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GW150914 (10 points)

Part A. Newtonian (conservative) orbits (3.0 points)
A.1 Apply Newton'’s law to mass M;:

d*r M, M, 7, —7,
7’1:GH 1Mo To 71' 1)

M
b dt? [Py =712 [Py =7

Use, from eq. (1) of the question sheet

?2 = _Erl s (2)
in eq. (T) above, to obtain
d’r,  GM3 3
dez (M, + My)2rdr
A1 1.0pt
s _ GM}
e 0‘—(M—1+M2>2~

A.2 The total energy of the system is the sum of the two kinetic energies plus the gravitational poten-
tial energy. For circular motions, the linear velocity of each of the masses reads

;] =782, |[Uy] = 1,82, 4)

Thus, the total energy is

1 GM, M.
E = S (M + Myr3) 0 — ——=, (5)
Now,

(M) — Myry)? =0 = Mr? + Myr3 = pL? . (6)

Thus, o

— 1 202 _ 7’“’
E=gpl?Q —G—- . 7)
A.2 1.0pt

1
A(p, QL) = §,uL2§22 .

A.3 Energy (3) of the question sheet can be interpreted as describing a system of a mass p in a cir-
cular orbit with angular velocity , radius L, around a mass M (at rest). Equating the gravitational
acceleration to the centripetal acceleration:

GL—]\Z =Q2L. (8)

This is indeed Kepler's third law (for circular orbits). Then, from (7),

1 _Mu

E=-—-G—X.
29T

(9)

A3 1.0pt
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Part B - Introducing relativistic dissipation (7.0 points)

B.1 Some simple trigonometry for the z, y motion of the masses (in an appropriate Cartesian system)
yields:

(z1,y,) = r1(cos(Qt),sin(2t)) , (24,y5) = —ro(COS(Q), SIN()) . (10)
Then,
M2 M2 1 cos?(Qt) — 2sin*(Qt) 25in(Qt) cos(Qt) 0
Qi) = %“ 2sin(Qt) cos(t) 4sin®(Qt) — 2cos?() 0 |, (11)
0 0 -2
or, using some simple trigonometry and (6),
12 1 +cos20t  sin20¢ 0
Q,; = “7 sin20t L —cos20t 0 (12)
0 0 -2
B.1 1.0pt
1 2 i
E=20, ay=a=g.a5=—3. b=Lb=-Lb=0.cy=c,;=lc otherwise )
B.2 First take the derivatives:
40 sin2Q¢t  —cos20t 0
dtSU =403ul? | —cos20t —sin2Qt 0 | . (13)
0 0 0
Then perform the sum:
dr G . 332G
—— = T (403uL?)?[2sin*(291) + 2 cos? (201)] = = — p2LAQ° . 14
g = 5o AP L?)*[2sin7(208) + 2 €0s%(20¢)] = ——p (14)
B.2 1.0pt
e=2 i
==

B.3 Now we assume a sequency of Keplerian orbits, with decreasing energy, which is being taken
from the system by the GWs.

First, from (9), differentiating with respect to time,

dE  GMupdL
G T 2m A (13)

Since this loss of energy is due to GWSs, we equate it with (minus) the luminosity of GWs, given by (T4)

GMpdL  32G , ,

ETEI AL 1o
We can eliminate the L and dL/dt¢ dependence in this equation in terms of Q and d€/dt¢, by using
Kepler's third law (), which relates:

M di  21do

3 _ [ —
=G dt 3Qdt a7
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Substituting in (T6), we obtain:

do\? 96\ 3 N1 963 Q11
(22)' - (%) Sierwar = (%) % o

B.3 1.0pt
M = (i*M>)'° .

B.4 Angular and cycle frequencies are related as Q = 2x f. From the information provided above: GWs
have a frequency which is twice as large as the orbital frequency, we have

Q  few
w2 (19)

Formula (10) of the question sheet has the form

dQ 96 (GM,)>/3

o XL x= g( C§> (20)
Thus, from (11) of the question sheet

1) = Sx(ty 1) @1

or, using (20) and the definition of x gives

_ 8m)%/% ( GM, "/

fowl(n) = ”g (55°) 0. (22)

B.4 2.0pt
p=1.

B.5 From the figure, we consider the two A¢'s as half periods. Thus, the (cycle) GW frequency is fow =
1/(2At). Then, the four given points allow us to compute the frequency at the mean time of the two
intervals as

| s | teo
t(s) 0.0045 0.037
few (H2) | (2 x0.009)7% | (2 x 0.006)!

Now, using (22) we have two pairs of (fgy.t) values for two unknowns (t,,M,). Expressing (22) for both
tzg and ¢tz and dividing the two equations we obtain:

_ At —tas (fGW<tAB>>8/3 53
a0 M ) 3

Replacing by the numerical values, A ~ 2.95 and ¢, ~ 0.054 s. Now we can use (22) for either of the
two values t;5 or t5 and determine M.. One obtains for the chirp mass

M ~6x 103 kg ~ 30 x M, . (24)
Thus, the total mass M is
M = 43/5M ~ 69 x M, . (25)

This resultis actually remarkably close to the best estimates using the full theory of General Relativity!
[Even though the actual objects do not have precisely equal masses and the theory we have just used
is not valid very close to the collision.]
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B.5 1.0pt
M ~30x My,  M=~69xM,.

B.6 From (8), Kepler's law states that L = (GM/9Q?)'/3. The second pair of points highlighted in the
plot correspond to the cycle prior to merger. Thus, we use (T9) to obtain the orbital angular velocity
e Q,, ~26x10*rad/s. (26)
Then, using the total mass (25) we find

L ~5x10%2km. (27)

Thus, these objects have a maximum radius of R, ~ 250 km. Hence they have over 30 times more

mass and,
RO

Rmax

they are 3000 times smaller than the Sun and!

~ 3 x 103 (28)

Their linear velocity is
Veol = gQ ~7x10*km/s . (29)

They are moving at over 20% of the velocity of light!

B.6 1.0pt

R ,
Legjiision ~ 5 x 102 km | O ~3x10%, Vol | 0.9 .
max
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Where is the neutrino? (10 points)

Part A. ATLAS Detector physics (4.0 points)

A1

The magnetic force is the centripetal force:

v? muv
m— =evB=r=—.
T eB

First express the velocity in terms of the kinetic energy,

1 [2K
K=c-m?=uv=/—,
2 m

and then insert it in the expression above for the radius to get

A1 0.5pt
V2Km

r= .

eB

A.2

The radius of the circular motion of a charged particle in the presence of a uniform magnetic field is
given by,
muv
rT=—.

eB

This formula is valid in the relativistic scenario if the mass correction, m — ym is included:
ymuv p
T ) eB =p re

Note that the radius of the circular motion is half the radius of the inner part of the detector. One obtains

[1 MeV/c=5.34 x 10722 m kg s ]

A2 0.5pt
» = 330 MeV/e.

A3

The acceleration for the particleis a = ‘;er ~ €8 in the ultrarelativistic limit. Then,

ym!

6402’}/432 84’}/26432

6megc3y?m?  6regc®m?’

Since E = yme? we can obtain /2¢* = £2 and, finally,
o ~
m
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P = 2B2.
6mregm*cd
Therefore,
A3 ) 1.0pt
E=—, n=5and k=4
67
A4
The power emitted by the particle is given by,
4
p—_9F S— o

dat 6megmicd

The energy of the particle as a function of time can be calculated from

E(t) 1 t e4 )
—dE=— | ————Bdt
.[50 E? Z 6meymicd ’
where E(0) = E,. This leads to,

1 1 e*B? E,
=" 4+ = E{f))=-—"0
E(t) E, 6megmic® ®) 14+ aEyt’
with
A4 1.0pt
etB?
~ 6megmics
A.5

If the initial energy of the electron is 100 GeV, the radius of curvature is extremely large (r = -£- ~ 167 m).
Therefore, in approximation, one can consider the electron is moving in the inner part of the ATLAS
detector along a straight line. The time of flight of the electronis t = R/c, where R = 1.1 m is the radius
of the inner part of the detector. The total energy lost due to synchrotron radiation is,

Ey

R
Ey~ —aEgz

and

A5 0.5pt
AE = —56 MeV.
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A.6

In the ultrarelativistic limit, v ~ ¢ and E =~ pc. The cyclotron frequency is,

wit) = — = ecB _ ec’B
r(t)  p(t)  E()

A.6 0.5pt

ec’B e*B?
w(t) = <1 + Gregmich Eot) .
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Part B. Finding the neutrino (6.0 points)

B.1

Since the W' boson decays into an anti-muon and a neutrino, one can use principles of conservation
of energy and linear momentum to calculate the unknown p”) of the neutrino. Moreover, the anti-
muon and the neutrino can be considered massless, which implies that the magnitude of their momenta
(times ¢) and their energies are the same. Therefore, the conservation of linear momentum can be ex-

pressed as
P = pwpp@)

and the conservation of energy as,

EW) = cpt) 4 cp®)

In addition, one can also relate the energy and the momentum of the W boson through its mass,

miy = (EW)? /et — (pW))2 ¢

which leads to a quadratic equation on p, Y,

miy = (" +p")? =B ® +p)] /e
(2pp¥) —2p 1) . p 1)) /2

B.1
1 ) v v > (n) = (v ) (v
m2W = - (2]?(#) (p%— >)2 + (pg >)2 — 2pT(/ ) pT< ) — prg/ >p(z )) .

1.5pt

B.2

The numerical substitution directly in the answer of B.1, using
p) =37.2GeV/c  mZc? = 6464.2(GeV/c)2  pl”)? =10864.9 (GeV/c)?

B ) = 2439.3(GeV/e)?  p) = —12.4GeV/c,

6464.2 = 74.4/10864.9 + p'*) 2 — 4878.6 + 24.8p") .

This is a quadratic equation, equivalent to

leads to

0.88889p) 2 + 101.64pt” — 12378 = 0

whose solutions are:
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B.2 1.5pt

pY) =740GeVie  or ) = —188.3 GeV/e.

The general solution of the equation above in B.1 leads to

p(”> _ 2]3T(u) ,ﬁT(V)pgu) +m%V02pi”)

2(p")?

P A 202+ 4G )2 + 4 B et + iy
:
2(pTu))2

Numerical substitution leads to the above mentioned values for pi”’.

B.3

The final state particles of the top quark decay are the anti-muon, the neutrino and jet 1. Since the
neutrino is now fully reconstructed the energy and linear momentum of the top quark can be calculated
as,

&
I

ep® 4 cp®) 4 eplin)
pO = pW4p® 4pU0,

The top quark mass is,

me = \J(BO)2 /et — (p0)2/c2
2

= (o) £ p0) £ ) — (500 +50) 4 U2

The substitution of values leads to two possible masses:

B.3 1.0pt
m; = 169.3 GeV/c? or m, = 311.2 GeV/c?

B.4

According to the frequency distribution for signal (dashed line), the probability of the m, = 169.3 GeV/c?
solution is roughly 0.1 while the probability of the m, = 311.2 GeV/c® solution is below 0.01. Therefore,

B.4 The most likely candidate is the m, = 169.3 GeV/c? solution. 1.0pt
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B.5

The top quark energy for the most likely candidate is E® = cp*) 4 ¢p¥) + ¢plit) = 272.6 GeV .

® E®?

p
d=vt =vyty = —ty = ctg\| —— —
Yo my 0 0 mt204

B.5 1.0pt
d=2x10"1%m.
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Physics of Live Systems (10 points)

Part A. The physics of blood flow (4.5 points)

A1

Since the vessel network is symmetrical, the flow in a vessel of level 7 + 1 is half the flow in a vessel of
level i.

In this way, we can sum the pressure differences in all levels:

N-1 N-1 R.
:ZQiRi:QOZ?;'
i=0 i=0

Introducing the radii dependences yields

8¢, 8ln 80yn = 2%/3 80yn
AP = QOZ = Qo1 Z oas = QN—Ir .
e = 2'2

2’71'7“ Ty
Therefore A
T
=AP—9 .
o 8NLon
Hence, the flow rate for a vessel network in level i is
A1 ) 1.3pt
r,
Q,=AP— 0
22+3N€0n

A.2

Replace values in the formula and change units appropriately

APTI’T% B
8Nlyn
(55 —30) x 1.013 x 10° x 3.1415 x (6.0 x 107°)4

— =4.0x10"1"m3/s
760 x 48 x 2.0 x 1073 x 3.5 x 10-3 0>10 /

Qoz

to obtain the final value in the requested unites:

A2 0.5pt
Qp~15m¢/h.
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A3
The current is given by
_ I:)ineiwt
 R+iwL+ L
The pressure difference in the capacitor is
]Jineiwt 1 Bneiwt

Poutei(wt+¢>) _

R+iwl+ i iwC  iwCR—w?LC+1°

The amplitude is
b

Py = .
U /A —wPLC)? + W?CPR?

(]

To be smaller than P, for w — 0:

(1—w?LC)? + w?C?R? > 1 «= —2CL+ C?R2>0.

640202

Replacing the expressions for L, C, and R we get: 355, > L
A3 P 2.0pt
Fout = 2 I2 20202
V(1 —w?L0)? + w2C2R
Condition:
64202
>1.
3Ehr3p

Alternative way to obtain P, :

The amplitude of the current in the equivalent circuitis I, = % , where

2
2o fre (1)
wC

is the modulus of the impedance. Hence, the voltage amplitude in the capacitor is

P
P =—x1I,= ' )
T wC T JWPCPR2 + (WPLC — 1)?

A4

The previous condition can also be expressed as

641202
3Erp
For the network referred to in A.2
64202 x 2¢ 64 x (3.5 x 1073)2 x (2.0 x 1073)?

= X 213 =77 % 107% x 2¢/3

3x22/3Fr3p 3% 0.06 x 10% x (6.0 x 10-%)3 x 1.05 x 103
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For ¢ = 0, in the worse case scenario,

Pmax = 7.7 x 1075 x 20 = 7.7 x 107°> m

This value is certainly observed in these vessels since their radius range from 18 ym to 60 ym. A wall
width smaller than 80 um is certainly reasonable.

A4 Maximum h =8 x 107° m 0.7pt

Part B. Tumor growth (5.5 points)

B.1

The expressions for the masses of tumour and normal tissue are written as:

My = Vapr = Vapo(1+ )

My =Vpo=(V—=Vi)po(1+ )

The pressure, p, can be expressed as
M; K-
—TT Kt
Vrpo
and, then, used in the equation for My:

M, K\ MVIE;
My=(V—V) 2N (121 2 VAT
NV [( KN>+VTMNKN

Simplifying and rearranging the terms, the equation for v becomes
1—rk)v*—(1+p)v+pu=0,

for which the solution is (the other solution of the quadratic equation is not physically relevant since does
not lead to v = 0 for . = 0)

B.1 1.0pt
s L=+ p)? —dp(l—r)
2(1 — k) ’

B.2

For r < Ry, the conservation of energy implies that

dr

4777“2(—19)5

4
= ?gwr3 .
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Therefore, the temperature difference to 37 °C =310.15 K, AT (r), is given by

P 2
AT(r) = 76—; +C,

where C'is a constant.
For r > Ry, the conservation of energy implies that

dT 4
Therefore, the temperature difference to 37 °C s

PR3
AT(r) = 3]4:72- .

In this case there is no constant, since very far away the increase in temperature is zero.

Matching the two solutions at » = Ry gives
PR?
2k
Therefore the temperature at the centre of the tumour, in SI units, is

C:

B.2 Temperature: 310.15 + T;ff. 1.7pt

B.3
The increase in temperature at the tumour surface (the lower temperature in the tumour) is
PR?
AT(R;) = —*.
(Br) = —

This increase should be equal to 6.0 K. Therefore,

_ 3ATE  3x6x0.6

P — — = 4.3 kW/m®.
R2 0.052 ;

B3 Py = 4.3 kw/m?®. 0.5pt

B.4

We can relate §r with the pressure in the tumour, using the relation given in the text up to leading order

iNp — Peypt 07 = 2(117):532,)) dr. . Therefore, if p — P, is very small, also it is or.

ap

The pressure can be related with the volume. We know that

MN_ POV_Po_ ( p)

VN V—Vr_l—’l]
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And so p = Y,

When the thinner vessels are narrower, the flow rate in the main vessel is altered

N-1 N=2 54i/3 4(N—1)/3
8¢, 7] 8£077 2 2
= (Qp + Q) E 9 = (Qo + 5@0) Z 9i9i/3 + 4
i=0 2N-19(N-1)/3 (1 — %)
To/2! /

AP 44
— AP~ (Q+0Qu) - (N—1+1+ r)
NQ, "N-1
Noting that 5=+ — %82, we obtain

L+ 0Qn 1 1 . Aor
Ryt 1+ #fv: Nry_y
And so:
6QN—1 i 57"
Qn_1 N ry_y
Putting all together
B.4 2.3pt
Qnoy 2 Kyv— (1 =v)Pegp  dr,

QN1 N (1_v)(pc_Pcap) TNo1




