Marking Scheme - T1

Page 1 of 15

(Full Mark = 20)

Part Model Answer Marks
Al | The potential energy for N = 2 is: 2
Ep(a) = Mg+ Yem(o,0) X4+ Mg - Ay x 2 (0.5 points) - Eq. (1)
where
Yem(0,0) = — gsin (% + a) (0.5 points) - Eq. (2)
is the y coordinate of center of mass of triangle (0,0), and
Ay = Ya0,1) — Ya©,0)
= -l [sin (g + a) + sin (g - a)]
= —/3lcosa (0.5 points) - Eq. (3)
is the translational difference of two neighbouring triangles in y-direction. Solving Egs.
(1), (2) and (3), we obtain
Ep(a) = —§M91(4\/§ cosa + 3sina) (0.5 points) - Eq. (4)
A2 Ep 1

AN

restoring torque=—dFEp/da

' = > (X
OF 60
At equilibrium, the potential energy reaches a minimum, which gives:
dE
LEp(@) =0 (0.5 points) - Eq. (5)

da lg=qg

\/§sinaE+3cosaE =0 - Eq. (6)
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or

ag = tan~?! \i—g (0.5 point) - Eq. (7)

A3

If the total energy of the oscillation has the following form

E(Aa, Ad) = Ey, + By = 2 K(Aa)? +1(Ad)? , (0.5 points) - Eq. (8)

where E, and Ey are the potential and Kinetic energies of the system respectively, then the
motion is a simple harmonic oscillation with angular frequency w = /K/I. Here Aa =
o — ag. Under a small perturbation, the potential energy change is:

1d*E,
P72 da?

(Aa)?

= (%) (g Mgl) (4V3 cos ag + 3sin ag)(Aa)?

V57
o3

Mgl(Aa)? (1 point) - Eq. (9)

The total kinetic energy of the system includes the translational kinetic energy of every
plate and the rotational kinetic energy of every plate relative to its center of mass

By = LE{™ + L B -Eq. (10)
The rotational kinetic energy is

Y EP = 4 % %’Z_l;(Ad)Z = %Mlz(Ad)Z (0.5 points) - Eq. (12)

E®"Scan be obtained by considering the motion of the center of mass of each triangle and
setting N = 2.

T I8
Xem.(mn) = M(2Lcos a) + n(2l cos a) cos 3 + —cos (a + —),

73 6

: U :
Yem(mn) = —n(2l cos a) smg — 7sin (a + g) (0.5 point)

Differentiating and substituting

sinoz—\/§ cosa = : sin(a+n)— 7 cos(a+”)— 3V3
T V19’ T V19’ 6/  2v19’ 6/ 2v19'
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. 7N 3 , 32n—1)
Xem.(mn) = — (Zm +n+ —) —IAq, Yem.(mn) = W lAc.

6//57

2 ) ) _ (12m+6n+7)%+27 . .
cm.(mn) — xc.m.(m,n) + yc.m.(m,n) - 228 lz(Aa)z' (1 pomt)

14

M .
Egrrgnli = o [vcz.m.(o,o) + vcz.m.(o,1) + vcz.m.(1,o) + vcz.m.(1,1)] = ?MIZ(AQ)Z-

Efrans — plrans 4 prot _ %MZZ(ACI)Z. (1 point)

Alternatively, another way to get E" is based on the center of mass of the whole system:

Ex = Y EZN + Y Efy (0.5 points) - Eq. (12)
where
M
Elfrcarf(S =7 [vrz.c.(o,o) + vrz.c.(1,0) + ”rz.c.(o,1) + vrz.c.(l,l)] - Eq. (13)

is the translational kinetic energy relative to the center of mass of the system and

ESe = 5 vém. - Eq. (14)

cm,k T,
is the translational kinetic energy of the center of mass of the system.

The center of mass of each of the 2x2 = 4 triangles always form diamond shape with
lateral length 2l cos o. The center of mass of the whole system is at the center of the
diamond shape. Hence

d(v/3l cos a) .
Vrc(0,00 = Vre(1,1) = T Aa
a=ag
da(l .
vr.c.(l,O) = vr.c.(o,l) = ¢ ZZS a)|(x=aE Aa - Eq (15)
Substituting Egs. (14) and (15) into Eq. (13), we obtain
EM = 4 sin ag MI?(Aa)? - Eq. (16)

For Etrans

c.m.k?
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dxcm, 2 dyem. 2 .
Vo, = ()" 4 () Ad - Eq. (17)
a=ag
is the velocity of the center-of-mass of the four triangular plates, with
1
Xem, = Xem.(0,0) T > (xB(0,0) + xA(l,O))
V3l 3
=Tcos(g+a)+5lcosa - Eq. (18)
1
Yem. = Yem.(0,0) + EAy
V3L . V3
=—Tsm(g+a)—7lcosa - Eq. (19)
Substituting Egs. (17), (18) and (19) and into Eq. (14), we obtain
EZan: = (24 10sin? ) MI2(Ad)? (0.5 points) - Eg. (20)
Combining Egs. (12), (16) and (20), we obtain
—_ rot trans trans
Ek — Lk + Er.c.,k + Ec.m.,k
5 .
= (g + 14 sin? aE> MI?(Aa)?
347 150 N2 .
= EMI (Aa) (1.5 points) - Eq. (21)
According to Egs. (8), (9) and (21),
1 [38V57g )
f= 347 = 5= a7 (05 points) - Eq. (22)
[Note 1: 0.5 point should be deducted if there are numerical mistakes, but all steps are
correct.
Note 2: A rough estimate of f~ﬁ can get 0.5 points out of 5 points.]
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For arbitrary N, the total potential energy

E, = mn OE (m,n) - Eq. (23)
where
Ep (m: n) = §Mg [yA(m,n) + YB(mn) + yC(m,n)] - Eq. (24)
(0.5 points for Egs. (23) and (24))
and

. (T . T
Ya(mm) = —nlsin (§ - a) — nlsin (§ + a) = —/3nlcosa
YB(mn) = Ya(mn) — lSina = —/3nlcosa — lsina
. Vs . T
Yctmn) = Yammn) — Lsin (5 + a) = —/3nlcosa — lsin (5 + a) - Eq. (25)

(0.5 points for all three correct coordinates)

Thus,
1 . . s
Ey(m,n) = —gMgl [3\/3n cosa + sina + sin (5 + a)] - Eq. (26)

and

N-1
E, = Z Ep(m,n)
m,n=0

=——Mngmn 0[3\/_ncosa+sma+sm< +a)] (0.5 points) - Eq. (27)

Using the mathematical relations

N-1 N-1
Z 1= Z 1=N
m=0 n=0

and

N(N-1)

Nlm=YNdn=""— - Eq. (28),

Eq. (27) becomes
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1 3vV3(N — 1) cos a is
— _ 2 . . _
E, = 3N Mgl[ > +sma+sm(3+a)l
or = —§N2Mgl [M + %sin a] (1 points) - Eq. (29)
S dEp
At equilibrium, = 0, therefore

_—3\/§(N—21) SN 4 cos ag + cos (g + a,’;) =0 - Eq. (30)
ag = tan~! (%) (0.5 points) - Eq. (31)

[Remark: Increasing a lowers each triangle relative to its vertex A, but globally raises the
system, i.e. the bottom tube is raised higher. When N — oo, the global displacement
dominates, consequently a — 0.]

B2

Under a small perturbation, the potential energy change, according to Eq. (29) is 3
1 d%Ep 2 13 .
AE, = -— (Aa)“~N> or y; =3 (0.5 points) - Eq. (32)
2 da a=af

[Remark: There are N?triangles and the y coordinate of the total center of mass is
proportional to N, hence E,~N3 and y; = 3. Using this argument to derive the

correct y4 can also get 0.5 points.]

The kinetic energy of a triangle includes the translational energy of its center of mass and
the rotational energy about its center of mass. Hence the total kinetic energy of the N?
triangles is

Ex = Zm,n Ec.m.(m,n) + Zm,n Er.c.(m,n) - Eq. (33)
where
1 MI? . 1 .
Evcmm = ;7 Ad)? = - MI*(Ad)*~1 - Eq. (34)
and
M
Ec.m.(m,n) = ?vc.m.(m,n)
_ M(Aa’)z dxc.m.(m,n) 2 dyc.m.(m,n) 2 H
== [( " ) + (—da ) , (0.5 points) - Eq. (35)

a=ag
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Since
V3l s
Xem.(mmn) = XA(mn) + TCOS (g + CZ)
l V3i
=(2m+n)lcosa +§cosa — Tsina
and
V3l m
Yem.(mn) = Ya(mn) T Tsm (g + 0()
=+/3nl cosa+\/%cosa+ésina - Eq. (36)
(0.5 points for correct x and y)
dxc.m.(m,n) . . \/§
e —(2m+n)sina —5sina —?cosa [
d V3 1
% = l—\/gnsina —?sina + Ecos al l
we have
) (4m? 4+ 4n? 4+ 4mn + 2m + 2n) sin” aj
Ecm(mny = 3 MI?(8d)? 243 o, , o1 - Eq. (37)
+T(m —n) sin ag cos ag +3
Since a{;~% in Eq. (31), we have
1 1 .
Ecm@mmny = A-N? 5+ B-N-—~+C~1 (0.5points) - Eq. (38)
According to Egs. (33), (34) and (38), we have
Be=)  Eamomm * ), Brogum =N X N X 1=N?
ory, = 2 (0.5 points) - Eq. (39)
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[Remarks: Ex~N? because there are N? triangles, each contribute E..(m,n)~1
(relative-to-center-of-mass kinetic energy) and E.,, (m,n)~1 (center-of-mass Kinetic

energy).]

Note that E..(m,n)~1 is true for arbitrary a while E., (m,n)~1 is only true for the
special case of ap > 0 or N - oo.

Therefore
fi [2 VW
k
or y3 = 0.5 (0.5 points) - Eq. (40)
C1 | The minimum force should act on the farthest triangle (N — 1, N — 1), whose motion can be 1

decomposed into the motion of the center of mass and the rotation around the center of
mass: ¥ = Uem + Urot- AS Shown in the figure, ¥, of vertex C makes the smallest angle
relative to the direction of U, ,, near a,, = m/3. Hence its displacement is the largest and
its corresponding force is minimum, i.e. the minimum force should act on vertex C(N — 1,
N —1). (1 point)

Vrot_B

[Remarks: A rigorous calculation is given in Appendix 3.]




Marking Scheme - T1

Page 9 of 15
C2 | At a = a, = mr/3, asmall change in « will change the potential energy by: 5
dEy,
AEp((lm) = w Aa
=Qm
1 3vV3N , 3
= §N2Mgl KT - 3) SN @ — 5 €0S A Aa
= 2(N — 1)N2MglAa (1 point) - Eq. (41)
The displacement of C(m,n) point is
- - n
Axcimn) = — [(Zm + n) sin @, — sin (§ + am)] [Aa
— Gt DVS (0.5 points)
. T
Aycimn) = — [\/gn sina,, — cos (§ + am)] [Aa
= G"Z—H)IAa (0.5 points)
For C(N-1,N-1), Ar = /(Ax)? + (Ay)2 = (3N — 2)(lAa) . (1 point)
Hence
AEp(am) _ 3(N—-1)N? .
Foin = AI;H:X = 4( (3N—)2) Mg (1 point) - Eq. (42)
and
A —1N-
Orn = tan~! [—yC(N Ly 1)l +m
Axcn-1,8-1)
= —tan 2+ 7 =T (1 point) - Eq. (43)
[Remarks: This @F__ is not perpendicular to the C(N-1,N-1)-A(0,0) direction because
of the constraints of the tunes, e.g. A(1,0), A(2,0), A(3,0), ---, are also the holding
points.]
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Appendix 1: N/A
(a) Calculation of the exact E,, Ey and fg in Parts (C), (D) and € for arbitrary N
Under a small perturbation, the potential energy change is

E 1 dzE Ag)?
b wre) L
:aE
1 3vV3N - 2V3 3 (Aa)?
— _ N2 ! P 4
—3N Mgl(—2 cosaE+zsmaE) >
—WNZMgl(Aa)Z - Eg. (44)

12

triangles is
Ey = Zm,n Ec.m.(m,n) + Zm,n Er.c.(m,n)
where
1 Ml? .
Er.c.(m,n) 2 12 (A )2 - _Mlz(Aa)z
and
M 2
Ec.m.(m,n) = ?Uc.m.(m,n)
— M(Ad)z [(dxc.m.(m,n))2 + (dygm.(m,n))z]
2 da da a=a'E
Since
V3l
xcm(mn) = XA(mn) +— COS( +C¥)
V3l
=(2m+n)lcosa + 5c0sa — Tsma
and
V3l m
Yem(mmn) = YAa(mn) — TSln (g + a)

The kinetic energy of a triangle includes the translational energy of its center of mass and
the rotational energy around its center of mass. Hence the total kinetic energy of the N?

- Eq. (45)

- Eq. (46)

- Eq. (47)
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= —/3nlcosa —\gcosa —ésina - Eq. (48)
Hence,
dx 1 V3
“remlmn) _ —(2m+n)sina —=sina — —cos a|l
da 2 6
d V3 1
% = l—\/gnsina + ?sina — Ecos al l
We have
) (4m? 4+ 4n? 4+ 4mn + 2m + 2n) sin” ag
Ec.m.(m,n) = EMZZ (Ad)z 23 . ' ' 1 - Eq- (49)
+T(m—n)smaEcosaE +3
and
E, = z Ec.m.(m,n) + Z Er.c.(m,n)
mn mn
1 . I 5 .
= [E(llN —1)(N —1)sin® af + ﬁ] N2MI?(Ac)?
= [0 4 2 2 mizad)? - Eq. (50)
2(3N-2)2+6 24 '
With Eqgs. (44) and (50), we have
N — 2)2
. V3@ - ) +9N2Mgl
fi=5m
2 |[(AIN=1)(N=1) |, 5] r2rs2
2BN—-2)2+6 +ﬂ]N Mi
1 2J3(3N-2)2+9 g
= o |Tzaan—nw-1) p T - Eq. (51)
[ (3N-2)2+3 + ]
(b) Center of mass movement of the whole system
According to Eq. (48), we have
Limn Xem.(mn)
Xc.m.(sys.) (a) = %
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Ymn l(Zm +n)lcosa + %cos a— @sin a
3N —2 V3l
= ( > )lcosa—Tsma
and
Ymn Yem.(m,
ygm.(m,n)(a) = mn*m(mn)
Smn V30l cosa +@cosa +£sina
’ 6 2
= — N2
= — (—3N6_2) V3lcosa — lSizna - Eq. (52)

Eqg. (52) is the trajectory of the center of mass for the whole system, which is not a straight
line.

Appendix 2: Calculation of the moment of inertia of a trianqular plate

An equilateral triangle with lateral length | can be divided into four small equilateral
triangles with lateral length 1/2. For the central small triangle centered at c,, its moment of
inertia is

I = ﬁﬂ(é)z - Eq. (53)

4

For the non-central small triangle centered atc,, cyand c;’,
M ;2
L =1 +:d 'Eq- (54)
where d = v/31/6 is the distance between the centers of triangles 1 and 2. The second term

is from the parallel-axis theorem. The moment of inertia of the whole triangle is the sum of
the moment of inertia of the four sub-triangles:

N/A
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2
BMI2 = 4x B2 (5) +3x2a? - Eq.(55)

Thus

p== - Eq. (56)
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Appendix 3: The minimum force corresponds to the maximum displacement of the

exerting point of this force.

Consider the position of vertices A, B, C of a triangle (m,n) :
Xamn) = (2m +mn) cosap
Yammn) = —/3n cos am L
Xgmm) = (Zm+mn+ 1) cosay!

YB(mmn) = —(\/gn COS ay, + sin am)l

Xc(mm) = [(Zm + n) cos ay, + cos (g + am)] l

Yemn) = — [\/§n CoS @y, + sin (g + am)] l - Eq. (57)
Taking derivatives on a on the above coordinates we get

(2m + n)V3 IAq

Axpimny = —(2m + n) sinap, lAa = — >

) 3n
Ayammm) = V3nsina,, (I1Aa) = > [Aa

(2m+n+1)\/§l

A
> a

Axgmny = —(Cm +n+ 1) sinay, lAa = —

n—1

Aygimn) = —(—\/§n sin ay, + cos am)lAa = [Aa
2m+n+1)V3 l

A
> a

Axcimn) = [—(Zm + n) sina;, — sin (g + am)] A= —

Aycomm) = — [—\/§n sina,, + cos (g + am)] [Aa = @ [Aa - Eq. (58)

For Ar = /(Ax)2 + (Ay)?2, we have
Arpimny = V3m? + 3n2 + 3mn(lAq)

Argimn) = V3m2 + 3n2 4+ 3mn + 3m + 1(lAa)
Argammny = V3m?2 + 3n2 + 3mn + 3m + 3n + 1(lAa) - Eq. (59)

N/A
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Thus we find
Arcimny > ATgmny > ATammm) - Eq. (60)
Therefore, we should choose point C of the triangle (N — 1, N — 1) to obtain
At = (BN — 2)lA - Eq. (61)

so that the force is minimal.
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(Full Marks: 20)

Part Model Answer Marks

A | The physical volume is 2
V, = a*(t)V. (0.5 points).

The comoving number density is a constant, thus the physical number density is

n® _ (at))? :
e (—a(t)) . (0.5 points)

The kinetic energy for non-relativistic particles are negligible, thus the energy density is
Pm(t) = mn(t), (0.5 points)
where m is the mass of a particle.

Thus

a(ty 3 .
pm(0) = pmlto) (%) (05 points)

[Remarks: It is acceptable if the student just writes p,, « 1/a3 and full points will be given.]

B The Einstein’s energy relation for a massless particle is 2
E = pc. (0.5 points)
From de Brogile’s relation:
p o« 1/1p o1/a(t). (0.5 points)
[Remarks: No point if only 4, o a(t) is written because already given.]
Thus
E «1/a(t). (0.5 points)
Physical number density isn o« 1/a3.
Energy density isn E.

Thus

a(to 4 -
pr(®) = pe(to) (52) (0.5 points)

[Remarks: It is acceptable if the student just write p, < 1/a*.]
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C | The photons in thermal equilibrium satisfy Boltzmann distribution 2
_ E(a)
n(E(a)) < e k7@, (1 point)
where E o1/a(t).
Condition of being non-interacting implies that there is no energy transfer. Thus the energy
distribution must be stable.
To be explicit, for two different comoving wavelengths,
nE@) _ ,[E2(@)-E1(@)]/[kB T(@)] = const.
n(Ez(a)
[Remarks: All the above steps can be replaced by the intuition of E o< T, if the students
realize it, the above 1 point can be given.]
Thus
T(a) x1/a,i.e.y = —1. (1 point)
D | The 1% law of thermodynamics is 4

dEx = —pxdl},. (1 point)

Here no entropy term appears, because S =const. No chemical potential appears, because
of particle number conservation.

Here |}, = a’V.
dV,, = 3a*Vda. (1 point)
Ex = pxVp. (0.5 points)
dEx = d(pxVp) = a*Vdpx + 3pxa*Vda. (0.5 points)
Thus

dpx + 3 (%a)(px + px) = 0. (0.5 points)

px +3 (5)(ox + px) = 0. (0.5 points)

[Remarks: 0.5 point for relating variation and time derivative no matter in which step it is
being used.]
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E

With lens area A, we only receive part of the starlight. The area ratio is 4
A/(4ma’(ty)r?). (1 point)

The wavelength of each photon emitted from the star gets stretched. Thus energy per
photon is lowered, contributing a ratio

a(ts)/a(ty). (1 point)

The separation among the photons also increases due to cosmic expansion, contributing a
ratio

a(te)/a(to)- (1 point)
As a result, the power that the telescope receives is

_ A a? (te)
T 4ma4(ty)r?

X P,. (1 point)

The kinetic energy and gravitational energy of the shell adds up to a constant: 5
1 : GM :
E = -m(%)? - Tm (2 points)
where
4 .
M= ?”rp3c%, (1 point)

(Note: energy conservation without evolving pressure requires the assumption of non-
relativistic matter.)

1, = a(t)r, (1 point)

[Remarks: The point is given because the student understand that the shell is not pulled
gravitationally from the outside, because the force due to the mass outside cancels.]

Thus

2E

mr2

=a% - %paz. (1 point)

Alternative Solution:

For the gravitational force due to the mass inside:

.. GMm 4T .
mi, = — 2 = —;Gmpr , (2 points)

where m is mass of shell.
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1, = a(t)r, (1 point)

[Remarks: The point is given because the student understand that the shell is not pulled
gravitationally from the outside, because the force due to the mass outside cancels.]

and p = p(to)a’(to)/a’ (D).

Thus
i = — 2 Gp(to)a® (to)a™2. (1 point)

Integrate the above equation. One gets

_1 -2 4G _1_1 .2 4G 2 -
c=-a —?p(to)a =Ja"—-zpa , (1 point)

where c is an integration constant.

(b) decelerating. This is because gravity is attractive for the matter that we are considering
G here. As a result, da(t)/dt is a decreasing function of ¢. 1

Appendix: Notes about the physics behind this set of problems: N/A

To reduce students’ reading load, we have not mentioned in the problems, that those
problems set up the framework of researches in modern cosmology:

A theory of gravity (especially Einstein’s general relativity) contains two aspects: Gravity
tells matter how to move (kinematics of matter motion in a gravitational field); and matter
determines the gravitational field (dynamics of the gravitational field). Parts (A)-(E) are
about kinematics and part (F) is about dynamics in this sense. The two key equations in
cosmology are derived in part (D) (this is known as the continuity equation, containing
parts (A) and (B) as special cases) and (F), upon which the whole theory of modern
cosmology is built.

The equation derived in part (F) is known as the Friedmann equation, which is

. . a\> k _ snG . . .
conventionally written as (5) ——= =5 P This equation governs the dynamics of

2
cosmic expansion and actually not only applies for non-relativistic matter but also for
general matter components (which needs general relativity to derive). The constant k is
related to the curvature of 3-dimensional space, which is observed to be vanishingly small.

Part (C) indicates that the universe was hotter at earlier ages. The hot universe in local
thermal equilibrium determines the whole thermal history of our universe, which answers
questions such as where the light elements come from, and when the universe becomes
transparent for light. Part (E) defines the luminosity distance, which relates the telescope
observations to the cosmic reality.
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Part

Model Answer (Full mark = 20)

Marks

Al

The angular momentum should be

N N N ~ (27 my A oL
L=ré Xp=ré X e(PJO 2—rdq) (1 point for the definition of angular momentum)
rr

Here ¢ is the unit vector pointing from the center of the ring to the mass point on the ring

and é(P Is the unit vector parallel to the direction of the linear velocity at the mass point.

We know that v = wr, so finally we can get

L= ma)rzé'z, with & =¢é X é¢. (1 point for the correct answer: 0.5 points for the

magnitude and 0.5 points for the direction)

A2

For a current loop, the magnetic moment is defined as
M=IA

The current can be expressed as
w . .
I=-¢ef =- e% (1 point for the current expression)

Finally

M= —eﬁﬂrzéz
2 (1 point for the answer)

—

el

2m

A3

For a current loop, under a uniform magnetic field the total torque should be

7=MxB (0.5 point for the torque definition)

The work done by the magnetic field on the torque should be

W= z-d&
2
= [ ~||de’ _
2 (1.5 points for the work on the torque)

 [2|M[|8[sineae
L

I
<
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U=-Ww
=—M-B (0.5 point for the answer)

1
= Eea)rsz cosf

A4

We assume that the magnetic field is along z direction such that B = Bé_, then in general
U=-M-B=-M_B
The magnetic torque of an electron should be

M, = 2_—8 S, (0.5 points for the electron torque)
m

e

(0.5 points for the answer)

Here 1 :Ze_h is the Bohr magneton.
m

e

1 =5.788x10°eV - T

A5

. 1
Thus for spin parallel state S_ = Eh’ we have
U = 5.788 x 10>V (0.5 points)

: . 1
For spin anti-parallel state S_ = _Eh’ we have

U = —5.788 x 10~5eV (0.5 points)
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B1 | Inthe superconductivity state, electrons forming a Cooper pair have opposite spins, thus
the external magnetic field cannot have any effect on the cooper pair. Thus the energy of
the Cooper pair does not change.

2 2
E =D P g ( 1 point for the answer)
2m 2m
In the normal state, the two electrons will align their magnetic moments parallel to the
B2 | external magnetic field. Therefore we have
EN =p_12+p_22+ 2:uBSlex + ZIUBSZXBX
2m 2m h h
Here the potential energy of electrons should be twice as the classical estimation
. i 1 .
according to quantum mechanics. Because S, =S, = _Eh can make the magnetic
moment aligned along x direction, eventually we have
2 2
Ey :&4'&_2/13&
2m 2m .
) ) (1 point)
— & + & _% Bx
2m  2m m,
B3 D
E, <E,=2B.m>2D=B >—
m
Thus B, AL 2m,A (1 points)
Hg n
Note: The above simple consideration for the upper critical field Bp over estimates its
value. The strict derivation considering the Pauli magnetization and superconductivity
. . A m.A
condensation energy will give B, = =J2—==
\/ZUB en
C1

Method 1:

Page 3 of 7
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1
Substituting W(X):(QT e~ intothe F (y),we have
T

207
=J— e
\/,,I

N 2/1 e’B? hzﬂz 1
2m m, 42

nA . e’B?
4m, 4Am,

=—a

=—-a+

e

We can treat F(y) as a function of / . Thus we have

e’B?
CamA?

h’A
F(y)=-
(W)=—a+ o +

e

e’B’ dF  #?
,and — =
44m, di 4m,

d’F

F(y) takes the minimum value when aF_ 0 and —
dAi dA?

n o e?B?

4m.  4m.A?

e e

=0 (0.5 point for the way to minimize F

Finally, we can get

B
A= ehz (1 point for the correct answer)

2
We can check that Z/Ij

B
>0 when A= ehz,

eBz

minimum value when A =

Method 2:

2p2,,2
Ax2 |:_ae—lx2_4i( 2//Le Ax? +4/12 2 —Z.x) (S BZX e_lxz:|dx

J a2 +[e B: _ n*A? j a2 :| dx
me me

m

(1.5 points for the correct expression of F(y )as a function of /)

>0, thus

V)

(y) takes the




Marking Scheme — T3

Page 5 of 7

4dm_ dx m

e e

+o0 2 2 2p2,,2
:.[‘// P d2+eBzx wdx (1 point)
4m, dx m,

+o0 hZ d2 eZBZXZ
F(y)= I(//[—aw— "Z+ : l/ljdX

—0

=Tl//|:|l//dX

In this way, for normalized wave function y the F(y) is simply the energy expectation

<H> , the eigenvalue of the Hamiltonian

-
4m, dx*  m

e

H -

The first two terms correspond to the quantum simple harmonic oscillator Hamiltonian.
Thus the ground state energy should be

1
F =—ho-o
min 2

Here w =—% and ground state wave function becomes

(1 point)

1
(ZeBZ T Baye
= e "
7h

Therefore, we have

A= esz . (1 point)

C2

From Part (C1) we know F, (w)= heB,

— . At the critical value for BZ, it makes the

e

energy difference zero. It means that the critical value B_ satisfies

heB,
2m

e

—a =0. (1 point for this equation)

Consequently,
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2m o .
B = e . (1 point for the correct answer)
D1 E :p_12+p_22_2A_2/uBSlsz +2/uBSZZBz 1
' 2m 2m h h
1 1
Here S, =—n, S, =——h
° 2 : 2
E :p_lz_'_p_;_ZA_ 2/”lesz + ZIUBSZZBZ
' 2m 2m h h
m 2m :
2  p? (1 point)
=—L +—2-2A-2u,B
2m  2m He =
= p_12 + p_g —2A— % B
2m  2m m, °
In the normal state, the electrons will align the magnetic moment parallel to the total
D2 magnetic field, thus 2
E, = pi + p3 + ZﬂB§1'§1+2#B§2'§2
I 2m 2m h h
For electron 1, B, = (Bx,O,—BZ)
For electron 2, B, =(B,,0,8.)
_ B -B - B B
Therefore, S, :—lh L0, = and S, :—lh .0, Z
2B+ B+ 2 \{B+B BB
can make the their magnetic moments parallel to the total magnetic field respectively.
(1 point for the correct expression of spins: 0.5 points for each respectively)
Finally
pi |, p3 _Dpi [ p5 eh .
E, = ﬁ + ﬁ — 2ug\/BZ + BZ = ﬁ + ﬁ - m—g,/B,% + BZ (1 point for the answer)
A% + 2AugB
D3 Ey < Eiging = 2ugy/BZ + B2 > 21 + 2138, = By > - 822 (1 points) 1
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