact that the dipole moment of 
a polar molecule does not move when a molecule 
rotates around its symmetry axis (think of NH3 ro
tating around its threefold axis). As a result, there 
can be no acceleration or deceleration of the rotation 
of the molecule about that axis by the absorption or 
emission of electromagnetic radiation. 

When a rigid, unsymmetrical linear molecule 
changes its rotational quantum number from J to 
J + 1 in an absorption, the change in rotational 
energy of the molecule is 

L'l.E = E1+ 1 - E1= hB(J + l)U + 2)- hBJ(J + 1) 
=hB{r+3J +2- (r+ m 
=2hB(J + 1) 

The same expression applies to a symmetric rotor 
because K does not change in a transition. The fre
quency of the radiation absorbed in a transition 
starting from the level J is therefore 

V = 2B (] + 1) Rotational transition frequencies 
f !ng1d rotor] (lla) 

and the absorption lines occur at 2B, 4B, 6B, .. . The 
intensity distribution will be like that in Fig. 10 with 
a maximum intensity at v1 , with !max given by two 
effects: the population eff;'~t summarized by eqn 9, 
and the variation of the magnitude of the transition 
dipole moment, which also depends on J. A rota
tional spectrum of a polar linear molecule (HCl) and 
of a polar symmetric rotor (NH3) therefore consists 
of a series of lines at frequencies separated by 2B. 

Brief illustration 118.3 Rotationa l transition frequencies 

In Example 11 B.1 the rotat ional constant of 1 H35CI was ca l· 
cu lated as 3.1779 x 1011 Hz (or 317.79 GHz). Therefore the 

rotationa l spectrum of th is molecule consists of a series of 

lines spaced by 635.6 GHz, at the frequencies 635.6 GHz, 

1271.2 GHz, 1906.8 GHz, . .. The wavelength of the first of 

these lines is 0.472 mm. 
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42 6 

C[l 30 1------.+-- 5 
~ 
LU~ Rotational 

&; 20 f--""T"+-'-- 4 quantum 
Q; number, J 
c 
w 121----:--'--'-..j....;.- 3 

i 6 1---.j,-J-: ......... ,__ 2 

~f-1'..-'-..--- 6 
Absorption t[ 

Frequency, v-

Fig. 10 The allowed rotationa l t rans itions (shown as absorp
t ions) for a linear molecu le. The separation between any tw o 
adjacent spectra l lines is 2 B. 

: Self-test 118.4 

: What is the frequency and w ave length of the J = 1 ~o t ran
: sit ion in the 2H35CI molecu le? The mass of 2H is 2.014m, . 

: Before commencing the ca lcu lat ion, decide whether the 

: frequency shou ld be higher or lower than for 1 H35CI. 

Answer: 327.0 GHz, 0.9167 mm 

If centrifugal distortion is significant, eqn 4 is used 
in the same way, and 

Rotationa l transition 
frequencies 
!non-rigid rotor! 

(llb) 

Now, because the second term subtracts ever larger 
amounts from the first term as J increases, the lines 
converge as J increases. To find a way to determine 
B and D experimentally, divide both sides by J + 1, 
to obtain 

y 

7 in~pt~~ 
- 1 = 2B -4Dx(J+1)2 

]+1 
(12) 

Therefore, by plotting the V/U + 1) against U + 1 )2, 
a straight line should be obtained with intercept 2B 
and slope -4D (see Problem 11.4). 

Once the separation between adjacent lines in a ro
tational spectrum of a molecule has been measured 
and converted it to B, the value of B can be used to 
obtain the moment of inertia I1.. For a diatomic mol
ecule, that value can be converted to a value of the 
bond length, R, by using eqn 2. Highly accurate bond 
lengths can be obtained in this way. In some cases, 
isotopic substitution can help. A classic case is the de
termination of the two bond lengths in the molecule 
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OCS. Analysis of the microwave spectrum of this 
linear molecule gives a single quantity, the rotational 
constant, and from this single quantity it is not pos
sible to infer the two different bond lengths. However, 
by recording the absorption of the two isotopo
mers (molecules of different isotopic composition) 
160 12C32S and 160 12C34S and assuming that isotopic 
substitution leaves the bond lengths unchanged, two 
pieces of information are obtained, the moment of 
inertia of each isotopomer, and it is now possible to 
infer the two bond lengths (see Problem 11.4). 

11 B.5 Rotational Raman spectra 

The gross selection rule for rotational Raman spectra 
is that 

To have a rotational Raman spectrum the molecule 
must have an anisotropic polarizability. 

As seen in Topic lOA, the polarizability of a molecule 
is a measure of the extent to which an applied electric 
field can induce an electric dipole moment (Jl = a'E). 

The anisotropy of this polarizability is its variation 
with the orientation of the molecule (Fig. 11 ). Tetra
hedral (CH4 ), octahedral (SF6), and icosahedral (C60) 

molecules, like all spherical rotors, have the same po
larizability regardless of their orientations, so these 
molecules are rotationally Raman inactive: they do 
not have rotational Raman spectra. All other mol
ecules, including homonuclear diatomic molecules 
such as H 2, are rotationally Raman active. 

The specific selection rules for the rotational 
Raman transitions of linear molecules (the only ones 
considered here) are 

!::.] = +2 (Stokes lines) 

!::.] = -2 (anti-Stokes lines) 

(a) 

Rotat ional Raman 
selection rules 

(13) 

Fig. 11 The anisotropy of polarizability is depicted here by 
the different distortion induced by an electric fie ld when the 
molecu le is aligned (a) para lle l to and (b) perpendicu lar to 
the fie ld. 

It follows that the change in energy when a rigid 
rotor makes the transition J ~ J + 2 is 

I::.E = E1+2 - E1= hB(J + 2)U + 3)- hBJ(J + 1) 
= hB{j2 + 5] + 6- (]2 +])} 
=2hB(2] +3) 

Therefore, the shift in frequency for the transition 
J~J+2is 

Raman shift 
!Stokes lines! 

(14) 

It follows that when a photon scatters from mol
ecules in the rotational states J = 0, 1, 2, .. . , and trans
fers some of its energy to the molecule, the frequency 
of the photon is decreased by 6B, lOB, l4B, ... from 
the frequency of the incident radiation. If the photon 
acquires energy during the collision, then a similar 
argument shows that the anti-Stokes lines occur with 
frequencies 6B, 1 OB, l4B, . .. higher than the incident 
radiation (Fig. 12). It follows that from a measure
ment of the separation of the Raman lines, the value 
of B can be determined and, from it, the bond length 
can be calculated. Because homonuclear diatomic 
species are rotationally Raman active, this technique 
can be applied to them as well as to heteronuclear 
species. 

There is an important qualification of these re
marks for symmetrical molecules, such as H 2 and 
C160 2• Nuclear statistics either rules out certain 
states or leads to an alternation of populations. For 
instance, C160 2 can exist only in states with even 
values of J. As a result, its rotational Raman spec
trum consists of lines at 6B, l4B, 22B, ... and separ
ated by 8B because the lines starting from odd values 
of J are missing. For molecules with non-zero nuclear 

Frequency, -

Fig. 12 The trans it ions respons ible for the Stokes and anti
Stokes lines of a rotationa l Raman spectrum of an unsym
metrical linear molecu le, such as NO or N20 . 



spin, all the Raman lines are present but they show 
an alternation of intensities: for H2, the odd-J lines 
are three times more intense than the even-] lines, 
whereas for D2 and N 2, even-] lines are twice as in
tense as the odd-J lines. 

l§ifl::!.!tjU:fj 
Predicting the form of a rotational Raman spectrum 

Predict the wavenumber of the 0 -'> 2 line of the rotational 
Raman spectrum of 14N2 , for which 8 = 1.99 em-', when it is 

exposed to 336.732 nm laser radiation. 

Collect your thoughts The molecule 

is rotationally Raman active be· 
cause end-over-end rotation modu· 
lates its polarizability as viewed 
by a stationary observer. Because 
the rotational constant is given in 
wavenumbers, use eqn 14 in the 
equivalent form L'>v = 2B(2J + 3) to 

Checklist of key concepts 

01 The populations of rotational energy levels are 

given by the Boltzmann distribution in connection 

with noting the degeneracy of each level. 

0 2 The gross selection rule for rotational transitions is 

that the molecule must be polar. 

03 The consequences of the Pauli principle for rota

tional states are called nuclear statistics. 
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calculate the Raman shift in wavenumbers. Then convert the 
wavelength of the incident radiation to a wavenumber, V;. Be
cause this is a Stokes line, the wavenumber of the scattered 
radiation is lower than that of the incident radiation, so calcu
late the wavenumber of the line as ii;- L'>v. 

The solution Equation 14, written as t>v = 28(2J + 3). gives t>v 
= 11.9 em_, for J= 0. Because A;= 336.732 nm corresponds to ii; 
= 1/A; = 29 697.2 cm-1

, It follows that the 0-'> 2 line appears at a 
wavenumber of ii;- t>v = (29 697.2 -11.9) cm-1 = 29 685.3 cm-1

. 

: Self-test 11 8.5 

Repeat the calculation for the rotational Raman spectrum of 
NH, (B = 9.977 cm-1

). 

Answer: 29 6373 em·' 

04 The microwave spectrum of a polar linear molecule 

and of a polar symmetric rotor consists of a series 

of lines at frequencies separated by 28. 

0 5 The gross selection rule for rotational Raman 

spectra is that the polarizability of the molecule 

must be anisotropic. 



TOPIC 11 C 

Vibrational spectroscopy 

>- Why do you need to know this 
material? 

The observation of transitions between the vi
brational states of a molecule gives information 
about the identity of the molecule and provides 
quantitative information about the flexibility 
of its bonds. Infrared and Raman methods are 
valuable and widely used analytical tools . 

>- What is the key idea? 

The vibrational spectrum of a molecule can be 
interpreted by using the harmonic oscillator 
model, with modifications that account for bond 
dissociation and the coupling of rotational and 
vibrational motion. 

>- What do you need to know already? 

You need to be familiar with the harmonic oscil
lator (Topic 7E) and rigid rotor (Topics 7D and 
11B) models of molecular motion, the general 
principles of spectroscopy (Topic 11A), and the 
interpretation of rotational spectra (Topic llB). 

All molecules are capable of vibrating, and com
plicated molecules may do so in a large number of 
different modes. Even a benzene molecule, with 12 
atoms, can vibrate in 30 different modes, some of 
which involve the periodic swelling and shrinking of 
the ring and others its buckling into various distorted 
shapes. A molecule as big as a protein can vibrate in 
thousands of different ways, twisting, stretching, and 
bending in different regions and in different manners. 
Many of these vibrations can be excited by the ab
sorption of electromagnetic radiation. The detection 
of the frequencies at which this absorption occurs 
gives very valuable information about the identity of 

the molecule and provides quantitative information 
about the flexibility of its bonds. 

11 c.1 The vibrations of molecules 

Figure 1 shows a typical potential energy curve of a 
diatomic molecule as its bond is lengthened by pull
ing one atom away from the other or shortened by 
pressing it into the other. In regions close to the equi
librium bond length R, (a t the minimum of the curve) 
the potential energy can be approximated by a par
abola (a curve of the form y oc x2

), and 

Pa rabolic potential 
approximation 

(1) 

where x = R - R, is the displacement from equilib
rium and kf is the force constant of the bond (units: 
newtons per metre, N m-1

), as in the discussion of 
vibrational motion in Topic 7E. The steeper the walls 
of the potential (the stiffer the bond), the greater is 
the force constant. 

i ::. Parabola 

> 
~0 
c 
Q) 

.!!! 
c 
Q) 

0 
c. 

.!!! 
:::l 

" Q) 

0 
~ 

0 Internuclear separation, R---+ 

Fig. 1 A molecular potential energy curve can be approxi
mated by a parabola nea r t he bottom of the well. A parabolic 
potential results in harmonic oscillation. At high vibrational 
exc itation energ ies the parabolic approximation is poor. 



The potential energy in eqn 1 has the same form 
as that for the harmonic oscillator (Topic 7£), so the 
solutions of the Schrodinger equation given there 
can be used here. The only complication is that both 
atoms joined by the bond move, so the 'mass' of the 
oscillator has to be interpreted carefully. Detailed cal
culation shows that for two atoms of masses rnA and 
rnB joined by a bond of force constant kh the energy 
levels are 

Ev = (v+t)hv 

v =O, l,2, . .. 

where 

v = _!_( kf )1/2 
2n J1 

and 

Energy levels 
[harmonic approximat ion) 

Vibrational 
f requency 

Effective mass 
[diatomic molecule) 

(2a) 

(2b) 

(2c) 

The effective mass of the molecule, Jl, is a measure of 
the quantity of matter moved during the vibration. 
The effective masses of polyatomic molecules are 
complicated combinations of the atomic masses with 
each atomic mass contributing in a manner reflecting 
how much that atom moves. Vibrational transitions 
are commonly expressed as a wavenumber (in recip
rocal centimetres), so it is often convenient to write 
eqn 2a as 

Ev = (v + t)hcii ii = vic (2d) 

Figure 2 illustrates these energy levels: they form a 
uniform ladder with separation hcii between neigh
bours. 

A note on good practice The effective mass is widely 
called the reduced mass. However, that is only because the 
effective vibrational mass of a diatomic molecule happens to 
be given by the same expression as its reduced mass, a quan· 
tity that occurs in the separation of the internal motion of a 
molecule from its overall translation. For polyatomic molecules 
the effective mass is not the same as the reduced mass, and 
depends on the vibrational mode. It is better to distinguish the 
two from the outset. 

At first sight it might be puzzling that the effective 
mass appears rather than the total mass of the two 
atoms. However, the presence of J1 is physically plaus
ible. If atom A were as heavy as a brick wall, it would 
not move at all during the vibration and the vibrational 
frequency would be determined by the lighter, mobile 
atom. Indeed, if A was a brick wall, rnB could be neg
lected compared with rnA in the denominator of J1 and 
J1 ~ rnB, the mass of the lighter atom. This is approxi-

19/2 

17/2 

~ 
15/2 

13/2 > 
UJ 

> 11 /2 
Cl 
(;; 9/2 
c 

7/2 UJ 

5/2 

3/2 

1/2 
0 
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nu 

Fig. 2 The energy levels of a harmon ic osci llator. The 
quantum number v ranges from 0 to infin ity, and the per

m itted energy leve ls form a un iform ladder w ith spac ing hv. 

mately the case in HI, for example, where the I atom 
barely moves as the molecule vibrates and J1 ~ rnH. 

In the case of a homonuclear diatomic molecule, for 
which rnA = rnB = rn, the effective mass is half the mass 
of one atom: J1 = trn. 

Brief illustration 11C.1 The vibrationa l frequency 

An 1H35CI molecule has a force constant of 516 N m - 1
, a 

reasonably typica l va lue. Its effective mass is 

m( 1H)m< 35 CI) 

,;;_ r;; (1.008m) x (34.969m) 
Jl=---= 

/2] 1.008m, + 34.969m, 
m( 1H)+m( 35 cl) 

= 1.008 x 34.969 m = 0_9797 ... m 
1.008+34.969 " " 

Therefore, its vibrationa l frequency is 

kt 
~ 

kg ms-2 

1 ( 516 N m-
1 

) '" 

v= 2n 0.9797 . .. x(1 .660 54x10 27 kg) 
'-----v----' 

m, 

= 8.96x 1013 s-1 

The frequency corresponds to 89.6 THz. The correspond ing 

wavenumber is 

v = ~ = 8.96x1 0'3 s-' = 2.99 x 10' m-' 
c 2.998 x 108 m s 1 

Th is va lue corresponds to 2.99 x 103 cm-1
. 

: Self-test 11C.1 . 
: The v ibrationa l f requency v of 35CI2 is 16.94 THz. What is the 

: force constant of the bond? 

Answer: 3278 N m-1 
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11c.2 Vibrational transitions 

Because typical vibrational frequencies are of the 
order of 1013-1014 Hz, transitions can be induced 
with radiation of this frequency, which corresponds 
to infrared radiation. That is, vibrational transitions 
are observed by infrared spectroscopy. In infrared 
spectroscopy, transitions are normally expressed in 
terms of their wavenumbers and lie typically in the 
range 300-4000 cm-1

• 

The gross selection rule for vibrational spectra is 
that 

For a vibrational transition to occur as a result of 
absorption or emission of a photon, the electric di
pole moment of the molecule must change during 
the vibration. 

The basis of this rule is that the molecule can shake 
the electromagnetic field into oscillation only if it has 
an electric dipole moment that oscillates as the mol
ecule vibrates (Fig. 3). The molecule need not have 
a permanent dipole: the rule requires only a change 
in dipole moment, possibly from zero. The stretch
ing motion of a homonuclear diatomic molecule does 
not change its electric dipole moment from zero, so 
the vibrations of such molecules neither absorb nor 
generate radiation. Homonuclear diatomic mol
ecules are said to be infrared inactive, because their 
dipole moments remain zero however long the bond. 
Heteronuclear diatomic molecules, which have a di
pole moment that changes as the bond lengthens and 
contracts, are infrared active. 

I #ifi..J.!tj hj i 
Using the gross selection rule 

Identify w hich of the follow ing molecules are infrared active : 

N2, C02, OCS, H20, CH 2=CH 2, C6H6. 

Collect your thoughts Molecules 
that are infrared active (that is, 

have vibrationa l spect ra) have di

pole moments that change during 
the course of a vibration. There

fore, judge whether a distortion 
of the molecu le can change its di

pole moment (including changing 

it from zero). 

Jl 

The solution All the molecules except N2 possess at least one 

vibrationa l mode that resu lts in a change of dipole moment, 
so all except N2 are infrared active . Note that not all the modes 

of complicated molecu les are infrared active. For example, 
a vibration of C02 in wh ich the 0-C-0 bonds stretch and 

contract symmetrica lly is inactive because it leaves the dipole 

Fig. 3 The oscillation of a molecule, even if it is nonpolar, 
may resu lt in an osc illating dipole that can interact w ith 
the electromagnetic fie ld. Shown is a representation of a 
bend ing mode of C02 . 

moment unchanged (at zero). A bending motion of the mol

ecu le, however, is active and can absorb rad iation. 

: Self-test 11 C.2 

: Repeat the question for H2, NO, and N20. 

Answer: NO and N,O 

The specific selection rule for vibrational transi
tions is 

l'lv=±1 
Vibrational selection 
rule (3) 

The change in energy for the transition from a 
state with quantum number v to one with quantum 
number v + 1 is 

M = Ev+ l- Ev= (v+ y)hcii- (v+ ±)hcii = hcii (4) 

It follows that absorption occurs when the incident 
radiation provides photons with this energy, and 
therefore when the incident radiation has a wave
number given by eqn 2d. Molecules with stiff bonds 
(large kr) joining atoms with low masses (small Jl) 
have high vibrational wavenumbers. Bending modes 
are usually less stiff than stretching modes, so bends 
typically occur at lower wavenumbers than stretches 
in a spectrum. 

At room temperature, almost all the molecules are 
in their vibrational ground states initially (the state 
with v = 0). Therefore, the most intense spectral tran
sition is from v = 0 to v = 1. 

Brief illustration 11C.2 Vibrationa l transitions 

It fol lows from the calcu lation of v for HCI (in Brief illustration 
11C.1), that v = 2992 cm-1

, so the infrared spectrum of the 

molecu le w ill feature an absorption at that wavenumber. The 
correspond ing frequency and wave length are 89.7 THz and 

3.34 J.!m, respect ive ly. 



11C.4 VIBRATIONAL RAMAN SPECTRA OF DIATOMIC MOLECULES 471 

Self-test 11C.3 

The force constant of the bond in the CO group of a pep

t ide link is approximately 1.2 kN m· 1
• At what wavenumber 

wou ld you expect it to absorb? Hint: For the effective mass, 
treat the group as a 12C160 molecule. 

Answer: At approximately 1720 em·' 

11C.3 Anharmonicity 

The vibrational transition energies in eqn 4 are only 
approximate because they are based on a parabolic 
approximation to the actual potential energy curve. A 
parabola cannot be correct at all extensions because 
it does not allow a molecule to dissociate. At high vi
brational excitations the swing of the atoms (more 
precisely, the spread of the vibrational wavefunction) 
allows the molecule to explore regions of the poten
tial energy curve where the parabolic approximation 
is poor. The motion then becomes anharmonic, in the 
sense that the restoring force is no longer propor
tional to the displacement. Because the actual curve 
is less confining than a parabola, the energy levels be
come less widely spaced at high excitation, just as the 
energy levels of a particle in a box get closer together 
as the length of the box is increased (Topic 7C). 

The convergence of levels at high vibrational 
quantum numbers is expressed by replacing eqn 2d by 

Ev= (v+t)hcv 
- (v + t)2hciixe + ... 

Anharmonicity 
correction 

(5) 

where xe is the (dimensionless) anharmonicity con
stant. Anharmonicity also accounts for the appear
ance of additional weak absorption lines called 
overtones corresponding to the transitions with l'lv = 

+2, +3, ... These overtones appear because the usual 
selection rule is derived from the properties of har
monic oscillator wavefunctions, which are only ap
proximately valid when anharmonicity is present. 
Overtones in a vibrational spectrum can appear in 
the near infrared region. 

11C.4 Vibrational Raman spectra 
of diatomic molecules 

In vibrational Raman spectroscopy the incident 
photon leaves some of its energy in the vibrational 
modes of the molecule it strikes, giving rise to the 
Stokes radiation, or collects additional energy from 
a vibration that has already been excited, giving 
rise to the anti-Stokes radiation. The Stokes lines 
are more intense than the anti-Stokes lines because 

very few molecules are in an excited vibrational 
state initially. 

The gross selection rule for vibrational Raman 
spectroscopy is that 

For a Raman transition to occur, the molecular 
polarizability must change as the molecule vibrates. 

The polarizability plays a role in vibrational Raman 
spectroscopy because the molecule must be squeezed 
and stretched by the incident radiation in order 
that a vibrational excitation may occur during the 
photon-molecule collision. Both homonuclear and 
heteronuclear diatomic molecules swell and contract 
during a vibration, and the control of the nuclei over 
the electrons, and hence the molecular polarizabil
ity, changes too. Both types of diatomic molecule are 
therefore vibrationally Raman active. 

The specific selection rule for vibrational Raman 
transitions is the same as for infrared transitions: 

l'lv=±1 Raman selecti on rule (6) 

The Stokes lines are those for which l'lv = + 1; the anti
Stokes lines are those for which l'lv = -1. 

The information available from vibrational Raman 
spectra adds to that from infrared spectroscopy be
cause homonuclear diatomic molecules can also be 
studied. The spectra can be interpreted in terms of 
the force constants, dissociation energies, and bond 
lengths, and some of the information obtained is in
cluded in Table llC.l.lt is used, for example, in the 
calculation of equilibrium constants (Topic 12C). 

Table 11C.1 

Properties of diatomic molecules 

ii/cm· 1 R,lpm k/ (N m· 1) 0 0/(kJ mol-1)* 

,H2+ 2333 106 160 256 

'H, 4401 74 575 432 
'H, 3118 74 577 440 
1H19F 4138 92 955 564 
1H35CI 2992 127 516 428 
1H81 Br 2649 141 412 363 
1H1271 2308 161 314 295 
14N2 2358 110 2294 942 
"O, 1580 121 1177 494 
1aF, 892 142 445 154 
35CI2 560 199 323 239 

* 00 is the dissociation energy of the diatomic species, the 
energy required to break the bond when the species is in its 
ground vibrational state lv ~ 0). 
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11C.5 The vibrations of 
polyatomic molecules 

How many modes of vibration are there for a poly
atomic molecule? The answer to this question comes 
from consideration of how many ways each atom 
may change its location. As shown in the following 
Justification, for a molecule built from N atoms the 
number of vibrational modes, Nvib, is 

Nonlinear molecules: Nvib = 3N- 6 
Linear molecules: Nvib = 3N- 5 

Brief illustration 11C.3 The number of vibrational modes 

A water molecu le, H20, is triatomic (N = 3) and nonl inear, 

and has N v;b = 3 modes of vibration. Naphthalene, C10H8, w ith 

N = 18 and nonl inear, has 48 distinct modes of vibration . Any 
diatomic molecule (N = 2) has one vibrationa l mode; carbon 

dioxide (N = 3) has four vibrationa l modes. 

: Self-test 11C.4 

: How many normal modes of vibration are there in (a) ethyne 

: (HC:=CH) and (b) a protein molecu le of 4000 atoms? 
: Answer: (a) 7, (b) 11 994 

Justification 11C.4 

The number of normal modes 

Each atom can be displaced along any of three perpend icu lar 

axes. Therefore, the tota l number of such displacements in a 

molecu le consisting of N atoms is 3N. Three correspond to 
movement of the centre of mass of the molecu le, so corres

pond to the translat iona l motion of the molecu le as a whole. 
The rema ining 3N- 3 displacements are ' internal' modes of 

the molecule that leave its centre of mass unchanged. Three 
ang les are needed to specify the orientation of a nonl inear 
molecu le in space (Fig. 4) . Therefore three of the 3N- 3 in

ternal displacements leave all bond ang les and bond lengths 

unchanged but change the orientation of the molecu le as a 

whole. These three displacements are therefore rotations. 
That leaves 3N- 6 displacements wh ich change neither the 

centre of mass of the molecule nor the orientation of the 
molecu le in space. These 3N- 6 displacements are the vibra

t ional modes. A sim ilar ca lculation for a linear molecu le, wh ich 

requ ires on ly two angles to specify its orientation in space, 
gives 3N- 5 as the number of vibrational modes. 

The description of the vibrational motion of a 
polyatomic molecule is much simpler if various com
binations of the stretching and bending motions of 
individual bonds are considered. For example, al
though two of the four vibrations of a C02 molecule 

Fig. 4 (a) The orientation of a linear molecu le requires the 
spec ificat ion of two ang les (the co latitude, f!, and longitude, 
¢, of its axis) . (b) The orientation of a nonlinear molecu le 
requires the specificat ion of three ang les (the latitude and 
long itude of its axis and the ang le of twist (the az imuthal 
angle, 1fl) around that axis). 

could be described as individual carbon-oxygen 
bond stretches, vL and vR in Fig. 5, the description of 
the motion is much simpler if two combinations of 
these vibrations are used instead. One problem with 
dealing with individual bond stretches is that they are 
not independent: if one bond is stimulated to vibrate, 
the motion of the shared C atom quickly stimulates 
the other bond to vibrate. One combination is v1 in 
Fig. 6: this combination is the symmetric stretch. The 
other combination is v3, the antisymmetric stretch, in 
which the two 0 atoms always move in the same dir
ections and opposite to the C atom. The two modes 
are independent in the sense that if one is excited, 

(a) (b) 

Fig. 5 The stretch ing v ibrations of a C02 molecule can be 
represented in a number of ways . In th is representat ion, 
(a) one O=C bond vibrates and the rema ining 0 atom is 
stat ionary, and (b) the C=O bond vibrates wh ile the other 0 
atom is stationary. Because the stationary atom is linked to 
the C atom, it does not rema in stationary for long. That is, if 
one vibration begins, it rapidly stimu lates the other to occur. 



(a) (b) 

Fig . 6 Alternatively, linear combinations of t he two modes 
can be taken to give these two normal modes of the mol
ecu le. The mode in (a) is the symmetric stretch and t hat 
in (b) is t he antisymmetric stretch. The two modes are in
dependent. and if e it her of them is stimulated, the other 
rema ins unexcited. 

then its motion does not excite the other. They are 
two of the four 'normal modes' of the molecule, its 
independent, collective vibrational displacements. 
The two other (degenerate) normal modes are the 
bending modes, v2• In general, a normal mode is 
an independent, synchronous motion of atoms or 
groups of atoms that may be excited without leading 
to the excitation of any other normal mode. 

The four normal modes of C02, and the 3N - 6 
(or 3N- 5) normal modes of polyatomic molecules 
in general (for instance, those of methane, Fig. 7), are 
the key to the description of molecular vibrations. 
Each normal mode behaves like an independent har
monic oscillator and the energies of the vibrational 
levels are given by the same expression as in eqn 4, 
but with an effective mass that depends on the ex
tent to which each of the atoms contributes to the 

(b) 

Fig . 7 Some of the normal modes of vibration of CH4 . An 
arrow indicates the direction of motion of an atom during 
the vibration. 
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vibration. Atoms that do not move, such as the C 
atom in the symmetric stretch of C02, do not con
tribute to the effective mass. The force constant also 
depends in a complicated way on the extent to which 
bonds bend and stretch during a vibration. Typically, 
a normal mode that is largely a bending motion has 
a lower force constant (and hence a lower frequency) 
than a normal mode that is largely a stretching mo
tion. 

The gross selection rule for the infrared activity of 
a normal mode is that 

For a normal mode to be infrared active, the motion 
must give rise to a changing dipole moment. 

Deciding whether the dipole moment changes can 
sometimes be done by inspection. For example, the 
symmetric stretch of C02 leaves the dipole moment 
unchanged (at zero), so this mode is infrared inactive 
and makes no contribution to the molecule's in
frared spectrum. The antisymmetric stretch, however, 
changes the dipole moment because the molecule be
comes unsymmetrical as it vibrates, so this mode is 
infrared active. The fact that the mode does absorb 
infrared radiation enables carbon dioxide to act as 
a 'greenhouse gas' by absorbing infrared radiation 
emitted from the surface of the Earth. 

Brief illustration 11C.4 Infrared activity 

The infrared spectrum of dinitrogen oxide (nitrous oxide, N20, 

with the structure N=N=O) differs from that of carbon di

oxide in a variety of ways despite both be ing linear tr iatomic 
molecules. First, the corresponding vibrational modes have 

different frequencies on account of different atomic masses 
and force constants. In C02 , the symmetric stretch is not in

fra red active, so on ly three modes (the asymmetric stretch 

and the two degenerate bend ing modes) are active. In con

trast, all four vibrational modes of N20 are infrared active. 

: Self-test 11C.5 . 
: Ident ify a normal mode of C6H6 that is not infrared active. 

Answer: A 'breathing' mode in which all the carbon-carbon bonds 
contract and stretch synchronously, while the C-H bonds either do 

not vibrate or stretch and contract synchronously (Fig. 8(. 

Some of the normal modes of organic molecules 
can be regarded as motions of individual functional 
groups. Others cannot be regarded as localized in this 
way and are better regarded as collective motions of 
the molecule as a whole. The latter are generally of 
relatively low frequency, and occur at wavenumbers 
below about 1500 cm-1 in the spectrum. The resulting 
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Fig. 8 The symmetrical breath ing vibrational mode of C6H6 

(benzene) . This normal mode is not infrared active. 

whole-molecule region of the absorption spectrum is 
called the fingerprint region of the spectrum, for it is 
characteristic of the molecule. The matching of the 
fingerprint region with a spectrum of a known com
pound in a library of infrared spectra is a powerful 
way of confirming the presence of a particular sub
stance. 

The characteristic vibrations of functional groups 
that occur outside the fingerprint region are very use
ful for the identification of an unknown compound. 
Most of these vibrations can be regarded as stretch
ing modes, for the lower frequency bending modes 
usually occur in the fingerprint region and so are less 
readily identified. 

11C.6 Vibration-rotation spectra 

The vibrational spectra of gas-phase molecules are 
more complicated than the discussion so far implies, 
because the excitation of a vibration also results in 
the excitation of rotation. The effect is rather like 
what happens when ice skaters throw out or draw in 
their arms: they rotate more slowly or more rapidly. 
The effect on the spectrum is to break the single line 
resulting from a vibrational transition into a multi
tude of lines with separations between neighbours 
that depend on the rotational constant, B (or B), of 
the molecule. 

To establish the so-called 'band structure' of a vi
brational transition, it is necessary to write the ex
pressions for the vibrational and rotational levels. 
For a rigid linear molecule (the only type considered 
here), combining eqns 1 in Topic llB (in the form E1 = 

hcBJU + 1), J = 0, 1, 2, .. . ) for its rotational energies 
and eqn 4 for its vibrational energies gives 

E = ( 1.)h - h B-JU 1) Vibration-rotation 
v,J v+ 2 cV + c + energ1es (7) 

The value of the rotational constant B depends on 
the vibrational state of the molecule, because the mo
ment of inertia of the molecule changes as it vibrates. 
Therefore B depends on v, but that complication is 
ignored here. Provided the molecule is polar, or at 
least acquires a dipole moment in a vibrational tran
sition (as when C02 bends or undergoes an asym
metric stretch), the rotational quantum number may 
change by ±1 or (in some cases, see below) 0. With 
l'lv = 1, the absorptions then fall into three groups 
called branches of the spectrum: 

11]=-1: v1 = v-2BJ P branch transit ions (8a) 

11] = 0: v1 =v 0 branch transitions (8b) 

11]=+1: v1 = v+2B(J + 1) R branch transitions (8c) 

The Q branch is not always allowed. For example, 
it is observed in the spectrum of NO, but not in the 
spectrum of HCl: the difference can be traced to the 
fact that NO, with an electron in a 1t orbital, has elec
tronic angular momentum around its internuclear 
axis but HCl does not. 1 

Figure 9 shows the resulting appearance of the 
branches of a typical spectrum. The separation be
tween the lines in the P and R branches of a vibra
tional transition is 2B. Therefore, the bond length 
can be deduced without needing to take a pure ro
tational microwave spectrum. However, the latter is 
more precise. 
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Fig. 9 The formation of P. 0. and R branches in a vibration
rotation spectrum. The intensities reflect the populations of 
the initial rotat ional levels. 

1For more information, see our Physical chemistry: thermodynam
ics, structure, and change (2014 ). 
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Brief illustration 11 C.5 The wavenumber of an R branch 

transition 

Infrared absorption by 1 H81 Br gives rise to an R branch from v= 
O. ltfollows from eqn Be, v = 2648.98 cm-1

, and 8 = 8.465 em_, 

that the wavenumber of the line originating f rom the rotat ional 

state w ith J= 2 is 

v2 =Y+68=(2648.98 cm-1)+6 x (8.465 cm-1
) 

= 2699.77 em_, 

: Self-test 11C.6 

! Infrared absorption by 1H1271 gives rise to an R branch from 

! v= 0. What is the wavenumber of the line originating f rom 
! the rotat ional state w ith J = 2? Use v = 2308.09 cm-1

, and 

! 8 = 6.511 em-' . 
Answer: 234716 em·' 

11C.7 Vibrational Raman spectra 
of polyatomic molecules 

The gross selection rule for the vibrational Raman 
spectrum of a polyatomic molecule is that 

For a normal mode to be Raman active, the vibration 
must be accompanied by a changing polarizability. 

It is often quite difficult to judge by inspection when 
vibration affects polarizability. The symmetric stretch 
of C02, for example, alternately swells and contracts 
the molecule: this motion changes its polarizabil
ity, so the mode is Raman active. The other modes 
of C02 are Raman inactive because the polarizabil
ity does not change as the atoms move collectively. 
A very simple explanation (which is not reliable in 
all cases) is that the polarizability of a molecule de
pends on its size, and whereas the symmetric stretch 
changes the size of the molecule neither the antisym
metric stretch nor the bending modes do-at least, to 
a first approximation. 

In some cases it is possible to make use of a very 
general rule about the infrared and Raman activity of 
vibrational modes: 

The exclusion rule states that if the molecule has 
a centre of inversion, then no modes are both in
frared and Raman active. 

Fig. 10 In an invers ion operat ion, we consider every point 
in a molecu le, and project them all through the cent re of the 
molecu le out to an equa l distance on the other side. 

(A mode may be inactive in both.) A molecule has a 
'centre of inversion' if it looks unchanged when each 
atom is projected through a single point and out an 
equal distance on the other side (Fig. 10). Because it 
is often possible to judge intuitively when a mode 
changes the molecular dipole moment, this rule can 
be used to identify modes that are not Raman active. 
The rule applies to C02 but to neither H 20 nor CH4 

because they have no centre of symmetry. Thus, both 
the antisymmetric stretch and the bending modes of 
C02 are infrared active, so we know at once that they 
are Raman inactive. 

! Brief illustration 11C.6 Raman activity 

! One vibrational mode of benzene is a 'breathing mode' in 
; wh ich the entire ring alternately expands and contracts 

! symmetrical ly (Fig. 8). As it does so, the polarizabil ity of the 

! molecule changes because the electron distribution can be 

: mod ified by an elect ric field differently when the molecule 
! is compressed or expanded. As a result, this mode is Raman 

! active. As seen in Self-test 11C.5, it is not infrared active be

! cause the molecu lar dipole moment rema ins unchanged (at 
: ze ro) . As the molecule has a centre of inversion, th is conclu

! sian is consistent w ith the exclusion rule. 

Self-test 11C.7 

Pred ict whether the symmetric st retch ing mode of ethene, 
C2H4 , in which all of the C-H bonds stretch in phase, is 

infrared active, Raman active, or both. 

Answer: Raman active only 
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Checklist of key concepts 

0 1 The gross selection rule for vibrational spectra is 

that the electric dipole moment of the molecule 

must change during the vibration. 

02 The number of vibrational modes of nonlinear mol

ecules is 3N- 6; for linear molecules the number is 

3N-5. 

03 Rotational transitions accompany vibrational transi

tions and splitthe spectrum into a P branch (td= -1 ), 

a Q branch (I!.J = 0), and an R branch (I!.J = + 1 ). 

04 A Q branch is observed only when the molecule 

possesses angular momentum around its axis. 

0 5 The gross selection rule for the vibrational Raman 

spectrum of a polyatomic molecule is that the 

normal mode of vibration is accompanied by a 

changing polarizability. 

0 6 The exclusion rule states that if the molecule has 

a centre of inversion, then no modes can be both 

infrared and Raman active. 



TOPIC 11 D 

Electronic spectroscopy 

>- Why do you need to know this 
material? 

To understand the colours of objects and how 
chemical reactions may be initiated by absorption 
of radiation, you need to explore the origins of 
electronic transitions in molecules. The spectro
scopic techniques described here also provide 
experimental tests of molecular orbital theory. 

>- What is the key idea? 

Electronic transitions occur within a stationary 
nuclear framework. 

>- What do you need to know already? 

You need to be familiar with molecular orbital 
theory (Topics 9B-9D) and the general features 
of spectroscopy (Topic 11A). One part of the 
Topic draws on qualitative information about 
molecular vibrations (Topic 11C) and another 
the Beer- Lambert law (Topic 11A). 

Table 110.1 

Colour, frequency, and energy of ligh t 

Colour A./nm v/(1014 Hz) 

The energy needed to change the occupation of or
bitals in a molecule is of the order of several electron
volts (an energy difference of 1 eV is equivalent to 
radiation of wavenumber 8066 cm-1

). Consequently, 
the photons emitted or absorbed when such changes 
occur lie in the visible and ultraviolet regions of the 
spectrum, which spread from about 14 000 cm-1 

for red light to 21 000 cm-1 for blue light, and on to 
50 000 cm-1 for ultraviolet radiation (Table 11D.1). 
Radiation of higher energy, in the deeper ultraviolet 
to X-ray range, can eject electrons from molecules. 

110.1 Ultraviolet and visible 
spectra 

White light is a mixture of light of all different col
ours . The removal, by absorption, of any one of these 
colours from white light results in the complemen
tary colour being observed. For instance, the ab
sorption of red light from white light by an object 
results in that object appearing green, the comple
mentary colour of red. Conversely, the absorption of 

v / (104 em-' ) E/eV E/(kJ mol-' ) 

............... ... . . .................... . ...................... 
Infrared >1000 <3.00 <7.00 < 1.24 <120 

Red 700 4.28 1.43 1.77 171 

Orange 620 4.84 1.61 2.00 193 

Yel low 580 5.17 1.72 2.14 206 

Green 530 5.66 1.89 2.34 226 

Blue 470 6.38 2.13 2.64 254 

Violet 420 7.14 2.38 2.95 285 

Ultraviolet <400 > 7.5 >2.5 >3.10 >300 
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Fig. 1 An art ist"s co lour whee l: complementary co lou rs are 
oppos ite one another on a diamete r. The numbers corres
pond to wave lengths of light in nanometres (nm). 

green results in the object appearing red. The pairs 
of complementary colours are neatly summarized by 
the artist's colour wheel shown in Fig. 1, where com
plementary colours lie opposite one another along a 
diameter. 

It should be stressed, however, that the perception 
of colour is a very subtle phenomenon. Although 
an object may appear green because it absorbs red 
light, it may also appear green because it absorbs all 
colours from the incident light except green. This 
is the origin of the colour of vegetation, because 
chlorophyll absorbs in two regions of the spectrum, 
leaving green to be reflected or transmitted (Fig. 2). 
Moreover, an absorption band may be very broad, 
and although it may be a maximum at one particular 
wavelength, it may have a long tail that spreads into 
other regions (Fig. 3 ). In such cases, it is very difficult 
to predict the perceived colour from the location of 
the absorption maximum. 
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Fig. 2 The absorption spectrum of ch lorophy ll in the visible 
reg ion. Note t hat it absorbs in the red and blue reg ions. and 
t hat green light is not absorbed. 
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Fig. 3 An electronic absorption of a spec ies in solution is 
typica lly ve ry broad and cons ists of severa l broad ba nds. 

Whenever an electronic transition takes place it is 
accompanied by the excitation of vibrations of the 
molecule. In the electronic ground state of a molecule, 
the nuclei take up locations in response to the Cou
lombic forces acting on them. These forces arise from 
the electrons and the other nuclei. Immediately after 
an electronic transition, when electron density has mi
grated to a different part of the molecule, the nuclei 
are subjected to different forces and the molecule may 
respond by bursting into vibration. As a result, some 
of the energy used to redistribute an electron is in 
fact used to stimulate the vibrations of the absorbing 
molecules. Therefore, instead of a single, sharp, and 
purely electronic absorption line being observed, the 
absorption spectrum consists of many lines. This vi
brational structure of an electronic transition can be 
resolved if the sample is gaseous, but in a liquid or 
solid the lines usually merge together and result in a 
broad, almost featureless band (Fig. 4). 
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Fig. 4 An electron ic absorption band cons ists of many 
supe ri mposed ba nds wh ich merge together to give a single 
broad band w ith unresolved vibrationa l structu re. 



The vibrational structure of a band is explained by 
the Franck-Condon principle: 

Because nuclei are so much more massive than 
electrons, an electronic transition takes place faster 
than the nuclei can respond. 

In an electronic transition, electron density is lost rap
idly from some regions of the molecule and is built up 
rapidly in others. As a result, the initially stationary 
nuclei suddenly experience a new force field. They re
spond by beginning to vibrate, and (in classical terms) 
swing backwards and forwards from their original 
separation, which they maintained during the rapid 
electronic excitation. The initial, stationary, equilib
rium separation of the nuclei in the initial electronic 
state therefore becomes the new, stationary turning 
point, one of the end points of a nuclear swing, in the 
final electronic state (Fig. 5). 

To predict the most likely final vibrational state, a 
vertical line is drawn from the minimum of the lower 
curve (the starting point for the transition) up to the 
point at which the line intersects the curve repre
senting the upper electronic state (the turning point 
of the newly stimulated vibration). This procedure 
gives rise to the name vertical transition for a transi
tion in accord with the Franck-Condon principle. In 
practice, the electronically excited molecule may be 
formed in one of several excited vibrational states all 
with turning points nearly vertically above the min
imum of the lower curve, so the absorption occurs 
at several different frequencies . As already remarked, 
in a condensed medium, the individual transitions 
merge together to give a broad, largely featureless 
band of absorption. 
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Fig . 5 Accord ing to the Franck-Condon principle, the most 
intense electron ic t rans ition is from the ground vibrational 
state to the vibrationa l state that lies vertica lly above it in the 
upper electron ic state. Trans it ions to other vibrationa l leve ls 
also occur, but with lower intensity. 
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11 0.2 Specific types of transitions 

The absorption of a photon can often be traced to the 
excitation of an electron that is localized on a small 
group of atoms. For example, an absorption at about 
290 nm is normally observed when a carbonyl group 
is present. Groups with characteristic optical absorp
tions are called chromophores (from the Greek for 
'colour bringer'), and their presence often accounts 
for the colours of many substances. 

The transition responsible for absorption in car
bonyl compounds can be traced to the lone pairs of 
electrons on the 0 a tom. One of these electrons rna y be 
excited into an empty n* orbital of the carbonyl group 
(Fig. 6), which gives rise to an n-to-n* transition, 
where n denotes a nonbonding orbital, an orbital 
that is neither bonding nor anti bonding, such as that 
occupied by a lone pair. Typical absorption energies 
are about 4 eV. 

A C=C or C=O double bond acts as a chromo
phore because the absorption of a photon ex
cites a 1t electron into an anti bonding 1t * orbital 
(Fig. 7). The chromophore activity is therefore due 
to an-to-n* transition. Its energy is around 7 eV for 
an unconjugated double bond, which corresponds 
to an absorption at 180 nm (in the ultraviolet). 
When the double bond is part of a conjugated 
chain, the energies of the molecular orbitals lie 
closer together and the transition shifts into the 
visible region of the spectrum. In general, n-to-n* 
transitions are stronger than n-to-n* transitions, 
so assessment of relative absorption intensities can 
help in the assignment of a spectrum. 

Fig. 6 A carbony l group acts as a chromophore primarily 
on account of the excitation of a nonbonding 0 lone-pa ir 
electron to an antibond ing COn* orbita l. 
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Fig. 7 A carbon-carbon double bond acts as a chromo
phore. One of its important trans itions is then-to-n* trans i
t ion illustrated here. in wh ich an electron is promoted from 
an orbita l to the corresponding antibond ing orbital. 

Brief illustration 110.1 n-to-n* and n-to-n* transitions 

A CH3CH=CHCHO molecu le has a strong absorption in the 
ultraviolet at 46 950 cm· 1 (213 nm) and a weak absorption at 

30 000 cm· 1 (333 nm). The former is an-to-n* t ransition asso

ciated with the de localized n-system C=C-C=O. De localiza

tion extends the range of the C=O n-to-n* trans it ion to lower 
wavenumbers (longer wave lengths). The latter is an n-to-n* 

transit ion associated with the carbonyl chromophore. 

; Self-test 110.1 

: Propanone (acetone. (CH 3)2CO). has a strong absorption at 

; 189 nm and a weaker absorption at 280 nm. Ass ign these 

; features to n-to-n* or n-to-n* t ransitions. 

Answer: Both t ransit ions are associated w ith the C= O 
dlromophore, with the weaker being an n-to-n* transition 

and the stronger an-to-n* transition 

A d-metal complex may absorb light as a result 
of the transfer of an electron from the ligands into 
the d orbitals of the central atom, or vice versa. In 
such charge-transfer transitions the electron moves 
through a considerable distance, which means that 
the redistribution of charge as measured by the 
transition dipole moment may be large and the ab
sorption correspondingly intense. Indeed, the most 
intense electronic transitions responsible for the col
ours of many d-metal complexes are charge-transfer 
transitions. In the permanganate ion, Mn04- , the 
charge redistribution that accompanies the migra
tion of an electron from the 0 atoms to the central 
Mn atom results in a charge-transfer transition in the 
range 420-700 nm and accounts for the intense pur
ple colour of the ion. 

11 D.3 Analysis of mixtures by 
electronic spectroscopy 

Electronic spectra are used to analyse mixtures of 
absorbing species and to determine their concentra
tions. 

The concentration of an absorbing species can be 
determined by using the Beer-Lambert law (Topic 
llA), in the form UJ =AieL, where A is the absorb
ance of the sample, e is the molar absorption coeffi
cient of the chromophore, and L is the path length 
through the sample. If the sample is a mixture of 
two components A and B, then measurements at two 
wavelengths can be used to find the individual con
centrations. For this analysis, the total absorbance at 
a given wavelength is written as 

A= AA + AB = eA[A]L + eB[B]L = (eA[A] + eB[B])L 

Then, for measurements of the total absorbance A 1 at 
wavelength A.1, at which the molar absorption coeffi
cients are fAt and fBI> and then A2 at~, at which they 
are fA2 and fB2 (Fig. 8 ), 

(eA1[A] +£B1[B])L=A 1 (edA] +edB])L=A2 

As shown in the following Justification, these two 
simultaneous equations can be solved for the two un
knowns, the molar concentrations of A and B: 

[A]= fB2At- fBtA2 
(fA!fB2- fA2fB!)L 

[B]= fAtA2 -fA2At 
(fA!fB2- fA2fB!)L 
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Fig. 8 The concentrations of two absorbing species in a 
m ixture can be determ ined from t heir molar absorption 
coefficients and the measurement of the ir absorbances at 
two diffe rent wavelengths lying w ithin the ir joint absorption 
region. 



Brief illustration 110.2 The analysis of a mixture 

Suppose that the molar absorption coefficients of two 

substances A and B at two wave lengths A., and A, are e., = 

10.0 dm3 mol-' cm-1
, e6 1 = 15.0 dm3 mol-' cm-1

, e.,= 18.0 dm3 

mol_, cm-1
, e62 = 12.0 dm3 mol-' cm-1. The tota l absorbances 

of a solution at these two wavelengths in a cell of length 
L=0.20 em were measured as A, = 1.6 and A2 = 2.4. It fo llows 

f rom eqns 1a and 1bthat 

~,2.,~ ~ 
[A]= 12.0 dm3 mol_, em_, x 1.6-15.0 dm3 mol_, em_, x 2.4 

(120 dm6 mol 2 em 2 -270 dm6 mol 2 em 2 )x (0.20 em) 
'-------v------~ '---v----' 

eA,ea2 eA2es, L 

= 0.56 mol dm-3 

~~~~ 
IBI = 10.0 dm3 mol_, em-' x 2.4-18.0 dm3 mol-' em_, x 1.6 

(120 dm6 mol 2 em 2 -270 dm6 mol 2 em 2
) x (0.20 em) 

~ '---v----' 
£A1ti32 EA2Es 1 L 

= 0.16 mol dm-3 

: Self-test 110.2 

: Repeat the ca lculation under these cond it ions: L = 0.10 em, 

: A, = 0.53, and A2 = 0.80. 
: Answer: IAI ~ 0.38 mol dm-3

, IBI ~ 0.11 mol dm-3 

Justification 110.1 

Determining concentrations in a mixture 

The two equations to solve for [A] and [B] are given in the text 

as e., IAIL+ e6 1[BJL=A, and e. , IAIL+ e62[BJL =A2 . The aim is to 
extract expressions for the molar concentrations [AI and [B]. 

Step 1: Manipulate the equations to match terms 

To match the two second te rms of the preceding equations, 

mult iply the first by e62 and the second by e61 , to obta in 

The matching terms are in blue. 

Step 2: Solve for [A] 

Subtract the second of these equations from the first. and 

obta in: 

which rearranges into eqn 1 a. 

Step 3: Solve for [B] 

To obta in eqn 1b, repeat steps 1 and 2 by mult iplying e., JAIL 

+ e6 ,[BIL =A, by eA2 and e. , IAIL + e62 [BJL =A, by e. ,. so that 
now the [A] terms cance l when the two resu lt ing equations 

are subtracted. 

There may be a wavelength at which the molar ab
sorption coefficients of the two species are equal; let 
that value be fi,o (the notation 'iso' will become clear 

i 
"' .,; 
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0 
1l 
<( 
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Wavelength , A-

Fig. 9 One or more isosbestic points are formed when there 
are two interrelated absorb ing species in solution. Each curve 
corresponds to a different stage of the reaction A--> B. 

in a moment) The total absorbance of the mixture at 
this wavelength is 

(2) 

Even if A and B are interconverted in a reaction of the 
form A ~ B or its reverse, then because their total con
centration remains constant, so does Aiw- As a result, 
it is possible to observe one or more isosbestic points 
(the name 'isosbestic' comes from the Greek words for 
'the same' and 'extinguish'), which are invariant points 
in the absorption spectrum (Fig. 9). It is very unlikely 
that three or more species would have the same molar 
absorption coefficients at a single wavelength. There
fore, the observation of an isosbestic point, or at least 
not more than one such point, is compelling evidence 
that a solution consists of only two solutes in equilib
rium with each other with no intermediates. 

11 D.4 Photoelectron spectroscopy 

The exposure of a molecule to high frequency radi
ation can result in the ejection of an electron. This 
photoejection is the basis of another type of elec
tronic spectroscopy in which the energies of the 
ejected photoelectrons are monitored. If the incident 
radiation has frequency v, the photon that causes 
photoejection has energy hv. If the ionization energy 
of the molecule is I, the difference in energy, hv- I, is 
carried away as the kinetic energy of the ejected elec
tron. Because the kinetic energy of an electron travel
ling at a speed vis ±m,v2

, it follows that 

hv=I+tm,v2 (3) 

Therefore, by monitoring the speed of the photo
electron, and knowing the frequency of the incident 
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Fig. 10 The basic principle of photoe lectron spectroscopy. An 
incoming photon of known energy collides w ith an electron in 
one of the orbita ls and expels it w ith a kinetic energy that is 
equal to the difference between the energy supplied by the 
photon and the ion ization energy f rom the occupied orbita l. 
An electron from an orbita l with a low ion ization energy wi ll 
emerge w ith a high kinetic energy (and high speed). whereas 
an e lectron from an orbita l w ith a high ionization energy w ill be 
ejected w ith a low kinetic energy (and low speed) . 

radiation, the ionization energy of the molecule can 
be determined (Fig. 10). In this context the 'ioniza
tion energy' of the molecule has different values 
depending on the orbital that the photoelectron oc
cupied, and the slower the ejected electron, the lower 
in energy the orbital from which it was ejected. The 
apparatus is a modification of a mass spectrometer 
(Fig. 11), in which the speed of the photoelectrons is 
measured by determining the strength of the electric 
field required to bend their paths on to the detector. 

Figure 12 shows a typical photoelectron spectrum 
(of HBr). If the fine structure is disregarded, it is seen 
that the HBr lines fall into two main groups. The least 
tightly bound electrons (with the lowest ionization en
ergies and hence highest kinetic energies when ejected) 
are those in the lone pairs of the Br atom. The next 
ionization energy lies at 15.2 eV, and corresponds to 
the removal of an electron from the H- Br cr bond. 

Fig. 11 A photoe lectron spectrometer cons ists of a source 
of ion izing rad iation. an e lectrostatic ana lyser. and an e lec
tron detector. The deflection of the electron paths caused by 
the ana lyser depends on the ir speed. 
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Fig. 12 The photoe lectron spectrum of HBr. The lowest ion
ization energy band corresponds to the ion ization of a Br 
lone pa ir electron . The higher ionization energy band corres
ponds to the ionization of a bond ing electron. The structure 
on the latter is due to the vibrational excitation of HB r• that 
resu lts from the ionization. 

The fine structure in the HBr spectrum shows that 
ejection of a cr electron is accompanied by a consid
erable amount of vibrational excitation. The Franck
Condon principle would account for this observation 
if ejection were accompanied by an appreciable 
change of equilibrium bond length between HBr and 
HBr•: if that is so, the ion is formed in a bond-com
pressed state, which is consistent with the important 
bonding effect of the cr electrons. The lack of much 
vibrational structure in the other band is consistent 
with the nonbonding role of the Br4px and Br4py 
lone-pair electrons, for the equilibrium bond length 
is little changed when one is removed. 

Brief illustration 11 0 .3 The photoelectron spectrum of H20 

The highest kinetic energy electrons in the spectrum of H20 

using 21.22 eV rad iation are at about 9 eV and show a large 

vibrationa l spacing of 0.41 eV (1 eV = 8065.5 cm-1
). Because 

0.41 eV corresponds to 3.3 x 103 em-' . which is sim ilar to the 

wavenumber of the symmetric stretching mode of the neu

t ral H20 molecule (3652 cm-1). you shou ld suspect that the 

electron is ejected from an orbita l that has little influence on 

the bond ing in the molecule. That is. photoejection is from a 

largely nonbonding orbita l. 

Self-test 110.3 

In the same spectrum of H20. the band near 7.0 eV shows 

a long vibrational series w ith spacing 0.125 eV. The bend ing 
mode of H20 lies at 1596 cm-1. What conclusions can you 

draw about the characteristics of the orbital occupied by the 

photoelectron? 

Answer: The electron contributes to a molecular orbital with 
energy that changes sign ificantly w ith the HOH bond angle. 



Checklist of key concepts 

0 1 The Franck-Condon principle states that because 

nuclei are so much more massive than electrons, 

an electronic transition takes place faster than the 

nuclei can respond. 

0 2 A chromophore is a group w ith characteristic 

optical absorption. 

0 3 In an n-to-1t* transition an electron in a nonbonding 

orbital is excited into an empty 1t* orbital. 

0 4 In a 1t-to-n:* transition absorption of a photon 

excites a 1t electron into an anti bonding 1t* orbital. 
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0 5 Charge-transfer transitions typical ly involve the 

migration of electrons between the ligands and the 

central metal atom. 

0 6 An isosbestic point corresponds to a wavelength 

at which the total absorbance of a binary mixture is 

the same whatever the ratio of the concentrations 

of the two absorbing species. 

0 7 Photoelectron spectroscopy is based on the photo

ejection of an electron by ultraviolet radiation or 

X-rays. 



TOPIC 11 E 

The decay of excited states 

~ Why do you need to know this 
material? 

Considerable information about the electronic 
structure of molecules in general, including 
synthetic and biological macromolecules, can be 
obtained by detecting the photons emitted when 
excited electronic states decay radiatively back 
to the ground state. 

~ What is the key idea? 

Molecules in excited electronic states discard 
their excess energy by emission of electromagnetic 
radiation, transfer as heat to the surroundings, 
fragmentation, or reaction. 

~ What do you need to know already? 

You need to be familiar with the general features 
of spectroscopy (Topic llA), electronic transi
tions in molecules, particularly the Franck
Condon principle (Topic llD), and the 
procedures for writing a rate law from a 
proposed mechanism (Topic 6F). You need to 
be aware of the difference between singlet and 
triplet states (Topic 8D). 

In most cases, the excitation energy of a molecule 
that has absorbed a photon is degraded into the dis
ordered thermal motion of its surroundings by the 
process called non-radiative decay. In other cases, its 
electrons may undergo a redistribution that results 
in it undergoing an internal conversion (IC), a ra
diationless conversion to another state of the same 
multiplicity (that is, spin state). However, an elec
tronically excited molecule can discard its excess en
ergy by radiative decay, in which an electron relaxes 
back into a lower energy orbital and in the process 
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Fig. 1 The empiri ca l (observation-based) distinct ion be
tween fl uorescence and phosphorescence is that t he for
mer is ext ingu ished very quickly after the excit ing source 
is removed, w hereas the latter continues w ith relat ive ly 
slowly dim inish ing intensity. 

generates a photon. As a result, and if the emitted 
radiation is in the visible region of the spectrum, the 
sample glows. 

There are two principal modes of radiative decay, 
fluorescence and phosphorescence (Fig. 1 ). In fluor
escence, the spontaneously emitted radiation ceases 
very soon (within nanoseconds to milliseconds) after 
the exciting radiation is extinguished. In phosphores
cence, the spontaneous emission may persist for long 
periods--even hours, but characteristically seconds 
or fractions of seconds. The difference suggests that 
fluorescence is an immediate conversion of absorbed 
light into re-emitted radiant energy whereas phos
phorescence involves the storage of energy in a reser
voir from which it slowly leaks. 

Absorption might result in dissociation, or frag
mentation (Fig. 2). The onset of dissociation can be 
detected in an absorption spectrum by seeing that the 
vibrational structure of a band terminates at a cer
tain energy. Absorption occurs in a continuous band 
above this dissociation limit, the highest frequency 
before the onset of continuous absorption, because 



Dissociation limit 

1 ~~~~~~'!~~~E~x:c:it:e:d~s:ta:t:e ____ _ 

Cl 

~ 1---..,...-' 
UJ 

Bond length----+ 

Fig. 2 When absorption occurs to unbound states of the upper 
electron ic state. the molecu le dissociates and the absorption 
is a continuum. Be low the dissociation lim it the electron ic 
spectrum has a normal vibrationa l st ructure. 

the final state is unquantized translational motion 
of the fragments. Locating the dissociation limit is a 
valuable way of determining the bond dissociation 
energy. Dissociation may also occur if the electronic 
transition takes place directly to a purely repulsive 
state, one that shows no minimum corresponding to 
bonding. Even if the excited state is a bound state, the 
molecule might flip across into an unbound state and 
dissociate at wavenumbers below those needed for 
dissociation of the bound state; this process is called 
predissociation. 

11 E.1 Fluorescence and 
phosphorescence 

Figure 3 shows a simple example of a Jablonski 
diagram, a schematic portrayal of molecular elec
tronic and vibrational energy levels, which shows 
the sequence of steps involved in fluorescence. The 
initial absorption takes the molecule to an excited 
electronic state, and if the absorption spectrum were 
monitored it would look like the one shown in Fig. 
4a. The excited molecule is subjected to collisions 
with the surrounding molecules, and as it gives up 
energy it steps down the ladder of vibrational levels. 
The surrounding molecules, however, might be un
able to accept the larger energy needed to lower the 
molecule to the ground electronic state. The excited 
state might therefore survive long enough to gen
erate a photon and emit the remaining excess energy 
as radiation. The downward electronic transition is 
vertical, which means in accord with the Franck-
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Fig. 3 A Jablonski diagram showing the sequence of steps 
lead ing to f luorescence. After the in it ial absorpt ion the upper 
vibrationa l states undergo rad iation less decay-the process 
of vibrationa l relaxation-by giving up energy to the surround
ings. A radiative t ransit ion then occurs from the ground state 
of the upper electron ic state. In practice, the separation of the 
ground states of the electron ic states (the heavy horizonta l 
lines) is 10 to 100 t imes greater than the separation of the 
vibrationa l levels. 

Condon principle (Topic llD), and the fluorescence 
spectrum has a vibrational structure characteristic of 
the lower electronic state (Fig. 4b ). 

Fluorescence occurs at a lower frequency than that 
of the incident radiation because the fluorescence radi
ation is emitted after some vibrational energy has been 
lost to the surroundings. The vivid oranges and greens 
of fluorescent dyes are an everyday manifestation of 
this effect: they absorb in the ultra violet and fluor
esce in the visible. The mechanism also suggests that 
the intensity of the fluorescence ought to depend on 
the ability of the surrounding molecules, such as those 
of a solvent, to accept the electronic and vibrational 
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Fig. 4 The absorption spect rum (a) shows a vibrationa l 
structure characterist ic of the upper state. The f luorescence 
spectrum (b) shows a structure characteristic of the lower 
state; it is also disp laced to lower frequencies and resem
bles a m irror image of the absorption. 
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Fig. 5 The sequence of steps leading to phosphorescence. 
The important step is the intersystem crossing from an ex
cited sing let to an exc ited triplet state. The tr iplet state acts 
as a slowly radiati ng reservoir because t he return to the 
ground state is very slow. 

quanta. It is indeed found that a solvent composed of 
molecules with widely spaced vibrational levels (such 
as water) may be able to accept the large quantum of 
electronic energy and so decrease the intensity of the 
solute's fluorescence. 

Figure 5 is a Jablonski diagram showing the events 
leading to phosphorescence. The first steps are the 
same as in fluorescence, but the presence of a triplet 
state plays a decisive role. A triplet state is a state in 
which two electrons in different orbitals have par
allel spins: the ground state of 0 2 is an example 
(Topic 9B). The name 'triplet' reflects the (quantum 
mechanical) fact that the total spin of two parallel 
electron spins (ii) can adopt only three orientations 
with respect to an axis. An ordinary spin-paired state 
(i J.) is called a singlet state because there is only one 
orientation in space for such a pair of spins. In the 
language of Topic 7D, a triplet state has S = 1 and M5 

has one of the three values +1, 0, and -1; a singlet 
state has S = 0 and M5 has the single value 0. 

The ground state of a typical phosphorescent mol
ecule is a singlet because its electrons are all paired; 
the excited state to which the absorption excites the 
molecule is also a singlet. The peculiar feature of a 
phosphorescent molecule, however, is that it pos
sesses an excited triplet state with an energy similar 
to that of the excited singlet state and into which the 
excited singlet state may convert. Hence, if there is 
a mechanism for unpairing two electron spins (and 
so converting i J. into ii), then the molecule may 
undergo intersystem crossing (ISC) and become a 
triplet state. The unpairing of electron spins is pos
sible if the molecule contains a heavy atom, such as 
an atom of sulfur, with strong spin- orbit coupling 
(Topic 8D). Then the angular momentum needed to 

convert a singlet state into a triplet state may be ac
quired from the orbital motion of the electrons. 

After an excited singlet molecule crosses into a 
triplet state, it continues to discard energy into the 
surroundings and to step down the ladder of vibra
tional states. However, it is now stepping down the 
triplet's ladder and at the lowest vibrational energy 
level it is trapped. The surroundings cannot extract 
the final, large quantum of electronic excitation en
ergy. Moreover, the molecule cannot radiate its en
ergy: a triplet state cannot convert into a singlet state 
because the spin of one electron cannot reverse in dir
ection relative to the other electron during a transi
tion (L'l.S = 0 for electronic transitions). The radiative 
transition, however, is not totally forbidden because 
the spin- orbit coupling responsible for the intersys
tem crossing also breaks this rule. The molecules are 
therefore able to emit weakly and the emission may 
continue long after the original excited state was 
formed. 

The mechanism of phosphorescence summarized 
in Fig. 5 accounts for the observation that the exci
tation energy seems to become trapped in a slowly 
leaking reservoir. It also suggests, as is confirmed ex
perimentally, that phosphorescence should be most 
intense from solid samples: energy transfer is then 
less efficient and the intersystem crossing has time 
to occur as the singlet excited state loses vibrational 
energy. The mechanism also suggests that the phos
phorescence efficiency should depend on the pres
ence of a moderately heavy atom- with its ability to 
flip electron spins- which is in fact the case. 

Brief illustration 11 E.1 Fluorescence and phosphores

cence of organic molecules 

Fluorescence efficiency decreases. and the phosphores

cence efficiency increases. in the series of compounds: 
naphthalene. 1-chloronaphtha lene. 1-bromonaphtha lene. 
1-iodonaphtha lene. The replacement of an H atom by suc

cessively heavier atoms enhances both intersystem crossing 

from the first excited singlet state to the first excited t rip let 
state (thereby decreasing the efficiency of f luorescence) and 

the rad iative t ransition f rom the first excited triplet state to 
the ground singlet state (thereby increasing the efficiency of 

phosphorescence) . 

Self-test 11 E.1 

Consider an aqueous solution of a chromophore that f luor

esces st rongly. Is the add it ion of iodide ion to the solut ion 
likely to increase or decrease the efficiency of phosphores

cence of the chromophore? 
Answer: Increase 



11 E.2 Mechanism of decay of 
excited states 

The following steps are involved in the formation 
and deactivation of an excited singlet stateS* in the 
absence of any chemical reaction involving S*: 

Absorption: S+hv, ---?S* Rate= I,b, 

Fluorescence: S* ---7S+hv, Rate= k, [S*] 

Intersystem crossing: S* ---7 T* Rate= k15c[S* ] 

Internal conversion: S* ---7 S Rate= krc[S*] 

S is the initially absorbing species, T* an excited 
triplet state, and hv, and hv, denote the incident and 
fluorescent photons, respectively. It follows that after 
the exciting radiation has been turned off and S* is 
no longer being formed, 

Rate of decay ofS* =k,[S*] + k15c[S*] + k,c[S*] (1) 

= (k , + k15c + k1c)[S *] 

That is, the excited state decays by a first-order pro
cess, so when the light is turned off, [S*] varies with 
timet as 

where the observed fluorescence lifetime, r 0, is 

Observed lifetime of the 
excited singlet state 
!defin ition] 

(2b) 

The observed fluorescence lifetime can be measured 
by using a pulsed laser technique. First, the sample 
is excited with a short light pulse from a laser using 
a wavelength at which S absorbs strongly. Then, the 
exponential decay of the fluorescence intensity after 
the pulse is monitored and its time-constant deter
mined. 

Not every excited molecule decays by fluorescence 
and it is useful to speak of the quantum yield of fluor
escence, cflp, which is the rate of fluorescence, vp, div
ided by the rate of photon absorption, I.b,: 

rate of fluorescence 
cflp = Quantum yield 

rate of photon absorption of fluorescence 
(3) 

!defin ition] 

The difference between the two rates in this defin
ition is the rate at which excited states leak away non-
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radiatively. The value of cfJp is measured by observing 
the ratio of the intensities of fluorescence and absorp
tion, which are proportional to their respective rates. 
As shown in the following Justification, provided 
there is no chemical reaction, a condition indicated 
by attaching a subscript 0 to cfJp, 

Justification 11 E.1 

The quantum yield of fluorescence 

Quantum yield 
of fluorescence 
!no reactions] 

(4) 

The strategy consists of setting up an express ion for the net 
rate of format ion of the excited state in the presence of for

mation and decay processes. 

Step 1: Set up an expression for the net rate of formation 

ofS* 

Most f luorescence measurements are conducted by ill um in

at ing a dilute sample w ith a continuous and intense beam of 
light. It fol lows that [S*] is then constant. and its net rate of 

formation is zero. That is, 

rate of 
production rateofdecayots• 

ofS* byfluorescence 

Rate of change of [S*] = '(: - Wl 
rateofdecayofS* rateofdecayofS* 

byintersystem byinternal 
crossing convers10n 

r-A--. ,........,...__ 

- k
1
sciS*l - k,dS*l 

= l,b, - ( k, + k1sc + k1c )IS*] = 0 

Consequent ly, 

Th is expression is ready to be substituted into the denomin

ator of eqn 3. 

Step 2: Write an expression for the fluorescence quantum 

yield 

The ra te of fluorescence itself is k, [S*l. wh ich can be sub

st ituted into the numerator of eqn 3. It now follows that the 

quantum yield of f luorescence is given by 

wh ich, after cance lling the [S*l. becomes eqn 4. 

With ¢F,o available from steady-state observations 
and r0 available from decay-rate observations, the 
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rate constant kF can be determined. Thus, from eqns 
2b and 4, it follows that 

1 (~) 1 
To = kF + krsc + krc = kF + krsc + krc X kF 

_ ifiF,O ---,;; 
and therefore 

k _ ifiF,O 
p -

't"o 

(Sa) 

(5b) 

Brief illustration 11 E.2 The f luorescence rate constant 

The fluorescence quantum yield and observed f luorescence 

lifetime of t ryptophan in water are tho= 0.20 and To= 2.6 ns, 

respectively. It follows from eqn 5 that the f luorescence rate 

constant k, is 

0
·
20 

=7.7x107 s- ' 
2.6x10 9 s 

: Self-test 11 E.2 

: A substance has a f luorescence quantum yield of tho= 0.35. 

; In an experiment to measure the f luorescence l if~time of 

; this substance, it was observed that the fluorescence em is

; sion decayed with a ha lf- life of 5.6 ns. Determine the f luor

; escence ra te constant of this substance. 

Answer: k, = 4.3 x 107 s·' 

11E.3 Quenching 

A number of processes can decrease, or quench, the 
fluorescence or phosphorescence of a molecule. Ex
amples of such processes include energy transfer, 
electron transfer, and reactions that are initiated by 
the absorption of light. 

A molecule in an excited state must either decay to 
the ground state or form a photochemical product. 
As shown in the following Justification, the rela
tion between the fluorescence quantum yields ¢JF,o 
and ¢IF in the absence and presence, respectively, of a 
quencher Qat a molar concentration [Q] is given by 
the Stem-Volmer equation: 

Stern- Volmer 
equation 

(6) 

00~-----------------------------
Quencher concentration, [0] ---+ 

Fig. 6 The format of a Stern-Volmer plot and the interpret
ation ofthe slope in terms of the rate constant for quenching 
and the observed fluorescence li fet ime in the absence of 
quenching . 

It follows from this equation that a plot of ¢1F.of¢1F 
against [Q] should be a straight line with slope -r0kq. 
Such a plot is called a Stem- Volmer plot (Fig. 6). The 
method is quite general and may also be applied to 
the quenching of phosphorescence emission. 

Justification 11 E.2 

The Stern-Volmer equation 

The addition of a quencher, 0, opens an additiona l channel for 

deactivation of S *: 

Quenching: S* + 0 --7 S + 0 Rate of quenching= k,IOHS*l 

As in Justification 11 E.1 , the approach involves w riting the 

net rate of formation of IS*] under conditions of constant il
lumination by considering all the appropriate formation and 

decay processes. 

Step 1: Set up the expression for the net rate of formation 
of$* 

Taking quenching into account, the net rate of change of IS*] is 

Rate of change of IS*] 

rate of 
production 

ofS* 
,.-..., 

= Jabs -

rate of decay 
ofS*by 

fluorescence 

kJS*j -

rate of decay 
ofS*by 

intersystem 
crossing 

,-"--, 

k,sclS*] 

rate of decay 
of s• by rateofdecayof s· 
internal by 

conversion quenching 

- WI - kJc)iiS*] 
= l,tx; - (k, +k1sc +k1c +k0 [0])(S*] = 0 

Step 2: Write expressions for the fluorescence quantum 

yields in the presence and absence of the quencher 

By analogy w ith step 2 of Justification 11 E.1, the fluores

cence quantum yield in the presence of the quencher is 

1/J, = k, 
k, + k1sc + k1c + k0 [0] 



This expression becomes eqn 4 when (OJ= 0. 

Step 3: Form the ratio of these fluorescence quantum 
yields 

~ 
= k, + k1sc + k1c + k0 (0) k, + k15c + k1c + k0 (0) 

k, + k,sc + k,c k, + k,sc + k,c k, + k,sc + k,c 

•o (~5) 

which is eqn 6. 

Because the fluorescence intensity and lifetime are 
both proportional to the fluorescence quantum yield 
(specifically, from eqn 5, r = ifi plk p), plots of IF,ollp 
and rofr (where, as usual, the subscript 0 indicates a 
measurement in the absence of quencher) against [Q] 
should also be a straight line with the same slope and 
intercept as those shown for eqn 6. 

1 ib'·'511J• 
Determining the quenching rate constant 

The molecu le 2,2'-bipyridine (1, bpy) forms a complex with 
the Ru2• ion. Ruthenium( ll) t ris-(2,2'-bipyridyl), Ru(bpy),'• (2), 
has a strong electronic absorption at 450 nm. The quenching 
of the * Ru(bpy)3

2+ excited state by Fe(OH2)6,. in acidic solut ion 
was monitored by measuring excited state lifetimes at 600 nm. 
Determine the quenching rate constant for this reaction from 
the following data: 

(Fe,.)/(10-2 mol dm-3) 0 1.6 4.7 7 9.4 

T/(10-7 s) 6 4.05 3.37 2.96 2.17 

o-o N N 
/; u 

1 2,2'-Bipyri dine (bpy) 
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Collect your thoughts Rewrite 
eqn 6 for use with lifetime data, 
then fit the data to a straight line. 
Final ly, ca lculate the quenching 
rate constant from the slope of 
the plot. 

The solution Note from eqn 5 that 
in the absence of a quencher .P.,0 = 

1:0k,. But an ana logous expression 

Slope= k0 

1/'!:o 

[0 ] 

can be written when a quencher is present, so tP, = Tke Then 
eqn 6 becomes 

Dividing th rough by 1:0 gives 

~ = _2_+k
0

(0) 
'!: 'l:o 

(7) 

Because the axes of plots should be labelled with pure num
bers, it is necessary to introduce and handle units before 
using eqn 7 for the analysis of the data. To bring the expres
sion into a form suitable for plotting, write it as 

_2_+k (0) x (10-2 mol dm-3) 
(1 o-7 s)'!:/ (1 o-7 s) 1:0 ° (1 0 2 mol dm-3

) 

and therefore, after multiplying through by 10-7 s and col
lecting terms 

.--L-, 
1 

1: /(1 0-7 s) 

[QJ 
x (10 2 moldm 3) 

Figure 7 shows a plot of 1/('!:!10-7 s) against (Fe,.)/(10-2 mol 
dm-3) and t he results of a f it to eqn 7 The slope of the line 
is k0 x 10-s mol dm-3 s-' = 2.9, so k0 = 2.9 x 109 dm3 mol-' 
s-1

• This example shows that measurements of excited state 
lifetimes are preferred over measurements of quantum yields 
because they give the value of ko directly. To determine the 
value of k0 from intensity or quantum yield measurements, an 
independent measurement of 1:0 is also needed . 

Self-test 11 E.3 

The quenching of t ryptophan fluorescence by dissolved 
0 2 gas was monitored by measuring emission lifetimes at 
348 nm in aqueous solutions. Determine the quenching rate 
constant for this process from the following data: 

(02]/(10-2 mol dm-3) 

T/(10-9 s) 

0 2.3 5.5 8 10.8 

2.6 1.5 0.92 0.71 0.57 

Answer: 1.3 x 1010 dm3 mol-1 s-1 
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Quencher concentration, [Fe3+]!(10-2 mol dm-3) 

Fig. 7 The Stern-Volmer plot of the data for Example 11 E.1. 

It is useful to have some general idea of the magni
tudes of the kinetic parameters discussed so far. Elec
tronic transitions caused by absorption of ultraviolet 
and visible radiation occur within 10-16-10-15 s. The 
upper limit for the rate constant of a quenching process, 
such as a first-order photochemical reaction, is then ex
pected to be about 1016 s-1. Fluorescence is slower than 
absorption, with typical time constants of 10-12-10-6 s. 
Therefore, the excited singlet state can initiate very fast 
photochemical reactions in the femtosecond (10-15 s) 
to picosecond (10-12 s) timescale. Typical intersys
tem crossing and phosphorescence time constants 
for large organic molecules are 10-12-10-4 sand 10-6 
-10-1 s, respectively. As a consequence, excited triplet 
states are photochemically important. Indeed, because 
phosphorescence decay is several orders of magnitude 
slower than most typical reactions, species in excited 
triplet states can undergo a very large number of colli
sions with other reactants before deactivation 

Three common mechanisms for quenching of an 
excited singlet (or triplet) state are: 

Collisional deactivation: s• +Q ~S + Q 

Electron transfer: s• + Q ~ s+ + q- or s-+ q+ 
Resonance energy transfer: S* + Q ~ S + Q* 

Collisional quenching is particularly efficient when 
Q is an electron-rich species, such as iodide ion, 
which receives energy from S* and then decays non
radia ti vel y to the ground state. 

11 E.4 Resonance energy transfer 

In an absorption process the incident electromag
netic radiation induces a transition electric dipole 
(the dipole associated with the migration of charge 

in the transition, Topic 11A) in the singlet S of the 
absorbing species. When the resulting excited state 
collapses back to the ground the resulting transition 
dipole can induce a corresponding transition dipole 
moment in a neighbouring molecule Q at a distance 
R. The transfer of energy by this process takes place 
with an efficiency, TIT, that can be expressed in terms 
of the fluorescence quantum yields in the absence and 
the presence of the quencher: 

Efficiency of energy t ransfer 
]definition] 

(8) 

If cfJp = cflp,0 , then Q has no effect and TIT= 0. If cfJp = 
0, then Q has quenched all the fluorescence and TIT 
= 1 corresponding to perfect efficiency. According 
to the Forster theory of energy transfer, which was 
proposed by T. Forster in 1959, for donor-acceptor 
(S-Q) systems that are held rigidly either by covalent 
bonds or by a protein 'scaffold', TIT, increases as R 
decreases: 

Efficiency of energy t ransfer 
in terms of the donor
acceptor distance 

(9) 

where R0 is a parameter (with units of distance) that 
is characteristic of each donor-acceptor pair and 
has values typically close to about 4 nm. The effi
ciency approaches 1 when R << R0 and approaches 
0 when R >> R0• Equation 9 has been verified ex
perimentally. According to the Forster theory, for a 
given separation, the efficiency is greatest when the 
emission spectrum of the donor molecule overlaps 
significantly with the absorption spectrum of the ac
ceptor. In the overlap region, photons emitted by the 
donor can be absorbed resonantly by the acceptor 
for the energy gaps of the two molecules then match 
(Fig. 8), and the process is called resonance energy 
transfer. 

The dependence of TIT on R forms the basis of 
fluorescence resonance energy transfer (FRET), a 
technique that can be used to measure distances in 
biological systems. In a typical FRET experiment, 
a site on a biopolymer or membrane is labelled co
valently with an energy donor and another site is 
labelled covalently with an energy acceptor. The dis
tance between the labels is then calculated from the 
known value of R0 and a modified version of eqn 9. 
To modify it, first take the inverse of the equation, 
to give 

2_=Rg+R6 =1+R6 so R6 =2_-1=1-TIT 
TIT Rg Rg , Rg TIT TIT 
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Fig . 8 According to the Forster theory. the rate of energy 
transfer from a moleculeS* in an excited state to a quencher 
molecule 0 is optimized at radiation frequencies in which 
the emission spectrum of S* overlaps with the absorption 
spectrum of 0, as shown in the shaded region. 

Then, on taking the sixth root of both sides, 

( )

1/6 

R=Ra l~;T 
Donor-acceptor 
distance in terms of the 
efficiency of transfer 

(10) 

Several tests have shown that the FRET technique is 
useful for measuring distances ranging from 1 to 9 nm . 

Checklist of key concepts 

0 1 In fluorescence, the spontaneously emitted radi

ation ceases almost immediately (within nanosec

onds) after the exciting radiation is extinguished. 

0 2 In phosphorescence, the spontaneous emission 

may persist for long periods; the process involves 

intersystem crossing into a triplet state. 

0 3 The fluorescence quantum yield is the rate of fluor

escence divided by the rate of photon absorption. 

11 E.4 RESONANCE ENERGYTRANSFER 491 

: Brief illustration 11 E.3 The FRET technique . 
: The pigment 11-cis-retinal, which absorbs light and initiates the 

! biochemical events associated with vision, resides inside the 
! protein rhodopsin. When an amino acid on the surface of 
! rhodopsin was labelled covalently with a fluorescent mol
: ecule, the fluorescence quantum yield decreased from 0.75 
! to 0.68 due to quenching by 11-cis-retinal. It follows from eqn 8 
! that the efficiency of transfer is 

0.75-0.68 
1/r = 0.093 

0.75 

: For this combination of S and 0, R0 = 5.4 nm, so the distance 
! R between the amino acid on the surface of the protein and 

11-cis-retinal is obtained from eqn 10 as 

Ro [ ,.3!.._, ] '

16 

~ 1-0093 
R=(5.4 nm)x --·- =7.9 nm 

~ 
"' 

! ! Self-test 11 E.4 

! ! An amino acid on the surface of a protein was labelled 
! ! covalently with a molecule A and another was labelled 

! ! covalently with B. The fluorescence quantum yield of A 
! ! decreased by 10 per cent due to quenching by B. For this 
! ! pair of dyes R0 = 4.9 nm. What is the distance between the 

! ! amino acids? . . Answer: 7.1 nm 

0 4 A Stem-Volmer plot is used to analyse the kinetics 

of fluorescence quenching in solution. 

0 5 Collisional deactivation, electron transfer, and res

onance energy transfer are common fluorescence 

quenching processes. 

0 6 The Forster theory predicts that the efficiency 

of resonance energy transfer decreases with in

creasing separation between energy donor and ac

ceptor molecules. 
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Exercises 

Topic 11A General features of molecular spectroscopy 

11A.1 Express a wavelength of 442 nm as (a) a frequency. 

(b) a wavenumber. 

11A.2 What is (a) the wavenumber. (b) the wavelength of 

the radiation used by an FM rad io transmitter broadcasting 
at 88.0 MHz? 

11A.3 An aqueous solution of a triphosphate derivative of 
molar mass 502 g mol_, was prepared by dissolving 17.2 mg 

in enough water to make 500 cm3 of solution and a sample 

was transferred to a cell of length 1.00 em. The absorbance 
was measured as 1.011. Calculate (a) the molar absorption co

efficient; (b) the transmittance. expressed as a percentage. 

for a solution of twice the concentration. 

11A.4 Radiation of wavelength 268 nm passed through 1.5 mm 

of a solution that conta ined benzene in a transparent solvent 
at a concentration of 0.080 mol dm-3 . The intensity of the 

radiation is reduced to 22 per cent of its initial value (so T = 

0.22). (a) Calculate the absorbance and the molar absorption 

Topic 11 B Rotational spectroscopy 

118.1 The kinetic energy of a bicycle wheel rotating once per 

second is about 0.2 J. To what rotational quantum number 

does that correspond? For the moment of inertia. let the mass 
of the wheel (wh ich is concentrated in its rim) be 0.75 kg and 

its radius be 70 em. 

118.2 (a) Ca lcu late the moment of inertia of (i) 1 H2• (i i) 2H2, (ii i) 
12C160 2, (iv) 13C02 . (b) Ca lcu late the correspond ing rotational 

constants, expressing your answers as a frequency in hertz 
(Hz) and as a wavenumber in reciprocal centimetres (cm-1

). 

118.3 (a) Express the moment of inertia of an octahedral AB 6 

molecule in terms of its bond lengths and the masses of the 
B atoms. (b) Ca lcu late the rotat iona l constant of 32S19F6, for 

which the S-F bond length is 158 pm. 

118.4 Derive expressions for the two moments of inertia of 
a square-planar AB4 molecu le in terms of its bond lengths 

and the masses of the atoms. 

118.5 Suppose you were seeking the presence of (planar) 

S03 molecu les in the microwave spectra of interste llar gas 

coefficient of the benzene. (b) What would be the transmit

tance through a cell of thickness 3.0 mm? 

11A.5 What is the Doppler-sh ifted wave length of a red 

(660 nm) t raffic light approached at 65 m.p.h.? At what 
speed wou ld it appear green (520 nm)? 

11A.6 A spectral line of 48TiB+ in a distant star was found to 

be shifted from 654.2 nm to 706.5 nm and to be broadened 
to 61.8 pm. What are the speed of recession and the surface 

temperature of the star? 

11A.7 Estimate the lifet ime of a state that gives rise to a line 
of width (a) 0.10 em·', (b) 1.0 em·', (c) 1.0 GHz. 

11A.8 A molecule in a liqu id undergoes about 1.0 x 1013 col
lisions in each second. Suppose that every col lision is effec

tive in deactivating the molecu le vibrational ly and that one 
coll ision in 200 is effective. Calculate the width (in cm-1

) of 

vibrational transitions in the molecule. 

clouds. (a) You would need to know the rotational constants 

A and B. Calcu late these parameters for 32S160 3, for which 
the S-0 bond length is 143 pm. (b) Could you use m icro

wave spectroscopy to distingu ish the relative abundances of 
32S160 3 and 33S160 3? 

118.6 A rotating methane molecu le is described by the 

quantum numbers J, MJ, and K. (a) For methane, how many 
rotat iona l states have an energy equal to hBJ(J + 1) w ith 
J= 8? (b) Now consider chloromethane. How many rotational 

states have an energy equa l to hBJ(J + 1) w ith J = 8? 

118.7 The rotational constant of 127135CI is 3.423 GHz. Ca lcu

late the ICI bond length. 

118.8 The nuclear spin of deuterium, D, is I= 1. Calculate 
the ratio of the number of ways of achieving rotationa l states 

w ith odd and even va lues of J. 

118.9 The rotational constant of 12C160 is 57.65 GHz. Ca lcu

late the va lue of J for the most populated level at (a) 300 K 

and (b) 1000 K. 



118.10 Lines in the rotational spectrum of 63Cu 1 H are ob

served as part of the microwave spectrum of a f lame. The 
most intense line in the spectrum. which corresponds to 

the transition from the most populated level. is observed 

to be J = 7 ~ 6. Estimate the temperature of the 63Cu 1 H 

molecules in the f lame. given that the rotational constant is 

8= 234 GHz. 

118.11 Which of the fol lowing molecu les can have (a) a pure 

rotational spectrum and (b) a rotat iona l Raman spectrum: (i) 

HCI. Iii) N20. (i ii) 0 3 • (iv) SF4 • (v) XeF4? 

118.12 Suppose that hydrogen is replaced by deuterium in 
1 H35CI. Wou ld you expect the J = 1 ~ 0 transit ion to move to 
higher or lower wavenumber? 

Topic 11C Vibrational spectroscopy 

11C.1 Suppose the C=O group in a peptide bond can be 

regarded as isolated from the rest of the molecule. Given 

the force constant of the bond in a carbonyl group is 908 N 
m·' . calcu late the vibrationa l wavenumber of (a) 12C=160. 

lbl "C='•o. 

11C.2 How many normal modes of vibration are there for (a) 

NO,. (b) N20. (c) cyclohexane. (d) hexane? 

11C.3 The wavenumber of the fundamental vibrational tran

sit ion of Cl2 is 565 em· '. Calculate the force constant of the 

bond. 

11C.4 The hydrogen hal ides have the fo llowing fundamental 

vibrational wavenumbers: 

HF 

4138 

HCI 

2992 

HBr 

2649 

HI 

2308 

(a) Calculate the force constants of the hydrogen-halogen 

bonds. (b) Pred ict the fundamental vibrational wavenumbers 

of the deuterium hal ides. 

Topic 11 D Electronic spectroscopy 

110.1 The molar absorption coefficients of two substances 
A and B at two wavelengths (denoted 1 and 2) are as fol
lows: e., = 7.5 dm3 mol_, em·' . e 81 = 10.0 dm3 mol_, em·' . e A2 = 

12.0 dm3 mol_, em· '. e82 = 8.0 dm3 mol_, em·'. The tota l ab

sorbances of a solution at these two wavelengths in a cell of 

length 5.0 mm were measured as 0.8 and 1.2. respectively. 

What are the molar concentrations of A and B in the solution? 

110.2 In an X-ray photoelectron experiment. a photon of 

wavelength 100 pm ejects an electron from the inner shell 
of an atom and it emerges with a speed of 2.34 x 104 km s·'. 

Calculate the binding energy of the electron. 
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118.13 The rotationa l constant of 1H35CI is 317.8 GHz. W hat 

is the separation of the lines in its pure rotational spectrum 
(a) in gigahertz. (b) in reciprocal centimetres? 

118.14 For 1H79Br. the rotationa l constant is 250 357.599 MHz 
and the centrifugal distortion constant is 10.320 MHz. Ca lcu
late the f requency of the J= 12 ~ 11 transition in the micro

wave spectrum of ' H79Br. 

118.15 The rotational constant of 12C160 2 (from Raman spec
troscopy) is 11.70 GHz. What is the CO bond length in the 

molecule? 

118.16 The wavenumber of the incident radiation in a Raman 
spectrometer is 20 623 em·'. What is the wavenumber of the 

scattered Stokes radiation for the J = 4 ~ 2 transition of 160 2? 

11C.5 Which of the fo llowing molecu les may show in

frared absorption spectra: (a) H2• (b) HCI. (c) C02• (d) H20. 

(e) CH3CH3• (f) CH4• (g) CH 3CI. (h) N,? 

11C.6 Calcu late the wavenumber of the f irst overtone transi

tion w ith v = 2 ~ 0 in nitric oxide. NO. given that the value 
of the vibrationa l wavenumber is v = 1904.03 em· ' and the 

anharmonicity constant is x, = 0.0073. 

11C.7 In the infrared spectrum of CO a strong vibrational 
transit ion is observed centred at 2143.29 em· ' correspond

ing to the fundamenta l band w ith v = 1 ~ 0 with a weaker 
transit ion at 4259.66 em· '. corresponding to the overtone 

band w ith v= 2 ~ 0. What is the vibrational wavenumber. v. 
and anharmonicity constant. x,. of CO? 

11C.8 The rotat iona l constant of 1H81 Br is 8.360 em·'. Cal

culate the wavenumber of the R-branch line originating from 

the rotationa l state with J = 2. 

11C.9 Consider the vibrationa l mode of CH4 that corre

sponds to the compression of one C-H bond whi le the other 

three C-H bonds stretch. Is it (a) Raman. (b) infrared active? 

110.3 The energy required for the ionization of a certain atom is 
21.4 eV The absorption of a photon of unknown wavelength ion

izes the atom and ejects an electron w ith velocity 1.03x 106 m s· '. 

Calcu late the wavelength of the incident radiation. 

110.4 What is the kinetic energy of an electron that has 

been accelerated through a potential difference of 10.0 kV? 

110.5 What is (a) the energy. (b) the speed of an electron 

that has been ejected from an orbital of ion ization energy 

10.0 eV by a photon of radiation of wave length 110 nm? 
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110.6 In a particu lar photoelectron spectrum using 21.21 eV 

photons. electrons were ejected w ith kinetic energ ies of 

11.01 eV. 8.23 eV. and 5.22 eV. Sketch the molecular orbita l 

Topic 11 E The decay of excited states 

11 E.1 Consider a unimolecular photochemica l reaction with 
rate constant k, = 1.7 x 104 s·' that involves a reactant with 

an observed f luorescence lifetime of 1.0 ns and an observed 

phosphorescence lifetime of 1.0 ms. Is the excited singlet 

state or the excited triplet state the most likely precursor of 
the photochemical reaction? 

11E.2 The observed fluorescence lifetime in the absence 

of a quencher is 1.4 ns. In the presence of a quencher the 
f luorescence lifetime is 0.8 ns. Ca lcu late the quenching effi

ciency. which is the ratio of the f luorescence quantum yields 

in the presence and absence of the quencher. ¢,/¢,_0. 

Discussion questions 

11.1 Justify the form of the Beer-Lambert law. When might 

deviations from it be observed? 

11.2 Describe the physical origins of linewidths in the ab

sorption and emission spectra of gases. liqu ids. and solids. 

How may they be reduced? 

11.3 Consider a diatomic molecule that is highly susceptible 

to centrifugal distortion in its ground vibrational state. Do you 

expect excitation to high rotational energy leve ls to change 

the equi librium bond length of th is molecu le? Justify your 

answer. 

11.4 Why does the vibrational state of a diatomic molecule 

affect its rotational constant? Is there an effect even if the 

potential is strictly parabol ic? 

11.5 Account physical ly for the fact that a linear polyatomic 

molecule composed of N atoms has one more vibrational 
mode than a non-l inear molecule of N atoms. 

11.6 Discuss the physical origins of the gross selection 

rules for microwave spectroscopy and rotationa l Raman 
spectroscopy. 

Problems 

11.1 A Dubosq colorimeter consists of a cell of fixed path 

length and a cel l of variable path length. By adjusting the 
length of the latter until the t ransmission through the two 

cells is the same. the concentration of the second solution 

can be inferred from that of the former. Suppose that a plant 
dye of concentration 25 ~g dm-3 is added to the fixed cell. 

energy level diagram for the species. showing the ion ization 

energ ies of the three identifiable orbita ls. 

11 E.3 Fluorescence from the energy donor pyrene is 
quenched by the acceptor dye coumarin. In an experiment 

to investigate the binding of pyrene within a substrate. the 

fluorescence quantum yield of pyrene in the absence of any 

quencher was measured to be 0.65. W ith coumarin bound to 
the surface of the substrate. the quantum yie ld dropped to 

0.49. Use Forster theory to calculate the separation between 

the donor and acceptor. given that the va lue of R0 for the 
pyrene-coumarin pair is 3.9 nm. 

11.7 Discuss the physical orig ins of the gross se lection ru les 
for infrared spectroscopy and vibrational Raman spectros

copy. 

11.8 Suppose that you w ish to characterize the normal 

modes of benzene in the gas phase. Why is it important to 

obta in both infrared absorption and Raman spectra of your 

sample? 

11.9 Suggest a reason why the replacement of 12C by 13C in 

C02 affects some of its vibrationa l frequencies but not all. 

11.10 Account for the appearance of P. 0. and R branches 
in the vibration-rotation spectrum of a diatomic molecu le. 

11.11 Explain the orig in of the Franck-Condon principle and 

how it leads to the appearance of vibrationa l structure in an 

electronic t ransition. 

11.12 Explain how colour can arise from molecu les. 

11.13 Describe the mechanisms of fluorescence and phos
phorescence. How could you test the proposed mecha

nisms? 

the length of wh ich is 1.55 em. Then a solution of the same 

dye. but of unknown concentration. is added to the second 

cel l. It is found that the same t ransmittance is obta ined when 

the length of the second cel l is adjusted to 1.18 em. What is 

the concentration of the second solution? 



11.2 The microwave spectrum of 1H1271 consists of a series 
of lines separated by 384 GHz. (al Compute its bond length. 
(bl What would be the separation of the lines in 2H1271? 

11.3 Rotational lines in the microwave spectrum of 127135CI 
are observed at 6.8291, 13.6582,20.4872, and 20.3163 MHz. 
(al Assign the transitions. (bl By plotting a graph, determine 
the value of the rotational constant. (c) Hence calculate the 
bond length in 127135CI. 

11 .4 Transitions with the following wavenumbers are ob
served in the rotational spectrum of OCS: 1.2171054 cm-1

, 

1.6228005 em-' , 2.0284883 cm-1
, and 2.4341708 em-'. Use 

the graphical procedure implied by eqn 11b ofTopic 11B to 
determine the values of the rotational constant, 8, and cen
tri fugal distortion constant, 0, for this molecule. 

11.5 The axes about which a molecule rotates pass through 
the centre of mass of the molecule. The position of the cen
tre of mass is such that 

with m; the molecular mass of each atom and t; the position 
of each atom relative to the centre of mass. (a) Show that for 
a linear molecule of the form ABC, the moment of inertia is 

where RAs and R8c are the bond lengths. (b) The microwave 
spectrum of '60 12CS gave absorption lines (in GHz) as follows: 

J 2 3 4 

32S 24.325 92 36.488 82 48.651 64 60.814 08 
34S 23.732 33 47.462 40 

Use the data to determine the rotational constants and the 
moments of inertia for 160 12C32S and 160 12C34S. (c) Assuming 
that the bond lengths are unchanged by isotopic substitu
t ion, ca lculate the C- 0 and C-S bond lengths in OCS. 

11 .6. The Morse potential-energy function 

may be used to describe how the potential energy, V, of a 
diatomic molecule varies with internuclear separation, R. 
(a) Sketch the function, taking 0, = 50 kJ mol-' , R, = 0.30 
nm and a = 0.18 nm_, as typical values of the parameters. 
(b) Explain the significance of the parameters 0, , R,, and a. 

11.7 (a) Give the parities of the wavefunctions for the first 
fou r levels of a harmonic oscillator. (b) How may the parity be 
expressed in terms of the quantum number v? 
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11.8 Suppose that three conformations are proposed for the 
nonlinear molecule H20 2 (1, 2, and 3). The infrared absorption 
spectrum of gaseous H20 2 has bands at 870, 1370, 2869, 
and 3417 cm-1• The Raman spectrum of the same sample 
has bands at 877. 1408, 1435, and 3407 cm-1

. All bands corre
spond to fundamental vibrational wavenumbers and you may 
assume that (i) the 870 and 877 em-' bands arise from the 
same normal mode, and (ii) the 3417 and 3407 em-' bands 
arise from the same normal mode. (a) If H20 2 were linear, 
how many normal modes of vibration would it have? (b) De
termine which of the proposed conformations is inconsistent 
with the spectroscopic data. Explain your reasoning. 

11.9 Vibration-rotation transitions in the infrared spectrum 
of 1H19F were observed at 2886.50, 2908.51, 2930.43, 
2974.55, 2996.57, 3018.58 em-'. (a) By considering the sepa
rations between pairs of lines, and by reference to Fig. g 
ofTopic 11 C, assign the transitions. (b) Determine the bond 
length of 'H"F. 

11.10 Lines are observed in the high-resolution infrared 
spectrum of HCI gas at 2841.42, 2843.55, 2862.26, 2864.43, 
2903.96, 2906.1g, 2924.80, and 2927.06 cm-1

• (a) Assign the 
observed lines to P and A-branch vibration- rotation transi
tions in either 1 H35CI or 1 H37CI. (b) Hence calculate the ro
tational constant, B, for each isotopomer, assuming that 
the value does not depend upon the vibrational state and 
so is constant. (c) Also calculate the fundamental vibrational 
wavenumber, v. for each isotopomer. (d) Comment on any 
differences in the values. 

11 .11 When benzophenone is illuminated with ultravio
let radiation it is excited into a singlet state. Th is sing let 
changes rapidly into a triplet, which phosphoresces. Triethyl
amine acts as a quencher for the triplet. In an experiment 
in methanol as solvent, the phosphorescence intensity 
varied with amine concentration as shown below. A time
resolved laser spectroscopy experiment had also shown 
that the half-life of the fluorescence in the absence of 
quencher is 291lS. What is the value of the quenching rate 
constant k0 ? 

10]/(mol dm_,) 

/1/(arbitrary units) 

0.0010 

0.41 

0.0050 0.0100 

0.25 0.16 
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11.12 The quenching of tryptophan f luorescence by dis

solved 0 2 gas was monitored by measuring emission life

t imes at 348 nm in aqueous solutions. Determine the 

quenching rate constant for th is process from the fol lowing 

data: 

[021/(10-2 mol dm-3
) 

r:/ns 

0 2.3 5.5 8 10.8 

2.6 1.5 0.92 0.71 0.57 

11.13 The fluorescence of a solution of a plant pigment ill u

minated by 330 nm radiat ion was stud ied in the presence of 
a quenching agent, with the following results: 

[0]/(mmol dm-3) 1.0 2.0 

1,/l,b, 0.31 0.18 

3.0 

0.13 

4.0 

0.10 

5.0 

0.081 

In a second series of experiments. the incident rad iation was 
extinguished and the lifetime of the decay of the fluores

cence was observed: 

[0]/(mmol dm-3) 

r:/ns 

1.0 

76 

2.0 

45 

3.0 

32 

4.0 

25 

5.0 

20 

Determine the quenching rate constant and the half-life of 

the f luorescence. 

Projects 

The symbol t indicates that calculus is required. 

11.1 Here you are invited to explore the process of human 
vision. (a) The flux of visible photons reaching Earth from 

the North Star is about 4 x 103 mm·' s·'. Of these photons, 

30 per cent are absorbed or scattered by the atmosphere 

and 25 per cent of the surviving photons are scattered by 

the surface of the cornea of the eye. A fu rther 9 per cent are 
absorbed inside the cornea. The area of the pupil at night is 

about 40 mm2 and the response t ime of the eye is about 0.1 s. 
Of the photons passing through the pupil, about 43 per cent 

are absorbed in the ocu lar medium. How many photons from 

the North Star are focused on to the retina in 0.1 s? For a 
continuation of this story, see R. W. Rod ieck, The first steps 

in seeing, Sinauer (1998). (b) In the f ree-electron molecular 

orbital theory of electron ic structure, then electrons in a con

jugated molecu le are treated as non-interacting particles in a 
box of length equal to the length of the conjugated system. 
On the basis of this model, at what wavelength wou ld you 

expect all trans-retinal to absorb? Take the mean carbon

carbon bond length to be 140 pm. 

11.2t The most popu lated rotationa l energy level of a linear 

rotor is given in eqn 9 ofTopic 11 B. By following the method 
used in Justification 11 B.3, derive an expression for the most 

11.14 Light-induced degradation of molecules, also called 

photobleaching, is a serious problem in fluorescence micros

copy, in which a specimen (such as a biological cell) labelled 

w ith a fluorescent dye is observed under an optica l micro

scope. A molecule of a dye commonly used to label biopoly

mers can w ithstand about 106 excitations by photons before 
light-induced reactions destroy its n system and the molecule 

no longer f luoresces. For how long w ill a single dye molecule 

fluoresce whi le being excited by 1.0 mW of 488 nm radiation 

from an argon ion laser? You may assume that the dye has 
an absorption spectrum that peaks at 488 nm and that every 

photon delivered by the laser is absorbed by the molecule. 

11.15 The fo llowing data refer to a fam ily of compounds w ith 

the general composit ion A-B,-C in wh ich the distance R 
between A and C was varied by increasing the number of B 

units in the linker: 

R/nm 1.2 1.5 1.8 2.8 3.1 3.4 3.7 4.0 4.3 4.6 

TIT 0.990.94 0.97 0.82 0.74 0.65 0.40 0.28 0.24 0.16 

Are the data described adequately by the Forster theory, 
as expressed through eqn 9 of Topic 11 E? If so, what is the 

va lue of R0 for the A-C pa ir? 

populated rotat iona l level of a spherica l rotor, given that its 

degeneracy is (2J + 1 )2 

11.3 The protein haemeryth rin (Her) is responsible for bind

ing and ca rrying 0 2 in some invertebrates. Each protein mol

ecule has two Fe'+ ions that are in very close proximity and 

work together to bind one molecule of 0 2 , form ing an Fe20 2 

group. (a) The Raman spectrum of oxygenated haemery

thrin obtained w ith laser excitation at 500 nm has a band at 
844 em·' which has been attributed to the 0-0 stretch ing 

mode of bound 160 2. Why is Raman spectroscopy and not 

infrared spectroscopy the method of choice for the study of 
the binding of 0 2 to haemerythrin? (b) Proof that the 844 em· ' 

band in the Raman spectrum of oxygenated haemerythrin 
arises from a bound 0 2 species may be obtained by conduct

ing experiments on samples of haemerythrin that have been 

mixed with 180 2, instead of 160 2 . Predict the fundamental 
vibrational wavenumber of the 180-180 stretching mode in 

a sample of haemerythrin that has been treated with 180 2• 

(c) The fundamental vibrationa l wavenumbers for the 0-0 

stretching modes of 0 2 , o,- (superoxide an ion), and O,'

(peroxide anion) are 1555, 1107. and 878 em· ', respectively. 
(i) Expla in th is trend in terms of the electron ic structures of 

0 2 , o,-, and O,'-. (i i) What are the bond orders of 0 2, o,-, 
and O,'-? (d) Based on the data given in part (c), wh ich of 



the following species best describes the Fe20 2 group of hae
merythrin: Fe2+20 2, Fe2+Fe3+o ,-, or Fe3+20 ,'-? Explain your 

reasoning . (e) The Raman spectrum of haemerythrin mixed 
with 160 180 has two bands that can be attributed to the 0-0 
stretching mode of bound oxygen. Discuss how th is observa
t ion may be used to exclude one or more of the four proposed 
schemes (4-7) for binding of 0 2 to the Fe, site of haemerythrin. 

4 5 

7 
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11.4 Water, carbon dioxide, and methane are able to absorb 
some of the Earth's infrared emissions whereas nitrogen and 
oxygen cannot. The computational methods discussed in 

Topic 90 can also be used to simulate vibrational spectra and 
from the resu lts of the calculation it is possible to determine 
the correspondence between a vibrational frequency and the 
atomic displacements that give rise to a normal mode. (a) 

Using molecular model ling software and the computational 
method of your instructor's choice, investigate and depict 
pictorially the vibrational normal modes of CH4 , C02 , and H20 
in the gas phase. (b) Which vibrationa l modes of CH4, C02, 

and H20 are responsible for absorption of infrared rad iation? 

11.5 Consider the trapping of solar energy by photosynthetic 
organisms. In ch lorophyl l-protein complexes that capture 
solar energy, the f luorescence of a ch lorophyl l molecule is 
quenched by nearby chlorophyll molecules. Given that for a 
pair of ch lorophyll a molecules R0 = 5.6 nm, by what distance 
should two ch lorophyll a molecules be separated to shorten 
the fluorescence lifetime from 1 ns (a typica l va lue for mono
meric chlorophyl l a in organic solvents) to 10 ps? 





FOCUS12 

Statistical 
thermodynamics 

Statistical thennodynamics provides the link between the 
microscopic properties of matter and its bulk properties. It 

provides a means of ca lculating thermodynamic properties 

from structural and spectroscopic data and gives insight into 

the molecular origins of chemica l properties. 

12A The Boltzmann distribution 

The 'Boltzmann distribution', which is used to predict the 

populations of states in systems at thermal equi libri um, 

is among the most important equations in chemistry for 
it summarizes the populations of states; it also provides 

insight into the nature of 'temperature' . 

12A.1 The population of states; 12A.2 The general 
form of the Boltzmann distribution; 12A.3 The origins 

of the Boltzmann distribution 

12 8 The partition function 

The Boltzmann distribution introduces the concept of a 
'partition function', which is the centra l mathematical con 

cept of the rest of the treatment of statistical thermodynam

ics. The Topic focuses on how to interpret the partition func

tion and how to calculate it in a number of simple cases. The 
key conclusion is that a 'molecu lar partition function' is the 

thermodynamic version of a wavefunction, and conta ins all 

the thermodynamic information about a system. 

12B.1 The interpretation of the partition function; 

12B.2 The molecular partition function; 12B.3 The 
translational partition function; 12B.4 The rotational 

partition function; 12B.5 The vibrational partition 
function; 12B.6 The electronic partition function; 

12B.7 The significance of the molecular partition 

function 

12C The origin of thermodynamic 
properties 

This Topic shows how the molecular partition function is 
used to ca lcu late (and give insight into) important thermo

dynamic functions: the internal energy, the heat capacity, 

the entropy, and the Gibbs energy. With the Gibbs energy 
avai lable, a f ina l step is taken into the ca lcu lations of chem

ically significant expressions by showing how equi librium 
constants can be calculated from structural and spectro

scopic data. 

12C.1 The internal energy; 12C.2 The heat capacity; 

12C.3 The entropy; 12C.4 The Gibbs energy; 12C.5 The 

equilibrium constant 



TOPIC 12A 

The Boltzmann distribution 

~ Why do you need to know this 
material? 

The Boltzmann distribution is the key to under
standing much of chemistry. All thermodynamic 
properties can be interpreted in its terms, as can 
the temperature dependence of equilibrium con
stants and the rates of chemical reactions. It also 
illuminates the meaning of'temperature'. There 
is, perhaps, no more important unifying concept 
in chemistry. 

~ What is the key idea? 

The most probable distribution of molecules 
over the available energy levels subject to certain 
restraints depends on a single parameter, the 
temperature. 

~ What do you need to know already? 

You need to be aware that molecules can exist 
only in certain discrete energy levels (Topic 7 A) 
and that in some cases more than one state has 
the same energy (Topics 7C and 7D). 

The concept of the Boltzmann distribution was intro
duced in the opening pages of this text, and has been 
underlying all the descriptions of the relation be
tween the individual properties of molecules and the 
properties of bulk matter. It expresses the population 
of a state, N1, the number of molecules in that state, 
solely in terms of the energy of the state e1 and the ab
solute temperature, regardless of the type of motion 
the state represents: 

The Boltzmann 
distribution 

(1) 

where the constant k is Boltzmann's constant, k = 
1.380 6488 x 10-23 J K-1

• The approximation k = 
1.381 x 10-23 J K-1 is often used in calculations. 

12A.1 The population of states 

According to eqn 1, the relative populations, N 1 and 
N2, of two states depends upon the temperature T 
and the difference in their energies, e1 and q 

N 2 = e - (<2 - <, )tkT 

N, 
Relative 
populations 

(2a) 

In chemical applications it is common to use not the 
individual energies but energies per mole of mol
ecules, E1, with E1 = N Ae1, where NA is Avogadro's con
stant. When both the numerator and denominator in 
the exponential are multiplied by N A, eqn 2a becomes 

N 2 = e - (E, - E,)tRT 

N, 
Relative populations in 
terms of molar energies 

(2b) 

whereR=NAk =8.314 4621 J K-1 mot-1
. When such 

precision is not required, the approximate value 
8.3145 J K-1 mol-1 can be used. The constant R is 
called the (molar) gas constant because it originally 
arose in relation to the properties of gases (Topic 1A), 
but the fact that it is related to Boltzmann's constant 
and the Boltzmann distribution means that it has 
a much broader range of application than to gases 
alone. 

This difference in the populations of the lower and 
higher energy states becomes more marked as the 
separation, .1-e, between the states increases (Fig. 1 ). 
More specifically, 

The relative population of the upper state decreases 
exponentially with its energy above the lower state. 
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Fig. 1 The energy level separations typica l of four types of 
motion. (1 zJ = 10-21 J; in molar terms, 1 zJ is equivalent to 
about 0.6 kJ mol-1.) 

For example, because the separation in energy be
tween different electronic states is usually large, most 
atoms or molecules are found in the lowest electronic 
energy state and the population of excited electronic 
states is usually very low. In contrast, because the ro
tational energy states of molecules lie much closer in 
energy, the populations of excited rotational states 
can be significant (Topic llB). 

Through eqn 2 it is possible to see the significance 
of temperature: for a given set of quantum states, 

The temperature is the single parameter that 
controls the relative population of the states. 

The effect is shown in Fig. 2. When the temperature 
is low, there is only a small population of molecules 
in high energy states. When the temperature is high, 
many high energy states are populated. The same 
Boltzmann distribution of populations, at a given 
value of T, applies to any array of energy levels, be 
they translational, rotational, vibrational, or elec
tronic, and regardless of the chemical identity of the 

~r----
Q; 
c: 
WI----

Fig. 2 The Boltzmann distribution of populations for a system 
of five states as the temperature is increased. At low tem
perature, the population of molecules in high energy states 
is small. At higher temperature, more high energy states are 
populated. 

substance. That is why ' temperature' is a universally 
applicable property of matter and why the flow of 
energy as heat is from high to low temperature re
gardless of the natures of the substances in thermal 
contact. 

In the same spirit, the Boltzmann distribution ac
counts for the stability of matter at low temperatures, 
when only low-energy states are occupied. It also ac
counts for the ability of matter to undergo change 
(by chemical reaction or physical transition) at high 
temperatures, when high-energy states are also abun
dantly occupied. 

Brief illustration 12A.1 Relat ive populations 

Methylcyclohexane molecules may exist in one of two con

formations, w ith the methyl group in either an equatoria l or 

axia l position. The equatorial form is lower in energy with the 

axia l form being 6.0 kJ mol-1 higher in energy. At 300 K, this 
difference in energy implies that the relative populations of 

molecules in the axial and equatoria l states is 

The number of molecules in an axial conformation is therefore 
just 9 per cent of those in the equatorial conformation. 

: Self-test 12A.1 

: Determine the temperature at which the relative proper
! tion of molecules in axial and equatorial conformations in a 

! sample of methylcyclohexane is 0.30 or 30 per cent. 

: Answer: 600 K 

12A.2 The general form of the 
Boltzmann distribution 

Equation 1 is expressed as a proportionality. The 
complete form of the distribution is 

Ne· eJkT 
N , =--q,--

Boltzmann 
distribution (3) 

Here N is the total number of molecules. The term in 
the denominator, q,, is the partition function: 

Partition 
function 
ldefin it ionl 

(4) 

where the sum is over all the states of the system. 
The physical meaning of q, is explored in Topic 12B. 
At this stage it is sufficient to think of the partition 
function as a kind of normalizing factor, for it en
sures that the sum of all the populations is the total 
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number of molecules in the system: that is, with N 1 

given by eqn 3, 

One very important feature of the distribution is that 
it applies to the populations of states. In some cases 
(the hydrogen atom and rotating molecules are ex
amples) several different states have the same energy. 
That is, some energy levels are degenerate (Topic 7C 
and 7D). The Boltzmann distribution can be used to 
calculate, for instance, the number of hydrogen atoms 
at a temperature T that have their electron in a 2px or
bital. Because a 2py orbital has exactly the same energy, 
the number of atoms with an electron in a 2py orbital 
is the same as the number with an electron in a 2px 
orbital. The same is true of atoms with an electron in 
a 2pz orbital, so N(2p,) = N(2py) = N(2pz) Therefore, 
if the number of atoms with electrons in 2p orbitals, 
N(2p), is N(2p) = N(2px) + N(2py) + N(2pz) = 3N(2px). 
In general, if the degeneracy of an energy level (that is, 
the number of states of that energy) is g, a factor of g 
must be used to get the population of the level (as dis
tinct from an individual state). It is obviously very im
portant to decide whether the quantity of interest is the 
population of an individual state or the population of 
an entire degenerate energy level. For levels denoted L, 

distribution 
(general form] 

(5) 

where NL is the total number of molecules in the level 
L (the sum of populations of all the states of that 
level), gL is its degeneracy, and eL is its energy. 

1 H!..!.itlfl11 
Calculating the relative populations of rotational 
levels 

Calculate the relative populations of the J = 2 and J = 1 rota· 
tionallevels of HCI at 25 oc. For HCI the rotational constant is 

8=318.0 GHz. 

Collect your thoughts The rota· 
tiona! energy levels of diatomic 

molecules are discussed in 

Topic 11 B. Because HCI is a linear 

rotor, calculate the energy of a 
level as eJ = h8J(J + 1). where 

8 is the rotational constant. With 

gJ = 2J + 1 as the degeneracy of 

each level, calculate the relative 

t 
>-
Cl 
(;; 
c 

UJ 

J 
3 

2 1\ 
1 \ 
0 '-

populations of the J = 2 and J = 1 rotational levels by forming 
the ratio N,!N, from eqn 5. 

The solution The relevant quantities are 

J 

2 

2h8 

6h8 

3 

5 

From eqn 4, the ratio of populations of the levels is 

~~cancel N and q, ) 
Ng2e - c21kT !CL g2 e - (t;rt:, llkT 

N, Ng,e '•'kTfq, g, 
~ 

Bottzmanndist ribution 

For HCI, 8 = 318.0 GHz, so at 25 oc (corresponding to 298 K). 

this ratio works out as 

N !l ~ k - ' -
~ = i e -4x(6.626x10-34 J s) x (3.180x1011 s- 1)/\(1 .381x10-23 J K- 1) x (298 K)) = l.36 
N, 

Comment There are more molecules in the level with J = 2 

than in the level with J = 1, even though J = 2 corresponds to 

a higher energy. Each individual state with J = 2 has a lower 
population than each state with J = 1, but there are more 

states in the level with J= 2. 

: Self-test 12A.2 

What is the ratio of the populations of the levels with J= 1 and 
J= 0 at the same temperature? 

Answer: 2. 71 

One convenient and important convention we adopt 
in this text is that all energies are measured relative to 
the ground state. That is, the ground-state energy is 
set equal to zero, even if there is a zero-point energy. 
For instance, the energies of a harmonic oscillator 
(Topic 7E) are measured from zero for the ground state: 

Actual energies: e = thv, fhv, fhv, ... 

Convention: e = 0, hv, 2hv, .. . 

Likewise, the energies of the hydrogen atom (Topic 8A) 
are measured from zero for the ls orbital: 

Actual energies: e = -hcRH, -thcRH, -thcRH, .. . 

Convention: e = 0, fhcRH, ~hcRH, .. . 

This convention greatly simplifies the interpretation 
of the significance of q, in Topic 12B. 

12A.3 The origins ofthe 
Boltzmann distribution 

The conceptual basis of the derivation of the Boltz
mann distribution is very simple. Imagine a stack of 
energy levels arranged like bookshelves, one above 



the other. Then imagine being blindfolded and 
throwing balls (the molecules) at the shelves (the en
ergy levels), and letting them land on the available 
shelves entirely at random, apart from one condition. 
That condition is that the total energy of the final ar
rangement must have the actual energy of the sample 
of matter being described. Provided the temperature 
is above absolute zero, not all the balls are allowed to 
land on the bottom shelf, for that would give a total 
energy of zero. Some of the balls might land on the 
bottom shelf, but there must then be others ending 
up on higher shelves to ensure that the total energy 
has the specified value. Throwing 100 balls at a set 
of shelves, results in one particular valid distribution. 
Repeating the experiment with the same number of 
balls results in a different but still valid distribution. 
If the experiment is repeated again and again, many 
different distributions will be found, but some of 
them will occur more often than others (Fig. 3 ). 1 

When this game is analysed mathematically,2 it 
turns out that the most probable distribution-the 
arrangement that turns up most often-is that given 
by eqn 5. In other words, 

The Boltzmann distribution is the most probable 
outcome of blind chance occupation of energy 

1 To calculate the number of ways, W , of arranging N molecules 
with N 1 in state 1, N2 in state 2, etc., use W = N!IN1!N2!. .. , with n! 
= n(n - 1)(n - 2) ... 1, and 0! = 1. 

2 For details, see our Physical chemistry: thermodynamics, structure, 
and change (2014 ). 

Checklist of key concepts 

0 1 The Boltzmann distribution gives the numbers 

of molecules in each state of a system at any 

temperature. 

0 2 The temperature is the single parameter that con

trols the relative population oft he states regardless 

of the type of motion they represent. 
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Fig. 3 The derivation of the Boltzmann distribution involves 
imagining that the molecules of a system (the squares) are dis
tributed randomly over the available energy levels subject to 
the requirements that the number of molecules and the total 
energy is constant, and then looking for the most probable 
arrangement. Of the four (out of many possibilities) shown 
here, the numbers of ways of achieving each arrangement are 
(a) 181 180, (b) 858, (c) 78, (d) 12 870. The number of ways of 
achieving (a) is by far the greatest, so this distribution is the 
most probable; it corresponds to the Boltzmann distribution. 

levels, subject to the requirement that the total en
ergy has a particular value. 

When dealing with about 1023 molecules and repeat 
the experiment millions of times, the Boltzmann dis
tribution turns out to be overwhelmingly the most 
probable outcome and can be used with confidence 
for all typical samples of matter. 

0 3 The relative populations of energy levels, as 

opposed to individual states, must take into ac

count the degeneracies of the energy levels. 

0 4 The Boltzmann distribution is the outcome of blind 

chance occupation of energy levels, subject to there

quirementthatthe total energy has a particular value. 
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The partition function 

~ Why do you need to know this material? 

Statistical thermodynamics provides the link 
between molecular properties that have been 
calculated or derived from spectroscopy and 
thermodynamic properties, including equilib
rium constants. The connection depends on the 
partition function. Therefore, this material is an 
essential foundation for understanding physical 
and chemical properties of bulk matter in terms 
of the properties of the constituent molecules. 

~ What is the key idea? 

The partition function, an indication of the 
number of occupied states, is calculated by 
drawing on calculated or spectroscopically de
rived structural information about molecules. 

~ What do you need to know already? 

You need to know that the Boltzmann distribu
tion expresses the most probable distribution 
of molecules over the available energy levels 
(Topic 12A). You also need to be aware of the 
expressions for the rotational and vibrational 
levels of molecules (Topics llB and llC) and the 
translational energy levels of a particle in a box 
(Topic 7C). 

The key concept of quantum mechanics is the exist
ence of a wavefunction that contains in principle all 
the dynamical information about a system, such as 
its energy, the electron density, the dipole moment, 
and so on. Once the wavefunction of an atom or mol
ecule is known, it is possible to extract all the dynam
ical information about the system. There is a similar 
concept in statistical thermodynamics. The partition 

function, q,, contains all the thermodynamic infor
mation about the system, such as its internal energy, 
entropy, heat capacity, and so on. 

128.1 The interpretation of the 
partition function 

The population of a state is calculated from the 
Boltzmann distribution (Topic 12A) as 

Ne-<JkT Boltzmann 
(1) N,=--q,-- distribution 

with q, defined as 

q,= It-<JkT Partition function 
(2) 

(definit ion( 

= 1 + e -<,tkT + e -<,tkT +e -<,tkT + . .. 

The sum is over states, not (possibly degenerate) en
ergy levels. The first term is 1 because, by conven
tion, the energy of the ground state (fo) is set equal to 
0, and e0 = 1. In principle, calculating q, amounts to 
substituting the values of the energies e1, evaluating 
each term e-<JkT for the temperature of interest, and 
adding all the terms together. However, that pro
cedure does not give much insight. 

To see the physical significance of q,, suppose first 
that T = 0 so that liT= oo. Then, because e- = 0, all 
terms other than the first are equal to 0, and q, = 1. 
At T = 0 only the ground state is occupied and (pro
vided that state is non-degenerate) q, = 1. Now con
sider the other extreme: a temperature so high that 
t:JkT= 0 for all values of the energies. Then, because 
e0 = 1, the partition function is q, ~ 1 + 1 + 1 + 1 + .. . = 

N'""" where N'"'" is the total number of states of 
the molecule (and might be infinite). That is, at very 
high temperatures, all the states of the system are 
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Fig. 1 The partition function is a measure of the number of 
thermally accessible states. Thus, for all states with e < kT 
the exponential term is reasonably close to 1 whereas for all 
states with£> kTthe exponential term is close to O.The states 
withe< kTare significantly thermally accessible. 

thermally accessible. It is beginning to become clear 
that the partition function is reporting on the number 
of states that are occupied at a given temperature. 

Now consider an intermediate temperature, at 
which only some of the states are occupied signifi
cantly. Suppose that the temperature is such that kT 
is large compared to £1 and £2 but small compared to 
e3 and all subsequent terms (Fig. 1). Because e1/kT 
and qlkT are both small compared to 1, and e-• ~1 
when xis very small (for instance, e-O.Dl = 0.990 ... ), 
the first three terms are all close to 1. However, be
cause e/kT is large compared to 1, and e-• ~ 0 when 
xis large (for instance, e-100 = 3.72 x 10-44 ), all the 
remaining terms are close to 0. Therefore, 

1 I 0 0 0 
,--J'--, ,--J'--, ,--J'--, ,--J'--, ,--J'--, 

q, = 1 + e -£1/kT + e - £2 /kT +e - £3 /kT + e -E,IkT +e -EslkT + , .. 

and q, ~ 1 + 1 + 1 + 0 + .. . = 3. Once again, the partition 
function has a value corresponding to the number of 
significantly occupied states at the temperature of in
terest. That is the principal meaning of the partition 
function: 

The partition function q, gives the number of 
thermally accessible states at the temperature of 
interest. 

Grasping the significance of q, makes statistical 
thermodynamics much easier to understand. For ex
ample: 

• Even before doing any calculations, it is expected 
that q, increases with temperature, because more 
states become accessible as the temperature is raised. 
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• At low temperatures q, is small, and falls to 1 as the 
temperature approaches absolute zero (when only 
one state, the ground state, is accessible and that 
state is non-degenerate). 

• Molecules with numerous, closely spaced energy 
levels (like the rotational states of bulky mol
ecules) can be expected to have very large parti
tion functions. 

• Molecules with widely spaced energy levels can 
be expected to have small partition functions, be
cause only the few lowest states will be occupied 
at low temperatures. 

Calculating a partition function 

The boat conformation of cyclohexane (1) lies 22 kJ mol-' 

higher in energy than the chair conformation (2). Calculate the 

partition function for the cyclohexane molecule, confining at

tention to these two conformations only. Show how the par
tition function varies with temperature. 

1 

Collect your though ts Whenever 
calculating a partition function, 
start at the definition in eqn 2 and 
write out the individual terms. 
Remember to set the ground 
state energy equal to 0. When 
the energies of states are given 
in joules (or kilojoules) per mole, 
replace the k in the definition of 
q, by R= NAk. 

2 

te-~ 
En ~E = NA£ 

~ r=l 
0 

The solution There are only two states, so the partition 

function has only two terms . The energy of the chair form 
is set at 0 and that of the boat form is E = 22 kJ mol-' . 

Then, with 

~ 
E 2.2x104 J mol-' 

RT (8.3145 J K 1 mol ')xT 

it follows that 

q,= 1+e-(26 .. xlO' KYT 

This function is plotted in Fig . 2. Note that it rises from 

q, = 1 (only the chair form is accessible at T = 0, when (2.6 x 

104 K)/T = =and e- = 0) to q, = 2 at T = = (when (2.6 x 104 

K)/T = 0 and e0 = 1 ); both states are thermally accessible at 
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Fig. 2 The partition function for a two-level system w ith states 
at the energ ies 0 and£. At 20 oc (293 K) and for£= 22 kJ mol·' , 
kT/e = 0.11, where q; = 1.0001. Note how the partition function 
rises from 1 and approaches 2 at high temperatures. 

high temperatures). At 20 °C, q; = 1.0001, and there is a very 
small proportion of molecules in the boat form. 

Self-test 128.1 

The ground configuration of a fluorine atom gives rise to a 
2P term with two levels, the J = f level (of degeneracy 4) 
and the J = 1 level (of degeneracy 2) at an energy corres

ponding to 404.0 em_, above the ground state. Write down 

an expression for the partition function and plot it as a func

tion of temperature. Hint: The notation used here is from 

Topic 80. Take e = hcv for the energy of the upper level. In 

this instance, the ground state is degenerate. 

5.6 

""' r::: 
0 

Answer:ct = 4 + 2e-'"'1kT; Fig . 3 

'tj5.2 -1---+----+----+-~....-r 
c: 
.2 
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30 

Fig. 3 The partit ion function for the six-level system treated in 
Self-test 128. 1. Note how q rises from 4 (when on ly the four 
states of the 2P312 1evel are occupied) and approaches 6 (when 
the two states of the 2P112 level are also accessible). At 20 oc, 
kT/hcv = 0.504, corresponding to q; = 4.28. 

128.2 The molecular partition 
function 

The energy of a molecule can be approximated as 
the sum of contributions from its different modes of 
motion (translation, rotation, and vibration), and the 
distribution of electrons . As shown in the following 
Justification, if the energy is a sum of independent 
contributions, then the molecular partition function 
is a product of contributions: 

Molecular partition 
function 

(3) 

where T denotes translation, R rotation, V vibration, 
and E the electronic contribution (including spin). 
The contribution from electronic spin is important 
in atoms or molecules containing unpaired electrons. 
The remainder of the Topic is devoted to develop
ment of expressions for these individual contribu
tions to the molecular partition function. 

Justification 128.1 

The factorization of the molecular partition function 

Suppose the energy can be expressed as the sum of contribu

tions from two modes A and B (such as vibration and rotation). 
and that £;.; = et + £;". where i denotes a state of mode A and 
j denotes a state of mode B, and the sums required are over 
both i and j independently. Then, the partition function is 

r ";.;= e.' +e,' ) 

q,= L
6

-e,jkT = L
6

-ef/kT-eJ!kT 

i,j i,j r e~'= e'e' ) "' ,f 
,-------->----, r-----'----. 

~. -efo.tkT -£1~/kT ~ -ef''lkT ~ -£1~/kT A B = ..i..Je ' e = ..i..Je ' ..i..Je =q, q, 

'·' 
This argument is readi ly extended to three or more modes, 
as in eqn 3. It also appl ies to translation in three dimensions 

(in the sense that q;r is the product of partition funct ions for 
motion along each of three perpendicu lar axes). because 
motion along each axis is an independent mode. 

128.3 The translational partition 
function 

Suppose a molecule of mass m is confined in a flask of 
volume Vat a temperature T, then (as shown in the 
following justification) to a good approximation for 



typical containers and T > 0, the translational parti
tion function, q,T, is 

T (21tmkT)
312 

V 
q, = h3 

Translational partition 
function 

(4) 

As expected, the part1t10n function increases with 
temperature. However, q,T also increases with the 
volume of the flask. That should be expected too: 
the energy levels of a particle in a box become closer 
together as the size of the box increases (Topic 7C), 
so at a given temperature, more states are thermally 
accessible. 

Brief illustration 128.1 The t rans lational partition 

funct ion 

Consider an 0 2 molecule (of mass 32m,) in a f lask of volume 

100 cm3 at 20 oc. Its trans lationa l partition function is 

m 
~ 

ffiu ~~3/2 
q;' = ( 27t x32x(1 .661x10-27 kg)x(1.381x 10-23 J K"1)x(298 KV 

X (1 .00 X 10-4 m3) 

(6.626 x 10 34 J s)3 

= 1.75x1028 

Note that a huge number of trans lational states are access ible 

at room temperature . This result is consistent with the deriv

ation of eqn 3, which assumed that the translat ional energy 

levels form a near continuum in containers of macroscopic 

size. 

A note on good practice All the units must cancel because all 
partit ion functions are dimensionless numbers. Here, because 1 
J = 1 kg m2 s·'. the un its cancel as follows: 

(kg J K-1 K)312 m3 

(J s)J 

(kg kg m2 s·2
)312 m3 

(kg m2 s 2 s)3 

(kg ms-1
)
3m3 = kg3 m6 s· 3 = 

1 
(kg m2 s 1 

)
3 kg3 m6 s· 3 

It might seem irksome to do this cancellation explicitly, but it is a 
very good way of making sure that you have set up the numerical 
calculation correctly. 

Self-test 128.2 

Calculate the translational partition function for a H2 mol

ecule under the same conditions. 

Answer: 4'= 2.8 x 1026 
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Justification 128.2 

The translational partition function 

The starting point is the ca lculation of the partition function 

4x for motion parallel to the x-axis. 

Step 1: Write an expression for the energy levels in one 

dimension 

The energy levels of a molecule of mass m in a conta iner of 

length X are given by eqn 3 ofTopic 7C (En= ri'li'/8mL2) with 

L=X: 

n2 h2 

E =-x
nx 8mX2 nx =1. 2, ... 

The lowest level (nx= 1) has energy li'!BmX', so the energies 

relative to that level are 

Step 2: Write an expression for the partition function for 

motion in one dimension 

Accord ing to eqn 2, the partition function in the X dimension 

is the sum 

~ -(n'-1)<xlkT 
4x = L...Je x 

nx=l 

The translat ional energy levels are very close together in a 

container the size of a typica l laboratory vessel; therefore, 

they form a near continuum and the sum can be approxi

mated by an integral: 

_ s- -(n_; -1)'x"'d _ s- -nJ: ' x"'d 
~- e ~- e ~ 

1 0 

The extension of the lower limit to nx= 0 and the replacement 

of nJ- 1 by nJ introduces negligible error but helps with eva lu

ation of the integra l. 

Step 3: Evaluate the integral 

The integra l in step 2 can be evaluated by making the substi

tution x' = nJ(E/kn. implying that 

( J
1/2 

dnx = kT 
dx Ex 

( J
1/2 

so dnx = :: dx 

Therefore, 

•
112 12 

r(ex= li'!BmX' ) 

4x =(::r~=(::f ( 1t;'J=(21t:,kTf x 

w here the integral is given in the Resource section (as 

Integral G1 ). 
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Step 4: Write partition functions for the X, Y, and Z 

dimensions 

The same expression for the X dimension from step 3 applies 
to the other dimensions, so it follows that 

(
2rtmkT)'" 

4x = -h-,- X -(2rtmkT)'" 4y- -h-,- y (
2rtmkT)'" 

4z = -h-,- z 

Step 5: Write the expression for the partition function in 
three dimensions 

Equat ion 4 follows after substitution of the expressions in 
step 4 into q,T = q,xq, yq,i 

r (2 nmkT)'" ,....L., 
4 = 4x4r4z = -h-,- XYZ 

=(2nmkT)'"v= (2nmkT)"' v 
h' h3 

where V = XYZ is the volume of the box. 

128.4 The rotational partition 
function 

The rotational partition function, q,R, can also be ap
proximated when the temperature is high enough for 
many rotational states to be occupied. As shown in 
the following Justification, for a linear rotor it turns 
out that forT» hB!k, 

R kT 
q, = ahB 

Rotational partition 
function (large 
molecu les, high n (5) 

In this expression, B is the rotational constant 
(Topic 11B) and a is the symmetry number: a= 1 
for an unsymmetrical linear rotor (such as HCl or 
HCN) and a= 2 for a symmetrical linear rotor (such 
as H 2 or C02). The symmetry number reflects the fact 
that an unsymmetrical molecule is distinguishable 
after rotation by 180° about an axis perpendicular 
to the internuclear axis (H-Cl -7 Cl-H) but a sym
metrical molecule is not (H-H -7 H-H). When 
evaluating q, only distinguishable states are counted, 
and a symmetrical molecule has fewer distinguish
able states than a less symmetrical molecule. A more 
formal explanation is that the Pauli principle (Topic 
llB) excludes certain states of symmetrical mol
ecules, so the number of thermally accessible states 
is smaller by the appropriate factor than for unsym
metrical molecules, where there is no such restriction. 

Brief illustration 128.2 The rot at ional partit ion funct ion 

For ' H35CI, a= 1 and 8= 318 GHz. Then at 298 K 

~~ 
" kT (1 381x10-23 J K-' Jx(298 Kl 

4 = hB = (6.626x10-34 J s)x(3.18x1011 s-1 ) =
19

·
5 

~~ 
h B 

That is, close to 20 rotational states are occupied at this tem
perature. Because kT/hB >> 1 (that is, T>> hB!kl. the use of 
the approximate formula is justified. 

: Self-test 128.3 

: Evaluate the rotational contribution to the partition function 
: for ' H35CI at 0 °C. 

Justification 128.3 

The rotational partition function 

The starting point for the calculation is 

~~ __9.._ 4" = L,.. ( 2J + 1) e -hBJ(J•l)lkT 

J 

Answer: 17.9 

To evaluate the sum, it is necessary to apply various approxi
mations based on the temperature being so high that many 
states are occupied. 

Step 1: Write an expression for the high-temperature limit 

When kTis much larger than the separation between neigh
bouring states (specifically, kT>> hB). many rotational states 
are occupied, the energy levels are so close that they form a 
continuum, and the sum can be approximated by an integral: 

Step 2: Evaluate the integral 

Although the integral in step 1 looks complicated, it can be 
evaluated without much effort by noticing that because 

de•flxl •fix( ( df ) ---ax = ae dx 

_c!_e-hBJIJ+lllkT = _ h8 (2J + 1)e-hBJ IJ+ll l kT 

dJ kT 

and therefore 

(2J + 1)e-hBJIJ+ll/kT = _ kT (_c!_e-hBJIJ+ll/kT ) 

hB dJ 

it can also be written as 

R = _ kT r - ( _c!_ e-hBJIJ+ll/kT)dJ 4 
hB Jo dJ 



Then, because the integra l of a derivative of a funct ion (in 

blue) is the funct ion itself, 

Equat ion 5 is obta ined by taking account of the reduct ion of 
the number of ava ilable states through division by the sym

metry number cr. 

A final point is to note that eqn 5 is valid provided 
that T» hB!k. The quantity hB!k has the dimensions 
of temperature and is known as the characteristic 
rotational temperature, TR. For H2 TR= 88 K; for Br2, 

TR = 10 K. It is often the case that the temperature 
at which an approximation is valid can be expressed 
in terms of a characteristic temperature (in this case, 
T >> TR); the next section provides another example. 

128.5 The vibrational partition 
function 

As shown in the following Justification, the vibra
tional partition function, q, v, is 

v 1 
q, = 1_ e wlkT 

Vibrational partition 
function (6) 

This is the partition function for a harmonic oscil
lator or any vibrating diatomic molecule. Figure 4 
shows how q,v varies with temperature. Note that: 

• q,v = 1 at T = 0, when only the lowest state is 
occupied. 

• As T becomes high, so q,v becomes infinite be
cause all the states of the infinite ladder are 
thermally accessible. 

• At room temperature, and for typical mo
lecular vibrational frequencies, q,v is very close 
to 1 because only the vibrational ground state 
is occupied (see Exercise 12B.5). 

c 
0 
-~ 

~ 
Ee-
2 
. ~ 
<0 
u 
-~ 
.c 
0.. 

The following Justification also shows that, when 
the temperature is so high that T >> T v, with the 
characteristic vibrational temperature, T v = hv!k, 
eqn 5 simplifies to 

v kT q, ~-
hv 

Vibrational partition 
function (high n (7) 

It is only rarely possible to use this approximation 
because molecular vibrations have high frequencies. 
For H 2, Tv = 6332 K; for Br2, T v = 465 K. 
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Fig. 4 The partit ion funct ion for a harmon ic oscillator. For 
an oscillator with v = 1000 em-', at 20 °C, kT/hcv = 0.204, 
corresponding to q = 1.01. 

Brief illustration 128.3 The vibrat ional partit ion funct ion 

To calcu late the partit ion funct ion of 12 molecu les, note their 
vibrat ional frequency is 6.434 x 1012 s-1

. Then at 298 K, 

h v 
r---"-------, r-----"-----, 

hv (6.626x10-34 J s)x(6.434 x 1012 s-1
) 

kT (1 .381x10 23 J K 1)x(298 K) 
1.035 ... 

'---------v---- '---v---' 
k T 

It fo llows from eqn 6 that 

q,v = 
1 

1.55 
1_

8 
1.ros ... 

f rom wh ich can be inferred that on ly the ground and first ex

cited states are sign ificantly populated. Because rv = hv/k 

= 309 K, and 298 K is not high compared to that va lue, it is 
inappropriate to use the high-temperature approximat ion for 

this molecu le. 

: Self-test 128.4 

: Eva luate the populations ~ of the first three vibrationa l 

: states in a sample conta ining N molecules. 
Answer: N0 = 0.645N, N, = 0.229N, N, = 0.081 N 

Justification 128.4 

The vibrational partition function 

The energy leve ls of a harmonic oscillator form a simple lad
der-li ke array (F ig. 5). When the energy of the lowest state is 

set equa l to zero, the energ ies of the states are 

<o = 0, £ 1 = hv, e, = 2hv, eo = 3hv, etc. 

Now follow these steps to derive eqns 6 and 7. 
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Fig. 5 The energy leve ls of a harmonic oscillator. When calcu
lating a partit ion function. set the zero of energy at the lowest 
leve l. as shown on the right. 

Step 1: Write a general expression for the partition function 

From eqn 2. the vibrational partit ion funct ion is 

q,V = 1 + 8 -hv/ kT + 8 -2hv/kT + e -3hv/kT + ... 

~ 
= 1 + e·h,lkT + (e-h'/kT)' + (e·m/kT)' + ... 

Accord ing to The chemist's toolkit 6 in Topic 1 C. the sum of 
the infin ite series 1 +x+x' + .. . is 1/(1-x). sowithx=e-h'1kT. 

v 1 
q, = 1-

8
-hv/kT 

which is eqn 6. 

Step 2: Consider the high-temperature limit 

When the temperature is so high that hv/kT << 1 (corres
pond ing toT>> Tv). eqn 6 can be simpl ified considerab ly by 
writ ing e·x ~ 1 - x (The chemist's toolkit6 in Topic 1 C): 

q,v ~ 1 
1-(1-hv/kT) 
~ 

8- hv/H 

which is eqn 7. 

kT 
hv/kT hv 

128.6 The electronic partition 
function 

No closed form can be given for the electronic par
tition function, (l, the partition function for the dis
tribution of electrons over their available states (and 

including any contribution from spin). Electronic en
ergy separations from the ground state are usually 
very large, so for most cases q,E = 1 because only the 
ground state is occupied. An important exception 
arises in the case of atoms and molecules having elec
tronically degenerate ground states, in which case 
q,E = Ef, where Ef is the degeneracy of the electronic 
ground state. In some cases, such as the one treated in 
the following Brief illustration, the degeneracy arises 
from the occurrence of unpaired electrons, and so the 
electronic partition function is in effect the electron
spin partition function. 

Brief illustration 128.4 The electronic pa rt ition f unct ion 

The electron ic configuration of the ground state of Na is 
[NeJ3s 1 (Topic BB). Because there are two possible orienta

tions of the electron spin in the 3s orbita l. and both are equa lly 

like ly. the ground elect ronic state of Na is doubly degenerate. 
It fo llows that the electron ic partit ion function is q, ' = g ' = 2. A 

more soph isticated approach is to recogn ize that the ground 

state is 25 112 (Topic BD). and that the i= 7 leve l consists of the 

two degenerate states w ith m i = ±7. 

; Self-test 128.5 

: A certain atom has a fourfold degenerate ground state and a 

: sixfold degenerate excited state at 400 em· ' above the ground 
; state. Ca lculate its electron ic partition function at 25 oc. 

Answer: 4.87 

128.7 The significance ofthe 
molecular partition function 

In summary, the part1t10n function is more than 
simply a symbol to denote the sum over states that 
occurs in the denominator of the Boltzmann distri
bution. First, it indicates the number of thermally ac
cessible states at any temperature and for any mode 
of motion. Second, its value is based on dynamical 
information about the molecule. Because thermo
dynamic properties are averages that take into ac
count the populations of the molecular states, the 
partition function also acts as a bridge between these 
properties and the underlying dynamical properties 
of the molecules. The stage is set, in fact, for the esti
mation of bulk thermodynamic properties (including 
equilibrium constants) from spectroscopic informa
tion. This task is undertaken in Topic 12C. 



Checklist of key concepts 

0 1 If the energy of a molecule is given by the sum of 

contributions, then the molecular partition func

tion is a product of contributions from the different 

modes. 

02 The partition function is an indication of the 

number of thermally accessible states at the tem

perature of interest. 

03 The partition function increases with temperature. 
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04 Molecules with numerous, closely spaced energy 

levels can be expected to have very large partition 

functions . Molecules with widely spaced energy 

levels can be expected to have small partition func

tions. 

0 5 The symmetry number takes into account the 

number of indistinguishable orientations of a sym

metrical molecule. 



TOPIC 12C 

The origin of thermodynamic 
properties 

~ Why do you need to know this 
material? 

This discussion provides a molecular interpret
ation of thermodynamic properties and acts 
as a bridge between spectroscopy and thermo
dynamics. 

~ What is the key idea? 

The molecular partition function contains all 
the information needed to calculate the thermo
dynamic properties of a system of independent 
particles. 

~ What do you need to know already? 

You need to be aware of the Boltzmann distri
bution (Topic 12A) and know how to calculate 
a molecular partition function from structural 
data (Topic 12B). You should also be familiar 
with the concepts of internal energy (Topic 2C) 
and entropy (Topics 3A and 3C). The final sec
tion makes use of the connection between the 
equilibrium constant and the standard Gibbs 
energy of reaction (Topic 5B). 

The partition function, one of the central concepts 
of statistical thermodynamics, is introduced in 
Topic 12B: 

where the sum is over the states of the molecule and 
the e1 are their energies. It is used to calculate and 
interpret thermodynamic properties of systems as 
small as atoms and as large as biopolymers. First
Law quantities (such as heat capacity and enthalpy) 

can be calculated once the internal energy has been 
calculated from the partition function. Second-Law 
quantities (such as the Gibbs energy and equilib
rium constants) can be calculated once the partition 
function has been used to calculate the entropy. 
Throughout this Topic only non-interacting particles 
(such as the atoms or molecules of a perfect gas) are 
considered. Interacting particles can be treated, but 
the techniques are much more complicated. 

12c.1 The internal energy 

The total energy, e, of a system of independent mol
ecules is calculated by noting the energy of each state 
(e;), multiplying that energy by the number of mol
ecules in the state (N1), and then adding together all 
these products: 

In statistical thermodynamics, the populations are 
taken to be those of the overwhelmingly most prob
able distribution at the temperature of interest, which 
is given by the Boltzmann distribution (Topic 12A). 
It follows that the N1 in this expression are given by: 

Population 
of state i 

,........-"--
N - EJkT 

e= L_e __ x 
i q, 

Energy of 
state i 
~ 

f ; (1) 

where q, is the partition function of the molecule. If 
the individual energies of the states are known (from 
spectroscopy, for instance), then the next step is to 
substitute their values into this expression. However, 
there is a much simpler method-or at least a much 
more succinct formula-available when an expres
sion for the partition function, such as one of those 
given in Topic 12B, is used. As shown in the following 



Justification, the energy depends upon how the parti
tion function q, varies with temperature as 

NkT 2 dq, 
f=---

q, dT 
(2) 

It follows that the energy can be calculated by evalu
ating the first derivative dq/dT of the expression for 
q, as a function ofT or, in other words, from the slope 
of a graph of q, plotted against T. 

Justification 12C.1 

The internal energy from the partition function 

The starting point is the realization that the sum on the right 

of eqn 1 resembles the defin it ion of the partition function, but 

differs from it by having the e, factor mult iplying each term. 

The strategy involves finding a way to remove the &1 from in· 

side the sum and to express the resu lt in terms of the partit ion 
function itself. 

Step 1: Differentiate the term e-' J'T 

Use the ru les of differentiation set out in The chemist's toolkit 

11 in Topic 4A to write 

de'"idx ~e'" x d f/dx 

ddT e-' ;/kT = e-' ;lkT X d~ (- :~) = kf2 e-' ;/kT 

Step 2: Substitute the result into the expression for the 

energy 

It fol lows from step 1 that 

Substitution of th is expression into eqn 1 gives 

because (in blue) kT' is a constant and the sum of derivatives 

is the derivative of the sum. 

The remarkable feature of eqn 2 is that it is an ex
pression for the total energy in terms of the partition 
function alone. The partition function is starting to 
fulfil its promise to deliver all thermodynamic infor
mation about the system. 

There is one more detail to take into account be
fore using eqn 2. As explained in Topic 12B, the zero 
of energy is set at the energy of the lowest state of the 
molecule. However, the internal energy of the system 
might be nonzero on account of zero-point energy, 
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and the e in eqn 2 is the energy above the zero-point 
energy. That is, the internal energy at a temperature 
Tis 

U= U(O) +e Internal energy (3) 

with egiven by eqn 2. 

i§ifi .. !.!fjfli• 
Calculating the internal energy 

Ca lculate the molar internal energy of a monatom ic gas. 

Collect your thoughts The only 

mode of motion of a monatomic 
gas is translation (electronic exci· 

tation being ignored). Therefore, 

calcu late the tota l trans lationa l 
energy of N molecu les by substi

tuting the t ranslational partit ion 
funct ion (q, = (21tmkT)312V/h3

) into 

eqn 2. Then eva luate the internal 

~ .l 
Q) 

==. c 
LJ.J 

Mean 

~ 
.::.. 

energy from eqn 3. Finally, w rite N= nN • . where N. is Avoga
dro's constant, and divide through by n to obtain the molar 

internal energy. 

The solution The partit ion funct ion has the form q, = a T'12, 

where a= (21tmk)312V/h3
. The first derivative of q, with respect 

to T is 

rdx"/dx ~nx"'' ) 

~=~(aT312 )= !iaT '12 

dT dT 2 

Substitute this result into eqn 2 to obta in 

~ 
£=NkT2 x ~=NkT2 x!i aT'" = !i NkT 

q, dT aT312 2 2 

The molar internal energy is obta ined by using eqn 3 and 
w rit ing N= nN • . N. k= R, and Um = U/n, 

The term Um(O) conta ins all the contributions from the bind ing 

energy of the electrons and of the nucleons in the nucleus. 

The term -f RTis the contribution to the internal energy from 

the translationa l motion of the atoms in their conta iner. 

Comment The fina l expression is the same as that obta ined 
from the equ ipartit ion theorem (Topic 2C). 

: Self-test 12C. 1 

: Calcu late the molar internal energy of a gas of diatomic mol

: ecu les, taking into account contributions from t ranslation 

: and rotation (in the high-temperature limit). 

Answer: Um ~ UmiOI + t RT. with t RT the translational 

contribution and RTthe rotational contribut ion. 
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12c.2 The heat capacity 

Once the internal energy of a sample of molecules 
has been calculated as a function of temperature, it 
is a simple matter to calculate the heat capacity. The 
heat capacity at constant volume, Cv, is defined as the 
slope of the plot of internal energy against tempera
ture (Topic 2C): 

C _ dU 
v - dT at constant volume; c =(au) 

v ar v 

Therefore, the task is to evaluate the slope of the ex
pression for U obtained from the partition function. 

Brief illustration 12C.1 The heat capacity 

The constant-volume molar heat capacity of a monatomic gas 

is obta ined by substituting the molar interna l energy, Um = 

Um(O) + + RT into Cv = dU/dT: 

To ca lcu late Cp,m• use eqn 7 ofTopic 20 (Cp,m - Cv,m = R) and 

obtain Cp,m = !j- R. 

: Self-test 12C.2 

: Ca lcu late the contribution to the molar constant-volume 

: heat capacity of a two-state system, like the cha ir-boat 

: interconvers ion of cyclohexane (Example 12B. 1, us ing the 
; notation there) and show how the heat capacity va ries w ith 

: temperature. . 
Answer: Cv,m = RI£/Rn'e'1R'/( 1 +eaR')', Fig. 1 
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Fig. 1 The variation of the heat capacity of a two-level system 
w ith states at energ ies 0 and e. Note how the heat capacity is 
zero at T = 0, passes through a maximum at T = 0.41711k, and 
approaches 0 at high temperatures. 

It is now possible to understand the molecular 
reason why different substances have different molar 
heat capacities. When the available energy levels are 
close together, a given quantity of energy can be ac
commodated with little adjustment of the populations 
and hence with little modification of the temperature 
that occurs in the Boltzmann distribution. The relative 
insensitivity of temperature to the arrival of energy 
corresponds to a high heat capacity (Fig. 2). When the 
energy levels are widely separated, the arriving energy 
must be accommodated by making use of the high 
energy levels with a consequent greater 'reach' of the 
Boltzmann distribution and hence a greater modifica
tion of the temperature. That is, widely spaced energy 
levels correlate with a low heat capacity. 

The translational energy levels of molecules in a gas 
are very close together, and all monatomic gases have 
similar molar heat capacities. The separation of the 
vibrational energy levels of atoms bound together in 
solids depends on the stiffness of the bonds between 
them and on the masses of the atoms. As seen in Topic 
11 C, the stronger the bond and the lighter the atoms 
in a bond, the greater is the separation between vibra
tional energy levels. As a result, solids show a wide 
range of molar heat capacities. Very large molecules, 
like polymers, have large numbers of atoms and can 
vibrate in many different ways. Many of these ways 
correspond to collective motion of many atoms, so 
the vibrational energies are spaced closely. Hence, 
heat capacities of polymers may be large. 

Water, as so often, is anomalous. It is a small, rigid 
molecule but its liquid phase has a high heat capacity. 
The anomaly can be traced to hydrogen bonds, which 
link many molecules together into clusters that vibrate 
in numerous ways. Consequently, the vibrational 
energies are close together, and the heat capacity of 
liquid water is larger than expected for a substance 
consisting of small molecules interacting weakly. 

(a) 

Fig. 2 The heat capacity depends on the ava ilability of levels. 
(a) When the levels are close together, a high heat capacity. (b) 
When the levels are w idely separated, the system has a low 
heat capacity. In each case the green line is the distribut ion at 
low temperature and the red line that at higher temperature. 



12C.3 The entropy 

Boltzmann showed that there is a close relation be
tween the entropy and the partition function: both 
are measures of the number of arrangements avail
able to the molecules. His starting point was to pro
pose that the entropy is given by 

S=klnW Boltzmann equation 
for the entropy 

(4a) 

where W is the weight of the configuration, the quan
tity introduced in Topic 12A (the number of ways 
the molecules can be distributed over the available 
states for a given total energy). Boltzmann identified 
W with the weight of the most probable distribution 
(as given by the Boltzmann distribution) and went 
on to show that for distinguishable molecules (those 
locked in place in a solid) 1 

The entropy in terms 
of the part it ion func-

S= U-U(O) +Nkln q, 
T 

tion !dist inguishable (4b) 
particles! 

The analogous term for indistinguishable molecules 
(identical molecules free to move, as in a gas) is 

U-U(O) 
S=-T--+Nkln q,-Nk(lnN-1) 

The entropy in terms of the part it ion 
funct ion !indist ingu ishable particl es] 

(4c) 

Because the first term on the right can be calculated 
from q, it is possible to calculate the entropy of any 
system of non-interacting molecules once its parti
tion function is known. 

Mq!,!.!fjflij 
' Calculating the entropy 

Calcu late the cont ribut ion that rotat iona l motion makes to the 
molar entropy of a gas of HCI molecules at 25 ac. 
Collect your thoughts Accord ing 

to eqn 4c, you need both the 
(molar) internal energy and the 

part it ion function. For the molar 

ent ropy, take N = nN. and divide 
through by n; then notice that N. k 
= R. So beg in by evaluating the ro

tationa l contribution to the molar 

internal energy. This quantity was 
ca lculated in Self-test 12C.1, so use that result. For th is linear 

rotor, use the rotat iona l partition funct ion q,R = kT/ahB, w ith 

1 For a derivation, see our Physical chemistry: thermodynamics, 
structure, and change (2014). 
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a= 1 (eqn 5 ofTopic 12B) and B = 31779 GHz (Topic 11 B). 

Fina lly, use these express ions in eqn 4b. 

The solution The rotationa l contribut ion to the molar internal 
energy is RT. So substitute Um- Um(O) = RTand q,= kT/hB into 
eqn 4a, and obta in (forT> 0) 

Subst itut ion of the numerica l va lues gives 

Sm = (8.3145 J K_, mol-1
) 

x { 1+ln (1 .381x10-
23 

J K-' )x (298 K) } 
(6.626 x 10-34 J s) x(~) 

317.79 GHz 

= 33.0 J K-1 mol_, 

Th is resu lt cou ld be expressed as Sm = 3.98R. 

Comment Notice that the ent ropy increases w ith tem

perature (F ig. 3) . At a given temperature, the entropy is 

larger the smaller the value of B. That is, bu lky molecu les 
(wh ich have large moments of inertia and therefore smal l 

rotationa l constants) have a higher rotationa l entropy t han 

smal l molecu les. 

Self-test 12C.3 

The rotationa l partit ion function of an ethene molecule is 
661 at 25 ac. What is the rotational contribution to its molar 

entropy? 
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Fig. 3 The variation of the rotational contribution to the molar 
entropy with temperature. Note that eqn 4 is valid on ly for high 
temperatures, so the cu rves were term inated before they be
come invalid. The dotted lines show the correct behaviour. 
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12C.4 The Gibbs energy 

The Gibbs energy, G, is central to the discussion of 
chemical thermodynamics, so it is important to see 
how to calculate G from the partition function and 
to interpret its value. As shown in the following Justi
fication, for a gas of N independent molecules 

G-G(O)=-NkTln 3:._ 
N 

Justification 12C.2 

The Gibbs energy 
in terms of the 
partition function 
(perfect gas( 

The Gibbs energy from the partition function 

(5) 

To set up the calculation. go back to first principles and ex
press Gin terms of the quantities you know how to calculate, 

namely U and S. The Gibbs energy is defined as G = H- TS, 
(Topic 30) and the enthalpy, H, is defined as H = U + pV 

(Topic 20). Therefore 

G=U-TS+pV 

The stage is now set for introducing the partit ion function into 

the expression for G. 

Step 1: Use the perfect gas law to express pV in terms of 

the temperature 

For a perfect gas (Topic 1A) replace pVby nRT = ININ. HN. k)T 
= NkT (because N = nN. and R = N. k), and note that at T = 0, 
G(O) = U(O) (because the terms TS and NkTvanish at T = 0) . 

; Therefore, 

G- G(O) = U- U(O)- TS+ NkT 

Step 2: Substitute the expression for the entropy 

Substitute eqn 4c for S, and obtain 

G- G(O) =-NkTin q,+ kTIN in N- M + NkT 

= -NkTlln q,-ln N) 

Equation 5 now follows because In q, - InN= ln(q,/N). 

Equation 5 can be converted into an expression for 
the molar Gibbs energy by first writing N = nNA, and 
then dividing both sides by n: 

The molar 
Gibbs energy ( 6) 
(perfect gas( 

At this stage it is convenient to introduce the molar 
partition function, 4m = q,/n (with units mol-1 

), for then 

The molar 

G - G (0)= -RTln~ 
m m NA 

Gibbs energy (7) 
(perfect gas] 

Brief illustration 12C.2 The molar Gibbs energy 

The molar translational partit ion function of H2 in a 100 cm3 

vesse l at 25 oc is 4m= 2.77 x 1026 moi-' .The contribution to the 
molar Gibbs energy due to trans lationa l motion is 

Gm-Gm(0)=-(8.3145J K-1 mol-1)x(298 K) 

( 
2.77x1026 mol_, ) 

x In 6.022 x 1023 mol 1 

= -15.2 kJ mol-' 

; Self-test 12C.4 . 
What is the total contribution to the molar Gibbs energy of 
the t ranslational and rotational motion of the molecules? 
The rotationa l partition funct ion of H2 at 25 oc is 1.14. Recall 
that a molecu lar partition function is equa l to the product of 
partition functions associated with the contributing modes 

of motion. 
Answer:-15.5 kJ mol-' 

As shown in the following Justification, for the 
special case of a perfect monatomic gas, it is possible 
to write eqn 6 in terms of the pressure as 

Justification 12C.3 

The molar 
Gibbs energy 
(perfect (8) 
monatomic 
gas] 

The Gibbs energy of a perfect monatomic gas 

Use the translational partit ion function of the monatomic gas 
(the only mode of motion for gaseous atoms) in eqn 7, and 
then ensure that any variables (p, V1 are expressed in terms 
of the temperature. 

Step 1: Write the molecular partition function 

The molar translationa l partition function for particles of mass 
mat a temperature T is 

q, (21tmkT)
312

V/h 3 

C£m =;= n 
(27tmkT)

312 
V 

h3 xn 
Step 2: Convert V top 

According to the perfect gas law, V/n = RT/p, so 

(21tmkT)312 RT 
C£m h' xp 

Then, from eqn 7, 

G -G (0)=-RT in(21tmkT)'I' RT 
m m ph' NA 



Step 3: Simplify the expression 

Replace R by kNA. The NA then cancel and 

Recognize the a in eqn 8 

(27tm)312 (kT)512 

=-RTin 3 ph 

~-In x = lnl1/xl ) 

=RTin ap 

as in eqn 8. 

-RTin__!_ 
ap 

Equation 7 shows that G decreases (becomes more 
negative, logarithmically) with the number of states 
that are thermally accessible to a molecule. According 
to classical thermodynamics, the direction of spon
taneous change (at constant temperature and pres
sure) is towards more negative Gibbs energy. That 
is, eqn 7 implies that this direction corresponds to a 
change towards a greater number of accessible states 
for each molecule. Spontaneous change is essentially 
a collapse into greater freedom for molecules to oc
cupy the available states of the system. 

The only further piece of information required 
for progress is the expression for the standard molar 
Gibbs energy, for that plays such an important role 
in the discussion of equilibrium properties. All that 
is needed is to calculate the partition function at p•. 
In general, 

c• - c• (0) = -RTln 4~ 
m m NA 

The standard molar Gibbs energy in 
terms of the standard molar partit ion 
funct ion (perfect gas] 

(9) 

where the standard state sign on 4m signifies its value 
at p•. To calculate that value, use v,:: = RTtp• wher
ever it appears in q,::. Thus, for a monatomic gas, 
eqn 8 becomes 

G~- G! (0) = RTln ap• 

h3 
a= ""(2,-n_m_)""'312""'(-:-kT~)s;"'"2 

The standard molar Gibbs energy 
(monatomic perfect gas] 

(10) 
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12C.5 The equilibrium constant 

It is now possible to write a statistical thermodynamic 
expression for the equilibrium constant. As shown in 
the following Justification, for the equilibrium A(g) + 
B(g) ~ C(g), 

The equil ibrium 
constant in terms 
of the partit ion 
function 

(11) 

where /1E is the difference in molar energy between 
the ground state of the product and that of the re
actants. This expression has the same form as the 
equilibrium constant written in terms of the activities 
(Topic 5B), but with q,~!NA replacing each activity 
(and an additional exponential factor): 

Replace with 

~(C)/NA 
,...-"'-, 

Pctp• K = ~--:-''-"-'...,--...,..-::--
(pAip• ) (pBfp• ) 
'-,----' '-,----' 

Replace with Replace with 
~(A)IN, ~(B)/NA 

Additional 
exponential 

factor 

----~q,~~~(C~)/_N~A~---- ~ 
(~(AYNA)(q,! (B)/NA) 

Equation 11 is obtained after cancelling the NA. 

IJifi .. !.iljB¥• 
Calculating an equilibrium constant 

Calculate the equilibrium constant for the gas-phase ioniza

tion Cs(g) ~ Cs+(g) + e-(g) at 500 K. 

Collect your thoughts This is a 
reaction of the form A(g) ~ B(g) 

+ C(g) rather than A(g) + B(g) ~ 

C(g). so you need to modify eqn 

11 slightly, but the form to use 
should be clear. Analyse each 

species individually, and write its 

partition function as the product 

of partition functions for each 

T 

mode of motion. Then evaluate these partition functions at 
the standard pressure (1 bar). and combine them as specified 

in eqn 11. For the difference in energy !J.E, use the ionization 
energy of Cs(g). 

The solution The equilibrium constant is 

K = q,~ (Cs + ,g)q,~ le- ,g) e-AE/AT 

~(Cs,g)NA 
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Note how, in th is instance, Avogadro's constant appears in 

the denominator: its units, mol-1, ensure that K is dimension

less. The electron has trans lationa l motion, so you need its 

translationa l partit ion function. The spin states contribute a 
factor of 2 to the electronic component of the molecular par

t it ion function. Therefore 

The Cs• ion, a closed she ll species, has on ly translationa l 

freedom: 

• + _ (2rtmc,; kT)
312 

RT 
4,;; (Cs ,g)- p• h3 

The partition function of the Cs atom has a translationa l and 

a spin contribution: 

..,;; 
.------"------

~ (2rtmc, kT)
312 

RT 
~(Cs,g) = 2 x 3 p• h 

(No distinction is be ing made between the masses of the Cs 
atom and the Cs• ion.) Then, w ith I!.E = I, the ion ization energy 

of the atom, 

,-

( (2nmc,; kT)
312

RT/p 6 h3} x (2(2nm, kT)
312

RT/p 9 h3} -IIRT 
K = 312 xe 

(2(2rtmc,; kT) RT/p " h3) x N• 

That is, 

( 2rtm, ) 
312 

( k T)
512 

-1/RT 
K= xe 

p" h3 

Now substitute the data. Only the ion ization energy is specific 

to the element. so it is conven ient to separate the two factors 
(in case you w ish to evaluate Kfor other elements): 

me kT 
,-'-.. 3/2 5/2 

(2rt x 9.109 x 10-31 kg) x(1.381x10 23 J K ' x1000 K) 

(105 Pal x (6.626 x 10-34 J sJ' 
~ 

p• 

=10.54 ... 

e -(3.76x105 J md- 1)/(8.3145 J K- 1 mor 1Jx(1000 K) = 2.29 ... X1 o -20 

Therefore, 

K = (10.54 ... ) X (2.29 .. . X 10-20
) = 2.42 X 10-19 

A note on good practice Verify that the units do in fact all 
cancel (use 1 J = 1 kg m2 s-2 and 1 Pa = 1 kg m-1 s-2

). The K cal
culated by the procedure described here is the thermodynamic 
equilibrium constant, which for gases is expressed in terms of 
the partial pressures of the reactants and products (relative to the 
standard pressure). 

: Self-test 12C.5 

; Ca lcu late the equ il ibrium constant for the dissociation Na2(g) 

: ~ 2 Na(g) at 1000 K. You w ill need the following information 
: about Na2(g): 8 = 46.38 MHz, v = 159.2 cm-1, the dissoci-

; ation energy is 70.4 kJ mol-1
, and q,' = 2. 

Answer: 2.42 

Justification 12C.4 

The equilibrium constant from the partition function 

The equi librium constant for a reaction is related to the 

standard reaction Gibbs energy by eqn 6 in Topic 5A (I!.,G9 

= -RT in K). For the react ion A(g) + B(g) ~ C(g). 

I!.,G• = G~(C)- {G~(A) + G~(B)} 

Therefore, to find an expression forK, it is necessary to estab

lish and combine the three expressions for G~ . 

Step 1: Write an initial expression for the standard reac

tion Gibbs energy 

From eqn 9 

!!.G" = { G" (C 0) -RT in q~ (C) } -{G" (A 0) -RT in q~ (A)} 
r m ' NA m , NA 

- { G9 (B 0) -RT in q~ (B)} 
m ' NA 

Step 2: Introduce the term I!.E 

In the preced ing express ion, the first term in each of the 
braces (in blue) is just the difference in ground-state energ ies 

because G= Uat T=O, so 

G~(C,O)- {G~(A,O) + G~(B,O)} = U~(C,O)- {U~ (A.O) + 
U~(B,O))=I!.E 

Step 3: Combine the terms containing logarithms 

The three logarithms are now combined to obtain 

In x-ln yz = ln(x/yzl 

Step 4: Simplify the resulting expression 

At this stage the standard react ion Gibbs energy is 

!!.G" =I!.E - RT in ~ (C)NA 
' ~ (A) ~( B) 



The llE can be brought inside the logarithm by writing 

llE = -RTine-&EIRT 

(because In ex= x). Therefore 

!1 G9 =-RTin e-dE/AT -RTin ~ (C)NA 
' ~ (A) ~ (B) 

=-RTin{ ~ (C)NA e-dE/AT } 
<f~ (A)~ (B) 

Step 5: Compare with the thermodynamic expression for 

ll,G" 

Comparison of the expression in the previous step with the 
thermodynamic expression, ll,G9 = -RT In K, shows that 
the term (q,~(C)N.fq,~(A)q,~(B))e-'Ei"T is the expression for K 
(eqn 11). 

Equation 11 is quite extraordinary, for it provides a 
key link between partition functions, which can be de
rived from spectroscopy, and the equilibrium constant, 
which is central to the analysis of chemical reactions at 
equilibrium. It also gives insight into the significance 
of an equilibrium constant. If for the moment the ex-

Checklist of key concepts 

D 1 The partition function contains all the thermo

dynamic information about a system, and can be 

used to calculate thermodynamic properties, such 

as the internal energy, entropy, and the Gibbs 

energy. 

D 2 The heat capacity is low when energy levels are 

spaced widely. 
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ponential factor is ignored, then the ratio of partition 
functions is essentially the ratio of the number of ther
mally accessible states in the products and reactants. 
If there are more product states than reactant states 
available at the temperature of the reaction, then the 
ratio is large and K can be expected to be large: prod
ucts are favoured. If the opposite is true, then reactants 
are favoured. At this stage, all the equilibrium con
stant is expressing is the relative number of accessible 
states available to the products and the reactants. The 
exponential factor modifies this interpretation, for it 
acknowledges that the product states lie at a higher en
ergy than the reactant states (if till > 0; as for an endo
thermic reaction) The product states are therefore not 
as thermally accessible as the reactant states, and K is 
reduced by this Boltzmann-like factor. 

Equation 11 also reveals why the Gibbs energy 
determines the equilibrium constant. The partition 
function, essentially the number of thermally access
ible states, is related to the entropies of the reactants 
and products, and the exponential factor relates to 
the energy (and by implication the enthalpy). This 
alliance of entropy and enthalpy is essentially the 
Gibbs energy. 

D 3 The statistical interpretation of the Gibbs energy 

implies that the direction of spontaneous change 

corresponds to a change towards a greater number 

of accessible states for each molecule in a system. 

04 The equilibrium constant is related to the distribu

tion of molecules over the available states of a sys

tem composed of reactants and products. 
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Exercises 

Topic 12A The Boltzmann distribution 

12A.1 Suppose polyethylene molecules in solution can exist 

either as a single ve rsion of a random coi l (that is. ignore the 

fact that a random coil can be achieved in many different 
ways) or fu lly stretched out. with the latter conformation 
2.4 kJ mol-' higher in energy. What is the rat io of the two 

conformations at 20 oc? 

Topic 128 The partition function 

128.1 (a) W rite down the express ion for the partition func

t ion of a molecu le that has three energy levels at 0. 2e. and 

5e w ith degeneracies 1. 6. and 3. respectively. What are the 
va lues of q. at (b) T = 0. (c) T = oo? 

128.2 Evaluate the t ranslationa l partition funct ion of (a) N2• 

(b) gaseous CS2 in a flask of volume 10.0 cm 3
. Why is one so 

much larger than the other? 

128.3 Evaluate the t ranslational partit ion function at 298 K of 
(a) a methane molecule t rapped in the pore of a zeolite cata

lyst: take the pore to be spherical with a rad ius that allows the 

molecule to move through 1 nm in any direction (that is. the 
effective diameter is 1 nm). (b) a methane molecu le in a f lask 

of volume 100 cm3 

Topic 12C The origin of thermodynamic properties 

12C.1 Derive an expression for the mean energy of a collec

t ion of molecu les that have three energy levels at 0. e. and 3e 
w ith degeneracies 1. 5. and 3. respective ly. 

12C.2 What is the change in (a) the molar internal energy. 

and (b) the molar enthalpy of a sample of argon gas when it is 

heated from 273 to 373 K? 

Discussion questions 

12.1 Outl ine the principles behind the derivation of the Boltz

mann distribution . 

12.2 What is temperature? 

12.3 Describe the physical sign ificance of the molecular par

t it ion function . 

12A.2 What is the temperature of a two-level system of en

ergy separation equ iva lent to 400 em·' when the population 

of the upper state is one-thi rd that of the lower state? 

12A.3 Calcu late the relative popu lations of a linear rotor in 
the levels with J=O and J= 5. given that B = 2.71 em· ' and a 

temperatu re of 298 K. 

128.4 Evaluate the rotationa l partition function at 298 K 
of (a) 1H35CI. for which the rotationa l constant is 318 GHz. 
(b) 12C160 2• for wh ich the rotationa l constant is 11.70 GHz. 

128.5 The vibrationa l wavenumber of HBr is 264 em·'. 

Eva luate the v ibrationa l partit ion function of HBr at 298 K 

us ing both the exact and the approximate expressions, eqn 6 

and 7. respectively, ofTopic 12B. 

128.6 Nitric oxide, NO, has two low-lying electron ic states. 

The lowest electron ic state has a degeneracy of 2. The sec

ond state lies the equ iva lent of 121 em· ' higher and has a 

degeneracy of 4. The next electron ic state is much higher in 

energy. Ca lcu late the electron ic partit ion function at 298 K. 

12C.3 Calcu late the standard molar Gibbs energy of neon 

gas at 298 K. 

12C.4 Write down the express ion for the equ ilibrium con
stant of the reaction N2(g) + 3 H2(g) ~ 2 NH 3(g) in terms 

of the molecular partit ion functions of the reactants and 

products. 

12.4 When are particles of the same composition identica l 
and when are they not? 

12.5 Explain how the internal energy and entropy of a sys

tem composed of two levels vary with temperature . 



12.6 Justify the identification of the statistica l entropy with 

the thermodynamic entropy. 

12.7 Why (in both thermodynamic and molecular terms) 

should substances with high heat capacities have high 
entropies? 

Problems 

12.1 The rotationa l energy of a linear or spherica l molecule 

with quantum number J is EJ = hBJ(J + 1 ). For a linear mol

ecu le. each rotat iona l leve l has a degeneracy of (2J + 1 ). For 
a spherica l molecu le. the degeneracy is (2J + 1 )2 (a) Calcu

late the ratio of popu lations of C02 molecules with J = 4 and 
J = 2 at 25 oc. given that the rotationa l constant of C02 is 

8 = 11.70 GHz. (b) Also calcu late the ratio of populations of 

CH4 molecules w ith J = 4 and J = 2 at 25 oc. given that the 

rotational constant of CH4 is 157 GHz. 

12.2 (a) Evaluate the rotational partition function of H Br 

(v = 8.465 cm-1
) at 298 K by direct summation of the energy 

levels and by using the high-temperature approximation. eqn 
5 in Topic 12B. (b) Use mathematical software to repeat the 

calculations and hence determine the temperature at wh ich 

the approximate formula is 10 per cent in error. 

12.3 N20 and C02 have simila r rotational constants (12.6 and 
11.7 GHz. respect ively) but striking ly different rotational parti

t ion functions . Why? 

12.4 The vibrationa l wavenumber for 0 2 is 1580 cm-1
. Use 

the exact and the approximate expressions. eqn 6 and 7. re

spectively. of Topic 12B to calculate the vibrationa l partit ion 
function at 298 K. Above what temperature is the high-tem

perature approximation in error by 10 per cent or less? 

12.5 A C02 molecule has four vibrationa l modes with wave
numbers 1388 em-' . 2349 em-' . and 667 em_, (the last being 

a doubly degenerate bend ing motion) . Calculate the total vi

brational partition function at (a) 500 K. (b) 1000 K. 

12.6 Calcu late the molecu lar partition function for ethyne. 
C2H2 (with the isotopic composition 12C and 1 H) at 298 K 

confined to a volume of 1.00 m3
. The rotational constant of 

ethyne is 8 = 1.177 em-'. Ethyne has seven normal modes 

of vibration; the modes w ith vibrationa l wavenumbers 

of 3374. 1974. and 3287 are singly degenerate and those 
with vibrational wavenumbers of 612 and 729 em_, are doubly 

degenerate. 

12.7 The ground configuration of oxygen gives rise to the 

three levels 3P2• 
3P,. and 3P0 at 0. 158.5. and 226.5 em-'. re

spectively. (a) Before doing any calculation. state the value of 
the partit ion function at T = 0. (b) Write an expression for the 

partition function at temperatu re T. Remember that a level 

with quantum number J has 2J + 1 states. Confirm that its 
va lue at T = 0 is what you anticipated. (c) Ca lcu late the va lue 

of the partition function at 298 K. (d) Derive an expression 
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12.8 Use concepts of statistica l thermodynamics to de

scribe the molecu lar features that determine the mag

nitudes of equ ilibrium constants and their variat ion with 

temperature. 

for the electron ic contribution to the molar heat capacity of 
an oxygen atom and plot it as a function of temperature. (e) 

Eva luate the expression at 25 oc. 
12.8 The ground configuration of carbon gives rise to a triplet 

w ith the three levels 3P0• 
3P,. and 3P2 at wavenumbers 0. 16.4. 

and 43.5 em-' . respective ly. (a) Eva luate the electron ic parti

tion function of ca rbon at (i) 10 K. (i i) 298 K. (b) Hence derive 

an expression for the electronic contribution to the molar 
internal energy and plot it as a function of temperature . (c) 

Eva luate the expression at 25 oc. 
12.9 Estimate the vibrationa l contribution to the molar en

tropy of the most common isotopomer of bromine. 79Br2• at 
1000 K. The vibrational wavenumber for 79 Br2 is 325 em-'. You 

may assume that at th is temperature. the equ ipartition theo
rem and the high temperature approximation for the vibra

tional partition function are both val id. 

12.10 Calculate the molar entropy of nitrogen gas at 298 K. 
Write the overa ll partition function as the product of the trans

lational and rotational partit ion functions; the first excited 
vibrational state is sufficiently high in energy that the contri

bution from vibration of the molecule may be ignored at th is 
temperature. The rotational constant of N2 is 2.00 cm-1

. 

12.11 Without carrying out an expl icit calculation. explain 
the relative values of the standard molar entropies (at 298 K) 

of the fo llowing substances: (a) Ne(g) (146 J K-1 mol-') com
pared with Xe(g) (170 J K-1 mol-1

). (b) H20(g) (189 J K-1 mol-' ) 

compared w ith D20(g) (198 J K-1 mol- 1
). (c) C(d iamond) (2.4 J 

K-1 mol-' ) compared with C(graph ite) (5.7 J K-1 mol-1). 

12.12 Calculate the standard molar Gibbs energy of ca rbon 

dioxide gas at 298 K relative to its value at T = 0. The rotational 
constant of ca rbon dioxide is 0.3903 em-' . Carbon dioxide has 

four vibrationa l modes; the vibrational wavenumber of the 
doubly degenerate bending mode is 667 em-' and of the non

degenerate stretching modes is 1388 and 2349 cm-1
• 

12.13 Calculate the equi librium constant for the ion ization 

equ ilibrium of sodium atoms at 1000 K. The ionization energy 
of sod ium is 495.8 kJ mol-1

. 

12.14 Calculate the equi librium constant for the dissoci

ation of 12(g) at 500 K. The rotational constant of iod ine is 

0.0373 em_, and the vibrational wavenumber is 214 cm-1
. The 

lowest electronic level of the iod ine atom is 2P312 • The bond 
entha lpy of the 1-1 bond is 151 kJ mol-'. 
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Projects 

The symbol ~ indicates that calculus is required. 

12. H Here you use statistical thermodynamics to calculate 
the internal energy and heat capacity of a system (such as 
the surface of an atomic solid) modelled as a collection of 
harmonic oscillators. (a) Derive an expression for the internal 
energy of a collection of harmonic oscillators. Start by sub
stituting the expression for the vibrationa l partition function, 
eqn 6 ofTopic 128, into the statistical thermodynamic expres
sion for internal energy, eqn 2 ofTopic 12C. (b) Deduce from 
your expression the high-temperature approximation and 
identify the temperature above which it is reliable. (c) Now 
find an expression for the heat capacity of the oscillators and 
its high-temperature limit. 

12.2~ Use mathematical software or a spreadsheet to carry 
out the following procedures. (a) Consider a three-level sys
tem with levels 0, e, and 2e. Plot the partition function against 
kT/e. (b) Plot the function dS/dTfor a two-leve l system against 
kT/e. Is there a temperature at which this coefficient passes 
through a maximum? If you find a maximum, explain its phys
ica l origins. (c) Plot the temperature dependence of the vi
brational contribution to the molecular partition function for 
several values of the vibrational wavenumber. Estimate from 
your plots the temperature above which the harmonic oscil
lator is in the high-temperature limit. 



FOCUS13 

Magnetic 
resonance 

One of the most widely used and helpful forms of spec

troscopy, and a techn ique that has transformed the prac

tice of chemistry and its dependent disciplines, makes 

use of the strong effective coupling that occurs when the 
frequencies of two oscil lators are identical. This effect is 
called resonance, and is the basis of a number of everyday 

phenomena, including the response of radios to the weak 

oscil lations of the electromagnetic fie ld generated by a 

distant transmitter. 
This Focus explores spectroscopic appl ications that when 

originally developed (and in some cases stil l) depend on 

matching a set of energy leve ls to a source of monochro

matic radiat ion in the radiofrequency and microwave ranges, 

and observing the strong absorption by nuclei and electrons, 
respective ly, that occurs at resonance . All spectroscopy is a 

form of resonant coupling between the electromagnetic field 

and the molecules; what distinguishes magnetic resonance 
is that the energy leve ls themselves are modified by the ap

plication of a magnetic field. 

The interpretation of magnetic resonance spectra is a highly 

developed, specia list subject. Th is Focus aims to do no more 

than describe the underlying principles of the techn ique. 

13A Nuclear magnetic resonance 

The Topic begins w ith an account of the principles that 

govern spectroscopic transitions between sp in states of 
nuclei in molecules. It also describes simple experimental 
arrangements for the detection of these transitions in 'nu

clear magnetic resonance' (NMR) spectroscopy. 

13A.1 Nuclei in magnetic fields; 13A.2 The resonance 
condition; 13A.3 The technique 

138 The information in NMR spectra 

The energy of a magnetic nucleus depends on its e lectron ic 

environment and the presence of magnetic nuclei in its 

vicinity. These concepts are described in this Topic, lead ing 

to understand ing of how molecu lar structure affects the 

appearance of NMR spectra. 

138.1 The chemical shift; 138.2 The fine structure; 
138.3 The origin of spin-spin splitting; 138.4 Spin 
relaxation; 138.5 Conformational conversion and 
chemical exchange 

13C Electron paramagnetic resonance 

The experimental techn iques for 'e lectron paramagnetic 
resonance' (EPR) spectroscopy resemble those used in 

the early days of NMR. The information obtained is used 

to investigate species with unpaired electrons. This Top ic 

includes a brief survey of the applications of EPR to the 
study of organic radicals . 

13C.1 Electrons in magnetic fields; 13C.2 The 
technique; 13C.3 The g-value; 13C.4 Hyperfine 
structure 

Web resource What is an application ofthis 
material? 

One of the most str iking applications of nuclear magnetic 
resonance is in medicine. 'Magnetic resonance imaging ' 

(MRI) is a portrayal of the concentrat ions of protons in 

a so lid object. The technique is particular ly useful for 

diagnosing disease. See Impact 10 on the website of 

this book. 



TOPIC 13A 

Nuclear magnetic resonance 

~ Why do you need to know this 
material? 

Nuclear magnetic resonance spectroscopy is 
used widely in chemistry and medicine. To 
understand the power of the technique, you need 
to understand the principles that govern spectro
scopic transitions between nuclear spin states. 

~ What is the key idea? 

Resonant absorption occurs when the separation 
of the energy levels of spins in a magnetic field 
matches the energy of incident photons. 

~ What do you need to know already? 

You need to be familiar with the quantum mech
anical concept of spin (Topic 8B), the Boltzmann 
distribution (Topic 12A), and the general fea
tures of spectroscopy (Topic 11A). 

The application of resonance described here de
pends on the fact that many nuclei possess spin 
angular momentum (Table 13A.1). A nucleus with 
nuclear spin quantum number I (the analogue of 
s for electrons, and which may be an integer or a 
half-integer) may take 2I + 1 different orientations 
relative to an arbitrary axis. These orientations are 
distinguished by the quantum number mh which 
may take on the values m 1 =I,I -1, ... ,-I.Aproton 
has I= t and may adopt either of two orientations 
(m1 = +t and -t). A 14N nucleus has I= 1 and may 
adopt any of three orientations (m 1 = +1, 0, -1). 
Spin-t nuclei include protons eH), 13C, 19F, and 
31P nuclei. The state with m 1 = +t (i) is denoted a, 
and that with m 1 = -t (,I,) is denoted~-

Table 13A.1 

Nuclear constitution and the nuclear spin 
quantum number 

Number of Number of 
protons neutrons 

Even Even 0 

Odd Odd Integer II, 2, 3, ... ) 

Even Odd Half-integer 17. %. t ... . ) 
Odd Even Half-integer 17. %. % .... ) 

13A.1 Nuclei in magnetic fields 

The properties of magnetic fields and their inter
actions with matter, which lie at the core of mag
netic resonance, are summarized in The chemist's 
toolkit 28. A nucleus with nonzero spin behaves 
like a tiny magnet. The orientation of this magnet 
is determined by the value of mh and in a magnetic 
field IB0 along the z-direction, the 2I + 1 orientations 
of the nucleus have different energies. These ener
gies are given by 

Energy of nucleus (1) 

where YN is the nuclear magnetogyric ratio 
(Table 13A.2). For spin-± nuclei with positive mag
netogyric ratios (such as 1H), the a state lies below 
the ~ state in energy. The energy is sometimes written 
in terms of the nuclear magneton, J.lN, 

Nuclea r 
magneton 

(2) 



and an empirical constant called the nuclear g-factor, 
g1, when it becomes 

Energy of 
nucleus 

(3) 

Nuclear g-factors are experimentally determined di
mensionless quantities with values typically between 
-6 and +6. Positive values of YN (and g1) indicate 
that the north pole of the nuclear magnet lies in the 
same direction as the nuclear spin (this is the case for 
protons). Negative values indicate that the magnet 
points in the opposite direction. A nuclear magnet is 
about 2000 times weaker than the magnet associated 
with electron spin. Two very common nuclei, 12C and 
160, have zero spin and hence are not affected by ex
ternal magnetic fields. 

The energy separation of the two states of a spin-lh 
nucleus (Fig. 1) is 

~E = E~ - Ea = -yNn<Bo(-f) + YNh!llo(+f) (4) 

= YNn<Bo 

The chemist's toolkit 28 Magnetic fields 

The energy of a magnetic moment m in a magnetic field <!l is 

E=-m·<ll 

Here, <1l is the magnetic induction, a measure of the 

strength of the magnetic fie ld. It is reported in tes la, T. 
where 1 T = 1 kg s-2 A-1 (A denotes ampere) . When the 

field lies along the z-d irection, 

E=-m,<ll, 

(with <11, sometimes denoted <110). 

The source of the magnetic f ield might be another mag

netic dipole. The energy of interaction of tw o magnetic 

dipoles of magnitude m, and m2 lying paral lel to each other 

in the arrangement shown in Sketch 1 is 

E = J.lom,m, (1- 3 cos' o) 
41tr3 

where J.lo is the vacuum permeability (see inside front cover). 

Sketch 1 
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Table 13A.2 

Nuclear spin properties 

Nucleus Natural Spin,/ y,/(10' r ' s-' ) 
abundance/ 
(per cent) 

' H 99.98 j_ 26.752 
2 

2H (D) 0.0156 4. 1067 

" C 98.99 0 

" C 1.11 + 6.7272 
,.N 99.64 1.9328 
160 99.96 0 

"O 0.037 _,_ -3.627 
2 

,. F 100 j_ 25.177 
2 

31 p 100 + 10.840 
35CI 75.4 -!- 2.624 
37CI 24.6 ]_ 2. 184 2 

As explained in the panel at the start of the book (on 
Energy, temperature, and chemistry), and in more de
tail in Topic 12A, the ratio of the thermal equilibrium 
populations of the a and p states, Na and N~, is given 
by the Boltzmann distribution as 

Population ra tio 
lspin-+ nuclei] 

(5a) 

As shown in the following Justification, it follows 
from this relation that 

N -N "' NyNM3o 
a ~ 2kT 

i 
>-
~F====( 
c 
w 

Magnetic 
field off 

Population difference 
lspin-+ nuclei! 

~-"'"-+-'-----:- m, = - -!-, J3 

'--+_.J..- m1 = +t. a 

Magnetic 
field on 

(5b) 

Fig. 1 The energy levels of a spin- -Jc nucleus (e .g. ' H or 13C) 
in a magnetic field . Resonance occurs when the energy sep
aration of the levels matches the energy of the photons in 
the electromagnetic field. 
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where N is the total number of spins. For nuclei with 
positive yN, it follows that there are slightly more a 
spins than~ spins. 

Brief illustration 13A.1 Nuclear spin populations 

For protons YN = 2.675 x 108 T-1 s· 1
• Therefore, for 1 000 000 

protons in a field of 10T at 20 oc 
N YN h 1lo 

N - N ~ f()()()ooo xl2.675x108 r ' s·1)x (1 .055 x 10-34 J slxf10Tl 
" 8 2x(1.381 xlo·" J K"1)x (293 Kl 

~ 35 

'------.---' 
T 

Even in such a strong field there is only a tiny imbalance of 
population of about 35 in a million. 

: Self-test 13A.1 

! For 13C nuclei, YN = 6.7272 x 107 T- 1 s· 1
. Determine the mag

! netic field necessary to induce the same imbalance in the 
! distribution of 13C spins at 20 oc. 
! Answer: 40T, an unrealist ically high field for an NMR spectrometer 

Justification 13A.1 

The population difference 

Follow these steps to derive eqn 5b for the population dif

ference. 

Step 1: Write an initial expression for the population dif

ference 

To write an initial expression for No- NP, begin with the ratio 

(No - Np)/(No + Np) because 

~ N0 -Np = N0 (1-Np/N0 ) = 1-Np/No 

No+Np No(1+Np1No) 1+Np1No 

With No+ Np = N, this expression becomes 

Step 2: Expand eqn 5a in a form valid at high temperatures 

Expand eqn 5a and keep only the first two terms of the ex

pansion e· x = 1 - x + -J-x ' - ... (see The chemist's toolkit 6 in 

Topic 1 C) because x(in this case x= yNIW30/kT) is so small: 

Step 3: Finalize the expression 

Combine the results in steps 1 and 2: 

1-rNflil)o/kT ,......-....... 
No -NP = 1- Np/No 

N 1+ Np/No 
'----.---' 

1- rNiifBo/kT 

1-(1-yNii<130/kT} 

1+(1-yNii<130/kT} 
'----r----' _, 

YNii<130/kT 
2 

where, to simplify the denominator, the term yNii<130/kT was 
again taken to be very small, as in step 1. The same approxi

mations cannot be made in the numerator because yNii<130 /kT 
is the only surviving term. Minor rearrangement of this ex

pression gives eqn 5b. 

13A.2 The resonance condition 

If the sample is exposed to radiation of frequency v, 
the spins come into resonance with the radiation when 
the frequency satisfies the resonance condition: 

v = r NIBO Resonance condition 
27t [spin-+ nuclei[ (6) 

At resonance there is strong coupling between 
the spins and the radiation, and absorption occurs 
as the spins flip from the lower energy state to the 
upper state. There is also a strong emission as spins 
are driven in the opposite direction, but as the popu
lation of the lower state is greater than that of the 
upper state, there is a net absorption. 

It is sometimes useful to compare the quantum 
mechanical and classical pictures of magnetic nuclei 
pictured as tiny bar magnets. A bar magnet in an ex
ternally applied magnetic field undergoes the motion 
called precession as it twists round the direction of 
the field (Fig. 2). The rate of precession is equal to 

Magnetic 
field 

Fig. 2 A bar magnet in a magnetic field undergoes the 
motion called precession. A nuclear spin (and an electron 
spin) has an associated magnetic moment. and behaves in 
the same way. The frequency of precession is called the Lar
mor precession frequency, and is proportional to the applied 
field and the magnitude of the magnetic moment. 



(yN/2n)<Bo for nuclei, which is called the Larmor pre
cession frequency. It follows from eqn 6 that reson
ance occurs when the Larmor precession frequency is 
the same as the frequency of the applied electromag
netic field. 

Brief illustration 13A.2 The resonance condition 

To ca lcu late the f requency at wh ich rad iation comes into res· 

onance w ith proton spins in a 12.0T magnet ic fie ld, use eqn 
6 as fo llows: 

TN "o 

12.6752 x 1 o• T ' s ' l x ii2.0Tl 
v= 5.11 x 108 s·' 

21t 

or 511 MHz (with 1 Hz= 1 s·' ). 

: Self-test 13A.2 

; What is the resonance frequency for 31 P nuclei under the 

! same conditions? 
Answer: 207 MHz 

13A.3 The technique 

In its simplest form, nuclear magnetic resonance 
(NMR) is the observation of the frequency at which 
magnetic nuclei in molecules come into resonance 
with an electromagnetic field when the sample is 
exposed to a strong magnetic field. If the nuclei are 
protons, the technique is occasionally called proton 
magnetic resonance eH-NMR). In the early days of 
the technique the only nuclei that could be studied 
were protons (which behave like relatively strong 
magnets because YN is large), but now a wide variety 
of nuclei (especially 13C, 31P, and 15N) are investigated 
routinely. 

An NMR spectrometer consists of a magnet that 
can produce a uniform, intense field and the appro
priate sources of radiofrequency radiation (Fig. 3). In 
simple instruments the magnetic field is provided by 
an electromagnet; for advanced work, a supercon
ducting magnet capable of producing fields of the 
order of 1 0 T and more is used. Proton resonance oc
curs atabout400 MHz in fields of9.4 T,so NMRis a 
radiofrequency technique ( 400 MHz corresponds to 
a wavelength of 75 em). 

As shown in the following Justification, the inten
sity of a transition is proportional to rB61T. It follows 
that the intensity can be enhanced significantly by 
increasing the strength of the applied magnetic field, 
making spectrometers operating at high fields highly 
desirable. The intensity is also increased by working 
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Superconducting 
v magnet 

Probe 
Computer 

Preamplifier - Detector - Receiver 

Transmitter 

Fig. 3 The layout of a typica l NMR spect romete r. The link 
from the transmitte r to the detector ind icates that the high 
f requency of the transm itte r is subtracted f rom the high 
f requency rece ived signal to give a low f requency signal for 
processing . 

at low temperature. Both effects are due to an en
hancement of the population difference of the upper 
and lower nuclear spin states. A further advantage of 
the use of high magnetic fields is that it simplifies the 
appearance of certain spectra (Topic 13B). 

Justification 13A.2 

Absorption intensities in magnetic resonance spec

troscopy 

The net rate of absorpt ion of electromagnetic radiation is 
proportiona l to the diffe rence in popu lat ions of the lower en

ergy state INa in the case of a proton NMR trans it ion) and the 
upper state IN~). The observed intensity of absorption, the 
net rate at wh ich energy is absorbed (not simply the rate at 

wh ich popu lations change), is proportiona l to the product of 

the net rate at wh ich transit ions occur and the energy of each 
photon. The latter is proport iona l to the frequency v of the 

incident rad iat ion and therefore, at resonance, proportiona l to 

the applied magnetic fie ld. Therefore, 

(7) 

Accord ing to eqn 5b the popu lation difference is proportiona l 
to the strength of the fie ld and inversely proportiona l to the 

temperature, so the overall intensity is proportiona l to 'f3o2/T. 

Fourier transform NMR (FT-NMR) is the most 
common technique used in modern magnetic reson
ance. The sample is held in a strong magnetic field 
generated by a superconducting magnet and exposed 
to one or more carefully controlled brief bursts of 
radiofrequency radiation. This radiation changes 
the orientations of the nuclear spins in a controlled 
way, and the radiofrequency of radiation they emit as 
they return to equilibrium is monitored and analysed 



528 FOCUS 13 MAGNETIC RESONANCE 

mathematically (the latter is the 'Fourier transform' 
part of the technique). The detected radiation con
tains all the information in the spectrum obtained by 
the earlier technique, but it is a much more efficient 

Checklist of key concepts 

0 1 The nuclear spin quantum number,/, of a nucleus is 

either a non-negative integer or half-integer. 

0 2 Nuclei with different values of m, have different en

ergies in the presence of a magnetic field . 

0 3 Resonance is the condition of strong effective 

coupling when the frequencies of two oscillators 

are identical. 

04 Nuclear magnetic resonance (NMR) is the obser

vation of the frequency at wh ich magnetic nuclei 

in molecules come into resonance with an electro-

way of obtaining the spectrum and hence is much 
more sensitive. Moreover, by choosing different se
quences of exciting pulses, the data can be analysed 
in much more detail. 

magnetic field when the molecule is exposed to 

a strong magnetic field ; NMR is a radiofrequency 

technique. 

05 NMR spectrometers consist of a source of radiofre

quency radiation, a magnet that provides a strong, 

uniform field, and a radiofrequency detector. 

06 The intensity of an NMR increases with the dif

ference in population of a and p states and the 

strength of the applied magnetic field . 
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The information in NMR spectra 

~ Why do you need to know this 
material? 

To understand the principles underlying the 
analysis ofNMR spectra you need to know how 
the appearance of a spectrum correlates with 
molecular structure. 

~ What is the key idea? 

The resonance frequency of a magnetic nucleus 
is affected by its electronic environment and the 
presence of other magnetic nuclei in its vicinity. 

~ What do you need to know already? 

You need to be familiar with the general principles 
of nuclear magnetic resonance (Topic 13A). 

Nuclear spins interact with the local magnetic field, 
the field in their immediate vicinity. The local field 
may differ from the applied field either on account 
of the local electronic structure of the molecule or 
because there is another magnetic nucleus nearby. 

138.1 The chemical shift 

An applied magnetic field can induce a circulation of 
the electrons in a molecule, and that motion gives rise 
to a small additional magnetic field, <Badd· This add
itional field is proportional to the applied field, and it 
is conventional to express it as 

The shielding constant 
[definit ion] (1) 

The dimensionless quantity a is the shielding con
stant. Here it is assumed that the additional field is 
parallel to the applied field (more advanced treat
ments allow for the two not being parallel). The 

shielding constant may be posltlve or negative 
according to whether the induced field adds to or 
subtracts from the applied field. The ability of the 
applied field to induce the circulation of electrons 
through the nuclear framework of the molecule 
depends on the details of the electronic structure 
near the magnetic nucleus of interest, so nuclei in 
different chemical groups have different shielding 
constants. 

The total local field is 

~oc = <Bo + <Badd = (1- a)<Bo 

The resonance frequency v is no longer given by 
eqn 6 ofTopic 13A (v=yN<B012n) but by 

v = Y N<llloc = rN (1- a)<Bo 
2n 2n 

Resonance 
condition 

(2) 

The shielding constant varies with the environment, 
so different nuclei (even of the same element in dif
ferent parts of a molecule) come into resonance at 
different frequencies . 

The chemical shift of a nucleus is the difference 
between its resonance frequency and that of a refer
ence standard. The standard for protons is the proton 
resonance in tetramethylsilane, Si(CH3)4, commonly 
referred to as TMS, which bristles with protons and 
dissolves without reaction in many solutions. For 
13C, the reference frequency is the 13C resonance in 
TMS, and for 31P it is the 31P resonance in 85 per cent 
H 3P04(aq). Other references are used for other nu
clei. The separation of the resonance of a particular 
group of nuclei from the standard increases with the 
strength of the applied magnetic field because the in
duced field is proportional to the applied field; the 
stronger the Ia tter, the greater the shift. 

Chemical shifts are reported on the 8 scale, which 
is defined as 

8 scale 
[defin it ion] 

(3) 
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where V 0 is the resonance frequency of the standard. 
The advantage of the o scale is that shifts reported on 
it are independent of the applied field (because both 
numerator and denominator are proportional to the 
applied field). The resonance frequencies themselves, 
however, do depend on the applied field through 

(4) 

A note on good practice Chemical shifts are reported in 
parts per million, ppm, in recognition of the factor of 106 in the 
definition. Although this practice is officially sanctioned it is 
unnecessary and possibly confusing. If you see '8= 10 ppm', 
interpret it, and use it in eqn 4, as 8= 10. 

Brief illustration 138.1 The 8 scale 

A nucleus with 8= 1.00 in a spectrometer operating at 500 MHz, 
a '500 MHz NMR spectrometer', will have a shift relative to the 

reference equal to 

v- V 0 = (500 MHz/106
) x 1.00 =(500Hz) x 1.00 = 500 Hz 

because 1 M Hz =106 Hz (so MHz/106 =Hz). In a spect rometer 

operating at 100 M Hz, the sh ift relative to the reference would 
be only 100Hz. 

: Self-test 138.1 . 
: What is the shift of the resonance from TMS of a group 
; of nuclei with 8 = 3.50 and an operating f requency of 

: 350 MHz? 
Answer: 1.23 kHz 

If o > 0, the nucleus is said to be deshielded; if o < 0, 
then it is shielded. A positive o indicates that the res
onance frequency of the group of nuclei in question is 
higher than that of the standard. Hence o > 0 indicates 
that the local magnetic field is stronger than that ex
perienced by the nuclei in the standard under the same 
conditions and therefore a lower applied field is needed 
to achieve resonance with a given radiofrequency field. 
The features to keep in mind, therefore, are that: 

• As the shielding increases, the shielding constant a 
mcreases. 

• As the shielding (and the shielding constant) in
creases, the chemical shift o decreases. 

• As the shielding increases (and o decreases), the 
magnetic field required for resonance increases. 

Figure 1 shows some typical chemical shifts. 

A note on good (or, at least, conventional) practice Trad· 
itionally, NMR spectra are plotted with 8 decreasing (shielding 
increasing) from left to right . Consequently, in a given radio 
frequency the magnetic field required for resonance increases 
f rom left to right (Fig. 2). 

-C lH O 
-COOH I 

14 12 10 8 6 2 0 

Chemical shift, 8 

Fig. 1 The range oftypical chemical shifts for 1 H resonances. 

The shielding constant is the sum of three contri
butions: 

a= a( local)+ a(neighbour) +a( solvent) (5) 

The local contribution, a(local), is essentially the 
contribution of the electrons of the atom that con
tains the nucleus in question. The neighbouring 
group contribution, a( neighbour), is the contribution 
from the groups of atoms that form the rest of the 
molecule. The solvent contribution, a( solvent), is the 
contribution from the solvent molecules. 

The local contribution is broadly proportional to 
the electron density at the atom containing the nu
cleus of interest. It follows that if there is an elec
tronegative atom nearby that reduces that electron 
density, then the shielding is reduced and the chem
ical shift o is increased (Fig. 3 ). 

I 
6 5 4 3 2 0 

Increasing chemical shift, 8 

Fig. 2 The conventions for the display of an NM R spectrum. 
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Fig. 3 The variation of chemical shift w ith the electronega
t ivity of the halogen in the haloalkanes. Note that although the 
chemical shift of the immediately adjacent protons becomes 
more positive (the protons are deshielded) as the electronega
t ivity increases, that of the next nearest protons decreases. 

Example 138.1 

Interpreting t he NMR spectrum of ethanol 

Figure 4 shows the NMR spectrum of ethanol. Account for 
the observed chemical shifts. 

Collect your thoughts Consider the 
effect of an electron-withdrawing 
atom: it reduces the shielding of 
those protons to which it is bound, 
and has a smaller effect on distant 
protons. Strong shielding corres-
ponds to low values of 15. 

The solution The spectrum is con
sistent w ith the following assign-
ments: 

• The CH3 protons form one group of nuclei with 15= 1. 

• The two CH2 protons are in a different part of the molecule, 
experience a different loca l magnetic field, and resonate at 
15=3. 

• The OH proton is in another environment, and has a chem
ical shift of 15 = 4. 

The increasing value of 15 (that is, the decreasing sh ielding) 
is consistent w ith the electron-withdrawing power of the 
0 atom: it reduces the electron density of the OH proton 
most, and the shielding of that proton is strongly reduced. 
It reduces the electron density of the distant methyl protons 
least, and the shield ing of those nuclei is reduced the least. 

Self-test 138.2 

The NMR spectrum of aceta ldehyde (ethanal) has lines at 
15= 2.20 and 15= 9.80. Which feature can be assigned to the 
CHO proton? 

Answer: 15= 9.80 
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+-Magnetic field strength 

Rg. 4 The NMR spectrum of ethanol. The red letters denote the 
protons giving rise to the resonance peak, and the green step
li ke curves are the integrated signals for each group of lines. 

Another contribution to a( local) arises from the abil
ity of the applied field to force the electrons to circulate 
through the molecule by making use of orbitals that 
are unoccupied in the ground state. This contribution 
is large in molecules with low lying excited states and 
is dominant for atoms other than hydrogen. It is zero 
in free atoms and around the axes of linear molecules 
(such as ethyne, H~CH) where the electrons can 
circulate freely, because a field applied along the inter
nuclear axis is unable to force them into other orbitals. 

The neighbouring group contribution arises from 
the currents induced in nearby groups of atoms. A 
special case of a neighbouring group effect is found 
in aromatic compounds. The strong anisotropy of the 
magnetic susceptibility of the benzene ring is ascribed 
to the ability of the field to induce a ring current, a 
circulation of electrons around the ring, when it is 
applied perpendicular to the molecular plane. Pro
tons in the plane are deshielded (Fig. 5), but any that 

Fig. 5 The shielding and deshielding effects of the ring cur
rent induced in the benzene ri ng by the applied field. Protons 
attached to the ring are deshielded but a proton attached to a 
substituent that projects above the ring is sh ielded. 
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Fig . 6 An aromatic solvent (benzene here) can give rise to 
loca l currents that sh ield or deshield a proton in a solvent mol
ecu le. In this re lative orientation of the solvent and solute, the 
proton on the solute molecu le is sh ielded. 

happen to lie above or below the plane (as members 
of substituents of the ring) are shielded. 

A solvent can influence the local magnetic field ex
perienced by a nucleus in a variety of ways. Some of 
these effects arise from specific interactions between 
the solute and the solvent (such as hydrogen-bond 
formation and other forms of Lewis acid-base com
plex formation) . The magnetic susceptibility of the 
solvent molecules, especially if they are aromatic, can 
also be the source of a local magnetic field. Moreover, 
if there are steric interactions that result in a loose but 
specific interaction between a solute molecule and a 
solvent molecule, then protons in the solute molecule 
may experience shielding or deshielding effects ac
cording to their location relative to the solvent mol
ecule (Fig. 6). 

138.2 The fine structure 

The splitting of the groups of resonances into indi
vidual lines in Fig. 4 is called the fine structure of the 
spectrum. It arises because each magnetic nucleus 
contributes to the local field experienced by the other 
nuclei and modifies their resonance frequencies. The 
strength of the interaction is expressed in terms of the 
spin-spin coupling constant,], and reported in hertz 
(Hz). Spin coupling constants are an intrinsic prop
erty of the molecule and independent of the strength 
of the applied field. 

To understand the appearance of fine structure 
in NMR spectra consider a molecule that contains 
two spin-y nuclei A and X. (In NMR, letters far apart 
in the alphabet, typically A and X, are used to indi
cate nuclei with very different chemical shifts; letters 

aa 

·V• hJ 
~--...L. V•hJ 

Fig. 7 The energy levels of a two-proton system in the pres
ence of a magnet ic fie ld. The levels on the left apply in the ab
sence of spin-spin coupl ing. Those on the right are the resu lt 
of allowing for spin-spin coupling .The on ly al lowed transit ions 
differ in frequency by J. 

close together, such as A and B, are used for nuclei 
with similar chemical shifts.) First, neglect spin-spin 
coupling. The total energy of two protons in a mag
netic field IBo is the sum of two terms like eqn 1 of 
Topic 13A (Em

1 
= -yNM30m1 ), but with 1130 modified to 

(1 - 0")1130: 

E = -rNn(1 - O"A)IBomA- r Nn(1 - O"x)IBomx 

Here O"A and O"x are the shielding constants of A and 
X. The four energy levels predicted by this formula 
are shown on the left of Fig. 7. Now turn on the effect 
of spin-spin coupling, which is normally written 

Spin-spin coupling (6) 

There are four possibilities, depending on the values 
ofmAandmx: 

£ spin-spin +thJ -thJ -thJ +thJ 

The resulting energy levels are shown on the right in 
Fig. 7. 

Now consider the transitions. When an A nucleus 
changes its spin from a to ~, the X nucleus remains 
in its same spin state, which may be either a or ~-As 
shown in the illustration, the two transitions differ 
in frequency by J. Alternatively, the X nucleus can 
undergo a transition from a to ~; now the A nucleus 
remains in its same spin state, which may be either a 
or ~, and again there are two transitions differing in 
frequency by J. As a result, the spectrum consists of a 
doublet of lines separated by J (Fig. 8). 

If there is another X nucleus in the molecule with 
the same chemical shift as the first X (giving an AX2 

species), the resonance of A is split into a doublet by 
one X, and each line of the doublet is split again by 



A resonance X resonance 

0:0: 
Fig. 8 The effect of spin-spin coupling on a NMR spectrum of 
two spin- -j- nuclei with widely different chemical shifts. Each 
resonance is split into two lines separated by J. Red circles 
indicate a spins, green circles indicate ~spins. 

A resonance 

Fig. 9 The origin of the 1:2:1 triplet in the A resonance of 
an N<2 species. The two X nuclei may have the 22 = 4 spin 
arrangements (It). (I!). (! 1'). (!!).The middle two arrange
ments are responsible for the coincident resonances of A. 

the same amount by the second X (Fig. 9). This split
ting results in three lines in the intensity ratio 1:2:1 
(because the central frequency can be obtained in 
two ways). As in the AX case, the X resonance of the 
AX2 species is split into a doublet by A. 

Three equivalent X nuclei (an AX3 species) split 
the resonance of A into four lines of intensity ratio 
1:3:3:1 (Fig. 10). The X resonance remains a doublet 
as a result of the splitting caused by A. In general, 

A resonance 

Fig. 10 The origin of the 1:3:3:1 quartet in the A resonance of 
an N<3 species where A and X are spin--j- nuclei with widely 
different chemical shifts. There are 23 = 8 arrangements of the 
spins of the three X nuclei, and their effects on the A nucleus 
give rise to four groups of resonances. 
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N equivalent spin-y nuclei split the resonance of a 
nearby spin or group of equivalent spins into N + 1 
lines with an intensity distribution given by the array 
of numbers known as Pascal's triangle (1). Successive 
rows of this triangle are formed by adding together 
the two adjacent numbers in the line above. 

1[ 
2 b 

1[ ~ § D 
1r ~ fi w 11 
1 Pascal's triangle 

; Brief illustration 138.2 The fine structure in a spectrum 

: Consider the spectrum of ethanol in Fig. 4. The three protons 
; of the CH3 group of CH3CH 20H split the single resonance of 

; the CH2 protons into a 1:3:3:1 quartet with a splitting J. Like
; wise, the two protons of the CH 2 group split the single reson

; ance of the CH3 protons into a 1 :2:1 triplet. Each of these lines 

; is split into a doublet to a small extent by the OH proton. If the 
; spectrum had been recorded with a spectrometer operating 
; at five times the magnetic field strength, the groups of lines 

: would have been observed to be five times further apart in 
; frequency (but the same 8 values). No change in spin-spin 

; splitting would be observed. 

; : Self-test 138.3 

: : What fine structure can be expected for the protons in l ~ 14NH; ?The nuclear spin quantum number of 14N is 1. .. Answer: a 1:1 :1 t riplet f rom 14N 

The spin-spin coupling constant of two nuclei 
joined by N bonds is normally denoted NJ, with sub
scripts for the types of nuclei involved. Thus, 1

]cH is 
the coupling constant for a proton joined directly to 
a 13C atom, and 2Jm is the coupling constant when 
the two nuclei are separated by two bonds (as in 
13C-C-H). A typical value of 1Jm is between 102 

to103 Hz; the value of 2Jm is about 10 times less, 
between about 10 and 102 Hz. Both 3

] and 4
] give 

detectable effects in a spectrum, but couplings over 
larger numbers of bonds can normally be ignored. 

The magnitude of 3
JHH in an HCCH group de

pends on the dihedral angle, cfJ, between the two C-H 
bonds (2). The variation is expressed quite well by 
the Karplus equation: 

3
] HH =A + B COS cfJ + C COS 2cp Karplus equat ion (7) 

2 
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Fig. 11 The va riation of 3 J"" w ith ang le, accord ing to the Kar
plus equation. The orange line is for H-C-C-H and the 
green line for H-N-C-H. 

Typical values of A, B, and Care +7Hz, -1Hz, and 
+5 Hz, respectively.' Figure 11 shows the angular 
variation predicted by the equation. It follows that 
the measurement of 3JHH in a series of related com
pounds can be used to determine their conform
ations. The coupling constant 'JcH also depends on 
the hybridization of the C atom: 

sp 

250 

Brief illustration 138.3 The Ka rplus equat ion 

The investigation of HH coupling in a H-N-C-H group in a 

po lypeptide can help to revea l its conformation. For 3 J"" coup

ling in such a group, A=+5.1 Hz, 8=-1.4 Hz, and C=+3.2 Hz. 

For a helica l polymer, <f> is close to 120°, wh ich wou ld give 
3J"" ~4 Hz. For a sheet-like conformation, <f> is close to 180°, 

wh ich would give 3J"" ~ 10Hz. Consequently, small coupl ing 

constants indicate a hel ix whereas large couplings indicate 

a sheet. 

Self-test 138.4 

The best values of A. 8, and C for HH couplings in 

H-C-C-H groups in polypeptides are A = +3.5 Hz, 
8=-1.6 Hz, and C=+4.3 Hz. In an investigation of the po ly

peptide f lavodoxin, the 3J"" was measured as 2.1 Hz. Is this 
va lue cons istent with a helica l or a sheet-like conformation? 

Answer: Helical conformation 

1The equation is also often written in the form 3J HH =A'+ B' cos cfJ + 
C' cos2 cf>. 

138.3 The origin of spin-spin 
splitting 

Spin-spin coupling in molecules in solution can be 
explained in terms of the polarization mechanism, 
in which the interaction is transmitted through the 
bonds. The simplest case to consider is that of 'Jxy 
where X and Y are spin-± nuclei joined by an elec
tron-pair bond (Fig. 12). 

The coupling mechanism depends on a magnetic 
interaction between an electron and a nucleus. The 
electron-nucleus coupling may be either a dipolar 
interaction between the magnetic moments of the 
electron and nuclear spins or a Fermi contact inter
action, an interaction that depends on the very close 
approach of an electron to the nucleus and hence can 
occur only if the electron occupies an s orbital. 

Suppose that it is energetically favourable for an 
electron spin and a nuclear spin to be antiparallel (as 
is the case for a proton and an electron in a hydrogen 
atom). If the X nucleus is ax, a ~ electron of the 
bonding pair will tend to be found nearby (because 
that is energetically favourable for it). The second 
electron in the bond, which by the Pauli principle 
(Topic 8B) must have a spin if the other is ~, will 
be found mainly at the far end of the bond (because 
electrons tend to stay apart to reduce their mutual 
repulsion). Because it is energetically favourable for 
the spin of Y to be antiparallel to an electron spin, 
a Y nucleus with ~spin has a lower energy than a 
Y nucleus with a spin: 

Low energy: ax~, ... a,~y High energy: ax~, ... a,ay 

The opposite is true when X is ~, for now the a spin 
of Y has the lower energy: 

Low energy: ~xa, ... ~,ay High energy: ~xa, ... ~,~Y 

In other words, antiparallel arrangements of nuclear 
spins (ax~Y and ~xay) lie lower in energy than par
allel arrangements ( axay and ~x~Y) as a result of their 

Fermi Pauli Fermi 

t ; ~ t 
>- tt tt Cl 
Q; 

t~ t~ c 
UJ 

; ~ tt 
Fig. 12 The polarization mechanism for spin-spin coupling 
CJ""). The two arrangements have slightly different energies. 
In th is case, J is pos it ive, correspond ing to a lower energy 
when the nuclear sp ins are antipara llel. 



Hund 

Fermi 

Fig. 13 The polarization mechanism for 2J"" spin-spin coupl
ing. The spin information is transmitted from one bond to 
the next by a version of the mechan ism that accounts for 
the lower energy of electrons with para llel spins in different 
atomic orbitals (Hund"s rule of maximum mult iplicity). In th is 
case. J< 0. corresponding to a lower energy when the nuclear 
spins are paralle l. 

magnetic coupling with the bond electrons. That is, 
'JHH is positive, for then hfmxmy is negative when mx 
and my have opposite signs. 

To account for the value of 2Jxy, as in H-C-H, a 
mechanism is needed that can transmit the spin align
ments through the central C atom (which may be 12C, 
with no nuclear spin of its own). In this case (Fig. 13 ), 
an ax nucleus is likely to have the ~ electron of the 
C-X bond nearby and therefore the a electron of 
that bond is likely to be found closer to the C nucleus. 
The more favourable arrangement of two electrons 
on the same atom is with their spins parallel (Hund's 
rule, Topic 8B), so the more favourable arrangement 
is for the a electron of the neighbouring bond to be 
close to the C nucleus. Consequently, the ~ electron 
of that bond is more likely to be found close to the 
Y nucleus, and therefore that nucleus will have a 
lower energy if it is ay: 

Low energy: ax~, ... a,[C]a, ... ~,ay 

High energy: ax~, ... a,[C]a, ... ~,~Y 

Low energy: ~xa, ... ~,[C]~ .... a,~y 

High energy: ~xa, ... ~,[C]~, ... a,ay 

Hence, according to this mechanism, the energy of 
Y will be obtained if its spin is parallel (axay and 
~x~y) to that of X. That is, 2JHH is negative for then 
hfmxmy is negative when mx and my have the same 
sign. 

The coupling of nuclear spin to electron spin by 
the Fermi contact interaction is most important for 
proton spins, but it is not necessarily the most im
portant mechanism for other nuclei. These nuclei 
may also interact by a dipolar mechanism with the 
electron magnetic moments and with their orbital 
motion, and there is no simple way of specifying 
whether J will be positive or negative. 
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138.4 Spin relaxation 

As resonant absorption continues, the population of 
the upper state rises to match that of the lower state. 
Because the net intensity of the absorption decreases 
as the population of the upper state rises (Topic 13A), 
the signal should become weaker with time as the 
populations of the spin states equalize. This decrease 
due to the progressive equalization of populations is 
called saturation. 

The fact that saturation is often not observed, es
pecially when the radiofrequency power is kept low, 
must mean that there are non-radiative processes 
by which ~ nuclear spins can release energy to be
come a spins again, and hence help to maintain the 
population difference between the two sites. The 
non-radiative return to an equilibrium distribution 
of populations in a system is an aspect of the pro
cess called relaxation. A system of spins in which all 
the nuclei are in their ~ state returns exponentially to 
the equilibrium distribution (a small excess of a spins 
over ~ spins) with a time constant called the spin
lattice relaxation time, T1 (Fig. 14 ). 

There is another, more subtle aspect of relaxation. 
Consider the classical picture of precessing magnetic 
nuclei (Topic 13A) and imagine that somehow all the 
spins were arranged in a sample to have exactly the 
same angle around the field direction at an instant. If 
each spin has a slightly different Larmor frequency 
(because they experience slightly different local mag
netic fields), they will gradually fan out around their 
cones. At thermal equilibrium, all the bar magnets 
lie at random angles round the direction of the ap
plied field, and the time constant for the exponential 

,_+L-------~-----------------------

Boltzmann Time, t----+-

Fig. 14 The spin-lattice re laxation time is the t ime-constant 
for the exponentia l return of the population of the spin states 
to their equ ilibrium (Boltzmann) distribution. 
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Fig. 15 The spin-spin relaxation t ime is the t ime constant 
for the exponential return of the spins to a random distribu
t ion around the direction of the magnetic fie ld. No change in 
popu lations of the two spin states is involved in this type of 
re laxation. so no energy is t ransferred from the spins to the 
surround ings. 

return of the system into this random arrangement 
is called the spin-spin relaxation time, T2 (Fig. 15). 
For spins to be truly at thermal equilibrium, there
fore, not only is the ratio of populations of the spin 
states given by the Boltzmann distribution, but the 
spin orientations must be random around the field 
direction. 

What causes each type of relaxation? In each case 
the spins are responding to local magnetic fields that 
act to twist them into different orientations. How
ever, there is a crucial difference between the two 
processes. 

The most effective kind of local magnetic field for 
inducing a transition from ~ to a (as in spin-lattice 
relaxation) is one that fluctuates at a frequency 
close to the resonance frequency. Such a field can 
arise from the tumbling motion of the molecule in 
the fluid sample. If the tumbling motion of the mol
ecule is slow compared to the resonance frequency, 
it will give rise to a fluctuating magnetic field that 
oscillates too slowly to induce transitions, so T1 will 
be long. If the molecule tumbles much faster than the 
resonance frequency, then it will give rise to a fluctu
ating magnetic field that oscillates too rapidly to in
duce transitions, so T1 will again be long. Only if the 
molecule tumbles at about the resonance frequency 
will the fluctuating magnetic field be able to induce 
transitions effectively, and only then will T 1 be short. 
The rate of molecular tumbling increases with tem
perature and with reducing viscosity of the solvent, 
so a dependence like that shown in Fig. 16 can be 
expected. 

t 
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Low temperature, 
high viscosity 

High temperature, 
low viscosity 

Rate of motion---+ 

Fig. 16 The variat ion of the two relaxation times w ith the rate 
at wh ich the molecules move (e ither by tumbling or migrating 
through the solution).The horizontal axis can be interpreted as 
representing temperature or viscosity. Note that at rapid rates 
of motion, the two re laxation t imes coincide. 

The most effective kind of local magnetic field 
for causing spin-spin relaxation is one that does 
not change very rapidly. Then each molecule in the 
sample lingers in its particular local magnetic envir
onment for a long time, and the orientations of the 
spins have time to become randomized around the 
applied field direction on their precessional cones. If 
the molecules move rapidly from one magnetic envir
onment to another, the effects of different magnetic 
fields average out, and the randomization does not 
take place as quickly. In other words, slow molecular 
motion corresponds to short T2 and fast motion cor
responds to long T2 (as shown in Fig. 16). Detailed 
calculation shows that when the motion is fast, the 
two relaxation times are equal, as has been drawn in 
the illustration. 

138.5 Conformational conversion 
and chemical exchange 

The appearance of an NMR spectrum is changed 
if magnetic nuclei can jump rapidly between dif
ferent environments. Consider a molecule, such as 
N,N-dimethylformamide, that can jump between 
conformations; in its case, the methyl shifts depend 
on whether they are cis or trans to the carbonyl group 
(Fig. 17). When the jumping rate is low, the spectrum 
shows two sets of lines, one each from molecules in 
each conformation. When the interconversion is fast, 
the spectrum shows a single line at the mean of the 
two chemical shifts. At intermediate inversion rates, 
the line is very broad. This maximum broadening 
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Fig. 17 When a molecule changes from one conformation 
to another, the positions of its protons are interchanged and 
jump between magnetically distinct environments. 

occurs when the lifetime, r (tau), of a conformation 
gives rise to a linewidth that is comparable to the 
difference of resonance frequencies, ~ v, and both 
broadened lines blend together into a very broad line. 
Coalescence of the two lines occurs when 

21/2 

r=-
n~v 

Coalescence 
criterion 

Brief illustration 138.4 Line broadening 

(8) 

The NO group in N,N-dimethylnitrosamine, 
(CH3bN-NO, rotates about the N-N bond and, as 
a result, the magnetic environments of the two CH3 

groups are interchanged. In a 600 MHz spectrometer 
the two CH3 resonances are separated by 390 Hz. 
Coalescence will occur when the average lifetime is 
less than 

2'" 
'!'= 1.15 x 1o-' s 

1tX(390 S 
1
) 

Checklist of key concepts 

0 1 The chemical shift of a nucleus is the difference be

tween its resonance frequency and that of a refer

ence standard. 

0 2 The observed shielding constant is the sum of a 

local contribution, a neighbouring group contribu

tion, and a solvent contribution. 

0 3 The fine structure of an NMR spectrum is the split

ting of the groups of resonances into individual 

lines; the strength of the interaction is expressed in 

terms of the spin-spin coupling constant, J. 

or 1.15 ms. It follows that the signal will collapse to 
a single line when the interconversion rate exceeds 
about 1/r= 870 s-1

. 

: Self-test 138.5 

: What would you deduce from the observation of a single 
: line from the same molecule in a 300 MHz spectrometer? 

Answer: Conformation lifetime less than 2.3 ms 

A similar explanation accounts for the loss of fine 
structure in solvents able to exchange protons with the 
molecules of interest. For example, water molecules are 
able to exchange protons with hydroxyl groups. When 
this chemical exchange occurs, a molecule ROH with 
an a-spin proton (written as ROHa) rapidly converts 
to ROH~ and then perhaps to ROHa again because the 
protons provided by the solvent molecules in succes
sive exchanges are randomly either a or ~· Therefore, 
instead of detecting a spectrum composed of contri
butions from both ROHa and ROH~ molecules (that 
is, a spectrum showing a doublet structure due to the 
OH proton), no fine structure due to the OH proton 
is present (as in Fig. 4 ). The effect is observed when the 
lifetime of a molecule due to this chemical exchange is 
short in the sense that r~V<< 1, where~v is the doublet 
splitting due to the hydroxyl proton. Because this split
ting is often very small (a few hertz), a proton must 
remain attached to the same molecule for longer than 
about 0.1 s for the splitting to be observable. In wate~; 
the exchange rate is much faster than that, so alcohols 
show no splitting from the OH protons. In dry dimethyl 
sulfoxide (DMSO, (CH3bSO), the exchange rate may 
be slow enough for the splitting to be detected. 

0 4 N equivalent spin-Y, nuclei split the resonance of a 

nearby spin or group of equivalent spins into N + 1 

lines with an intensity distribution given by Pascal's 

triangle. 

0 5 Spin-spin coupling in molecules in solution can be 

explained in terms of the polarization mechanism, 

in which the interaction is transmitted through the 

bonds. 

0 6 The Fermi contact interaction is a magnetic inter

action that depends on the very close approach of 
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an electron to the nucleus and can occur only if the 

electron occupies an s orbital. 

D 7 Relaxation is the non-radiative return to an equilib

rium distribution of populations. 

D 8 A mode of relaxation returns spin populations to 

the equilibrium distribution with a time constant 

called the spin-lattice relaxation time, T,. 

09 The spin-spin relaxation time, T,, is the time con

stant for the exponential return of the system into 

random relative orientations around the preces

sional axis. 

D 10 Coalescence of the two lines occurs in conform

ational interchange or chemical exchange when 

the lifetime, -r, of the states is short. 



TOPIC 13C 

Electron paramagnetic resonance 

>- Why do you need to know this 
material? 

Many materials and biological systems contain 
species bearing unpaired electrons. Furthermore, 
some chemical reactions generate intermediates 
with unpaired electrons. Electron paramagnetic 
resonance can be used to characterize the struc
tures of such species. 

>- What is the key idea? 

The features of the electron paramagnetic 
resonance spectrum of a radical arise from the 
ability of the applied magnetic field to induce 
local electron currents and from the magnetic 
interaction between the unpaired electron and 
nuclei with spin. 

>- What do you need to know already? 

You need to be familiar with the concepts of 
electron spin (Topic 8B). The discussion refers 
to spin-orbit coupling in atoms (Topic 8D) 
and the Fermi contact interaction in molecules 
(Topic 13B). 

The resonance technique for electrons in magnetic 
fields is called either electron paramagnetic res
onance (EPR) or electron spin resonance (ESR) . 
It is used to study radicals formed during chem
ical reactions or by radiation, radicals that act as 
probes of biological structure, many d-metal com
plexes, and molecules in triplet states (such as those 
involved in phosphorescence, Topic llE). The 
sample may be a gas, a liquid, or a solid, but the free 
rotation of molecules in the gas phase gives rise to 
complications. 

13C.1 Electrons in magnetic fields 

An electron (with spin quantum numbers= r) in a 
magnetic field can take two orientations, corres
ponding to m, = +t (denoted a or t) and m, = - t 
(denoted p or .!.).It possesses a magnetic moment due 
to its spin and this moment interacts with an external 
magnetic field. That is, an electron behaves like a tiny 
magnet with z-component 

m, =r,nm, Magnetic moment 
due to spin 

(1) 

where r. is the magnetogyric ratio (or 'gyromagnetic 
ratio') of the electron 

g,e r =--
, 2m, 

Magnetogyric ratio 
of the electron (2) 

and g, is a factor, the g-value of the electron, which 
is close to 2.0023. It follows from The chemist's 
toolkit 28 in Topic 13A that in a magnetic field !lJo ap
plied along the z-direction the two orientations have 
different energies (Fig. 1) given by 

Energy of an electron 
in a magnetic field (3) 

The energies are sometimes expressed in terms of the 
Bohr magneton 

for then 

Bohr 
magneton 

Energy of an electron 
in a magnetic field 

(4) 

(5) 

It follows that the energy of separation of the two 
spin states of an electron is 

till= Ea. - ~ = T g,f..ls!Bo - (-±) g,f..ls!Bo (6) 

= g,J..Ls!Bo 
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i 
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Magnetic 
field off 

Magnetic 
field on 

Fig. 1 The energy levels of an electron in a magnetic field. 
Resonance occurs when the energy separation of the levels 
matches the energy of the photons in the electromagnet ic field. 

For an electron, the ~ state lies below the a state in 
energy and, by a similar argument to that for nuclei 
(Topic 13A), 

Population difference 
[e lectrons] 

where N is the total number of spins. 

Brief illustration 13C.1 Electron spin popu lations 

(7) 

When 1000 electron spins are exposed to a 1.0 T magnetic 
fie ld at 20 oc (293 K). 

,...L. ~~~ 
N -N ~ 1000x2.0023x(9.274x10-24 Jr')x(1 .0 T) 

P " 2x(1 .381 x 10 23 J K 1)x(293 K) 
'-------v------ '---v---' 

k T 

~ 2.3 

There is an imbalance of popu lations of on ly about 2 electrons 

in a thousand . However. the imbalance is much larger for elec· 

tron spins than for nuclear spins because the energy separ· 

ation between the spin states of electrons is larger than that 

for nuclear spins even at the lower magnetic fie ld strengths 
normally employed. 

: Self-test 13C.1 . 
: At what temperature would the imbalance in spin popu la
: lions be 5 electrons in 100. w ith <Eo= 0.30T? 

Answer:4 K 

13C.2 The technique 

Because electron magnetic moments are much bigger 
than nuclear magnetic moments, even quite modest 
fields can require high frequencies to achieve res
onance. Much work is done using fields of about 
0.3 T, when resonance occurs at about 9 GHz, corres
ponding to 3 em ('X-band') microwave radiation or 
at about 1 T, when resonance occurs at about 35 GHz, 
corresponding to about 9 mm ('Q-band') microwave 

Microwave ---e'"""-- Detector 
source 

Electromagnet 

Phase
sensitive 
detector 

Sample 
cavity 

I 
Modulation 
input 

Fig. 2 The layout of a continuous wave EPR spectrometer. A 
typical magnetic field is 0.3 T. which requires m icrowaves of 
frequency 9 G Hz (wavelength 3 em) for resonance. 

radiation. Electron paramagnetic resonance is much 
more limited than NMR because it is applicable only 
to species with unpaired electrons, which include 
radicals (perhaps prepared by radiation damage or 
photolysis) and d- and £-metal complexes, including 
such biologically active species as haemoglobin. 
However, it gives valuable information about elec
tron distributions and can be used to monitor, for 
instance, the uptake of oxygen by haemoglobin and 
biological electron transfer processes. 

Both Fourier transform (FT) and continuous wave 
(CW) EPR spectrometers are available. The FT-EPR 
instrument is like an FT-NMR spectrometer (Topic 
13A) except that pulses of microwaves are used to 
excite electron spins in the sample. The layout of the 
more common CW-EPR spectrometer is shown in 
Fig. 2. It consists of a microwave source, a cavity in 
which the sample is inserted in a glass or quartz con
tainer, a microwave detector, and an electromagnet 
with a field that can be varied in the region of 0.3 T 
(X-band) or 1 T (Q-band). 

An EPR spectrum is obtained by monitoring the 
microwave absorption as the field is changed, and 
a typical spectrum (of the benzene radical anion, 
C6H6- ) is shown in Fig. 3. The peculiar appearance of 

t 
"' ~ ~r--4.-~--~--4r--~~r-
Ui 

Field strength--+ 

Fig. 3 The EPR spectrum of the benzene rad ical anion. C6H6- . 

in fluid solution. a is the hyperfine splitting of the spect rum; the 
centre of the spectrum is determined by the g-value of the radical. 
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Magnetic induction, <B----.. 

Fig. 4 When phase-sensitive detection is used, the signal is 
the first derivative of the absorption intensity. Note that the 
peak of the absorption corresponds to the point where the 
derivative passes through zero. 

the spectrum, which is in fact the first-derivative (the 
slope) of the absorption, arises from the detection 
technique employed (Fig. 4). 

13C.3 The g-value 

Equation 6 gives the energy of a transition between 
the m , = -t and the m , = +t levels of a 'free' elec
tron in terms of the g-value g, = 2.0023. The mag
netic moment of an unpaired electron in a radical 
or complex interacts with the local magnetic field, 
which is taken into account by writing the resonance 
condition as 

Resonance condition (8) 

where g is the empirically determined g-value of the 
radical. The g-value in EPR plays a similar role to 
the shielding constants in NMR (Topic 13B). Many 
organic radicals have g-values close to 2.0027; in
organic radicals have g-values typically in the range 
1.9-2.1; paramagnetic d- and £-metal complexes 
have g-values in a wider range (for example, 0-6). 

The deviation of g from g, = 2.0023 arises from 
the ability of the applied field to induce local elec
tron currents in the radical and their transmission 
to the spin through spin-orbit coupling (Topic 8D). 
However, because g-values differ very little from g, in 
many radicals (for instance, 2.003 for H, 1.999 for 
N02, and 2.01 for Cl02), its main use in chemical 
applications is to aid the identification of the species 
present in a sample. 
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Brief illustration 13C.2 The g-value 

The centre of the EPR spectrum of the methyl rad ical occurred 
at 329.40 mT in a spectrometer operating at 9.2330 GHz (in 

the X-band of the m icrowave spectrum). Its g-va lue is there

fore 

~~ 
hv (6.626 0Bx10-34 J s)x(9.2330x109 s-1

) 

g= J1
8

<B
0 

= (9.2740 x 10 24 J T 1)x (0.329 40 T) 
'-----v-------- '----v----' 

2.0027 

I'll "" 

: Self-test 13C.2 . 
: At what magnetic fie ld would the methyl rad ical come into 
: resonance in a spectrometer operating at 34.000 GHz (in 

: the 0-band of the microwave spectrum)? 

Answer: 1.213T 

13C.4 Hyperfine structure 

The most important feature of an EPR spectrum 
is its hyperfine structure, the splitting of individual 
resonance lines into components. In general in spec
troscopy, the term 'hyperfine structure' means the 
structure of a spectrum that can be traced to inter
actions of the electrons with nuclei other than as a re
sult of the latter's point electric charge. The source of 
the hyperfine structure in EPR is the magnetic inter
action between the electron spin and the magnetic 
moments of the nuclei present in the radical. 

Consider the effect on the EPR spectrum of a single 
H nucleus located somewhere in a radical. The proton 
spin is a source of magnetic field and, depending on 
the orientation of the nuclear spin, the field it gener
ates adds to or subtracts from the applied field. The 
total local field is therefore 

(9) 

where a is the hyperfine coupling constant. Half the 
radicals in a sample have m 1 = +t , so half resonate 
when the applied field satisfies the condition 

(lOa) 

The other half (which have m1 = -t) resonate when 

(lOb) 

Therefore, instead of a single line, the spectrum shows 
two lines of half the original intensity separated by a 
and centred on the field determined by g (Fig. 5). 

If the radical contains an 14N atom (I= 1 ), its EPR 
spectrum consists of three lines of equal intensity, be
cause the 14N nucleus has three possible spin orienta
tions, and each spin orientation is possessed by one 
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Fig. 5 The hyperfine interaction between an electron and a 
spin-1-2 nucleus results in four energy levels in place of the ori
ginal two. As a result, the spectrum consists of two lines (of 
equal intensity) instead of one. The intensity distribution can be 
summarized by a simple stick diagram. The diagonal lines show 
the energies of the states as the applied field is increased, and 
resonance occurs when the separation of states matches the 
fixed energy of the microwave photon. 

third of all the radicals in the sample. In general, a 
spin- I nucleus splits the spectrum into 21 + 1 hyper
fine lines of equal intensity. 

When there are several magnetic nuclei present 
in the radical, each one contributes to the hyperfine 
structure. In the case of equivalent protons (for ex
ample, the two CH2 protons in the radical CH3CH2·) 

some of the hyperfine lines are coincident. If the radical 
contains N equivalent protons, then there are N + 1 
hyperfine lines with an intensity distribution given 
by Pascal's triangle (structure 1 in Topic 13B). The 
spectrum of the benzene radical anion in Fig. 3, which 
has seven lines with intensity ratio 1:6:15:20:15:6:1, 
is consistent with a radical containing six equivalent 
protons. More generally, if the radical contains N 
equivalent nuclei with spin quantum number I, then 
there are 2NJ + 1 hyperfine lines with an intensity 
distribution given by modified versions of Pascal's 
triangle (see the exercises). 

Example 13C.1 

Predicting the hyperfine structure of an EPR spec
trum 

A certain radical contains one 14N nucleus (I= 1 I with hyper
fine constant 1.61 mT and two equivalent protons (I= -l-1 with 
hyperfine constant 0.35 mT Predict the form of its EPR spec
trum. 

Collect your thoughts Consider the hyperfine structure that 
arises from each type of nucleus or group of equivalent nu
clei in succession . To that end, split a line with one nucleus, 

then split each of those lines by a 
second nucleus (or group of nu
clei). and so on . It is best to start 
with the nucleus with the largest 
hyperfine splitting. However, any 
choice could be made, and the 
order in which nuclei are con
sidered does not affect the con
clusion. 

The solution The 14N nucleus gives three hyperfine lines of 
equal intensity separated by 1.61 mT Each line is split into 
doublets of spacing 0.35 mT by the first proton, and each 
line of these doublets is split into doublets with the same 
0.35 mTsplitting (Fig. 6). The central lines of each split doublet 
coincide, so the proton splitting gives 1 :2: 1 triplets of internal 
splitting 0.35 mT Therefore, the spectrum consists of three 
equivalent 1 :2:1 triplets. 

Self-test 13C.3 

Predict the form of the EPR spectrum of a radical containing 
three equivalent 14N nuclei. 

Answer: Fig. 7 

0.35 mT I 
II 

1:2:1 1:2:1 1:2:1 

Fig. 6 The analysis of the hyperfine structure of radicals con
taining one 14N nucleus(/= 1) and two equivalent protons. 

11 

Fig. 7 The analysis of the hyperfine structure of radicals con
taining three equivalent 14N nuclei. 



The interaction between the unpaired electron and 
the hydrogen nucleus responsible for hyperfine struc
ture is either a dipolar interaction or the Fermi con
tact interaction (Topic 13B). In the case of the contact 
interaction, the magnitude of the splitting depends on 
the distribution of the unpaired electron near the mag
netic nuclei present, so the spectrum can be used to 
map the molecular orbital occupied by the unpaired 
electron. For example, because the hyperfine splitting 
in C6H 6- is 0.375 mT, and one proton is close to a C 
atom with one-sixth the unpaired electron density 

Checklist of key concepts 

D 1 Electron paramagnetic resonance (EPR) or elec

tron spin resonance (ESR) is the observation of 

the frequency at which an electron spin comes into 

resonance with an electromagnetic field when the 

molecule is exposed to a strong magnetic fie ld. 

D 2 EPR is a microwave technique. 

D 3 The EPR resonance condition is written in terms of 

the g-value of the radical ; the deviation of g from 
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(because the electron is spread uniformly around the 
ring), the hyperfine splitting caused by a proton in the 
electron spin entirely confined to a single adjacent C 
atom should be 6 x 0.375 mT = 2.25 mT. If in another 
aromatic radical the hyperfine splitting constant is 
found to be a, then the spin density, p, the probability 
that an unpaired electron is on the atom, can be calcu
lated from the empirical McConnell equation: 

a=Qp McConnell equat ion (11) 

with Q = 2.25 mT. 

g. = 2.0023 depends on the ability of the applied 

field to induce local electron currents in the radical. 

D 4 The hyperfine structure of an EPR spectrum is its 

splitting of individual resonance lines into compo

nents by the magnetic interaction of the electron 

and nuclei with spin. 
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Exercises 

Topic 13A Nuclear magnetic resonance 

13A.1 Equation 3 ofTopic 13A defines the g-value of a nu

cleus in terms of the magnetogyric ratio. Given that g is a 

dimensionless number. what are the units of YN expressed in 
(a) tesla and hertz. (b) Sl base units? 

13A.2 The nucleus 33S has I=+ and YN = 2.054 x 107 T- 1 s· 1
. 

Calculate the energ ies of the nuclear spin states in a mag

netic field of 6.0001 

13A.3 The magnetogyric ratio of 3 1 P is 1.0840 x 108 T-1 s· 1
• 

What is the g-value of the nucleus? 

Topic 138 The information in NMR spectra 

138.1 The resonance from a group of protons in a polypep

tide is observed at o = 6.33. What is the difference in the f re

quency of th is resonance from that ofTMS in a spectrometer 

operating at 500.0 MHz? 

138.2 The chemical shift of the CH3 protons in acetaldehyde 
(ethanal) is o = 2.20 and that of the CHO proton is 9.80. What 

is the difference in local magnetic field between the two 
regions of the molecule when the applied field is (a) 1.2 T. 
(b) 5.0T? 

138.3 Use the typical values for the parameters in the Kar

plus equation to predict the value of the 3
JHH coupl ing con

stant between the protons in an HCCH group for a dihedral 
ang le of (a) oo and (b) 120°. 

Topic 13C Electron paramagnetic resonance 

13C.1 Calculate the energy separation between the spin 

states of an electron in a magnetic fie ld of 0.2501 

13C.2 Calculate the value of (Np - N0 )/N for electrons in a 
field of (a) 0.40 T. (b) 1.21 

13C.3 Calculate the resonance frequency and the corre

sponding wavelength for an electron in a magnetic field of 

0.330T, the magnetic field commonly used in EPR . 

13C.4 The centre of the EPR spectrum of atomic hydrogen 
lies at 329.12 mT in a spectrometer operating at 9.2231 GHz. 

What is the g-value of the electron in this atom? 

13C.5 A radical containing two equivalent protons shows a 
three-line spectrum w ith an intensity distribution 1:2:1. The 

lines occur at 330.2 mT, 332.5 mT, and 334.8 m1 What is 

the hyperfine coupl ing constant for each proton? What is the 

13A.4 Calculate the value of IN" - Np)/N for (a) protons. 
(b) ca rbon-13 nucle i in a field of 8.5 1 

13A.5 The magnetogyric ratio of 19F is 2.5177 x 108 T- 1 s· 1
. 

Calculate the frequency of the nuclear transition in a field 

of 7.5001 

13A.6 Calculate the magnetic field needed to satisfy the 

resonance condition for unshielded protons in an 800.0 MHz 

radiofrequency field. 

138.4 Use the values for the typical chemical shifts for 1 H 
resonances given in Fig. 1 ofTopic 13B to state the splitting (in 

hertz. Hz) between the methyl and aldehydic proton resonances 
in a spectrometer operating at (a) 300 MHz. (b) 750 MHz. 

138.5 What would be the nuclear magnetic resonance spec

trum for a proton resonance line that was spl it by interaction 
with seven identical protons? 

138.6 N-Acetylbenzoxazepine exists as two conformational 
isomers. At low temperatu re the solution-phase 1H-NMR 

spectrum displays two resonances separated by 119 Hz. 

At 325 K these two signals coalesce to form a single broad 
peak. What is the lifetime for interconversion of the two iso

mers at the higher temperatu re? 

g-value of the radica l given that the spectrometer is operat

ing at 9.319 GHz? 

13C.6 Pred ict the intensity distribution in the hyperfine lines 
of the EPR spectra of (a) -CH3• (b) -CD3 . 

13C.7 The benzene radical an ion has g = 2.0025. At what 

field should you search for resonance in a spectrometer 
operating at (a) 9.302 GHz, (b) 33.67 GHz? 

13C.8 In the electron paramagnetic resonance spectrum of 
the propyl rad ical, C3H5, the hyperfine splitting constant is 

1.45 mT for coupl ing to the protons on the term inal carbon 

atoms and 0.406 mT for coupl ing to the protons attached to 

the central carbon atom. Taking 0= 2.25 mT, use the McConnell 
equation to estimate the unpaired electron density on each 

carbon atom. 



Discussion questions 

13.1 Discuss the origins of the local, neighbouring group, 
and solvent contributions to the shielding constant. 

13.2 Suggest a reason why the relaxat ion t imes of 13C nuclei 

are typica lly much longer than those of 1 H nuclei. 

13.3 Suggest a reason why the spin-lattice relaxation time of 

benzene (a small molecule) in a mobile, deuterated hydrocar

bon solvent increases whereas that of a polymer decreases. 

13.4 Discuss how the Fermi contact interaction and the polar

ization mechan ism contribute to spin-spin couplings in NMR. 

Problems 

13.1 The spin quantum number of a nitrogen-14 nucleus is 

I= 1. What wou ld be the nuclear magnetic resonance spec

t rum for a proton resonance line that was split by interaction 
with (a) two. (b) three equivalent nitrogen-14 nuclei? 

13.2 Repeat the analysis in Topic 13B for an IV<2 spin-Y2 system 

and deduce the pattern of lines expected in the spectrum. 

13.3 Sketch the appearance of the 1H-NMR spectrum of etha

nol (acetaldehyde) using J= 2.90 Hz and the data in Fig. 1 ofTop
ic 13B in a spectrometer operating at (a) 300 MHz. (b) 550 MHz. 

13.4 Sketch the form of the 19F-NMR spectra of a natural 

sample of 10BF4- and 11 BF4 . 

13.5 Sketch the form of an A3 M2X, spectrum. where A. M. 
and X are protons with distinctly different chemical shifts and 

J AM > J AA > J MX· 

13.6 Formulate the version of Pasca l's tr iang le that you 

would expect to represent the fine structure in an NMR 
spectrum for a collection of N spin-1 nucle i, with N up to 5. 

13.7 Formulate the version of Pasca l's tr iang le that you 

would expect to represent the fine structure in an NMR 

spectrum for a collection of N sp i n-~ nuclei, with N up to 5. 

13.8 The Karplus equation for the th ree-bond coupling 

constant between hydrogen nuclei may be written in alter

native ways as either 3 
J HH = A + 8 cos ¢ + C cos 2¢ or as 

3
J HH =A'+ 8' cos¢+ C' cos' ¢. (a) Use the trigonometric iden

t ity cos' ¢ = 1 - 2 cos 2¢ to deduce the values of the alterna
t ive parameters. A'. 8', and C' for a H-N-C-H group in a 

polypeptide such as that in Brief Illustration 136.3. (c) Hence 

determ ine the dihedral ang le between the H-N and C-H 

bonds if the measured coupling constant is 3 
J HH = 3.0 Hz. 

13.9 A proton jumps between two sites with 8= 2.7 and 8= 
4.8. At what rate of interconversion w il l the two signals col

lapse to a single line in a spectrometer operating at 550 M Hz? 
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13.5 Explain how the EPR spectrum of an organ ic radica l can 
be used to identify the molecular orbita l occupied by the un

paired electron. 

13.6 The hyperfine interaction of a n electron of an aro

matic ring with a methyl group attached to the ring varies 

as the methyl group rotates. Suggest a mechanism for the 

interaction. 

13.10 Cyclohexane-d,, . in which all but one of the 1H hydro

gen atoms are replaced by 2D deuterium atoms. may exist in 

one of two conformations. with the deuterium atom in either 
an axial or equatorial position. At 298 K. the 1H-NMR spec

trum of cyclohexane-d, , consists of a sing le sharp transition. 
As the sample is cooled, the feature beg ins to broaden unti l 

at 200 K the transit ion becomes resolved into two separate 

lines. If. for a spectrum recorded in a 600 MHz spectrometer 

the difference in chemica l sh ift is 0.048, ca lcu late the rate 
constant for interconversion between the two forms. 

13.11 Formulate the version of Pascal's triang le that you 

would expect to represent the hyperfine structure in an EPR 
spectrum for a collection of N sp i n-~ nuclei, with N up to 5. 

13.12 The EPR spectrum of a rad ica l with two equ iva lent 

nuclei of a particu lar kind is spl it into five lines of intensity 

ratio 1:2:3:2:1. What is the spin of the nuclei? 

13.13 The hyperfine coupling constants observed in the radi

ca l anions (1). (2). and (3) are shown (in mi llitesla, mT). Use 

the McConnell equation to map the probabil ity of find ing the 
unpaired electron in then orbital on each C atom. 

N02 

0.011 ~N02 
0.172 0 0.011 

0.172 

N02 

0.450 ©-0.272 

0.108 lS:;2lNO 
0.450 

2 

2 

N02 

0.112rA;Q 0.112 

0.112y 0.112 

N02 

3 

13.14 The EPR spectrum of the naphthalene anion, C10H,-. 

consists of a symmetrica l quintet of quintets. w ith hyperfine 
coupl ing constants of 0.187 mTand 0.495 mT. (a) Explain the 

form of the spectrum and predict the intensities of the indi

vidual lines. (b) Taking 0 = 2.25 mT. determine the unpaired 

electron density adjacent to each hydrogen atom. 
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Projects 

The symbol t indicates that calculus is required. 

13. H Show that the coupl ing constant as expressed by the 
Karplus equation passes through a m inimum when cos </J = 

B/4C. To do so, evaluate the f irst derivat ive with respect to </J 

and set the result equa l to 0. To confirm that the turn ing point 

is a m inimum, go on to evaluate the second derivative and 
show that it is positive. 

13.2 NMR spectroscopy may be used to determine the 

equ il ibrium constant for dissociation of a complex between a 

small molecu le, such as an enzyme inhibitor I, and a protein, 
such as an enzyme E: 

El ~ E+l K, =IE][IJ/IEI] 

In the limit of slow chemical exchange, the NMR spectrum of 
a proton in I wou ld consist of two resonances: one at v, for 

free I and another at v" for bound I. When chemical exchange 

is fast, the NMR spectrum of the same proton in I consists 

of a sing le peak w ith a resonance frequency v given by v 
= ~v, + f" v" , where ~ = 111/([1] + lEI]) and f" = IEIJ/1111 + lE I]) 
are, respectively, the fract ions of free I and bound I. For the 

purposes of analysing the data, it is also useful to def ine the 

frequency differences ov = v- v, and t.v = v" - v,. Show that 

when the in it ial concentration of I, lila. is much greater than 
the initial concentration of E, IE]0, a plot of 11]0 versus ov-1 is a 

stra ight line with slope IE]0t.v and y-intercept -K,. 



FOCUS14 

Macromolecules 
and aggregates 

'Macromolecules' are bu ilt from covalently linked compo

nents. They are everyw here, inside us and outside us. Some 

are natural : they include cel lulose, proteins, and nucleic 
acids. Others are synthetic (such as nylon and polystyrene). 

Molecu les both large and smal l may also gather together 
in a process ca lled 'self-assembly' and give rise to aggre

gates that to some extent behave like macromolecules. 
Aggregation can lead to a va riety of 'disperse phases', wh ich 

include 'colloids'. 

14A Biological and synthetic 
macromolecules 

Macromolecules adopt shapes that are governed by the 

molecu lar interactions described in Topic 1 DB, including van 
der Waals interactions, hydrogen bond ing, and the hydro

phobic effect. Th is Topic considers a range of structures, 
beg inning w ith a structureless 'random coi l', and progress

ing to the structura lly precise prote ins and nucleic acids. 

The mechanica l and thermal properties of macromolecu les 

are also discussed . 

14A.1 Average molar masses; 14A.2 Models of 
structure; 14A.3 Random coils; 14A.4 Polypeptides 
and polynucleotides; 14A.5 The prediction of struc
ture; 14A.6 Mechanical properties of polymers; 
14A.7 Thermal properties of polymers 

148 Mesophases and disperse systems 

Th is Topic explores 'colloids' and 'micel les', wh ich are as

sembl ies with some of the typica l properties of molecules 

but also wi th their own characteristic featu res. 

14B.1 Liquid crystals; 14B.2 Classification of disperse 
systems; 14B.3 Surface, structure, and stability; 
14B.4 The electric double layer; 14B.5 Liquid surfaces 
and surfactants 

Web resource What is an application ofthis 
material? 

The membranes that envelop the components of a bio

logica l cel l are highly sophisticated structures formed by 
the aggregation of ' lipid' molecules. But these aggregates 

do not simply give the cel l its shape. Many important 

biolog ical processes occur on the surface of or inside ce ll 
membranes. See Impact 77 on the website of th is book. 



TOPIC 14A 

Biological and synthetic 
macromolecules 

~ Why do you need to know this 
material? 

Macromolecules are central to biology and to tech
nology. You need to know how to describe their 
structural features in order to understand their 
physical, chemical, and mechanical properties. 

~ What is the key idea 7 

The structure of a macromolecule takes on dif
ferent meanings at the different levels at which 
the arrangement of the chain or network of its 
building blocks are considered. 

~ What do you need to know already? 

The discussion of the shapes of biological macro
molecules makes use of the non bonding inter
actions that act between molecules (Topic lOB). 

Macromolecules are very large molecules assembled 
from smaller molecules biosynthetically in organ
isms, by chemists in laboratories, or in industrial 
reactors. Naturally occurring macromolecules in
clude polysaccharides such as cellulose, polypeptides 
such as protein enzymes, and polynucleotides such 
as deoxyribonucleic acid (DNA). Synthetic macro
molecules include polymers such as nylon and poly
styrene that are manufactured by stringing together 
and in some cases crosslinking smaller units known 
as monomers (Fig. 1). 

14A.1 Average molar masses 

Many proteins are monodisperse, meaning that 
they have a single, definite molar mass. A synthetic 
polymer, however, is polydisperse, in the sense that a 

sample is a mixture of molecules with various chain 
lengths and molar masses. The various techniques 
that are used to measure molar masses result in dif
ferent types of mean values of polydisperse systems. 

The number-average molar mass, Mn, is obtained 
by weighting each molar mass by the number of mol
ecules of that mass present in the sample: 

- 1 I M=- NM 
n N 1 , 

i 

Number-average molar mass 
[definit ion) 

(la) 

where N ; is the number of molecules with molar 
mass M; and there are N molecules in all. This type of 
average is typically obtained by mass spectrometric 
determinations of molar mass. The weight-average 
molar mass is the average calculated by weighting the 
molar masses of the molecules by the mass present in 
the sample: 

Weight-average molar mass 
[definit ion) 

(lb) 

In this expression, m; is the total mass of molecules of 
molar mass M; and m is the total mass of the sample. 
This type of average is typically obtained by meas
urements that make use of the ability of molecules 

(a) 

(b ) 

(c) 

Fig. 1 Three varieties of po lymer: (a) a simple linear polymer, 
(b) a cross-linked polymer, and (c) one variety of copolymer. 



to scatter light and by measurements that make use 
of the distribution of particles in solutions rotated at 
high speed in an ultracentrifuge. 

Miif!..!.!ljijt.SI 
Calculating number and mass averages 

Evaluate the number-average and the weight-average molar 

masses of a sample of poly(vinyl chloride) from the following 

data: 

Interval 
M/(kg mol-') 

m/g 

1 

7.5 

9.6 

2 3 
12.5 17.5 

8.7 8.9 

Collect your thoughts The rele· 

vant equations are eqns 1a and 

1 b. Note that because N, = n,N •. 
the number average can be ex

pressed in terms of amounts (in 

moles): 

4 5 6 
22.5 27.5 32.5 

5.6 3.1 1.7 

•• 3 4 5 6 

Calculate the amounts in each interval by dividing the mass 

• of the sample in each interval by the average molar mass 

for that interval; n, = m,!M,. Then calculate the two averages 

by weighting the molar mass M, within each interval by the 
amount (n,) and mass (m,), respectively, of the molecules in 

each interval. 

The solution The amounts in each interval are as follows: 

Interval 
M/(kg mol-') 

n/mmol 

1 

7.5 

1.3 

2 3 
12.5 17.5 

0.70 0.51 

4 5 

22.5 27.5 

0.25 0.11 

6 

32.5 

0.052 

The total amount is n = 2.92 mmol and the number-average 

molar mass is 

M,/(kg mol-1
) = -

1
- (1.3 x 7.5+0.70x12.5+0.51 x 17.5 

2.92 
+0.25 x 22.5+ 0.11 x 27.5+ 0.052x32.5) 

=13 

The weight-average molar mass is calculated directly from the 

data after noting that the total mass of the sample is 37.6 g: 

Mw/(kg mol-1
) = -

1
-(9.6 x 7.5+8.7x12.5+8.9 x 17.5 

37.6 
+5.6x 22.5 + 3.1 x 27.5+ 1.7x32.5) 

=16 

Comment Note the different values of the two averages. In 

this instance, Mw!M, = 1.2. 
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Self-test 14A. 1 

The Z-average molar mass, which is obtained in 

certain sedimentation experiments, is defined as 

M, = + N,M,' !+ N,M,' . Evaluate its value for the sample 

in this example. 

Answer: 19 kg mol·' 

The ratio MjMn is called the (molar-mass) disper
sity (previously the 'polydispersity index', PDI) and 
denoted D (read 'D-stroke'): 

D=~w 
Mn 

Dispersity 
I definit ion] (2) 

In the determination of protein molar masses the aver
ages are expected to be the same because the sample 
is monodisperse (unless there has been degradation). 
A synthetic polymer normally spans a range of molar 
masses and the different averages yield different 
values. Typical synthetic materials have D ~ 4 but 
much recent research has been devoted to developing 
methods that give much lower dispersities. The term 
'monodisperse' is conventionally applied to synthetic 
polymers in which the dispersity is less than 1.1; 
commercial polyethene samples might be much more 
heterogeneous, with a dispersity close to 30. One 
feature of a narrow molar mass distribution for syn
thetic polymers is often a higher degree of long-range 
order in the solid and therefore higher density and 
melting point. The spread of values is controlled by 
the choice of catalyst and reaction conditions. 

A note on good practice The masses of macromolecules 
are often reported in daltons (Da). where 1 Da = m, (with m, = 
1.661 x 10-27 kg). Note that daltons are used to report molecular 
mass not molar mass. So the mass (not the molar mass) of a 
certain macromolecule may be reported as 100 kDa (that is, its 
mass is 100 x 103 x m,l, and its molar mass as 100 kg mol-1

. 

But it should not be said (even though it is common practice) 
that its molar mass is 100 kDa. 

14A.2 Models of structure 

The concept of the 'structure' of a macromolecule 
takes on different meanings at the different levels at 
which the arrangement of the chain or network of 
monomers is considered. The primary structure of 
a macromolecule is the sequence of small molecular 
residues making up the polymer. The residues may 
form either a chain, as in polyethene, or a more com
plex network in which cross-links connect different 
chains, as in cross-linked polyacrylamide. In a syn
thetic polymer, virtually all the residues are identical 
and it is sufficient to name the monomer used in the 
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synthesis. Thus, the repeating unit of polyethene and 
its derivatives is -CHXCH2-, and the primary 
structure of the chain is specified by denoting it as 
-(CHXCH2)"-. 

The concept of primary structure ceases to be 
trivial in the case of synthetic copolymers and bio
logical macromolecules, for in general these sub
stances are chains formed from different molecules. 
For example, proteins are polypeptides formed from 
different amino acids (about twenty occur naturally) 
strung together by the peptide link, -CONH-. 
The determination of the primary structure is then a 
highly complex problem of chemical analysis called 
sequencing. The degradation of a polymer is a disrup
tion of its primary structure, when the chain breaks 
into shorter components. 

The term conformation refers to the spatial ar
rangement of the different parts of a chain that can 
be modified by rotating one part of a chain relative 
to another around a bond. The conformation of a 
macromolecule is relevant at three levels of structure. 

The secondary structure of a macromolecule is 
the (often local) spatial arrangement of a chain. The 
secondary structure of a molecule of polyethene in 
a good solvent is typically a random coil (which is 
described in more detail later). In the absence of 
a solvent polyethene forms crystals consisting of 
stacked sheets with a hairpin-like bend about every 
100 monomer units, presumably because for that 
number of monomers the intermolecular (in this 
case intramolecular) potential energy is sufficient to 
overcome thermal disordering. The secondary struc
ture of a protein is a highly organized arrangement 
determined largely by hydrogen bonds, and taking 
the form of random coils, helices (Fig. 2a), or sheets 
in various segments of the molecule. Denaturation, 
the loss of secondary structure but retention of 
primary structure, can occur when the sample is 
heated. 

' 

Fig. 2 (a) A polymer adopts a highly organized he lica l con
formation, an example of a secondary st ructure. The hel ix is 
represented as a cylinder. (b) Several hel ical segments con
nected by short random coils pack together, providing an ex
ample of tertiary st ructure. 

Fig. 3 Several subun its w ith specific tert iary structures pack 
together, provid ing an example of quaternary structure. 

The tertiary structure is the overall three-dimen
sional structure of a macromolecule. For instance, 
the hypothetical protein shown in Fig. 2b has helical 
regions connected by short random-coil sections. The 
helices interact to form a compact tertiary structure. 
Denaturation may also occur at this level, in which 
the tertiary structure is lost but secondary structure 
is large! y retained. 

The quaternary structure of a macromolecule is 
the manner in which large molecules are formed by 
the aggregation of others. Figure 3 shows how four 
molecular subunits, each with a specific tertiary 
structure, aggregate. Quaternary structure can be 
very important in biology. For example, the oxygen
transport protein haemoglobin consists of four 
myoglobin-like subunits that work cooperatively to 
take up and release 0 2• 

14A.3 Random coils 

The most likely secondary structure of a chain of 
identical units not capable of forming hydrogen 
bonds or any other type of specific bond is a random 
coil. Polyethene is a simple example. The random coil 
model is a helpful starting point for estimating the 
orders of magnitude of the properties of polymers 
and denatured proteins in solution. 

The simplest model of a random coil is a freely 
jointed chain, in which any bond is free to make any 
angle with respect to the preceding one (Fig. 4). The 
residues are assumed to occupy zero volume, so dif
ferent parts of the chain can occupy the same region 
of space. The model is obviously an oversimplification 
because a bond is actually constrained to a cone of an
gles around a direction defined by its neighbour and 
atoms have bulk. In a hypothetical one-dimensional 



Fig.4 A freely-jointed chain is like a three-dimensional random 
walk. each step being in an arbitrary direction but of the same 
length. 

freely jointed chain all the residues lie in a straight line, 
and the angle between neighbours is either oo or 180°. 
The residues in a three-dimensional freely jointed 
chain are not restricted to lie in a line or a plane. 

The contour length, Rc, of a polymer is the length 
of the molecule measured along its backbone from 
monomer to monomer. If the length occupied by each 
monomer is I and there are N monomers in the chain, 
then 

Contour length (3a) 

The radius of the random coil such a molecule forms 
is shorter than the contour length because the coil 
consists of steps (neighbouring bonds) that might 
double back on themselves as the chain grows. Spe
cifically, the root-mean-square separation, R,m" a 
measure of the average separation of the two ends of 
a random coil, is the square root of the average value 
of the squares of the separation, L, of the ends of the 
coil: R,= = (L2

)
112

• It is proportional to the square 
root of N, with a value that is independent of the di
mensionality of the chain: 

Root-mean-square separation 
(random coil! (3b) 

A consequence of eqn 3b is that the volume of a 
three-dimensional coil increases as N 312

• The radius 
of gyration, Rg, of a random coil is the radius of a 
thin shell (think of a table-tennis ball) that has the 
same mass as the molecule and the same moment of 
inertia. The radius of gyration of a table-tennis ball 
is the same as its actual radius; that of a solid sphere 
of radius r is Rg = (}) 112r. The radius of gyration of a 
random coil of N monomers is proportional to the 
square root of N, and specifically for a three-dimen
sional random coil 

(N)"2 

R =- I 
g 6 

Radius of gyration 
lthree-<limensional 
random coil! 

(3c) 
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Brief illustration 14A.1 Measures of size of a random 

co il 

W ith a powerful m icroscope it is possible to see that a long 
piece of DNA is flexible and writhes as if it were a three

dimensional random coi l. However. small segments of the 

macromolecu le resist bending. so it is more appropriate to 
visua lize DNA as a free ly jointed cha in w ith N and I as the 

number and length. respectively. of these rig id units. The 

length I of a rigid unit is approximate ly 45 nm. It follows that 

for a piece of DNA w ith N= 200. 

From eqn 3a: R, = 200 x 45 nm = 9.0 ~m 

From eqn 3b: R,m, = (200)112 x 45 nm = 0.64 (.!m 

(
200)

11
' From eqn 3c: R, = 6 x 45 nm = 0.26 (.!m 

: Self-test 14A.2 

: Ca lculate the contour length and root-mean-square separ

: ation of the ends of a polymer cha in modelled as a three

: dimensional random coil w ith N= 1000 and I= 150 pm. 

A random coil is the least structured conformation 
of a polymer chain in the sense that it can be achieved 
in the greatest possible number of ways (in contrast, 
for instance, to the straight chain conformation, 
which can be achieved in only one way) and corres
ponds to the state of greatest entropy. Any stretch
ing of the coil introduces order and therefore reduces 
the entropy. Conversely, the formation of a random 
coil from a more extended form corresponds to an 
increase in its entropy and is a spontaneous pro
cess (provided enthalpy contributions do not inter
fere by affecting the entropy of the surroundings). 
The change in conformational entropy, the entropy 
arising from the arrangement of bonds, when a one
dimensional coil containing N bonds of length I is 
stretched or compressed by nl is1 

{( )
l+n/N ( )1-n/N} 

~S=-tkNln 1+ ~ 1- ~ 

Conformational entropy 
(random coil! (4) 

where k is Boltzmann's constant. This function 
is plotted in Fig. 5 and it is seen that minimum 
extension-fully coiled (n = 0)--corresponds to max
imum entropy. This spontaneous tendency to form a 
coil is responsible for the tendency of rubber (or at 
least, an ideal rubber with no intermolecular inter
actions) to spring back into shape after being stretched. 

1For a derivation of this expression, see our Physical chemistry: 
thermodynamics, structure, and change (2014). 
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Fig. 5 The change in molar entropy of a one-dimensional per
fect elastomer as its extension changes; n/N = 1 corresponds 
to complete extension; n/N = 0, the conformation of highest 
entropy, corresponds to the random coil. Negative values of 
n/N correspond to compression of the random coil. 

Brief illustration 14A.2 Conformational entropy 

Suppose that N= 1000 and I= 150 pm. The change in entropy 
when the (one-dimensional) random coil is stretched through 
1.5 nm (corresponding ton= 10 and n/N= 1/100) is 

{( 
1 )1+(1/1001 ( 1 )1-(1/100) } 

6S=- t kx(1000)xln 1+ 
100 

1-
100 

= -Q.050k 

Because R = N. k. the change in molar entropy is 6Sm = 
-0.050R, or -0.42 J K· ' mol-'. 

; Self-test 14A.3 

: What is the change in molar conformational entropy when 
: the same random coil is stretched from fu lly coiled by 10 
; per cent? . 

Answer: -0.042 J K-' mol-' 

14A.4 Polypeptides and 
polynucleotides 

The secondary structures of proteins can be rational
ized in large part in terms of the hydrogen bonds be
tween the - NH- and -CO- groups of the peptide 
links (Fig. 6). They result in two principal structures. 
One, which is stabilized by hydrogen bonding be
tween peptide links of the same chain, is the a-helix. 
The other, which is stabilized by hydrogen bonding 
links to different chains or more distant parts of the 
same chain, is the j3-sheet(or {3-pleated sheet). 

Fig. 6 The dimensions that characterize the peptide link; bond 
lengths are in picometres. The C-NH- CO-C atoms define 
a plane (the C- N bond has partial double-bond character), 
but there is rotational freedom around the C-CO and N- C 
bonds. 

The a-helix is illustrated in Fig. 7. Each turn of the 
helix contains 3.6 amino acid residues, so there are 
18 residues in 5 turns of the helix. The pitch of a sin
gle turn (the lateral movement corresponding to one 
complete rotation) is 544 pm. The N-H··O bonds 
lie parallel to the axis and link every fifth group (so 
residue i is linked to residues i- 4 and i + 4). A right
handed a-helix of L-amino acids is the dominant hel
ical form in nature. A {3-sheet is formed by hydrogen 
bonding between two extended polypeptide chains. 
Some of the side chains lie above the sheet and some 
lie below it. Two types of sheet can be distinguished 
from the pattern of hydrogen bonding between the 
constituent chains: 

• in an anti-parallel {3-sheet (Fig. 8), the N-H ··0 
atoms of the hydrogen bonds form a straight line; 

• in a parallel {3-sheet (Fig. 9), the N-H··O atoms 
of the hydrogen bonds are not perfectly aligned . 

Fig. 7 The polypeptide a-helix, with poly-L-glycine as an ex
ample. There are 3.6 residues per turn, and a translation along 
the hel ix of 150 pm per residue, giving a pitch of 544 pm. The 
diameter (ignoring side chains) is about 600 pm . 



Fig. 8 An antipara llel /3-sheet in which the N-H···O atoms of 
the hydrogen bonds form a nearly straight line. 

Helical and sheet-like polypeptide chains are 
folded into a tertiary structure if there are other 
bonding influences between the residues of the chain 
that are strong enough to overcome the interactions 
responsible for the secondary structure. The folding 
influences include -S-S- disulfide links, ionic 
interactions (which depend on the pH), and the inter
actions described in Topic lOB, namely van der Waals 
interactions, hydrophobic interactions, and strong 
hydrogen bonds (such as 0-H 0). 

DNA and ribonucleic acid (RNA), which are 
key components of the mechanism of storage and 
transfer of genetic information in biological cells, are 
polynucleotides. The backbones of these molecules 
consist of alternating sugar and phosphate groups, 
and one of the bases adenine (A), cytosine (C), 
guanine (G), and thymine (T, found in DNA only), 
and uracil (U, found in RNA only) is attached to each 
sugar. In B-DNA, the most common form of DNA in 
biological cells, two polynucleotide chains held to
gether by A-T and C-G base pairs (1 and 2) wind 

Fig. 9 A para llel /3-sheet in wh ich the N-H···O atoms of the 
hydrogen bonds are not as we ll aligned as in the antipara llel 
version. 
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Fig. 10 DNA double he lix. in wh ich two polynucleotide cha ins 
are linked together by hydrogen bonds between aden ine (A) 
and thymine (T) and between cytosine (C) and guanine (G). 

around each other to form a right-handed double 
helix (Fig. 10). The structure is stabilized further by 
then-stacking interactions, in which the planar 1t sys
tems of aromatic rings lie one on top of the other, in 
a nearly parallel orientation. In contrast, RNA exists 
primarily as single chains folded into complex struc
tures by formation of A-U and G-C base pairs. 

~~:~H~~~:~ 
A N=.J )-NH 

0 

1 A-T base pair 

HN-H-----o H 

~N-----H-NK) 
HN=-{ )=N G 

C 0-----H-NH 

2 C-G base pair 

14A.5 The prediction of structure 

A polypeptide chain adopts a conformation cor
responding to a minimum Gibbs energy, which de
pends on the conformational energy, the energy of 
interaction between different parts of the chain, 
and the energy of interaction between the chain 
and surrounding solvent molecules. In the aqueous 
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environment of biological cells, the outer surface 
of a protein molecule is covered by a mobile sheath 
of water molecules and its interior contains pockets of 
water molecules. These water molecules play an im
portant role in determining the conformation that the 
chain adopts through hydrophobic interactions and 
hydrogen bonding to amino acid residues in the chain. 

The simplest calculations of the conformational 
energy of a polypeptide chain ignore entropy and 
solvent effects and concentrate on the total potential 
energy of all the interactions between non-bonded 
atoms. These calculations predict that a right-handed 
a-helix of L-amino acids is marginally more stable 
than a left-handed helix of the same amino acids, 
which is consistent with what is found naturally. 

To calculate the energy of a conformation, many 
types of molecular interactions must be taken into 
account: some are summarized in Table 14A.1. For 
instance, the calculations regard bonds as flexible, 
and allow some bonds to stretch and others to be 
compressed slightly as parts of the chain press against 
one another, and some bond angles to open out or 
close in slightly to enable the molecule as a whole 
to fit together better. Another contribution is bond 
torsion (twisting). Because the planar peptide link is 
fairly rigid, the geometry of a polypeptide chain can 
be specified by the two angles that two neighbouring 
planar peptide links make to each other. Figure 11 
shows the two angles cfJ and 1Jf common! y used to s pe
cify this relative orientation. The sign convention is 
that a positive angle means that the front atom must 

Table 14A.1 

Interactions in macromolecules 

Interaction Potential energy 

Fig. 11 The definition ofthe torsional angles 1/fand ¢between 
two peptide units. 

be rotated clockwise to bring it in front of the rear 
atom. Specifically: 

Right-handed a-helix, all cfJ = -57° and alllJ!= -4 7° 

Left-handed a-helix, all cfJ = 57° and alllJ!= 4 7° 

Anti-parallel,B-sheet, cfJ=-139°, lJ!= 113°. 

Because only two angles are needed to specify the 
conformation of a helix, and they range from -180° 
to + 180°, the torsional potential energy of the entire 
molecule can be represented on a Ramachandran 
plot, a contour diagram in which one axis represents 
cfJ and the other represents 1Jf (Fig. 12). 

Partial charges interact Coulombically. Typically, 
charges of -0.28e and +0.28e are assigned toN and 
H, respectively, and -0.39e and +0.39e to 0 and C, 
respectively. The interaction between partial charges 
does away with the need to take dipole-dipole 

Comment 
................................................................................................ 

Bond stretching 

Bond bending 

Bond torsion 

Partial charges 

Dispersion and repu lsive interactions 

Hydrogen bonding 

Vstretm(R) = 1 kf.stretm(R- Re)2 

0* 0 
VH-bonding(r)= 7-7JO 

R, is the equi librium bond length; 
k'·'"""' is the force constant 

f!, is the equil ibrium bond ang le; 
kt.becd is the force constant 

See Fig. 11; A and 8 are constants of 
the order of 1 kJ mol-1 

€ is the permittivity of the medium 

A Lennard-Janes (12,6) interaction 
(Topic 10B) 

Alternative to partial-charge 
interaction 



' 

Fig. 12 Contour plots of potential energy aga inst the ang les 
lJI and ¢. also known as a Ramachandran plot. for (a) a gly
cyl residue of a polypeptide chain and (b) an alanyl residue. 
(Hovm6 11er. et al. . Acta Crystallogr. 058. 768 (2002).) 

interactions into account, for they are taken care of 
by dealing with each partial charge explicitly. In some 
models of structure, the interaction between partial 
charges is judged to take into account the effect of 
hydrogen bonding. Even uncharged atoms interact, 
and the effect can be taken into account by supposing 
that the potential energy is given by the Lennard
lones (12,6) expression (Topic lOB; see Table 14A.l). 

In a molecular mechanics simulation (which is 
built into commercially available software) the total 
potential energy of a given conformation ( cp, IJI) is cal
culated by summing the contributions for all angles 
and pairs of atoms in the molecule. For large mol
ecules, plots of potential energy versus bond distance 
or bond angle often show several local minima and 
a global minimum (Fig. 13). The software packages 
include schemes for modifying the locations of the 
atoms and searching for these minima systematically. 

The structure corresponding to the global min
imum of a molecular mechanics simulation is a 
snapshot of the molecule at T = 0 because only the 

t 
>
Cl 
Q; 
c 
Q) 

"' 'E 
Q) 

15 a. 

Local minima 

Global 
minimum 

Parameter representing conformation 

Fig. 13 For large molecules. a plot of potential energy aga inst 
the molecular geometry often shows severa l local minima and 
a global m inimum. 
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potential energy is included in the calculation; con
tributions to the total energy from kinetic energy are 
excluded. In a molecular dynamics simulation, the 
molecule is set in motion by heating it to a specified 
temperature. The possible trajectories of all atoms 
under the influence of the intermolecular potentials 
are then calculated by integration of Newton's sec
ond law of motion. These trajectories correspond to 
the conformations that the molecule can sample at 
the temperature of the simulation. Therefore, mo
lecular dynamics calculations are useful tools for the 
study of the flexibility of polymers. 

14A.6 Mechanical properties of 
polymers 

Synthetic polymers are classified broadly as elasto
mers, fibres, and plastics, depending on their crystal
linity, the degree of long-range order in the solid state. 

An elastomer is a flexible polymer that can ex
pand or contract easily upon application of an ex
ternal force. Elastomers are polymers with numerous 
crosslinks that pull them back into their original 
shape when a stress is removed. The weak direc
tional constraints on silicon-oxygen bonds are re
sponsible for the high elasticity of silicones. A perfect 
elastomer, a polymer in which the internal energy is 
independent of the extension of the random coil, can 
be modelled as a freely jointed chain. 

As discussed earlier, the contraction of an extended 
chain to a random coil is spontaneous in the sense 
that it corresponds to an increase in entropy; the en
tropy change of the surroundings is zero because no 
energy is released or absorbed when the coil forms. 
The conformational entropy can be used to deduce 
that the restoring force, 'F, of a one-dimensional per
fect elastomer at a temperature T is2 

'F= kT In l+n!N 
21 l-n/N 

Restoring force 
lone-dimensional 
random coi l] 

(Sa) 

where N is the total number of bonds of length I 
and the polymer is stretched or compressed by nl 
(k is Boltzmann's constant). This function is plotted 
in Fig. 14. As shown in the following justification, at 
low extensions, n << N, 

nkT Restoring force 
'F~--

Nl 
!approximate (5b) 
form] 

2For the derivation of this expression, see our Physical chemistry: 
thermodynamics, structure, and change (2014). 



556 FOCUS 14 MACROMOLECULES AND AGGREGATES 

\ 
~ I'--_l_aw 

4 
~ 
N 
f::: 
..\c 2 
~ 
ai 
(.) 

0 .E ~ 
~ 

Cl 
c 

.8-2 

\ "' Q) 

a: 
--4 

- 1 -0.5 0 0.5 
Extension, n/N 

Fig. 14 The restoring force, 'F, of a one-d imensional perfect 
elastomer. For small stra ins, 'F is linearly proport iona l to the 
extension, correspond ing to Hooke's law. 

It follows that the restoring force is proportional to 
the displacement (which is proportional ton). There
fore, the sample obeys Hooke's law (in the notation 
of eqn 1 of Topic 7£, 'F= -krX) and for small displace
ments the whole coil shakes with simple harmonic 
motion. 

Brief illustration 14A.3 The restoring force 

Cons ider a polymer cha in w ith N= 5000 and i= 0.15 nm. If the 
ends of the cha in are moved apart by 1.5 nm, then n= (1.5 nm)/ 

(0.15 nm) = 10 and n/N= 10/5000 = 2.0 x 10-3
. Because n« N. 

the restoring force at 293 K is given by eqn 5b as 

n~ T 
W x (1.381 x 10-23 J K-1)x i293KJ 

<F= 5.4 x 10-14 N 
222Q x (1.5x10 10 m) 

N 

or54fN. 

: Self-test 14A.4 

: Repeat the ca lcu lation for N= 6.0 x 103 and a displacement 

: of 2.0 nm at 298 K. 

Answer: 61 IN 

Justification 14A.1 

Elastomers at low extensions 

Cons ider eqn 5a. If n/N<< 1, corresponding to low extensions 
of an elastomer, use the expansion in The chemist's toolkit 6 

in Topic 1 C to write 

~l nl>dyl =In x-ln y) 

'F= ~~ { 1n(1+~)- 1n(1-~)} 

lnl1 + xl = x- -J- X' + . 
ln(1 -xl = -x--J-X'+. 

cancel blue terms 

: as in eqn 5b. 

A fibre is a polymeric material with such a low 
degree of branching that the molecules can be made 
to lie parallel to one another and acquire strength 
from the interactions between them. One example is 
nylon-66 (Fig. 15). In contrast to elastomers, fibres 
need to have a resistance to stretching, which requires 
the chains to be nearly fully extended and for there 
to be strong interactions between them. Hydrogen 
bonding between chains, as in nylon, is one way to 
achieve this resistance, and side chains are undesir
able as they hinder the formation of ordered micro
crystalline regions. 

A plastic is a polymer that can attain only a limited 
degree of crystallinity and as a result is neither as 
strong as a fibre nor as resilient as an elastomer. Cer
tain materials, such as nylon-66, can be prepared 
either as a fibre or as a plastic. A sample of plastic 
nylon-66 may be visualized as consisting of crystal
line hydrogen-bonded regions of varying size inter
spersed amongst amorphous, random-coil regions. A 
single type of polymer may exhibit more than one 
characteristic, for to display fibrous character, the 
polymers need to be aligned; if the chains are not 
aligned, then the substance may be plastic. That is 
the case with nylon, poly(vinyl chloride), and the 
siloxanes. 

Fig. 15 A fragment of two nylon-66 polymer cha ins showing 
the pattern of hydrogen bonds that are responsible for the 
cohesion between the chains. 



14A.7 Thermal properties of 
polymers 

The crystallinity of synthetic polymers can be 
destroyed by thermal motion at sufficiently high 
temperatures. This change in crystallinity may be 
thought of as a kind of intramolecular melting 
from a crystalline solid to a more fluid random 
coil. Polymer melting also occurs at a specific 
melting temperature, T m, which increases with 
the strength and number of intermolecular inter
actions in the material. Thus, polyethene, which 
has chains that interact only weakly in the solid, 
has T m = 414 K and nylon-66 fibres, in which there 
are strong hydrogen bonds between chains, have 
T m = 530 K. High melting temperatures are desir
able in most practical applications involving fibres 
and plastics. 

All synthetic polymers undergo a transition from a 
state of high to low chain mobility at the glass tran
sition temperature, Tg. To visualize the glass transi
tion, consider what happens to an elastomer as its 
temperature is lowered. There is sufficient energy 
available at normal temperatures for limited bond 
rotation to occur and the flexible chains writhe. At 
lower temperatures, the amplitudes of the writhing 
motion decrease until a specific temperature, Tg, is 
reached at which motion is frozen completely and the 
sample forms a glass. Glass transition temperatures 
well below 300 K are desirable in elastomers that are 
to be used at normal temperatures. Both the glass 
transition temperature and the melting temperature 
of a polymer may be identified by modern calori
metric methods. 

l£fh,j.jfj§t-f} 
: Predicting the melting temperature of DNA 

The melting temperature of a DNA molecule lin the sense of 

the temperature at which it undergoes denaturation) can be 

determined by calorimetric methods. The following data were 

obtained in 0.010 M Na3P04(aq) for a series of DNA molecules 

with varying base pair composition, with f the fraction of 

G-C base pairs: 

f 0.375 

T,JK 339 

0.509 

344 

0.589 

348 

0.688 

351 

0.750 

354 

Estimate the melting temperature of a DNA molecule con
taining 40.0 per cent G-C base pairs. 
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Collect your thoughts You need to 

look for a quantitative relationship 

between the melting temperature 

and the composition of DNA. Begin 

by plotting Tm against fraction of 

G-C base pairs. Then examine the 

shape ofthe curve. If visual inspec

tion of the plot suggests a linear re

lationship, then the melting point at 

any composition within the range of data can be predicted from 

the equation of the straight line that fits the data. 

The solution Figure 16 shows that Tm varies linearly with the 

fraction of G-C base pairs, at least in this range of compos

ition. The equation of the line that fits the data is 

T,JK=325+39.7 f 

It follows that Tm = 340 K for 40.0 per cent G-C base pairs 
(at f= 0.400). 

Comment The thermal stability of DNA increases with the 

number of C-G base pairs in the sequence because each 

G-C base pair has three hydrogen bonds, whereas each 

T -A base pair has only two (compare 1 and 2). More energy, 

and therefore a higher temperature, is required to unravel a 

double helix that has a higher proportion of hydrogen bonding 

interactions per base pair. 

: Self-test 14A.5 .. 
The following data were obtained in solutions containing 

0.15 M NaCI(aq) for the same series of DNA molecules. 

0.375 

T,JK 359 

0.509 

364 

0.589 

368 

0.688 

371 

0.750 

374 

Estimate the melting temperature of a DNA molecule con

taining 40.0 per cent G-C base pairs under these conditions. 

Answer: 360 K 

360 

I 
&v 

2_ v 
- - r--

L 
cY 

--

330 
0.4 0.6 0.8 

Fraction of GC base pairs 

Fig. 16 Data for Example 14A.2 showing the variation of the 
melting temperature of DNA molecules with the f raction of 
G-C base pairs . All the samples also contain 10 mmol dm-3 

Na3P04 . 
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Checklist of key concepts 

0 1 Macromolecules are very large molecules assem

bled from smaller molecules. 

0 2 Synthetic polymers are manufactured by stringing 

together and in some cases crosslinking smaller 

units known as monomers. 

03 Macromolecules can be monodisperse, with a 

single molar mass, or polydisperse, with various 

molar masses. 

0 4 The conformation of a macromolecule is the spatial 

arrangement of the different parts of a chain. 

0 5 The primary structure of a polymer is the sequence 

of its monomer units. 

0 6 The least structured model of a macromolecule is 

as a random coil . 

0 7 The secondary structure of a protein is the spatial 

arrangement of the polypeptide chain and includes 

the a-helix and J3-sheet. 

0 8 Helical and sheet-like polypeptide chains are folded 

into a tertiary structure by bonding influences be

tween the residues of the chain. 

0 9 Denaturation is loss of structure; a helix-coil transi

tion is a cooperative process. 

0 10 Some macromolecules have a quaternary struc

ture as aggregates of two or more chains. 

0 11 Synthetic polymers are classified as elastomers, 

fibres, and plastics. 

012 A perfect elastomer is a polymer in which the in

ternal energy is independent of the extension of 

the random coil ; for small extensions a random 

coil model obeys a Hooke's law restoring force . 

0 13 Synthetic polymers undergo a transition from 

a state of high to low chain mobility at the glass 

transition temperature, T9• 

014 The disruption of long-range order in a polymer 

occurs at a melting temperature, Tm. 



TOPIC 148 

Mesophases and disperse systems 

~ Why do you need to know this 
material? 

Aggregates of small and large molecules form 
the basis of many applications (such as deter
gents and nanotechnology) and are abundant 
in biological cells. To see why this is the case, 
you need to understand their structures and 
properties. 

~ What is the key idea? 

Colloids, micelles, and biological membranes 
form spontaneously by self-assembly of mol
ecules or macromolecules and are held together 
by molecular interactions. 

~ What do you need to know already? 

You need to be familiar with interactions be
tween molecules (Topic lOB) and between ions 
(Topic 5H). 

A mesophase is a bulk phase that is intermediate in 
character between a solid and a liquid. The most im
portant type of mesophase is a liquid crystal, which 
is a substance having liquid-like imperfect long-range 
order in some directions but some aspects of crys
tal-like short-range order in other directions. Liquid 
crystals can be used as models of biological mem
branes and studied to gain insight into the process 
of transport of molecules into and out of cells. They 
are also of considerable technological importance for 
their use in displays on electronic equipment. 

A disperse system is a dispersion of small particles 
of one material in another. The suspensions of small 
particles are commonly called colloids. In this con
text, 'small' means something less than about 1 11m 
in diameter (about twice the wavelength of visible 

light). The particles are typically aggregates of nu
merous atoms or molecules, but are too small to be 
seen with an ordinary optical microscope. 

148.1 Liquid crystals 

Liquid crystal materials are composed of large 
organic molecules, such as MBBA (1, N-(4-
methoxybenzylidine)-4-butylaniline) and derivatives 
of cholesterol (2). Three important types of liquid 
crystal differ in the type of long-range order that 
they retain. One type of retained long-range order 
gives rise to a smectic phase (from the Greek word 
for soapy), in which the molecules align themselves 
in layers (Fig. 1). 

~rQ--o, 
1 MBBA 

HO 

2 Cholesterol 

Other materials, and some smectic liquid crystals 
at higher temperatures, lack the layered structure 
but retain a nearly parallel alignment (Fig. 2): this 
mesophase is the nematic phase (from the Greek for 
thread). The strongly anisotropic optical properties 
of nematic liquid crystals, and their response to elec
tric fields, are the basis of their use as data displays. 
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Fig. 1 The arrangement of molecules in the smectic phase of 
a liqu id crysta l. In practice. thermal motion reduces the regu
larity of the arrangement to some extent. 

In the cholesteric phase, which is so-called because 
some derivatives of cholesterol form them, the mol
ecules lie in sheets at angles that change slightly be
tween neighbouring sheets (Fig. 3 ), so forming helical 
structures. The pitch of the helix varies with tempera
ture. As a result, the colours of cholesteric liquid crys
tals, which are due to diffraction and hence vary with 
the pitch, depend on the temperature. They are used 
for detecting temperature distributions in living ma
terial, including human patients, and have even been 
incorporated into fabrics. 

Although there are many liquid crystalline mater
ials, some difficulty is often experienced in achieving 
a technologically useful temperature range for the 
existence of the mesophase. To overcome this diffi
culty, mixtures can be used. An example of the type 
of phase diagram that is then obtained is shown in 
Fig. 4. As can be seen, the mesophase exists over a 
wider range of temperatures than either liquid crys
talline material alone. 

Fig. 2 The arrangement of molecu les in the nematic phase of 
a liqu id crysta l. In practice. thermal motion reduces the regu
larity of the arrangement to some extent. 

Fig. 3 The arrangement of molecu les in the cholesteric phase 
of a liqu id crystal. Two layers are shown: the re lative orienta
t ion of these layers is repeated in success ive layers to give a 
helica l structure. As in the other examples. thermal motion 
reduces the regu larity of the arrangement to some extent. 

148.2 Classification of disperse 
systems 

The name given to a disperse system depends on the 
nature of the substances involved. A sol is a disper
sion of a solid in a liquid (such as clusters of gold 
atoms in water) or of a solid in a solid (such as ruby 
glass, which is a gold-in-glass sol, and achieves its 
colour by scattering). An aerosol is a dispersion of 
a liquid in a gas (like fog and many sprays) or of 
a solid in a gas (such as smoke): the particles are 
often large enough to be seen with a microscope. An 
emulsion is a dispersion of a liquid in a liquid (such 
as milk and some paints). A gel is a system in which 
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Fig. 4 The phase diagram at 1 atm of a binary system of two 
liquid crystalline materials. 4.4-d imethoxyazoxybenzene (A) 
and 4.4-d iethoxyazoxybenzene (B). 



at least one component has a low rigidity (such as a 
cross-linked polymer or a lipid bilayer) and at least 
one component has a high mobility (for example, the 
solvent). 

The preparation of aerosols can be as simple 
as sneezing (which produces an aerosol). Labora
tory and commercial methods make use of several 
techniques. Material (for example, quartz) may be 
ground in the presence of the dispersion medium. 
Passing a heavy electric current through a cell may 
lead to the crumbling of an electrode into colloidal 
particles; arcing between electrodes immersed in the 
support medium also produces a colloid. Chemical 
precipitation sometimes results in a colloid. A pre
cipitate (for example, silver iodide) that has already 
been formed may be converted to a colloid by the 
addition of peptizing agent, a substance that dis
perses a colloid. An example of a peptizing agent is 
potassium iodide, which provides ions that adhere to 
the colloidal particles and cause them to repel one 
another. Clays may be peptized by alkalis, the OH
ion being the active agent. 

Emulsions are normally prepared by shaking the 
two components together, although some kind of 
emulsifying agent has to be used in order to stabilize 
the product. This emulsifier may be a soap (the salt of 
a long-chain carboxylic acid), a surfactant, or a lyo
philic (solvent-attracting) sol that forms a protective 
film around the dispersed phase. In milk, which is 
an emulsion of fats in water, the emulsifying agent 
is casein, a protein containing phosphate groups. 
That casein is not completely successful in stabilizing 
milk is apparent from the formation of cream: the 
dispersed fats coalesce into oily droplets which float 
to the surface. This separation may be prevented by 
ensuring that the emulsion is dispersed very finely 
initially: violent agitation with ultrasonics or extru
sion through a very fine mesh brings this about, the 
product being 'homogenized' milk. 

Aerosols are formed when a spray of liquid is torn 
apart by a jet of gas. The dispersal is aided if a charge 
is applied to the liquid, for then the electrostatic re
pulsions blast the jet apart into droplets. This pro
cedure may also be used to produce emulsions, for 
the charged liquid phase may be squirted into an
other liquid. 

Disperse systems are often purified by dialysis, a 
technique based on osmosis (Topic 4£) and in which 
a membrane (for instance, cellulose) is selected that is 
permeable to solvent and ions but not to the bigger 
colloid particles. The aim is to remove much (but not 
all, for reasons explained later) of the ionic material 
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that may have accompanied their formation. Dialysis 
is very slow, and is normally accelerated by applying 
an electric field and making use of the charge carried 
by many colloids; the technique is then called elec
trodialysis. 

148.3 Surface, structure, and 
stability 

The principal feature of colloids is the very great sur
face area of the dispersed phase in comparison with 
the same amount of ordinary material. For example, 
a cube of side 1 em has a surface area of 6 cm2

• When 
it is dispersed as 1018 little 10 nm cubes the total sur
face area is 6 x 106 cm2 (about the size of a tennis 
court). This dramatic increase in area means that 
surface effects are of dominating importance in the 
chemistry of disperse systems. 

As a result of their great surface area, many col
loids are thermodynamically unstable with respect 
to the bulk: that is, many colloids have a thermo
dynamic tendency to reduce their surface area (like 
a liquid). Their apparent stability must therefore be a 
consequence of the kinetics of collapse: such disperse 
systems are kinetically non-labile (that is, the activa
tion energy for collapse is high), not thermodynam
ically stable. At first sight, though, even the kinetic 
argument seems to fail: colloidal particles attract one 
another over large distances by the dispersion inter
action, so there is a long-range force tending to col
lapse them down into a single blob. 

Several factors oppose the long-range dispersion 
attraction. There may be a protective film at the sur
face of the colloid particles that stabilizes the inter
face and cannot be penetrated when two particles 
touch. For example, the surface atoms of a platinum 
sol in water react chemically, becoming coordinated 
as- Pt(OH)3H 3, and this layer encases the particle 
like a shell. A fat can be emulsified by a soap because 
the long hydrocarbon tails penetrate the oil droplet 
but the -C02- groups (or other hydrophilic groups 
in detergents) surround the surface, form hydrogen 
bonds with water, and give rise to a shell of negative 
charge that repels a possible approach from another 
similarly charged particle. 

By a surfactant is meant a species that accumu
lates at the interface of two phases or substances 
(one of which may be air) and modifies the proper
ties of the surface (as explained later). An effective 
surfactant accumulates at the interface between the 
phases and does not dissolve well in either of the 
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Fig. 5 A surfactant molecu le in a detergent or soap acts 
by sinking its hydrophobic hydrocarbon tail into the grease. 
so leaving its hydroph ilic head groups on the surface of the 
grease where t hey can interact attractive ly w it h the sur
round ing water. 

bulk phases. A typical surfactant consists of a long 
hydrocarbon tail that dissolves in hydrocarbon and 
other nonpolar materials, and a hydrophilic head 
group that dissolves in a polar solvent (typically 
water). Typical head groups include the ionic groups 
-C02- and -S03- ; typical non-ionic groups include 
-(OC2H4 ) 60H and -(OC2H4 ) 80H. A surfactant is 
an amphiphilic substance, meaning that it has both 
hydrophobic and hydrophilic regions (the amphi
part of the name is from the Greek word for both). 
Soaps, for example, consist of the alkali metal salts 
of long-chain carboxylic acids, and the surfactant in 
detergents is typically a long-chain benzenesulfonic 
acid (R-C6H4S03H) or its salt. The mode of action 
of a surfactant in a detergent, and of soap, is to dis
solve in both the aqueous phase and the hydrocarbon 
phase where their surfaces are in contact, and hence 
to solubilize the hydrocarbon phase so that it can be 
washed away (Fig. 5). 

Surfactant molecules can group together as mi
celles, colloid-sized clusters of molecules, even in the 
absence of grease droplets, for their hydrophobic 
tails tend to congregate, and their hydrophilic heads 
provide protection (Fig. 6). Micelles form only when 
the concentration of surfactant is equal to or greater 
than the critical micelle concentration (CMC). Sur
factants form micelles only when the temperature is 
above the Krafft temperature, TK. 

The thermodynamics of micelle formation account 
for the existence of the Krafft temperature. Experi
ments show that the enthalpy of micelle formation 
in aqueous systems is probably positive (that is, mi
celle formation is endothermic) with 11H ~ 1-2 kJ per 
mole of surfactant molecules, due in large part to re
pulsions between the head groups of the surfactants. 
That micelles do form above the CMC indicates that 
the entropy change accompanying their formation 
must be positive in order for the Gibbs energy ac
companying the formation process, /1G = 11H- T11S, 
to be negative, and measurements suggest a value of 

Fig. 6 A rep resentation of a spherica l m icelle. The hydrophilic 
groups are represented by spheres and the hydrophobic 
hydrocarbon cha ins are represented by the sta lks. The latter 
are mobile. 

11S of about +140 J K-1 mol-1 at room temperature. 
That the entropy change is positive even though the 
molecules are clustering together shows that there 
must be a contribution to the entropy from the 
solvent: the surrounding solvent molecules no longer 
have to solvate individual surfactant molecules and 
so become less ordered, as in the hydrophobic effect 
(Topic lOB). The role of entropy is magnified by the 
temperature (the factor Tin T/1S), and /1G may be
come negative and micelle formation spontaneous 
when the temperature is high enough. 

The self-assembly of a micelle has the character
istics of a cooperative process in which the addition 
of a surfactant molecule to a cluster that is forming 
becomes more probable the larger the size of the 
aggregate, so after a slow start there is a cascade of 
formation of micelles. If the dominant micelle MN 
consists of N monomers M, then the dominant equi
librium to consider is 

(la) 

The solution is assumed, probably dangerously on 
account of the large sizes of monomers, to be ideal, 
so the activities can be replaced by molar concentra
tions. The total concentration of surfactant is [M]ro,.1 

= [M] + N[MN] because each micelle consists of N 
monomer molecules. Therefore, 

(lb) 



Brief illustration 148.1 The f raction of surfactant 

molecules in m icel les 

Equation 1 b can be solved numerica lly for the m icel le concen

t ration as a function of the tota l surfactant concentration and 

some resu lts forK= 1 are shown in Fig. 7. For large N, there 

is a reasonably sharp transition in the relative concentrations 
of surfactant molecu les that are present in m ice lles, wh ich 

corresponds to the existence of a CMC. 

: Self-test 148.1 

: Equation 1 b is tr icky to solve, but it is possible to make good 

: progress w ith simple cases. W ith N = 2 and K = 1, find an 

: expression for [M 2[. 

Answer: [M2[ = [M]"'"' - t H1 + 8[M]10" 1)
112 -1} 

Ionic species tend to be disrupted by the Coulomb 
repulsions between head groups and are normally 
limited to groups of between 10 and 100 mol
ecules. Non-ionic surfactants may cluster together in 
swarms of 1000 or more, and as the temperature is 
raised these large aggregates separate into a distinct 
phase at a temperature known as the cloud point. 
The shapes of the individual micelles vary with con
centration. Although spherical micelles do occur, 
they are more commonly flattened spheres close to 
the CMC, and rod-like at higher concentrations. The 
interior of a micelle is like a droplet of oil, and mag
netic resonance spectroscopy shows that the hydro
carbon tails are mobile, but slightly more restricted 
than in the bulk. 

Micelles are important in industry and biology 
on account of their solubilizing function: matter can 
be transported by water after it has been dissolved 
in their hydrocarbon interiors. For this reason, mi
cellar systems are used as detergents and drug car-
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Fig. 7 The micel le concentration as a function of the tota l sur
factant concentration and K = 1. 

148.4 THE ELECTRIC DOUBLE LAYER 563 

Fig. 8 Amph iph ilic molecu les form a variety of re lated struc
tures in water: (a) a monolayer, (b) a spherica l mice lle, (c) a 
bilayer ves icle. 

riers, and for organic synthesis, froth flotation, and 
petroleum recovery. They can be regarded as a mem
ber of a family of similar structures formed when 
amphiphilic substances are present in water (Fig. 8). 
A monolayer forms at the air-water interface, with 
the hydrophilic head groups facing the water. Mi
celles are like monolayers that enclose a region. A bi
layer vesicle is like a double-micelle, with an inward 
pointing inner surface of molecules surrounded by an 
outward pointing outer layer. The 'flat' version of a 
bilayer vesicle is the analogue of a cell membrane. 

Some micelles at concentrations well above the 
CMC form extended parallel sheets, called lamellar 
micelles, two molecules thick. The individual mol
ecules lie perpendicular to the sheets, with hydro
philic groups on the outside in aqueous solution and 
on the inside in nonpolar media. Such lamellar mi
celles show a close resemblance to biological mem
branes, and are often a useful model on which to base 
investigations of biological structures. 

148.4 The electric double layer 

Apart from the physical stabilization of disperse 
systems, a major source of kinetic non-lability is the 
existence of an electric charge on the surfaces of the 
colloidal particles. On account of this charge, ions of 
opposite charge tend to cluster nearby. 

Two regions of charge must be distinguished. First, 
there is a fairly immobile layer of ions that stick tightly 
to the surface of the colloidal particle, and which may 
include water molecules (if that is the support me
dium). The radius of the sphere that captures this rigid 
layer is called the radius of shear, and is the major fac
tor determining the mobility of the particles (Fig. 9). 
The electric potential at the radius of shear relative to 
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of shear 

Colloid 
particle 

Fig . 9 The definition of the radius of shear for a colloidal 
particle. The spheres are ions attached to the surface of the 
particle. 

its value in the distant, bulk medium is called the elec
trokinetic potential, s (zeta). The charged unit attracts 
an oppositely charged ionic atmosphere. The inner 
shell of charge and the outer atmosphere jointly con
stitute the electric double layer. 

At high concentrations of ions of high charge 
number, the atmosphere is dense and the potential 
falls to its bulk value within a short distance. In this 
case there is little electrostatic repulsion to hinder the 
close approach of two colloidal particles. As a result, 
flocculation, the aggregation of the colloidal par
ticles, occurs as a consequence of the van der Waals 
forces (Fig. 10). Flocculation is often reversible, and 
should be distinguished from coagulation, which is 
the irreversible collapse of the colloid into a bulk 
phase. When river water containing colloidal clay 
flows into the sea, the brine induces coagulation and 
is a major cause of silting in estuaries. 

Metal oxide and sulfide sols have charges that de
pend on the pH; sulfur and the noble metals tend to 
be negatively charged. Naturally occurring macro
molecules also acquire a charge when dispersed in 
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Fig . 10 The potential energy of interaction of two colloidal par
ticles varies with distance as shown here. The shallow outer 
well represents the van der Waals interactions between the 
particles and accounts for flocculation; the deep inner well 
represents the merging-the coagulation-of the particles. 

water, and an important feature of proteins and other 
natural macromolecules is that their overall charge 
depends on the pH of the medium. For instance, in 
acid environments protons attach to basic groups 
and the net charge of the macromolecule is positive; 
in basic media the net charge is negative as a result of 
proton loss. At the isoelectric point, the pH is such 
that there is no net charge on the macromolecule. 

Determining the isoelectric point of a protein 

The speed with which the protein bovine serum albumin 
(BSA) moves through water under the influence of an electric 

field was monitored at several values of pH. and the data are 

listed below. What is the isoelectric point of the protein? 

pH 4.20 4.56 5.20 5.65 6.30 7.00 

Speed/(J.!m s-1
) 0.50 0.18 -0.25 -0.65 -0.90 -1.25 

Collect your thoughts Plot speed 
against pH. then interpolate to 

find the pH at which the speed is 

zero. which is the pH at which the 

molecule has zero net charge. 

The solution The data are plotted 

in Fig. 11. The velocity passes 
through zero at pH = 4.8; hence 

pH= 4.8 is the isoelectric point. 

Self-test 148.2 

-~· 
·~ · 

-~~-

The following data were obtained for another protein: 

pH 3.5 4.5 5.0 5.5 6.0 

Speed/(J.!m s-1
) 0.10 -0.10 -0.20 -0.30 -0.40 

Estimate the pH of the isoelectric point. 

Answer:4.0 

1.0 ,-----,----,---,---.,----,----, 
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Fig. 11 The plot of the speed of a moving macromolecule 
against pH allows the isoelectric point to be detected as the pH 
at which the speed is zero. The data are from Example 146.1. 



The primary role of the electric double layer is 
to render the colloid kinetically non-labile (that is, 
to ensure that it survives for long periods despite 
being thermodynamically unstable). Colliding col
loidal particles break through the double layer and 
coalesce only if the collision is sufficiently energetic 
to disrupt the layers of ions and solvating molecules, 
or if thermal motion has stirred away the surface 
accumulation of charge. This kind of disruption of 
the double layer may occur at high temperatures, 
which is one reason why sols precipitate when they 
are heated. The protective role of the double layer is 
the reason why it is important not to remove all the 
ions (other than those needed to ensure overall elec
trical neutrality) when a colloid is being purified by 
dialysis, and why proteins coagulate most readily at 
their isoelectric point. 

The presence of charge on colloidal particles and 
natural macromolecules also permits the control 
of their motion, as in dialysis and electrophoresis. 
Apart from its application to the determination of 
molar mass, electrophoresis has several analytical 
and technological applications. One analytical ap
plication is to the separation of different macromol
ecules. Technical applications include silent ink-jet 
printers, the painting of objects by airborne charged 
paint droplets, and electrophoretic rubber forming 
by deposition of charged rubber molecules on anodes 
formed into the shape of the desired product (for ex
ample, surgical gloves). 

148.5 Liquid surfaces and 
surfactants 

Liquid surfaces are mobile interfaces where solutes 
might gather and influence its properties. First, we 
consider the properties of the surfaces of pure liquids 
and then examine how those properties are modified 
by surfactants. 

The smooth surface of a pure liquid in an open 
vessel is due to the imbalance of forces, for whereas 
a molecule in the interior of a bulk sample experi
ences attractions from all directions, those at the 
surface experience only inward forces. A molecule 
at an air-liquid surface has a higher potential en
ergy than one in the bulk because it interacts with 
fewer neighbours, so work must be done to bring 
a molecule from the bulk into the surface layer. 
The work required to increase the area of surface 
by l'la is proportional to that increase, and can be 
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Table 148.1 

Surface tensions of liquids at 293 K 

Benzene 

Mercury 

Methanol 

Water 

Note that 1 N m-1 = 1 J m-2
. 

28.88 

472 

22.6 

72.75 

written as w = yl'la, where the constant of propor
tionality y is called the surface tension. For yl'la 
to be expressed in joules, r must be in newtons 
per metre, N m-1 (because then 1 N m-1 x 1 m2 = 

1 N m = 1 J). Some values of the surface tension 
are given in Table 14B.l. Broadly speaking, sur
face tensions are high when there are strong forces 
acting between the molecules or atoms, as in water 
and mercury. Surface tensions typically decrease as 
the temperature is raised and vanish at the boiling 
point. 

As explained in Topic 3D, non-expansion work 
(work that does not involve expansion against an 
external pressure) can be identified with a change in 
Gibbs energy, l'lG, so in this case 

l'lG = yl'la (2) 

This equation is the link between surface proper
ties and thermodynamics. It underlies, among other 
properties, one familiar feature of liquids, capillary 
action, in which a liquid climbs up the interior of a 
narrow tube. To establish the connection between 
capillary rise and surface tension the first step is to 
show that eqn 2 implies that the pressures are dif
ferent on either side of a curved liquid surface (as 
in a droplet or a cavity in a liquid). As shown in the 
following Justification, the pressure on either side of 
a spherical surface of radius r is given by the Laplace 
equation: 

2y 
Pconcave = Pconvex +- Laplace equation (3) 

r 

This equation implies that the pressure just inside a 
curved surface (on the convex side, Fig. 12) is lower 
than that just outside the surface and that the differ
ence is greater the greater the surface tension of the 
liquid. 



566 FOCUS 14 MACROMOLECULES AND AGGREGATES 

Pconcave 

Pconvex cL__ 

Fig . 12 The pressure just inside a curved surface is lower 
than that just outs ide the surface; the difference is greater the 
greater the surface tension of the liqu id. 

Justification 148.1 

! The Laplace equation 

: The strategy for th is derivation is to assess the ba lance of 

! forces acting on the surface. taking into account the effect of 
! surface tension and the re lation between force and pressure. 

Step 1: Calculate the forces due to the pressures inside 
and outside a spherical cavity 

! If the pressure inside a spherica l cavity is p"""''" the force 
! (wh ich is pressure x area) acting outwards on the wa ll of the 

! cavity of surface area CJ = 4nr2 is 4nr2p,000,,. . Similarly, if the 
: pressure force outside the cavity-on the convex side of 

! the surface is p000,., , then the force tending to compress the 

: cavity is 4n:r2
P convex · 

Step 2: Calculate the inward force due to surface tension 

: The change du in surface area when the rad ius of the cavity 

! increases from rto r+ dr is . 
du= 4n(r+ dr)2

- 4nr2 = 4n(r2 + 2rdr+ dr2
)- 4nr2 

Negligibly 
small 

= Bnrdr + 4n (dr)2 = Bnrdr 

! It fo llows from eqn 2 that the change in Gibbs energy is dG = 

: Bnyrdr, wh ich can be identified w ith the work done when 

! stretch ing the surface: dw = Bnyrdr Because work is the 
! product of distance moved aga inst an oppos ing force, the 

! magnitude of the oppos ing force arising from the surface 

! tension is Bnyr: 

Step 3: Balance the forces 

! The total inward force is 4nr2p,00,., + Bnyr and the tota l out

! ward force is 4nr2p"""'' When the two forces are ba lanced, 

4n:f
2
P concave = 41tf

2
P convex + Bn:yr . 

: Th is relation can now be rearranged into eqn 3 by divid ing 

! both sides by 4nr2 

The difference in pressure across a curved inter
face is responsible for capillary action. As can be seen 
from Fig. 13, the pressure just below the meniscus 

of a liquid in a narrow tube is less, by 2ylr, than the 
atmospheric pressure, so the liquid is pushed up the 
tube until the hydrostatic pressure, the pressure due 
to the column of liquid, cancels the reduction in pres
sure due to the curvature. The hydrostatic pressure of 
a column of liquid of height h is equal to pgh, where 
pis the mass density of the liquid and g is the acceler
ation of free fall. That is, the liquid rises to a height at 
which pgh = 2ylr, and therefore 

h=l:L 
pgr Capillary action (4) 

This expression gives a simple method for estimating 
the surface tension of a liquid (by rearranging it into 
r=tpgrh). 

Brief illustration 148.2 Capillary action 

If wate r at 25 oc rises through 7.36 em in a capillary of rad ius 

0.20 mm, its surface tension at that temperature is 

y = -J:pghr 

= -J:x(997 .1 kg m· 3 )x (9.81 m s·')x(7.36 x 10-2 m) 

x (2 .0 x 10-4 m) 

r 1 kgms·' =1 N) 

=72 mN m·' 

! Self-test 148.3 

! Calcu late the surface tens ion of water at 30 oc given that 

! at that temperature wate r climbs to a height of 9.11 em in a 
: clean glass capillary tube of internal radius 0.320 mm. The l density of water at 30 oc is 0.9956 g em·'. . Answer: 142 mN m·' 

p-2ylr+pgh 

Fig. 13 When a capillary tube is first stood in a liqu id, the liquid 
climbs up the wa lls, so curving the surface. It continues to rise 
unti l the tota l pressure at the foot of the column (wh ich arises 
from the atmosphere, the effect of cu rvatu re, and the hydro
static contribution) is equa l to the atmospheric pressure. 



Now consider the effect of a surfactant. Amphi
philic molecules accumulate at the water-air surface 
with their hydrophobic tails exposed to the air to min
imize interaction with the water. Their accumulation 
at the surface relative to the bulk is reported as the 
surface excess, T(uppercase gamma). In a simple case 
where no surfactant appears in the vapour above the 
surface, this quantity is measured by noting the total 
amount of surfactant in a sample of the liquid, n ,otal> 

and subtracting from that total the amount known to 
be in the bulk solution, n,olution• from measurement of 
its concentration. Then 

r = ntotal - nsolution 

(j 
Su rface excess (5) 

where a is the area of the surface. Below the critical 
micelle concentration the slope of a plot of surface 
tension against the logarithm of the concentration is 
equal to -RTr, so r can be determined.1 Above the 
CMC the surface tension is independent of the con
centration of surfactant, so the CMC can be deter
mined graphically (Fig. 14). 

Pure liquids do not form foams: the Gibbs energy 
increases when a surface is formed (da > 0 implies 

1See our Physical chemistry: thermodynamics, structure, and 
change (2014 ) for the procedure. 

Checklist of key concepts 

D 1 A mesophase is a bulk phase that is intermediate in 

character between a solid and a liquid . 

D 2 A disperse system is a dispersion of small particles 

of one material in another. 

D 3 Liquid crystals are classified as smectic, nematic, 

or cholesteric. 

D 4 A surfactant is a species that accumulates at the 

interface of two phases or substances and modifies 

the properties of the surface. 

D 5 The radius of shear is the radius of the sphere that 

captures the rigid layer of charge attached to a col

loid particle. 

D 6 The electrokinetic potential is the electric potential 

at the radius of shear relative to its value in the dis

tant, bulk medium. 
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CMC 
0 Concentration of surfactant, c ---+ 

Fig. 14 The variation of surface tension with concentration 
of surfactant. 

dG > 0), so there is always a spontaneous tendency 
for a cavity in a liquid to collapse. A bubble in boiling 
water will rise to the surface and break when it ar
rives. If a surfactant is present, however, there is a 
smaller pressure difference between its interior and 
the surroundings (because the surface tension is 
lower) and the surface is stabilized by the surface ex
cess of surfactants. A bubble in a surfactant solution 
will rise to the surface after it has been formed and 
will survive at the surface. It will be joined by others, 
and a foam will develop. 

D 7 The inner shell of charge and the outer atmosphere 

jointly constitute the electric double layer. 

D 8 Many colloidal particles are thermodynamically un

stable but kinetically non-labile. 

D 9 Surface tension is a measure of the work needed to 

produce a liquid surface. 

D 10 The pressure on the convex side of a curved sur

face is lower than that on the concave side; the dif

ference gives rise to capillary action . 

D 11 The accumulation of a surfactant at a surface 

lowers the surface tension. 
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Exercises 

Topic 14A Biological and synthetic macromolecules 

14A.1 Calcu late the number-average molar mass and the 

weight-average molar mass of a mixture of equal amounts 
of two polymers of molar mass 82 kg mol_, and 108 kg mol-1• 

14A.2 Determine the dispersity of a sample of a synthetic 
polymer w ith number-average molar mass 36 kg mol-' and 

weight-average molar mass 124 kg mol-1
. 

14A.3 A polymer chain consists of 800 segments. each 

1.10 nm long . If the chain were ideal ly f lexible. what would be 
(a) the contour length. (b) the root-mean-square separation of 

the ends of the chain. and (c) the radius of gyration? 

14A.4 Calcu late the contour length and the root-mean

square separation of the ends of the chain of polyethene with 
molar mass 250 kg mol-1

• 

Topic 148 Mesophases and disperse systems 

148.1 To what height wou ld you expect ethanol (y= 22.39 
mN m-1 at 298 K. p = 789 kg m-3

) to climb by capillary action in 

a tube of internal radius 0.10 mm? 

148.2 In an experiment to determine the surface tension of 
methanol (p = 791 kg m-3 at 298 K) it was found that it rose 

to a height of 5.8 em in a tube of internal diameter 0.20 mm. 

What is the surface tension of methanol at 298 K? 

148.3 Use the Laplace equation to calculate the difference in 

pressure on either side of a curved surface of water (y = 72 
mN m-1 at 298 K) of rad ius (a) 0.10 mm. (b) 1.0 mm. 

Discussion questions 

14.1 Distinguish between number-average and weight-aver

age molar masses. Why might they differ? 

14.2 How do contour length. root-mean-square separation. 

and radius of gyration of a random coil depend on the number 

of monomers and the dimensiona lity? 

14.3 What are the assumptions of the random coil model of 

a polymer? 

14A.5 The radius of gyration of a long chain molecule is 
found to be 7.3 nm. The chain consists of C- C links. Assume 

the chain is randomly coiled and estimate the number of links 
in the chain . 

14A.6 What is the change in conformational entropy when 

a random coi l is stretched f rom fu lly coi led by 10 per cent. 
Express your answer as a molar entropy change per link in 

the coil. 

14A.7 Use the appropriate equation in Table 14A.1 to ca lcu

late the change in the potential energy when the angle of a 
C- C- C bond is increased by 5° from the equi librium angle if 

the force constant is 0.62 aJ deg-2 

148.4 Calcu late the surface excess of solute given the fol

lowing data: 

Molar concentration in bulk solution as prepared: 
0. 100 mol dm-3 

Molar concentration in bulk solution as determined : 
0.981 mol dm-3 

Total volume of solution : 100 cm3 

Rad ius of beaker contain ing the solution: 2.50 em 

14.4 What molecular interactions contribute to the forma

tion. thermal stabi lity. and mechanical strength of polymeric 
material? 

14.5 Explain the physica l origins of surface activity by surfac

tant molecu les. 

14.6 Explain the formation and importance of the electric 

double layer in the context of disperse systems. 



Problems 

14.1 A solution consists of solvent. 30 per cent by mass of a 
dimer with M = 30 kg mol-' . and its monomer. What average 
molar mass wou ld be obta ined from measurement of (a) mass 

spectrometry. (b) light scattering? 

14.2 Determine the dispersity of a sample of polystyrene 

from the following data: 

Molar mass Average molar Mass of 
interval/ mass within sample within 
(kg mol-' ) interval/(kg mol-' ) interval/g 

5- 10 6.5 16.0 

10- 15 11.5 27.1 

15-20 19.5 29.5 

20- 25 23.5 13.4 

25- 30 28.5 8.7 

30- 35 35.5 3.5 

14.3 The observed radius of gyration of a protein can be used 
to decide whether the conformation is globular or rod-like. 

If the protein is globular. the observed radius of gyration is 

comparable to that of the equivalent sol id sphere of physical 

rad ius r. which is R9 = (2/5) 112r. Classify the species below as 
globular or rod-like. The specific volume. v,. is the reciprocal 

of the mass density. 

Serum albumin 66 

Bushy stunt virus 1.06 x 104 

DNA 4x103 

Projects 

0.752 

0.741 

0.556 

The symbol t indicates that calculus is required. 

2.98 

12.0 

117.0 

14. H The probability that the ends of a three-dimensional 

random coil of N links each of length I wil l be found in the 
range R to R + dR is f(R)dR. where f(R) = 4n(a/n 112 )R2e-•'"' 
with a= (3/2NI2

)112 . Use this expression to deduce expres
sions for (a) the root-mean-square separation of the ends of 

the chain. (b) the mean separation of the ends. and (c) their 

most probable separation. Evaluate these three quantities for 

a ful ly f lexible chain with N= 5000 and I= 154 pm. 

14.2 Construct a two-dimensiona l random wa lk by using a 

random number generating routine w ith mathematical soft-
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14.4 Polybutadiene. - (CH2CHCHCH2),- . consisting of 

N = 4000 units. each of length 150 pm. is extended by 
5.0 per cent of its overal l length . What is the magnitude of 
the restoring force at 25 oc? Use Hooke"s law to calculate 

the force constant of the elastomer and hence the frequency 

w ith wh ich the chain vibrates. 

14.5 The following table lists the glass transit ion temperat

ures. T,. of several polymers. Discuss the reasons why the 

structure of the monomer unit has an effect on the va lue ofT, . 

Polymer Poly- Polyethene Poly(vinyl Polystyrene 
(oxymethylene) chloride) 

....................... 
Structure - lOCH,),- - ICH, - ICH, - ICH,CH 

CH,I,- CHCII,- IC,H5)) , -

T,fK 198 253 354 381 

14.6 The drift speeds of the mitochondrial protein MMF1-

P40185 through an aqueous solution at different values of pH 

are given below. Identify the isoelectric point. 

pH 5.5 6.0 6.5 7.0 7.5 

Speed/(~J.ms-1 ) 0.706 0.410 0.161 -0.041 -0.196 

14.7 Estimate the work that must be done to double the 
volume of a spherical bubble (treated as a spherical cavity) 

of air of initial radius 5.0 mm in water at 298 K. The surface 
tension of water at th is temperature is 72 mN m·'. 

ware or spreadsheet. Construct a walk of 50 and 100 steps. 
If there are many people working on the problem. investigate 

the mean and most probable separations in the plots by direct 

measurement. Do they vary as N'12 ? 

14.3t Here you are invited to explore elastomers in quantita

tive detai l. (a) Estimate the force requ ired to expand a random 

coi l (a perfect elastomer) consisting of 1000 links by 10 per 

cent of its fu lly coiled state at 300 K. (b) The restoring force 

acting when a random coil is extended by dx is related to the 
conformationa l entropy by 'F = - TdS/dx. Use th is expression 

to deduce eqns 5a and 5b ofTopic 14A. 
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14.4 Equation 1 b of Topic 14B. which expresses the equi

librium constant for aggregation of a micelle. is surprisingly 
tricky to solve. (a) Convince yourself of that by taking the very 

simple case of N = 2 and K = 1. and find an expression for 52 . 

Use the fact that 52 < S, to eliminate one of the roots of the 
quadratic equation. (b) Now extend your approach to solving 

this equation by using mathematical software. increasing N 
systematically until the transition becomes sharp at the crit

ical micelle concentration. Take K = 1 initially. but once you 

have established the procedure. explore the consequences 

of changing K. 



FOCUS15 

Solids 

Modern chemistry is closely concerned w ith the properties 
of solids. Apart from the ir intrinsic usefulness for construc

tion, modern solids have made possible the semiconductor 

revolution and recent advances in ceramics have given rise 
to the hope that we may now be on the ve rge of a super

conductor revolution . 

15A Crystal structure 

The structures of crystal line solids are of considerable 
practica l importance, for they have implications for geology, 

materials, and technologica lly advanced materials such as 
semiconductors and high-temperature superconductors. 

This Topic begins with a description of the regular arrange

ment of atoms in crysta ls. The observed crystal structure 
is nature's solution to the problem of condensing objects of 

va rious shapes into an aggregate of min imum energy and, 

for temperatures above zero, of m inimum Gibbs energy. 
The second part of the Topic is devoted to the basic prin 
ciples of 'X-ray diffraction', a hugely important techn ique 

for determining crystal structure, and to the interpretation 

of the diffraction pattern . 

15A.1 The identification of crystal planes; 15A.2 The 
determination of structure; 15A.3 Bragg's law; 
15A.4 Experimental techniques 

158 Bonding in solids 

X-ray diffraction leads to information about the structures of 

metal lic, ion ic, and molecu lar solids, and this Topic reviews 

some typical resu lts and their rational ization in terms of 
atomic and ion ic rad ii. It also includes a discussion of the 

electron ic structure of meta llic and ionic sol ids . 

158.1 Metallic solids; 158.2 Ionic solids; 158.3 The 
electronic structure of metallic and ionic solids; 
158.4 The energetics of bonding in ionic solids; 
158.5 Molecular solids; 158.6 Covalent networks 

15C The properties of solids 

Th is Topic describes the electrical, optical, and magnetic 

properties of sol ids . Special attention is given to the origins 

of phenomena that are the basis of the design of a va riety 
of usefu l devices, such as lasers, light-emitting diodes, and 

powerfu l magnets. 

15C.1 Electrical properties; 15C.2 Superconductivity; 
15C.3 Optical properties; 15C.4 Solid-state lasers; 
15C.5 Magnetic properties 

Web resource What is an application ofthis 
material? 

The deployment of X-ray diff raction techn iques for the 

determ ination of the location of al l the atoms in biolog ical 
macromolecu les has revolutionized the study of biochemis

try. See Impact 72 on the website of this book. 



TOPIC 15A 

Crystal structure 

)- Why do you need to know this 
material? 

You need to understand the structures of metallic, 
ionic, and molecular solids if you want to be able 
to account for the mechanical, electrical, optical, 
and magnetic properties that form the basis of 
new materials and new technologies. 

)- What is the key idea? 

The details of the regular arrangement of atoms 
in periodic crystals can be expressed in terms 
of unit cells and determined by diffraction 
techniques. 

)- What do you need to know already? 

You need to be familiar with the wave 
description of electromagnetic radiation (The 
chemist's toolkit 18 in Topic 7 A). Some use is 
made of the de Broglie relation (Topic 7 A) and 
(but only in one Example) the equipartition 
theorem (Topic 2C). 

The pattern that atoms, ions, or molecules adopt in 
a crystal is expressed in terms of an array of points 
making up a lattice (Fig. 1). A unit cell of a crystal 
is the small three-dimensional figure from which the 
entire crystal can be constructed by purely transla
tional displacements (and leaving no gaps), much as 
a wall may be constructed from bricks (Fig. 2) . An 
infinite number of different unit cells can describe the 
same structure, but it is conventional to choose the 
cell with the greatest symmetry and the smallest di
menswns. 

Unit cells are classified into one of seven crystal 
systems according to the symmetry they possess under 
rotations about different axes. The cubic system, for 

Fig. 1 A crystal consists of a uniform array of atoms, mol
ecules, or ions, as represented by these spheres. In many 
cases, the components of the crystal are fa r from spherical, 
but this diagram illustrates the general idea . The location of 
each atom, molecule, or ion can be represented by a single 
point; here (for convenience only), the locations are denoted 
by a point at the centre of the sphere. The unit cel l, wh ich is 
shown shaded green in the inset, is the smallest block from 
which the entire array of points can be constructed without 
rotating or otherwise modifying the block. 

example, has four threefold axes (Fig. 3; a threefold 
axis is an axis of a rotation that restores the unit cell 
to the same appearance three times during a com
plete revolution, after rotations through 120°, 240°, 

Fig. 2 A unit cel l, here shown in th ree dimensions, is like a 
brick used to construct a wa ll. Once again, only pure trans
lations are allowed in the construction of the crysta l. (Some 
bonding patterns for actual walls use rotat ions of bricks, so for 
these patterns a single brick is not a unit cell. ) 



Fig.3 A unit ce ll be long ing to the cubic system has four three
fold axes (denoted C,l arranged tetrahedral ly. 

Fig. 4 A unit cell belonging to the monocl inic system has one 
twofold (denoted C2) axis (parallel to b) . 

and 360°). The four threefold axes of a cube make 
the tetrahedral angle to each other. The monoclinic 
system has one twofold axis (Fig. 4; a twofold axis 
is an axis of a rotation that leaves the cell apparently 
unchanged twice during a complete revolution, after 
rotations through 180° and 360°). The essential sym
metries, the properties that must be present for the 
unit cell to belong to a particular system, are listed in 
Table 15A.l. 

a 

. 
• 
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Table 15A.1 

The essential symmetries of the seven crystal 
systems 

The systems 

Triclinic 

Monoclinic 

Orthorhombic 

Rhombohedra l 

Tetragonal 

Hexagonal 

Cubic 

Essential symmetries 

None 

One twofold axis 

Three perpendicular twofold axes 

One threefold axis 

One fou rfold axis 

One sixfold axis 

Four threefold axes in a tetrahedra l 
arrangement 

A unit cell need not have perpendicular faces and 
may have lattice points other than at its corners yet 
still have the same rotational symmetry. As a result, 
each crystal system can occur in a number of dif
ferent varieties. For example, in some cases points 
may occur on the faces and in the body of the cell 
without destroying the cell's essential symmetry. 
These various possibilities give rise to the unit cells 
of 14 Bravais lattices that can fill three-dimensional 
space in distinct ways (Fig. 5). 

15A.1 The identification of crystal 
planes 

To specify a unit cell fully, it is necessary to know 
not only its classification but also its size, such as the 
lengths of its sides. Because two-dimensional arrays of 

Cubic F Tetrag~nal P Tetragonal I Monoclin ic P Monoclinic C 

a • b . • • 
c • 

• 
• • a . 

Orthorhombic Orthorhombic Orthorhom bic Orthorhombic Triclinic Hexagonal Trigo nal R 
p c I F 

Fig. 5 Unit ce lls of the 14 Brava is lattices . The letter P denotes a primitive unit ce ll (in which the lattice points are found on ly at 
the vertices of the cel l). I a body-centred unit cell. Fa face-centred unit ce ll. C (or A or B) a cell wi th lattice points on two opposite 
faces. and R stands for rhombohedral. 
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points are easier to visualize than three-dimensional 
arrays, it is useful to introduce the required concepts 
by referring to two dimensions initially and then ex
tending the conclusions to three dimensions. In par
ticular, consider the two-dimensional lattice formed 
from a rectangular unit cell of sides a and b (Fig. 6). 
Each plane in the illustration can be distinguished by 
the distances at which it intersects the axes. One way 
of labelling a plane would therefore be to quote the 
smallest intersection distances. For example, a rep
resentative plane of each type could be denoted as 
(1a,1b), (2a,3b), (-1a,1b), and (ooa,1b). If, however, 
distances along the axes are always quoted as mul
tiples of the lengths of the unit cell, then the a and b 
could be omitted, and the planes could be labelled 
more simply as (1,1), (2,3), (-1,1), and (oo,1). 

Now suppose that the array in Fig. 6 is the top 
view of a three-dimensional rectangular lattice in 
which the unit cell has a length c in the z-direction. 
Each representative plane intersects the z-axis at 
infinity, so the their full labels are (1,1,oo), (2,3,oo), 
(-1,1,oo), and (oo,1,oo). The presence of infinity in the 
labels is inconvenient. It can be eliminated by tak
ing the reciprocals of the numbers in the labels; this 
procedure has further advantages, as will soon be
come clear. The resulting Miller indices, (hkl), are the 
reciprocals of the numbers in the parentheses with 
fractions cleared. 

The notation (hkl) denotes an individual 
plane. The notation {hkl) specifies a set of parallel 
planes. Thus, for a (110) plane in a lattice, there is a 
set of planes, denoted {110}, that lie parallel to the 
(110) plane. 

~-(a) (110) (b) (230) 

~ 
(c) (110) (d) (010) 

Fig. 6 Some of the planes that can be drawn through the 
points of the lattice and their correspond ing M iller indices 
(hkl). The origin of the coord inate system used for labelling 
the planes coincides with the position of the lattice point in 
the lower left-hand corner of each lattice. 

Brief illustration 15A.1 M iller ind ices 

The plane intersecting the axes at a and b (and infin ity in the 

z·d irection) in Fig. 6 is the (110) plane in the M iller notation (be

cause + = 1 and -;!;- = 0). and the complete set of paral lel planes 

is denoted {110). Simi larly, the plane intersecting the axes at 

2aand 3bbecomes first 1-l- ,j- ,0) when reciproca ls are formed, 

and then {3,2,0) when fractions are cleared by multiplication 

through by 6, so it is a {320) plane, and the complete set of 

para llel planes is denoted {320). 

:Self-test 15A.1 

: A representative member of a set of planes in a crysta l inter

: sects the axes at 3a, 2b, and 2c; what are the Mi ller ind ices 

: of the set of planes? 

Answer: {233} 

Negative indices are written with a bar over the 
number: Fig. 6c shows the {110} planes, which is 
read 'bar-one, one, zero planes'. Figure 7 shows some 
planes in three dimensions, including an example of a 
lattice with axes that are not mutually perpendicular. 

It is helpful to keep in mind the fact, as illustrated 
in Fig. 6, that the smaller the value of h in the Miller 
index (hkl), the more nearly parallel the plane is to 
the a axis. The same is true of k and the b axis and I 
and the c axis. When h = 0, the planes intersect the a 
axis at infinity, so the {Okl) planes are parallel to the 
a axis. Similarly, the {hOI) planes are parallel to band 
the {hkO) planes are parallel to c. 

The Miller indices are very useful for calculating 
the separation of planes. For instance, as shown in the 
following Justification, they can be used to derive the 
following very simple expression for the separation, 

Fig. 7 Some representative planes in three d imensions and 
their M iller ind ices. Note that a 0 ind icates that a plane is 
para llel to the correspond ing axis, and that the indexing may 
also be used for un it cells w ith axes that are not perpend icular. 



d, of the {hkl) planes in an orthogonal lattice (a lattice 
in which the axes are all mutually perpendicular): 

Justification 15A.1 

The separation of lattice planes 

Plane separation 
!orthogonal lattice] (1) 

Consider the {hkO) planes of an orthogonal lattice bu ilt from 

a rectangu lar unit cell of sides of lengths a and b (Fig. 8}; the 

separation of planes is denoted d. To proceed with the deriv

ation, fo llow these steps. 

Step 1: Express the lengths a, b, and d in terms of the 

anglecp 

Each of the two right triang les drawn in Fig. 8 is characterized 

by the ang le </J and a side of length d. Because the lattice 

planes intersect the a axis h times and the b axis k t imes, 

the length of each hypotenuse is ca lculated by dividing a by 
hand b by k. Then the ang le </J can be expressed through the 

fo llowing tr igonometric expressions: 

Step 2: Use a trigonometric relation to relate the lengths 

a, b, andd 

Because sin' </J +cos' </J = 1, 

Now divide both sides by d 2 and obta in 

h2 k2 1 
7+ b 2 =d' 

In three dimensions, th is expression genera lizes to eqn 1. 

Fig. 8 The geometrica l construction used to relate the separ
ation of planes to the dimensions of the unit cell. 
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Example 15A.1 

Using the Miller indices 

Ca lculate the separation of (a} the {123} planes and (b) the 
{246} planes of an orthorhombic lattice, when the dimensions 

of the unit cel l are a= 0.82 nm, b = 0.94 nm, and c= 0.75 nm. 

Collect your thoughts For the first 

part, substitute the information 
into eqn 1. For the second part, in

stead of repeating the ca lcu lation, 

examine how d in eqn 1 changes 
when all th ree M iller ind ices are 
mult ipl ied by 2 (or by a more gen

eral factor, n). 

The solution Substituting the data 

into eqn 1 gives 

1 f ~ ~ ~ 
d 2 = (0.82 nm}2 + (0.94 nm}2 + (0.75 nm}2 = -:-:(0,-,.9:-::7=n'-m---:o}2 

It fo llows that d= 0.21 nm. When the ind ices are all increased 

by a factor of 2, the separation becomes 

1 (2x1}2 (2x2}2 (2x3}2 

d' = (0.82 nm}2 + (0.94 nm}2 + -(0--'-.7-5- n--'-m- )""2 
2'x 22 

(0.97 nm}2 

So, for these planes d= 0.11 nm. In general, increasing the 

indices uniform ly by a factor n decreases the separation of 

the planes by n. 

: Self-test 15A.2 

: Ca lcu late the separation of the {133} and {399} planes in the 

: same lattice. 

Answer: 0. 19 nm, 0.063 nm 

15A.2 The determination 
of structure 

One of the most important techniques for the deter
mination of the structures of crystals is X-ray dif
fraction. In its simplest form, the technique is used 
to identify the lattice type and the separation of the 
planes of lattice points (and hence the distance be
tween the centres of atoms and ions). In its most 
sophisticated version, X-ray diffraction provides 
detailed information about the location of all the 
atoms in a molecule, even those as complicated as 
proteins. Special techniques are also available for 
the study of structural changes that accompany 
chemical reactions. The current considerable suc
cess of modern molecular biology has stemmed 
from X-ray diffraction techniques that have grown 
in sensitivity and scope as computing techniques 
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have become more powerful and X-ray sources 
more intense. 

A characteristic property of waves is that they 
interfere with one another, which means that they 
result in a greater amplitude where their displace
ments add and a smaller amplitude where their dis
placements subtract (Fig. 9). The former is called 
'constructive interference' and the latter 'destructive 
interference'. Because the intensity of electromag
netic radiation is proportional to the square of the 
amplitude of the waves, the regions of constructive 
and destructive interference show up as regions of 
enhanced and diminished intensities. The phenom
enon of diffraction is the interference resulting from 
the presence of an object in the path of waves, and the 
pattern of varying intensity that results is called the 
diffraction pattern. Diffraction occurs when the di
mensions of the diffracting object are comparable to 
the wavelength of the radiation. Sound waves, with 
wavelengths of the order of 1 m, are diffracted by 
macroscopic objects. Light waves, with wavelengths 
of the order of 500 nm, are diffracted by narrow 
slits. 

X-rays have wavelengths comparable to bond 
lengths in molecules and the spacing of atoms in crys
tals (about 100 pm), so they are diffracted by them. 
By analysing the diffraction pattern, it is possible to 
draw up a detailed picture of the location of atoms. 
Electrons moving at about 2 x 104 km s-1 (after ac
celeration through about 4 kV) have wavelengths 
of about 20 pm, and may also be diffracted by mol
ecules. Neutrons generated in a nuclear reactor, and 
then slowed to thermal velocities (that is, bouncing 
off the nuclei of atoms until they are in thermal equi
librium with the atoms), have similar wavelengths 
and may also be used for diffraction studies. 

v v~ 
(b) 

Fig. 9 When two waves (drawn as th in lines) are in the 
same region of space they interfere. Depending on their rela
tive phase. they may interfere (a) constructively, to give an 
enhanced amplitude, or (b) destructively, to give a smal ler 
amplitude. 

Mdif!u!·I5W!J 
Assessing the wavelength of thermal neutrons 

Estimate the wavelength of neutrons that have been slowed 

by coll isions with atoms in the surroundings at 300 K. 

Collect your thoughts The neu-

tron needs to be described as a 

particle w ith properties of waves 

(Topic 7 A), so begin by combining 

the de Broglie relation, A = hlp 
(Topic 7B) , w ith an estimate of the 

mean linear momentum from the 

mean energy of the particles, E, = 

1 mv' = ril2m. Then the mean kin· 

vvv 

et ic energy can be estimated from the equipart ition theorem 

(Topic 2C), which for t ranslationa l motion in three dimensions 

is E, = ~ kT. 

The solution From E, = ril2m, it fo llows that p = (2mf,)112 . 

Then, from E, = ~ kT. it fo llows that p= (3mk7) 112 . From the de 

Broglie relation the wavelength of the neutron is 

A=!!_= __ h_ 
p (3mkT)112 

Inserting the data, w ith m as the mass of a neutron, m, = 

1.675 x 10-27 kg , gives 

A 
6.626 X 1 0-34 J S 

(3x(1.675 x 10 27kg) x(1.381x 10 23 J K 1)x(300 K))112 

'---,----' '---,r--0 
m, T 

kgm2 s- 1 

6.626x10-34 ~ 
(3x1.675 x1.381x10 50 x300)112 (~)112 

=1.45x10-'0 m 

kg2 m2 s- 2 ._____,........ 
kgms- 1 

The wavelength is 145 pm. 

: Self-test 15A.3 

! You are investigating the use of protons for a diffraction 

: experiment. What is the wavelength of a proton accelerated 

l from rest through 100 kV? 

Answer: 905 pm 

In 1912, the German physicist Max von Laue 
suggested that X-rays might be diffracted when 
passed through a crystal, for the wavelengths of 
X-rays are comparable to the separation of atoms. 
Laue's suggestion was confirmed almost immedi
ately by Walter Friedrich and Paul Knipping, and 
then developed by William and Lawrence Bragg, 
who later jointly received the Nobel Prize. It has 
grown since then into a technique of extraordinary 
power. 



15A.3 Bragg's law 

The earliest approach to the analysis of X-ray dif
fraction patterns treated a plane of atoms as a 
semi-transparent mirror and modelled the crystal as 
stacks of reflecting planes of separation d (Fig. 1 0). 
The model makes it easy to calculate the angle the 
crystal must make to the incoming beam of X-rays 
for constructive interference to occur. It has also 
given rise to the name reflection to denote an intense 
spot arising from constructive interference. 

The path-length difference of the two rays shown 
in the illustration is 

AB + BC = 2d sin e 
where 2e is called the glancing angle (noting that the 
incident ray is deflected through 2e). When the path
length difference is equal to one wavelength (AB + 
BC =A.), the reflected waves interfere constructively. 
It follows that a reflection should be observed when e 
satisfies Bragg's law: 

A.= 2d sine Bragg's law (2) 

The primary use of Bragg's Ia w is to determine the 
spacing between the layers of atoms, for once the 
angle e corresponding to a reflection has been deter
mined, d may readily be calculated. 

A note on good practice You will often see Bragg's law in 
the form nA.= 2d sin IJ, where n, an integer, is the 'order' of the 
diffraction. The modern tendency is to omit nand to ascribe the 
diffraction to planes of separation din instead. 

Mq!,!.!fJFhfi 
! Using Bragg's law . 
! A reflection from the {111} planes of a cubic crysta l was ob· 
' served at IJ = 11.2° when X-rays of wavelength 154 pm were 

: used. What is the length of the side of the unit cell? 

Fig. 10 The derivation of Bragg's law treats each lattice plane 
as reflecting the incident rad iation. The path lengths differ by 
AB + BC, wh ich depends on the ang le IJ. Constructive inter
ference (a 'reflection') occurs when AB + BC is equal to an 
integral number of wavelengths. 
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Collect your thoughts Find the 

separation, d, of the lattice planes 

from eqn 2 and the data. Then find 

the length of the side of the unit 

cell by using eqn 1. Because the 
unit cell is cubic, a= b= c, so eqn 1 

simpl ifies to 

wh ich rearranges to a2 = d2 x (h 2 + k2 + 12
) and therefore to 

a= d x (h 2 + k2 + 12) 112 

The solution According to Bragg's law, the separation of the 

{111} planes responsible for the diffraction is 

d=-"-= 154 pm (=396 pm) 
2 sine 2 sin 11.2° 

It then follows that with h = k =I= 1, 

,..---!f.______ (h2+k2 +12) V2 

a= 154 pm x :0' =687 pm 
2 sin 11.2° 

! Self-test 15A.4 

! Calcu late the ang le at wh ich the same lattice will give a re

! f lection from the {123) planes. 

Answer: 24.8° 

15A.4 Experimental techniques 

Laue's original method consisted of passing a beam 
ofX-rays of a wide range of wavelengths into a single 
crystal and recording the diffraction pattern photo
graphically. The idea behind the approach was that 
a crystal might not be suitably orientated to act as a 
diffraction grating for a single wavelength, but what
ever its orientation Bragg's law would be satisfied for 
at least one of the wavelengths when a range of wave
lengths is present in the beam. 

An alternative technique was developed by Peter 
De bye and Paul Scherrer and independently by Albert 
Hull. They used monochromatic (single wavelength) 
X-rays and a powdered sample. When the sample is a 
powder, some of the randomly distributed crystallites 
will be orientated so as to satisfy Bragg's law. For ex
ample, some of them will be orientated so that their 
{111} planes give rise to a reflection at a particular 
angle and others will be orientated so that their {230} 
planes give rise to a reflection at a different angle. Each 
set of {hkl} planes gives rise to reflections at a different 
angle. In the modern version of the technique, which 
uses a powder diffractometer, the sample is spread on 
a flat plate and the diffraction pattern is monitored 
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W't' I I I Ii~ 
wr 11 t 

0 10 20 3 40 50 60 70 

Glancing angle, 28/" 

Fig. 11 Typical X-ray powder diffract ion patterns (for (a) so
dium ch loride. (b) potassium ch loride) that can be used to 
identify the material and determine the size of its unit cell. 

electronically. The major application is qualitative 
analysis: the diffraction pattern is a kind of finger
print and may be recognizable by reference to a li
brary of patterns (Fig. 11 ). The technique is also used 
for the characterization of substances that cannot be 
crystallized or for the initial determination of the di
mensions and symmetries of unit cells. 

Modern X-ray diffraction, which utilizes an X-ray 
diffractometer (Fig. 12), is now a highly sophisti
cated technique. By far the most detailed informa
tion comes from developments of the techniques 
pioneered by the Braggs, in which a single crystal is 
employed as the diffracting object and a monochro
matic beam of X-rays is used to generate the diffrac
tion pattern. The single crystal, which may be only a 
fraction of a millimetre in length, is rotated relative 
to the beam and the diffraction pattern is monitored 
and recorded electronically for each crystal orienta
tion. The primary data consist therefore of a set of 
intensities arising from the {hkl) planes, with each 
set of planes giving a reflection of intensity Ihkt· For 
the purposes of illustrating the implementation of the 

Fig. 12 A four-c ircle diffractometer. The settings of the orien
tations of the components is controlled by computer; each re
f lection is monitored in turn. and their intensities are recorded. 

technique here, only the {hOO} planes are considered, 
and the intensities are written as I h. 

To derive the structure of the crystal from the inten
sities it turns out that it is necessary to convert them 
to the amplitude of the wave responsible for the 
signal. Because the intensity of electromagnetic radi
ation is given by the square of the amplitude, it is 
necessary to form Fh = h112

• In this context the amp
litude Fh is known as a structure factor. Here is the 
first difficulty: which sign of Fh should be taken? For 
instance, if Ih = 4, then Fh can be either +2 or -2. This 
ambiguity is the phase problem of X-ray diffraction. 
However, once the structure factors are known, the 
electron density p(x) can be calculated by forming 
the following sum: 

Electron 
density (3) 
reconstruction 

where Vis the volume of the unit cell. This expression 
is called a Fourier synthesis of the electron density. It 
seeks to reconstruct the varying electron density in 
a unit cell by superimposing a lot of cosine waves of 
different wavelengths. Low values of the index h give 
the major features of the structure (they correspond 
to long-wavelength cosine terms) and high values of 
h give the fine detail (short-wavelength cosine terms). 
Clearly, if the sign of Fh is not known, then whether 
the corresponding term in the sum is positive or nega
tive is also not known, so different electron densities, 
and hence crystal structures, are obtained for dif
ferent choices of sign. 

M&if!,!.lfJMI• 
Constructing the electron density 

The following intensit ies were obta ined in a diffraction experi

ment on an organ ic solid: 

h 0 2 3 4 5 6 7 8 9 

lh 256 100 5 50 100 8 10 5 10 

h 10 11 12 13 14 15 

lh 40 25 9 4 4 9 

Construct the electron density along the xd irection. 

Collect your thoughts Find the 
structure factors from the cor

respond ing va lues of lh by us ing 

Fh = fh112 . Then use eqn 3 to plot the 
electron density as Vp(x) aga inst 

x. However. because Fh can be ei

ther posit ive or negat ive. you w ill 
need to make guesses about the 



signs of Fh, generate different plots for different guesses, and 

assess the plausibil ity of each guess. 

The solution To find the st ructure factors, take square roots 
of the intensit ies: 

h 0 2 3 4 5 6 7 8 9 

Fh ±16.0 ±10 ±2.2 ±1 ±7.1 ±10 ±2.8 ±3.2 ±2.2 ±3.2 

h 10 11 12 13 14 15 

Fh ±6.3 ±5 ±3 ±2 ±2 ±3 

Suppose that the signs alternate+-+- ... ; then accord ing to 
eqn 3 the electron density is 

Vp(x) = 16-20 cos(2nx) + 4.4 cos(4nx)- ... -6 cos(30nx) 

Th is function is shown in Fig . 13 as the green line, and the 

locat ions of several types of atom are easy to identify as 

peaks in the electron density. Now suppose instead that Fh 
is posit ive up to h = 5 and negative thereafter. In th is case the 
electron density is 

Vp(x) = 16 + 20 cos(2nx) + 4.4 cos(4nx) + . .. -6 cos(30nx) 

Th is density is shown in Fig . 13 as the red line. Th is st ructure 

has more reg ions of illegal negative elect ron density, so is 
less plausible than the st ructure obta ined from the first choice 

of phases. 

Self-test 15A.5 

In an X-ray investigation, the fo llowing structure factors 

were determined (with signs supposed) . Construct the elec

tron density along the corresponding direction. 

hO 23456789 

Fh 10 -10 8 -8 6 -6 4 -4 2 -2 

Answer: Fig. 14 

The phase problem can be overcome to some ex
tent by the method of isomorphous replacement, in 
which heavy atoms are introduced into the crystal. 
The technique relies on the fact that the scattering 
of X-rays is caused by the oscillations an incoming 
electromagnetic wave generates in the electrons of 
atoms, and heavy atoms give rise to stronger scat
tering than light atoms. As a result, heavy atoms 

t 
Q 
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c 
Q) 

"0 
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X 

Fig. 13 The Fourier synthesis of the elect ron density of a one
dimensional crystal us ing the data in Example 15A.4. Green : 
using alternating signs for the st ructure factors; red : us ing 
positive signs for h up to 5, then negative signs. 
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Fig. 14 The electron density calcu lated from data given in 
Self-test 15A.5. 

dominate the diffraction pattern and greatly sim
plify its interpretation. The phase problem can also 
be resolved by judging whether the calculated struc
ture is chemically plausible, whether the electron 
density is positive throughout, and by using more 
refined mathematical techniques. Huge numbers of 
crystal structures have been determined in this way 
(Topic 15B). 
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Checklist of key concepts 

0 1 A unit cell is the small three-dimensional figure that 

may be used to construct the entire crystal lattice 

by purely translational displacements. 

02 Unit cells are classified into seven crystal systems 

according to their rotational symmetries. 

0 3 A Bravais lattice is one of fourteen types of unit cell 

shown in Fig . 5. 

0 4 Lattice planes are specified by a set of Miller indices 
{hkl}. 

0 5 The structure factor is the overall amplitude of a 

wave diffracted by the {hkl} planes. 

0 6 Fourier synthesis is the construction of the electron 

density distribution from structure factors . 



TOPIC 158 

Bonding in solids 

~ Why do you need to know this 
material? 

To prepare for the study of the properties 
of materials and the structures they adopt, 
you need to know how atoms and molecules 
aggregate into metallic, ionic, molecular, and 
covalently bonded solids. 

~ What is the key idea? 

Four characteristic types of bonding result in 
four types of solids with characteristic physical 
properties. 

~ What do you need to know already? 

You need to be familiar with molecular 
interactions (Topic lOB) and the general 
features of crystal structure (Topic 15A). For 
the discussion of metallic bonding you should 
be aware of the principles of Hiickel molecular 
orbital theory (Topic 9D). The discussion of ionic 
bonding makes use of the concept of enthalpy 
and the fact that it is a state function (Topic 2D). 

The bonding within a solid may be of various 
kinds. Simplest of all (in principle) is the bonding 
in an elemental metallic solid, in which electrons 
are delocalized over arrays of identical cations 
and bind the whole together into a rigid but mal
leable structure. Because the delocalized electrons 
can accommodate bonding patterns with very lit
tle directional character, the crystal structures of 
metals are determined largely by the geometrical 
problem of packing spherical atoms into a dense, 
orderly array. In an ionic solid, the ions (in gen
eral, of different radii, and not always spherical) 
are held together by their Coulombic interaction 

(Topic lOA), and pack together to give an elec
trically neutral structure. In a covalent solid (or 
network solid), covalent bonds in a definite spatial 
orientation link the atoms in a network extending 
through the crystal. The stereochemical demands 
of valence now override the geometrical problem 
of packing spheres together, and elaborate and 
extensive structures may be formed. Important 
examples of covalent solids are diamond and 
graphite. Molecular solids, which are the subject 
of the overwhelming majority of modern struc
tural determinations, consist of discrete molecules 
attracted to one another by the interactions de
scribed in Topic lOB. 

158.1 Metallic solids 

Most metallic elements crystallize in one of three 
simple forms, two of which can be explained in 
terms of stacking rigid spheres as close together as 
possible. In such close-packed structures the spheres 
representing the atoms are packed together with least 
waste of space and each sphere has the greatest pos
sible number of nearest neighbours. 

A single close-packed layer, one with maximum 
utilization of space, of identical spheres can be 
formed as shown in Fig. la. A second close-packed 
layer can then be formed by placing spheres in the 
depressions of the first layer (Fig. 1 b). The third 
layer may be added in either of two ways, both of 
which result in the same degree of close packing. In 
one, the spheres are placed so that they reproduce 
the first layer (Fig. lc), to give an ABA pattern of 
layers. Alternatively, the spheres may be placed over 
the gaps in the first layer (Fig. ld), so giving an ABC 
pattern. 

Two types of structures are formed if the two 
stacking patterns are repeated. The spheres are hex
agonally close-packed (hcp) if the ABA pattern is 
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Fig. 1 The close packing of identical spheres. (a)The first layer 
of close-packed spheres. (b) The second layer of close-packed 
spheres occupies the dips of the fi rst layer. The two layers are the 
AB component oft he structure.(c)The third layer of close-packed 
spheres might occupy the dips lying direct ly above the spheres 
in the first layer, result ing in an ABA st ructure. (d) Alternatively, 
the th ird layer might lie in the dips that are not above the spheres 
in the first layer, result ing in an ABC structure. 

repeated to give the sequence of layers ABABAB .. . . 
The name reflects the symmetry of the unit cell 
(Fig. 2). Metals with hcp structures include beryl
lium, cadmium, cobalt, manganese, titanium, and 
zinc. Solid helium (which forms only under pressure) 
also adopts this arrangement of atoms. Alternatively, 

Fig. 2 A hexagonal close-packed st ructure. The tint ing of the 
spheres (denoting the three layers of atoms) is the same as 
in Fig. 1. 

the spheres are cubic close-packed (ccp) if the ABC 
pattern is repeated to give the sequence of layers AB
CABC .. . . Here too, the name reflects the symmetry 
of the unit cell (Fig. 3). Metals with this structure in
clude silver, aluminium, gold, calcium, copper, nickel, 
lead, and platinum. The noble gases other than he
lium also adopt a ccp structure in the solid state. 

The compactness of the ccp and hcp structures is 
indicated by their coordination number, the number 
of atoms immediately surrounding any selected 
atom, which is 12 in both cases. Another measure 
of their compactness is the packing fraction, the 
fraction of space occupied by the spheres, which is 
0. 740, as shown in the following Justification. That 
is, in a close-packed solid of identical hard spheres, 
74.0 per cent of the available space is occupied and 
only 26.0 per cent of the total volume is empty 
space. 

Justification 158.1 

The packing fraction 

Consider the ccp unit cell in Fig. 4, and then use concepts of 

geometry to complete the derivation. 

Step 1: Calculate the volum e occupied by the spheres 

themselves 

: There are six ha lf-spheres w ithin the cell, correspond ing to 

: 6 x -j- = 3 spheres, and eight octants of a sphere, corres

; pond ing to 8 x -/;- = 1 add it iona l sphere, for a total of 4 spheres. 

; The volume of each sphere is ?nr3
, so the total volume occu

: pied by the spheres is .Jfn r 3
. 

Fig. 3 A cubic close-packed structure. The co lour of the 
spheres is the same as in Fig. 1. 



Fig. 4 The dimensions of a ccp unit cell used to calculate the 
packing fraction . 

Step 2: Calculate the volume of the cubic unit cell 

The length of the diagonal of a face is 4r, so by Pythagoras' 
theorem, the length, a, of the side of the cube is such that 
i' + i' = (4r)2, so a= 8112r. The volume of the cubic unit cell is 
therefore i' = 8312r. 

Step 3: Calculate the fraction of the unit cell occupied by 
the spheres 

It follows from the previous steps that the fraction of the cube 
occupied by spheres is 

Total volume of spheres = (16/3)7tr3 = ~ = 
0 740 

Volume of cube 8312 r3 3 x 8112 · .. • 

Th is fract ion corresponds to 74.0 per cent occupancy. An hcp 
unit ce ll must have the same packing fraction because it is 
equally close-packed. 

The fact that many metals are close-packed ac
counts for one of their common characteristics, 
their high density. However, there is a difference 
between ccp and hcp metals. In cubic close packing, 
the faces of the cubes extend throughout the solid, 
and give rise to a slip plane. Careful analysis of the 
ccp structure shows that there are eight slip planes 
in various orientations whereas an hcp structure has 
only one set of slip planes (parallel to the planes of 
atoms). When the metal is under stress, the layers of 
atoms may slip past one another along a slip plane. 
Because a ccp metal has more slip planes than an 
hcp metal, a ccp metal is more malleable than an 
hcp metal. Thus, copper, which is ccp, is highly 
malleable, but zinc, which is hcp, is more brittle. It 
must be born in mind, however, that metals in real 
use are not single crystals: they are polycrystalline, 
with numerous grain-like regions and defects that 
permeate the structure. Much of metallurgy is asso
ciated with the control of the density of grains and 
grain boundaries. 
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Fig. 5 A body-centred cubic un it cell. The spheres on the cor
ners touch the central sphere but the packing pattern leaves 
more empty space than in the two close-packed structures. 

A number of common metals adopt structures that 
are not close-packed, which suggests that directional 
covalent bonding between neighbouring atoms is 
beginning to influence the structure and impose a 
specific geometrical arrangement. One such arrange
ment results in a body-centred cubic (bee) lattice, 
with one sphere at the centre of a cube formed by 
eight others (Fig. 5). The bee structure is adopted 
by a number of common metals, including barium, 
caesium, chromium, iron, potassium, and tungsten. 
The coordination number of a bee lattice is 8 and 
its packing fraction is only 0.68, showing that only 
about two-thirds of the available space is occupied. 

MJif! .. !.i§?1:S• 
l Assessing a packing fraction 

! What is the coordination number and the packing fraction of 
' a primitive cubic lattice in which there is a lattice point at each 

corner of a cube? 

Collect your thoughts Refer to a 
diagram of the unit cell in Fig. 6. 
Begin by assessing the coordina
tion number by examining the 
number of nearest neighbours 
of one of the lattice points at the 
corner of the cell and imagining 

• the presence of neighbouring 
cells. Then evaluate the vo lume of 
the cel l and the total volume of the spheres located at each 
corner, assuming that the spheres are in contact. For the 
packing fraction, evaluate the ratio of these two volumes. 

The solution Each corner point has six nearest neighbours, 
so the coordination number is 6. The total volume of the cell 
of side a is i'. The radius of each sphere is -J- a. There are 
8 spheres, but each one contributes -k of its volume to the in
terior of the unit cell, so there is effectively one complete 
sphere in the cell. The volume of that sphere is 4 7tl -j- a)3 = 
-k7ti'. The packing fraction is therefore -k7ti'/i' = ,j- 1t, or 0.52. 

Self-test 158.1 

Evaluate the packing fraction of a stack of close-packed cy
linders. Hint: The area of a triangle is -J- base x height. 

Answer:1!/2131'12 = 0.91 
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Fig. 6 The dimensions of a primitive cubic unit cell used to 
calcu late the packing fract ion. 

158.2 Ionic solids 

Models of the structures of ionic solids by stacks 
of spheres must allow for the fact that the two or 
more types of ion present in the compound have 
different radii (typically with the cations smaller 
than the anions) and different charges. Low ener
gies are obtained if ions of the same charge avoid 
each other as much as possible and ions of op
posite charge are reasonably close together. The 
unit cell, like the compound itself, must be electric
ally neutral. 

The coordination number of an ion in an ionic 
crystal is the number of nearest neighbours of op
posite charge. Even if, by chance, the ions have the 
same size, the problem of ensuring that the unit 
cells are electrically neutral makes it impossible 
to achieve 12-coordinate close-packed structures, 
which is one reason why ionic solids are gener
ally less dense than metals. The closest packing 
that can be achieved is the 8-coordination of the 
caesium-chloride structure in which each cation is 
surrounded by eight anions and each anion is sur
rounded by eight cations (Fig. 7) . In the caesium
chloride structure, an ion of one charge occupies 
the centre of a cubic unit cell with eight ions of 
opposite charge at its corners. This structure is 
adopted by caesium chloride itself and by calcium 
sulfide, caesium cyanide (with some distortion), 
and one type of brass (CuZn). 

When the radii of the ions differ by more than 
in caesium chloride, even 8-coordinate packing 
cannot be achieved. One common structure 
adopted is the 6-coordinated rock-salt structure 
typified by sodium chloride (rock salt is a mineral 
form of sodium chloride) in which each cation is 
surrounded by six anions and each anion is sur-

Fig. 7 The caes ium-chloride structure cons ists of two inter
penetrating simple cubic lattices. one of cations and the other 
of an ions. so that each cube of ions of one kind has a counter 
ion at its centre. Th is illustration shows a sing le unit cell with 
a cs• ion at the centre. By imagin ing e ight of these unit ce lls 
stacked together to form a bigger cube. it shou ld be possible 
to imag ine an alternative form of the unit cell w ith Cs• at the 
corners and a Cl- ion at the centre. 

rounded by six cations (Fig. 8) . The rock-salt 
structure is the structure of sodium chloride itself 
and of several other compounds of formula MX, 
including potassium bromide, silver chloride, and 
magnesium oxide. 

The switch from the caesium-chloride structure to 
the rock-salt structure (in a number of examples) can 
be correlated with the radius ratio 

r = rsmaller 

'iarger 

Radius ratio 
!definition] (1) 

The two radii are those of the smaller and larger ions 
in the crystal. The radius-ratio rule, which is derived 
by analysing the geometrical problem of stacking 
together spheres of different radii, then suggests the 
structural types shown in Table 15B.l. Sphalerite 
(zinc blende), which is mentioned in the table, is a 
form of zinc sulfide, ZnS (Fig. 9). The radius-ratio 

Fig. 8 The rock-salt (NaCI) structure consists of two mutually 
interpenetrating s lightly expanded face centred cubic lattices. 
The add it ional diagrams in th is illustration show various de
tails of the structure. 
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Table 158.1 

Radius ratio and crystal type 

Radius ratio Coordination Crystal type 

y> 3112 -1 =0.732 (8,8) caes ium ch loride 

2112 -1 =0.414<y<0.732 (6,6) rock sa lt 

y< 0.414 (4.4) 
spha lerite, 

zinc blende 

The green spheres indicate the range of radii relative to the red sphe re for typical radius ratios in that row. 

Fig. 9 The spha lerite (zinc blende, ZnS) structure. This struc
tu re is typica l of ions that have markedly different rad ii and 
equal but opposite charges. 

rule is moderately well supported by observation. 
The deviation of a structure from the prediction is 
often taken to be an indication of a shift from ionic 
towards covalent bonding. 

The ionic radii used to calculate y, and wherever 
else it is important to know the sizes of ions, are 
derived from the distance between the centres of 
adjacent ions in a crystal. However, because a diffrac
tion experiment measures the distance between the 
centres of ions, it is necessary to apportion that total 
distance to each ion. To do so, the radius of one ion 
is defined and all others are reported on that basis. 
One scale that is widely used is based on the value 
140 pm for the radius of the 0 2

- ion (Table 15B.2). 
Other scales are also available (such as one based on 
p- for discussing halides), and it is essential not to 
mix values from different scales. Because ionic radii 
are so arbitrary, predictions based on them (such as 
those made by using the radius-ratio rule) must be 
viewed cautiously. 

Table 158.2 

Ionic radii, rlpm 

u• Be2+ B' • N,_ o'- F-

159 27 12 171 140 133 

Na• Mg'• A I'• p3- s'- Cl-

102 72 53 212 184 181 
K+ Ca'• Ga,. As'- Se' - Br-

138 100 62 222 198 196 

Rb+ sr'• 
149 116 

c s• Ba2+ 

170 136 

: Brief illustration 158.1 The rad ius-ratio rule . 
! The ionic radi i of magnesium (Mg'•) and oxygen (02

- ) are 

72 pm and 140 pm, respective ly. The rad ius ra t io for MgO is 

therefore 

radiusofMg2+ 
r-"----, 

r= 72 pm =0.51 
140 pm 
'-------v-----' 
radiusof rl-

! According to Table 158.1, th is ratio suggests a rock-sa lt struc-
ture, as in fact is found . 

Self-test 158.2 

Is sodium iodide like ly to have a rock-sa lt or caes ium-chloride 

st ructure? 

Answer: Rock sa lt 
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158.3 The electronic structure of 
metallic and ionic solids 

Metallic and ionic solids can both be treated by 
molecular orbital theory. The advantage of that 
approach is both types of solid can be regarded 
as two extremes of a single kind. In each case, the 
electrons responsible for the bonding are delocalized 
throughout the solid (like in a benzene molecule, but 
on a much bigger scale). In an elemental metal, the 
electrons can be found on all the atoms with equal 
probability, which matches the primitive picture of a 
metal as consisting of cations embedded in a nearly 
uniform electron 'sea'. In an ionic solid the wavefunc
tions occupied by the delocalized electrons are almost 
entirely concentrated on the anions, so the Cl atoms 
in NaCl, for instance, are present as Cl- ions and the 
Na atoms, which have low valence electron density, 
are present as Na+ ions. 

To set up the molecular orbital theory of solids 
consider initially a single, infinitely long line of iden
tical atoms, each one having an s orbital available 
for forming molecular orbitals (as in sodium). One 
atom of the solid contributes an s orbital with a cer
tain energy (Fig. 10). When a second atom is brought 
up it forms a bonding and antibonding orbital. The 
orbital of the third atom overlaps its nearest neigh
bour (and only slightly the next-nearest), and three 
molecular orbitals are formed from these three 
atomic orbitals. The fourth atom leads to the for
mation of a fourth molecular orbital. At this stage it 
becomes apparent that the general effect of bringing 

r~~o~------
rc ......._m~-

~a&--

~ a&~

HJ~~~ 
Fig. 10 The format ion of a band of N molecular orbita ls by 
successive add it ion of N atoms to a line. Note that the band 
rema ins of f inite w idth, and although it looks continuous when 
N is large, it consists of N different orbita ls. 

up successive atoms is to spread the range of energies 
covered by the molecular orbitals, and also to fill in 
the range of energies with more and more orbitals 
(one more for each additional atom). When N atoms 
have been added to the line, there are N molecular 
orbitals covering a band of finite width. The lowest
energy orbital of this band is fully bonding and the 
highest-energy orbital is fully antibonding between 
adjacent atoms (Fig. 11 ). In the Hiickel approxima
tion (Topic 9D), it turns out that the energies of the 
orbitals are given by 

Metal 
orbital 

Ek=a+2f3cos(~) k=1,2, . .. ,N energies (2a) 
N +1 !linear 

array of 
s orbita ls] 

where a is approximately equal to -t(I + E,.), 
where I is the ionization energy of the atom and E,. 
its electron affinity (this identification was established 
in Topic 9C), and f3 is a negative quantity that rep
resents the lowering of energy due to interaction 
between neighbouring atoms. As shown in the fol
lowing Justification, when N is infinitely large, the 
separation between neighbouring levels, Ek+ 1 - Eb 
is infinitely small, but the band still has finite width 
overall (as drawn in Fig. 10): 

Band w idth 
!l inear array 
of s orbitals] 

(2b) 

Note that because f3 < 0, -4{3 > 0 and the band width 
is a positive quantity. 

A band formed from overlap of s orbitals is called 
an s band. If the atoms have p orbitals available, then 

Fig. 11 The overlap of s orbitals gives rise to an s band, 
and the overlap of p orbita ls gives rise to a p band. In th is 
case the s and p orbita ls of the atoms are so w idely spaced 
that the re is a band gap. In many cases the separation is less, 
and the bands overlap. 



the same procedure leads to a p band (as in the upper 
half of Fig. 11, with different values of a and f3 in 
eqn 2a). The p band in the illustration has supposed cr 
overlap along the chain; a p band may also arise from 
1t overlap between neighbours. If the atomic p or
bitals lie higher in energy than the s orbitals, then the 
p band lies higher than the s band, and there rna y be a 
band gap, a range of energies for which no molecular 
orbitals exist. If the separation of the atomic orbitals 
is not large, the two types of band might overlap. 

Justification 158.2 

The width of a band 

The energy of the level w ith k= 1 is 

E, =a + 2f3cos - " -
N+1 

As N--'> ~. the cos ine term approaches cos 0 = 1. Therefore. 

in th is limit 

E, = a+2f3 

When k has its maximum va lue of N. 

Nn 
EN =a+2f3cosN+1 

As N--'> ~. it is possible to ignore the 1 in the denominator. and 

the cosine term becomes cos"= -1. Therefore. in th is limit 

EN=a-2{3. and EN- E,--'>-4{3. as ineqn 2b. 

Now consider the electronic structure of a solid 
formed from atoms each of which is able to con
tribute one valence orbital and one electron (for 
example, the alkali metals). There are N atomic or
bitals and therefore N molecular orbitals squashed 
into a band of finite width. There are N electrons 
to accommodate; they form pairs that occupy the 
lowest ±N molecular orbitals (Fig. 12). The highest 
occupied molecular orbital is called the Fermi level. 
However, unlike in the discrete molecules considered 

i 
>
Cl 
a; 
c 

UJ 

Fig. 12 When N electrons occupy a band of N orbita ls. it is 
only ha lf fu ll and the electrons near the Fermi level (the top of 
the fi lled levels) are mobile. 
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Fig. 13 The bands formed f rom two elements of w idely 
different electronegativ ity (such as sod ium and ch lorine): 
they are w idely separated and narrow. If each atom pro
vides one electron. the lower band is fu ll and the substance 
is an insu lator. 

in Topic 9D, there are empty orbitals just above and 
very close in energy to the Fermi level, so it requires 
hardly any energy to excite the uppermost electrons. 
Some of the electrons are therefore very mobile and 
give rise to electrical conductivity (Topic 15C). 

To describe an ionic solid, consider a line of atoms 
with different electronegativities, such as a one
dimensional array of sodium and chlorine atoms rather 
than the identical atoms treated so far. Each sodium 
atom contributes an s orbital and one electron. Each 
chlorine atom contributes an electron from a p orbital. 

The s and p orbitals are used to build molecular 
orbitals that spread throughout the solid. Now, 
though, there is a crucial difference. The orbitals on 
the two types of atom have markedly different en
ergies, so (just as in the construction of molecular 
orbitals for diatomic molecules, Topic 9C) they can 
be considered separately. The Cl3p orbitals interact 
to form one band and the higher energy Na3s or
bitals interact to form another band. However, be
cause the sodium atoms have very little overlap with 
one another (they are separated by a chlorine atom), 
the Na3s band is very narrow; so is the Cl3p band, 
for a similar reason. As a result, there is a big gap 
between two narrow bands (Fig. 13). 

If there are N sodium atoms and N chlorine atoms, 
there will be 2N electrons to accommodate (one from 
each Na atom and one from each Cl atom). These 
electrons occupy and fill the lower Cl3p band. As a 
result, the electron density is almost entirely on the 
chlorine atoms. In other words, the solid can be 
thought of as composed of Na• cations and Cl- an
ions, just as in an elementary picture of ionic bonding. 

158.4 The energetics of bonding 
in ionic solids 

Now that the distribution of electron density in an 
ionic solid has been established theoretically by mo
lecular orbital theory (and in accord with observation 
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and common sense), with valence electron density 
concentrated on the more electronegative atoms, it is 
possible to adopt a much simpler model of the solid, 
as a collection of cations and anions. This simplifica
tion is the basis of the ionic model of bonding. 

The lattice enthalpy, L'lH~ , is the standard enthalpy 
change per mole of formula units accompanying the 
separation of the ions that comprise the solid. For 
example, the lattice enthalpy for sodium chloride is 
the standard molar enthalpy change accompanying 
the process 

NaCl(s) ~ Na•(g) + Cl-(g) L'lH~ = 786 kJ mol-1 

Because the lattice enthalpy is invariably a positive 
quantity, it is normally reported without its + sign. 
The concept of lattice enthalpy also applies to mo
lecular and metallic solids. Thus, the lattice enthalpy 
of a molecular solid, such as ice, is the standard 
molar enthalpy of sublimation; the lattice enthalpy 
of a metal is its enthalpy of atomization. 

Lattice enthalpies of solids are determined from 
other experimental data by using a Born-Haber 
cycle, which is a cycle (a closed path) of steps that 
includes lattice formation as one stage. The value of 
the lattice enthalpy-the only unknown in a well
chosen cycle- is found from the requirement that 
the sum of the enthalpy changes measured at a single 
temperature round a complete cycle is zero (because 
enthalpy is a state property). A typical cycle for an 
ionic compound has the form shown in Fig. 14. The 
following example illustrates how the cycle is used 
and Table 15B.3 gives some characteristic values. 

t 
~ 
"' ..c:: 
c 
LJ.J 

Electron gain 

J:;"'"" t M (g) + X(g) 
I Dissociation (atomization) 

-- M (g) + t X2(g ) 
~bl imation (atomization) 

M (s) + t X2(g) 

Formation Lattice formation 

MX(s) 

Fig. 14 The Born- Haber cycle for the determination of one 
of the unknown enthalpies, most commonly the lattice en· 
tha lpy. Upward pointing arrows denote posit ive changes in en· 
tha lpy; downward pointing arrows denote negative entha lpy 
changes. All the steps in the cycle correspond to the same 
temperature . 

Table 158.3 

Lattice entha/p ies, !l.H~/(kJ m ol-' ) 

LiF 1037 LiCI 852 LiBr 815 Lil 761 

NaF 926 NaCI 786 NaBr 752 Nal 705 

KF 821 KCI 717 KBr 689 Kl 649 

MgO 3850 CaO 3461 SrO 3283 BaO 3114 

MgS 3406 CaS 3119 SrS 2974 BaS 2832 

Al20 3 15 900 

Example 158.2 

Using a Born-Haber cycle to determine a lattice 

enthalpy 

Calcu late the lattice entha lpy of KCI(s) using a Born-Haber 

cycle and the following data, which are all for 25 oc. 

Process 

Sublimation of K(s) 

Ionization of K(g) 

Dissociation of Cl2(g) 

Electron attachment to Cl(g) 

Formation of KCI(s) 

Collect your thoughts Draw the 
cycle, showing the atomization 

of the elements, the ir ion ization, 

and the formation of the solid lat

t ice. Complete the cycle (for the 
step solid compound ~ original 
elements) by using the entha lpy 

of formation. The sum of entha lpy 

changes round the cycle is zero. 

+89 

+418 

+244 

-349 

-437 

Fina lly, supply the numerica l data and solve the equation for 
the one unknown (the lattice entha lpy) . 

The solution Figure 15 shows the cycle required . lntabularform : 

1. Sublimation of K(s) +89 [dissociation 
entha lpy of K(s)J 

2. Dissociation of V..CI 2(g) +122 I 1 x dissociation 
entha lpy of Cl2(g)J 

3. Ionization of K(g) +418 [ion ization enthalpy 
of K(g)J 

4. Electron attachment to -349 [electron gain 
Cl(g) entha lpy of Cl(g)J 

5. Formation of solid from -!l.H~ /(kJ mol-1
) 

gaseous ions 

6. Decomposit ion of +437 [negative of 
compound to elements entha lpy of 
in their reference states formation of KCI(s)J 



t 
> c. 

c;; 
£ 
c: 

L.U 

K•(g) + e-(g) + Cl(g) 

18 
K•(g) + Cl-(g) 

K(g) + Cl(g) 
22 

K(g) + t Cl, (g) 

+89 
K(s) + t Cl

2
(g) 

+437 

KCI(s) 

- 349 

Fig. 15 The Born-Haber cycle for the calcu lation of the lattice 
enthalpy of potassium chloride. The sum of the enthalpy 
changes around the cycle is zero. The numerical values are in 
kilojoules per mole. 

The sum of the enthalpy changes is -t.H~ + 717 kJ mol-'. How
ever, the sum must be equal to zero, so t.H~ = 717 kJ mol-' . 

Self-tes115B.3 

Calculate the lattice entha lpy of magnesium bromide from 
the fol lowing data and information in the Resource section. 

Process 

Sublimation of Mg(s) 

Ionization of Mg(g) to Mg2•(g) 

Dissoc iation of Br2(g) 

Electron attachment to Br(g) 

t.H9/(kJ mol- ') 

+148 

+2187 

+193 

-325 

Answer: 2402 kJ mol-' 

The values of lattice enthalpies of ionic solids can 
be understood in terms of the Coulombic interaction 
between ions, which is far stronger than any other at
tractive interaction in the solid and dominates them. 
The starting point is the Coulombic potential energy 
(The chemist's toolkit 14 in Topic 5H) for the inter
action of two ions of charge numbers z1 and z2 (with 
cations having positive charge numbers and anions 
negative charge numbers) with centres separated by 
a distance r12: 

V 
_ (z1e)(z2e) 

u -
41t£oru 

(3) 

where £o is the vacuum permittiVIty (an approxi
mation in a solid). To calculate the total potential 
energy of all the ions in a crystal, it is necessary to 
sum this expression over all the ions present. Nearest 
neighbours (which have opposite signs) attract and 
contribute a large negative term, second-nearest 
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Fig. 16 There are alternating pos it ive and negative contribu
t ions to the potential energy of a crystal lattice on account of 
the repu lsions between ions of like charge and attractions of 
ions of opposite charge. The tota l potential energy is negative, 
but the sum might converge quite slowly. 

neighbours (which have the same sign) repel and 
contribute a slightly weaker positive term, and so on 
(Fig. 16). The overall result, however, is that there is 
a net attraction between the cations and anions and 
a favourable (negative) contribution to the energy of 
the solid. For instance, as shown in the following Jus
tification, for a uniformly spaced line of alternating 
cations and anions for which z 1 = +z and z2 = - z, with 
d the distance between the centres of adjacent ions, 

zzez 
V=---x2ln2 (4) 

41te0d 

Jus1ification 158.3 

The lattice energy of a one-dimensional ionic solid 

Consider a line of alternating cations and anions extending in 
an infinite direction to the left and right of the ion of interest. 
Then proceed as follows. 

Step 1: Write an expression for the total Coulombic po
tential energy 

The Coulombic potential energy of interaction of the ions on 
the right is the sum of the fo llowing terms: 

Step 2: Simplify the expression 

: The series in blue is we ll-known to mathematicians (see The 
chemist's toolkit 6 in Topic 1 C) as having the va lue In 2: 

1- _1_+_1_ _ _1_ + ··· =1n2 
2 3 4 

It follows that 

The interaction of the ion of interest w ith the ions to its left 
is the same, so the total potential energy of interaction is 

: twice th is expression for V, which is eqn 4. 
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When the calculation is repeated for more realistic, 
three-dimensional arrays of ions it is also found that 
the potential energy depends on the charge num
bers of the ions and the value of a single parameter 
d, which may be taken as the distance between the 
centres of nearest neighbours: 

2 
V = _e_ x z1z2 x A 

4m::0 d 
Total Coulombic 
interaction 

(5) 

Here A is a number called the Madelung constant. 
The value of the Madelung constant for a single 
line of ions is 2 In 2 = 1.386 .. . , as already seen. 
Table 15B.4 gives the computed values of the con
stant for a variety of lattice types. Because the charge 
number of cations is positive and that of anions is 
negative, the product z1z2 is negative. Therefore, V 
is also negative, which corresponds to a lowering in 
potential energy relative to the gas of widely separ
ated ions. 

So far, only the Coulombic interaction between 
ions has been considered. However, regardless of 
their signs, the ions repel each other when they are 
pressed together and their wavefunctions overlap. 
These additional repulsions work against the net 
Coulombic attraction between ions, so they raise the 
energy of the solid. When their effect is taken into ac
count/ it turns out that the lattice enthalpy is given 
by the Born-Mayer equation: 

!1H· =Iz1z2 lxNAe
2
x(l-d*)xA Born-Mayer (6) 

L d 41tfo d equatiOn 

where d* is an empirical parameter that is often 
taken as 34.5 pm (simply because that value is found 
to give reasonable agreement with experiment). The 
modulus signs (1 ... 1) mean any minus sign should be 
removed from the product of z1 and z2, which results 

Table 158.4 

Madelung constants 

Structu ra I type 

Caesium ch loride 

Fluorite 

Rock sa lt 

Rutile 

A 

1.763 

2.519 

1.748 

2.408 

1 See our Physical chemistry: thermodynamics, structure, and 
change (2014) for a derivation. 

in a positive value for the lattice enthalpy. The im
portant features of this expression are: 

• Because 11Ht oc lz1z21, the lattice enthalpy 
increases with increasing charge number of 
the ions. 

• Because !1H~ oc lid, the lattice enthalpy in
creases with decreasing ionic radius. 

The second conclusion follows from the fact that the 
smaller the ionic radii, the smaller the value of d. 

Brief illustration 158.2 The Born-Mayer equation 

To estimate the lattice entha lpy of MgO, which has a rock-sa lt 

structure (A= 1.748), used= r(Mg2+) +riO'-)= 72 + 140 pm = 
212 pm from Table 158.2. Also use (for future reference too) 

NAe2 (6.022 ... x 1023 mol-1)x(1.602 ... x10-19 C)2 

4n£0 4n: x (8.854 ... x 10 12 J 1 C2 m 1
) 

=1.389 354 ... x 10-4 J m mol_, 

and obta in 

!1H~ = 4 
10 

x (1.389354 ... x 10-4 Jmmol-1
) 

2.12 x 10 m 

x (1-
34

·
5 

pm) x 1.748 
212 pm 

= 3840 kJ mol_, 

to three significant figures . The experimenta l value is 3850 kJ 
mol_, , suggesting that the ion ic model is reliable for th is com

pound. 

: Self-test 158.4 

: Which can be expected to have the greater lattice enthalpy, 
: magnesium oxide or strontium oxide? . Answer: MgO 

158.5 Molecular solids 

X-ray diffraction studies of solids reveal a huge 
amount of information, including interatomic 
distances, bond angles, stereochemistry, and vi
brational parameters. Molecular solids are held to
gether by van der Waals interactions and hydrogen 
bonds (Topic lOB). The observed crystal structure 
is nature's solution to the problem of condensing 
objects of various shapes into an aggregate of min
imum energy (actually, forT> 0, of minimum Gibbs 
energy). The prediction of the structure is difficult, 
especially when the molecules are large, but soft
ware specifically designed to explore interaction 



Fig. 17 A fragment of the crystal structure of ice (ice-1). Each 
0 atom is at the centre of a tetrahedron of four 0 atoms at 
a distance of 276 pm. The central 0 atom is attached by two 
short 0 -H bonds to two H atoms and by two long hydrogen 
bonds to the H atoms of two of the neighbouring molecules. 
Overall, the structure consists of planes of hexagonal puckered 
rings of H20 molecules (like the chair form of cyclohexane). 
The two H atoms between each 0 atom show the formers' 
two alternative locations. 

energies can now make reasonably reliable predic
tions. The problem is made more complicated by the 
role of hydrogen bonds, which in some cases dom
inate the crystal structure, as in ice (Fig. 17), but 
in others (for example, in phenol) distort a struc
ture that is determined largely by the van der Waals 
interactions. 

158.6 Covalent networks 

Covalent bonds in a definite spatial orientation link 
the atoms in covalent network solids. Covalent solids 
are typically hard and often unreactive. Examples in
clude silicon, red phosphorus, boron nitride, and
very importantly-diamond and graphite. 

Diamond and graphite are two allotropes of 
carbon. In diamond each sp3-hybridized carbon 
is bonded tetrahedrally to its four neighbours 
(Fig. 18). The network of strong C- C bonds is 
repeated throughout the crystal and, as a result, 
diamond is very hard. A different network results 
when cr bonds between sp2-hybridized carbon 
atoms form hexagonal rings which, when repeated 
throughout a plane, give rise to sheets (Fig. 19). 
Graphene is a material consisting of a single sheet, 
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and the structure of graphite is like a stack of these 
sheets. Because the sheets can slide against each 
other when impurities are present, graphite is used 
widely as a lubricant. 

Fig. 18 A fragment of the structure of diamond. Each carbon 
atom is tetrahedra lly bonded to four neighbours. This frame
work-like structure resu lts in a rigid crystal w ith a high thermal 
conductivity. 

(b) 

Fig. 19 Graphite consists of f lat planes of hexagons of carbon 
atoms lying above one another. (a) The arrangement of carbon 
atoms in a sheet; (b) the relat ive arrangement of neighbouring 
sheets. When impurities are present, the planes can slide 
over one another easi ly. Graphite conducts we ll within the 
planes but less well perpendicu lar to the planes. 
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Checklist of key concepts 

0 1 Solids are classified as metallic, ionic, covalent, and 

molecular. 

02 The coordination number of an atom in a metal is 

the number of its nearest neighbours. 

03 Many elemental metals have close-packed struc

tures with coordination number 12. 

04 Close-packed structures may be either cubic (ccp) 

or hexagonal (hcp). 

0 5 The packing fraction is the fraction of space occu

pied by spheres in a crystal. 

0 6 Electrons in metals occupy molecular orbitals 

formed from the overlap of atomic orbitals. 

07 The Fermi level is the highest occupied molecular 

orbital at T = 0. 

08 Representative ionic structures include the cae

sium-chloride, rock-salt, and zinc-blende structures. 

0 9 The radius ratio is a guide to the likely lattice type. 

0 10 The lattice enthalpy is the change in enthalpy (per 

mole of formula units) accompanying the com

plete separation of the components of the solid . 

0 11 A Born-Haber cycle is a closed path of transform

ations starting and ending at the same point, one 

step of which is the formation of the solid com

pound from a gas of widely separated ions. 

012 A molecular solid is a solid consisting of discrete 

molecules held together by van der Waals inter

actions or hydrogen bonds. 

013 A covalent network solid is a solid in which co

valent bonds in a definite spatial orientation link 

the atoms in a network extending through the 

crystal. 



TOPIC 15C 

The properties of solids 

~ Why do you need to know this 
material? 

Much modern technology depends on an under
standing of the physical properties of solids. 

~ What is the key idea? 

The electrical, optical, and magnetic properties 
of solids stem from the properties of their 
constituent atoms and their interactions. 

~ What do you need to know already? 

You need to be familiar with the bonding 
arrangements in solids, especially the band 
structure (Topic 15B). The Topic draws on 
the factors that determine the absorption and 
emission of light by atoms and molecules 
(especially Topics 11A, 11D, and 11£). 

The electronic structure of a solid accounts for elec
trical, optical, and magnetic properties that have 
numerous technological applications. 

15C.1 Electrical properties 

Some solids-notably the metals-conduct electri
city because they have mobile electrons. These elec
tronic conductors are classified on the basis of the 
variation of their electrical conductivity with tem
perature (Fig. 1): 

• A metallic conductor is an electronic con
ductor with a conductivity that decreases as 
the temperature is raised. 

• A semiconductor is an electronic conductor 
with a conductivity that increases as the tem
perature is raised. 
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Fig. 1 The typica l va riation with temperature of the electrica l 
conduct ivit ies of different classes of elect ronic conductor. 

Metallic conductors include the metallic elements, 
their alloys, and graphite. Some organic solids are 
metallic conductors. Semiconductors include silicon 
and gallium arsenide. A semiconductor generally 
has a lower conductivity than that typical of metals, 
but the magnitude of the conductivity is not relevant 
to the distinction. It is conventional to classify sub
stances with very low electrical conductivities, such 
as most ionic solids, as insulators. This term is one 
of convenience rather than fundamental significance. 
Superconductors are substances that conduct elec
tricity with zero resistance. The mechanism of super
conductivity in metals at very low (liquid helium) 
temperatures is well understood; that of the poten
tially more useful high-temperature superconductors 
(HTSCs), which are ceramics made from mixed 
oxides such as YBa2Cu30 7, is still unresolved. 

To understand the origins of electronic conduct
ivity in conductors and semiconductors, it is neces
sary to explore the consequences of the formation of 
bands in different materials (Topic 15B). The starting 
point is Fig. 2, which shows the electronic structure 
of a solid formed from atoms each one of which can 
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Fig. 2 When N electrons occupy a band of N orbitals. it is on ly 
ha lf fu ll and the electrons near the Fermi leve l (the top of the 
fi lled leve ls) are mobile. 

contribute one electron (such as the alkali metals). 
At T = 0, only the lowest t N molecular orbitals are 
occupied, up to the Fermi level. The availability of 
empty orbitals just above the Fermi level accounts for 
the mobility of the electrons and hence the electrical 
conductivity. At temperatures above zero, the atoms 
vibrate, and collisions between the moving electrons 
and an atom are more likely. That is, the electrons are 
scattered out of their paths through the solid, and are 
less efficient at transporting charge. 

Now consider a one-dimensional solid in which 
each atom provides two electrons: the 2N electrons 
fill the N orbitals of the band. The Fermi level now 
lies at the top of the band (at T= 0), and there is a gap 
before the next band begins (Fig. 3). This condition 
is observed for elements, such as Si and Ge, where 
bands formed from valence electrons do not overlap, 
so leaving a gap. As the temperature is increased, 
electrons leave the lower band, which is called the 
valence hand, and populate the empty orbitals of the 
upper band, which is called the conduction band. 
As a consequence of electron promotion, positively 
charged 'holes' are left in the valence band. The holes 
and promoted electrons are now mobile, and the 
material is now a conductor. In fact, it is a semicon
ductor, because the electrical conductivity depends 
on the number of electrons that are promoted across 

i 
Conduction 
band 

>-
Cl Thermal (;; 
c excitation 

UJ 

Valence 
band 

(a) T= 0 (b) T> 0 

Fig. 3 (a) When 2N electrons are present. the band is fu ll and 
the material is an insulator at T = 0. (b) At temperatures above 
T =0. electrons populate the levels of the conduction band at the 
expense of the va lence band. and the solid is a semiconductor. 

the gap, and that number increases as the tempera
ture is raised. 

If the gap between the valence and conduction 
bands is large, very few electrons can be promoted at 
ordinary temperatures and the conductivity remains 
close to zero, resulting in an insulator. Thus, the con
ventional distinction between an insulator and a 
semiconductor is related to the size of the band gap 
and is not an absolute distinction like that between 
a metal (incomplete bands at T = 0) and a semicon
ductor (full bands at T= 0). 

Another method of increasing the number of charge 
carriers and enhancing the semiconductivity of a solid 
is to implant foreign atoms into an otherwise pure ma
terial. If these dopants can trap electrons (as indium 
or gallium atoms can in silicon, because In and Ga 
atoms have one fewer valence electron than Si), they 
withdraw electrons from the filled band, leaving holes 
which allow the remaining electrons to move (Fig. 4a). 
This doping procedure gives rise to p-type semicon
ductivity, the p indicating that the holes are positive 
relative to the electrons in the band. Alternatively, a 
dopant might carry excess electrons (for example, 
phosphorus atoms introduced into germanium), and 
these additional electrons occupy otherwise empty 
bands, giving n-type semiconductivity (Fig. 4b ), where 
n denotes the negative charge of the carriers. 

Brief illustration 15C.1 The effect of doping on sem i

conductivity 

Consider the doping of pure sil icon (a Group 14 element) by 

arsen ic (a Group 15 element). Because each Si atom has four 

va lence electrons and each As atom has five va lence electrons. 
the add it ion of arsen ic increases the number of electrons in the 

solid. These elect rons popu late the empty conduct ion band of 

silicon. and the doped material is an n-type semiconductor. 

i 
>
"' (;; 
c 

UJ 

Acceptor 
band 

\ ~ 
(a) 

Donor 
band 

\ Conduction 

~band 

(b) 

Valence 
band 

Fig. 4 (a) A dopant w ith fewer electrons than its host can 
form a narrow band that accepts elect rons from the va lence 
band. The holes in the va lence band are mobile. and the sub
stance is a p-type semiconductor. (b) A dopant w ith more 
electrons than its host forms a narrow band that can supply 
electrons to the conduct ion band. The electrons it supplies 
are mobi le. and the substance is ann-type semiconductor. 



Self-test 15C.1 

Is gallium-doped germanium a p-type or ann-type semicon

ductor? 
Answer: p-type semiconductor 

15C.2 Superconductivity 

Following the discovery by the Dutch physicist Heike 
Kamerlingh Onnes in 1911 that mercury is a super
conductor below the critical temperature, T" of 
4.2 K, the boiling point of liquid helium, physicists 
and chemists made slow but steady progress in the 
preparation of superconductors with higher critical 
temperatures. Metals, such as tungsten, mercury, and 
lead, tend to have critical temperatures below about 
10 K. lntermetallic compounds, such as Nb3X (X= 
Sn, AI, or Ge), and alloys, such as Nbfri and Nb/Zr, 
have critical temperatures between 10 K and 23 K. 
In 1986, however, an entirely new range of HTSCs 
was discovered with critical temperatures well above 
77 K, the boiling point of the inexpensive refrigerant 
liquid nitrogen. For example, a ceramic of compos
ition HgBa2Ca2Cu30 8 hasT, = 153 K. 

The central concept of conventional supercon
ductivity is the existence of a Cooper pair, a pair of 
electrons that exists on account of the indirect elec
tron-electron interactions mediated by the nuclei of 
the atoms in the lattice. Thus, if one electron is in a 
particular region of a solid, the nuclei there move 
toward it and give rise to a distorted local structure 
(Fig. 5). Because that local distortion is rich in posi
tive charge, it is favourable for a second electron to 
join the first. Hence, there is a virtual attraction be
tween the two electrons, and they move together as 

Fig. 5 The formation of a Cooper pair. One elect ron distorts 
the crysta l lattice and the second electron has a lower energy 
if it goes to that reg ion. These electron-lattice interact ions 
effectively bind the two electrons into a pa ir. 
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Fig. 6 The st ructure of the YBa2Cu30 7 superconductor. The 
polyhedra show the posit ion of oxygen atoms and indicate 
that the meta l ions are in square-planar and square-pyramidal 
coordination environments. 

a pair. A Cooper pair undergoes less scattering than 
an individual electron as it travels through the solid 
because the distortion caused by one electron can at
tract back the other electron should it be scattered 
out of its path in a collision. Because the Cooper pair 
is stable against scattering, it can carry charge freely 
through the solid, and hence give rise to supercon
ductivity. The local distortion is disrupted by thermal 
motion of the ions in the solid, so the virtual attrac
tion occurs only at very low temperatures. 

The Cooper pairs responsible for low-temperature 
superconductivity are likely to be important in 
HTSCs, but the mechanism for pairing is hotly de
bated. Consider, for instance, one of the most widely 
studied superconductors, YBa2Cu30 7• This ceramic 
material consists of layers of square-pyramidal 
Cu05 units and almost flat sheets of square-planar 
Cu04 units (Fig. 6) . It is believed that movement of 
electrons along the linked Cu04 units accounts for 
superconductivity, whereas the linked Cu05 units act 
as 'charge reservoirs' that maintain an appropriate 
number of electrons in the superconducting layers. 

15C.3 Optical properties 

The electrical properties of semiconductors can 
be put to good use in optical devices. As shown in 
Fig. 7 there is a frequency Vmin = E/h below which 
light absorption cannot occur. Above this frequency 
threshold, a wide range of frequencies can be ab
sorbed by the material. 
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Fig . 7 In some materia ls. the band gap E, is very large and 
electron promotion can occur only by excitation w ith electro
magnetic rad iation. 

Brief illustration 15C.2 The optical properties of a sem i

conductor 

The energy of the band gap in the semiconductor cadm ium 

su lfide (CdS) is 2.4 eV (equiva lent to 0.38 aJ). It fo llows that 

the m inimum electron ic absorption frequency is 

3.8 x 10-19 J 
Vm;, = 6.626x10 34 J s 5.8 x 1014 s·' 

This frequency. of 580 THz, corresponds to a wavelength of 

520 nm (green light). Lower frequencies, correspond ing to 

ye llow, orange, and red, are not absorbed and consequently 

CdS appears ye llow-orange. 

; Self-test 15C.2 

: Pred ict the colours of the fol lowing materia ls, given the ir 

; band-gap energies (in parentheses): GaAs (1.43 eV). HgS 

; (2.1 eV), and ZnS (3.6 eV). 

Answer: Black, red, and colou rless 

A widely used type of optical device based on semi
conductors is based on a p-n junction, the interface 
of the two types of semiconductor. The band struc
ture of a p-n junction is shown in Fig. 8. When elec
trons are supplied through an external circuit to the 
n side of the junction, the electrons in the conduc
tion band of that semiconductor fall into the holes 
in the valence band of the p-type semiconductor. As 
the electrons fall from the upper band into the lower, 
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Fig . 8 The structure of a p-n junction (a) w ithout bias, (b) w ith 
bias (that is, with a potential difference applied). 

they release energy. In some solids the wavelengths 
of the wavefunctions in the upper and lower states 
are different, which means that the linear momenta 
(through the de Broglie relation, p =hi 'A) of the elec
tron in the initial and final states are different. As a 
result, the transition can occur only if the electron 
transfers linear momentum to the lattice: the device 
becomes warm as the atoms are stimulated to vibrate. 
This is the case for silicon semiconductors, and is one 
reason why computers need efficient cooling systems. 

In some materials, most notably gallium arsenide, 
GaAs, the wavefunctions of the initial and final 
states of the electron have the same wavelengths and 
therefore correspond to the same linear momentum. 
As a result, transitions can occur without the lattice 
needing to participate by mopping up the difference 
in linear momenta. The energy difference is there
fore emitted as light. Practical light-emitting diodes 
of this kind are widely used in electronic displays. 
Gallium arsenide itself emits infrared light, but the 
width of the band gap is increased by incorporating 
phosphorus. For example, a material of compos
ition approximately GaAs0_6P0.4 emits red light, and 
diodes emitting orange and amber light can also be 
made with different proportions of Ga, As, and P. 
The spectral region ranging from yellow to blue can 
be covered by using gallium phosphide (yellow or 
green light) and gallium nitride (green or blue light). 
White LEDs are commonly formed from yellow and 
blue LEDs mixed in various proportions. 

15C.4 Solid-state lasers 

The word laser is an acronym formed from light 
amplification by stimulated emission of radiation. As 
this name suggests, it is a process that depends on 
stimulated emission, a process that is distinct from 
the spontaneous emission processes characteristic 
of fluorescence and phosphorescence (Topic llA). 
Some of the most useful lasers in research and techno
logical applications are based on solids with special 
optical properties. 

One requirement for laser action is the existence 
of an excited state that has a long enough lifetime 
for it to participate in stimulated emission. Another 
requirement is the existence of a greater population 
in the upper state than in the lower state where the 
transition terminates. Because at thermal equilibrium 
the population is greater in the lower energy state, 
it is necessary to achieve a population inversion in 
which there are more molecules in the upper state 
than in the lower. 
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Fig. 9 The transit ions involved in a four- leve l laser. Because 
the laser trans it ion terminates in an excited state (A). the 
popu lat ion inversion between A and B is much easier to 
ach ieve than when the lower state of the laser t ransit ion is 
the ground state. 

Figure 9 illustrates one way to achieve popula
tion inversion indirectly through an intermediate 
state I. Thus, the active centre is excited to I, which 
then gives up some of its energy non-radiatively (by 
passing energy on to vibrations of the surroundings) 
and changes into a lower state B; the laser transition 
is the return of B to a lower state A. Because four 
levels are involved overall, this arrangement leads to 
a four-level laser. One advantage of this arrangement 
is that the population inversion of the A and B levels 
is easier to achieve than when the lower state is the 
heavily populated ground state. The transition from 
X to I is caused by an intense flash of light in the pro
cess called pumping. In some cases the pumping flash 
is achieved with an electric discharge through xenon 
or with the radiation from another laser. 

Brief illustration 15C.3 A four-level sol id-state laser 

The neodymium laser is an example of a fou r-leve l solid-state 

laser (Fig. 10). In one form it consists of Nd3+ ions at low 

concentration in yttrium aluminium garnet (YAG, specifica lly 
Y3AI50 12). and is then known as a Nd:YAG laser. A neodymium 

laser operates at a number of wavelengths in the infrared. The 

most common wavelength of operat ion is 1064 nm, w hich 

corresponds to the electron ic trans it ion from the 4F to the 41 

state of the Nd3+ ion. 

; Self-test 15C.3 

: In the arrangement discussed here, and assuming that 
; decay of the 4

1 state is rapid, does a neodym ium laser gen

; erate pu lses of light or a continuous beam of light? . Answer: Continuous beam 

In diode lasers, of the type used in CD players and 
bar-code readers, the light emission at a p-n junc
tion is sustained by sweeping away the electrons 
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Fig. 10 The trans it ions involved in a neodymium laser. 

that fall into the holes of the p-type semiconductor. 
This process is arranged to occur in a cavity formed 
by making use of the abrupt difference in refractive 
index between the different components of the junc
tion, and the radiation trapped in the cavity enhances 
the production of more radiation. One widely used 
material is GaAs doped with aluminium, which pro
duces 780 nm red laser radiation and is widely used 
in CD players. The newer generation of DVD play
ers that use blue rather than red laser radiation, so 
allowing a greater density of information on the sur
face of the disc, use GaNas the active material. 

15C.5 Magnetic properties 

The magnetic properties of solids are determined by 
interactions between the spins of its electrons. Some 
materials are magnetic and others may become mag
netized when placed in an external magnetic field. A 
bulk sample exposed to a magnetic field of strength J{ 

acquires a magnetization, :M, which can be thought of 
as a measure of the density of lines of force in the ma
terial (Fig. 11 ). The magnetization is proportional to J{: 

Magnetization 
[definition] (1) 

where X (chi) is the dimensionless volume magnetic 
susceptibility (Table 15C.1). Materials for which 

(a) (b) (c) 

Fig. 11 (a) In a vacuum, the strength of a magnetic fie ld can 
be represented by the density of lines of force; (b) in a diamag
net ic material, the lines of force are reduced; (c) in a paramag
netic material, the lines of force are increased. 
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Table 15C.1 

Magnetic susceptibilities at 298 K* 

x11o-s xrr/110-'0 m 3 mol-' ) 

A l(s) +20.7 +2.07 

Cu(s) -9.7 -0.69 

CuS04.5H20(s) +167 +183 

H20(1) -9.02 -1.63 

MnS04.4H20(s) +1859 +1835 

NaCI(s) -16 -3.8 

S(rhombic) -12.6 -2.0 

*x is the dimension less magnetic susceptibility; Xm is the molar 
magnetic susceptibili ty. The two are related by Xm ~ z Vm, w here Vm 
is the molar volume of the substance. 

X < 0 are called diamagnetic and tend to move out of 
a magnetic field; the density of lines of force within 
them is lower than in a vacuum. Those for which 
X > 0 are called paramagnetic; they tend to move 
into a magnetic field and the density of lines of force 
within them is greater than in a vacuum. 

Diamagnetism arises from the effect of the mag
netic field on the electrons of molecules. Specifically, 
an applied magnetic field induces the circulation of 
electronic currents which give rise to a magnetic field 
that usually opposes the applied field and reduces the 
density of lines of force. The great majority of mol
ecules with no unpaired electron spins are diamag
netic. In these cases, the induced electron currents 
occur within the orbitals of the molecule that are oc
cupied in its ground state. 

The most common kind of paramagnetism arises 
from unpaired electron spins, which behave like 
tiny bar magnets that tend to line up with the ap
plied field. The more that can line up in this way, the 
greater the lowering of the energy; the sample tends 
to move into the applied field. Many compounds 
of the d-block elements are paramagnetic because 
they have various numbers of unpaired d electrons. 
Molecules, specifically radicals, with unpaired elec
trons are paramagnetic. Examples include the brown 
gas nitrogen dioxide (N02 ) and the peroxyl radical 
(H02), which plays a role in atmospheric chemistry. 
In a few cases the induced field augments the applied 
field and increases the density of lines of force within 
the material even though there are no unpaired elec
trons present. In these cases, the induced electron 
currents arise from migration of electrons through 
unoccupied orbitals, so this kind of paramagnetism 

occurs only if the excited states are low in energy (as 
in some d- and £-block complexes). 

Brief illustration 15C.4 Magnetic cha racter 

Solid magnesium is a meta l in w hich the two va lence electrons 

of each Mg atom are donated to bands of orbita ls const ructed 
from 3s and 3p orbitals. The N atoms provide 4N atomic or

bita ls and form 4N molecu lar orbita ls spread ing through the 
meta l. Each atom supplies two electrons, so the re are 2N 

electrons to accommodate. These electrons pa ir and occupy 

N of the ava ilable molecu lar orbitals. There are no unpaired 

electrons, so the metal is diamagnet ic. An 0 2 molecu le has 

the electron ic st ructu re described in Topic 9B, w here two 
elect rons occupy separate ant i bond ing 1t orbitals w ith parallel 

spins. It fo llows that oxygen gas is paramagnet ic. 

: Self-test 15C.4 . 
: Repeat the ana lys is for Zn(s) and NO(g) . 

Answer: Zn diamagnetic, NO paramagnetic. 

At low temperatures, some paramagnetic solids 
make a transition to a phase in which large regions, 
called domains, of electron spins align with parallel 
orientations. This cooperative alignment gives rise to 
a very strong magnetization- in some cases millions 
of times greater- and is called ferromagnetism (Fig. 
12). In other cases, the cooperative effect leads to al
ternating spin orientations: the spins are locked into 
a low-magnetization arrangement to give an anti
ferromagnetic phase which has a zero magnetization 
because the contributions from different spins cancel. 
The transition to the ferromagnetic phase occurs at 
the Curie temperature, T c, and the transition to the 
antiferromagnetic phase occurs at the Nee! tempera
ture, TN. 

Superconductors have unique magnetic prop
erties. Some superconductors, classed as Type I 

(a~ 
(b~ 

Fig. 12 (a) In a paramagnetic material, the electron spins are 
aligned at random in t he absence of an applied magnet ic fie ld; 
(b) in a ferromagnet ic material, the electron spins are locked 
into a parallel alignment over large domains; (c) in an anti
fe rromagnetic material, the electron spins are locked into an 
antipa rallel arrangement. The latter two arrangements su rvive 
even in the absence of an applied field. 



superconductors, show abrupt loss of supercon
ductivity when an applied magnetic field exceeds a 
critical value J( characteristic of the material. Type I 
superconductors are also completely diamagnetic
the lines of force are completely excluded-below 
J(. This exclusion of a magnetic field in a material is 

Checklist of key concepts 

0 1 Electronic conductors are classified as metallic 

conductors or semiconductors according to the 

temperature dependence of their conductivities. 

0 2 An insulator is a semiconductor with a very low 

electrical conductivity. 

0 3 A superconductor is an electronic conductor with 

zero resistance. 

0 4 Full bands are called valence bands and empty 

bands are called conduction bands. 

0 5 Semiconductors are classified asp-type or n-type ac

cording to whether conduction is due to holes in the 

valence band or electrons in the conduction band. 

0 6 A Cooper pair is a pair of electrons that exists on ac

count of the indirect electron-electron interactions 

mediated by the nuclei of the atoms in the lattice. 

0 7 The unique electronic properties of p-n junctions 

between semiconductors can be put to good use 

in such optical devices as light-emitting diodes and 

diode lasers. 

0 8 Laser action depends on the achievement of popu

lation inversion and the stimulated emission of ra

diation. 
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known as the Meissner effect, which can be demon
strated by the levitation of a superconductor above 
a magnet. Type II superconductors, which include 
the HTSCs, show a gradual loss of superconduct
ivity and diamagnetism with increasing magnetic 
field. 

0 9 A population inversion is a condition in which the 

population of an upper state is greater than that of 

a relevant lower state. 

0 10 A material is diamagnetic if it tends to move out 

of a magnetic field, and paramagnetic if it tends to 

move into a magnetic field . 

0 11 Ferromagnetism is the cooperative alignment 

of electron spins in a material and gives rise to 

strong magnetization. 

0 12 Antiferromagnetism results from alternating spin 

orientations in a material and leads to weak mag

netization. 

0 13 Type I superconductors show abrupt loss of super

conductivity when an applied magnetic field 

exceeds a critical value :J( characteristic of the 

material. They are also diamagnetic below :J( . 

0 14 Type II superconductors show a gradual loss of 

superconductivity and diamagnetism with in

creasing magnetic field . 



FOCUS 15 Solids 

Exercises 

Topic 15A Crystal structure 

15A.1 The compound Rb3TIF6 has a tetragonal unit cell w ith 

dimensions a= 651 pm and c = 934 pm. Ca lcu late the vol

ume of the un it cell and the density of the solid. 

15A.2 The orthorhombic unit cell of NiS04 has the dimen

sions a= 634 pm. b = 784 pm. and c = 516 pm. and the den
sity of the solid is estimated as 3.9 g em·'- Determine the 

number of formu la units per unit cell and ca lcu late a more 

precise va lue of the density. 

15A.3 The unit cel ls of SbCI3 are orthorhombic w ith dimen

sions a= 812 pm. b = 947 pm. and c = 637 pm. Ca lcu late the 
spacing of (a) the {321) planes. {b) the {642) planes. 

15A.4 Calcu late the separations of the planes {111). {211). 

and {100) in a crysta l in wh ich the cubic unit cel l has sides of 

length 572 pm. 

15A.5 Calcu late the separations of the planes {123) and 

{236) in an orthorhombic crysta l in wh ich the unit ce ll has 

sides of lengths 784. 633. and 454 pm. 

15A.6 The spacing between {121) planes in cubic NaCI crys

tals is 230.3 pm. What is the value of the ce ll parameter a? 

Topic 158 Bonding in solids 

158.1 Use the rad ius-ratio rule and the data in Table 15B.2 to 

predict the kind of crysta l structure expected for {a) magne
sium su lfide. {b) lith ium ch loride. and {c) potass ium bromide. 

158.2 Estimate the ratio of the lattice entha lpies of SrO and 
CaO from the Born-Mayer equation by using the ion ic rad ii in 

Table 15.B1. 

Topic 15C The properties of solids 

15C.1 The electrica l res istance of a sample increased from 
100 Q to 120 Q when the temperatu re was changed from 

0 oc to 100 oc. Is the substance a meta ll ic conductor or a 

semiconductor? 

15C.2 Classify as n-type or p-type a semiconductor formed 
by doping {a) germanium w ith phosphorus. {b) germanium 

w ith indium. 

15A.7 Zircon ium oxide. Zr0 2• has a tetragona l unit cell. The 
spacing between {110) planes is 257 pm and between the 

{211) planes is 156 pm. Deduce the values of the ce ll param

eters a and c. 

15A.8 Estimate the wave length of therma l neutrons that 

have been slowed by collisions w ith atoms at 500 K. 

15A.9 Through what potential difference must protons be 
accelerated if they are requ ired to have a de Broglie wave

length of BOO pm. 

15A.10 The glancing angle of a Bragg reflection from a set of 

crysta l planes separated by 97.3 pm is 19.85°. Ca lcu late the 
wavelength of the X-rays. 

15A.11 Reflections from the {110) planes of barium t itanate. 

BaTi0 3• which has a tetragonal crystal line structure. were 

observed at glancing angles of 9.13° w ith Co Ka rad iation of 
wavelength 179 pm. What is the value of the unit cell param

eter a? 

158.3 Use the Born-Mayer equation to estimate the lattice 

entha lpy of ca lcium su lfide. CaS. The crysta l adopts a rock
sa lt structure w ith the distance between the centres of near

est neighbours being 284 pm. 

15C.3 Calcu late the maximum wavelength of rad iation re
quired to excite electrons between the valence and conduc

tion bands in the semiconductor gal lium phosph ide. GaP. 

w ith band gap 2.26 eV. 



Discussion questions 

15.1 Explain how planes of lattice points are labelled. 

15.2 Explain how meta llic conductors. semiconductors. and 

insulators are identified and explain their properties in terms 

of band theory. Why is graphite an electronic conductor and 

diamond an insulator? 

15.3 Describe the consequences of the phase problem in de

termining structure factors and how the problem is overcome. 

Problems 

15.1 Draw a set of points as a rectangular array based on 

unit ce ll s of side a and b. and mark the planes w ith M il ler 
ind ices (10). (01). (11). (12). (23). (41). (41\ Now repeat the 

problem for an array of points in which the a and b axes make 

60° to each other. 

15.2 In a certa in unit ce ll. planes cut through the crystal axes 

at (2a. 3b. c). (a. b. c). (6a. 3b. 3c). (2a. -3b. -3c). Identify the 

M iller indices of the planes. 

15.3 Draw an orthorhombic unit cell and mark on it the (100). 

(010). (001 ). (011 ). (101 ). and (110) planes. 

15.4 Draw a triclin ic unit cell and mark on it the (100). (010). 

(001). (011). (101). and (110) planes. 

15.5 Construct the electron density along the x-axis of a 

crysta l given the fo llowing structure factors: 

h 0 2 3 4 5 6 7 8 9 

Fh +30.0 +8.2 +6.5 +4.1 +5.5 -2.4 +5.4 +3.2 -1.0 + 1.1 

h 10 11 12 13 14 15 

Fh +6.5 +5.2 -4.3 -1.2 +0.1 +2.1 

15.6 A face-centred cubic (fcc) metall ic crystal has four atoms 

per unit cel l. whereas a body-centred cubic (bee) crystal has 

two atoms per unit cel l. The separation of {100} planes of 

lith ium meta l is 350 pm and its density is 0.53 gem·'. Is the 

structure of lith ium fcc or bee? 

15.7 Copper crystal lizes in an fcc structure with unit cells 
of side 361 pm. (a) Predict the appearance of the powder 
diffraction pattern using 154 pm rad iation. (b) Calculate the 

mass density of copper on the basis of this information. 

15.8 Calcu late the packing fraction of a cubic close-packed 

structure. 

15.9 Suppose a virus can be regarded as a sphere and 
that it stacks together in a hexagonal close-packed arrange

ment. If the density of the vi rus is the same as that of water 
(1.00 g cm-3). what is the density of the solid? 
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15.4 Describe the structures of elemental metal lic sol ids in 

terms of the packing of hard spheres. 

15.5 Describe the caesium-chloride and rock-sa lt structures. 

How does the radius-ratio rule help in the classification of a 

structure into each type? 

15.6 Describe the different types of magnetism that mater

ials can display and account for their origins. 

15.10 How many (a) nearest neighbours. (b) next-nearest 

neighbours are there in a body-centred cubic structure? What 

are their distances if the side of the cube is 600 nm? 

15.11 How many (a) nearest neighbours. (b) next-nearest 
neighbours are there in a cubic close-packed structure? What 

are their distances if the side of the cube is 600 nm? 

15.12 The thermal and mechanical processing of materials is 
an important step in ensuring that they have the appropriate 

physica l properties for thei r intended application. Suppose a 

metall ic element undergoes a phase t ransit ion in which its 
crysta l structure changes from cubic close-packed to body

centred cubic. (a) Does it become more or less dense? (b) By 

what factor does its density change? 

15.13 Describe the bond ing in ca lcium oxide. CaO. in terms 

of bands composed of Ca and 0 atomic orbita ls. How does 
this model justify the ionic model of this compound? 

15.14 The energy levels of N atoms in the HOckel approxi

mation are given by: 

krc 
Ek=a+2f3cosN+1. k=1. 2 ....• N 

If the atoms are arranged in a ring. the energy leve ls are 

given by: 

k = 0.±1. ±2, ... , ±-l:N for N even 

Discuss the consequences, if any, of joining the ends of an 

initially stra ight length of material. 

15.15 Calculate the potential energy of an ion at the centre 
of a diffuse 'spherica l crystal' in wh ich concentric spheres of 

ions of opposite charge surround the ion and the numbers of 

ions on the spherica l surfaces fal l away rapid ly with distance. 

Let successive spheres lie at radi i d, 2d, ... and the number 
of ions (a ll of the same charge) on each successive sphere 
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is inversely proportiona l to the radius of the sphere. You will 

need the following sum: 

1-_1_+_1_ _ _1_+ ... =~ 
22 32 42 12 

15.16 The t ip of a scann ing tunnelling microscope can be 

used to move atoms on a surface. The movement of atoms 
and ions depends on their abil ity to leave one position and 

stick to another, and therefore on the energy changes that 
occur. As an illustration, consider a two-dimensional square 

lattice of univalent positive and negative ions separated by 
200 pm, and consider a cation on top of th is array. Ca lculate, 

by direct summation, its Coulombic interaction when it is in 

an empty lattice point directly above an anion. 

15.17 Type I superconductors show abrupt loss of supercon

ductivity when an applied magnetic field exceeds a crit ical 

va lue Jfc that depends on temperature and T, as 

where Jfc(O) is the value of Jfc as T--> 0. Lead has T, = 7.19 K 
and Jfc(O) = 63.9 kA m-1

• At what magnetic fie ld is its super

conductivity quenched at (a) 6.0 K, (b) 5.0 K? 

Project 

The symbol t indicates that calculus is required. 

15. H Here you are invited to explore the band theory of 
solids in more detail. (a) Use eqn 2a ofTopic 15B to find an 

expression for the separation between neighbouring levels 

in a band of N atoms and show that the separation goes to 
zero as N increases to infinity. (b) Ca lculate the density of 

states for a long line of atoms, where the density of states 
is the quantity p(k) in the expression dE= p(k)dk and draw a 

graph of p(k). Where is the density of states greatest? (c)The 

treatment in parts (a) and (b) applies on ly to one-dimensional 

solids. In three dimensions, the variation of density of states 

is more like that shown in Fig. 1. Account for the fact that in a 
three-dimensional sol id the greatest density of states is near 

the centre of the band and the lowest density is at the edges. 

15.18 Calcu late the lattice enthalpy of CaO from the fol low

ing data: 

I!.H/(kJ mol-1
) 

Sublimation of Ca(s) + 178 

Ionization of Ca(g) to Ca' •(g) + 1735 

Dissociation of 0 2(g) +249 

Electron attachment to O(g) -141 

Electron attachment to o -(g) +844 

Formation of CaO(s) from Ca(s) and 0 2(g) -635 

15.19 Calcu late the lattice enthalpy of MgBr2 from the fol

lowing data: 

I!.H/(kJ mol-1
) 

Sublimation of Mg(s) +148 

Ionization of Mg(g) to Mg'•(g) +2187 

Vaporization of Br2(1) +31 

Dissociation of Br2(g) + 193 

Electron attachment to Br(g) -331 

Formation of MgBr2(s) from Mg(s) and Br2(1) -524 

t 
> 1--- 
Cl --
Q; 
c 
w 

p band 

s band 

Density of states, p-

Fig. 1 Typica l densit ies of states in a solid. 
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Part 1 Common integrals 

Algebraic functions 

A1 

A2 

A3 

Exponential functions 

E1 

E2 

Gaussian functions 

G1 

G2 

G3 

Trigonometric functions 

T1 

Indefinite integral* 

Ixn dx = -
1

- x n+l + c 
n+1 

I ~dx= lnx+c 

I 1 dx=-1-ln 8 -x +c 
(A-x)(8-x) 8-A A-x 

I . sin2kx 
(slnkx)2dx = -J- x----+c 

4k 

Definite integral 

fb 1 b 
-dx= ln

' x a 

fb 1 dx=-1- ln(8-b)(A-a) 
, (A-x)(8-x) 8-A (A-b)(8-a) 

n!= n(n-1) .. . 1; 0!= 1 

I
~ 2 1 
o xe-kx dx = 2k 

J' l . k l' d 1 sin2ka 
0 

S in X X = 2 a- ----::t:k 

• In each case, c is a constant. Note that not al l indefinite integrals have a simple closed form . 



Part2 Units 

TableA2.1 The S/ base units 

Physical quantity 

Length 

Mass 

Time 

Electric current 

Thermodynamic temperature 

Amount of substance 

Luminous intensity 

TableA2.2 A selection of derived units 

Symbol for quantity 

m 
t 
I 

T 
n 
I , 

Base unit 

metre. m 

kilogram. kg 

second. s 

ampere. A 

kelvin. K 

mole. mol 

candela. cd 

Physical quantity Derived unit* Name of derived unit 

Force 1 kg m s-2 newton. N 

Pressure 1 kg m-1 s-2 pascal. Pa 
1 Nm-2 

Energy 1 kg m2 s-2 joule. J 

1 Nm 

Power 

1 Pa m3 

1 kg m2 s-3 

1 J s-' 
watt.W 

* Equivalent definitions in terms of derived un its are given following the definition in terms of base units. 

TableA2.3 Some common units 

Physical quantity 

Time 

Length 

Volume 

Mass 

Pressure 

Energy 

Name of unit 

minute 

hour 

day 

year 

angstrom 

litre 

tonne 

bar 

atmosphere 

electronvolt 

Symbol for unit Value* 

min 60s 

h 3600 s 

d 86 400 s 

31 556 952 s 

A 10-" m 

L.l 1 dm3 

103 kg 

bar 105 Pa 

atm 101.325 kPa 

eV 1.602 177 33 X 10-19 J 

96.485 31 kJ mol-' 

• All values are exact. except for the definit ion of 1 eV. which depends on the measured value of e. 
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TableA2.4 CommonS/ prefixes 

Prefix y a p n 11 m d 

Name yocto zepto alto femto pi co nano micro milli centi deci 

Factor 10- 24 10- 21 10- 18 10- 15 10- 12 10- 9 10-' 10- 3 10- 2 10- 1 

Prefix da M G T p E z y 

Name deca hecto kilo mega gig a tera pet a ex a zetta yotta 

Factor 10 102 103 106 109 1012 1015 1018 1021 1024 



Part3 Data 

TableA3.1 Thermodynamic data for organic compounds at 298. 15 K 

Clsl (graphite( 

Cis I (diamond) 

CO,Igl 

Hydrocarbons 
CH,Igl. methane 

CH,Igl. methyl 

C2H21gl. ethyne 

C2H41gl. ethene 

C,H, Igl. ethane 

C3H6Igl. propene 

C3H6Igl. cyclopropane 

C3H8Igl. propane 
C4H8(g). 1-butene 

C4H8(g). cis-2-butene 

C4H8(g). trans-2-butene 

C4H10(g). butane 

C5H12Igl. pentane 

C5H12111 

C6H6111. benzene 

C, H, Igl 
C6H12111. cyclohexane 

C6H14 111. hexane 
C6H5CH3(g). methylbenzene (toluene) 

C7H16111. heptane 

C, H18111. octane 

C8H18111. iso-octane 

C10H8Isl. naphthalene 

Alcohols and phenols 
CH30HIII. methanol 

CH30Higl 

C2H50HIII. ethanol 

C2H50Higl 

C6H50Hisl. phenol 

Carboxylic acids, hydroxy acids, and esters 
HCOOHIII, methanoic (formic) 

CH,COOHIII, ethanoic (acetic) 

CH3COOH(aql 

CH3CO,-Iaql 
(C00H) 2(s), ethanedioic (oxalic) 

C6H5COOH (s), benzoic 

CH3CHIOHICOOH(s), 2-hydroxypropanoic (lactic) 

CH3COOC2H5111, ethyl ethanoate (ethyl acetate) 

Alkanals and alkanones 
HCHOigl, methana l 

CH3CHOIII, ethana l 

CH3CH01gl 

CH3COCH3III, propanone 

!>tH"! 
M/(g mol-1

) (kJ mol-1
) 

12.011 

12 .011 

44.040 

16.04 

15.04 

26.04 

28.05 

30.07 

42 .08 

42.08 

44.10 

56.11 

56 .11 

56 .11 

58 .13 

72 .15 

72 .15 

78.12 

78.12 

84.16 

86.18 

92 .14 

100.21 

114.23 

114.23 

128.18 

32.04 

32 .04 

46.07 

46.07 

94.12 

46.03 

60.05 

60.05 

59.05 

90.04 

122.13 

90.08 

88.11 

30.03 

44.05 

44.05 

58.08 

0 
+1.895 

- 393.51 

- 74 .81 

+145.69 

+226.73 

+52 .26 
- 84.68 

+20.42 

+53.30 
- 103.85 

- 0.13 

- 6.99 

- 11.17 

- 126.15 

- 146.44 

- 173.1 

+49.0 

+82 .93 
- 156 

- 198.7 

+50.0 
- 224.4 

- 249.9 

- 259.2 

+78.53 

- 238.66 

- 200.66 

- 277.69 

- 235.10 

- 165.0 

-424.72 

-484.5 

-485.76 

-486.01 
- 827.2 

- 385.1 

-694.0 

-479.0 

- 108.57 

- 192.30 

- 166.19 

- 248.1 

0 
+2.900 

- 394.36 

- 50.72 

+147.92 

+209.20 

+68.15 
- 32.82 

+62.78 

+104.45 
- 23.49 

+71.39 

+65.95 

+63.06 
- 17.03 

- 8.20 

+124.3 

+129.72 

+26.8 

+122.0 

+1.0 

+6.4 

- 166.27 

- 161.96 

- 174.78 

- 168.49 

- 50.9 

- 361.35 

- 389.9 

- 396.46 

- 369.31 

- 245.3 

- 332.7 

- 102.53 

- 128.12 

- 132.8 

- 155.4 

RESOURCE SE CTION 607 

s• I C~.ml ~H"! 
(JmK_1 mol-1)t (J K-1 mol-1) (kJ mol-1) 

5.740 

2.377 

213.74 

186.26 

194.2 

200.94 

219.56 

229.60 

267.05 

237.55 

269.91 

305.71 

300.94 

296.59 

310.23 

348.40 

173.3 

269.31 

204.4 

204.3 

320.7 

328.6 

361.1 

126.8 

239.81 

160.7 

282.70 

146.0 

128.95 

159.8 

178.7 

+86.6 

167.6 

259.4 

218.77 

160.2 

263.7 

200.4 

8.527 

6.113 

37.11 

35.31 

38.70 

43.93 

43.56 

52 .63 

63.89 

55.94 

73.5 

85.65 

78.91 

87.82 

97.45 

120.2 

136.1 

81 .67 

156.5 

103.6 

224.3 

81.6 

43.89 

111.46 

65.44 

99.04 

124.3 

- 6.3 

109.8 

146.8 

170.1 

35.40 

55.3 

124.7 

- 393.51 

- 395.40 

- 891 

- 1300 

- 1411 

- 1560 

- 2058 

- 2091 

- 2220 

- 2717 

- 2710 

- 2707 

- 2878 

- 3537 

- 3268 

- 3302 

- 3920 

-4163 
- 3953 

-4817 
- 5471 

- 5461 

- 5157 

- 726 

- 764 

- 1368 

- 1409 

- 3054 

- 255 

- 875 

- 254 

- 3227 

- 1344 

- 2231 

- 571 

- 1166 

- 1192 

- 1790 

(continued) 
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TableA3.1 (continued) 

~H"I ~G9/ S~/ c~ . ./ I!.,H"I 
M/(g mol-' ) (kJ mol-' ) (kJ mol-' ) (J K-' mol-' )t (J K-' mol-' ) (kJ mol-' ) 

.................. 

Sugars 
C6H120 6(s). cr-D-glucose 180.16 - 1274 - 2808 

C,H 120 6(s). ~-D-glucose 180.16 - 1268 - 910 212 
C6H120 6(s). ~-D-f ructose 180.16 - 1266 - 2810 
C12H220 11 (s). sucrose 342.30 - 2222 - 1543 360.2 - 5645 

·- ------- ----- ------- ------- ----- ------- ----- ----- · 
Nitrogen compounds 
COINH 2)2(s), urea 60.06 - 333.51 - 19733 104.60 93.14 - 632 

CH 3NH 21gl, methylamine 31.06 - 22.97 +32.16 243.41 50 .1 - 1085 

C6H5NH 2111, aniline 93.13 +31.1 - 3393 

CH 21NH2)C00Hisl, glycine 75.07 - 532.9 - 373.4 103.5 99.2 - 969 

Data: NBS, TDOC. t Standard entropies of ions may be either positive or negative because the values are relative to the entropy of the hydrogen ion . 

TableA3.2 Thermodynamic data for elements and inorganic compounds at 298.15 K 

Aluminium (aluminum) 

Ails I 
All II 
All g) 

AI'•( g) 

Al'•(aql 

Al 20 3(s,crl 

AICI3(s) 

Argon 
Arlgl 

Antimony 
Sblsl 

SbH 3Igl 

Arsenic 
As(s, crl 

Aslgl 

As4(g) 

AsH 3Igl 

Barium 
Balsl 

Balgl 
Ba'•(aql 

BaOisl 

BaCI2(s) 

Beryllium 
Be lsi 

Bel g) 

Bismuth 
Bilsl 

Bilgl 

26.98 
26.98 
26.98 
26.98 
26.98 
101 .96 

133 .24 

39.95 

121.75 
124.77 

74.92 
74.92 

299.69 
77.95 

137.34 
137.34 
137.34 
153.34 
208.25 

9.01 
9.01 

208.98 
208.98 

0 
+10.56 

+330.0 
+5483.17 

- 531 
- 1675.7 

- 704.2 

0 

0 
+145. 11 

0 
+302.5 
+143.9 

+66.44 

0 
+180 
- 537.64 
- 553.5 
- 858.6 

0 
+324.3 

0 
+207.1 

0 
+7.20 

+289.4 

-485 
- 1582 .3 
- 628.8 

0 

0 
+147.75 

0 
+261.0 
+92.4 
+68.93 

0 
+146 
- 560.77 
- 525.1 
- 810.4 

0 
+286.6 

0 
+168.2 

28 .33 
39.55 

164.54 

- 321.7 

50.92 
110.67 

.................. 

154.84 

45 .69 
232 .78 

35.1 
174.21 
314 
222 .78 

62 .8 
170.24 
+9.6 
70.43 

123.68 

9.50 
136.27 

56.74 
187.00 

24.35 
24.2 1 
21.38 

79.04 
91.84 

20.786 

25.23 
41.05 

24.64 
20.79 

38.07 

28.07 
20.79 

47.78 
75.14 

16.44 
20.79 

25.52 
20.79 



TableA3.2 (continued) 

Bromine 
Br2(1) 

Br2(g) 

Br(g) 

Br-(g) 

Br-(aql 

HBr(g) 
...................... 
Cadmium 

Cd(s, iJ 
Cd(g) 

Cd2+(aql 

CdO(s) 

CdC03(sl 

Caesium (cesium) 

Cs(s) 

Cs(g) 

cs+aq) 

.............................. • 

Calcium 

Ca(s) 

Ca(g) 

Ca2+(aql 

CaO(s) 

CaC03(s) (calcite) 

CaC03(s) (aragonite) 

CaF2(s) 

CaCI2(s) 

CaBr2(s) 

M/(g mol-1) 

159.82 
159.82 
79 .91 
79 .91 
79 .91 
90 .92 

112 .40 
112 .40 
112 .40 
128.40 
172.41 

132 .91 
132 .91 
132.91 

. ................. 

40.08 
40 .08 
40 .08 
56.08 

100.09 
100.09 
78 .08 

110.99 
199.90 

f.tH6/(kJ mol-1
) 

0 
+30.907 
+ 111.88 

- 219.07 
- 121.55 
- 36.40 
.................. 

0 
+112.01 
- 75.90 

- 258.2 
- 750.6 

0 
+76.06 

- 258.28 

0 
+178.2 
- 542.83 
- 635.09 

- 1206.9 
- 1207.1 
- 1219.6 
- 795.8 
- 682.8 

Carbon (for 'organic' compounds of carbon, see Table A3. 1) 

C(s) (graphite) 12 .011 0 
C(s) (diamond) 12 .011 +1.895 
C(g) 12 .011 +716.68 
C,(g) 24.022 +831.90 
CO(g) 28.011 - 110.53 
C02(g) 44.010 - 393.51 
C02(aql 44.010 -413.80 
H2C03(aql 62 .03 - 699.65 
HCO,-(aql 61 .02 - 691.99 
CO,'-(aql 60.01 - 67714 
CCI4 (1) 153 .82 - 135.44 
CS2(1) 76 .1 4 +89.70 
HCN(g) 27.03 +135.1 
HCN(I) 27.03 +108.87 
CN-(aql 26.02 +150.6 

Chlorine 

Cl 2(gl 70.91 0 
Cl(gl 35.45 +121.68 
Cl-(g) 35.45 - 233.13 
Cl-(aql 35.45 - 167.16 
HCI(g) 36.46 - 92.31 
HCI(aql 36.46 - 167.16 

A1G
6/(kJ mol-1) 

0 
+3 .11 0 

+82 .396 

- 103.96 
- 53.45 

. .................. 

0 
+7741 
- 77612 

- 228.4 
- 669.4 

0 
+49 .1 2 

- 292 .02 

0 
+1 44 .3 
- 553.58 
- 604 .03 

- 1128.8 
- 11278 
- 1167.3 
- 748 .1 
- 663 .6 

0 
+2.900 

+671.26 
+775.89 
- 137. 17 

- 394.36 
- 385.98 
- 623 .08 
- 586.77 
- 527.81 
- 65 .21 

+65.27 
+124.7 
+124.97 
+172 .4 

0 
+105.68 

- 131.23 
- 95 .30 

- 131.23 
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152 .23 75 .689 
245.46 36.02 
175.02 20 .786 

+82.4 - 141.8 
198.70 29 .1 42 

51.76 
167.75 

- 73 .2 

54.8 
92 .5 

85.23 
175.60 

+133.05 

41.42 
154.88 
- 53.1 

38.1 
92 .9 
88.7 
68 .87 

108.4 
130 

5.740 
2.377 

158.10 
199.42 
197.67 

213.74 
117.6 
187.4 
+91. 2 
- 56.9 

216.40 
151.34 
201.78 
112 .84 

+94.1 

223 .07 
165.20 

+56.5 
186.91 
56.5 

25 .98 
20 .79 

43.43 

32 .1 7 
20 .79 

- 10.5 

25 .31 
20 .786 

42 .80 
81 .88 
81 .25 
67.03 
72 .59 

8 .527 
6 .11 3 

20 .838 
43 .21 
29 .1 4 
37.11 

131.75 
75 .7 
35.86 
70 .63 

33.91 
21 .840 

- 136.4 

29 .1 2 
- 136.4 

(continued) 
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TableA3.2 (continued) 

Chromium 

Cr(s) 52.00 0 
Cr(g) 52.00 +396.6 
Cro,'-iaql 115.99 - 881.15 

c r,o ,'-iaql 215.99 - 1490.3 

·--- ----- ------- ------- ----- ----· --- ------- ----- ------- ----- ------- --· --- ----- ------- ----- ------- · 
Copper 

Cu(s) 

Cu(g) 

cu•(aq) 

Cu2•(aq) 

Cu20(s) 

CuO(s) 

CuS04(s) 

CuS04·H 20(s) 

CuS04·5H20(s) 

.............................. 
Deuterium 

D, lg) 
HD(g) 

D20(g) 

D20(1) 

HDO(g) 

HDO(I) 

Fluorine 

F,lg) 
Fig) 
F-laq) 

HF(g) 

Gold 

Au(s) 

Au(g) 

Helium 

Heigl 

Hydrogen (see also deuterium) 

H,(g) 

Hi g) 

H'laq) 
H'(g) 

H20(s) 

H20 (I) 
H20(g) 

H20 2(1) 

Iodine 

12(s) 

l, (g) 
l(g) 
1-(aq) 

Hl(g) 

63.54 0 

63.54 +338.32 

63.54 +71.67 

63.54 +64.77 

143.08 - 168.6 

79.54 - 157.3 

159.60 - 771.36 

177.52 - 1085.8 

249.68 - 2279.7 

. ................. 

4.028 0 

3.022 +0.318 

20.028 - 249.20 

20.028 - 294.60 

19.022 - 245.30 

19.022 - 289.89 

38.00 0 

19.00 +78.99 

19.00 - 332.63 

20.01 - 271.1 

.................. 

196.97 0 

196.97 +366.1 

4.003 0 

................. ...... 

2.016 0 

1.008 +217.97 

1.008 0 

1.008 +1536.20 

18.015 

18.015 - 285.83 

18.015 - 241.82 

34.015 - 187.78 

253.81 0 

253.81 +62.44 

126.90 +106.84 

126.90 - 55.19 

127.91 +26.48 

0 23.77 

+351.8 174.50 
- 727.75 +50.21 

- 1301. 1 +261.9 

--- ------- ------- ----- ----· --- ------- ----- ------- ----- ------- --·--

0 33 .1 50 

+298.58 166.38 

+49.98 +40.6 

+65.49 - 99.6 

- 146.0 93 .1 4 
- 129.7 42 .63 

-661.8 109 
- 918.11 146.0 

- 1879.7 300.4 

. ..................................... 

0 144.96 
- 1.464 143.80 

- 234.54 198.34 
- 243.44 75.94 
- 233.11 199.51 
- 241.86 79.29 

0 202 .78 

+61.91 158.75 
- 278.79 - 13.8 

- 273.2 173.78 

. ...................... ........................ 

0 47.40 

+326.3 180.50 

0 126.1 5 

............... ... .......... ..... .•..... . 

0 130.684 

+203.25 11 4.71 

0 0 

37.99 
- 237.13 69.91 
- 228.57 188.83 
- 120.35 109.6 

0 11 6.1 35 

+19.33 260.69 

+70.25 180.79 
- 51.57 + 111.3 

+1.70 206.59 

23.35 

20.79 

24.44 

20.79 

63.64 

42.30 

100.0 

134 

280 

29.20 

29.196 

34.27 

84.35 

33.81 

31.30 

22.74 
- 106.7 

29.13 

25.42 

20.79 

20.786 

28.824 

20.784 

0 

75.291 

33.58 

89.1 

54.44 

36.90 

20.786 
- 142.3 

29.158 



TableA3.2 (continued) 

Iron 
Fe(s) 

Fe(g) 

Fe'•taql 

Fe'•taql 

Fe30 4(s) (magnetite) 

Fe20 3(s) (haematitel 

FeS(s, a) 

FeS2(s) 

Krypton 
Kr(g) 

Lead 
Pb(s) 

Pb(g) 

Pb'•taql 

PbO(s, yellow) 

PbO(s, red) 

Pb02(s) 

Lithium 
Li(s) 

Li(g) 

Li•(aql 

Magnesium 
Mg(s) 

Mg(g) 

Mg'•taql 

MgO(s) 

MgC03(s) 

MgCI2(s) 

.................. 
Mercury 

Hg(l) 
Hg(g) 

Hg' •taql 

Hg, ' •taql 

HgO(s) 

Hg2CI2(s) 

HgCI2(s) 

HgS(s, black) 

Neon 
Ne(g) 

Nitrogen 

N, (g) 

N(g) 

NO(g) 

N20(g) 

N02(g) 

N20 4(g) 

N20 5(s) 

55.85 
55.85 
55.85 
55.85 

231.54 
159.69 

87.91 
119.98 

83.80 

207.19 
207.19 
207.19 
223.19 
223.19 
239.19 

6.94 
6.94 
6.94 

24.31 
24.31 
24.31 
40.31 
84.32 
95.22 

200.59 
200.59 
200.59 
401.18 
216.59 
472.09 
271.50 
232.65 

20.18 

28.013 
14.007 
30.01 
44.01 
46.01 
92.1 

108.01 

0 
+416.3 
- 89.1 
- 48.5 

- 1118.4 
- 824.2 
- 100.0 
- 178.2 

0 

0 
+195.0 

- 1.7 
- 217.32 

- 218.99 
- 277.4 

0 
+159.37 
- 278.49 

0 
+147.70 

-466.85 
- 601.70 

- 1095.8 
- 641.32 

.................. 

0 
+61.32 

+171.1 
+172.4 
- 90.83 

- 265.22 
- 224.3 

- 53.6 

0 

0 
+472.70 

+90.25 
+82.05 
+33.18 

+9.16 
- 43.1 

0 
+370.7 

- 78 .90 

-4.7 
- 1015.4 

- 742 .2 
- 100.4 
- 166.9 

0 

0 
+161.9 
- 24.43 

- 187.89 
- 188.93 
- 217.33 

0 
+126.66 
- 293 .31 

0 
+113 .1 0 
-454.8 
- 569.43 

- 1012 .1 
- 591.79 

0 
+31 .82 

+164.40 
+153.52 
- 58.54 

- 210.75 
- 178.6 

- 47.7 

0 

0 
+455 .56 

+86.55 
+104.20 

+51 .31 
+97.89 

+113 .9 

................... 
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27.28 
180.49 

- 137.7 
- 315.9 

146.4 
87.40 
60 .29 
52 .93 

.................. 

164.08 

64 .81 
175.37 
+10.5 
68 .70 
66 .5 
68 .6 

.................. 

29.12 
138.77 
+13.4 

32 .68 
148.65 

- 138.1 

26 .94 
65 .7 
89.62 
. ................. 

76.02 
174.96 

- 32 .2 

+84.5 
70 .29 

192 .5 
146.0 
88.3 

146.33 

191.61 
153.30 
210.76 
219.85 
240 .06 
304.29 
178.2 

25.10 
25.68 

143.43 
103.85 
50.54 
62.17 

20.786 

26.44 
20.79 

45.77 
45.81 
64.64 

24.77 
20.79 
68.6 

24.89 
20.786 

37.15 
75.52 
71.38 

27.983 
20.786 

44.06 
102 

20.786 

29.125 
20.786 
29.844 
38.45 
37.20 
77.28 

143.1 

(continued) 



612 RESOURCE SECTION 

TableA3.2 (continued) 

M/(g mol-1) t.,H•/(kJ mol-1) A,G./(kJ mol-1) s ::J(J K_, mol-' )t ~.m/(J K-' mol-' ) 
....................... . .................................................................................................. 

N20 5(g) 108.01 +11.3 +115.1 355.7 84.5 
HN03(1) 63.01 - 174.10 - 80.71 155.60 109.87 
HN03(aq) 63.01 - 207.36 - 111.25 146.4 -86.6 
NO,-(aq) 62.01 - 205.0 - 108.74 +146.4 -86.6 
NH3(g) 17.03 - 46.11 - 16.45 192.45 35.06 
NH3(aq) 17.03 - 80.29 - 26.50 111.3 
NH/(aq) 18.04 - 132.51 - 79.31 +113.4 79.9 
NH,OH(s) 33.03 - 114.2 
HN3 (1) 43.03 +264.0 +327.3 140.6 
HN3(g) 43.03 +294. 1 +328.1 238.97 43.68 
N2H4 (1) 32.05 +50.63 +149.43 121.21 98.87 
NH4N03(s) 80.04 - 365.56 - 183.87 151.08 139.3 
NH4CI(s) 53.49 - 314.43 - 202.87 94.6 84.1 

.................... . ................. . ................. 
Oxygen 
O,(g) 31.999 0 0 205.138 29.355 
O(g) 15.999 +249. 17 +231.73 161.06 21.912 
O, (g) 47.998 +142.7 +163.2 238.93 39.20 
OW(aq) 17.007 - 229.99 - 157.24 - 10.75 - 148.5 

........................................... ............................................... .................. ....................................... 
Phosphorus 

P(s, w h) 30.97 0 0 4 1.09 23.840 
P(g) 30.97 +314.64 +278.25 163.19 20.786 
P,(g) 61.95 +144.3 +103.7 218.13 32.05 
P,(g) 123.90 +58.91 +24.44 279.98 67.15 
PH3(g) 34.00 +5.4 +13.4 210.23 37.11 
PCI3(g) 137.33 - 287.0 - 267.8 311.78 71.84 
PCI3(1) 137.33 - 319.7 - 272.3 217.1 
PCI5(g) 208.24 - 374.9 - 305.0 364.6 11 2.8 
PCI5(s) 208.24 - 443.5 
H3P03(s) 82.00 - 964.4 
H3P03(aq) 82.00 - 964.8 
H3P04(s) 94.97 - 1279.0 - 1119.1 110.50 106.06 
H3P04 (1) 94.97 - 1266.9 
H3P04(aq) 94.97 - 1277.4 - 1018.7 - 222 
PO,,_(aq) 94.97 - 1277.4 - 1018.7 - 221.8 
P40 10(s) 283.89 - 2984.0 - 2697.0 228.86 211.71 
P40 6(s) 219.89 - 1640.1 

· · ·· · · · · · ·· · · · ·· ··-·· ·· · · · ·· · · · ·· . .. . . . . . .. . . . .. . . . . . . .. . . . .. . . . . .. . . . .. .. . . .. . .... .. . . . .. . . . . . .. . . . . .. .. .. . . .. . . . .. . .. . . . .. . .... .. . . . .... . . . . .. . . . . .. . . . .. . 

Potassium 

K(s) 39.10 0 0 64.18 29.58 
K(g) 39.10 +89.24 +60.59 160.336 20.786 
K' (g) 39.10 +514.26 
K' (aq) 39.10 - 252.38 - 283.27 +102 .5 21.8 
KOH(s) 56.11 - 424.76 - 379.08 78.9 64.9 
KF(s) 58.10 - 567.3 - 537.75 66.57 49.04 
KCI(s) 74.56 - 436.75 -409.14 82.59 51.30 
KBr(s) 119.01 - 393.80 - 380.66 95.90 52.30 
Kl(s) 166.01 - 327.90 - 324.89 106.32 52.93 

........................ ................... . .................. . ................. . ...................... 
Silicon 

Si(s) 28.09 0 0 18.83 20.00 
Si(g) 28.09 +450.0 +405 .5 167.97 22.25 
Si0 2(s, a) 60.09 - 910.94 - 856.64 41.84 44.43 



RESOURCE SE CTION 

TableA3.2 (continued) 

M/(g mol-1) f.tH 6/(kJ mol-1
) A1G

6/(kJ mol-1) S~/(J K-' mol-')t C~.m/(J K-' mol-') 
............................... ..................................................................................................................................................................................... 
Silver 

Aglsl 107.87 0 0 42.55 25 .351 
Aglgl 107.87 +284.55 +245.65 173.00 20 .79 
Ag' (aql 107.87 +105.58 +7711 +72.68 21 .8 

AgBrlsl 187.78 - 100.37 - 96 .90 107.1 52 .38 
AgCI(s) 143 .32 - 127.07 - 109.79 96.2 50.79 
Ag20(s) 231 .74 - 31.05 - 11.20 121.3 65 .86 
AgN03(s) 169.88 - 124.4 - 33.41 140.92 93 .05 

. .. . . .... . . . .. . . . . . .... . ··· · · ···· · ···· · · · ···· · · · ·· · · ·· ··· · · · ···- -

Sodium 

Nalsl 22 .99 0 0 51.21 28 .24 
Nalgl 22 .99 +107.32 +76.76 153.71 20 .79 
Na' (aql 22 .99 - 240.12 - 261.91 +59.0 46.4 
NaOHisl 40.00 - 425.61 - 379.49 64.46 59.54 
NaCIIsl 58.44 -411.15 - 384.14 72 .13 50.50 
NaBrlsl 102 .90 - 361.06 - 348.98 86.82 51 .38 
Nails) 149.89 - 287.78 - 286 .06 98 .53 52 .09 
. . .. . . . .... . . . .. . . . . . . . . .. . . . .... . . . .. . . . . . .. . . . .. . . . . . .. . . .. . . . . . .. . . . .... . . . .. . . . ... . .. .... . . . .. . . . .. . . . . . .. . . . .... . . . .. . · · · · · · ·· · · · ···· · · · ·· · · · ···· •·· 

Sulfur 

Sis, a) (rhombic) 32 .06 0 0 31.80 22 .64 
Sis, ~I (monoclinic) 32 .06 +0.33 +0.1 32 .6 23 .6 

Sigl 32 .06 +278.81 +238.25 167.82 23 .673 

S,lgl 64.13 +128.37 +79.30 228.18 32.47 
s'-laql 32 .06 +33.1 +85.8 - 14.6 

SO,Igl 64.06 - 296.83 - 300.19 248.22 39.87 
S03lgl 80.06 - 395.72 - 371.06 256.76 50.67 
H2S04 ill 98.08 -813.99 - 690 .00 156.90 138.9 
H2S04(aql 98.08 - 909.27 - 744.53 20 .1 - 293 
SO,'-Iaql 96.06 - 909.27 - 744.53 +20.1 - 293 
HSO,-(aql 97.07 - 887.34 - 755.91 +131.8 -84 

H,Sigl 34.08 - 20.63 - 33.56 205.79 34.23 
H2S(aql 34.08 - 39.7 - 27.83 121 
HS-(aql 33 .072 - 17.6 +12 .08 +62 .08 

SF,Igl 146.05 - 1209 - 1105.3 291.82 97.28 
.................. . ............................ ...... . ........................... 

Tin 

Sn(s, ~I 118.69 0 0 51.55 26 .99 
Snlgl 118.69 +302.1 +267.3 168.49 21.3 
Sn'' laql 118.69 - 8.8 - 27.2 - 17 

SnOisl 134.69 - 285.8 - 256 .9 56.5 44 .31 
SnO,Isl 150.69 - 580.7 - 519.6 49 .0 52 .59 

Xenon 

Xelgl 131.30 0 0 169.68 20 .786 

......................... . ...................... 
Zinc 
Znlsl 65.37 0 0 41.63 25.40 
Znlgl 65.37 +130.73 +95.14 160.98 20 .79 
Zn' ' laql 65.37 - 153.89 - 147.06 - 112 .1 46 
ZnOisl 81 .37 - 348.28 - 318.30 43 .64 40 .25 

Source: NBS. t Standard entropies of ions may be either positive or negative because the values are relative to the entropy of the 
hydrogen ion. 
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614 RESOURCE SECTION 

TableAJ.Ja Standard potentials at 298.15 Kin electrochemical order 

Reduction half-reaction 

Strongly oxidizing 

H4Xe06 + 2H' + 2e---> Xe03 + 3H20 
F2 + 2e---> 2F-

0 3 + 2H' + 2e---> 0 2 + H20 
S20 8 , _ + 2e---> 2SO,'

Ag2' + e---> Ag' 

Co3+ + e- ~Co2+ 

H20 2 + 2H' + 2e---> 2H20 

Au' + e---> Au 

Pb" + 2e---> Pb2' 

2HCIO + 2H' + 2e---> Cl2 + 2H20 
Ce4+ + e- ~ Ce3+ 

2HBr0 + 2H' + 2e---> Br2 + 2H20 

Mno,- + 8H' + 5e---> Mn2' + 4H20 
Mn3+ + e- ~ Mn2+ 

Au3' + 3e---> Au 

Cl2 + 2e---> 2CI-

Cr20 ,'- + 14H' + 6e---> 2Cr"' + 7H20 

0 3 + H20 + 2e---> 0 2 + 20W 

0 2 + 4H' + 4e---> 2H20 

CIO,- + 2H' + 2e---> CIO,- + H20 

Mn02 + 4H' + 2e --> Mn2' + 2H20 
Br2 + 2e---> 2Br-

Pu4+ + e- ---7 Pu3+ 

NO,- + 4H' + 3e---> NO+ 2H20 

2Hg2' + 2e---> Hg2
2' 

CIO- + H20 + 2e---> Cl- + 20H

Hg2' + 2e---> Hg 

NO,- + 2H' + e---> N02 + H20 

Ag' + e---> Ag 

Hg,'' + 2e---> 2Hg 
Fe3+ + e- ---7 Fe 2+ 

Bro- + H20 + 2e---> Br- + 20W 

Hg2S04 + 2e---> 2Hg + SO/ -

MnO,'- + 2H20 + 2e---> Mn02 + 40W 

Mno,- + e---> Mno,'-

12 + 2e---> 21-

1,- + 2e---> 31-

Cu' + e---> Cu 

NiOOH + H20 + e---> Nii0H)2 +OW 

Ag2Cr04 + 2e---> 2Ag + Cr0,'-

0 2 + 2H20 + 4e---> 40H-

CIO,-+ H20 + 2e---> CIO,- + 20W 

[FeiCNlsl' - + e---> [Fe(CN)6]"-

Cu2' + 2e---> Cu 

Bi3' + 3e---> Bi 

Hg2CI2 + 2e---> 2Hg + 2CI

AgCI + e---> Ag + Cl-

E61V 

+3.0 

+2.87 

+2.07 

+2.01 

+1.98 

+1.81 

+1.78 

+1.69 

+1.67 

+1.63 

+1.61 

+1.60 

+1.51 

+1.51 

+1.50 

+1.36 

+1.33 

+1.24 

+1.23 

+1.23 

+1.23 

+1.09 

+0.97 

+0.96 

+0.92 

+0.89 

+0.86 

+0.80 

+0.80 

+0.79 

+0.77 

+0.76 

+0.62 

+0.60 

+0.56 

+0.54 

+0.53 

+0.52 

+0.49 

+0.45 

+0.40 

+0.36 

+0.36 

+0.34 

+0.3 1 

+0.27 

+0.22 

Reduction half-reaction 

Sn4+ + 2e- ---7 Sn2+ 

AgBr + e---> Ag + Br 
Ti4-t + e- ---7 Ti3+ 

2H' + 2e---> H2 
Fe"+ 3e- --> Fe 

0 2 + H20 + 2e---> HO,- + OH

Pb2' + 2e---> Pb 

ln'+ e--->ln 

Sn2' + 2e---> Sn 

Ag l + e---> Ag + I-

Ni2' + 2e---> Ni 

Co2' + 2e- --> Co 

In''+ 3e---> In 

Tl' + e---> Tl 

PbS04 + 2e---> Pb + SO,'
Ti3-t + e- ---7 Ti2+ 

Cd2' + 2e- --> Cd 
ln2+ + e- ---7 In+ 

Cr"' + e---> Cr2
' 

Fe' ' + 2e- --> Fe 
ln3+ + 2e- ---?in+ 

s + 2e- --> s'-
ln3+ + e- ---7 ln2+ 

U4++ e----7 U3+ 

Cr"' + 3e- --> Cr 

Zn2' + 2e- --> Zn 

Cdi0H)2 + 2e---> Cd + 20W 

2H20 + 2e---> H2 + 20W 

Cr' ' + 2e- --> Cr 

Mn2' + 2e---> Mn 

V'' + 2e---> V 

Ti2' + 2e---> Ti 

AI"+ 3e- --> AI 

U3' + 3e- --> U 

Sc" + 3e- --> Sc 

Mg2' + 2e---> Mg 

Ce" + 3e- --> Ce 

La'' + 3e- --> La 

Na' + e---> Na 

Ca2' + 2e---> Ca 

Sr2' + 2e- --> Sr 

Ba2' + 2e- --> Ba 

Ra2' + 2e---> Ra 

Cs'+ e-_, Cs 

Rb' + e---> Rb 

K' +e-_, K 
Li' + e- --> Li 

Strongly reducing 

+0.15 

+0.07 

0.00 

0, by definition 

- 0.04 

- 0.08 

- 0.13 

- 0.14 

- 0.14 

- 0.15 

- 0.26 

- 0.28 

- 0.34 

- 0.34 

- 0.36 

- 0.37 

- 0.40 

- 0.40 

- 0.41 

- 0.44 

- 0.44 

- 0.48 

- 0.49 

- 0.61 

- 0.74 

- 0.76 

- 0.81 

- 0.83 

- 0.91 

- 1.18 

- 1.19 

- 1.63 

- 1.66 

- 1.79 

- 2.09 

- 2.36 

- 2.48 

- 2.52 

- 2.71 

- 2.87 

- 2.89 

- 2.91 

- 2.92 

- 2.92 

- 2.93 

- 2.93 

- 3.05 



TableA3.3b Standard potentials at 298.15 Kin alphabetical order 

Reduction half-reaction 

Ag' + e- -> Ag 
Ag2' + e--> Ag' 
AgBr + e--> Ag + Br 
AgCI + e--> Ag + CI-

Ag2Cr04 + 2e--> 2Ag + cro,'
AgF + e--> Ag + F-
Agl + e--> Ag + I-
AI3' + 3e- -> AI 

Au' + e- -> Au 
Au3' + 3e- -> Au 
Ba'' + 2e- -> Ba 
Be''+ 2e--> Be 
Bi3' + 3e- -> Bi 
Br, + 2e- -> 2Br-
Bro - + H,O + 2e- -> Br· + 20W 
Ca'' + 2e--> Ca 
Cd(OHI2 + 2e--> Cd + 20W 
Cd' ' +2e- -> Cd 
Ce3' + 3e- -> Ce 
Ce4+ + e- ~ Ce3+ 

Cl2 + 2e- -> 2CI-
CIO- + H20 + 2e--> Cl- + 20H

C104 + 2H' + 2e--> CI03 + H20 
CI04 + H20 + 2e--> CI03 + 20W 
Co' ' +2e- -> Co 
Co3+ + e- ~Co2+ 

Cr'' + 2e- -> Cr 

Cr,o ,'- + 14H' + 6e -> 2Cr3' + 7H20 
Cr3' + 3e- -> Cr 
Cr3+ + e- ~ Cr2+ 

Cs' + e- -> Cs 

Cu'+ e· -> Cu 
Cu2' + 2e- -> Cu 
Cu2+ + e- ~ cu+ 
F2 + 2e- -> 2F-
Fe2' + 2e- -> Fe 

Fe3' + 3e- -> Fe 
Fe3+ + e-~ Fe2+ 

[Fe(CN),)'- + e· -> [Fe(CNI6)4-

2H' + 2e·-> H, 
2H20 + 2e--> H2 + 20H-

2HBr0 + 2H' + 2e--> Br2 + 2H20 
2HCIO + 2H' + 2e- -> Cl2 + 2H20 
H20 2 + 2H' +2e- -> 2H20 
H4Xe06 + 2H' +2e--> Xe03 + 3H20 
Hg,'' + 2e- -> 2Hg 
Hg2CI2 + 2e--> 2Hg + 2CI
Hg2' + 2e--> Hg 

2Hg2' + 2e- -> Hg2
2' 

Hg2S04 + 2e- -> 2Hg + SO,'-

+0.80 
+1.98 
+0.0713 
+0.22 
+0.45 
+0.78 
- 0.1 5 
- 1.66 

+1.69 
+1.50 
+2.91 
- 1.85 

+0.31 
+1.09 
+0.76 
- 2.87 
- 0.81 
- 0.40 
- 2.48 

+1.61 
+1.36 
+0.89 
+1.23 
+0.36 
- 0.28 

+1.81 
- 0.91 

+1.33 
- 0.74 
- 0.41 
- 2.92 

+0.52 
+0.34 
+0.1 6 
+2.87 
- 0.44 
- 0.04 

+0.77 
+0.36 

0. by definit ion 
- 0.83 

+1.60 
+1.63 
+1.78 
+3.0 
+0.79 
+0.27 
+0.86 
+0.92 
+0.62 

Reduction half-reaction 

12 + 2e- -> 21-

13 + 2e- -> 31-
ln'+ e-_, In 
ln2+ + e- ~ In+ 
ln3+ + 2e- ~In+ 

ln3' + 3e- -> In 
ln3+ + e- ~ ln2+ 

K'+ e- _, K 
La3' + 3e- -> La 
Li' + e- -> Li 
Mg2' + 2e- -> Mg 
Mn' ' + 2e--> Mn 
Mn3-t+e- ~Mn2+ 

Mn02 + 4H' + 2e--> Mn'' + 2H20 
Mn04 + 8H' + 5e- -> Mn'' + 4H20 
Mn04 + e· -> Mno,'-
Mno,'- + 2H20 + 2e- -> Mn02 + 40W 
Na' + e- -> Na 
Ni2' + 2e- -> Ni 

NiOOH + H20 + e--> Ni(OHI2 + OW 
NO,-+ 2H' + e· -> NO,+ H20 
NO,-+ 4H' + 3e--> NO + 2H20 
NO,-+ H20 + 2e--> NO,-+ 20H-
02 + 2H20 + 4e--> 40H-

02 + 4H' + 4e- -> 2H20 
o, + e- -> o,-
o, + H20 + 2e- -> HO,- + OW 

0 3 + 2H' + 2e--> 0 2 + H20 
0 3 + H20 + 2e--> 0 2 + 20H
Pb2' + 2e- -> Pb 

Pb4' + 2e- -> Pb2' 
PbS04 + 2e--> Pb + SO,'
Pt2' + 2e- -> Pt 
Pu 4-t + e- ---7 Pu3+ 

Ra'' + 2e--> Ra 
Rb' + e- -> Rb 
s + 2e· -> s'-
s,o ,'- + 2e- _, 2SO,'

Sc'' + 3e- -> Sc 
Sn' ' + 2e· -> Sn 
Sn4+ + 2e- ---7 Sn2+ 

Sr'' + 2e· -> Sr 
Ti2' + 2e- -> Ti 
Ti3+ + e- ---7 Ti 2+ 

Ti4+ + e- ---7 Ti3+ 

Tl' + e--> Tl 
U3'+ 3e- -> U 
U4++ e- ---7 U3+ 

V''+ 2e--> V 

V'' + e· -> V'' 
Zn'' + 2e- -> Zn 

RESOURCE SE CTION 615 

E6/V 

+0.54 
+0.53 
-0.1 4 
- 0.40 
- 0.44 
- 0.34 

-0.49 
- 2.93 
- 2.52 
- 3.05 
- 2.36 
- 1.18 

+1.51 
+1.23 
+1.51 
+0.56 
+ 0.60 
- 2.71 

-0.26 
+ 0.49 
- 0.80 

+ 0.96 
+0.1 0 
+ 0.40 
+1.23 
- 0.56 

-0.08 
+2.07 
+1.24 
- 0.1 3 

+1.67 
- 0.36 

+1.20 
+0.97 
- 2.92 
- 2.93 
- 0.48 

+2.01 
- 2.09 

-0.1 4 
+0.15 
- 2.89 
- 1.63 
- 0.37 

0.00 
-0.34 
- 1.79 

-0.61 
- 1. 19 

-0.26 
- 0.76 





Index 

ab initio methods, 422 
absolute entropy, 100 
absolute zero, 4 
absorbance, 253, 453 
absorption, 487 
absorption spectrometer, 450 
absorption spectroscopy, 451 

acceleration, 15 
acceleration of free fall , 39, 566 
acceptable wavefunctions, 327 
acid, 195 
acid buffer, 211 
acid catalyst, 295 
acid-base titration, 208 

acidity constant, 196 
activated complex, 274 
activation control, 289 
activation energy, 269 

negative, 285 
activation Gibbs energy, 275 
activation-controlled limit, 290 

active site, 295 
activity, 149,179 
activity coefficient, 149 
adiabatic wall, 4 7 
adsorbate, 301 
adsorbent, 301 
adsorption, 301 
adsorption isotherm, 302 
aerosol, 5 60 
AFM, 300 
allotrope, 591 
allowed transition, 380, 453 
ct electron, 3 6 9 
ct-helix, 552 

left-handed, 554 
right-handed, 552, 554 

amide group, VB description, 398 
amino acid, 552 
amount of substance, 5 
ampere (unit), 50, 605 
amphiphilic, 562 
amphiprotic species, 206 
analyte, 208 
angstrom (unit), 605 
angular momentum, 340 

particle on a ring, 341 
particle on a sphere, 344 

angular velocity, 340 
angular wavefunction, 359 
anharmonic, 4 71 
anharmonicity, 4 71 
anharmonicity constant, 4 71 
anharmonicity correction, 4 71 

anion configuration, 3 73 
anisotropy, 466 

antibonding orbital, 403 
anti-ferromagnetic phase, 598 
anti-Stokes lines, 4 71 
anti-Stokes radiation, 455 

antisymmetric stretch, 4 72 
approximation 

Born-Oppenheimer, 392, 422 
orbital, 368 
steady-state, 284 

array detector, 451 
Arrhenius equation, 269 
Arrhenius parameters, 269 
Arrhenius plot, 270, 336 
Arrhenius, S., 269 
atmosphere (unit), 4, 605 
atomic force microscopy (AFM), 300 
atomic number, 356 
atomic orbital, 359 
atomic radius, 375 

atomic spectroscopy, 380, 449 
Aufbau principle, 3 72 
autoprotolysis constant, 197 
autoprotolysis equilibrium, 195 
average rate, 251 
Avogadro's constant, 5, 500 

Avogadro's principle, 8 
azeotrope, 160 
azimuth, 343 

Balmer series, 357 
Balmer, J., 356 
band, 586 
band gap, 587, 596 
band structure, 474 
band width, 586 
bar (unit) , 4, 605 
base, 195 
base buffer, 211 
base catalyst, 295 
basicity constant, 196 
bee, 583 
Beer-Lambert law, 252, 453 , 480 
bending modes, 4 70, 4 73 
benzene 

MO description, 420 
VB description, 399 

BET isotherm, 304 
~ electron, 3 6 9 
~-pleated sheet, 552 
~-sheet, 552 

anti-parallel, 552, 554 
parallel, 552 

bilayer vesicle, 563 
bimolecular reaction, 281 

binary mixture, 11 , 158 
biological standard potential, 236 

body-centred cubic (bee) structure, 583 
Bohr frequency condition, 318, 357, 449 
Bohr magneton, 539 
Bohr radius, 361 
boiling, 130 
boiling point, normal and standard, 130 
boiling temperature, 130 
boiling-point constant, 151 
Boltzmann distribution, 1, 500 
Boltzmann formula, 102, 515 
Boltzmann's constant, 1, 6, 500 
bomb calorimeter, 54 
bond bending, 554 
bond dipole, 429 
bond enthalpy, 69 
bond order, 405 
bond stretching, 554 
bond torsion, 554 
bonding orbital, 403 
Born interpretation, 326, 333, 363 
Born, M., 326 
Born-Haber cycle, 588 
Born-Mayer equation, 590 
Born-Oppenheimer approximation, 392, 

422 
boson, 370, 462 
boundary condition, 324, 327, 357 

cyclic, 342, 344 
boundary surface, 363 
Boyle temperature, 27 
Boyle's law, 6 
Brackett series, 357 
Bragg, L., 576 
Bragg, W., 576 
Bragg's law, 5 77 
Bravais lattices, 573 
breathing mode, 4 7 5 
Bmnsted-Lowry theory, 195 
buffer action, 211 
building-up principle, 372 
butadiene, MO description, 419 

caesium-chloride structure, 584 

cage effect, 289 
calorie (unit), 6 
calorimeter, 49 
calorimeter constant, 50 
calorimetry, 49 
candela (unit), 605 
capillary action, 565 
carbon dioxide 

normal modes, 4 72 
phase diagram, 134 

carbon monoxide 

MO description, 414 
residual entropy, 104 
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carbonic acid speciation, 204 

catalyst, 194, 295 
catalytic constant, 298 
catalytic efficiency, 298 
cathode, 227 
cation configuration, 3 73 
ccp, 582 
cell notation, 230 
cell potential, 231 

variation with temperature, 237 
cell reaction, 230 
Celsius scale, 4 
centre of inversion, 404 
centrifugal distortion, 460 
centrifugal distortion constant, 460 
characteristic points, 130 
charge-coupled device (CCD), 451 
charge-dipole interaction, 434 
charge-transfer transition, 480 

Charles's law, 7 
chemical amount, 5 
chemical equilibrium, 179 
chemical exchange, 53 7 
chemical kinetics, 249 
chemical potential, 13 7 
chemical potential 

general form, 148 
perfect gas, 13 8 
solute, 147 
solvent, 144 

chemical shift, 529 
chemisorption, 301 
cholesteric phase, 5 60 
chromophore, 4 79 
Clapeyron equation, 126 
classical mechanics, 316, 330 
Clausius-Clapeyron equation, 127 
Clebsch-Gordan series, 381 
closed shell, 370 
closed system, 40 
close-packed structure, 581 
cloud point, 5 63 
CMC, 562 
co-adsorption, 304 
coagulation, 5 64 
coalescence criterion, 537 
coefficient 

diffusion, 291 
osmotic virial, 155 
rate, 256 
transmission, 275 
virial, 27 
viscosity, 294 

colatitude, 343 
colligative properties, 151 
collision cross-section, 20, 21 
collision frequency, 21 
collision theory, 2 72 
collisional deactivation, 490 
collisional quenching, 490 
colloid, 559 
colour wheel, 4 78 
combined gas equation, 10 

combining cell potentials, 237 
combustion, 71 
common logarithm, 104 
common-ion effect, 215 
competitive inhibition, 299 
complementary colour, 4 77 
complementary observables, 345 
components, number of, 132 
compression factor, 26 
computational chemistry, 421 
condensation, 64 
conductance, 221 
conduction band, 594, 596 
conductivity, 221 
configuration, 102, 369, 372 

anion, 373 
cation, 373 

conformation, 550 
conformational energy, 553 

conformational entropy, 551 
conjugate acid, 195 
conjugate base, 195 
consecutive reactions, 283 
constant 

acidity, 196 
anharmonicity, 4 71 
autoprotolysis, 197 
Avogadro's, 5, 500 
basicity, 196 
boiling-point, 151 
Boltzmann's, 1, 6, 500 
catalytic, 298 
critical, 25 
cryoscopic, 151 
ebullioscopic, 151 
equilibrium, 180 
Faraday's, 222 
freezing-point, 151 
gas, 6, 500 
Henry's law, 145 
hyperfine coupling, 541 
Madelung, 590 
Michaelis, 296 
normalization, 332 
Planck's, 318 
Rydberg, 357 
shielding, 529 
solubility, 213 
solubility product, 213 
spin-spin coupling, 532 

constant-pressure heat capacity, 59 
constructive interference, 320, 395, 576 
contour length, 551 
cooling curve, 163 

Cooper pair, 595 
coordination number, 582 
correspondence principle, 333 
coulomb (unit), 50 
Coulomb integral, 413, 418 
Coulomb potential, 217 
Coulomb potential energy, 40,217,589 

hydrogenic atom, 357 
covalent bond, 391 

covalent network, 591 

covalent solid, 581 
critical constants, 25 
critical isotherm, 25 
critical micelle concentration 

(CMC), 562 
critical molar volume, 25 

critical point, 25, 130, 131 
critical pressure, 25, 130 
critical temperature, 25, 130 

superconductivity, 595 
cross-link, 54 9 
cryoscopic constant, 151 

crystal systems, 572 
crystallinity, 555 
cubic close-packed (ccp) 

structure, 5 82 
cubic system, 572, 573 
Curie temperature, 598 

curvature and kinetic energy, 328 
cyclic boundary condition, 342, 344 
cyclic process, 53 

d block, 373 
d orbital, 361, 366, 373 
dalton (unit), 549 
Dalton's law, 10 
Daniell cell, 229 
Davies equation, 220 
Davisson, C., 321 
Davisson-Germer experiment, 321 

de Broglie relation, 321, 325, 596 
de Broglie wavelength, 321 
de Broglie, L., 321 
debye (unit), 428 
Debye T3-law, 101 
Debye, P., 219,428, 577 
Debye-Hiickellimiting law, 219 
Debye-Hiickel theory, 219 
definite integral, 44 
degeneracy, 339, 342, 361 
degenerate, 339, 342, 361, 502 
degradation, 5 50 
degree of freedom, 131 
delocalization energy, 421 
delocalized, 4 21 
8 scale, 529 
denaturation, 550 

density, 5 
density functional theory, 422 
deoxyribonucleic acid (DNA), 440, 548, 

553 
depression of freezing point, 151 
derived units, 605 
deshielded, 530 
desorption, 301 
destructive interference, 320, 395, 

576 
detector, 450 
determinant, 419 

deuterium lamp, 451 
dialysis, 5 61 
diamagnetic, 409, 598 



diamagnetism, 599 
diamond, 591 
diathermic wall, 4 7 
differential equation, 324 
differentiation, 23, 123 
diffraction, 320, 576 
diffraction grating, 451 
diffraction pattern, 576 
diffusion, 18, 289 
diffusion coefficient, 291 

variation with temperature, 293 
diffusion control, 289 
diffusion equation, 292 
diffusion-controlled limit, 290 
diode laser, 597 
dipole-dipole interaction, 435, 436 
dipole-induced dipole interaction, 437 
diprotic acid, speciation, 204 
disperse system, 559 
dispersion interaction, 437 

dispersity, 549 
dissociation, 69, 484 
dissociation energy, 4 71 
dissociation limit, 484 
distribution of molecular speeds, 16 
disulfide link, 553 
DNA, 548, 553 
domain, 598 
dopant, 594 
Doppler effect, 388,455 
doublet term, 383 
drift speed, 222 
dynamic equilibrium, 125 

ebullioscopic constant, 151 
effect 

cage, 289 
common-ion, 215 
Doppler, 388, 455 
Joule-Thomson, 30 
Meissner, 599 
photoelectric, 319 

effective mass, 469 
effective nuclear charge, 371, 375 
effective rate constant, 259 
effusion, 18 
Einstein coefficient of spontaneous 

emission, 452 
Einstein coefficient of stimulated 

absorption, 452 
Einstein coefficient of stimulated emission, 

452 
Einstein relation, 293 
Einstein, A., 319, 451 
elastomer, 555 

electric constant, 40 
electric current, 50 
electric dipole, 428 
electric dipole moment, 428 

vector addition, 430 
electric double layer, 564 
electrical charge, 50 
electrical conductivity, 587, 594 

electrical work, 41,231 
electrochemical cell, 224 
electrochemical series, 23 6 
electrode, 224 
electrode compartment, 224 
electrode concentration cell, 230 
electrodialysis, 561 
electrokinetic potential, 564 

electrolyte, 217 
electrolyte concentration cell, 230 
electrolytic cell, 225 
electromagnetic radiation, 316 
electromagnetic spectrum, 450 
electromotive force (emf), 231 
electron affinity, 3 78 
electron density, 423 
electron density reconstruction, 578 
electron diffraction, 3 22, 57 6 
electron gain, 67 
electron paramagnetic resonance (EPR), 

539 
electron spin resonance (ESR), 539 
electron transfer, 490 
electronegativity, 411 

Mulliken, 412 
Pauling, 412, 428 

electron-gain enthalpy, 378 
electronic absorption, 4 78 
electronvolt (unit), 320, 335, 482, 605 
electrostatic potential surface, 423 
elementary reaction, 281 

elevation of boiling point, 151 
Eley-Rideal mechanism, 305 
Eley-Rideal rate law, 305 
emf, 231 
emission spectrometer, 450 
emulsifying agent, 561 
emulsion, 5 60 
encounter pair, 289 
endergonic compound, 184 
endergonic reaction, 181 
endothermic compounds, 76 
endothermic process, 48 

energies 
electron in a magnetic field, 53 9 
harmonic approximation, 469 
harmonic oscillator, 348 
hydrogenic atom, 357 
linear rotor, 4 58 

many electron-atoms, 374 
metal orbitals, 586 
nucleus in a magnetic field, 524, 525 
particle in a one-dimensional box, 333 
particle in a two-dimensional box, 33 7 
particle on a ring, 34 2 
particle on a sphere, 344 
symmetric rotor, 461 
vibration-rotation, 4 74 

energy, 1 
defined, 39 
internal, 52 

enthalpy, 58 
dissolving, 145 

INDEX 619 

heat transferred at constant pressure, 58 
mixing, 140 
temperature dependence, 59 

enthalpy change, 58 
addition of, 65 

enthalpy of activation, 275 
entropy, 89 

absolute, 100 
Boltzmann formula, 102 
conformational, 551 
dissolving, 145 
hydrophobic effect, 440 
low temperature, 101 
mixing, 140 
molecular interpretation, 102 
partition function, 515 
residual, 104 
state function, 90 
statistical, 102 
Third-Law, 100 
variation with temperature, 95 

entropy change, 89 
experimental determination, 95 
heating, 94 
isothermal expansion, 93 
phase transition, 96 

surroundings, 98 
entropy of activation, 275 
entropy of fusion, 96 
entropy of vaporization, 96 
enzyme, 295, 548 
EPR, 539 
EPR spectrometer 

continuous wave (CW), 540 
Fourier transform (IT), 540 

EPR spectrum, 540 
equation 

Arrhenius, 269 
Born-Mayer, 590 
Clapeyron, 126 
Clausius-Clapeyron, 127 
combined gas, 10 
Davies, 220 
diffusion, 292 
Eyring, 275 
Gibbs-Hemlholtz, 122 
Henderson-Hasselbach, 208 
Karplus, 533 
Laplace, 5 65 
McConnel, 543 
Nernst, 232 
Schrodinger, 323 
Stern-Volmer, 488 
van der Waals, 28, 29 
van 't Hoff (equilibrium constant), 191 
van 't Hoff (osmosis), 154 

equation of state, 5 
equilibrium 

approach to, 2 78 
autoprotolysis, 195 
chemical, 1 79 
mechanical, 4 3 
thermodynamic criterion, 139 
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equilibrium bond length, 392 
equilibrium composition 

effect of a catalyst, 194 
effect of compression, 192 
effect of temperature, 190 

equilibrium constant 
cell potential, 235 
concentration form, 188 
defined, 180 
molecular interpretation, 188 

partition function, 517 
relation to rate constant, 277 
temperature dependence, 191 

equilibrium table, 186 
equipartition theorem, 55 
equivalence of work and heat, 52 
ESR, 539 
essential symmetries, 573 
ethene 

MO description, 417 
VB description, 396 

ethyne, VB description, 396 
eutectic, 164, 166 
eutectic composition, 164 
eutectic halt, 164 
evaporation, 63 
excluded molar volume, 28 
exclusion rule, 475 

exergonic compound, 184 
exergonic reaction, 181 
exothermic compounds, 76 
exothermic process, 48 
expansion work, 41 
exponential decay, 263 
exponential function, 17 
extensive property, 5 
extinction coefficient, 253,453 
Eyring equation, 275 

f block, 373 
f orbital, 361 
Faraday's constant, 222 
far-infrared radiation, 450 
Fermi contact interaction, 534 
Fermi level, 587, 594 
fermion, 370, 462 
ferromagnetic phase, 598 
fibre, 555 
Fick's first law, 291 
Fick's second law, 292 
fine structure, 532 
fingerprint region, 474 
first derivative, 23 
first ionization energy, 3 77 
first ionization enthalpy, 66 
First Law of thermodynamics, 53 
first-order reaction, 258, 262, 263 
flash photolysis, 254 
flocculation, 5 64 
flow method, 253 
fluorescence, 450, 484, 487 
fluorescence resonance energy transfer 

(FRET),490 

fluorescence spectrum, 485 
flux, 290 
Fock, V., 374 
forbidden transition, 380, 453 
force, 4, 14, 15 
force constant, 347,468 
Forster theory, 490 
Forster, T., 490 
Fourier synthesis, 578 
Fourier transform (IT) spectrometer, 451 
Fourier transform NMR (IT-NMR), 527 
Fourier transform (IT) techniques, 451 
four-level laser, 597 
fraction deprotonated, 197 
fraction protonated, 199 
fractional composition, 203 

fractional coverage, 301 
fractional distillation, 158, 159 
Franck-Condon principle, 479, 482, 485 
free electron, 5 41 
free energy, 87, 107 
free expansion, 4 2 

freely jointed chain, 550 
freezing, 64 
freezing temperature, 130 
freezing-point constant, 151 
frequency, 317,449 
frequency factor, 269 
FRET, 490 
Friedrich, W., 576 
frontier orbitals, 415 
IT, 451 
IT-NMR,527 
fuel cell, 225 
fusion, 64 

g orbital, 361 
galvanic cell, 225 
gas, 3 

kinetic model, 13 
kinetic molecular theory, 3 
liquefaction, 30 
perfect, 6 

gas constant, 6, 500 
gas discharge lamp, 451 
gas electrode, 22 7 
Gaussian function, 17, 455 
gaussian-type orbital (GTO), 422 
gel, 560 
gerade, 404 
Gerlach, W., 369 
Germer, L., 321 
Gibbs energy, 107 

activation, 275 
dissolving, 145 
mixing, 139 
non -expansion work, 1 0 8 

partition function, 516 
variation with pressure, 119 
variation with temperature, 120 

Gibbs energy change, 108 
Gibbs,J.W., 107 
Gibbs-Helmholtz equation, 122 

glancing angle, 5 77 
glass electrode, 236 
glass transition temperature, 557 
global minimum, 555 
globar, 451 
Graham's law, 19 
graphene, 591 
graphite, 591 
gravitational potential energy, 39 
greenhouse gas, 4 73 
gross selection rule, 452 

infrared spectroscopy, 4 70, 4 73 
microwave spectroscopy, 464 
rotational Raman spectroscopy, 466 
vibrational Raman spectroscopy, 4 71, 

475 
Grotrian diagram, 381 
Grotthuss mechanism, 223 
ground state, 35 6 
ground-state configuration, 3 72 

neutral atoms, 3 72 
Period 2 homonuclear diatomics, 408 

group, 375 
GT0,422 
Gunn diode, 450 
g-value 

electron, 539 
radical, 541 

gyromagnetic ratio, 539 

half-life, 267 
first-order reaction, 267 
second-order reaction, 268 

half-mder reaction, 25 8 
half-reaction, 226 
Hall-Herault process, 225 
Hamilton, W., 324 
hamiltonian, 324 
harmonic oscillator, 347, 509 
Hartree, D.R., 374 
Hartree-Fock self-consistent field 

(HF-SCF) procedure, 374 
hcp, 581 
head group, 5 62 
heat 

defined, 47 
isothermal, reversible expansion, 51 
molecular interpretation, 48 
sign convention, 4 7 

heat capacity, 48 
constant-pressure, 49, 59 
constant-volume, 49 

partition function, 514 
relation between, 60 
relation to energy levels, 514 

heat engine, 90 
efficiency, 91 

heat pump, 92 
heating, 47 
Heisenberg uncertainty principle, 328 
Heisenberg, W., 328 
Henderson-Hasselbach equation, 208 
Henry, W., 145 



Henry's law, 14 5 
Henry's law constant, 146 

Hess's law, 73 
heterogeneous catalyst, 300 
heterogenous catalysis, 300 
heteronuclear diatomic, 404, 411 
hexagonal system, 573 
hexagonally close-packed (hcp) structure, 

581 
HP-SCP, 374 
highest occupied molecular orbital 

(HOM0),415 
high-temperature superconductor, 593 
HOM0,415 
homogeneous catalyst, 295 
homonuclear diatomic, 401 

Hooke's law, 347, 556 
hour (unit), 605 
Hiickel approximations, 418,586 
Hiickel theory, 417 
Hiickel, E., 219,417 
Hull,A.,577 
Hund's rule, 372,383,409,414,535 
hybrid orbital, 395 
hybridization, 396 
hybridization and bond angle, 397 
hydrodynamic radius, 223 
hydrogen atom, spectrum, 356 

hydrogen bond, 439 
hydrogen bonding, 439, 552, 554 
hydrogen electrode, 227, 236 
hydrogenic atom, 356 

Coulomb potential energy, 357 
mean radius, 361 

hydrogenic orbital, 359 
hydronium ion, 195 
hydrophilic, 5 62 
hydrophobic, 440, 562 
hydrophobic effect, 440 
hydrostatic pressure, 566 
hyperfine coupling constant, 541 
hyperfine structure, 541 

ice polymorphs, 134 
ice structure, 591 
ideal-dilute solution, 146 
ideal solution, 143, 179 
indefinite integral, 44 
induced dipole moment, 431 
inflection, 24 
infrared active, 4 70 

infrared inactive, 4 70 
infrared spectroscopy, 4 70 

gross selection rule, 4 70, 4 73 
specific selection rules, 4 70 

inhibitor, 299 
initial rate, 259 
instantaneous rate, 251 
insulator, 593 
integrated absorption coefficient, 455 
integrated rate law, 262 

first-order, 263 
second-order, 264 

zeroth-order, 262 
integration, 44 
intensive property, 5 
intercept, 7 
interference, 320 
internal conversion, 484,487 
internal energy, 52 

molecular basis, 55 
partition function, 513 

internal energy and enthalpy of reaction, 

relation between, 73 
internal energy of ionization, 377 
intersystem crossing, 486, 487 
inversion symmetry, 404 
ion-dipole interaction, 433 
ionic atmosphere, 219 

ionic conductivity, 221 
ionic radius, 376, 585 
ionic solid, 581 
ionic strength, 219 
ionic-covalent resonance, 399 
ion-ion interaction, 433 

ionization energy, 66, 358, 438, 481 
first, 377 
second, 377 

isodensity surface, 423 
isoelectric point, 5 64 
isolated system, 40 
isolation method, 259 
isomorphous replacement, 579 
isosbestic point, 481 
isotherm, 7 

critical, 25 

Jablonski diagram, 485 
joule (unit), 40, 605 
Joule, J., 31 
Joule-Thompson effect, 30 

Karplus equation, 533 
Kekule structures, 399 
kelvin (unit), 4, 605 
Kelvin scale, 4 
kilogram (unit), 605 
kinetic control, 286 
kinetic energy, 13, 15, 39 

angular motion, 341 
particle on a ring, 341 

kinetic energy and curvature, 328 
kinetic energy density, 36 
kinetic model of gases, 13 
kinetic molecular theory, 3 
Kirchhoff's law, 77 
Knipping, P., 576 
Krafft temperature, 562 

A.-line, 134 
lamellar micelle, 563 
Langmuir isotherm, 302, 303, 304 
Langmuir-Hinshelwood mechanism, 305 
Langmuir-Hinshelwood rate law, 305 
lanthanide contraction, 376 
Laplace equation, 565 

Larmor precession frequency, 527 
laser, 450, 596 
lattice, 572 
lattice energy, 589 
lattice enthalpy, 588 
law 
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Beer-Lambert, 252, 253,453, 480 
Boyle's, 6 
Bragg's, 577 
Charles's, 7 
conservation of energy, 40 
conservation of momentum, 15 
Dalton's, 10 
Debye-Hiickel, 219 
Debye T3

, 101 
Pick's first, 291 
Pick's second, 292 
First, of thermodynamics, 53 
Graham's, 19 
Henry's, 14 5 
Hess's, 73 

Hooke's, 347,556 
Kirchhoff's, 77 
Nernst distribution, 165 
Raoult's, 142 
second, of motion, 15, 555 
Second, of thermodynamics, 89 
Stokes', 222 
Third, of thermodynamics, 100 

LCA0,401 
Le Chatelier's principle, 190 
Lennard-Janes (12,6) potential energy, 

441 
Lennard-Jones parameters, 441 

level, 502 
lever rule, 161 
Lewis structure, 391 
Lewis theory of covalent bonding, 391 
Lewis, G.N., 391 
lifetime broadening, 4 56 
light as particles, 319 
light-emitting diode, 450, 596 
limiting molar conductivity, 220 
Linde refrigerator, 31 
Lindemann mechanism, 287 

Lindemann, F., 287 
line broadening, 4 56 
linear combination of atomic orbitals 

(LCA0),401 
linear momentum, 14, 15, 340 
linear operator, 325 

linear rotor, 4 58 
Boltzmann population, 463 
maximally populated level, 463 

Lineweaver-Burk plot, 297 
linewidths, 455 
lipid bilayer, 5 61 
liquefaction of gases, 30 
liquid crystal, 55 9 
liquid junction, 224 
liquid junction potential, 230 
liquid-liquid phase diagram, 160 
liquid-solid phase diagram, 162 
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liquidus, 162 
liquid-vapour boundary, 125 
litre (unit), 4, 6, 605 
local minimum, 555 

logarithm, 104 
London formula, 438 
London interaction, 437 
lone pair, 391 
long period, 373 
lower consolute temperature, 162 

lower critical solution temperature, 162 
lowest unoccupied molecular orbital 

(LUMO), 415 
LUMO, 415 
Lyman series, 357 

macromolecule, 548 
Madelung constant, 590 
magnetic field, 525, 597 
magnetic induction, 525 
magnetic moment, 539 
magnetic quantum number, 359 

magnetic susceptibility, 531, 597 
magnetization, 597 
magnetogyric ratio, 539 
many-electron atom, 368 
many-electron wavefunctions, 368 
matter wave, 321, 332 
maximum velocity, 297 
Maxwell distribution of speeds, 17, 455 
McConnel equation, 543 
mean activity coefficient, 218 
mean bond enthalpy, 70 
mean free path, 19 
mean radius, hydrogenic atom, 361 
mean speed, 15, 16 
mechanical equilibrium, 43 
mechanical work, 41 
Meissner effect, 599 
melting temperature, 130, 557 
mesophase, 559 
metal-insoluble salt electrode, 228 
metallic conductor, 593 
metallic solid, 581 
metre (unit), 605 
micelle, 440, 5 62 
Michaelis constant, 296 
Michaelis-Menten mechanism, 295 

Michaelis-Menten rate law, 296 
Michelson interferometer, 451 
microwave radiation, 450, 540 

microwave spectroscopy, 458 
gross selection rule, 464 
specific selection rules, 464 

Miller index, 574 
millilitre (unit), 4 
mixture 

binary, 11, 158 
perfect gas, 10 
phase diagram, 158 

mobility, 222 
molality, 148 
molar absorption coefficient, 252, 453 

molar concentration, 5, 148 
molar conductivity, 220 
molar enthalpy, 58 
molar Gibbs energy, 117 

partition function, 516 
molar heat capacity, 48 
molar internal energy, 52 
molar mass, 5 
molar solubility, 213 
molar volume, 8 

critical, 25 
mole,5 
mole (unit), 605 
mole fraction, 11 
molecular dynamics, 555 
molecular interactions, 24 

molecular mechanics, 555 
molecular orbital, 401 

criteria for building, 406, 409, 414, 
417 

energy level diagram, 406 
molecular orbital (MO) theory, 401 
molecular potential energy curve, 392 
molecular solid, 581, 590 
molecular spectroscopy, 449 
molecularity, 281 
molten globule, 172 
moment of inertia, 340,458, 459 
monochromatic, 317, 450 
monochromator, 451 
monoclinic system, 573 
monodisperse, 548 
monomer, 548 
Mulliken electronegativity scale, 412 
Mulliken, R., 412 
multiplicity, 383 

n orbital, 417 
natural logarithm, 104 
Nd:YAG laser, 597 
near-infrared radiation, 450 

Nee! temperature, 598 
nematic phase, 5 59 
neodymium laser, 597 
Nernst distribution law, 165 
Nernst filament, 451 
net absorption, 451 
neutron diffraction, 576 
newton (unit), 4, 605 
Newton, 1., 316, 320 
NMR,527 
NMR spectrometer, 52 7 
nodal plane, 365, 403 
node, 333 
nonbonding orbital, 417 
non-competitive inhibition, 299 
non-electrolyte, 217 
non-expansion work, 54, 108, 565 
nonpolar molecule, 428 
non-radiative decay, 484 
non-spontaneous change, 88 
normal boiling point, 130 
normal freezing point, 130 

normal melting point, 130 
normal mode, 4 73 
normalization constant, 332 
n-to-7t"' transition, 479 

n-type semiconductivity, 594 
nuclear g-factor, 525 
nuclear magnetic resonance (NMR), 527 
nuclear magnetogyric ratio, 524 
nuclear magneton, 524 
nuclear model, 357 
nuclear spin quantum number, 524 
nuclear statistics, 462, 466 
number-average molar mass, 548 

observed fluorescence lifetime, 487 
open system, 40 

operator, 325 
orbital angular momentum quantum 

number, 344, 359 
orbital approximation, 368 
orbital occupation, 372 
order of reaction, 25 8 

ordinary differential equation, 324 
orthorhombic system, 573 
osmosis, 154 
osmotic pressure, 151, 154 
osmotic virial coefficient, 155 
overall order, 258 
overlap integral, 402, 413 
overtones, 4 71 
oxidant, 225 
oxidation number, 225 
oxidation state, 225 
oxidizing agent, 225 

p band, 587 
P branch, 474 
p orbital, 361, 365 
packing fraction, 5 82 
paired spins, 3 70 
parabolic potential approximation, 468 
parabolic potential energy, 348 
paramagnetic, 409, 598 
paramagnetism, 59 8 
parity, 404 
partial charge, 430, 433 
partial derivative, 54, 292 
partial differential equation, 338 
partial molar Gibbs energy, 137 
partial molar property, 136 
partial molar volume, 136 
partial pressure, 10 
partial vapour pressure, 142 
partially miscible liquids, 160 
particle in a one-dimensional box, 331 
particle in a two-dimensional box, 336 
particle on a ring, 341 

particle on a sphere, 343 
particles as waves, 320 
partition function, 501, 504 

electronic, 510 
entropy, 515 
equilibrium constant, 517 



factorization, 506 
Gibbs energy, 516 
heat capacity, 514 
internal energy, 513 
molar Gibbs energy, 516 
molecular, 506, 510 
rotational, 508 
standard molar Gibbs energy, 517 
translational, 507 
vibrational, 509 

pascal (unit), 4, 605 
Pascal's triangle, 533, 542 
Paschen series, 357 
Pauli exclusion principle, 370, 393, 405, 

414,441 
Pauli principle, 370, 405, 462, 534 
Pauli, W., 370 
Pauling electronegativity, 412, 428 
Pauling, L., 412 
penetration, 3 71 
peptide link, 550 
peptizing agent, 561 
perfect elastomer, 555 
perfect gas, 6 
perfect gas equation of state, 6 
perfect gas Ia w, 6 
perfect gas versus real gas, 6 
period, 317, 375 
periodic table, 373 
permittivity, 40, 434 
Pfund series, 357 
pH, 195 

buffer solution, 211 
curve, 208 
determination, 236 
relation between pH and pOH, 197 
salt solution, 206 
stoichiometric point, 210 
variation of cell potential, 235 

phase, 62 
phase boundary, 124 
phase diagram, 124 

alloy of copper and aluminium, 171 
carbon dioxide, 134 
helium-4, 134 
liquid crystal, 560 
liquid-liquid, 160 
liquid-solid, 162 
silver/tin, 171 
steel, 172 
water, 133 

phase rule, 131 
phase stability, 117 
phase transition, 63, 115 
phases, number of, 132 
phosphorescence, 484 
phosphoric acid speciation, 205 
photodiode, 451 
photoejection, 319, 481 
photoelectric effect, 319 
photoelectron spectrometer, 482 
photoelectron spectroscopy, 481 
photoelectron spectrum, 482 

photon, 319 
physical quantity, 5 
physisorption, 301 
1t bond, 394, 407 

g,u character, 407 
It-electron binding energy, 420 
1t-stacking interaction, 553 
1t-to-1t"' transition, 479 
Planck's constant, 318 
Planck, M., 318 
plastic, 555, 556 
p-n junction, 596 
point electric dipole, 428 
polar bond, 411 
polar molecule, 428 
polarity, 429 
polarizability, 432, 466 
polarizability volume, 432 
polarization mechanism, 534 
polychromatic, 450 
polychromator, 451 
polydisperse, 548 
polydispersity index, 549 
polymer, 548 
polymorph, 134 
polynucleotide, 548, 552, 553 
polypeptide, 548, 550, 552 
polyprotic acid, 202 
polysaccharide, 548 
population, 500 
population difference 

electrons, 540 
spin-'h nuclei, 525 

population inversion, 596 
position-momentum uncertainty 

relation, 329 
potential energy, 13, 39 

parabolic, 348 
harmonic oscillator, 34 7 

powder diffractometer, 577 
power, 50 
power series, 31 
precession, 526 
predissociation, 485 
pre-equilibrium, 284 
pre-equilibrium rate law, 284 
pressure, 4 

critical, 25, 130 
primary structure, 549 
principal quantum number, 357, 359 
principle 

Aufbau, 372 
Avogadro's, 8 
building-up, 372 
correspondence, 333 
Franck-Condon, 479, 482, 485 
Le Chatelier's, 190 
Pauli, 370, 405, 462, 534 
Pauli exclusion, 370,393,405,414, 

441 
uncertainty, 328 

probabilistic interpretation, 326 
probability density, 326 

harmonic oscillator, 349 
particle in a one-dimensional 

box,333 
promoted, 395 
promotion, 395 
proton magnetic resonance, 52 7 
pseudofirst-order rate law, 259 
pseudofirst-order reaction, 259 
pseudosecond-order rate law, 259 
pseudosecond-order reaction, 259 
p-type semiconductivity, 594 
pulse radiolysis, 254 

Q branch, 4 7 4 
Q-band, 540 
quadratic equation, 187 
quantized, 1, 327 
quantum mechanics, 323 
quantum number, 332, 359 

magnetic, 359 
nuclear spin, 524 
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orbital angular momentum, 344, 
359 

principal, 357, 359 
spin, 369 
spin magnetic, 369 
total angular momentum, 383 
total orbital angular momemtum, 

381 
total spin angular momentum, 

383 
vibrational, 348 

quantum theory, 316 
quantum yield of fluorescence, 487 
quartz-tungsten lamp, 451 
quaternary structure, 550 
quench, 488 
quenching, 488 
quenching methods, 254 

R branch, 474 
radial distribution function, 363 
radial node, 365 
radial wavefunctions, 359, 363 
radiative decay, 484 
radioactive decay, 283 
radiofrequency radiation, 52 7 
radius of gyration, 551 
radius of shear, 5 63 
radius ratio, 584 
radius-ratio rule, 584 
Ramachandran plot, 554 
Raman active, 466 
Raman inactive, 466 
Raman scattering, 455 
Raman shift, 466 
Raman spectrometer, 450 
Raman spectroscopy, 450, 455 
random coil, 550 
random walk, 290 
Raoult, F., 142 
Raoult's law, 142 
rate coefficient, 25 6 
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rate constant 
definition, 256 
relation to equilibrium constant, 2 77 
relation to viscosity, 294 
variation with temperature, 269,272 

rate law, 256 
formulation, 282 
Michaelis-Menten, 296 

rate-determining step, 286 
Rayleigh radiation, 455 
reaction coordinate, 2 7 5 
reaction enthalpy, 73 

temperature dependence of, 76 
reaction Gibbs energy, 178 

electrochemical determination, 231 
variation with composition, 179 

reaction mechanism, 281 
reaction order, 258 
reaction profile, 2 72 
reaction quotient, 179 

half-reaction, 228 
real gas, 6 
real solution, 149 
real-time analysis, 253 
redox couple, 226, 22 7 
redox electrode, 229 
redox reaction, 225 
reduced mass, 357 
reducing agent, 225 
reductant, 225 
reference state, 74 
refractive index, 316 
refrigerator, 91 

efficiency, 92 
relation between pH and pOH, 197 
relation between pK, and pKb, 197 
relation between the Einstein coefficients, 

452 
relation of equilibrium constants to rate 

constants, 277 
relative permittivity, 217,434 
relative populations, 500 
relaxation, 279, 535 
relaxation methods, 279 
relaxation time, 279 
residual entropy, 104 
resonance, 398, 523 
resonance condition, 526, 529, 540 
resonance energy transfer, 4 90 

efficiency, 491 
resonance hybrid, 399 
resonance integral, 413, 418 
resonance stabilization, 399 
restoring force, 347, 555 
resultant vector, 382 
reverse osmosis, 15 6 
reversible expansion, 43 
reversible process, 43 
rhombohedral system, 573 
ribonucleic acid (RNA), 553 
rigid rotor, 4 58 
ring current, 531 
RNA,553 

rock-salt structure, 584, 585 
root-mean-square separation, 551 
root-mean-square speed, 13, 16 
rotation, 1 
rotational constants 

linear rotor, 458 
symmetric rotor, 4 61 

rotational motion, 343 
rotational Raman spectra, 466 
rotational Raman spectroscopy 

gross selection rule, 466 
specific selection rules, 466 

rotational transition frequency, 465 
rotationally active, 464 
rotationally inactive, 464 
rule 

exclusion, 4 7 5 
Hund's, 372,383,409,414,535 
radius-ratio, 584 
Trouton's, 97 

Russell-Saunders coupling, 381 
Rydberg constant, 357 
Rydberg formula, 357 
Rydberg, J., 357 

s band, 586 
s electron, 361 
s orbital, 361, 362 
salt bridge, 224 
SATP, 9 
saturated solution, 213 
saturation, 535 
scanning tunnelling microscopy (STM), 

300 
SCF, 422 
Scherrer, P., 577 
SchrOdinger equation 

freely moving particle, 325 
harmonic oscillator, 348 
introduced, 323 
many-electron atoms, 374 
particle in a one-dimensional box, 332 
particle in a two-dimensional box, 

337 
Schrodinger, E., 323 
second (unit), 605 
second derivative, 24 
second ionization energy, 377 
second ionization enthalpy, 66 
second law of motion, 15, 555 
Second Law of thermodynamics, 89 
secondary structure, 550 
second-order integrated rate law, 264, 

265 
second-order reaction, 258, 264, 265 
secular determinant, 419 
secular equations, 418 
selection rules, 380, 452 

hydrogenic atoms, 381 
many-electron atoms, 385 

self-consistent field (SCF) procedure, 422 
semiconductor, 593 
semi-empirical methods, 422 

separation of variables, 33 7, 33 8 
hydrogenic atom, 359 

SHE, 233 
shell, 361 
shielded, 530 
shielded nuclear charge, 371 
shielding, 371 
shielding constant, 529 

group contribution, 530 
local contribution, 530 
solvent contribution, 530 

SI, 5 
SI base units, 5, 605 
SI prefixes, 5, 606 
SI units, 5 
cr bond, 393, 405 
cr electron, 402 
cr orbital, 402 
simultaneous equations, 419 
singlet state, 486 
singlet term, 383 
slip plane, 5 83 
slope, 7 
smectic phase, 5 59 
sol, 560 
solid-liquid phase boundary, 126 
solid-solid phase boundary, 125 
solidus, 162 
solid-vapour boundary, 125 
solubility constant, 213 
solubility product, 213 
solubility product constant, 213 
solubility, effect of added salt, 216 
sp hybrid orbital, 396 
sp2 hybrid orbital, 396 
sp3 hybrid orbital, 396 
sp3d hybrid orbital, 397 
sp3d2 hybrid orbital, 397 
sparingly soluble salt, 213 
speciation, 202 

carbonic acid, 204 
phosphoric acid, 205 

specific heat capacity, 48 
specific selection rules, 453 

infrared spectroscopy, 4 70 
microwave spectroscopy, 464 
rotational Raman spectroscopy, 466 
vibrational Raman spectroscopy, 4 71 

spectrometer, 450 
spectrophotometry, 252 
spectroscopic line, 35 6 
spectroscopy, 449 
spectrum, 317 
speed, 15 
speed 

root-mean-square, 13, 16 
mean, 15, 16 

speed of light, 316 
sphalerite structure, 5 85 
spherical harmonics, 344, 359 
spherical rotor, 459, 462 
spin, 369 
spin correlation, 372 



spin density, 543 
spin magnetic quantum number, 369 

spin quantum number, 369 
spin-1 particle, 3 70 
spin-'h particle, 3 70 
spin-lattice relaxation time, 535 
spin-<>rbit coupling, 384 
spin-spin coupling, 532 
spin-spin coupling constant, 532 
spin-spin relaxation time, 536 
spontaneous change, 88 
spontaneous emission, 452 
spontaneous process, Gibbs energy, 108 
stable compound, 184 
standard ambient temperature and 

pressure, 9 
standard boiling point, 130 
standard cell potential, 232 
standard chemical potential, 138 
standard electron-gain enthalpy, 67 
standard enthalpy of combustion, 72 
standard enthalpy of formation, 74 
standard enthalpy of fusion, 64 
standard enthalpy of ionization, 66, 3 77 
standard enthalpy of sublimation, 65 
standard enthalpy of vaporization, 63 
standard Gibbs energy of formation, 183 
standard hydrogen electrode (SHE), 233 
standard molar entropy, 101 
standard molar Gibbs energy, partition 

function, 51 7 

standard potential, 233 
standard reaction enthalpy, 73, 75, 182 
standard reaction entropy, 106, 182 

electrochemical determination, 237 
standard reaction Gibbs energy, 179,183 
standard state, 62, 149 
standard temperature and pressure, 9 
state, 4, 502 
state function, 53 
statistical entropy, 102 
statistical thermodynamics, 499 
steady-state approximation, 284 

steric factor, 274 
Stern, 0 ., 369 
Stern-Gerlach experiment, 369 
Stern-Volmer equation, 488 
Stern-Volmer plot, 488 
stimulated absorption, 451 
stimulated emission, 452 
STM,300 
stoichiometric number, 252 
stoichiometric point, 206 
Stokes lines, 4 71 
Stokes radiation, 455 
Stokes' law, 222 
stopped-flow technique, 254 
STP,9 
stretching modes, 4 70 
strong acid, 196 
strong base, 197 
structure factor, 578 
sublimation, 65 

sublimation vapour pressure, 125 
subshell, 361 
substrate, 295, 301 
superconducting magnet, 527 
superconductivity, 595 
superconductor, 593 
supercritical fluid, 26, 130 
superfluid, 134 
superposition, 328, 393, 401 
surface excess, 567 
surface tension, 565 
surfactant, 561 
surroundings, 40 
symmetric rotor, 459,461 

symmetric stretch, 4 72 
symmetry number, 508 
system, 40 

Taylor-Maclaurin series, 31 
temperature, 1, 4 

critical, 25, 130 
thermodynamic, 4 

temperature jump, 279 
temperature-composition diagram, 158 
term, 381 
term symbol, 381 
tertiary structure, 5 50 
tetragonal system, 573 
theorem 

equipartition, 55 
variation, 398 

theory 
Bmnsted-Lowry, 19 5 
collision, 2 72 
Debye-Hi.ickel, 219 
density functional, 422 
Forster, 490 
Hi.ickel, 417 
kinetic molecular, 3 
Lewis, 391 
molecular orbital (MO), 401 
transition-state, 274 

valence bond, 392 
thermal analysis, 125 
thermochemical equation, 63 
thermodynamic temperature, 4 
thermodynamics, 3 7 
Third Law of thermodynamics, 100 
Third-Law entropy, 100 
Thomson, W. (Lord Kelvin), 31 
time of flight, 20 
titrant, 208 
titration, 208 
torr (unit ), 6 
total angular momemtum quantum 

number, 383 
total energy, 40, 512 
total orbital angular momentum quantum 

number, 381 
total spin angular momentum quantum 

number, 383 
transition, 380 
transition dipole moment, 452 

transition metal, 3 73 
transition state, 275 

transition temperature, 121 
transition-state theory, 274 
translation, 1, 331 
translational kinetic energy, 331 
translational motion, 331 
transmission coefficient, 275 

transmission probability, 335 
transmittance, 453 
trial wavefunction, 398 
triclinic system, 573 
triple point, 4, 131 
triplet state, 486 
triplet term, 383 
triprotic acid, speciation, 204 
Trouton's rule, 97 

tunnelling, 335 
turning point, 4 79 
turnover frequency, 298 

Type I superconductor, 598 
Type II superconductor, 599 

ultraviolet and visible spectra, 4 77 
ultraviolet radiation, 450 
uncertainty principle, position-

momentum, 328 
ungerade, 404 
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unimolecular reaction, 281,282,287 
unique rate, 252 
unit cell, 572 
universe, 40 
unstable compound, 184 
upper consolute temperature, 162 
upper critical solution temperature, 162 

vacuum permittivity, 40, 217 

valence, 3 72 
valence band, 594, 596 
valence bond (VB) wavefunctions, 393 
valence bond theory, 392 
valence electron, 3 72, 3 7 6 
valence shell, 373, 376, 391 
valence-shell electron pair repulsion 

model (VSEPR), 391 
van 't Hoff equation 

equilibrium constant, 191 
osmosis, 154, 155 

van der Waals attraction, 440 

van der Waals equation, 28 
van der Waals equation of state, 29 
van der Waals interactions, 433, 553 
van der Waals parameters, 29 
van der Waals, J., 28 
van der Waals' loops, 29 
vaporization, 63 
vapour, 25 
vapour deposition, 65 
vapour distinct from gas, 25 
vapour pressure, 124 

variation with temperature, 128 

variation theorem, 398 
vector, 345 
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vector addition, 382, 430 
vector model, 345 
vector subtraction, 382 
velocity, 15 
vertical transition, 4 79 
vibration, 1 
vibrational frequency, 348, 469 
vibrational quantum number, 348 
vibrational Raman spectroscopy, 4 71 

gross selection rule, 471, 475 
specific selection rules, 4 71 

vibrational structure, 4 78 
vibration-rotation spectrum, 474 
virial coefficients, 27 
virial equation of state, 27 
viscosity, 222 

coefficient, 294 
relation to rate constant, 294 
variation with temperature, 293 

visible radiation, 450 
volt (unit), 50 
voltaic cell, 225 
volume, 4 
volume magnetic susceptibility, 597 
von Laue, M., 576 
VSEPR, 391 

water 
MO description, 416 
phase diagram, 133 
residual entropy, 105 
triple point, 133 
VB description, 394, 398 

watt (unit), 50, 605 
wavefunctions, 323 

angular, 359 
harmonic oscillator, 349 
hydrogenic atom, 359 
many-electron atoms, 368, 374 
particle in a one-dimensional box, 332 
particle in a two-dimensional box, 337 
particle on a sphere, 344 
radial, 359, 363 
valence bond (VB), 393 

wavelength, 316,449 
wavenumber, 317,449 
wave-particle duality, 322 
weak acid, 196 
weak base, 197 
weight of a configuration, 102 
weight-average molar mass, 548 
width at half-height, 455 
work, 39 

electrical, 41,231 
expansion, 41 
isothermal, reversible, 43, 44 
maximum,43 
mechanical, 41 
molecular interpretation, 41 
non-expansion, 54, 108, 565 
sign convention, 41 

work function, 319 

X-band, 540 
xenon discharge lamp, 451 
X-ray diffraction, 575 
X-ray diffractometer, 578 
X-rays, 576 

zero-current potential, 231,232 
zero-point energy 

particle in a one-dimensional box, 333 
harmonic oscillator, 349 
particle in a two-dimensional box, 338 

zeroth-order integrated rate law, 262 
zeroth-order reaction, 262 
zinc-blende structure, 585 
zone levelling, 165 
zone refining, 164 




