Tpernii konrect Symmetrix: Crapiias Jlura

1. JlanubI JiBe OKPY2KHOCTH Wi U Wy Iepecekaromnecs B Toukax X u Y. Ilycts £ —
9TO IIPsiMast, KOTOPasi MIPOXOUT Uepe3 IMEHTP wq U IepecekaeT wo B Toukax P u @),
u {9 — 9T0 IpsiMast, KOTOpas MPOXOJIUT Yepe3 MEeHTP we U MePeceKaeT wi B TOUKAX
S un R, Jlokaxkute, uro eciu Touku P,Q), R n S nexar Ha OJHON OKPYKHOCTH,
TO IEHTP STOH OKPYKHOCTH HAXOAUTCA Ha mpamoit XY .

2. Ilycrb n — nosioxkuTeabHoe 1esoe dncso. Hafiaure pasmep HaubOIbIIEro 1101
MHOKeCTBa MHOKecTBa {—n, —n + 1,...,n — 1,n} He comepxaiiee TaKux TPExX
9JIEMEHTOB @, b, ¢ (He 06s13aTe/IbHO PA3INIHbIX), 9T0 a + b+ ¢ = 0.

3. Mu1 onipejiesisieM MHOTOYTOJIBHUK MTaXMATHOM TOCKM KaK MHOTOYTOJIbHUK, CTO-
POHBI KOTOPOTO PACIIOJIOZKEHDBI BIOJIL JUHNN BUJIa © = a Win y = b, rjie a u b — 1ie-
JIbIE 9UC/ia. DT JUHAN JeIAT BHYTPEHHOCTH Ha eIMHIIHbIE KBAIPATHI, KOTOPHIE
IOTIEPEMEHHO OKPAIINBAIOTCA B CEPBIil 1 OeJIbIil 1IBeTa, TaK UTO COCEJIHUE KBa/l-
paThl UMEIOT pas3Hble IBeTa. ITOObI BBIIOXKUTH MHOTOYTOJBHUK Ha IMIAXMATHOM
JIOCKE C TIOMOIIBIO JIOMUHO, HY?KHO TOYHO HOKPBITh MHOI'OYT'OJIbHUK HellepeKpbl-
BaIOIUMIICS MTPSAMOYTOJLHUKAMHU pa3zMepoM 1 X 2. Haxowner, cruibnas Mo3anka —
9TO Ta, KOTOPasl MO3BOJIAET N30eKaTh JIBYX KOHMUTYpaInil JOMIHO, TTOKA3AHHBIX
cieBa BHn3y. [lokazanbl JiBe MO3aUKM MPSIMOYTOJILHUKA Pa3sMepoM 3 X 4; TepBblii
BBIIIOJIHEH CTUJIBHO, & BTOPOI — HET, N3-3a BEPTUKAJIBbHBIX JOMIHO B IIPABOM BEPX-
HEM YTLy.

Distasteful tilings

a) [lokazkure, 9TO ecjiM MHOTOYTOJIbHUK IMAXMATHON JTOCKH MOYKHO PA3JIOyKHUTh C
IIOMOIIbIO JIOMUHO, TO 3TO MOXKHO CJIeJIaTh CTUJIBHO.
0) [dokaxkure, 9T0 TaKas CTUIbHAS MO3AMKa YHUKATHHA.
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4. Given circles wy and wy intersecting at points X and Y, let £; be a line through
the center of w; intersecting ws at points P and () and let ¢5 be a line through
the center of ws intersecting w; at points R and S. Prove that if P,@Q), R and S
lie on a circle then the center of this circle lies on line XY

5. Let n be a positive integer. Determine the size of the largest subset of {—n, —n+
1,...,n — 1,n} which does not contain three elements a,b,c (not necessarily
distinct) satisfying a + b+ ¢ = 0.

6. We define a chessboard polygon to be a polygon whose sides are situated along
lines of the form x = a or y = b, where a and b are integers. These lines divide
the interior into unit squares, which are shaded alternately grey and white so that
adjacent squares have different colors. To tile a chessboard polygon by dominoes
is to exactly cover the polygon by non-overlapping 1 x 2 rectangles. Finally, a
tasteful tiling is one which avoids the two configurations of dominoes shown on
the left below. Two tilings of a 3 x 4 rectangle are shown; the first one is tasteful,
while the second is not, due to the vertical dominoes in the upper right corner.

Distasteful tilings

a) Prove that if a chessboard polygon can be tiled by dominoes, then it can be
done so tastefully.
b) Prove that such a tasteful tiling is unique.



