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Solution to Problem 1

1. In the simplest case the motion is along the vertical axis starting from the origin at the
bottom of the parabola with an arbitrary initial velocity vo. The motion is described by x =
0, y = vot — gt*/2, vy = vo — gt. The highest point of the trajectory is reached at time t = vo/g.
The period of the motion is T = 2v0/g.

2. Another simpler case is a trajectory that is symmetric to the parabola that bounds the
motion from below. This is illustrated with the following figure. In order to have periodic
motion the trajectory of the particle must reach the boundary at an angle of 90°. The point
xo is not arbitrary. It is specific for the given bounding parabola. If o is the speed at the
instant of collision with the boundary given by y =ax?>-b, a> 0, b > 0, the trajectory of the
particle is described by

x=-xotwvocosat, y=uwvosinat-gt?}/2, a=45°.
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Elimination of t from the above equations, with the additional requirement that the
trajectory has the symmetric form y = b — ax?, and taking into account that « = 45°, one finds
that the initial speed of the particle at the boundary should be vo?> = 2gxo. Therefore the
period is T = 4xo/(vo cos a) = 4V(xo/g).

3. The boundary may be represented as y = ax2. Let us take xo> 0 and (+ xo, ax¢?) as the end
points of the periodic trajectory. The tangents of the boundary at these end points, at the
right and left side, are y = + 2axox — axo®>. The orthogonal direction to the tangent on the left
is given by y = (x + x0)/(2axo) + axo®>. Motion of the point particle is described by

X =-x0+00cospt, y=yo+vosin f t — gt?/2, tan = 1/(2axo).
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After elimination of ¢, the symmetry requirement implies the condition tan = gxo/(ve? cos?
B) and the trajectory is given by y = yo + g (x> — x?)/(200®> cos?f). The condition of
orthogonality at the boundary leads to 2axo gxo/(ve? cos?f) = 1. The speed at the boundary

reflection point is
vo? = 2agx0*/cos?P = 2agx? (1 + tan? ) = 2agxe® (1 + 1/(4a*x0?)) = g(1 + 4a2x?)/(2a) .

and the period T = 4xo/(v0 cos B) = 2\(2/ag) is independent of xo. This is in agreement with
the result of section 2, where tan a = 2axo = 1, and xo = 1/24, that is T =2V (2/ag).

4. The trajectory in the following figure has a parabolic section in the middle and two

vertical sections at both ends. Indicated angles have to satisfy the relationship a + 2y = /2.

0.30
0.25F

1% 0.20F
14 0.15
a 0.10

{-xo, Yo} v 0.05F

-0.4 -0.2 0.0

Such trajectory appears when the orthogonal line at the point of collision with the
boundary divides in two halves the angle between the vertical line and the tangent at the
end of the parabolic section of the trajectory. The period of this motion is given by T =

4x0/(vo cos a) + 4vo/g and ve* = gxo/(sin ar cos a) or
T=4[1+(1+1/tan2 a)] V[(x0/g) tan a] .

5. In this case the orbit, as shown in the figure, touches the boundary at three points. The
boundary and the right and left branches of the trajectory are given by y = ax? y = bx? + (a -
b)xox, with +xo the abscissa of the collision points with the boundary (a >0, b <0, yo = axd?).

From the orthogonality condition at the boundary 2axc*(a + b) = 1, it follows b = 1/(2ax¢?) — a.



The period is found from T = 4xo/(vo cos a) where tan a = 1/(2axo) and vo is expressed from
yo +1/2a — (gxo?/2v0?)(1+ 1/4a%x0?) = 0.
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In analogy to the situation in section 4, the trajectory of section 5 can have vertical tails
under similar conditions. There are probably two additional periodic trajectories that are

not discussed.

Solution to Problem 2
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The relevant equations are:
2mag = mg — kx
and
ma, = kx.
Let us study the movement of B (and C) with respect to A: multiply the second eq. with 2
and subtract it from the first:
2m(ag — a,) = mg — 3kx.
So, the problem is equivalent with suspending a body with the mass 2m by a spring with

the elastic constant 3k. The elongation of this spring is

2mg
Xmax = "33~
In conclusion, the maximum distance between A and B is
2mg

Lmax == LO + W
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Initially, d = lo. Since the bodies should remain at restd =10 =» F =0
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Constant speed:

m.g-S =0
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2> m.g - fa- fs=0
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Solution to Problem 3

Data:

m
l,=600m, v, =1?,

1, =800 m, vzzz?

Expression for time t, for the motion on the field as a function of X:
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Expression for time t, for the motion on the road as a function of X:
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Expression for the total time t as a function of X:

t=t1+t2:V£*/X2+|12+vi(|2_X) 3)
2

1

Solutions for the total time and position, t=t, and Xx=X;:
1 77 1
t,=—q/% +1"+—(,—X 4
0 Vl 0 1 V2 ( 2 O) ( )

After some elementary algebraic manipulations in (4) we get

VAVt VL7 VXD — 2,2Vt L + 2v, AVt X — 2V 2% L, =V, 2% 2 — V712 =0 (5)

“Shaking” the solutions with small quantities At and Ax:

VAV, 2 (ty + A + VL7 + V.2 (X, + AX)? = 2v,2, (t, + AL, + ©)
+2V,°V, (t, + At)(X, + AX) = 2V,% (X, + AX)], =V, % (X, + AX)* =V, =0
(6) = VSV, (L2 + 2t At + At?) +V,2L7 + V.2 (XD + 2X,AX + AXY) —
—2V,V, (t, + AL, +2v,%V, (t, + At)(X, +AX) — 2V, (X, + AX)I, — (7)

2 2 2 212
=V, (X, + 2% AX+ AX") =V, 1" =0

(B)=>(7) = VAV, (AL +AL?) +V,* (2X,AX + AX®) -
—2V, "V, Atl, + 2v,2V, (AtX, +t,AX + AtAX) — 2v,°AxI, — (8)
—V,” (2%, AX + Ax?) =0



Neglecting all the terms containing very small products, At-At, At-Ax and AX-AX:
(B) = VAV L AL+V X AX —V, VAL +V, 2V, (AtX, +1,AX) —V,°Axl, —v,* X, AX =0 (9)

Expression for At/Ax:

V.2
L, + (5 —DX% — Vot
Vi

At
©) = (10)
AX VTt =Vl =V, X,
Equating AX/ At to zero and evaluation of X and t:
At
= -0 11
Ax (11)
vV 2
(10),11) = L+ (Viz—l)x0 —Vt, =0 (12)
1
I

4)->(12) = X=..=—= (13)

v,

-1

Vl

1 v,
W)->4 = ty=..=—|L+I, [5-1 (14)
VZ Vl

(13) = x,=..=346.8m (15)
14) = t,=..=920s (16)

Solution to Problem 4

As after the switching of the K1 the resistance of the circuit remains the same, the
potentials on the both ends of K1 are equal (voltage on K1 is zero). This situation is only
possible when the initial state of K2 is ”1”. Later, as the Ryg, > Rags, it can be concluded
that the last state of K1 is ”1”. So, using these conclusions we can fill the state of the
switches for all states of the circuit (see the table).

Now we can start calculations of the values of the resistors. As in the beginning both
switches are closed and the opening of the K1 does not change the circuit resistance, it

follows Ug, = Ug, and Ug, = Ug,. The relations of the currents are Iz, = Ig, and Iy, = I

2 4°
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From these equations we can obtain that R—z = R—" = x. To minimize the above expressions,
1 3

we can note R; = R, R, = xR, let R; = yR, then R, = xyR.

For circuit state “B”: RAHYIRXAY) _ 240 Q) . After simplification BAY) — 240 Q (1).
R(1+y)+Rx(1+y) 1+x

For circuit state “y”: x(1 + y)R = 400 Q. (2)
XRR

For circuit state “6”: ——+ xyR = 280 Q. (3)
XR+R
6



Substituting (2) in (1),

4000
1+x -

240 Q, thenx ==X 1 =2,
240 3
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Subtracting (3) from (2), x(1+y)R—

R 4+ xyR = 120 Q. After simplification,
XR+R

2
*X_120 Q. Substituting x with the

x+1

obtained value, R =450 Q. Now
substituting both x and R with their

values in (2), 2(1 +y)450 Q = 400 Q, we

obtain y = % So, the final values of the resistor are, R; = 450 Q, R, = 300 Q), R; = 150 Q,
and R, = 100 Q.

The answer is given in the table below.

State of State of | State of | Rap;, Resistor | Value,
the circuit | the K1 |theK2 | Q R; Q

a 1 1 240 Ry 450

p 0 1 240 R, 300

14 0 0 400 R; 150

) 1 0 280 Ry 100




