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Algebra

A1. Given a sequence ay,as, ..., a, of real numbers. For each i (1 <i < n) define
d; =max{a; : 1 <j<i} —min{a;: i <j<n}

and let
d=max{d; : 1 <i<mn}.

(a) Prove that for arbitrary real numbers z; < 2o < ... < x,,
, d

max{|z; — a; : 1§z§n}2§. (1)

(b) Show that there exists a sequence r; < x5 < ... < z,, of real numbers such that we have

equality in (1). ( )
New Zealand

Solution 1. (a) Let 1 < p < ¢ <r <n be indices for which
d=d,, a, =max{a; : 1 <j<gq}, a,=min{a;: ¢<j<n}

and thus d = a, — a,. (These indices are not necessarily unique.)
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For arbitrary real numbers z; < x5 < ... < x,, consider just the two quantities |z, — a,

and |z, — a,|. Since

(ap—ﬁp)“’(xr_ar):(ap_ar)+(xr_xp)zap_ar:dy

ISH
ISH

we have either a, — z, > 3 or T, — a, > 3 Hence,

| R

max{|z; — a;| : 1 <i < n} >max{|z, — al, |z, — a,|} > max{a, — z,, 2, — a,} >



(b) Define the sequence (zy) as

d d
xlzal—i, xk:max{xk_l, ak—§} for 2 <k <n.

We show that we have equality in (1) for this sequence.
d
By the definition, sequence (zj) is non-decreasing and xy — ap > —5 forall 1 < k < n.
Next we prove that

:Ek—akgg forall 1 <k <n. (2)

Consider an arbitrary index 1 < k < n. Let ¢ < k be the smallest index such that zp = x,. We
have either / =1, or £ > 2 and x, > x,_;. In both cases,

d
Ik:l‘gzag—§. (3)

Since
ar —ar <max{a; : 1 <j <k}—min{a;: k< j<n}=d;,<d,

equality (3) implies

<d d_d
Tp— Q= Qy — A, — — — ==,
k k ¢ P S 573
) d d
We obtained that —5 Sxk—ak§§for all 1 <k <n, so
. d
max{|:ci—a,~|: 1§z§n}§§.

d
We have equality because |r1 — a;| = 5

Solution 2. We present another construction of a sequence (z;) for part (b).
For each 1 <i < n, let

M; =max{a; : 1 <j <i} and m; =min{a;: i <j <n}
For all 1 <17 < n, we have
Mi = max{al, .. .,ai} < max{al, .. .,ai,aiﬂ} = Mi—i—l

and
m; = min{a;, a1, ..., 0, <min{a;i1,. .., a4, = M.

Therefore sequences (M;) and (m;) are non-decreasing. Moreover, since a; is listed in both
definitions,

m; < a; < M.
To achieve equality in (1), set
MZ’ +my
Tp=——.
2

Since sequences (M;) and (m;) are non-decreasing, this sequence is non-decreasing as well.



From d; = M; — m; we obtain that

__:7:xi_MiSxi_aigxi_miziz_-
2 2 2 2

Therefore
. d; , d
max{|x,~—ai|:1§z§n}§max E:lgzgn =3

Since the opposite inequality has been proved in part (a), we must have equality.
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A2. Consider those functions f: N — N which satisfy the condition

flm—+n)> f(m)+ f(f(n)) —1 (1)

for all m,n € N. Find all possible values of f(2007).
(N denotes the set of all positive integers.)
(Bulgaria)

Answer. 1, 2, ..., 2008.

Solution. Suppose that a function f: N — N satisfies (1). For arbitrary positive inte-
gers m > n, by (1) we have

fm)=f(n+(m—n)) = f(n)+ f(f(m—n)) =1 > f(n),

so f is nondecreasing.

Function f =1 is an obvious solution. To find other solutions, assume that f # 1 and take
the smallest a € N such that f(a) > 1. Then f(b) > f(a) > 1 for all integer b > a.

Suppose that f(n) > n for some n € N. Then we have

F(F) = F((F) = n) +n) = F(F(n) = n) + F(F() — 1,

so f(f(n)—n) <1 and hence f(n)—n < a. Then there exists a maximal value of the expression
f(n) —n; denote this value by ¢, and let f(k) —k = ¢ > 1. Applying the monotonicity together
with (1), we get

2k +c > f(2k) = f(k+k) > f(k) + f(f(k)) —1

k
(k) + f(k) —1=2(k+¢c) —1=2k+ (2c—1),
hence ¢ <1 and f(n) < n+ 1 for all n € N. In particular, f(2007) < 2008.

Now we present a family of examples showing that all values from 1 to 2008 can be realized.
Let

f
f

>
>

n, 2007 f n,

(n) = 1.n+j—2007) forj=1,2,... 2007: -
fi(n) = max{l,n + boforg Fao0s(n) {n—i—l, 2007 | n.

We show that these functions satisfy the condition (1) and clearly f;(2007) = j.

To check the condition (1) for the function f; (j < 2007), note first that f; is nondecreasing
and fj(n) < n, hence f;(fj(n)) < fj(n) < nfor all n € N. Now, if f;(m) = 1, then the
inequality (1) is clear since f;(m+n) > f;j(n) > f;(fi(n)) = f;(m)+ f;(f;j(n)) — 1. Otherwise,

fim)+ f;(f;(n)) =1 < (m+ 7 —2007) + n = (m—+n)+j— 2007 = fj(m +n).

In the case j = 2008, clearly n + 1 > fogs(n) > n for all n € N; moreover, n+1 >
fa00s (f200s(12)) as well. Actually, the latter is trivial if fagos(n) = n; otherwise, fapos(n) =n+1,
which implies 2007 )(n + 1 and hence n+ 1 = fopos(n + 1) = fooos (fg()()g(’fl,)).

So, if 2007 | m + n, then

foos(m+n)=m+n+1=(m~+1)+(n+1)—1> faos(m) + faoos(f200s(n)) — 1.

Otherwise, 2007 *m+n, hence 2007 )(m or 2007 *n In the former case we have foqos(m) = m,
while in the latter one foq0s ( f2008(n)) = fa00s(n) = n, providing

f2008(m) + fao08 (f2008(n)) —1<(m+n+1)—1= foos(m+n).



11

Comment. The examples above are not unique. The values 1,2,...,2008 can be realized in several
ways. Here we present other two constructions for j < 2007, without proof:

1, n <2007, .
: Jn
gj(n) =<4, n=2007, h;j(n) = max {1, {WJ } .
n, n > 2007;

Also the example for j = 2008 can be generalized. In particular, choosing a divisor d > 1 of 2007,
one can set
n, d )( n,
n+1, d ! n.

f2008,d(n) = {
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A3. Letnbeapositive integer, and let 2 and y be positive real numbers such that z"+y" = 1.

Prove that
i 1+ 2% i L+y™) 1
1+ % 14yt (1—2)(1-1vy)

k=1 k=1

(Estonia)
Solution 1. For each real t € (0,1),

=-— <
1+ttt t(1+t4)

1+ 1 (1-pa-¢) 1
t

Substituting ¢t = 2* and t = y*,
N | 1—a" 14yt 1 11—y
Z 1+ ik Z Tk x"(l _ x) an ; 14yt Z yk y"(l - Z/)

k=1 k=1 k=1

Since 1 —y” =2" and 1 — 2" = y",

n

1—2z" B Y B
a(l—xz) a(l—-z)  y*(1—-y) y(1—y)

and therefore

N "1 4y y" o 1
<Zl+x4k) (Zl+y4k> < (1 —x) 'y"(l—y) S (1-2)(1—y)

k=1 k=1

Solution 2. We prove

1+v2 ?
"olga?) [ On 1ty (Tlrﬂ) 0.7001
(Zh+ﬁ0<zh+wa<uf@u—w<u—wa—w‘ W

k=1 k=1

The idea is to estimate each term on the left-hand side with the same constant. To find the

1 2k
upper bound for the expression %, consider the function f(t) = TﬂLtQ in interval (0,1).
Since
(8) = 1-2t—t* (V2+1+t)(V2-1-1)
()2 (1+1¢2)2 ’

the function increases in interval (0, v/2—1] and decreases in [v/2—1,1). Therefore the maximum
is at point ty = V2 =1 and

) = 2 < oy = L2

Q.

Applying this to each term on the left-hand side of (1), we obtain
k=1 k=1
To estimate (1 — z)(1 — y) on the right-hand side, consider the function

g(t) =In(1 — /") + In(1 — (1 —t)"/").
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Substituting s for 1 — ¢, we have

t/m=1 gl/m=1 1 ((1 — )t (1 - 5)51/") _ h{t) — h(s)

/
_ 1) = —
ng'(t) 1— ¢i/n 1—si/n st

1—ti/n 1 _sl/n st

The function "

1—-1 ,
— 1/n _ i/n
h(t) = " ;t
is obviously increasing for ¢ € (0, 1), hence for these values of ¢ we have

1
Jt)>0 < h(t)<h(s) = t<s=1-1 < t<g.
Then, the maximum of g(¢) in (0, 1) is attained at point ¢; = 1/2 and therefore
1 —1/n
g(t) <g 3 =2In(1—27""), te(0,1).
Substituting ¢t = 2", we have 1 —t =", (1 — z)(1 — y) = exp g(t) and hence

(1-2)(1—y)=expg(t) < (1—27Y")2 (3)

Combining (2) and (3), we get

<i1+x2k> (il—i—y%) < (am)? o1 < (an L2 (an(1 —271/)*

iR e o I-o)l-y)  (A-2)1-y)

In2
Applying the inequality 1 — exp(—t) < ¢ for t = n—, we obtain
n

In2 In2 1 2
an(l—27Y") = an (1 —exp(—n—)) <an-—Z=al2= +2f In2.
n n

Hence,

1+v2 2
zn:1+x2k Zn:1+y2k ) (Tan)
1ot |\ 14yt (1-—2)(1-y)

n

Comment. It is a natural idea to compare the sum S, (z) = Z
k=1

1 2k
% with the integral I,,(z) =
x

nq [E2t
/ ﬁdt. Though computing the integral is quite standard, many difficulties arise. First, the
0 T

2k
. + . . . . .
integrand T3 2% has an increasing segment and, depending on z, it can have a decreasing segment as
x

well. So comparing Sy, (z) and I,,(z) is not completely obvious. We can add a term to fix the estimate,
e.g. S, < I, + (a—1), but then the final result will be weak for the small values of n. Second, we
have to minimize (1 — x)(1 — y)I,(x)I,(y) which leads to very unpleasant computations.

However, by computer search we found that the maximum of I,,(z)[,(y) is at x = y = 2~ as
well as the maximum of S,,(x)Sy,(y), and the latter is less. Hence, one can conjecture that the exact
constant which can be put into the numerator on the right-hand side of (1) is

Llgat N 1/1. 1 2
<ln2-/ ;dt> = - <—ln—7+arctan4—%> ~ (0.6484.
0

1/n
)

1+16-¢ 4\2 2
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A4. Find all functions f: Rt — R* such that

fl+f)=fle+y)+ fly) (1)

for all z,y € R*. (Symbol R* denotes the set of all positive real numbers.)
(Thaliand)

Answer. f(z) = 2z.

Solution 1. First we show that f(y) > y for all y € RT. Functional equation (1) yields
f(z+ f(y)) > f(z +y) and hence f(y) # y immediately. If f(y) < y for some y, then setting
=y — f(y) we get

F@) = (0= Fw) + 1) = (= @) +v) + F@) > Fw).

contradiction. Therefore f(y) >y for all y € R™.

For x € R define g(x) = f(x) — x; then f(x) = g(z) + x and, as we have seen, g(x) > 0.
Transforming (1) for function g(z) and setting ¢t = = + v,

ft+9) =)+ fy),

g(t+9W) +t+gy) = (9t)+1t) + (9(y) +v)

and therefore
g(t+9) =9g@t)+y forallt>y>0. (2)

Next we prove that function g(z) is injective. Suppose that g(y1) = g(y2) for some numbers
Y1, Y2 € R+' Then by (2>7

gt)+ 1 =g(t+9n)) = 9(t+g(y2)) = 9(t) + y2

for all ¢ > max{yy,y.}. Hence, g(y1) = g(y2) is possible only if y; = ys.
Now let u, v be arbitrary positive numbers and ¢ > u 4+ v. Applying (2) three times,

g(t+gw) +9) =g(t+g(w) +v=gt)+u+v=g(t+glut+)).

By the injective property we conclude that t 4+ g(u) + g(v) =t + g(u + v), hence

g(u) +g(v) = g(u +v). (3)

Since function g(v) is positive, equation (3) also shows that ¢ is an increasing function.
Finally we prove that g(z) = x. Combining (2) and (3), we obtain

gt +y=g(t+9) =9t +9(9(v))

and hence
9(9(y) =y.
Suppose that there exists an z € RT such that g(x) # x. By the monotonicity of g, if
x> g(z) then g(z) > g(g(x)) = x. Similarly, if 2 < g(z) then g(z) < g(g(x)) = =. Both cases
lead to contradiction, so there exists no such x.

We have proved that g(x) = x and therefore f(x) = g(z) + = 2z for all z € R*. This
function indeed satisfies the functional equation (1).
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Comment. It is well-known that the additive property (3) together with g(x) > 0 (for x > 0) imply
g(x) = cx. So, after proving (3), it is sufficient to test functions f(z) = (¢ + 1)x.

Solution 2. We prove that f(y) > y and introduce function g(z) = f(z) — 2 > 0 in the same
way as in Solution 1.

For arbitrary ¢ > y > 0, substitute x =t — y into (1) to obtain

FE+9w) =ft)+ f(y)

which, by induction, implies

ft+ng(y) =f@t)+nfly) forallt>y>0neN. (4)
Take two arbitrary positive reals y and z and a third fixed number ¢ > max{y, z}. For each
positive integer k, let ¢, = {k‘%J . Then t + kg(y) — lrg(z) >t > z and, applying (4) twice,
F(t+kg(y) = lrg(2)) + b f(2) = f(t+kg(y)) = f(t) + k[ (y),
l
0< T A(t+ kow) — () = N 1 sy - p(e).
As k — oo we get
i) Uk B 9W) .\ _ ) -y
o< jim (204 1)~ 1)) = 500 = 2405 = ) - FO =25
and therefore
I _ f(z)
y T~ oz
Exchanging variables y and z, we obtain the reverse inequality. Hence, % = @ for arbi-
e

trary y and z; so function is constant, f(z) = cx.

x
Substituting back into (1), we find that f(z) = cx is a solution if and only if ¢ = 2. So the
only solution for the problem is f(z) = 2z.
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Ab5. Let c>2, and let a(1),a(2),... be a sequence of nonnegative real numbers such that
a(m+n) < 2a(m) + 2a(n) for all m,n >1, (1)
and )
a(2F) < G Prallkzo 2)

Prove that the sequence a(n) is bounded.

(Croatia)

Solution 1. For convenience, define a(0) = 0; then condition (1) persists for all pairs of
nonnegative indices.

Lemma 1. For arbitrary nonnegative indices ny, ..., ng, we have

k
a <Z nl> < Z 2'a(n;) (3)
and

a (Z n) < 2k Z a(n;). (4)

Proof. Inequality (3) is proved by induction on k. The base case k = 1 is trivial, while the
induction step is provided by

k41 k41 k k k41
a (Z n2> =a (nl—i-z nl> < 2a(ny)+2a ( ni+1> < 2a(nq)+2 Z 2'a(ni,) = Z 2'a(n;).
=1 =2 1 i—1 i—1

1=

To establish (4), first the inequality

can be proved by an obvious induction on d. Then, turning to (4), we find an integer d such
that 291 < k < 29 to obtain

a<z n,) = a(Z n; + Z 0) < 24 <Z a(n;) + Z a(O)) = 2dZa(n,~) < QkZa(ni).

i=k+1 i=1 i=k+1 i=1 i=1
U

Fix an increasing unbounded sequence 0 = My < M; < My < ... of real numbers; the exact
values will be defined later. Let n be an arbitrary positive integer and write

d
n = Zai 20 where ¢; € {0,1}.
i=0

Set ¢; = 0 for i > d, and take some positive integer f such that My > d. Applying (3), we get

a(n):a<zf: > ai~2i>§k§;2’fa< > gi-2i>.

k=1 Mj,_, <i<Mj M1 <i< My,
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Note that there are less than M), — Mj._; + 1 integers in interval [Mj_q, My); hence, using (4)
we have

f

k=1 My <i<My,

f
< k- _ 2 i
< I; 2 9(My = My +1)7 | max - a(2)

! ! 2 k+1

1 My, +1 2

< 2k+1 M + 1 2 .+ _ k '
- kzz; (M ) (Mi-1 + 1) ; M1 +1) (M1 +1)2

Setting M, = 4%/(¢=2 — 1, we obtain

- 2/(c—2) 2kt 2/(c~2) Loy 2/(c—2)
24 (4F=D/(c=2))e-2 =384 Z<§) <8-4 ’
k=1 k=1

and the sequence a(n) is bounded.

a(n)

IN

Solution 2.

Lemma 2. Suppose that sq,..., s, are positive integers such that
k
» o<l
i=1
Then for arbitrary positive integers nq, ..., n; we have
k k
a (Z n2> < Z 2%a(n;)
i=1 i=1

Proof. Apply an induction on k. The base cases are k = 1 (trivial) and & = 2 (follows from the
condition (1)). Suppose that k£ > 2. We can assume that s; < sy < --- < s;. Note that

k—1
PRSP
=1

since the left-hand side is a fraction with the denominator 2°-1, and this fraction is less than 1.
Define s} _; = sp—1 — 1 and nj_; = ng_1 + ny; then we have

k—2
D22 < (12270 ) 42 =

i=1

Now, the induction hypothesis can be applied to achieve
k k—2 k—2
CL<Z ’)’Lz> = (I(Z n; +7’L;€_1> S ZQSla(nz) + 25;71a(n;€_1)
i=1 i=1 '
<3 2%a(ng) + 27 2(a(ng-1) + alng))

< Z 2%a(n;) + 2% ta(ng_1) + 2%a(ny). O
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Let ¢ = ¢/2 > 1. Take an arbitrary positive integer n and write
n:ZQW, 0<u; <ug < -+ < u.

Choose s; = |log,(u; + 1)1] ) for some integer d. We have

+d(i=1 k
k k
Z 2—81' _ 2—d Z 2_L10g2(ui+1)qJ
i=1 i=1

and we choose d in such a way that

N | —

k
< Z 2~
i=1

In particular, this implies

<222 [logy (ui+1)9 42 u _'_1

Now, by Lemma 2 we obtain

k | k o k 4 . 1
a(n):a<;2m) g;?a(? Z)ng N Ay
:2dZ(uz+1 <Z (u; +1)9 )

=1
which is bounded since ¢ > 1.
Comment 1. In fact, Lemma 2 (applied to the case n; = 2% only) provides a sharp bound for
any a(n). Actually, let b(k) =

CFSIE and consider the sequence

k k k
n) = min{z 2%b(u;) |k EN, Y 270 <1, Y 2% = n} (5)
i=1 i=1 i=1

We show that this sequence satisfies the conditions of the problem. Take two arbitrary indices m
and n. Let

k k k
a(m) =Y 2%b(u;), o<l Y 2Mi=my
i=1 i=1 i=1
! ! !
a(n) =Y 2" b(wy), o<1, Y 2vi=n
i=1 i=1 i=1
Then we have
k l 11 k !
s, Ay o+ L ; P
22 8+Zz <oty =1 22“ +Z2w—m+n,
i=1 i=1 i=1 i=1
so by (5) we obtain
k
a(n+m) < Z 2MSib(uy) + Z 2 Tib(w;) = 2a(m) 4 2a(n).

=1
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Comment 2. The condition ¢ > 2 is sharp; we show that the sequence (5) is not bounded if ¢ < 2.

First, we prove that for an arbitrary n the minimum in (5) is attained with a sequence (u;)
consisting of distinct numbers. To the contrary, assume that ui_1 = ug. Replace ugp_1 and u; by
a single number uf,f_l = ug + 1, and s;_1 and s; by S;C_l = min{sg_1, s }. The modified sequences
provide a better bound since

2%-1h(ufy_1) = 2%k-1b(ug, + 1) < 25 1b(ug_1) + 2°b(uy)

(we used the fact that b(k) is decreasing). This is impossible.
Hence, the claim is proved, and we can assume that the minimum is attained with w; < --- < uy;

then
k
i=1

is simply the binary representation of n. (In particular, it follows that a(2™) = b(n) for each n.)

Now we show that the sequence (a(2k — 1)) is not bounded. For some sq,...,s; we have
koo k k_ gs;
a(2b —1) = a(Z 2’—1) = 20— 1) =) -
i=1 i=1 i=1

By the Cauchy—Schwarz inequality we get

Flon\ (& 1 NI
a(2k—1)=a(2k—1)-12(Zi6)<228i>2<§:m>7

i=1 i=1 i=1

which is unbounded.
For ¢ < 2, it is also possible to show a concrete counterexample. Actually, one can prove that the

sequence
2% = —_— 0<u <... <
(L) Sty 0cuccw

i=1 i=1
satisfies (1) and (2) but is not bounded.
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AG6. Letay,ay,..., a0 be nonnegative real numbers such that a?+a2+...+a2,, = 1. Prove
that
2 2 2 12
(Poland)
100
Solution. Let § = Zaiakﬂ. (As usual, we consider the indices modulo 100, e.g. we set
k=1

a101 = a1 and ajpp = az-)
Applying the Cauchy-Schwarz inequality to sequences (aj.1) and (a2 + 2ag,1ax42), and then
the AM-GM inequality to numbers a?,, and aj_.,,

100 2 100 100
(35 (Z Al+1 ak + 2ak+1ak+2)> S (Z az_l_l) <Z(Qz + 2ak+1ak+2>2> (1)

k=1 k=1 k=1
100 100
2 2 4 2 2 2
=1- E (ag + 2ap1042)° = g (ay + 4ajap 41042 + 4aj 1 ai, o)
k=1 k=1
100 100
4 2/ 2 2 2 2 N\ 4 2 2 2 2
< E (ak +‘2ak(ak+1'+’ak+2)'+’4ak+1ak+2)'— E (“k'+’6akak+4'+'2akak+2)-
k=1 k=1

Applying the trivial estimates

100 100 2 100 50
S ot + 20, + 2l (z) wd S ald,, (z ) (z)
k=1 =1

k=1

we obtain that

(39)% < (Za%) +4 (Za%i_l) (Za%) <1+ (Zam 1+Za23) =2,

hence

<%

12
~ 04714 < — =0.48.
25

Comment 1. By applying the Lagrange multiplier method, one can see that the maximum is
attained at values of a; satisfying
ai_i 4 2apaps1 = 2 a (2)

for all k =1,2,...,100. Though this system of equations seems hard to solve, it can help to find the
estimate above; it may suggest to have a closer look at the expression a%_lak + 2a%ak+1.
Moreover, if the numbers aq, ..., ajgo satisfy (2), we have equality in (1). (See also Comment 3.)

Comment 2. It is natural to ask what is the best constant ¢, in the inequality
3/2
a%ag—l—agag—l—...%—aialScn(a%—l—a%—l— +a)/. (3)

For 1 < n < 4 one may prove ¢, = 1/y/n which is achieved when ay = ay = ... = a,. However, the
situation changes completely if n > 5. In this case we do not know the exact value of ¢,,. By computer
search it can be found that ¢, ~ 0.4514 and it is realized for example if

a1 ~ 0.5873, as ~0.6771, a3~ 0.4224, a4~ 0.1344, a5~ 0.0133

and ag ~ 0 for k£ > 6. This example also proves that ¢, > 0.4513.
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Comment 3. The solution can be improved in several ways to give somewhat better bounds for c,,.
Here we show a variant which proves ¢,, < 0.4589 for n > 5.

The value of ¢, does not change if negative values are also allowed in (3). So the problem is
equivalent to maximizing

2 2 2
flay,ag,...,a,) = ajas + azas + ...+ a;, a1

on the unit sphere a? + a3 + ... + a2 = 1 in R™. Since the unit sphere is compact, the function has a
maximum and we can apply the Lagrange multiplier method; for each maximum point there exists a
real number A such that

a2, 4 2apaps = X-2a;,  forallk=1,2,..., n.

Then

n n
38 = Z(ai_lak + Zaiakﬂ) = Z 2\ai = 2\
k=1 k=1

and therefore
ai_l + 2aiax11 = 3Say forall k=1,2,...,n. (4)

From (4) we can derive

n n n n n
2
95% = 2:(35%)2 = Z(ai_l + 2akak+1) = Z ai +4 Z a%aiﬂ +4 Z a%ak+1ak+2 (5)
k=1 k=1 k=1 k=1 k=1
and
n n n n
38% = Z 3Sa;_jap = Z a2, (aﬁ_l + 2apak41) = Z ag + 2 Z 42 g1 O ra- (6)
k=1 k=1 k=1 k=1

Let p be a positive number. Combining (5) and (6) and applying the AM-GM inequality,

n n n
(9+3p)S* = (14p) Y Jap +4> ajaiy + (4+2p) > ajari1arso
k=1 k=1 k=1

n n n
2+0p 2
<(1+p) E aé +4 E aiaiﬂ + E <2(1 +p)a2ai+z + é(l _|_]))) aiaiH)
k=1 k=1 k=1

n n
2 +p)?
=(1+p) Z(a% + 2ajaz 1 + 2a3az, o) + <4 + @+p)” 2(1 +p)> Z azai,q

= 20+7) =
3 Y ogtdp-3
D — 9P 2 2
<(1 > ai )
(1+p) <k:1 ak) 21 +p) 2 kQk+1
84+4p —3p> <~ 5
=(14+p)+ g apa
( p) 2(1 _|_p) ] kE%k+1
2427
Setting p = %\/_ which is the positive root of 8 + 4p — 3p? = 0, we obtain

S< . J1EP 52V asssTo.
9+ 3p 33+ 67
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AT. Letn>1 be an integer. In the space, consider the set
S = {(x,y,z) | z,y,z€{0,1,...,n}, x+y+2 > 0}.

Find the smallest number of planes that jointly contain all (n+ 1) — 1 points of S but none of
them passes through the origin.
(Netherlands)

Answer. 3n planes.

Solution. It is easy to find 3n such planes. For example, planes x = i, y = i or 2 = 1
(1t =1,2,...,n) cover the set S but none of them contains the origin. Another such collection
consists of all planes x +y+ 2=k for k=1,2,...,3n.

We show that 3n is the smallest possible number.

Lemma 1. Consider a nonzero polynomial P(xy,...,z) in k variables. Suppose that P
vanishes at all points (z1,...,xx) such that zq,...,2x € {0,1,...,n} and 1 + -+ + 2, > 0,
while P(0,0,...,0) # 0. Then deg P > kn.

Proof. We use induction on k. The base case k = 0 is clear since P # 0. Denote for clarity
Y = Tg.

Let R(z1,...,2k-1,y) be the residue of P modulo Q(y) = y(y —1)...(y —n). Polyno-
mial Q(y) vanishes at each y = 0,1,...,n, hence P(zy,...,z5_1,y) = R(x1,...,x%_1,y) for
all x1,...,25_1,y € {0,1,...,n}. Therefore, R also satisfies the condition of the Lemma,
moreover, deg, i < n. Clearly, deg R < deg P, so it suffices to prove that deg R > nk.

Now, expand polynomial R in the powers of y:

R(I‘l, .. .,xk_l,y) = Rn(llfl, Ce ,[L’k_l)yn + Rn—l(l’la .. .,l’k_l)yn_l —+ -+ Ro(l’l, .. .,l’k_l).

We show that polynomial R,,(x1,...,zx_1) satisfies the condition of the induction hypothesis.
Consider the polynomial T'(y) = R(0,...,0,y) of degree < n. This polynomial has n roots
y = 1,...,n; on the other hand, T'(y) # 0 since T(0) # 0. Hence degT = n, and its leading
coefficient is R, (0,0,...,0) # 0. In particular, in the case k = 1 we obtain that coefficient R,
is nonzero.
Similarly, take any numbers ay, ..., ax_1 € {0,1,...,n} with a;+- - -4a,_1 > 0. Substituting

x; = a; into R(xq,...,Tx_1,Yy), we get a polynomial in y which vanishes at all pointsy = 0,...,n
and has degree < n. Therefore, this polynomial is null, hence R;(ay,...,ax_1) = 0 for all
i=0,1,...,n. In particular, R,(ay,...,ax_1) = 0.

Thus, the polynomial R, (x1,...,x,_1) satisfies the condition of the induction hypothesis.
So, we have deg R,, > (k — 1)n and deg P > deg R > deg R,, + n > kn. d

Now we can finish the solution. Suppose that there are N planes covering all the points
of S but not containing the origin. Let their equations be a;x + b;y + ¢;z + d; = 0. Consider

the polynomial
N

P(z,y,2) = H(aix + by + ciz + d;).

i=1

It has total degree N. This polynomial has the property that P(z, o, 20) =
(%0, Y0, 20) € S, while P(0,0,0) # 0. Hence by Lemma 1 we get N = deg P > 3n, as de-
sired.

Comment 1. There are many other collections of 3n planes covering the set S but not covering the
origin.
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Solution 2. We present a different proof of the main Lemma 1. Here we confine ourselves to
the case k = 3, which is applied in the solution, and denote the variables by =, y and z. (The
same proof works for the general statement as well.)

The following fact is known with various proofs; we provide one possible proof for the
completeness.

Lemma 2. For arbitrary integers 0 < m < n and for an arbitrary polynomial P(x) of degree m,
S ) P =o. )
k=0

Proof. We use an induction on n. If n = 1, then P(z) is a constant polynomial, hence
P(1) — P(0) = 0, and the base is proved.

For the induction step, define P;(z) = P(x + 1) — P(x). Then clearly deg P, = deg P —1 =
m — 1 <n — 1, hence by the induction hypothesis we get

0-- n_:<—1>k(” LCE n_:<—1>k(” ) ew - P )

=
::Pan+n_1—nk<<2:i)4-

k=1

Now return to the proof of Lemma 1. Suppose, to the contrary, that deg P = N < 3n.

Consider the sum
5 R [0 A

=0 j7=0 k=0

3
The only nonzero term in this sum is P(0,0,0) and its coefficient is (g) = 1; therefore

5 = P(0,0,0) # 0.
On the other hand, if P(z,y,z) = Z Doy 27, then

a+B+y<N

e EER ()T mer

i=0 j=0 k=0 a+B+y<N

" Z e (S ) (SO (B 6r)

Consider an arbitrary term in this sum. We claim that it is zero. Since N < 3n, one of three
inequalities o < n, # < n or v < n is valid. For the convenience, suppose that o < n. Applying

(n
Lemma 2 to polynomial x¢, we get Z(—l)’ ( ,)z’a = 0, hence the term is zero as required.
1

i=0
This yields ¥ = 0 which is a contradiction. Therefore, deg P > 3n.
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Comment 2. The proof does not depend on the concrete coefficients in Lemma 2. Instead of this
Lemma, one can simply use the fact that there exist numbers ag, a1, ..., a, (ap # 0) such that

n
Zakk‘m =0 for every 0 < m < n.
k=0

This is a system of homogeneous linear equations in variables «;. Since the number of equations is
less than the number of variables, the only nontrivial thing is that there exists a solution with ag # 0.
It can be shown in various ways.



Combinatorics

C1. Let n > 1 be an integer. Find all sequences a1, as, . . ., an24, satisfying the following
conditions:

(a) a; € {0,1} for all 1 <7 < n?+n;

(b) @ig1 + Gigo+ .o+ Gign < Qigngr + Qignio + ... + Qi for all 0 <i < n? —n.

(Serbia)
Answer. Such a sequence is unique. It can be defined as follows:
0 <
Qugon = % utvsm, foralll <u<nand 0 <v<n. (1)
1, u+v>n+1

The terms can be arranged into blocks of length n as

0...0)0...01)0...011)...(0...01 ...1)...(01...1)(1...1).

n n—1 n—2 n—uv [ n—1 n

Solution 1. Consider a sequence (a;) satisfying the conditions. For arbitrary integers 0 <
k <1 <n?+ndenote S(k,l] = agy1 + -+ . (If k=1 then S(k,l] =0.) Then condition (b)
can be rewritten as S(i,i + n] < S(i + n,i + 2n] for all 0 < ¢ < n? — n. Notice that for
0<k<l<m<n?*+n wehave S(k,m] = S(k,1] + S(l,m].
By condition (b),
0<8(0,n] < Sm,2n] <---<S(n*n*+n] <n.

We have only n + 1 distinct integers in the interval [0, n]; hence,

S(vn,(v+1)n] =v  forall0 <v <n. (2)

In particular, S(0,n] = 0 and S(n? n® + n| = n, therefore

alzagz...:anzo, (3)

an2+1 - a,n2+2 - ... = a,n2+n - 1 (4)

Subdivide sequence (a;) into n+1 blocks, each consisting of n consecutive terms, and number
them from 0 to n. We show by induction on v that the vth blocks has the form

The base case v = 0 is provided by (3).
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Consider the vth block for v > 0. By (2), it contains some “ones”. Let the first “one” in this
block be at the uth position (that is, ayi,, = 1). By the induction hypothesis, the (v — 1)th
and vth blocks of (a;) have the form

(0...0...01...1)(0...01%...%),
n—v+1 v—1 u—1

where each star can appear to be any binary digit. Observe that © < n — v + 1, since the sum
in this block is v. Then, the fragment of length n bracketed above has exactly (v —1) + 1 ones,
i.e. S(u+ (v—1)n,u+on] =v. Hence,

v==S(u+@w-1nu+on] <S(u+ovnu+@w+1n] < - <S(u+(n—nu+n?] <n

we have n — v + 1 distinct integers in the interval [v, n], therefore S(u+ (t — 1)n,u+tn] =t for
eacht=wv,...,n.
Thus, the end of sequence (a;) looks as following;:

uzoroosI S=w . S=v+1 . . S=n In—uoncs
©0...00...01...1)(0...0L1% . %)(x.. %% % ..(1... 11 1)
S =v-1 Yo S =vt1 Yon

(each bracketed fragment contains n terms). Computing in two ways the sum of all digits
above, we obtain n —u = v — 1 and u = n — v + 1. Then, the first n — v terms in the vth
block are zeroes, and the next v terms are ones, due to the sum of all terms in this block. The
statement is proved.

We are left to check that the sequence obtained satisfies the condition. Notice that a; < a;,,
for all 1 < i < n% Moreover, if 1 <u <mnand 0 < v <n —1, then ayypn < Guionin exactly
when u 4+ v = n. In this case we have u +vn =n+v(n —1).

Consider now an arbitrary index 0 < i < n? —n. Clearly, there exists an integer v such that
n+wv(n—1) € [i+1,i+n]. Then, applying the above inequalities we obtain that condition (b)
is valid.

Solution 2. Similarly to Solution 1, we introduce the notation S(k,[] and obtain (2), (3),
and (4) in the same way. The sum of all elements of the sequence can be computed as

S(0,n* +n] =S(0,n]+S(n,2n] +...+Sn*n*+n]=0+1+...+n.
For an arbitrary integer 0 < u < n, consider the numbers
Su,u+n] < Su+nu+2n) <...<S(u+ (n—1)n,u+n. (5)

They are n distinct integers from the n + 1 possible values 0,1,2,...,n. Denote by m the
“missing” value which is not listed. We determine m from S(0,n? 4+ n]. Write this sum as

S(0,n*4n] = S(0,u]+S (u, u+n]+S(utn, ut+2n|+.. . +S(u+(n—1)n, u+n?+S(u+n? n’+n.

Since a; = a3 = ... = a, = 0 and auyp241 = ... = Ap2, = 1, we have S(0,u] = 0 and
S(u+n?*n+n?=n—u. Then

0+14...4n=50,n"+n]=0+ (0+1+...4n)—m)+ (n—u),
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som=n—u.
Hence, the numbers listed in (5) are 0,1,...,n —u—1 and n — u + 1,...,n, respectively,
therefore

v, v<n—u-—1,

foral0 <u<n,0<v<n-—1. (6)
v+1, v>2n—u

S(U+vn,u+(v+1)n] :{

Conditions (6), together with (3), provide a system of linear equations in variables a;. Now
we solve this system and show that the solution is unique and satisfies conditions (a) and (b).

First, observe that any solution of the system (3), (6) satisfies the condition (b). By the con-
struction, equations (6) immediately imply (5). On the other hand, all inequalities mentioned
in condition (b) are included into the chain (5) for some value of w.

Next, note that the system (3), (6) is redundant. The numbers S(kn, (k + 1)n], where
1 <k <n—1, appear twice in (6). For v =0 and v = k we have v <n —u — 1, and (6) gives
S(k:n, (k:+1)n} =v=k. Foru=mnand v =k —1 we have v > n — u and we obtain the same
value, S (k:n, (k+ 1)n} = v+ 1 = k. Therefore, deleting one equation from each redundant pair,
we can make every sum S(k, k + n] appear exactly once on the left-hand side in (6).

Now, from (3), (6), the sequence (a;) can be reconstructed inductively by
g =ay=...=ay,_1 =0, Ahin = Sk, k+n] — (g1 + apyo+ ...+ apin_1) (0 <k <n?),

taking the values of S(k, k+n] from (6). This means first that there exists at most one solution
of our system. Conversely, the constructed sequence obviously satisfies all equations (3), (6)
(the only missing equation is a, = 0, which follows from S(0,n] = 0). Hence it satisfies
condition (b), and we are left to check condition (a) only.

For arbitrary integers 1 < u,t < n we get

Quttn — Q-1 = S(u+ (= Dn,u+tn] — S((u—1)+ (t — D)n, (u— 1) + tn]
t—1)—(t—-1)=0, t<n-—u,
=t—(t—1)=1, t=n—u+1,
t—t=0, t>n—u+2.

Since a,, = 0, we have

(2

Aytvn = Auton — Ay = E (a'u-‘,-tn - au—l—(t—l)n)
t=1

forall 1 <wu,v <n. Ifv <n—u-+1then all terms are 0 on the right-hand side. If v > n—u+1,
then variable t attains the value n — u 4+ 1 once. Hence,

0, u+v<n,
Ayton =
1, u+v>n-+1,

according with (1). Note that the formula is valid for v = 0 as well.

Finally, we presented the direct formula for (a;), and we have proved that it satisfies condi-
tion (a). So, the solution is complete.
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C2. A unit square is dissected into n > 1 rectangles such that their sides are parallel to the
sides of the square. Any line, parallel to a side of the square and intersecting its interior, also
intersects the interior of some rectangle. Prove that in this dissection, there exists a rectangle
having no point on the boundary of the square.

(Japan)

Solution 1. Call the directions of the sides of the square horizontal and vertical. A horizontal
or vertical line, which intersects the interior of the square but does not intersect the interior of
any rectangle, will be called a splitting line. A rectangle having no point on the boundary of
the square will be called an interior rectangle.

Suppose, to the contrary, that there exists a dissection of the square into more than one
rectangle, such that no interior rectangle and no splitting line appear. Consider such a dissection
with the least possible number of rectangles. Notice that this number of rectangles is greater
than 2, otherwise their common side provides a splitting line.

If there exist two rectangles having a common side, then we can replace them by their union
(see Figure 1). The number of rectangles was greater than 2, so in a new dissection it is greater
than 1. Clearly, in the new dissection, there is also no splitting line as well as no interior
rectangle. This contradicts the choice of the original dissection.

Denote the initial square by ABC' D, with A and B being respectively the lower left and lower
right vertices. Consider those two rectangles a and b containing vertices A and B, respectively.
(Note that a # b, otherwise its top side provides a splitting line.) We can assume that the
height of a is not greater than that of b. Then consider the rectangle ¢ neighboring to the lower
right corner of a (it may happen that ¢ = b). By aforementioned, the heights of a and ¢ are
distinct. Then two cases are possible.

D | C D I C
.
L
- a h b @ 1° b
. .
A B A B
Figure 1 Figure 2 Figure 3

Case 1. The height of ¢ is less than that of a. Consider the rectangle d which is adjacent
to both a and ¢, i.e. the one containing the angle marked in Figure 2. This rectangle has no
common point with BC' (since a is not higher than b), as well as no common point with AB
or with AD (obviously). Then d has a common point with C'D, and its left side provides a
splitting line. Contradiction.

Case 2. The height of ¢ is greater than that of a. Analogously, consider the rectangle d
containing the angle marked on Figure 3. It has no common point with AD (otherwise it has
a common side with a), as well as no common point with AB or with BC' (obviously). Then d
has a common point with C'D. Hence its right side provides a splitting line, and we get the
contradiction again.
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Solution 2. Again, we suppose the contrary. Consider an arbitrary counterexample. Then we
know that each rectangle is attached to at least one side of the square. Observe that a rectangle
cannot be attached to two opposite sides, otherwise one of its sides lies on a splitting line.

We say that two rectangles are opposite if they are attached to opposite sides of ABC'D. We
claim that there exist two opposite rectangles having a common point.

Consider the union L of all rectangles attached to the left. Assume, to the contrary, that L
has no common point with the rectangles attached to the right. Take a polygonal line p
connecting the top and the bottom sides of the square and passing close from the right to the
boundary of L (see Figure 4). Then all its points belong to the rectangles attached either to
the top or to the bottom. Moreover, the upper end-point of p belongs to a rectangle attached
to the top, and the lower one belongs to an other rectangle attached to the bottom. Hence,
there is a point on p where some rectangles attached to the top and to the bottom meet each
other. So, there always exists a pair of neighboring opposite rectangles.

X b ———————— —m—m e —— = —_———
L T R —— - o Y v

Figure 4 Figure 5 Figure 6

Now, take two opposite neighboring rectangles a and b. We can assume that a is attached
to the left and b is attached to the right. Let X be their common point. If X belongs to their
horizontal sides (in particular, X may appear to be a common vertex of a and b), then these
sides provide a splitting line (see Figure 5). Otherwise, X lies on the vertical sides. Let ¢ be
the line containing these sides.

Since /¢ is not a splitting line, it intersects the interior of some rectangle. Let ¢ be such a
rectangle, closest to X; we can assume that c lies above X. Let Y be the common point of ¢
and the bottom side of ¢ (see Figure 6). Then Y is also a vertex of two rectangles lying below c.

So, let Y be the upper-right and upper-left corners of the rectangles a’ and b, respectively.
Then o’ and b’ are situated not lower than a and b, respectively (it may happen that a = o
or b =b'). We claim that o’ is attached to the left. If a = a’ then of course it is. If a # o’
then a’ is above a, below ¢ and to the left from ¢'. Hence, it can be attached to the left only.

Analogously, ¢’ is attached to the right. Now, the top sides of these two rectangles pass
through Y, hence they provide a splitting line again. This last contradiction completes the
proof.
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C3. Find all positive integers n, for which the numbers in the set S = {1,2,...,n} can be
colored red and blue, with the following condition being satisfied: the set S x S x S contains
exactly 2007 ordered triples (z,y, z) such that (i) z,y, z are of the same color and (ii) z+y+ 2
is divisible by n.

(Netherlands)

Answer. n =69 and n = &4.

Solution. Suppose that the numbers 1,2,...,n are colored red and blue. Denote by R and B
the sets of red and blue numbers, respectively; let |R| = r and |B| = b = n —r. Call a
triple (x,y,z) € S x S x S monochromatic if x,y,z have the same color, and bichromatic
otherwise. Call a triple (x,y, z) divisible if x + y + z is divisible by n. We claim that there are
exactly r2 — rb + b? divisible monochromatic triples.

For any pair (z,y) € S x S there exists a unique z,, € S such that the triple (x,y, 2, ,) is
divisible; so there are exactly n? divisible triples. Furthermore, if a divisible triple (z,¥, 2) is
bichromatic, then among z, y, z there are either one blue and two red numbers, or vice versa.
In both cases, exactly one of the pairs (z,y), (y, z) and (z, ) belongs to the set R x B. Assign
such pair to the triple (z,y, z).

Conversely, consider any pair (z,y) € R x B, and denote z = z,,. Since x # y, the
triples (x,y, 2), (y, z,z) and (z, z,y) are distinct, and (z, y) is assigned to each of them. On the
other hand, if (z,y) is assigned to some triple, then this triple is clearly one of those mentioned
above. So each pair in R x B is assigned exactly three times.

Thus, the number of bichromatic divisible triples is three times the number of elements
in R x B, and the number of monochromatic ones is n* — 3rb = (r + 0)? — 3rb = r*> — rb + V?,
as claimed.

So, to find all values of n for which the desired coloring is possible, we have to find all
n, for which there exists a decomposition n = r + b with % — rb + > = 2007. Therefore,
9| 7% —rb+b* = (r + b)* — 3rb. From this it consequently follows that 3 | 7 + b, 3 | rb, and
then 3 ‘ r, 3 ‘ b. Set r = 3s, b = 3c. We can assume that s > c. We have 52 — sc + ¢? = 223.
Furthermore,

892 = 4(s* — sc+¢?) = (2¢ — 8)? +35* > 35® > 357 — 3c(s — ¢) = 3(s* — sc + %) = 669,
0 297 > s* > 223 and 17 > s > 15. If s = 15 then
c(1b—c)=c(s—c) =8> — (s> —sc+c?) =15 — 223 =2

which is impossible for an integer ¢. In a similar way, if s = 16 then ¢(16 — ¢) = 33, which is
also impossible. Finally, if s = 17 then ¢(17 — ¢) = 66, and the solutions are ¢ = 6 and ¢ = 11.
Hence, (r,b) = (51, 18) or (r,b) = (51,33), and the possible values of n are n = 51 4+ 18 = 69
and n = 51 4 33 = 84.

Comment. After the formula for the number of monochromatic divisible triples is found, the solution

can be finished in various ways. The one presented is aimed to decrease the number of considered
cases.
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C4. Let Ay = (a1,...,a,) be a finite sequence of real numbers. For each k > 0, from the
sequence Ay = (z1,...,2,) we construct a new sequence Ay, in the following way.
1. We choose a partition {1,...,n} = I U.J, where I and J are two disjoint sets, such that

the expression
PILEDIES

iel jeJ

attains the smallest possible value. (We allow the sets I or J to be empty; in this case the
corresponding sum is 0.) If there are several such partitions, one is chosen arbitrarily.

2. We set Agy1 = (Y1,---,Yn), Where y; =x; + 1ifi € I, and y; =z, — 1 if i € J.

Prove that for some k, the sequence Ay, contains an element x such that |z| > n/2.

(Iran)
Solution.
Lemma. Suppose that all terms of the sequence (z1,...,x,) satisfy the inequality |z;| < a.
Then there exists a partition {1,2,...,n} = I U J into two disjoint sets such that
in—Zx] < a. (1)

el jeJ

Proof. Apply an induction on n. The base case n = 1 is trivial. For the induction step,

consider a sequence (x1,...,x,) (n > 1). By the induction hypothesis there exists a splitting
{1,...,n—1} = I"U J" such that

S oY a|<a
iel’ jeJ’
For convenience, suppose that > x; > > z;. If z, > 0 then choose I = I, J = J U {n}; other-
i€l jeT
wise choose I = I'"U{n}, J = J'. In both cases, we have > z;— > z; € [0,a) and |z,| € [0, a);
iel’ jeT

hence

S-S T Y-l € )

i€l jeJ iel’ jeJ’
as desired. 0

Let us turn now to the problem. To the contrary, assume that for all &, all the numbers

in Ay, lie in interval (—n/2,n/2). Consider an arbitrary sequence Ay = (by,...,b,). To obtain

the term b;, we increased and decreased number a; by one several times. Therefore b; — a; is
always an integer, and there are not more than n possible values for b;. So, there are not more
than n” distinct possible sequences A, and hence two of the sequences Ay, Ay, ..., Apnyq
should be identical, say A, = A, for some p < q.

For any positive integer k, let S; be the sum of squares of elements in A;. Consider two
consecutive sequences Ay = (x1,...,x,) and Axi1 = (y1,...,Yyn). Let {1,2,...,n} =1TUJ be
the partition used in this step — that is, y; = x; + 1 for alli € I and y; = x; — 1 for all j € J.

Since the value of

Soxi— . xj) is the smallest possible, the Lemma implies that it is less
il jeT
than n/2. Then we have

Sk+1—Sk:Z((x,+1 —x +Z -—1 —:E —n+2(2x, ij)>n—2-g:O.

i€l jeJ 1€l jeJ

Thus we obtain S, > S,_; > --- > S,. This is impossible since A, = A, and hence S, = 5,.
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C5. In the Cartesian coordinate plane define the strip S, = {(z,9) | n <2 <n+ 1} for
every integer n. Assume that each strip .S,, is colored either red or blue, and let a and b be two
distinct positive integers. Prove that there exists a rectangle with side lengths a and b such

that its vertices have the same color.
(Romania)

Solution. If S, and 5,., have the same color for some integer n, then we can choose the
rectangle with vertices (n,0) € S,, (n,b) € Sy, (n+a,0) € Sy4q, and (n+a,b) € S, 44, and we
are done. So it can be assumed that S,, and S,,,, have opposite colors for each n.

Similarly, it also can be assumed that S,, and 5,1, have opposite colors. Then, by induction
on |p|+ |g|, we obtain that for arbitrary integers p and ¢, strips S,, and Sy, pa+qp have the same
color if p + ¢ is even, and these two strips have opposite colors if p 4+ ¢ is odd.

Let d = ged(a, b), a1 = a/d and by = b/d. Apply the result above for p = b; and ¢ = —a;.
The strips Sy and Sob,a—a,s are identical and therefore they have the same color. Hence, a1 +0;
is even. By the construction, a; and b; are coprime, so this is possible only if both are odd.

Without loss of generality, we can assume a > b. Then a; > b; > 1, so a; > 3.

Choose integers k and ¢ such that ka; — ¢b; = 1 and therefore ka — ¢b = d. Since a; and b,
are odd, k + ¢ is odd as well. Hence, for every integer n, strips S, and S,ixe—m = Spiq have
opposite colors. This also implies that the coloring is periodic with period 2d, i.e. strips S,
and S, 24 have the same color for every n.

B
b
C
a
a
A By Do
t t+2d U u+2d T
b
D
Figure 1

We will construct the desired rectangle ABC'D with AB = CD = a and BC' = AD =b in
a position such that vertex A lies on the z-axis, and the projection of side AB onto the z-axis
is of length 2d (see Figure 1). This is possible since a = a;d > 2d. The coordinates of the
vertices will have the forms

A= (t,0), B=(t+2d,11), C=(u+2d,y2), D = (u,ys).
Let o = \/czfj. By Pythagoras’ theorem,
y1 = BBy = Va — A& = d\/a? — 4 = d.
So, by the similar triangles ADD, and BAB, we have the constraint

AD bd
—t=ADy=— BBy = — 1
u—t "7 AB 0 a(p (1)
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for numbers ¢ and u. Computing the numbers y, and y3 is not required since they have no
effect to the colors.

Observe that the number ¢ is irrational, because ¢? is an integer, but ¢ is not: a; > ¢ >
Va2 —2a;+2>a; — 1.

By the periodicity, points A and B have the same color; similarly, points C' and D have the
same color. Furthermore, these colors depend only on the values of t and u. So it is sufficient
to choose numbers t and u such that vertices A and D have the same color.

Let w be the largest positive integer such that there exist w consecutive strips S,,, Sno+1, - - -,
Sho+w—1 With the same color, say red. (Since S,,+q4 must be blue, we have w < d.) We will
choose t from the interval (ng, ng + w).

A Bo Do

T y

no t no+w t+2d u T
Figure 2

b
Consider the interval I = <n0 +—p,no+—p+ w) on the z-axis (see Figure 2). Its length
a a

is w, and the end-points are irrational. Therefore, this interval intersects w 4+ 1 consecutive
strips. Since at most w consecutive strips may have the same color, interval I must contain both
bd
red and blue points. Choose u € I such that the line x = w is red and set t = u— —, according
a
to the constraint (1). Then t € (ng,no +w) and A = (¢,0) is red as well as D = (u, ys3).
Hence, variables u and t can be set such that they provide a rectangle with four red vertices.

Comment. The statement is false for squares, i.e. in the case a = b. If strips Soka, Soka+tis -- -
Sk+1)a—1 are red, and strips S(or41)ar S@k+1)at1s -+ - S(2k+2)a—1 are blue for every integer k, then
each square of size a X a has at least one red and at least one blue vertex as well.
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C6. In amathematical competition some competitors are friends; friendship is always mutual.
Call a group of competitors a clique if each two of them are friends. The number of members
in a clique is called its size.

It is known that the largest size of cliques is even. Prove that the competitors can be
arranged in two rooms such that the largest size of cliques in one room is the same as the
largest size of cliques in the other room.

(Russia)

Solution. We present an algorithm to arrange the competitors. Let the two rooms be Room A
and Room B. We start with an initial arrangement, and then we modify it several times by
sending one person to the other room. At any state of the algorithm, A and B denote the sets
of the competitors in the rooms, and ¢(A) and ¢(B) denote the largest sizes of cliques in the
rooms, respectively.

Step 1. Let M be one of the cliques of largest size, | M| = 2m. Send all members of M to
Room A and all other competitors to Room B.
Since M is a clique of the largest size, we have ¢(A) = |M| > ¢(B).
Step 2. While ¢(A) > ¢(B), send one person from Room A to Room B.
Room A Room B

ANM BNM

Note that ¢(A) > ¢(B) implies that Room A is not empty.

In each step, c(A) decreases by one and ¢(B) increases by at most one. So at the end we
have ¢(A) < ¢(B) < c¢(A) +

We also have ¢(A) = |A] 2 m at the end. Otherwise we would have at least m + 1 members
of M in Room B and at most m — 1 in Room A, implying ¢(B) —c¢(A) > (m+1)—(m—1) = 2.
Step 3. Let k = c¢(A). If ¢(B) = k then STOP.

If we reached ¢(A) = ¢(B) = k then we have found the desired arrangement.

In all other cases we have ¢(B) =k + 1.

From the estimate above we also know that kK = |A| = |[AN M| >m and |[BN M| < m.

Step 4. If there exists a competitor x € BN M and a cligue C C B such that |C] = k + 1
and x & C, then move x to Room A and STOP.

)

Room A Room B
ANM BNnM o ©O
Oy C
O
© O
O

After moving x back to Room A, we will have k£ + 1 members of M in Room A, thus
c¢(A) = k+ 1. Duetox ¢ C, ¢(B) = |C] is not decreased, and after this step we have
c(A)=¢(B)=k+ 1.
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If there is no such competitor x, then in Room B, all cliques of size k + 1 contain B N M
as a subset.

Step 5. While ¢(B) = k + 1, choose a cligue C C B such that |C| = k + 1 and move one
member of C'\ M to Room A.

Room A Room B

ANM cl BnM

o

Note that |C|=k+1>m > |BN M|, so C\ M cannot be empty.
Every time we move a single person from Room B to Room A, so ¢(B) decreases by at
most 1. Hence, at the end of this loop we have ¢(B) = k.
In Room A we have the clique AN M with size |[AN M| = k thus ¢(A) > k. We prove that
there is no clique of larger size there. Let Q C A be an arbitrary clique. We show that |Q| < k.
Room A Room B

ANM

BNnM

In Room A, and specially in set (), there can be two types of competitors:

— Some members of M. Since M is a clique, they are friends with all members of B N M.

— Competitors which were moved to Room A in Step 5. Each of them has been in a clique
with B N M so they are also friends with all members of B N M.

Hence, all members of ) are friends with all members of B N M. Sets (Q and BN M are
cliques themselves, so Q U (B N M) is also a clique. Since M is a clique of the largest size,

(M| =]QU (BN M)| =|Q[+[BNM|=|Q|+|M|—|AN M|,
therefore
QI < |ANM[ = k.
Finally, after Step 5 we have ¢(A4) = ¢(B) = k.

Comment. Obviously, the statement is false without the assumption that the largest clique size is
even.
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C7. leta< 3~

and p > a - 2" for which one can select 2p pairwise distinct subsets Sy, ..., S,, T, ..., T}, of
the set {1,2,...,n} such that S;NT; # @ for all 1 <4i,j <p.

be a positive real number. Prove that there exist positive integers n

(Austria)

Solution. Let k& and m be positive integers (to be determined later) and set n = km. De-
compose the set {1,2,...,n} into k disjoint subsets, each of size m; denote these subsets
by Aj,..., Ag. Define the following families of sets:

S={Sc{,2,....n}: Vi SNA # o},

T ={Tc{1,2,...,n}: Ji 4 CT}, T=T\S.
For each set T € 7 C 7Ty, there exists an index 1 < i < k such that A; C T. Then for all S € S,
SNT D SNA; # 2. Hence, each S € § and each T' € 7 have at least one common element.

Below we show that the numbers m and k can be chosen such that |S|,|7| > « - 2". Then,

choosing p = min{|8|, |T|}, one can select the desired 2p sets Si,...,S, and T1,...,T, from
families S and 7, respectively. Since families S and 7 are disjoint, sets S; and T} will be
pairwise distinct.

To count the sets S € S, observe that each A; has 2™ —1 nonempty subsets so we have 2" —1
choices for S N A;. These intersections uniquely determine set S, so

S| = (2™ — 1)k (1)

Similarly, if a set H C {1,2,...,n} does not contain a certain set A; then we have 2" — 1
choices for H N A;: all subsets of A;, except A; itself. Therefore, the complement of 7; con-
tains (2™ — 1)* sets and

[ T| = 2" — (2™ — 1)~ (2)

Next consider the family S\ 7;. If a set S intersects all A; but does not contain any of them,
then there exists 2™ — 2 possible values for each S N A;: all subsets of A; except @ and A;.
Therefore the number of such sets S is (2™ — 2)*, so

[S\Ti| = (2" - 2)". (3)
From (1), (2), and (3) we obtain
7| =1] = 1SN T = 7] = (IS| = IS\ Tl) = 2" —2(2" = 1) + (2" — 2)".

Let § = 3 _2\/5

and k = k(m) = [2™log %]. Then

sl LY LA B
L T A W S A

and similarly

T 1Y 2\
lim u:1—2 lim (1—2—m) + lim <1—2—m) =1-20+62=06.

m— o0 2km m— 00 m—oo

Hence, if m is sufficiently large then ﬂ and m are greater than a (since a < 4). So
5 y larg mk omk g :
IS, IT| > a -2 =q- 2",
5
Comment. It can be proved that the constant is sharp. Actually, if Sy, ..., Sp, 11, ..., T)
3—+b

are distinct subsets of {1,2,...,n} such that each S; intersects each Tj, then p < V5 -2

2
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C8. Given a convex n-gon P in the plane. For every three vertices of P, consider the triangle
determined by them. Call such a triangle good if all its sides are of unit length.

Prove that there are not more than %n good triangles.
(Ukraine)

Solution. Consider all good triangles containing a certain vertex A. The other two vertices
of any such triangle lie on the circle w, with unit radius and center A. Since P is convex, all
these vertices lie on an arc of angle less than 180°. Let LR 4 be the shortest such arc, oriented
clockwise (see Figure 1). Each of segments AL4 and AR,4 belongs to a unique good triangle.
We say that the good triangle with side AL 4 is assigned counterclockwise to A, and the second
one, with side AR, is assigned clockwise to A. In those cases when there is a single good
triangle containing vertex A, this triangle is assigned to A twice.

There are at most two assignments to each vertex of the polygon. (Vertices which do not
belong to any good triangle have no assignment.) So the number of assignments is at most 2n.

Consider an arbitrary good triangle ABC, with vertices arranged clockwise. We prove
that ABC' is assigned to its vertices at least three times. Then, denoting the number of good
triangles by ¢, we obtain that the number K of all assignments is at most 2n, while it is not
less than 3t. Then 3t < K < 2n, as required.

Actually, we prove that triangle ABC' is assigned either counterclockwise to C' or clockwise
to B. Then, by the cyclic symmetry of the vertices, we obtain that triangle ABC' is assigned
either counterclockwise to A or clockwise to (', and either counterclockwise to B or clockwise
to A, providing the claim.

L4
wa RA wco [0%) 5]
A A
La
o oh |
Ry = =

Figure 1 Figure 2

Assume, to the contrary, that Lo # A and Rg # A. Denote by A’, B’, C’ the intersection
points of circles wa, wp and we, distinet from A, B, C' (see Figure 2). Let C'L¢ L be the good
triangle containing C'Ls. Observe that the angle of arc Lo A is less than 120°. Then one of the
points Lo and L, belongs to arc B'A of we; let this point be X. In the case when Lo = B’
and L~ = A, choose X = B'.

Analogously, considering the good triangle BR'; Rp which contains BRg as an edge, we see
that one of the points Rp and R); lies on arc AC” of wp. Denote this point by Y, Y # A.
Then angles XAY, YAB, BAC and CAX (oriented clockwise) are not greater than 180°.
Hence, point A lies in quadrilateral XY BC' (either in its interior or on segment XY'). This is
impossible, since all these five points are vertices of P.

Hence, each good triangle has at least three assignments, and the statement is proved.

Comment 1. Considering a diameter AB of the polygon, one can prove that every good triangle

containing either A or B has at least four assignments. This observation leads to ¢ < L%(n — 1)J
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Comment 2. The result t < |2(n — 1)| is sharp. To con-
struct a polygon with n = 3k + 1 vertices and ¢t = 2k tri-
angles, take a rhombus AB;C1D; with unit side length and
/ZB; = 60°. Then rotate it around A by small angles ob-
taining rhombi ABsC9Ds, ..., AB;Cy Dy, (see Figure 3). The
polygon ABq...BiCy...CyDy ... D has 3k + 1 vertices and
contains 2k good triangles.

The construction for n = 3k and n = 3k — 1 can be ob-
tained by deleting vertices D,, and D,,_1.

Figure 3



Geometry

G1. In triangle ABC, the angle bisector at vertex C intersects the circumcircle and the per-
pendicular bisectors of sides BC and C'A at points R, P, and (), respectively. The midpoints of
BC and C'A are S and T, respectively. Prove that triangles RQT and RPS have the same area.

(Czech Republic)

Solution 1. If AC = BC then triangle ABC' is isosceles, triangles RQT and RPS are
symmetric about the bisector C'R and the statement is trivial. If AC' # BC then it can be
assumed without loss of generality that AC' < BC.

——

Denote the circumcenter by O. The right triangles CT'Q and C'SP have equal angles at

vertex C, so they are similar, ZC'PS = ZCQT = ZOQP and
er _cQ (1)
PS — CP’

Let ¢ be the perpendicular bisector of chord C'R; of course, ¢ passes through the circum-
center O. Due to the equal angles at P and @), triangle OP(Q is isosceles with OP = OQ.
Then line ¢ is the axis of symmetry in this triangle as well. Therefore, points P and @ lie
symmetrically on line segment C'R,

RP=CQ and RQ =CP. (2)
Triangles RQT and RPS have equal angles at vertices () and P, respectively. Then
area(RQT) _ 5-RQ-QT-sin ZRQT — RQ QT
-RP-PS-sin/RPS RP PS’

area(RPS)
Substituting (1) and (2),

N =N —

wea(RQT) _FQ QT _CP €Q
area(RPS) RP PS (CQ CP
Hence, area(RQT") = area(RSP).
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Solution 2. Assume again AC' < BC. Denote the circumcenter by O, and let v be the
angle at C'. Similarly to the first solution, from right triangles C'T'Q) and C'SP we obtain
that ZOPQ = ZOQP = 90° — 1. Then triangle OPQ is isosceles, OP = O(Q and moreover
ZPOQ = 7.

As is well-known, point R is the midpoint of arc AB and ZROA = ZBOR = 7.

Consider the rotation around point O by angle ~. This transform moves A to R, R to B
and @ to P; hence triangles RQA and BPR are congruent and they have the same area.

Triangles RQT and RQA have R(Q) as a common side, so the ratio between their areas is

area(RQT) d(T,CR) CT 1

area(RQA)  d(A,CR) CA )

(d(X,Y Z) denotes the distance between point X and line Y 7).
It can be obtained similarly that

area(RPS)  CS 1
area(BPR) CB 2

Now the proof can be completed as

1 1
area( RQT) = 5 area( RQA) = 5 area( BPR) = area(RPS).
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(G2. Given an isosceles triangle ABC with AB = AC. The midpoint of side BC' is denoted
by M. Let X be a variable point on the shorter arc M A of the circumcircle of triangle ABM.
Let T be the point in the angle domain BM A, for which ZTM X = 90° and TX = BX. Prove
that ZMTB — ZCTM does not depend on X.

(Canada)

Solution 1. Let N be the midpoint of segment BT (see Figure 1). Line XN is the axis of
symmetry in the isosceles triangle BXT, thus ZTNX = 90° and /BXN = ZNXT. Moreover,
in triangle BC'T, line M' N is the midline parallel to C'T; hence ZCTM = ZNMT.

Due to the right angles at points M and N, these points lie on the circle with diameter X7'.
Therefore,

LMTB = /ZMTN = ZMXN and LOTM = ZNMT = ZNXT = ZBXN.

Hence
/MTB - /2CTM =/ MXN — /BXN=/MXB=/MAB

which does not depend on X.

Figure 1 Figure 2

Solution 2. Let S be the reflection of point 7" over M (see Figure 2). Then X M is the per-
pendicular bisector of T'S, hence X B = XT'= X S, and X is the circumcenter of triangle BST'.
Moreover, ZBSM = ZCT M since they are symmetrical about M. Then

LSXB - /ZBXT
5 .

Observe that ZSXB = ZSXT — /BXT =2/ MXT — ZBXT, so

LMTB — ZCTM = ZSTB — ZBST =

/MTB — /cTM = 22MXT 2_ 22BXT _ \xp = /MAB,

which is constant.
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(3. The diagonals of a trapezoid ABCD intersect at point P. Point @ lies between the
parallel lines BC' and AD such that ZAQD = ZCQB, and line C'D separates points P and Q.
Prove that ZBQP = ZDAQ.

(Ukraine)

AD
Solution. Let t = VeTok Consider the homothety h with center P and scale —t. Triangles PD A
and PBC are similar with ratio ¢, hence h(B) = D and h(C) = A.

| B C

Let Q' = h(Q) (see Figure 1). Then points @}, P and @' are obviously collinear. Points @
and P lie on the same side of AD, as well as on the same side of BC; hence @' and P are
also on the same side of h(BC) = AD, and therefore ) and Q)" are on the same side of AD.
Moreover, points ) and C' are on the same side of BD, while ()’ and A are on the opposite
side (see Figure above).

By the homothety, ZAQ'D = ZCQB = ZAQD, hence quadrilateral AQ'QD is cyclic. Then
/DAQ = /DQ'Q = /DQ'P = /BQP
(the latter equality is valid by the homothety again).

Comment. The statement of the problem is a limit case of the following result.

In an arbitrary quadrilateral ABCD, let P=ACNBD, I =ADNBC, and let Q) be an arbitrary
point which is not collinear with any two of points A, B, C', D. Then ZAQD = ZCQB if and only if
ZBQP = ZIQA (angles are oriented; see Figure below to the left).

In the special case of the trapezoid, I is an ideal point and /DAQ = ZIQA = /BQP.

B C
1
i i Q
I A D

Let a =QA, b=QB,c=QC,d=QD,i=QI and p = QP. Let line QA intersect lines BC
and BD at points U and V, respectively. On lines BC and BD we have
(abet) = (UBCI) and (badp) = (abpd) = (VBPD,).
Projecting from A, we get
(abci) = (UBCI) = (VBPD) = (badp).

Suppose that ZAQD = ZCQB. Let line p’ be the reflection of line i about the bisector of
angle . Then by symmetry we have (ba = (abci) = (badp). Hence p = p’, as desired.

gle AQB. Then by sy y we have (badp’) = (abci) = (badp). Hence p = p', as desired

The converse statement can be proved analogously.
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G4. Consider five points A, B, C, D, E such that ABCD is a parallelogram and BCED is
a cyclic quadrilateral. Let ¢ be a line passing through A, and let ¢ intersect segment DC' and
line BC' at points F' and G, respectively. Suppose that EF' = EG = EC. Prove that ¢ is the
bisector of angle DAB.

(Luzembourg)

Solution. If CF = CG, then ZFGC = Z/GFC, hence /GAB = /GFC = /FGC = ZFAD,
and ¢ is a bisector.

Assume that CF < GC. Let EK and EL be the altitudes in the isosceles triangles ECF
and EFGC, respectively. Then in the right triangles FKF and FLC we have FF = EC and

_CF _GC_

KF < LC
2 2 ’

SO

KE=VEF?—-—KF?2>+\VEC? - LC? = LE.

Since quadrilateral BC'ED is cyclic, we have ZEDC = ZEBC, so the right triangles BEL
and DFEK are similar. Then KE > LF implies DK > BL, and hence

DF =DK —-KF >BL—-LC=BC=AD.

AD C
But triangles ADF and GCF' are similar, so we have 1 > DF = ﬁ; this contradicts our
assumption.

The case C'F' > GC' is completely similar. We consequently obtain the converse inequalities

KF>LC, KE<LE, DK < BL, DF < AD, hence 1 < A—D = @; a contradiction.
DF CF
/
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G5. Let ABC be a fixed triangle, and let A;, By, C; be the midpoints of sides BC, CA, AB,
respectively. Let P be a variable point on the circumcircle. Let lines PA;, PB;, PC| meet the
circumcircle again at A’, B’, C’ respectively. Assume that the points A, B, C', A", B’, C' are
distinct, and lines AA’, BB', CC' form a triangle. Prove that the area of this triangle does not

depend on P.
(United Kingdom)

Solution 1. Let Ay, By, Cy be the points of intersection of the lines AA’, BB' and CC’ (see
Figure). We claim that area(AoByCo) = 1 area(ABC), hence it is constant.

Consider the inscribed hexagon ABCC'PA’. By Pascal’s theorem, the points of intersection
of its opposite sides (or of their extensions) are collinear. These points are AB N C'P = (4,
BCNPA = A, CC"NAA = By. So point By lies on the midline A;C} of triangle ABC.
Analogously, points Ay and Cj lie on lines B;C} and A By, respectively.

Lines AC and A;C are parallel, so triangles ByCyA; and ACyB; are similar; hence we have

ByCy  ACy

ACy  BiCy’
Analogously, from BC || B;C} we obtain

A,Cy  BCy

BiCy  AoCy’

Combining these equalities, we get

ByCo _ BC
AC, — ACy’

or

A(]C(] . B()C(] - AC(] . BC(]

Hence we have \
1 1
area(AoBoC’o) = 514000 . B()C() sin ZAQC()B() = 51400 . BC() sin AAC()B = area(ABCo).

Since Cp lies on the midline, we have d(Cy, AB) = 1d(C, AB) (we denote by d(X,YZ) the
distance between point X and line Y 7). Then we obtain

area(AgByCy) = area(ABCy) = %AB -d(Cy, AB) = iAB -d(C,AB) = %area(ABC).

Solution 2. Again, we prove that area(A4,B,Cy) = 5 area(ABC).

We can assume that P lies on arc AC. Mark a point L on side AC' such that Z/CBL =
/PBA; then ZLBA = /CBA — ZCBL = ZCBA — ZPBA = ZCBP. Note also that
/BAL = /BAC = /ZBPC and ZLCB = ZAPB. Hence, triangles BAL and BPC are
similar, and so are triangles LC'B and APB.

Analogously, mark points K and M respectively on the extensions of sides CB and AB
beyond point B, such that /KAB = ZCAP and Z/BCM = ZPCA. For analogous reasons,
/KAC = ZBAP and ZACM = ZPCB. Hence NAABK ~ NAPC ~ AMBC, NACK ~
ANAPB, and AMAC ~ ABPC'. From these similarities, we have Z/CMB = /KAB = ZC AP,
while we have seen that ZCAP = ZCBP = ZLBA. Hence, AK || BL || CM.
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K

Let line C'C’ intersect BL at point X. Note that ZLCX = LACC' = LAPC' = LAPC},
and PCy is a median in triangle APB. Since triangles APB and LC'B are similar, CX is a
median in triangle LC' B, and X is a midpoint of BL. For the same reason, AA’ passes through
this midpoint, so X = By. Analogously, Ag and Cj are the midpoints of AK and C'M.

Now, from AA, || CCy, we have
area(AgByCy) = area(ACyAg) — area(AByAg) = area( AC Ay) — area(AByAy) = area( ACBy).

Finally,

area(AgByCy) = area(ACBy) = %BOL -ACsin ALB, = iBL -ACsin ALB = % area( ABC).

Comment 1. The equality area(AyByCp) = area(ACBy) in Solution 2 does not need to be proved
since the following fact is frequently known.

Suppose that the lines KL and M N are parallel, while the lines KM and LN intersect in a point E.
Then area( K EN) = area(M EL).

Comment 2. It follows immediately from both solutions that AAq | BBy || CCy. These lines pass
through an ideal point which is isogonally conjugate to P. It is known that they are parallel to the
Simson line of point ) which is opposite to P on the circumcircle.

Comment 3. If A = A’, then one can define the line AA’ to be the tangent to the circumcircle at
point A. Then the statement of the problem is also valid in this case.
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(G6. Determine the smallest positive real number & with the following property.

Let ABC'D be a convex quadrilateral, and let points Ay, By, C; and D1 lie on sides AB, BC,
CD and DA, respectively. Consider the areas of triangles AA; D, BB1 A, CC1 By, and DD,C7;
let S be the sum of the two smallest ones, and let S; be the area of quadrilateral A;B;C1D;.
Then we always have kS > S.

(U.S.A.)

Answer. k£ =1.

Solution. Throughout the solution, triangles AAD;, BB1A;, CC1By, and DD,C; will be
referred to as border triangles. We will denote by [R] the area of a region R.

First, we show that £ > 1. Consider a triangle ABC with unit area; let A;, By, K be
the midpoints of its sides AB, BC, AC, respectively. Choose a point D on the extension
of BK, close to K. Take points C; and D; on sides CD and DA close to D (see Figure 1).
We have [BB1A;] = i. Moreover, as C1, Dy, D — K, we get [A;B1C1Dy] — [A1B1K]| = i,
[AA1 D] — [AAK] = 1, [CC By] — [CKB;] = 1 and [DD;Cy] — 0. Hence, the sum of the
two smallest areas of border triangles tends to i, as well as [Ay B1C}D]; therefore, their ratio
tends to 1, and £ > 1.

We are left to prove that k = 1 satisfies the desired property.

B Ys

Z A B' By C
Figure 1 Figure 2 Figure 3

Lemma. Let points Ay, By, C4 lie respectively on sides BC', C'A, AB of a triangle ABC'. Then
[AlBlCl] Z Hlil’l{[AClBl], [BAlCl], [CBlAl]}

Proof. Let A', B, C' be the midpoints of sides BC, CA and AB, respectively.

Suppose that two of points A;, By, C; lie in one of triangles AC'B’, BA'C'" and CB'A’
(for convenience, let points By and Cf lie in triangle AC’'B’; see Figure 2). Let segments B;C}
and AA; intersect at point X. Then X also lies in triangle AC'B’. Hence A; X > AX, and we

have
[AlBlol] . %AlX . Blcl . sin ZAlXC’l o AlX >1
[AC\B)]  $AX-BiC,-sinZAXB,  AX ~

as required.
Otherwise, each one of triangles AC'B’, BA'C’, CB'A’ contains exactly one of points Aj,
By, C4, and we can assume that BA; < BA', CB; < CB’, AC} < AC’ (see Figure 3). Then

lines B1A; and AB intersect at a point Y on the extension of AB beyond point B, hence

A B C CY
ABG] G > 1; also, lines A;C" and C'A intersect at a point Z on the extension

[A1 B, C"] Yy
A B C' B.Z
of C'A beyond point A, hence [[AlBtg’]] = BtZ > 1. Finally, since A;A" || B'C’, we have
1

[AlBlCl] > [AlBlC’] > [AlB/C/] = [A/B/C,] = i[ABC]
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Now, from [A;B,Cy] + [AC 1 By] + [BAC4] + [CB1A;] = [ABC] we obtain that one of
the remaining triangles AC,1B;, BA,C,, CB;A; has an area less than i[ABC], so it is less
than [AlBlCl]. ]

Now we return to the problem. We say that triangle A, B1C is small if [A; B1C] is less than
each of [BB1A,] and [CC}B,]; otherwise this triangle is big (the similar notion is introduced
for triangles B1C1Dy, C1D1A;, D1A;By). If both triangles A;B,C; and C1D1A; are big,
then [A; B1(4] is not less than the area of some border triangle, and [C;D;A4] is not less than
the area of another one; hence, S; = [A; B,C1] + [C1D1A;] > S. The same is valid for the pair
of BiC1D; and D1A,B;. So it is sufficient to prove that in one of these pairs both triangles
are big.

Suppose the contrary. Then there is a small triangle in each pair. Without loss of generality,
assume that triangles A;B;C; and D;A;B; are small. We can assume also that [A; B1C}] <
[Dy A1 B;]. Note that in this case ray D1Cy intersects line BC.

Consider two cases.

Figure 4 Figure 5

Case 1. Ray C'1D; intersects line AB at some point K. Let ray D1C intersect line BC' at
point L (see Figure 4). Then we have [A;B,Cy]| < [CCyBy] < [LC1By], [A1B1C,] < [BB1A4]
(bOth*Sil’lCG [AlBlCl] is small), and [AlBlCl] < [DlAlBl] < [AAlDl] < [KAlDl] < [KAlCl]
(since triangle D;A;Bj is small). This contradicts the Lemma, applied for triangle A;B;C
inside LK B.

Case 2. Ray C1D; does not intersect AB. Then choose a “sufficiently far” point K on
ray BA such that [KA,Cy] > [A1B1C}], and that ray K Cy intersects line BC' at some point L
(see Figure 5). Since ray C1D; does not intersect line AB, the points A and D; are on different
sides of K'L; then A and D are also on different sides, and C' is on the same side as A and B.
Then analogously we have [A,B,C}] < [CC1B,] < [LC1B;] and [A1B,C,] < [BB;A;] since
triangle A; B1Cy is small. This (together with [A;B,C;] < [KA;C4]) contradicts the Lemma
again.
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G7. Given an acute triangle ABC with angles a, 3 and v at vertices A, B and C, respectively,
such that § > ~. Point I is the incenter, and R is the circumradius. Point D is the foot of
the altitude from vertex A. Point K lies on line AD such that AK = 2R, and D separates A
and K. Finally, lines DI and K I meet sides AC and BC at E and F', respectively.
Prove that if IE = I'F then § < 3.
(Iran)

Solution 1. We first prove that

/KID = @ (1)
even without the assumption that /E = IF. Then we will show that the statement of the

problem is a consequence of this fact.

Denote the circumcenter by O. On the circumcircle, let P be the point opposite to A, and
let the angle bisector Al intersect the circle again at M. Since AK = AP = 2R, triangle AK P
is isosceles. It is known that /BAD = ZC'AO, hence Z/DAI = /BAI — /BAD = ZCAI —
ZCAO = ZOAI, and AM is the bisector line in triangle AK P. Therefore, points K and P
are symmetrical about AM, and ZAMK = ZAMP = 90°. Thus, M is the midpoint of K P,
and AM is the perpendicular bisector of K P.

K 4

Denote the perpendicular feet of incenter I on lines BC, AC, and AD by A;, By, and T,
respectively. Quadrilateral DA{IT is a rectangle, hence T'D = [ A; = I B;.

Due to the right angles at T" and By, quadrilateral AB{IT is cyclic. Hence /BT1 =

LBAI = LCAM = /ZBAM = ZBPM and ZIB\T = ZIAT = /MAK = ZMAP =

IT MP
ZMBP. Therefore, triangles B;T1 and BPM are similar and — = ——.
IBy, MB

It is well-known that MB = MC = MI. Then right triangles IT D and KM are also
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o IT IT MP KM
similar, because = = —

TD IB, MB MI’
/KID = /MID — /KIM = (/IAD + /IDA) — /ZIDA = /I AD.

Hence, /KIM = ZIDT = ZIDA, and

Finally, from the right triangle ADB we can compute

a+ B+
2

L=t

/KID = /IAD = /IAB — /DAB = S — (90° — §) = % _ .

2

Now let us turn to the statement and suppose that IE = [ F. Since [A; = I By, the right

triangles IEB; and IFA; are congruent and ZIEB; = ZIFA;. Since § > -, Ay lies in the

interior of segment C'D and F lies in the interior of A;D. Hence, ZIFC' is acute. Then two
cases are possible depending on the order of points A, C', By and E.

A
BlE
By
I
D I
BXJFAl C
D
Bxpm ¢
M
M
K K ¢

If point E lies between C' and By then Z/IFC = ZIEA, hence quadrilateral C EIF is cyclic
and ZFCE =180°— ZEIF = ZKID. By (1), in this case we obtain ZFCFE =~v = ZKID =

6_7and6:37.

2
Otherwise, if point E lies between A and B;, quadrilateral CEIF is a deltoid such that
ZIEC = ZIFC < 90°. Then we have LZFCE > 180° — LEIF = ZKID. Therefore,

AFCE:7>4K1D:6;7andﬁ<37.

Comment 1. In the case when quadrilateral CEIF is a deltoid, one can prove the desired inequality
without using (1). Actually, from LZIEC = ZIFC < 90° it follows that ZADI = 90° — ZEDC <
LAED — ZEDC = ~. Since the incircle lies inside triangle ABC, we have AD > 2r (here r is the

inradius), which implies DT < T'A and DI < AI; hence B =/LIAD < LZADI < ~.

Solution 2. We give a different proof for (1). Then the solution can be finished in the same
way as above.

Define points M and P again; it can be proved in the same way that AM is the perpendicular
bisector of K P. Let J be the center of the excircle touching side BC'. It is well-known that
points B, C, I, J lie on a circle with center M; denote this circle by wy.

Let B’ be the reflection of point B about the angle bisector AM. By the symmetry, B’ is the
second intersection point of circle w; and line AC. Triangles PBA and K B’A are symmetrical



51

with respect to line AM, therefore /K B'A = /PBA = 90°. By the right angles at D and B’,
points K, D, B’, C are concyclic and

AD - AK = AB' - AC.
From the cyclic quadrilateral IJC B’ we obtain AB'- AC = Al - AJ as well, therefore
AD - AK = AB'- AC = Al - AJ

and points I, J, K, D are also concyclic. Denote circle IDKJ by ws.

Let N be the point on circle w, which is opposite to K. Since /ZNDK = 90° = ZCDK,
point N lies on line BC. Point M, being the center of circle wq, is the midpoint of segment I.J,
and KM is perpendicular to I.J. Therefore, line KM is the perpendicular bisector of I.J and
hence it passes through N.

From the cyclic quadrilateral I DK N we obtain

/KID=/KND =90°—- ZDKN =90° — ZAKM = /M AK = @
Comment 2. The main difficulty in the solution is finding (1). If someone can guess this fact, he or
she can compute it in a relatively short way.

One possible way is finding and applying the relation AI? = 2R(h, — 2r), where h, = AD is the
length of the altitude. Using this fact, one can see that triangles AKT and AID’ are similar (here D’

is the point symmetrical to D about T'). Hence, /MIK = /DD’'I = ZIDD’. The proof can be
finished as in Solution 1.
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GS8. Point P lies on side AB of a convex quadrilateral ABCD. Let w be the incircle
of triangle C'PD, and let I be its incenter. Suppose that w is tangent to the incircles of
triangles APD and BPC' at points K and L, respectively. Let lines AC and BD meet at F,
and let lines AK and BL meet at F'. Prove that points F, I, and F' are collinear.

(Poland)

Solution. Let ) be the circle tangent to segment AB and to rays AD and BC' let J be its
center. We prove that points £ and F' lie on line 1.J.

Denote the incircles of triangles ADP and BC'P by w4 and wg. Let hy be the homothety
with a negative scale taking w to 2. Consider this homothety as the composition of two
homotheties: one taking w to w4 (with a negative scale and center K), and another one
taking wa to Q (with a positive scale and center A). It is known that in such a case the three
centers of homothety are collinear (this theorem is also referred to as the theorem on the three
similitude centers). Hence, the center of h; lies on line AK. Analogously, it also lies on BL,
so this center is F'. Hence, F' lies on the line of centers of w and 2, i.e. on IJ (if I = J,
then F' = I as well, and the claim is obvious).

Consider quadrilateral APC' D and mark the equal segments of tangents to w and w4 (see the
figure below to the left). Since circles w and w4 have a common point of tangency with PD,
one can easily see that AD + PC = AP + CD. So, quadrilateral APCD is circumscribed;
analogously, circumscribed is also quadrilateral BCDP. Let Q24 and 2 respectively be their
incircles.
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Consider the homothety ho with a positive scale taking w to 2. Consider hy as the compo-
sition of two homotheties: taking w to Q4 (with a positive scale and center C'), and taking 24
to Q (with a positive scale and center A), respectively. So the center of hy lies on line AC. By
analogous reasons, it lies also on BD, hence this center is £. Thus, F also lies on the line of
centers /.J, and the claim is proved.

Comment. In both main steps of the solution, there can be several different reasonings for the same
claims. For instance, one can mostly use Desargues’ theorem instead of the three homotheties theorem.
Namely, if T4 and Ip are the centers of wy and wp, then lines I4Ip, KL and AB are concurrent (by
the theorem on three similitude centers applied to w, w4 and wp). Then Desargues’ theorem, applied
to triangles A4 K and BIgL, yields that the points J = AI4,NBIg, I = IAKNIgL and FF = AKNBL
are collinear.

For the second step, let J4 and Jp be the centers of 2 4 and Qp. Then lines J4Jg, AB and CD are
concurrent, since they appear to be the two common tangents and the line of centers of Q4 and Qp.
Applying Desargues’ theorem to triangles AJ,C and BJgD, we obtain that the points J = AJ4NBJp,
I=CJynNDJgand E = AC N BD are collinear.
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Number Theory

N1. Find all pairs (k,n) of positive integers for which 7% — 3" divides k* + n2.
(Austria)

Answer. (2,4).

Solution. Suppose that a pair (k,n) satisfies the condition of the problem. Since 7% — 3" is
even, k* + n? is also even, hence k and n have the same parity. If k& and n are odd, then
E*+n?>=1+1=2 (mod 4), while 7* —=3" =7 -3 =0 (mod 4), so k* +n? cannot be divisible
by 7% — 3". Hence, both k and n must be even.

Write k = 2a, n = 2b. Then 7% — 3" = 7% — 3% = -2(7% 4 3%), and both factors are

integers. So 2(7% 4 3%) | 7¥ — 3" and 7% — 3" | k* 4+ n? = 2(8a" + 2b%), hence

7a_3b

7% + 3" < 8a* + 207 (1)

We prove by induction that 8a* < 7% for a > 4, 2b* < 3 for b > 1 and 2b*> +9 < 3° for b > 3.
In the initial cases a = 4, b = 1, b = 2 and b = 3 we have 8 - 4 = 2048 < 7* = 2401, 2 < 3,
2.-22=8<32=9and 2-3%+9 =33 =27, respectively.

If 8a® < 7% (a > 4) and 2b* + 9 < 3% (b > 3), then

1\ 5\* 625
8((1 + 1)4 = 80,4 (a: ) < 7a (1) = 7a% < 7a+1 and

b+ 1Y 4,16
2(b+1)*+9 < (26> +9) (%) < 3b <§) - 3b5 < 3
as desired.

For a > 4 we obtain 7% + 3* > 8a* + 2b? and inequality (1) cannot hold. Hence a < 3, and
three cases are possible.

Case 1: a =1. Then k = 2 and 8 + 2b> > 7 + 3°, thus 2b? + 1 > 3°. This is possible only
, Kt+n? 20422 1
ifb<2 Ifb= 14then2n :42 an(zi g~ g = o
2 +4
l;kj:gn = j_L = —1, so (k,n) = (2,4) is a solution.

Case 2: a =2. Then k = 4 and k* + n? = 256 + 4b* > |74 — 3"| = |49 — 3°| - (49 + 3%). The
smallest value of the first factor is 22, attained at b = 3, so 128 + 2b* > 11(49 + 3°), which is
impossible since 3° > 2b2.

Case 3: a = 3. Then k = 6 and k* + n® = 1296 + 4b> > |75 — 37| = 343 — 3°| - (343 + 3Y).
Analogously, |343 — 3°| > 100 and we have 324 + b? > 25(343 + 3°), which is impossible again.

We find that there exists a unique solution (k,n) = (2,4).

which is not an integer. If b = 2

then n = 4 and
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N2. Let b,n > 1 be integers. Suppose that for each k > 1 there exists an integer a; such
that b — a}} is divisible by k. Prove that b = A™ for some integer A.

(Canada)
Solution. Let the prime factorization of b be b = pi* ... p%s, where py, ..., p, are distinct primes.
Our goal is to show that all exponents «; are divisible by n, then we can set A = p(lll/ noplin,

Apply the condition for k¥ = b*>. The number b — a is divisible by b* and hence, for
each 1 <i <s, it is divisible by p?o"' > pi" as well. Therefore

b=0 (mod p)

n
ay,

and
ap =b#0 (mod pi*h),

which implies that the largest power of p; dividing a} is pi*. Since a} is a complete nth power,
this implies that «; is divisible by n.

Comment. If n = 8 and b = 16, then for each prime p there exists an integer a; such that b — aj is
divisible by p. Actually, the congruency z® — 16 = 0 (mod p) expands as

(2% = 2)(x? +2)(2? — 20+ 2)(@® +22+2) =0 (mod p).

Hence, if —1 is a quadratic residue modulo p, then congruency z2? +2r +2 = (x +1)2+1=0 has a
solution. Otherwise, one of congruencies z2 = 2 and z? = —2 has a solution.
Thus, the solution cannot work using only prime values of k.
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N3. Let X be a set of 10000 integers, none of them is divisible by 47. Prove that there
exists a 2007-element subset Y of X such that a — b+ ¢ — d + e is not divisible by 47 for any
a,b,c,d,eecY.

(Netherlands)
Solution. Call a set M of integers good if 47 X(L —b+c—d+eforanya,b, cdeec M.

Consider the set J = {—9,-7,—5,-3,—1,1,3,5,7,9}. We claim that J is good. Actually,
for any a,b,c,d,e € J the number a — b+ ¢ — d + e is odd and

—45=(-9)—94+(-9) -9+ (-9 <a—-b+c—d+e<9—(—-9)+9—(—9) +9 =45.

But there is no odd number divisible by 47 between —45 and 45.
For any k£ = 1,...,46 consider the set

Ay ={re X |3j€J: kxr=j (mod47)}.

If A, is not good, then 47 } a—b+ c—d+ e for some a,b,c,d, e € Ay, hence 47 | ka — kb +
kc — kd + ke. But set J contains numbers with the same residues modulo 47, so .J also is not
good. This is a contradiction; therefore each Ay is a good subset of X.

Then it suffices to prove that there exists a number k such that |Ax| > 2007. Note that
each x € X is contained in exactly 10 sets Ax. Then

46
> " Ag| = 10X | = 100000,
k=1

hence for some value of & we have

100 000

| Ay > > 2173 > 2007.

This completes the proof.

Comment. For the solution, it is essential to find a good set consisting of 10 different residues.
Actually, consider a set X containing almost uniform distribution of the nonzero residues (i.e. each
residue occurs 217 or 218 times). Let Y C X be a good subset containing 2007 elements. Then the
set K of all residues appearing in Y contains not less than 10 residues, and obviously this set is good.

On the other hand, there is no good set K consisting of 11 different residues. The Cauchy—
Davenport theorem claims that for any sets A, B of residues modulo a prime p,

|A+ B| > min{p, |A| + |B| — 1}.

Hence, if |[K| > 11, then |K + K| > 21, |K + K + K| > 31 > 47— |K + K|, hence |K + K + K +
(-K)+ (—K)| =47, and 0=a+ c+e—b—d (mod 47) for some a,b,c,d,e € K.

From the same reasoning, one can see that a good set K containing 10 residues should satisfy
equalities |[K + K| =19=2|K|—1and |K+ K+ K| =28 = |[K+ K|+ |K|—1. It can be proved that
in this case set K consists of 10 residues forming an arithmetic progression. As an easy consequence,
one obtains that set K has the form aJ for some nonzero residue a.
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N4. For every integer k > 2, prove that 23 divides the number
2k+1 2k
k) \ok-1 (1)
2 2

(Poland)

Solution. We use the notation (2n — )!! =1-3---(2n—1) and 2n)!! =2-4---(2n) = 2"n!
for any positive integer n. Observe that (2n)! = (2n)!! (2n — 1)!! = 2"n! (2n — 1)1

For any positive integer n we have

4n\  (4n)!  22(@2n)!(4n 1) 22n
<2n) n (2n)!? o (2n)12 = (2n)!(4n— ny

on 1 /@)Y 1, ) 2% )
<n) ~ (2n)! < n! ) = Gy (21— D) = G (2n = D

Then expression (1) can be rewritten as follows:

2k+1 2k 22k 1 22k
_ — — 1\l — E_1yn2
(5 )~ (o) = gt~ o= gyt~ 1

C2F (2 - 1)
(29

but 234+ does not.

.((2’f+1)(2’f+3)...(2k+2k—1)—(2k—1)(2’f—3)...(2’f—2’f+1)).
(2)

We compute the exponent of 2 in the prime decomposition of each factor (the first one is a
rational number but not necessarily an integer; it is not important).

First, we show by induction on n that the exponent of 2 in (2™)! is 2" — 1. The base
case n = 1 is trivial. Suppose that (2")! = 22"71(2d + 1) for some integer d. Then we have

(27 = 22" (2M)1 (27 — 1)1 = 227221 (2d + 1) (2" — DI =221 (29 4+ 1)
for some integer ¢. This finishes the induction step.

Hence, the exponent of 2 in the first factor in (2) is 28 — (2F — 1) = 1.

The second factor in (2) can be considered as the value of the polynomial
Pla)=@+1)x+3)...(x+2"-1) —(z—1)(x—3)...(x — 2"+ 1). (3)

at x = 2. Now we collect some information about P(z).

Observe that P(—z) = —P(z), since k > 2. So P(z) is an odd function, and it has nonzero
coefficients only at odd powers of . Hence P(x) = 2*Q(x) + cx, where Q(z) is a polynomial
with integer coefficients.

Compute the exponent of 2 in ¢. We have

21@71 2k71

1 1 1
—2(2F — Il = (2F — )N
=22 =D} g =@ -1 (2¢—1+2k—2¢+1)

i=1 i=1

2k71

_ (9k 2k _ ok (2" — U =2
= -0 G e ;(21'—1)(2’“—2”1)_25.

1=1

2k71
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For any integer i = 1,...,2% 1 denote by as;_; the residue inverse to 2i — 1 modulo 2*. Clearly,
when 2¢ — 1 runs through all odd residues, so does as;_1, hence

ok—1 k-1 -
o =- L =->@"-1Nd
; (20 —1)(2F —2i+ 1) ; (20 — 1)2 ;( Nasz
2k71
ok—1(92k _ |

Therefore, the exponent of 2 in S is k — 1, so ¢ = 285 = 22*=1(2¢ 4 1) for some integer .
Finally we obtain that

P(2%) = 2%Q(2") + 2%c = 2% Q(2") + 281 (2 + 1),

which is divisible exactly by 2%~!. Thus, the exponent of 2 in (2) is 1 + (3k — 1) = 3k.
Comment. The fact that (1) is divisible by 22F is known; but it does not help in solving this problem.
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Nb5. Find all surjective functions f: N — N such that for every m,n € N and every prime p,
the number f(m + n) is divisible by p if and only if f(m) + f(n) is divisible by p.
(N is the set of all positive integers.)
(Iran)

Answer. f(n) =n.

Solution. Suppose that function f: N — N satisfies the problem conditions.

Lemma. For any prime p and any z,y € N, we have x = y (mod p) if and only if f(z) = f(y)
(mod p). Moreover, p } f(x) if and only if p ‘ x.
Proof. Consider an arbitrary prime p. Since f is surjective, there exists some x € N such
that p | f(z). Let

d=min{z e N:p| f(z)}.

By induction on k, we obtain that p | f(kd) for all k € N. The base is true since p | f(d).
Moreover, if p | f(kd) and p | f(d) then, by the problem condition, p | f(kd+d) = f((k+1)d)
as required.

Suppose that there exists an x € N such that d *a: but p } f(z). Let

y:min{zGN:dXx,p‘f(x)}.

By the choice of d, we have y > d, and y — d is a positive integer not divisible by d.
Then p )(f(y —d), while p ‘ f(d) and p ‘ f(d+ (y—d)) = f(y). This contradicts the problem
condition. Hence, there is no such z, and

p| flz) = d|= (1)
(

Take arbitrary x,y € N such that =y (mod d). We have p | f(z + (2zd — z)) = f(2zd);
moreover, since d | 2zd+(y—z) = y+(2zd—x), we get p | f(y+(2xzd—=z)). Then by the problem
condition p | f(z) + f(2zd — z), p | f(y) + f(2zd — x), and hence f(z) = —f(2zd — z) = f(y)
(mod p).

On the other hand, assume that f(z) = f(y) (mod p). Again we have p | f(z)+ f(2zd — )
which by our assumption implies that p | f(z)+ f(2zd—z)+ (f(y) — f(2)) = f(y)+ [ (Rzd — ).
Hence by the problem condition p ‘ f(y+(2zd—=x)). Using (1) we get 0 = y+ (2zd—z) = y—=x
(mod d).

Thus, we have proved that

r=y (modd) <= f(z)=f(y) (mod p). (2)

We are left to show that p = d: in this case (1) and (2) provide the desired statements.

The numbers 1, 2, ..., d have distinct residues modulo d. By (2), numbers f(1), f(2), ...,
f(d) have distinct residues modulo p; hence there are at least d distinct residues, and p > d.
On the other hand, by the surjectivity of f, there exist z1,...,2, € N such that f(x;) =i for
any ¢ = 1,2,...,p. By (2), all these z;’s have distinct residues modulo d. For the same reasons,
d > p. Hence, d = p. O

Now we prove that f(n) = n by induction on n. If n = 1 then, by the Lemma, p | f(1) for
any prime p, so f(1) = 1, and the base is established. Suppose that n > 1 and denote k = f(n).
Note that there exists a prime g ‘ n, so by the Lemma ¢ ‘ k and k > 1.

If £ > n then Kk —n+1 > 1, and there exists a prime p } k—n+1; we have k =n — 1
(mod p). By the induction hypothesis we have f(n —1) =n—1=k = f(n) (mod p). Now,
by the Lemma we obtain n — 1 = n (mod p) which cannot be true.
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Analogously, if k < n, then f(k—1) = k—1 by induction hypothesis. Moreover, n—k+1 > 1,
so there exists a prime p ‘ n—k+1landn=%k—1 (mod p). By the Lemma again, k = f(n) =
f(k—=1)=k—1 (mod p), which is also false. The only remaining case is k = n, so f(n) = n.

Finally, the function f(n) = n obviously satisfies the condition.
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NG6. Let k be a positive integer. Prove that the number (4k? — 1)? has a positive divisor of
the form 8kn — 1 if and only if % is even.

(United Kingdom,)
Solution. The statement follows from the following fact.
Lemma. For arbitrary positive integers z and y, the number 4zy — 1 divides (4% — 1)? if and
only if x = y.
Proof. If z = y then 4y — 1 = 42% — 1 obviously divides (422 — 1)? so it is sufficient to consider
the opposite direction.

Call a pair (z,y) of positive integers bad if 4xy — 1 divides (422 — 1) but x # y. In order to
prove that bad pairs do not exist, we present two properties of them which provide an infinite
descent.

Property (i). If (x,y) is a bad pair and x < y then there exists a positive integer z < x such
that (x, z) 1s also bad.
(422 — 1)?

. Th
doey — 1 o

Let r =

r=—r-(—1)=—r(doy —1) = —(42> — 1) = -1 (mod 4x)
and r = 4xz — 1 with some positive integer z. From z < y we obtain that

(422 — 1)?

<4z* -1
dory — 1 v

dorz — 1=

and therefore z < z. By the construction, the number 4xz — 1 is a divisor of (4% —1)? so (z, 2)
is a bad pair.

Property (ii). If (z,y) is a bad pair then (y,x) is also bad.

Since 1 = 12 = (4zy)? (mod 4zy — 1), we have

(4y° — 1) = (49° — (4ay)?)” = 16y*(42® — 1)> =0 (mod 4zy — 1).

Hence, the number 4zy — 1 divides (4y* — 1)? as well.

Now suppose that there exists at least one bad pair. Take a bad pair (z,y) such that 2z +y
attains its smallest possible value. If x < y then property (i) provides a bad pair (z,z)
with z < y and thus 2z + z < 2z +y. Otherwise, if y < z, property (ii) yields that pair (y, x) is
also bad while 2y + x < 22 + y. Both cases contradict the assumption that 2z 4 y is minimal,
the Lemma is proved. O]

To prove the problem statement, apply the Lemma for z = k and y = 2n; the num-
ber 8kn — 1 divides (4k* — 1)? if and only if & = 2n. Hence, there is no such n if k is odd and
n = k/2 is the only solution if k is even.

Comment. The constant 4 in the Lemma can be replaced with an arbitrary integer greater than 1:
if @ > 1 and ary — 1 divides (az? — 1) then z = y.
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N7. For a prime p and a positive integer n, denote by v,(n) the exponent of p in the prime
factorization of n!. Given a positive integer d and a finite set {p1,...,px} of primes. Show that

there are infinitely many positive integers n such that d ‘ Vp,(n) for all 1 <i < k.
(India)

Solution 1. For arbitrary prime p and positive integer n, denote by ord,(n) the exponent of p
in n. Thus,

vp(n) = ord,( Z ord,(

Lemma. Let p be a prime number, ¢ be a positive integer, k£ and r be positive integers such
that p* > r. Then v,(qp* + 1) = v,(qp") + v, (7).
Proof. We claim that ord,(gp*® + i) = ord,(i) for all 0 < i < p*. Actually, if d = ord,(i)
then d < k, so gp* + i is divisible by p?, but only the first term is divisible by p?*!; hence the
sum is not.

Using this claim, we obtain

ap*+r ap” r
(gp® + 1) Z ord,( Z ord,(i) = Z ord, (i) + Zordp(i) = v,(qp") +vp(r). O
1= qpk+1 i=1 =1

For any integer a, denote by a its residue modulo d. The addition of residues will also be
performed modulo d, i.e. a+b = a + b. For any positive integer n, let f(n) = (f1 (n),..., fk(n)),

where fi(n) = v,,(n).
Define the sequence ny = 1, nyr 1 = (p1ps - - - pr)™. We claim that

fne, +ne, + ..+ ne,) = f(ne) + f(ne,) +... + fng,)
for any ¢; < ¢y < ... < {,,. (The addition of k-tuples is componentwise.) The base case m =1
is trivial.
Suppose that m > 1. By the construction of the sequence, p?el divides ng,+. . .+ny,, ; clearly,

pz% > ng, for all 1 < ¢ < k. Therefore the Lemma can be applied for p = p;, k =1 = ny
and ¢p* = ny, + ...+ ny,, to obtain

fi(nzl + 7 + ...+ nzm) = fi(ngl) + fi(nz2 +...+ nzm) for all 1 S ) S ]{7,
and hence

f(ne, +ne, + o4 ng,) = f(ng) + fne, + .o+ ng,) = f(ng) + f(ne,) + ...+ fne,)

by the induction hypothesis.

Now consider the values f(n;), f(ns), .... There exist finitely many possible values of f.
Hence, there exists an infinite sequence of indices ¢; < ¢y < ... such that f(ng,) = f(ng,) =...
and thus

Ty F 100+, ) = [ )+ [0, ) =d- f(ng) = 0,...,0)

for all m. We have found infinitely many suitable numbers.
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Solution 2. We use the same Lemma and definition of the function f.
Let S = {f(n) : n € N}. Obviously, set S is finite. For every s € S choose the minimal 7
such that f(ns) = s. Denote N = max . Moreover, let g be an integer such that p! > N for
sE

eachi=1,2,..., k. Let P = (pip2...pr)9.
We claim that
{f(n)\ne[mP,mP—l—N]} (1)

S
for every positive integer m. In particular, since (0,...,0) = f(1) € S, it follows that for an
arbitrary m there exists n € [mP,mP + N| such that f(n) = (0,...,0). So there are infinitely
many suitable numbers.

To prove (1), let a; = f;(mP). Consider all numbers of the form n,, , = mP + n, with
s=(s1,...,85) € S (clearly, all n,, s belong to [mP, mP+N]). Since ny < N < p! and p{ ‘ mP,
we can apply the Lemma for the values p = p;, r = n,, k = g, gp* = mP to obtain

fi(Mm,s) = fi(mP) + fi(ns) = a; + s4;

hence for distinct s,t € S we have f(nms) # f(me)-
Thus, the function f attains at least |S| distinct values in [mP,mP + N]. Since all these
values belong to S, f should attain all possible values in [mP, mP + N].

Comment. Both solutions can be extended to prove the following statements.
Claim 1. For any K there exist infinitely many n divisible by K, such that d | vp, (n) for each 1.
Claim 2. For any s € S, there exist infinitely many n € N such that f(n) = s.



