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Problemmix (10 points)

Part A. Cubic oscillations (2.5 points)

A.1 A narrow straight channel passes through the center of a fixed cube with a side
𝑎. The cube is uniformly charged, the charge density is 𝜌. The distance from
the cube center to the point of intersection of the channel and a face is 𝐿. In
the channel there is a particle of a mass 𝑚 and a charge 𝑞. Find the period of
small oscillations of the particle near the center. The gravitational interaction
of the particle and the cube can be neglected. The cube and the particle are
oppositely charged.

2.5pt

Part B. Suspension in magnetic field (3 points)
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B.1 A current 𝐼 flows through a loop made of a weightless flexible wire. The loop
upper point is attached to the ceiling and a weight is suspended to its lowest
point. The half length of the loop is 𝐿. The loop is placed in a vertical mag-
netic field 𝐵. The system has reached a stable equilibrium in which the point
of suspension at the ceiling and the point of weight suspension are not on the
same vertical. Find the wire tension 𝑇 and the weight 𝑃 if the distance from the
ceiling to the lowest point of the loop is 𝐻.

3.0pt

Part C. Rod in magnetic field (4.5 points)

C.1 A weightless rod of a length 2𝑅 is placed perpendicular to a uniform magnetic
field 𝐵⃗. Two identical small balls of mass 𝑚 and charge 𝑞 each are attached at
the rod ends. Let us direct 𝑧-axis along the magnetic field and place the origin
at the rod center. The balls are given the same initial velocity 𝑣 but in opposite
directions so that one of the velocities is precisely in the 𝑧-direction. What are
the maximum coordinates 𝑧max of the balls? Express your answer in terms of
𝑞, 𝐵, 𝑚, 𝑣, and 𝑅. Find the magnitude of the ball accelerations at this moment
and express your answer in terms of 𝑞, 𝐵, 𝑚, 𝑣, 𝑅, and 𝑧max.

4.5pt
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Anisotropic friction (10 points)
Force of friction is not always isotropic. Often the magnitude and direction of a friction force depend on
the direction of body motion. For example, friction anisotropy can arise in the presence of "grooves" of
a certain orientation on the contact surface of bodies (it is known that the coefficient of friction of oak
against oak along and across the grain is equal to 0.48 and 0.34, respectively). Friction anisotropy can
lead to unusual properties of motion which are studied in this problem.

What you need to know about anisotropic friction
Suppose that a surface ismade of an anisotropicmaterial. One of themost popularmodels of anisotropic
friction suggests that there are perpendicular axes 𝑋 and 𝑌 (they are called primary) so that the friction
force ⃗𝐹 acting on a body will depend on the direction of the body motion as

𝐹𝑥 = −|𝑁|
|𝑣| 𝜇𝑥𝑣𝑥

𝐹𝑦 = −|𝑁|
|𝑣| 𝜇𝑦𝑣𝑦

(1)

where 𝐹𝑥 and 𝐹𝑦 are the friction force components, 𝑁 is a normal reaction force acting on the body,
𝑣𝑥 and 𝑣𝑦 are components of the velocity vector ⃗𝑣, and 𝜇𝑥 and 𝜇𝑦 are the friction coefficients along the
primary axes.

Hereinafter, it is understood that the coordinate axes on the plane coincide with the primary axes. The
friction coefficients are 𝜇𝑥 = 0,75 and 𝜇𝑦 = 0,5 unless otherwise stated.

In parts A and B a body can be considered as point-like. The plane, on which the bodies move, is hori-
zontal in all parts of the problem.

Provide a numerical answer wherever possible.

Part A. Motion on a horizontal surface (4.0 points)

A.1 Atwhat angle𝛼1 to the𝑋 axis should thebody velocity vector be for the absolute
value of the power of the friction force be at maximum?

0.5pt

A.2 Atwhat angle𝛼2 to the𝑋 axis should thebody velocity vector be for the absolute
value of the power of the friction force be 1.2 times less than maximum?

0.5pt

A.3 Let the initial velocity have components 𝑣0𝑥 = 1 m/s and 𝑣0𝑦 = 1 m/s. After some
time the velocity component along the 𝑌 axis equals 𝑣1𝑦 = 0,25 m/s. What is the
velocity magnitude at this moment?

1.0pt

A.4 Let the velocity be 𝑣2 = 1.0 m/s. Atwhat angle𝛼3 to the𝑋 axis should the velocity
vector be for the radius of curvature of the trajectory beminimum? What is this
radius equal to? The free fall acceleration is 𝑔 = 9,8 m/s2.

1.0pt
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A.5 In a single diagram on the 𝑋𝑌 plane, sketch the trajectories of the body
launched at the angles 𝛼4 = 𝜋/6 and 𝛼5 = 𝜋/3 for the friction coefficients spec-
ified above. The magnitudes of initial velocities are the same. Solve the same
problem for the friction coefficients 𝜇𝑥 = 0,4 and 𝜇𝑦 = 0,7.

1.0pt

Part B. Conditions for the beginning of body movement (2.0 points)

B.1 A body of mass 𝑚 is at rest at the origin. A force has been applied to it at an
angle 𝛼 to the 𝑋 axis. The force magnitude 𝐹(𝑡) = 𝛾𝑡 linearly grows with time.
Find the dependence of the moment the body starts moving on 𝛼. Ignore the
stagnation phenomenon.

2.0pt

Part C. Circular motion (4.0 points)
Two identical point-like masses 𝑚 are connected with a weightless inextensible rod of length 𝐿 = 1 m,
the system lies on a surface with anisotropic friction. The rod is aligned with the 𝑌 axis and does not
touch the surface. One of the masses is given an initial velocity perpendicular to the rod.

C.1 For a given initial velocity 𝑣0 find the dependence of its velocity 𝑣 on the angle
of rotation of the rod 𝜑 assuming that the other body remains at rest.

1.5pt

C.2 Find the maximum value of the initial velocity 𝑣0max at which the other body will
remain at rest.

1.5pt

C.3 What distance will the body travel until it stops completely if the initial velocity
is 𝑣0max?

1.0pt
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Laser technologies (10 points)
When solving the problem, use the following values of the physical constants:

the speed of light in vacuum 𝑐 = 3.00 ⋅ 108 m/s;
Planck's constant ħ = 1.055 ⋅ 10−34 J ⋅ s;
constant in Coulomb's law and electric constant 𝑘 = 1

4𝜋𝜀0
= 8.99 ⋅ 109 N⋅m2

C2 ;

elementary charge 𝑒 = 1.60 ⋅ 10−19 C.

Part A. Classical superradiance model
A laser is a source of coherent optical radiation. Laser radiation is generated when a large number of
atoms transferred to an excited state by external action (pumping) emit photons with the same phase
and polarization. A consistent theory of laser radiation is based on quantummechanics but some aspects
of this phenomenon can be understood by means of classical electrodynamics.

Let us first consider emission of a photon by a single atom. According to classical electrodynamics, an
atom can be regarded as dipole emitter. In this model an electric dipole is associated with an atom
comprised of an immobile atomic nucleus with a positive charge +𝑞 and a negative charge −𝑞 oscillating
harmonically around it (the negative charge is located at the center of the charge distribution of electron
cloud).

Here the atomic dipolemoment oscillates according to the law ⃗𝑝(𝑡) = ⃗𝑝𝑚 cos(𝜔𝑡+𝜑). The cyclic oscillation
frequency is related to the energy of emitted photons by the Planck relation 𝐸𝛾 = ħ𝜔. Hereinafter the
frequency of photons means cyclic frequency. The radiation power of a classical system with a variable
dipole moment ⃗𝑃 (𝑡) is given by the formula

𝑊 = 2𝑘
3𝑐3 ⟨(𝑑2 ⃗𝑃

𝑑𝑡2 )
2

⟩, (1)

where the angle brackets stand for the averaging over the oscillation period.

A.1 An atom emits light with a wavelength 𝜆0 = 300 nm. Using the classical model
estimate an emission time 𝜏 (that is, the period of time it takes the atom to emit
the energy equal to that of a single photon). This time coincideswith the charac-
teristic time, during which the atom emits a photon, by the order of magnitude.
All radiation is due to a single electron located at a distance about 𝑎0 = 0.1 nm
from the nucleus. Express your answer in terms of the physical constants, 𝜆0,
and 𝑎0.

1.0pt

Suppose 𝑁 atoms in a certain volume are transferred to an excited state by a short-term pumping action.
It is known that one atom emits a photon with a frequency 𝜔 for a characteristic time 𝜏 .

A.2 Estimate the power 𝑊𝑠 of electromagnetic radiation of all 𝑁 atoms in the spon-
taneous emission mode, i.e. when the direction of atomic dipole and the phase
of its oscillations randomly change from atom to atom. In your answer write
down the formula for the power in terms of 𝑁, 𝜔, and 𝜏 .

0.25pt

A.3 Estimate the duration of the spontaneous emission pulse of this system of
atoms. Express your answer in terms of the same quantities.

0.25pt
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A.4 Estimate the power 𝑊𝑖 of electromagnetic radiation of all 𝑁 atoms in the su-
perradiance mode, i.e. when the direction of atomic dipoles and the phases of
their oscillations are the same for all atoms in the excited state. Express your
answer in terms of 𝑁, 𝜔, and 𝜏 .

0.5pt

A.5 Estimate the duration of the radiation pulse of the system of atoms in the su-
perradiance mode. Express your answer in terms of the same quantities.

0.25pt

Part B. Nonlinear optics and pulse compression
Pulses of even shorter duration can be obtained by reducing the duration of already generated laser
pulses. A pulse duration Δ𝑡 and a dispersion of frequency of pulse oscillations Δ𝜔 (spectral width) are
related by the inequality Δ𝜔Δ𝑡 ≥ 2𝜋. Laser pulses generated in the superradiance mode already have
the shortest possible duration for the given dispersion of frequencies, Δ𝑡0 ≈ 2𝜋

∆𝜔0
. Therefore, the pulse

duration can be reduced in two steps: first, increase the spectral width of the pulse (without changing
the duration) and second, compress the pulse in time.

One of the most common ways to solve the first problem is pulse chirping. This method is based on
the use of nonlinearity of a medium, i.e. dependence of the refractive index of the medium 𝑛 on the
amplitude of oscillations of the electric field𝐸𝑚 of thewave. The dependence is of the form𝑛 = 𝑛0+𝑛2𝐸2

𝑚,
where 𝑛0 and 𝑛2 are some constants specific for the medium. Nonlinear effects are small, e.g. in quartz
at a light intensity 𝐼1 = 109 W/cm2 the refractive index increases only by 𝑛2𝐸2

𝑚1 ≈ 3.2 ⋅ 10−7. The intensity

of an electromagnetic wave in a medium is determined by the formula 𝐼 = 𝜀0𝑛0𝑐
2 𝐸2

𝑚.

Consider a pulse of duration Δ𝑡0 with a small dispersion of frequencies Δ𝜔0 ≈ 2𝜋
∆𝑡0

, the average pulse
frequency is 𝜔0. An approximate dependence of the electric field on time in such a pulse is shown in the
Figure. The speed of the wavemaxima is the same at the pulse edges and in the central part it decreases
due to the nonlinearity effects. Because of that the total pulse duration does not change, the frequency
increases at the rear part of the pulse and decreases at the front. Such a pulse is called "chirped".
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B.1 Let the amplitudes of two wave maxima be 𝐸𝑚1 and 𝐸𝑚2. Find the difference
in their propagation speeds Δ𝑣. Express your answer in terms of 𝑛0, 𝑛2, 𝑐, 𝐸𝑚1,
and 𝐸𝑚2.

0.5pt

B.2 A light pulse with a wavelength in vacuum of 𝜆0 = 300 nm and a maximum
intensity of 𝐼0 = 3 ⋅ 109 W/cm2 propagates along the axis of a quartz fiber. As-
sume the envelope of a time dependence of the electric field squared 𝐸2

𝑚(𝑡) of
the wave to be a parabola. How far (find the distance 𝑠) does the pulse propa-
gate along the fiber before its spectral width increases by the factor of 𝐾 = 200?
Express your answer in terms of 𝐾, 𝜆0, 𝑛2, 𝐸𝑚 and calculate the numerical value
(in meters, rounded to an integer).

2.0pt

To compress a chirped pulse in time one can pass it through amedium in which the group velocity of the
wave depends on its frequency. For the medium under consideration, the dependence of wavenumber
on frequency in the vicinity of the mean frequency 𝜔0 can be represented as 𝑘(𝜔) = 𝑘0 + 𝛽1(𝜔 − 𝜔0) +
𝛽22 (𝜔 − 𝜔0)2, where 𝛽1 = 5 ns/m and |𝛽2| = 20 fs2/mm.

B.3 What sign should the constant 𝛽2 have in order for the pulse chirped accord-
ing to the scheme described above to be compressed in time in this medium?
Please, indicate "+" or "-" in your answer. In what follows consider that 𝛽2 has
exactly this sign.

0.5pt

B.4 A pulse described in B2 has a duration Δ𝑡0 = 10 ps and an initial spectral
width Δ𝜔0 ≈ 2𝜋/Δ𝑡0 (before chirping) and propagates in themedium described
above. Find the distance the pulse should travel in order to achieve the mini-
mum possible duration after chirping with spectrum broadening by the factor
of 𝐾 = 200. Express your answer in terms of physical constants, 𝐾, Δ𝑡0, 𝛽1, and
𝛽2 and calculate the numerical value in meters, rounded to an integer.

1.0pt

B.5 Nonlinearity of a medium leads to disappearance of diffraction of a light beam
of sufficiently high intensity. Estimate the minimum power of a light pulse 𝑊𝑐
at which it does not experience diffraction, i.e. propagates inside a narrow
cylindrical channel of constant radius. Express your answer for 𝑊𝑐 in terms of
physical constants, frequency 𝜔0, 𝑛0, and 𝑛2. Assume the intensity distribution
over the channel cross section to be approximately uniform. Find the numer-
ical value of the power for a pulse with a wavelength in vacuum 𝜆0 = 300 nm
propagating in quartz. Coefficient 𝑛0 = 1.47.

1.5pt

Part C. Exoplanets
In astronomy observations of luminous objects are being made for long periods of time. This makes it
possible to study variations of their emission spectra. Spectral measurements can detect planets orbit-
ing distant stars -- "exoplanets". Exoplanets do not have their own radiation so one is bound to study
radiation spectra of their stars. If the line of sight from Earth to an exoplanet lies almost in its orbital
plane, such an exoplanet can be discovered by a decrease of the star brightness at a moment the exo-
planet is crossing the star disk. However, if the orbital plane is tilted with respect to the direction to Earth
this method does not work.
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C.1 Propose a method that would allow one to detect an exoplanet with a notice-
able inclination of its orbital plane with respect to the line of sight by means of
studying the spectrum of its star in the optical range. As an answer name the
physical phenomenon underlying your method.

1.0pt

C.2 Suppose an exoplanet of mass 𝑚 orbits a star of mass 𝑀 in a circular orbit of
a radius 𝑅 and the period of revolution is 𝑇 . The orbital plane is at an angle 𝜃
to the direction to Earth. Estimate the accuracy of the relative frequency mea-
surement, Δ𝜔/𝜔, required to detect such an exoplanet by your method. In your
answer express Δ𝜔/𝜔 in terms of the fundamental constants, 𝑅, 𝑇 , 𝜃, 𝑚, and 𝑀 .

1.0pt

C.3 Assume the mass of the exoplanet and its star to be equal to the mass of Earth
and the Sun, respectively. Assume the radius of the circular orbit to be equal to
the distance from Earth to the Sun (𝑅 ≈ 1.5 ⋅1011 m), the angle 𝜃 = 60∘. The Solar
mass is 330,000 times of the Earth's mass, the period of the Earth's revolution
around the Sun is 1 year. Find an integer 𝑛 such that 10−𝑛 is the accuracy of
relative frequencymeasurement required by your method. Usage of ultrashort
(femtosecond) laser pulses makes it possible to measure frequencies in the op-
tical range (1015 Hz) with an accuracy of about 10 Hz. Is this accuracy enough to
register the exoplanet?

0.25pt


