Let iz 100 be an inreger. The numbers ngn+ 1,000, 20 ave weitten on -+ Leaeds:
oue number per card. The cards are shutfled and divided into two piles. Prove that one of the
piles eootains two cards such that the shm of their pumbers ts a perfect sgquace.

Solution. To solve the problem it suffices to Bod three sguares and theee cards wich oumbers
a, b e on them such thar pairwis

sums @+ 6 b+ coa+ coare equal to the chosen sguares. By
choosing the theee conseeutive squares (2 — 12 (2802 (2 + 1)® we arrive ar the triple

(a,bc) = (2K - 4k, 2%+ 1, &%+ 4K).
We need a value for & soch that
n< 4k, and 2K+ 4k < M.

A conerere ks suitable for pll nowith

ne K2+ 2622 - dk+ 1] =

For k= 9 the interva

w and T overlap beeanse

b+ 1% +20k+ 1)< 2% 4k + 1

Hener I U Fyp oo = (99,500, which proves the statement for n= 90,



Show that for all real numbers zq, ..., z, the following inequality holds:

Z \ : EZT‘ \,' z; + T

i=1j i=13=1

iFﬂs

Solution 1. If we add ¢ to all the variables then the left-hand side remains constant and the
right-hand side becomes

n n —_—
Hit)r= ZZ VAR s 2t|.
i=Ty=1
Let T be large enough such that bothh H(—T) and H(T) are larger than the value L of the left-
hand side of the inequality we want to prove. Not necessarily distinet points p; ;== —(z;+ x;)/2
together with T and —T split the real line into segments and two rays such that on each of
these segments and rays the function H(#) is concave since f(t) := /€ + 2 is concave on

both intervals (—oo, —£/2] and | /2, +2). Let |a,b] be the segment containing zero, Then
concavity implies H(0) = min{H(a), H(b)} and, since H(+T) = L, it suffices to prove the
inequalities H(—(z; + x;)/2) = L, that is to prove the original inequality in the case when all
numbers are shifted in such a way that two variables x; and r; add np to zero. In the following
we denote the shifted variables still by ;.

Ifi=j.ie. x; =0 for some index 7, then we can remove x; which will decrease hoth sides
by 23, \I—L Similarly, if z; +x; = 0 for distinet 2 and 7 we can remove both x; and x; which
decreases both sides by

24/2|z) + 2 Z (\f Tk + Til + 4/ [Tk + T ) :
k#ij
In either case we reduced our inequality to the case of smaller n. It remains to note that for
n = 0 and n = 1 the inequality is trivial.



= A poiot D is chosen inside an acute-angled triangle ABC with AR > AC so that
BAD = A DAC. A point E & constructed on the segment AC so that ZADE = S DOCB.
Similbarly, o polut F is constructed on the segownt AR so that ZADF = ADBC. A point
Xois chosen oo the line AC so thir ©X = BX. Let Oy and Og be the cienmeentres of the
tilingls ADC and DXE, Prove that the lines BC, EF. and 005 are conciiiet .

Common remarks. Let @ be the sogonal conjugate of I with respect to the triangle ABC.
Since £BAD = £ DAC, the point @ lies on AD. Then £QBA = ADBC = L FDA so the
points & DL F. and B are concvelic. Analogously, the poiots Q. D, E. and C are conevelic.
Thus AF - AB = AD - AQ = AE- .‘lC; aud so the points B, FoE. and C e also voncyvebic,

Let T be the intersection of BC and FE.
Cluit. TD*=TH-TC = TF-TE.
Proof. We will prove that the circles (DEF) and (BDC) aw tangent to cach other. lodeed.
using the ahove arguments. we get

£ZBDF = £LAFD - ZABD = (180" — £FAD - AFDA) - (£ ABC - ADBC)
= 180" - L FAD-ZABC = 180 - L DAE —/FEA= /FED+/ADE = A FED+/DCB,

which implies the desived ropgency

Since the poiuts B. C. E. aond F ave coneyvelic, the powers of the (e T with vespect to the
circles (BDC) and ( EDF) ave squal. So their eadieal nxis. which coineides with the common
rangent ot D, passes through T, and henee TD* = TE-TF = TB - TC. 2

Solution 1. Let TA iptersect the cieele (ABC) again at M. Duoe to che cieeles ( BOEF)
and [ AMCB). and using the above Claim: we get TM TA=TF-TE=TB -TC =TD% in
pacticatar. the poiats A M. E.and Foare conevelie,

Vnder the lnversion with centre Toand vadios TD. the polot M maps to A and B maps to
C. which implies that the ciwle (MBD) maps to the vrece (ADC); Their common point 0
lies o the civele of the inversion: so the second intersection peint Koalso lies on that cirele
which means TH = TD: It follows that the point T and the centees of the cireles { KDE)
and { ADEC) lie on the perpendicular bizeetor of KD

Stnge the center of (ADC) s Oq. it suffices to show now that the points D K. E. and X
arve cowevelie (the center of the corresponding clecle will be Ogt.

The lines BM. DK and AC are the paivwise radical axes of the civeles | ABOM ). (ACDK)
amd (BM DK ) so they are soncurrent af some point Po Also, M lies on the ciecle (AEF) thos

$(EX, X B) = £{CX, XB) = £(XC, BC) + {BC, BX) = 25(AC,CB)
— £{AC,CB) + ©(EF,FA) = #{AM, BM) + ={EM, MA) = <(EM, BM),

s0 the points M. B X, and B areeoncvelic. Therefore, PE-PX =PM:PB=PK: PD. o
the points £ K. D. and X are conevelie, ns desived:




Let ABCD bie a convex quadrilateral circmmseribed around a civele with centre 1
Lot w be the cicewmeirele of the triangle ACT The extensions of BA and BC bevond A and
C meet wat X aud Z, respectively. The extensions of AD and CD bevord D omeet w at Y
awl T respeetivelv, Prove that the perimeters of the {possiblv self-intersecting) quadrilat erals

ADTX and CDY Z are equal.

Solution. The point T is the mtersection of the external biseetor of the angle TCZ with the
circnmeircle woof the triangle TCZ, <o [ s the midpoint of the are TCZ and IT = 12
Similarly, 1 is the midpoint of the are YAX and TX = IY. Let O he the centre of w. Then X
amd T are the reflections of ¥ oand Z i 1O, rospectively. So XT = Y Z,

Let the incirele of ABCD touwch AB. BC, CD. and DA at poiuts P, Q. R, and S, respec-
tively,

The right triangles TX P awd TY'S are congruent, sinee TP = 18 and IX = TY. Similarly,
the rght triangles TRT and TQZ are congruent. Therefore, XP = Y5 awl RT = QZ.

Denote the perimeters of ADTX and CDY Z by Pypry and Pepygz respectively. Since
AS = AP, CQ = RC. anl SD = DR, wi ubtain

Puprx = XT+ XA+ AS+ 8D+ DT = XT + XP+ RT
=YZ4YE+ QL =YE+ YD DR+ BE +CZ = Popyz,

as reguired,



a )
&) A thimblerigeer has 2021 thimbles mumbered from 1 throngh 2021, The thimbles are
arranged ina cirele in arbitrary order, The thimblerigger performs a sequence of 2021 moves;:
in the & move. he swaps the positions of the two thimbles adjacent to thimble k.

Prove that there exists a value of & such that, in the & move, the thimblerigger swaps
some thimbles a and & such that a < k< b

Solution. Assume the contrarv. Say that the B thimble is the central Hiimble of the B move.
and its position ou that move is the cendral posttion of the move,

Step 1: Black and white colourimg.

Belore the moves start. let us paint all thimbles in white, Then, after each move, we repaint
its central thimble in black, This way, at the end of the process all thimbles have become black,

By our assumption. in every move k, the two swapped thimbles have the same colour {as
their numbers are either both larger or both smaller than &), At every moment, assign the
colours of the thimbles to their current positions: then the only position which changes its
colonr in a move is its central position. In particular, each position is central for exactly one
move (when it is heing repainted to black).

Step 20 Red and green colowring.

Now we introduce a colouring of the positions, Ifin the B move, the nnmbers of the two
swapped thimbles are both less than E, then we paint the central position of the move in red;
otherwise we paint that position in green. This wayv. each position has been painted in red or
areen exactly once, We claim that among any two adjacent positions, one becomes green and
the other one becomes red: this will provide the desired contradiction sinee 2021 is odd,

Consider two adjacent positions A and B, which are central in the @™ and in the B moves,
respectively, with @ < b, Then in the @™ move the thimble at position B is white. and therefore
Las a number greater than a. After the a move. position A is green and the thimble at
position A is black. By the arguments from Step 1. position A contains only black thimbles
after the a™ step. Therefore, on the B move, position A contains a black thimble whose
number is therefore less than b while thimble b is at position B, So position B becomes ved.
and hence A and B have different colours,



A6

AV G et A be a findte set of (not necessarily positive) integers, and let m = 2 be an integer.
Assume that there exist non-empty subsets By, Ba, By, ..., By, of A whose elements add up to
| . I COPNNC.. W m™, respectively, Prove that A ¢ ains at least m/2 elements

the sums m', m=, m*, ..., m™, respectively, Prove that A contains at least m/2 elements,

Solution. Let 4 — {ay,...,agb. Assume that, on the contrary, b — |4 < m/2. Let
8§ ,T‘ aj
Jia;EB;
be the sum of elements of By, We are given that s; = m' foré = 1,....m.

Now consider all m™ expressions of the form

flegsia; Cm) 1= €181 + €80+ ...+ EpmSm, = 4001, m— 1} foralli = 1.2, ..., 171,
Note that every number fleg, ..., ¢p) has the form
ajgy + ...+ ogag, a; {01,000, mim—1)}.

Henee. there are at most (m(m — 1) + 1)% <= m2 < m™ distinet values of our EXPressions:
therefore, at least two of them coincide.

Sinee s; — m'. this contradicts the unigueness of representation of positive integers in the
base-m systent,
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