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General Instructions 

 

1. The theoretical examination lasts for 5 hours and is worth a total of 60 points. It will be 

converted to 30 points in the final scores.  

2. Dedicated APhO Answer Sheets are provided for writing your answers. Write your answers 

only on the Answer Sheets (marked A). Enter the final answers into the appropriate boxes in 

the Summary Table of Answer Sheets on the first (or two) page(s). There are extra Rough 

Sheets for carrying out detailed work/rough work (marked B). If you have written something 

on any sheet which you do not want to be graded, please cross it out. 

3. Fill out all the entries in the header (Student Code and Page number). 

4. You may answer the questions T1, T2 or T3 in any order. You may also be able to solve 

later parts of a question without having solved the previous ones. 

5. You are not allowed to leave your working place without permission. If you need any 

assistance (malfunctioning calculator, need to visit a restroom, insufficient answer sheets or 

rough sheets, etc), please draw the attention of the invigilator using one of the two cards (red 

card for help and green card for toilet). 

6. The beginning of the examination will be indicated by the sound signal of a gong. Also there 

will be sound signals every hour indicating the elapsed time. Additionally, there will be a 

sound signal, fifteen minutes before the end of the examination. At the end of the 

examination, there will be a long sound signal. 

7. At the end of the examination you must stop writing immediately. Sort and number your 

Answer Sheets and Rough sheets, put it in the envelope provided, and leave it on your table. 

You are not allowed to take any sheet of paper out of the examination area.  

8. Wait at your table till your envelope is collected. Once all envelopes are collected your 

student guide will escort you out of the examination area.  

9. A list of physical constants is given on the next page. 
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General Data Sheet 

 

Acceleration due to gravity on Earth 𝑔 9.807 m s−2 

Atmospheric pressure 𝑃atm 1.013 × 105 Pa 

Avogadro number 𝑁A 6.022 × 1023 mol−1 

Boltzmann Constant 𝑘B 1.381 × 10−23 J K−1 

Binding energy of hydrogen atom − 13.606 eV 

Magnitude of electron charge 𝑒 1.602 × 10−19 C 

Mass of electron 𝑚e 9.109 × 10−31 kg 

Mass of proton 𝑚p 1.673 × 10−27 kg 

Mass of neutron 𝑚n 1.675 × 10−27 kg 

Permeability of free space 𝜇0 1.257 × 10−6 H m−1 

Permittivity of free space 𝜖0 8.854 × 10−1 2 F m−1 

Planck’s constant ℎ 6.626 × 10−34 J s 

Reduced Plank’s constant ℏ 1.055 × 10−34 J s 

Speed of light in vacuum 𝑐 2.998 × 108 m s−1 

Stefan-Boltzmann constant 𝜎 5.670 × 10−8 W m−2 K−1  

Universal constant of Gravitation 𝐺 6.674 × 10−11N m2 kg−2 

Universal gas constant 𝑅 8.314 J mol−1 K−1 

 

  

 



 

 

Page 1 of 3  

Theoretical Question – T1 

 Mechanics of a Deformable Lattice (Total Marks : 20) 

 

Here we study a deformable lattice hanging in gravity which acts as a deformable physical 

pendulum. It has only one degree of freedom, i.e. only one way to deform it and the 

configuration is fully described by an angle . Such structures have been studied by famous 

physicist James Maxwell in 19
th

 century, and some surprising behaviors have been 

discovered recently. 

As shown in the figure 1, N
2 identical triangular plates (red triangle) are freely hinged by 

identical rods and form an N × N lattice (N > 1).  The joints at the vertices are denoted by 

small circles. The sides of the equilateral triangles and the rods have the same length l.  The 

dashed lines in the figure represent four tubes; each tube confines N vertices (grey circles) on 

the edge and the N vertices can slide in the tube, i.e. the tube is like a sliding rail.  

The four tubes are connected in a diamond shape with two angles fixed at 60◦ and another 

two angles at 120◦ as shown in Figure 1.  Each plate has a uniform density with mass M, and 

the other parts of the system are massless.  The configuration of the lattice is uniquely 

determined by the angle α, where 0° ≤ 𝛼 ≤ 60° (please see the examples of different angle 

α in Figure 1).  The system is hung vertically like a “curtain” with the top tube fixed along 

the horizontal direction.  

The coordinate system is shown in Figure 2.  The zero level of the potential energy is 

defined at y = 0.  A triangular plate is denoted by a pair of indices (m,n), where m, n = 0, 1, 2, 

· · ·, N − 1 representing the order in the x and y directions respectively.  A(m,n), B(m,n) and 

C(m,n) denote the positions of the 3 vertices of the triangle (m,n). The top-left vertex, A(0, 

0) (the big black circle), is fixed. 

The motion of the whole system is confined in the x-y plane. The moment of inertia of a 

uniform equilateral triangular plate about its center of mass is I = Ml2/12. The free fall 

acceleration is g. Please use Ek and Ep to denote kinetic energy and potential energy 

respectively. 

 

 

 

Figure 1 
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Figure 2 

 

Section A: When N=2 (as shown in figure 3): 

 

Figure 3 

 

A1 What is the potential energy Ep of the system for a general angle α when N = 2? 2 points 

  

A2 What is the equilibrium angle αE of the system under gravity when N = 2? 1 point 

 
 

 

A3 

The system follows a simple harmonic oscillation under a small perturbation from 

equilibrium. Calculate the kinetic energy of this system in terms of ∆α̇ ≡d(∆α)/dt. Calculate 

the oscillation frequency fE when N = 2. 

5 points 

 

l 
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Section C: A force is exerted on one of the 3N
2
 triangle vertices so that the system maintains at m = 60°. 

 

Section B: For arbitrary N : 

B1 What is the equilibrium angle 𝛼E
′  under gravity when N is arbitrary? 3 points 

   

B2 

Consider the case when 𝑁 →∞. Under a small perturbation of angle α, the change of 

potential energy of the system is ∆𝐸p ∝ 𝑁𝛾1, the kinetic energy of the system is 𝐸k ∝ 𝑁𝛾2, 

and the oscillation frequency is 𝑓E
′ ∝ 𝑁𝛾3.  Find the values of γ1, γ2  and γ3.  

3 points 

              

Figure 4 

C1 Which vertex should we choose to minimize the magnitude of this force? 1 point 

   

C2 
What are the direction and magnitude of this minimum force? Describe the direction in 

terms of the angle θF defined in Figure 4. 
5 points 

y 

x 

g 
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 The Expanding Universe (Total Marks : 20) 

 

The most outstanding fact in cosmology is that our universe is expanding. Space is 

continuously created as time lapses. The expansion of space indicates that, when the 

universe expands, the distance between objects in our universe also expands. It is 

convenient to use “comoving” coordinate system 𝑟 = (𝑥, 𝑦, 𝑧)  to label points in our 

expanding universe, in which the coordinate distance 

Δ𝑟 = |𝑟2 − 𝑟1| = √(𝑥2 − 𝑥1)2 + (𝑦2 − 𝑦1)2 + (𝑧2 − 𝑧1)2 between objects 1 and 2 does not 

change. (Here we assume no peculiar motion, i.e. no additional motion of those objects 

other than the motion following the expansion of the universe.) The situation is illustrated 

in the figure below (the figure has two space dimensions, but our universe actually has three 

space dimensions). 

 

 

 

 

 

Δ𝑟p = 𝑎(𝑡)Δ𝑟, 

 

The modern theory of cosmology is built upon Einstein’s general relativity. However, under 

proper assumptions, a simplified understanding under the framework of Newton’s theory of 

gravity is also possible. In the following questions, we shall work in the framework of 

Newton’s gravity. 

 

To measure the physical distance, a “scale factor” 𝑎(𝑡) is introduced such that the physical 

distance Δ𝑟p between the comoving points 𝑟1 and 𝑟2 is 

The expansion of the universe implies that 𝑎(𝑡) is an increasing function of time. 

On large scales – scales much larger than galaxies and their clusters – our universe is 

approximately homogeneous and isotropic. So let us consider a toy model of our universe, 

which is filled with uniformly distributed particles. There are so many particles, such that 

we model them as a continuous fluid. Furthermore, we assume the number of particles is 
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conserved. 

 Currently, our universe is dominated by non-relativistic matter, whose kinetic energy is 

negligible compared to its mass energy. Let 𝜌m(𝑡) be the physical energy density (i.e. 

energyper unit physical volume, which is dominated by mass energy for non-relativistic 

matter and the gravitational potential energy is not counted as part of the “physical energy 

density”) of non-relativistic matter at time 𝑡. We use 𝑡0 to denote the present time. 

 

A Derive the expression of 𝜌m(𝑡) at time 𝑡 in terms of 𝑎(𝑡), 𝑎(𝑡0) and 𝜌m(𝑡0). 2 points 

 
 

Besides non-relativistic matter, there is also a small amount of radiation in our current 

universe, which is made of massless particles, for example, photons. The physical 

wavelength of massless particles increases with the universe expansion as 𝜆p ∝ 𝑎(𝑡). Let 

the physical energy density of radiation be 𝜌r(𝑡). 

 

B 
Derive the physical energy density for radiation 𝜌r(𝑡) at time 𝑡 in terms of 𝑎(𝑡), 𝑎(𝑡0) and 

𝜌r(𝑡0). 

2 points 

 
 

 

Consider a gas of non-interacting photons which has thermal equilibrium distribution. In 

this situation, the temperature of the photon depends on time as 𝑇(𝑡) ∝ [𝑎(𝑡)]𝛾. 

 

C Calculate the numerical value of 𝛾. 2 points 

 Consider the thermodynamics of one type of non-interacting particle X. Note that the space 

expansion is slow enough and thermally isolated such that the entropy of X is a constant in 

time. Let the physical energy density of X  be 𝜌X(𝑡) , which includes mass energy and 

internal energy. Let the physical pressure be 𝑝X(𝑡). 

 

D Derive d𝜌X(𝑡)/d𝑡 in terms of 𝑎(𝑡), d𝑎(𝑡)/d𝑡,𝜌X(𝑡),and 𝑝X(𝑡). 4 points 
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Consider a star S. At the present time 𝑡0, the star is at a physical distance 𝑟p =  𝑎(𝑡0)𝑟 away 

from us, where 𝑟 is the comoving distance. Here we ignore the peculiar motion, i.e. assume 

that both the star and us just follow the expansion of the universe without additional 

motion.  

The star is emitting energy in the form of light at power 𝑃e, which is isotropic in every 

direction. We use a telescope to observe its starlight. For simplicity, assume the telescope 

can observe all frequencies of light with 100% efficiency. Let the area of the telescope lens 

be 𝐴. 

 

E 

Derive the power received by the telescope 𝑃r from the star S, as a function of 𝑟, 𝐴, 𝑃e, the 

scale factor 𝑎(𝑡e) at the starlight emission time 𝑡e, and the present (i.e. at the observation 

time) scale factor 𝑎(𝑡0). 

4 points 

 

If there were no gravity, the expansion speed of the universe should be a constant. In 

Newton’s framework, this can be understood as that, without force, matter just moves 

away from each other with constant speed and thus d𝑎(𝑡)/d𝑡 is a constant depending on 

the initial condition.  

Let us now consider how Newton’s gravity affects the scale factor 𝑎(𝑡), in a universe filled 

with non-relativistic matter in a homogeneous and isotropic way. 

 

 

 

 

 

As illustrated in the above figure, let us assume C is the center of our universe (this 

assumption can be removed in Einstein’s general relativity, which is beyond the scope of 

this question). We slice matter into thin shells around C. Let us focus on one thin shell (the 

sphere in the above figure) whose comoving distance from the center is 𝑟 (recall that this 

comoving distance is a constant in time). 
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For your information, in 1998, a new type of energy component of our universe is discovered. It actually 

changes the conclusion in Part (G). 

 

F 

Use the motion of the shell to find a relation between d𝑎(𝑡)/d𝑡, 𝑎(𝑡) and the density of 

mass energy 𝜌(𝑡). (In the final relation, if you encounter a constant depending on the 

initial condition, it can be kept as it is.) 

5 points 

G 
Based on the model described in Part (F), is the expansion of the universe  

(a) accelerating or (b) decelerating? Choose from (a) or (b). 
1 points 
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  Magnetic Field Effects on Superconductors (Total Marks: 20) 

   

 

An electron is an elementary particle which carries electric charge and an intrinsic magnetic 

moment related to its spin angular momentum. Due to Coulomb interactions, electrons in 

vacuum are repulsive to each other. However, in some metals, the net force between electrons 

can become attractive due to the lattice vibrations. When the temperature of the metal is low 

enough, lower than some critical temperature Tc, electrons with opposite momenta and 

opposite spins can form pairs called Cooper pairs. By forming Cooper pairs, each electron 

reduces its energy by  compared to a freely propagating electron in the metal which has 

energy 
2

e2

p

m
, where p  is the momentum and em  is the mass of an electron. The Cooper pairs 

can flow without resistance and the metal becomes a superconductor. 

 

However, even at temperatures lower than Tc, superconductivity can be destroyed if the 

superconductor is under the influence of an external magnetic field. In this problem, you are 

going to work out how Cooper pairs can be destroyed by external magnetic fields through two 

effects.  

 

The first is called the paramagnetic effect, in which all the electrons can lower their energy by 

aligning the electron magnetic moments parallel to the magnetic field instead of forming 

Cooper pairs with opposite spins.  

 

The second is called the diamagnetic effect, in which increasing the magnetic field will 

change the orbital motion of the Cooper pairs and increase their energy. When the applied 

magnetic field is stronger than a critical value Bc, this increase in energy becomes higher than 

2. As a result, the electrons do not prefer forming Cooper pairs. 

 

Recently, a type of superconductor called Ising superconductors was discovered. These 

superconductors can survive even when the applied magnetic field is as strong as 60 Tesla, 

comparable to the largest magnetic fields which can be created in laboratories. You will work 

out why Ising superconductors can overcome both the paramagnetic and the diamagnetic 

effects of the magnetic fields. 
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A. An Electron in a Magnetic Field 

Let us consider a ring with radius r, charge –e and mass m.  The mass and the charge density 

around the ring are uniform (as shown in Figure 1). 

 

 

Figure 1 

 

 

A1 
What is the angular momentum  (magnitude and direction) of this ring if the ring is rotating 

with angular velocity ? 
2 points 

A2 

The magnitude of the magnetic moment is defined as M IA , where I is the current and A is 

the area of the ring. What is the relationship between the magnetic moment  and the 

angular momentum  of the ring? 

2 points 

 

 

 

 

Suppose the normal direction of the ring is  and it makes an angle θ with the applied 

magnetic field as shown in Figure 2. 
 

A3 

For the ring described in Part (A1), what is the potential energy U  of this ring if the ring is 

placed in a uniform magnetic field Bz pointing to the z-direction? You should assume the 

potential energy to be zero when θ = π/2. 

 

 

Figure 2 

 

2 points 

  

r

x

y
z

ω

φ

θ

B
z n
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A4 

An electron carries an intrinsic angular momentum, which is called spin. We know that the 

magnitude of spin in a particular direction is 
ℏ

2
, where  and h is the Planck’s 

constant. 

What are the values of the potential energy Uup and Udown for electrons with spins parallel and 

anti-parallel with the applied magnetic field respectively? 

Please express your results in terms of the Bohr magneton 
5 1

B

e

5.788 10 eV T
2

e

m
       

and the magnetic field strength B. 

1 point 

A5 

According to quantum mechanics, the potential energy upU  and downU are twice the values Uup 

and Udown found in Part (A4). Assuming that the applied magnetic field is 1 Tesla. What is the 

potential energy upU  and downU  for an electron with spin parallel and anti-parallel to the 

applied magnetic field respectively? In the rest of this question, you should use the 

expressions for upU  and downU for your calculations. 

1 point 

  

 
 

B. Paramagnetic effect of the magnetic field on Cooper pairs 

In the question below, we consider the paramagnetic effect of an external magnetic field on 

Cooper pairs (as shown in Figure 3).  

Theoretical studies show that in superconductors, two electrons with opposite spins can form 

Cooper pairs so that the whole system saves energy. The energy of the Cooper pair can be 

expressed as 
2 2

1 2

e e

2
2 2

p p

m m
   , where the first two terms denote the kinetic energy of the 

Cooper pair and the last term is the energy saved for the electrons to form a Cooper pair. 

Here,  is a positive constant. 

 

 

 

Figure 3 

 

  

Cooper pair

B
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B1 

Assuming that the effect of the external magnetic field is only on the spins of the electrons, 

not on the orbital motions of the electrons. What is the energy 
SE  of the Cooper pair under a 

uniform magnetic field ? Recall that the electrons which form a Cooper pair 

must have opposite spins. 

1 point 

B2 

In the normal state (non-superconducting state), electrons do not form Cooper pairs. What is 

the lowest energy E
N

 for the two electrons under a uniform in-plane magnetic field 

 pointing to the x-direction? Please use the upU  and downU  defined in Part (A5) 

in your calculations and ignore the effects of the magnetic field on the orbital motions of the 

electrons. 

1 point 

B3 
At zero temperature, a system will favor the state with the lowest energy. What is the critical 

value PB  in terms of  Δ, such that for 
PB B  superconductivity will disappear?  

1 point 

   

C. Diamagnetic effect of the magnetic field on Cooper pairs 

In the question below, we are going to ignore the effects of magnetic fields on the spins of 

the electrons and consider the effects of external magnetic fields on the orbital motions of 

the Cooper pairs. 

At zero temperature, the energy difference between the superconducting state and the 

normal state for a superconductor in a magnetic field �⃗� = (0,0, 𝐵𝑧) can be written as 

 

2 2 22 2

2

e e

d
d

4 d

ze B x
F x

m x m


  





 
    

 
 . 

 

Here )(x  is a function of position x  and independent of y. 𝜓2(𝑥)denotes the probability 

of finding a Cooper pair near x. Here, 0   is a constant and it is related to the energy saved 

by forming Cooper pairs. The second and the third terms in F are related to the kinetic 

energy of the Cooper pairs taking into account the effect of the magnetic field. 

At zero temperature, the system prefers to minimize its energy F . In this case, )(x  takes 

the form  
2

1

42
e xx 




 
  
 

, with 0 . 

 

C1 

Find  in terms of  e , 
 
B

z
, and . 

 

The following integrals may be useful: 

 

2

e dax x
a








 ,         
22 1

e d
2

axx x
a a








 . 

Here a is a constant. 

3 points 
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C2 
Work out the critical value of 

 
B

z
 in terms of α, at which the superconducting state is no 

longer energetically favorable. 
2 points 

  

 
 

D Ising Superconductors 

In materials with spin-orbit coupling (spin-spin couplings can be ignored), an electron with 

momentum  experiences an internal magnetic field . On the other hand, an 

electron with momentum  experiences an opposite magnetic field . These 

internal magnetic fields act on the spins of the electrons only as shown in Figure 4. 

Superconductors with this kind of internal magnetic fields are called Ising superconductors.  

 

 

 

 

 

 Figure 4: Two electrons form a Cooper pair. Electron 1 with momentum  experiences 

internal magnetic field  but electron 2 with momentum  experiences an 

opposite magnetic field . The internal magnetic fields are denoted in dashed 

arrows. 

 

 

D1 Then what is the energy 
IE  for a Cooper pair in an Ising superconductor? 1 point 

D2 

In the normal state of the material with spin orbit coupling, what is the energy 𝐸|| for the two 

electrons under a uniform in-plane magnetic field �⃗� || = (𝐵𝑥, 0,0) ? (Here the internal 

magnetic fields still exist and perpendicular to �⃗� ||. You should also ignore the effects of the 

in-plane magnetic field on the orbital motions of the Cooper pairs.) 

2 points 

D3 What is the critical value
IB such that for |�⃗� ||| > 𝐵I, 𝐸|| < 𝐸I? 1 point 

 


